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ON THE RADIUS OF SPATIAL ANALYTICITY FOR
SEMILINEAR SYMMETRIC HYPERBOLIC SYSTEMS

MARCO CAPPIELLO, PIERO D’ANCONA AND FABIO NICOLA

ABSTRACT. We study the problem of propagation of analytic regularity for semi-
linear symmetric hyperbolic systems. We adopt a global perspective and we prove
that if the initial datum extends to a holomorphic function in a strip of radius
(=width) &g, the same happens for the solution u(t,-) for a certain radius e(t),
as long as the solution exists. Our focus is on precise lower bounds on the spatial
radius of analyticity e(¢) as ¢t grows.

We also get similar results for the Schrodinger equation with a real-analytic
electromagnetic potential.

1. INTRODUCTION

The main concern in this paper is the propagation of the analytic regularity for
systems of semilinear evolution equations. Local propagation of the analyticity for
nonlinear partial differential equations has been studied in several papers, see for
instance [1, 3, 4, 18, 19], starting from classical results of existence and uniqueness.
In our paper we focus our attention on systems of semilinear equations with coef-
ficients defined for (¢,7) € R, x R?, hence globally defined in the space variables.
Motivation for this type of study comes from the global analytic theory of non-
linear evolution PDE started with the paper by Kato and Masuda [28] and based
on the proof of the existence of global analytic solutions in the space variables
for the related Cauchy problem. After [28], many authors proved results of this
type for several models as the (generalized) Korteweg-de Vries equation, the Euler
equations, the Benjamin-Ono equation, the nonlinear Schrédinger equation, see for
instance [5, 8, 20, 21, 22, 23, 24, 25, 26]. A parallel study in an elliptic setting
devoted in particular to the analyticity of travelling waves has been developed in
6, 10, 11, 13, 14]. Besides the existence and uniqueness of an analytic solution, also
the estimate of the radius of analyticity represents an interesting issue. Although
there exist results in the literature treating particular models, cf. [7, 9, 29], we are
not aware of similar results for general semilinear hyperbolic systems on R
In the present paper we consider systems with initial data analytic on R? and
admitting a holomorphic extension in a strip of the form {x + iy : |y| < g0} for
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some g9 > 0. We assume moreover the existence of a smooth (C*) solution of
the Cauchy problem. Under these conditions, we prove that the solution is in-
deed analytic for every t in a strip of the form {z +iy € C?: |y| < &(t)} and we
give a precise estimate of lower bounds for €(¢) as t grows. The class of systems
to which our results apply includes semilinear symmetric hyperbolic systems but
also strictly hyperbolic systems, see Remark 5.4, and other types of equations like
the Schrédinger equation with electromagnetic potential (cf. [17]). For the sake
of simplicity, in this Introduction we shall consider the special case of differential
operators; we refer to Theorem 2.1 below for a more general statement involving
pseudodifferential operators.
Consider a system of the form

Lu = NTu
in Ry x RY> (t,7), u= (u,...u,), with
d
(1.1) L=0,+iA(iV,) + Y _ Aj(t,2)0; + B(t, x),
j=1

where Ay(iV,) is any formally self-adjoint Fourier multiplier (i.e. the symbol Ay(&)
is a smooth Hermitian n x n matrix), and A;(¢,z) are n x n Hermitian matrices
with entries in C(R,; Cg°(R?)), analytic with respect to x, satisfying
(1.2) sup  ||0%A,(t, x)|| < Ol o e N

(t,$)€R+ xRd
for some constant C' > 0 (here C°(R?) denotes the space of all C* functions on
R? bounded with all their derivatives). We assume moreover that B(t,z) is a n x n
matrix with entries in C(R; Cf°(RY)), satisfying
(1.3) sup  ||09B(t, z)|| < Cl*Htal, o e N

(t,$)€@+ xRd
The components of the non-linearity A[u| are assumed to be polynomials of degree
p € N, p > 2, in the components of u with analytic coefficients, namely:

(1.4) Nulx = Z gy (tx)u’, k=1,...n,
yeN™:2<|y|<p
with g (¢, z) continuous, satisfying
(15) ||(?§g/w |LOO(E+><Rd) S M'O“Ha!, a € Nd
for some constant M > 0.
When Ay = 0 in (1.1) we get what is known as a symmetric hyperbolic system

with bounded coefficients. However, it is important to allow the skew-adjoint
term iAy(iV,) too, in view of the applications to Schrodinger equation below.
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Incidentally, we observe that the form of this term is admittedly very special,
but the reader will note from the proof that allowing more general skew-adjoint
operators entails challenging issues.

We study the above system in the space of uniformly analytic functions, defined
as follows.

Let A be the space of functions f satisfying the estimates

10°flle < ClHal, e N

for some constant C' > 0. Every function f € A extends to a holomorphic function
f(z +iy) in the strip {x + iy € C?: |y] < C~'} and we say that it has radius of
analiticity > C'~!. For technical reasons it is convenient to work with an equivalent
definition, where the L° norm is replaced by the norm || - ||, in the Sobolev space
H*(R?) for some s > d/2, fixed once and for all.

By Sobolev embedding theorem it is easy to prove that A = U.so.A(g), where
A(e) is given by the smooth functions f € L*(R%) such that supy E%[f] < oo, with

€|oz\—1
Eylfl = > — o flls, N =1

la|=N

We have then the following result.

Theorem 1.1. There exists a positive number €y > 0, depending only on the
equation, such that for all 0 < g < &g the following result holds true.

Let 0 € I C [0,+00) be a time interval. Let uy € A(eg), and assume that there
exists so > 0 such that the Cauchy problem

{Lu:/\/[u] (t,x) € I x RY,
u(0,x) = ug(x)

admits a solution v € C'(I, H* (R%)) N C(I, H**+Y(R)) for every s' > so. Then
u(t,-) € A(e(t)), for everyt € I, with

(1.6) (1) zeoexp(—A/O (1 + Ju(o)[22)) do),

for some constant A > 0 depending only on ||ugl|s + supy>; By [uo]. When the
equation is linear (p = 1), the constant A depends only on the equation and it is
independent of uq.

It will follow from the proof that we can take A ~ (||lug||s + supy>, Ex [uo])P .

The threshold g, corresponds, broadly speaking, to the radius of analyticity of
the coefficients A;, B and g, in the equation (see (1.2), (1.3) and (1.5)). Hence
A(gp) is in some sense the larger space preserved by the equation.

Roughly speaking the phenomenon of shrinking of the radius of spatial analyticity
is due to the combination of two effects: for linear equations the solution may
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already compress more and more as t grows; this produces a growth of the spatial
derivatives and causes the exponential decay in (1.6). In the presence of a non-
linearity this growth may be amplified (if the initial datum is not too small), and
this causes the presence of the integral term in (1.6). We refer to Section 5 for
two model examples which illustrate these facts. Some variants are also discussed
there, together with speculations on other lower bounds for £(t), as well as the
issue of the dependence of the constants on the initial datum.

As anticipated, the above result applies also to the Schrodinger equation with
real analytic electromagnetic potential. Namely, we have the following result.

Corollary 1.2. Let A(t,x) = (a1(t,z),...,aq(t,z)) and V(t,x) be the magnetic

and the electric potential, respectively, with a;(t,z) and V (t,x) in C(Ry; C*(RY)),
with a;(t, x) real-valued, and satisfying

Ha:?aj||L°°(R+><Rd) < CMHO&!’ (@S Nd7 ||8§V||L°°(R+><Rd) < Clalﬂ@!; a e N7
Consider the magnetic Laplacian
d d
Ay= (0 +ia;)* = A+2A-V+idivA-> a
j=1 j=1

and the equation
(1.7) Lu = dyu — iA qu — iV (¢, 2)u = N[ul,

where the non-linearity N'[u] has the same form as in (1.4) and (1.5) (without the
subscript k, because we are now considering a scalar case).
Then the result of Theorem 1.1 holds true for the equation (1.7).

In fact, it is sufficient to apply Theorem 1.1 with Ay(iV,) = —A, A;(t,z) =
2a;(t,z) (which are assumed real-valued, hence Hermitian as 1 x 1 matrices) and

B=divA+iY?  a?+4V in (1.1).

J=1"7

The core of the proof of Theorem 1.1 and of the more general Theorem 2.1 below
consists in proving a suitable analytic energy estimate for the solution of the Cauchy
problem. In future works we plan to prove similar results for more general nonlinear
terms, possibly treating the case of quasi-linear or fully nonlinear systems, and also
to improve the above lower bound for the radius of analyticity for special classes of
equations (e.g. with constant coefficients). We also recall that in some recent papers
[14, 15, 16] we proved holomorphic extensions of the solutions of elliptic equations
in conical subsets of C? of the form {z+iy € C?: |y| < e(1+|z|)},e > 0, improving
some of the results of [10, 11, 13] on the analyticity in a strip for travelling waves
and stationary Schrodinger equations. An interesting issue would be to investigate
the same problem for the corresponding evolution equations and to estimate the
decay of the width of the sector as the time variable grows.
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2. STATEMENT AND PROOF OF THE MAIN RESULT

Let us now consider a more general system of the form

Lu = Nu]
in Ry xR?> (t,2), u= (u,...,u,), with
(2.1) L =0,+iAo(D,) + A(t,x, D,),

where Ay(D,) is any formally self-adjoint Fourier multiplier (i.e. the symbol Ag(§) is
a smooth Hermitian n x n matrix), and A(t, z, D,) is a system of pseudodifferential
operators, i.e.

A(t,z, Dy)u = (27?)_d/ AL, 2, E)(E) dé

Rd
whose symbol A(t, x,€) is a n X n matrix satisfying the following conditions:

(f)‘m_l@ﬁ@?A(t, ,€) has entries in C(R; C)(R? x RY)) Va, € N?
with bounds

(2.2) 1020 A(t, 2, )| < CoClHal(€) P o, g e N*

and moreover

(2.3) sup  ||A(t, 2, &) + A(t, z,8)"[| < oo
tG@Jr;an,feRd

It is immediate to see that the simpler case considered in the Introduction, namely
the operator L in (1.1), (1.2), (1.3) is in fact a special case.

The non-linearity Nu| is the same considered in the Introduction, therefore is
given by (1.4), with coefficients gy ,(t, x) satisfying (1.5).

Theorem 2.1. Let L be given by (2.1), (2.2), (2.3) and N[u] as in (1.4), (1.5).
Then the same result as in Theorem 1.1 holds true.

Theorem 2.1 will follow if we prove that Ef\gt) [u(t)], N > 1, is bounded, with &(t)
as in (1.6). Namely, we will prove by induction that for some constant Cy > 0 we

have
t

@) B <00 = Coexp (G [ (14 [u(o)ll) do),
0
for every N > 1, if g9 < &g, with &; small enough, and the constant A in (1.6) is
large enough.
Under the hypothesis of Theorem 2.1 we have the following classical energy
estimates

t
(2.5) lo@®)lls < Ce[lo(0)lls + CeCt/ ¢~ Lv(o)]s do
0
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for every function v € C*(I, H*) N C°(I, H*™') and t € I, where I C [0,+00) is
a time interval containing 0, and the constant C' > 0 depends on L and s, see
[30, Proposition 6.1]. Usually this estimate is proved without the term iA44(iV,) in
(1.1), but since it does not depend on x and is skew-adjoint, it does not affect the
classical proof (in particular the fact that it commutes with spatial derivatives is
useful to extend the L%-energy estimates to the H® version); e.g. the proof of [32,
Proposition 2.1.2] can be repeated almost verbatim for our operator L in (2.1).

Now, we apply the above estimate to v = 9*u, where u solves Lu = N[ul,
u(0) = up. We get

t
lo*u(t)lls < Ce* <H3auo\|s +/0 e~ (lI[L, "Tulo)lls + H?J’“N[U(U)]Hs)da) :
We multiply by e(#)l*I=1 /al!, |a| = N > 1, and we obtain, since £(t) < £(0) = &,
(2.6)
_Ct e . Le(Mt o g(o)lel=1 N
OB 0] < CBRfu] + € [ 0o S AL 0 uto) | do

1 |
(o) oo

+C / e e B [N [u(0)]] do.

(o)1
Now, we can choose the constant Cj in (2.4) such that

(2.7) Co > C max{4sup EY [uo], 2}
N

where C'is the constant arising in (2.5). Observe that by the condition (2.7) we have
C < Cy and Csupy ER[ug] < Cp/4 so that the first term in the right-hand side of
(2.6) is then dominated by $e~“*®(t). We will then prove that (2.4) holds for every
N > 1 possibly for a bigger constant C (independent of N). More precisely, we
will prove directly the case N = 1 whereas for N > 1 we shall argue by induction
supposing that (2.4) holds for subscripts < N. Under this hypothesis we will verify
in the next sections the following estimates on the two integrals involved in the
right-hand side of (2.6).

Proposition 2.2. There exist constants C' > 0 and gy > 0, depending only on
the equation, such that, for every ey < &g and every A > 1 in (1.6), and for every
sufficiently large constant Cy in (2.4) we have

t c N-1 elo |o|—1
(2.8) /0 UM %H[L,&“]u(a)”sda

(o) ot

< /t ()" C'Ne €7l [u(o)] do + 1e_CtCID(t)
< Jy oy Z i
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where O(t) is defined in (2.4).

Proposition 2.3. There exist constants C' > 0 and gy > 0, depending only on the
equation, such that, for every eg < Z¢ and for every sufficiently large constants A
n (1.6) and Cy in (2.4), we have

(2.9) /0 t ﬁe—@m") N [u(0)]] do

e(o)N-T

s/d”_ame&”w u(o)] do + ~e

o (@)t 4

where ®(t) is defined in (2.4).

th)(t)

Assume that Propositions 2.2 and 2.3 hold true and set Wy (t) = e~ “'E} (t)[ (t)].
We can continue the computation in (2.6) as

3 _c N-1 ! Un(o) ., p—1
(2.10) Un(t) < 4_16 ¢ O(t) + e(t) /0 €<O-)N710 (N + JJu(o)||}~) do.

We now use the following form of Gronwall inquality, which can be deduced easily
from the classical one (see e.g. [32, Lemma 2.1.3]).

Lemma 2.4. Let 0 < g,¢,a € L5, ([0,T)), with a > 0, and 0 < h € L}, (0,71,

and
Y(o)

o(0) do.

wwsmw+awlhw>

Then, with H(t) := [, h(o)do,

Y(t) < g(t) + a(t)e’™® /0 t e 1 p(0) 2 do.

We apply Lemma 2.4 to (2.10) with ¢(t) = Un(t), g(t) = 3¢ “'D(t), h(o) =
C'(N + u(o)lf=), at) = ()N,
From (2.10) we therefore get

3 i
Un(t) < Ze‘thb(t) + O (t)
with

t

by (t) = Ze(t)N‘leC’NHC’IS (@)l / ~CNo=C" J§ I dm 01 (N 4 [|u(o) |22
0

—CU(I)
X 6—@ dO'.

()N T
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We want to prove that

(2.11) du(t) < Ze Ctd(1),

1
4
if the constants A in (1.6) and Cj in (2.4) are large enough, so that we get Wy (t) <

e~“t®(t) and the proof of (2.4) is concluded.
To this end we use the explicit expression of £(¢) in (1.6); we have

o 3 ! !
Dy (t) = ZCOC/NQ —A(N=1)+C'N)t+(C' = A(N-1)) [ |[u(o) |2 s do
t
X/ (O NH AN -1)=~C+Co)o+(~C"+Co+ AN-D)) 5 [u(r)|[5od dr g
0
+ 2000/6(_A 1)+ O N)H(C = AN =1) [ [Ju(
t
X/ (—~C'N+A(N-1)-C+Co)o+(—C'+Co+A(N-1)) [5 llu(r d’T”u( )H‘E;ldO'
0

In the first integral we estimate

o(—C'+Co+AN=D) [7 ()|} dr < (=0 +Co+AN-1) ) fo llu( \g(x}dT’

which holds if Cy > C’, whereas in the second integral we use

(FONFAN-1)=C+C0)g < ((~O'N+A(N=1)~C+Co)t.
which holds if Cy > C"+C, A > 2C". We get

§[ C,N + Cl ]G_th)(t)
AL—C'N+AN-1)—C+Cy  —C'+Cy+ AN —1)

Py (t) <

We conclude by observing that for N = 1 the expression in parenthesis is < 1/3
if Cy is large enough, while the same holds for every N > 2, if A is large enough.
This shows that (2.11) holds true and concludes the proof. O

3. PROOF OF PROPOSITION 2.2
We have, for k=1,...,n,

(IL, 0*u Z > ( ) (7A)(t, x, Dy) 0,

h=1 0#v<a

In view of (2.2) the symbols 9] A(t, z, &)k, belong to the Hormander’s classes Si
and therefore the corresponding operators are bounded H**t!' — H*® with operator
norm dominated by a seminorm of their symbol in that symbol class, cf. ([27,
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Chapter XVIII]). Hence, using || f||s + Z;l:l 10;f]ls as an equivalent norm in H**!
we get

ela\—lmL Tl < © zd: Z (Creyi o |9y
s aus_ 1 1€ _O[—’7+6‘€a_—
al . ’ (@ —7v+¢j)!
o 10% | N
+ O Z (Clg)lvlgla ol IHJF(CFE)' \||u||s
0#£y<a a 7>'
lyI<lal-1

where e; denotes the j-th element of the canonical basis of R?. Hence we get

Z_:|o¢|71 N el - a&u s
> — L. 0°ull. < Gy > > (G ||a\%+(026)]v||u|ls.

lal=N 1<|&|<N |y|=N—|al+1

Since the number of multi-indices 7 of length N — |&| + 1 is dominated by 2V—lal+d
we obtain

=z

8|o¢|—1 le / / —7 2 e
> o ML lullsdo < € D (C'NTIES[u] + (Coz)V[ull-

ol=N i=1

The above constants C7, Cy, C' depend on the operator L but are independent of
e, N. Hence we got

o |ar]—1
2 %H[Lﬂa]umus < O'NEZ [u(o)]
la|=N
+C' E_:(C'g(a))N—ij;(a) [u(o)] + (026(0))N||u(0)”5.

J=1

Substituting in the left hand side of (2.8) we see that it is sufficient to prove that

(3.1) /0 j((?)ﬁe00(025(0—))N||u(a)usdo—g%e%(t) for N >1,

and
(3.2)
N—1

/ t ;(;))JJVV_E@—CUC' > (o) VI GE u(o)] do < ée‘%(t) for N =2,

=1

if £(0) = g9 < &p with gy small enough, and the constant Cj in (2.4) is large enough.
Let us prove estimate (3.1). We apply the energy estimate (2.5) with v = wu.
Since Lu = MNTu] has the form in (1.4), (1.5), with the aid of the Schauder’s
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estimates || fg|ls S || fllsllgllze one obtains
e”u(o)lls < Clluolls + 03/0 (1 + flu(m)I2=)e u(r)lls dr

for a suitable constant C3 > 0. By an application of Lemma 2.4 with a(t) = 1,
b(t) = e lu(®)]ls, gt) = Clluolls and h(t) = Cs(1 + [|ull7<), we get

(3.3) e |lu(0)|ls < Cllugl e HI@IE)d

which gives, using (t)V=1/e(0)V "1 < 1 and (o) < gge47,
t et N-1
| S s uto)l do

t
< Clfugle B0 [ (o) Vet o
0

< C(CQ&T())N
- AN

if the constant Cy in (2.4) satisfies Cy > C' + C3 and Cy > Cllugl|s (hence these
constraints on Cy have to be added to those in (2.7)), A > 1 and ¢y < gy := 1/(8C%).
This proves (3.1).

Let us now prove (3.2) for N > 2. We can use then the inductive hypothesis
(2.4) for subscripts j < N and the estimates £(t)N "1 /e(o)V~! < e7At=IN=1 55
well as (t) < gge™4t. Then the left-hand side of (3.2) is

atg)[ €€ Jo A+l ) dor < 1 -ctg 0

oo

N-1

t
< Cfcoecofé u(@)1 e doZ@/gO)Nj/ jelAT=D+Co=C)o—AtN-) g

j=1 0

=

—1
<e YD (t) Y (Cleg)N
1

'y
AG-1)+Co—C"

J

The above sum is < 1/8 for all ¢y < & if &y is small enough, depending on C' and
C" (unifomely with respect to Cy > 2C, cf. (2.7), and A > 1). O

4. PROOF OF PROPOSITION 2.3

To simplify the notation and without loss of generality we shall prove Proposition
2.3 in the scalar case n = 1, and for a nonlinear term Nu] = g¢(¢, z)u?, where
p € N,p>2and g(t,z) is a smooth function defined on R, x R and satisfying the
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estimate (1.5). Let us first consider the case N = 1. We have

EYINu]] = Ex[NTu]] = Z 10 (g (¢, w)u”) [«

d

-1
<Y 110,90l oo, xry < 1l + Cullgll o, sy - [l - Balud]
j=1

< O'(lull? + Nl - Bi[u)).

To prove (2.9) for N =1 we are then reduced to prove that
! 1
C'/ e |Ju(o)||P do < Ze_Ct@(t).
0
Using the estimate (3.3) and assuming Cy > p(C5 + C') we obtain that

t t
/ e u(o)|[2 do < (Clluglls)? / o (Cr=1)+Csp)o ,Cip [ lu(D)II} o3 dr
0 0
t
< (Cllug)|s)Pe' o=t / o~ (Co—Cp=Cip)o ,Cap [ |u(n)IFd dr g
0

< ClY -crg | o (Co-CrmCome g,
Co 0
(Clluolls)? er —(Co—Cp—C:
= e CtD(t)(1 — e~ (ComCr—Can)t
CO(CO - Cp— 0329) ( )( )
(Clluolls)”

~ Cy(Cy — Cp — Csp)

e (1),

(Clluolls)” <

Then one can choose Cj large enough to have ColCo—Cp—C3)

%. The proposition
is then proved in the case N = 1.

For N > 2, using Leibniz formula we have

10N Tulls < llg(t, )uP~ 0%ul|s + E —————1029(t, )0 u- ... Ogrul,.
Ylag!. .. a)

ytag+...tap=«a
lorj | <] ]V
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Then by Schauder’s lemma and using the condition (1.5) we obtain

15 €|a| (67 15
By = D> ——10sNTullls < Cllgll poe iy sy - lullie - Bxlu]
la|=N
5|a|_1 ' . o o
HOY T X il i@ 105l 05l
|a|=N Ytag+...fop=a
lovj| <|a| V7

IIIa
< OM|ulfd - Exfu] + C'e7 Y0 Y MEMH6 || Tuls

|a|=N a1+...top=a
oy | <|ax|Vj

P
s0'||u||fz;1-Emu]+c'e( s Efu ]) |

1<j<N-1

where we used the fact that p — 1 > 1 and we assume ¢ < min{1, M '}, M being
the constant appearing in (1.5). Then we obtain

<C / Sl (o) do

) t €<t)N_1 c ( ) p
—I-C/—EUB_O( su E )da
(o) (o) S [u(o)]
if e <&y :=min{l, M '}.
To conclude the proof, it is then sufficient to prove that

(4.1) /0 j(((g—N_lg(a)e—Ca (KJSEJB B @y, (0)]) do < ie_Ct(I)(t).

First of all we observe that since the function €(t) is decreasing, we have j((?)]:,_,ll <1

for 0 < o < t. Moreover, writing

eCU( sup  E5[u(o )])p:e@l)@f( sup eCUE§<”)[u(a)]>p

1<j<N-1 1<j<N-1

and using the inductive assumption (2.4), we obtain that

b 1
( sup E( )[ (U)]> < CPe Op [y lu(@)llf s do

1<j<N-1
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Hence, using the explicit expression of £(¢) in (1.6) and choosing A > Cy(p — 1) >
C(p—1), we get

/0 t%s(a)e_ca( sup E;<“>[u(a)])pda

1<j<N-1

t
< C¥ey / o(p=1)C=A)s—(A=Cop) [§ llu(r)I}=2 dr g7
0

t
< CPeyeCo s Iu@IE do / (A= (- 1)C)o do
0

P
= QRS0 (g - m10))Co fi o) do
A-(p-1)C
Cieo —Ct L
< -0 O(t) < - Dt
Sy Pa—LTol (t) = e e ()
choosing A sufficiently large. This concludes the proof. O

5. EXAMPLES AND REMARKS

The following two examples make clear the expression for £(¢) given in (1.6).

Example 5.1. Consider first the linear Cauchy problem (hence p = 1) in Ry x R
given by

Oyu — x0,u = 0

uw(0,7) = up(z) = (1 +2?)~L.
The initial datum extends to a holomorphic function ug(x +7y) in the strip |y| < 1,
whereas the solution, given by u(t, z) = (1+x2%e*)~!, extends, for every fixed ¢, to a
holomorphic function in the strip |y| < e~*. Hence the linear part of the equation is
already responsible of the exponential decay in (1.6). For equations with constant
coefficients (even non-linear) one instead expects algebraic decay for the radius of

analyticity (cf. e.g. [9]). We plan to present a systematic study of this special case
in a future work.

Example 5.2. Fix now p > 2, p € N, and consider instead the non-linear Cauchy

problem
{@u = p%lup
uw(0,2) = up(z) = (1 +2%)~ L.
The maximal solution is defined in [0,1) x R and reads

u(t,z) = (1 + 2Pt —¢)~V/e-b,
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The initial datum is the same as before. Now the solution extends to a holomorphic

function in the strip |y| < V1 — t/=1) ~ (p — 1)"Y/2/T —t as t — 1. This agrees
with the formula (1.6) with A = 1/2; in fact, for 0 <t < 1,

exp ——/ | u( ]ﬁwlda)):exp(—%/o(l—a)_lda):\/1—75.

Remark 5.3. A careful inspection of the proof shows that the conclusions of
Theorems 1.1 and 2.1 hold with a radius of analyticity

()= goxp (=4 [ 1+ (o)) do)

for a constant A > 0 depending only on the equation, and a constant B depending
on the initial datum; to be precise B >~ (||ug||s + supys, Ex [uo])? "

Remark 5.4. We observe that the condition (2.3) is used in the proof of Theorem
2.1 only to prove the energy estimate (2.5). Hence Theorem 2.1 still holds for every
system admitting a smooth solution satisfying an estimate of the form (2.5). In
particular, we can apply our result to a strictly hyperbolic system of the form

L'u = Nu]
Nu] is of the form (1.4), (1.5) and
L'=09,+ A(t,z, D,)
for some n x n matrix A(t, z, £) satisfying the condition (2.2) and admitting distinct
purely imaginary eigenvalues i\;(t,z,€),j = 1,...,n, with
M2, &) < Xo(t,m, &) < ... < Mot 2,6),  (t,2,6) € Ry x R x RY

It is well known that under these assumptions for s sufficiently large the Cauchy
problem

u(0,x) = ug

admits a solution u € C*(I, H*) N C°(I, H**') defined for (¢,z) € I x R? for some
time interval I and the energy estimate (2.5) holds true. Hence the arguments in
the proof of Theorem 2.1 can be applied to prove the analyticity of the solution
and the estimate of the radius of analyticity.

{L’u = Nu]
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