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Parametrices and hypoellipticity for
pseudodifferential operators on spaces of
tempered ultraditributions

Marco Cappiello #, Stevan Pilipovi¢ ® and Bojan Prangoski ©

Abstract

We construct parametrices for a class of pseudodifferential operators of in-
finite order acting on spaces of tempered ultradistributions of Beurling and
Roumieu type. As a consequence we obtain a result of hypoellipticity in these
spaces.

0 Introduction

The main concern in this paper is the study of hypoellipticity for pseudodifferential
operators in the setting of tempered ultradistributions of Beurling and Roumieu type
on R%. These distributions represent the global counterpart of the ultradistributions
studied by Komatsu, see [12, 13, 16]. We recall that the space of test functions for
the ultradistributions of [12, 13, 16] is a natural generalisation of the Gevrey classes.
In the same way tempered ultradistributions act on a space which generalises the
spaces of type S introduced by Gelfand and Shilov in [9].

Before presenting our results let us recall some previous results on hypoellip-
ticity in the spaces mentioned above. Hypoellipticity in Gevrey classes has been
studied by several authors, see [11, 17, 22, 25] and the references therein. Indeed
the functional setting allows to consider very general symbols a(x, &) admitting ex-
ponential growth at infinity with respect to the covariable £. This was first noticed
in [25] and generalised in [6, 7] with applications to hyperbolic equations in Gevrey
classes. In [25] the hypoellipticity has been obtained by means of the construction
of a parametrix. More recently, the results of [25] have been extended by Fernédndez
et al. [8] to the space of ultradistributions of Beurling type and by the first author
to the global frame of the Gelfand-Shilov spaces of type S, see [2, 3, 4], allowing
exponential growth for the symbols also with respect to the variable x.

It is then natural to study the same problem for pseudodifferential operators
acting on tempered ultradistributions. In a recent paper [21], the third author
constructed a global calculus for pseudodifferential operators of infinite order of
Shubin type in this setting. Here we want to apply this tool to construct parametrices
for the class of [21] and to prove a hypoellipticity result.
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Let us first fix some notation and introduce the functional setting where our
results are obtained. In the sequel, the sets of integer, non-negative integer, positive
integer, real and complex numbers are denoted by Z, N, Z,, R, C. We denote
(x) = (1 + |z|*)}/2 for + € RY, D = D' ... D3, D]C-” = i719% /0x%, o =
(a1,0a2,...,04) € N% Finally, fixed B > 0 we shall denote by Q% the set of all
(z,€) € R?? for which we have (x) > B or (¢) > B.

Following [12], in the sequel we shall consider sequences M, of positive numbers
such that My = M; = 1 and satisfying all or some of the following conditions:

(M.1) Mz? S My 1 Mpir, p € Zy;

(M.2) M,, < coHP OglqiEp{Mp_qu}, p,q € N, for some co, H > 1;

o0

M, 4 M
(M3) v < coq . s q € Ly,
pgrl My Mo
M\* M, M
(M .4) (f) < ( P 11)| T ff)" for all p € Z.,
p: p—1) p :
In some assertions in the sequel we could replace (M.3) by the weaker assumption
o
M,
(M.3) MLl < o0,
p=1 P

cf. [12]. It is important to note that (M.4) implies (M.1).

Note that the Gevrey sequence M, = p!®, s > 1, satisfies all of these conditions.
For a multi-index a € N¢, M, will mean My, laf = a1 + ... + ag. Recall that

the associated function for the sequence M, is defined by

M(p) = suplog, %, p > 0.

peN p

The function M (p) is non-negative, continuous, monotonically increasing, it vanishes

for sufficiently small p > 0 and increases more rapidly than Iln p? when p tends to
infinity, for any p € N (see [12]).

For m > 0 and a sequence M, satisfying the conditions (A.1) — (M.3), we shall

denote by SAy " (R?) the Banach space of all functions ¢ € C>(R%) such that

m +— Sup Sup e
aeN CEGRd MO

< 00, (0.1)

endowed with the norm in (0.1) and we denote S#)(R?) = lim Soj\g”’m(Rd) and
m—0o0
SiMp} (RY) = lim sﬁff’ ™(RY). In the sequel we shall consider simultaneously the
m—0
two latter spaces by using the common notation S*(R%). For each space we will
consider a suitable symbol class. Definitions and statements will be formulated first
for the (M),) case and then for the { M)} case, using the notation *. We shall denote
by S*(R?) the strong dual space of S*(R?). We refer to [5, 18, 19] for the properties
of S*(R%) and S*(R?). Here we just recall that the Fourier transformation is an
automorphism on S*(RY) and on S*¥(R?) and that for M, = p!*, s > 1, we have
M(p) ~ p'/*. In this case S*(R?) coincides respectively with the Gelfand-Shilov



spaces ¥4(R?) (resp. Ss(R?)) of all functions ¢ € C°(R?) such that

sup  h™1=I81(01 8075 sup [278%0(x)| < oo
a,BeN z€R4

for every h > 0 (resp. for some h > 0), cf. [9, 18].

Following [21] we now introduce the class of pseudodifferential operators to
which our results apply. Let M,, A, be two sequences of positive numbers. We
assume that M, satisfies (M.1), (M.2) and (M.3) and that A, satisfies Ag = A1 =1,
(M.1),(M.2),(M.3)" and (M.4). Moreover we suppose that A, C M, i.e. there exist
co > 0,L > 0 such that A, < coLPM, for all p € N. Let py = inf{p € R| A, C M}}.
Obviously 0 < pg < 1. Let p € R be arbitrary but fixed such that pg < p <1 if the
infimum can be reached, or otherwise pg < p < 1. For any fixed h > 0,m > 0 we
denote by FM” “°(R?4; h,m) the space of all functions a(z, &) € C>°(R??) such that

| Dg DY a(x, §)|((w, &))rletFle= (M mlxl)+Mmie])
sup  sup
a,,@eZi (z,£)eR2d h‘OH_’B'AaAﬂ

< 00, (0.2)

where M (-) is the associated function for the sequence M,. Then we define

F(App) (R2) = lim }lle r ppoo(RM h,m);
m—o0 h_0
{Mp}o0 mady My,00 (my2d,
Lo (R*) = lim lim Ly (]R shym).

h*)OO m—>0

Remark 1. We notice that in the case M, = p!®, s > 1, we can replace M (m|z|) +
M(m|&]) by M (m|z||&|) in (0.2). In particular, in the case of non-quasi-analytic
Gelfand-Shilov spaces, we can include symbols of the form @Y in our class,

cf. [20].

We associate to any symbol a € I} (]R2d) a pseudodifferential operator a(x, D)
defined, as it is usual, by

o@ DIf() = (20 [ e fids,  feSEY, (03

where f denotes the Fourier transform of f. In [21] it was proved that operators of
the form (0.3) act continuously on S*(R?%) and on S*(R%). Moreover, a symbolic
calculus for FZ’ZZ(RM) (denoted there by FZZ?A,,, p(RQd)) has been constructed. As a
consequence it was proved that the class of pseudodifferential operators with symbols
in I' A, (]RQd) is closed with respect to composition and adjoints. Here we introduce
a notlon of hypoellipticity for this class.

Definition 0.1. Let a € F:Z;)op (RQd). We say that a is F > —hypoell@ptzc if

i) there exists B > 0 such that there exist c,m > 0 (resp. for every m > 0 there
exists ¢ > 0) such that

|a(x, )] > ce”MmleD=MmIED = ¢} € Q4 (0.4)



ii) there exists B > 0 such that for every h > 0 there exists C > 0 (resp. there
exist h,C > 0) such that

e P la(z, €)|AaAs

eyt @B ENG (@8 €Qp (05)

Dg¢Dfa(x,¢)| < C

The main result of the paper is the following

Theorem 0.2. Let a € FZ’;OP(RM) be F*A’sop—hypoelliptic and let v € S*(RY). Then
every solution u € S*(R?) to the equation a(z, D)u = v belongs to S*(RY).

Remark 2. In the case M, = p!*,s > 1, symbols of the form el@E))/e satisfy
the conditions (0.4), (0.5), cf. [20, Section 5] for details and other examples of
hypoelliptic operators. Moreover, using the results obtained in [10] for Gelfand-

Shilov spaces, it is easy to verify that the lower bound assumption (0.4) is sharp if
1/ms
we consider operators of the form exp(—PY™)y = Zj‘;l e N ujpj, where P is

a positive globally elliptic Shubin differential operator of order m, cf. [24], \; are its
eigenvalues, {¢;}jen is an orthonormal basis of eigenfunctions of P and u; are the
Fourier coefficients of u.

The proof of Theorem (.2 is based on the construction of a parametrix for a
FZ:?p—hypoelliptic operator. To perform this step we use the global calculus devel-
oped in [21]. In Section 1 we recall some facts about this calculus. Section 2 is
devoted to the construction of the parametrix and to the proof of Theorem 0.2.

1 Pseudodifferential operators on S*(R?), S¥(RY)

In this section we recall some facts about the pseudodifferential calculus for operators
with symbols in I‘pr(Rm) which will be used in the proofs of the next section.
Since the statements below are proved in [21] for slightly more general classes of
symbols, we prefer to report here the same results as they should be read for the
class FZ’Z?p(RQd) in order to make the paper self-contained. For proofs and further

details we refer to [21]. First we recall the notion of asymptotic expansion, cf. [21,
Definition 2].

Definition 1.1. Let M), and A, be as in the definition of FZEOP(RM) and let my =
0,mp = My/Mp_1,p € Z. We denote by FSZ’S)(RM) the space of all formal sums
ZjeN a; such that for some B > 0, a; € Coo(inthij) and satisfy the following

condition: there exists m > 0 such that for every h > 0 (resp. there exists h > 0
such that for every m > 0) we have

ypgpgaj(m,§)|<(x75)>p(|a+ﬂ\+2j)e—M(mlxl)—M(mla)
sup sup sup ,
jEN a,ﬁENd ($1£)€Q%m] h|a+ﬁ‘+2JAaAﬁA?

< 00.

*

Notice that any symbol a € T A’sop(]RQd) can be regarded as an element ) a; of
’ jeN
FSZ’S(RM) with ap = a,a; =0 for j > 1.

4



Definition 1.2. A symbol a € FZ’;}(RM} is equivalent to Yy aj € FSZ’;;(RM)
(we write a ~ 3y a; in this case) if there exist m, B > 0 such that for every h > 0
(resp. there exist h, B > 0 such that for every m > 0) the following condition holds:

DD (a(e,€) — ¥ a(e,€)) |0t Cole)

J<N
sup sup sup —
N€Zy a,feN (z.£)€Q5,, | hlatBIH2N A, A AR (0, €)) —PUla+BI+2N)

< Q.

In [21] it was proved that if a ~ 0, then the operator a(x, D) is *-regularizing,
i.e. it extends to a continuous map from S*(R?) to S*(R?). Moreover we have the
following result, cf. [21, Theorem 4].

Proposition 1.3. Let ZjeN
szp(RQd) such that a ~ Y

a; € FSZ’Z?(R%). Then there exists a symbol a €
jeN @j
Finally we recall the following composition theorem, cf. [21, Corollary 1].

Theorem 1.4. Let a,b € FZOOP(RM) with asymptotic expansions a ~ ZNa] and
jE
b~ 3 bj. Then there exists ¢ € I’Z’;Op(RQd) and a *-reqularizing operator T such
jEN ’
that a(x, D)b(x, D) = ¢(x, D)+T. Moreover c has the following asymptotic expansion

Z Z Z '8£a8:1:§D br(x,§).

JEN s+k+l=j |a|=l

2 Hypoellipticity and parametrix

In this section we construct the symbol of a left (and right) parametrix for a I'"%;* Ay

hypoelliptic operator starting from the asymptotic expansion of the symbol and
using the symbolic calculus developed in [21]. To do this we need some preliminary
results.

Lemma 2.1. Let M, be a sequence of positive numbers satisfying (M.4) and My =
M Ya=1) M\ Y1)

My =1. Then for all 2 < q < p, (q> < (p) .
q! p!

Proof. For brevity in notation put N, = M, /p!. Then Ny = N; = 1 and N, satisfies

(M.1). Morever the sequence N,_1/N, is monotonically decreasing. It is enough to

prove that Npl/(p_l) < NIL/_I; for p > 2, p € N. The proof goes by induction. For

p = 2 one easily verifies this. Assume that it holds for some p > 2. Then we have

—1
N2p+2 < NP+1NP+1 < N NP~ 1Np+1 _N2p N (Np+1)p

p+1 p+2 p+1-"p+2 p+2 Np+2
Np— N1 %
< NN N N2 = N,to,
from which the desired inequality follows. ]



Lemma 2.2. Let M, satisfy (M.4) and My = My = 1. Then for all o, 3 € N such

O‘) M,_3Mp < || Miq_; holds.

that B < a and 1 < |B| < |a| — 1 the inequality (5

Proof. We will consider two cases.
Case 1. 2 < || < |o| — 2.

If we use Lemma 2.1 and the inequality (Ii) < (:KD for v < K, k,v € N%, we have
v v
« My_p Mg
M, gMg < |ofl ———— - —=
<ﬁ> oy (lal=18D)! (3]
o= |B]=1 18]-1
M1 > [a]—2 < Mq-1 >a2
< Jalt- ( Y L L VR
(la] = 1)! (la] = 1)! “

Case 2. [B| =1or |f] = |a| — 1.
Then obviously (g) Mo—gMpg < |a| Mgy O

In the following we assume that A, satisfies the conditions (M.1), (M.2), (M.3)’
and (M.4). Furthermore we suppose that Ag = A; = 1. Because of (M.3)',
Ap/(pAp—1) — oo, when p — oo, see [12]. Under these assumptions we can prove
the following result.

Lemma 2.3. Leta € Fzsop (RZd) be I‘Z’:Op-hypoelliptic. Then, the function po(x, &) =

a(z, &)~ satisfies the following condition: for every h > 0 there exists C > 0 (resp.
there exist h,C > 0) such that

hlel 18l po (2, )| Aar s
((z, €))e(lal +18)

DgDipo(a, )| < € Lo, BEN (2,6)€Qy  (21)

Proof. We observe preliminary that (M.1) and (M.2) on A, imply that (0.5) is
equivalent to saying that there exists B > 0 such that for every h > 0 there exists
C > 0 (resp. there exist h,C' > 0) such that

hletla(z, )| Aats

(@ eylaran @B EN, (@8) € Qs (2.2)

D¢Dja(z,&)| < C

Then, to simplify the notation, we set w = (z,§). First we will consider the (M)

case. Let h > 0 be arbitrary but fixed and take h; > 0 such that 24d+2p . < . Then

there exists Cp,, > 1 such that

ha(w)| A
<w>ﬂ|0‘|

Now, there exists t € Z, such that Cj,, < 2¢. Then, for |a| > ¢,

|DGa(w)| < Ch, , ae N we Q. (2.3)

(2h1)"|a(w)|Aq

Dia(w)] < =

, wEQE. (2.4)




Choose s € N, s > t + 1, such that
Cp,s'Ag_1 < Ay, forall s > s. (2.5)
We will prove that

lo

which will complete the proof in the (Mp) case.

For |a| = 0, (2.6) is obviously true. Suppose that it is true for |a| < k, for some
0 <k <s—1. We will prove that it holds for |a| = k + 1. If we differentiate the
equality a(w)po(w) =1 on Q%, we have

a(w)[|D%po(w)| < Z(ﬂ)wa Spo(w)| - | DEa(w)].

Ba
B#0

e N¥ we %, (2.6)

We can use the inductive hypothesis for the terms |D2‘,_/6 po(w)|, Lemma 2.2 and the
fact that gA,—1 < Ay, Vq € Z,, (which follows from (M.4)) to obtain

O po(w)] a
Depo(w)| < Pl z( )wl—ﬁhgﬁlAa_ﬁAﬁ
<w>P‘ | <a ﬁ
B#0
CF o (w) | Rl Aq <h1 A
- <w>p|a‘ <o h

B#0
O Hpo(w) |kl Aq &

< (i) X

r=1 1Bl=r

S () TS () () 5 () o

r=1 r=1

Since

(2.6) is true for 0 < |a] < s. To continue the induction, assume that it is true
for || < k, with & > s. To prove it for || = k + 1, differentiate the equality
a(w)po(w) =1 for w € Q%. We obtain

awlDgm() < 3 (§) ]2 miw)][patw)| + I Dgatw).
30,

We can use the inductive hypothesis for the terms ‘Dgfﬁ po(w)|, Lemma 2.2 and

(2.5) to obtain

Chlpot)l [ o\ ol
D) < =i [ em)lans Y (5) Gttt 4,
B<a

B0, B



C5. [po(w
< G| o) el g, S BB alAy
<w>p|(1| B<a
B0, B#a
< GO o, ey (1)
= (w)rled ! “ : B<a h
B#0, B#a
C3, el lpo () A & <2h1>’"
< h !
(w)eled 22 h g;

B Cs hlolpg(w)|Aqg i <r +2d — 1> <2h1>r
(w)rled —\ 2d-1 h )’
Finally, we observe that

. (r+2d—1\ [(2h1\" | o /24dHp N\
) < < 1.
St ) =2 ()

r=1 r=

This completes the induction.

In the {M),} case, there exist hi,Cy, > 0 such that (2.3) holds. Take h such
that 249+2h; < h. Choose t and s as in (2.4) and (2.5). Then we can prove (2.6) in
the same way as for the (M),) case. O

Remark 3. We observe that to prove Lemma 2.3 we can replace the assumption
(M.4) on A, by a weaker asssumption. Namely we can assume that there exists

M L4 M.\ L/P

K > 0 such that <q‘q> <K (p'p> , for all 1 < g < p. In fact, the latter
condition is the same adopted to prove that 1/f € E*(R) when f € £*(R) and
inf |f(z)| # 0 (¢f. [1] for the Beurling case and [23] for the Roumieu case). The
proof in [1], [23] relies on careful considerations of the coefficients in the Faa di
Bruno formula applied to the composition of the mapping t — 1/t with a(x,&). On

the contrary (M.4) is needed to prove the next Lemma 2.4.

Lemma 2.4. Let a € Fzsz (]RQd) be I‘Z;’?p—hypoelliptic. Define po(z, &) = a(x,£)!
and inductively

Py ) = —po(e,€) S0 Si0¥p (e &) Dlalz, ), € Zs.

0<v|<j

Then, the functions p; satisfy the following conditions:
there exist B > 0 such that for every h > 0 there exists C > 0 (resp. there exist
h,C > 0) such that

3 ChmHWH%AmHWH%@M%f)
= (o, )T

DEDPp;(x,¢€) (2.7)



fO’)” all avﬁ € Nd: (x,f) € QCB7 ] S Z+;
there exist m, B > 0 such that for every h > 0 there exists C' > 0 (resp. there
exist h, B > 0 such that for every m > 0 there exists C > 0) such that

h\al+\6l+2jA| 418 425€ eM(mlz|) o M(m|€])
{(z,8))r p(lal+181+27) ’

DgDIpi(x,8)| < (2.8)

forall a, B € N, (2,€) € Q%, j € Z.

Proof. First, observe that it is enough to prove (2.7) since (2.8) follows from (2.7)
by (0.4) (possibly with different constants). As before, we put w = (x,£). We will
consider first the (M,,) case. Let h > 0 be fixed. Choose h1 > 0 so small such that
29d+1p. < h and edddhi/h g < 1/2. Then by assumption and Lemma 2.3, there
exists C}, > 1 such that

el a(w)| Aq .
Dfa(w)] < O PSR o e N w e Q5. 29)
|a
h As
[Dypo(w)| < Chy : Lp(])(sua)” y € N2da w € Qp, (2.10)
w
Take s € Z4, such that
C? s'Ay_1 < Ay, forall & > s. 2.11
h1

We will prove that, for j > 1,

%1 Ajaj+251p0(w)]
(w)e(laT+2)) ’

o hlalt
2min{s, 1
[Dap;(w)| < CF MM (2.12)

for all @ € N* w € Q%, j € Z4, which will prove the lemma in the (M,) case. We
can argue by induction on j. For j = 1, we have

Dipw) < > Y E
ﬁ+”/+5 a|1/| 1

Ch [po(w)
< ) (|o¢\+2 Z

+v+i=a

Bly 151 ‘pro “D7D§p0 ”D&DV (w )‘

A A Ay B A

5| 15!

For |y| > 1, by using Lemma 2.1, we obtain

A T
Appir < (9] + 1) "1+2> .
v+l = (|7| ) <(Oé‘ +2)|
For || = 0 this trivially holds. Also, if || > 2,

[B]—1 18]

Ala)42 >al+ < |a|+2 )a“
A [ Llekrz (Lo
s <Al (<a|+2>! P Tal + 20



and this obviously holds if |3] =1 or |3] = 0 (note that (M.4) implies that A, > p!
for all p € N). Moreover for || > 1, by Lemma 2.1, we have

5]

A < (5 0 A\oe|+2 Ja|+1
sl+1 < (0] +1)! (al+2)! .

If |§] = 0 this inequality obviously holds. Insert these inequalities in the estimate
for |D$p1(w)| to obtain

1D (w)| < Cglh|a|+2f4lal+2’po(w)| Z d- ol <h1>|ﬁ+6|+1
w = al+2 115!
(w)rled+2) vl aﬂ,’y,é,

(= DYBR(S| + 1)!
(la) + 2)! '

Observe that

e - ()0 ()
plyte! B+ g )~ \IB+1 18

ot (al+1)! (el
[BIIT8I! = 1T+ 18T~ 81T + D] + 1!

We obtain

Cy h|al+2A\a|+2|Po(w)’ 29h, Bh+el+1
< 1
‘prl( )| <w>p(‘a|+2) E < ) :
By+o=a

Note that

IN

2dh1 |ﬂ|+‘5|+1 [e%e) 2dh1 [+1
() PR

=0 |B|+]6|=

B i I+4d—1\ /29K \'
= Ad —1 h

=0

00 29dh1 +1
< Y51 =
=0

which completes the proof for j = 1. Suppose that it holds for all j < k, k < s —1,
k € Zy. We will prove it for j =k + 1.

Bty+é=a

Dyl YYD 5, 1 [ Dipo(w)| - 1D DEp iy (w)] - |5, DYoo)

BH+y+o=a 0<|v|<j

2]+1|
pO( )| al 18] +24 8] +|v|
= Ww Z Z BIy16ly e A2 AL s by A
B+Hy+o=a 0<|v|<j

10



where we used the inductive hypothesis for the derivatives of the terms p;_|,(w).
By using Lemma 2.1, we obtain (note that 2j — |v| > 2)

A e
. || +25 alTrer—
Apr2i—yl < (vl +25 = [v))! <(|a|+2j)')
1425~ 1]
A|a\+2‘ laf+25—1
< (v - (o)
(Joof +29)!

where the last inequality follows from A, > p!, p € N, which in turn follows from
(M.4). Also, if |5| > 2,

18]=1 18]

ﬁ,
A i\ Tel+2—1 A i\ Tel+2i—1
|ae|+25 |ae|+25
s <18l <<|a|+2y>!) 4 <<|a|+2y>!>

and this obviously holds if |5| = 1 or |3| = 0. Moreover for |§| > 1, by Lemma 2.1
(because |v| > 1), we have

[8]+|v|—1

Ajgl424 lal+2j—1
Agpal < (6] + 1)) (”),) .

(laf +24

If |§| = 0 and |v| > 2 Lemma 2.1 implies the same inequality and if |§| = 0 and
|v| = 1 this inequality obviously holds. If we insert these inequalities in the estimate
for |Dgp;j(w)|, we obtain

| Dipj(w)]
2j+1
Chl |p0(w)| Z Z o! h\1/3|h|7|+2j—|V\h‘15|+‘”|
(w)P(|a|+2j) oy SO BIy15!
[v[+25—|v| 18]
Alal+2j lal+27—1 Ajgl42; | Tel+2-1

(7 + 25 — ) (e  (Llolr2i
(25 =) ((\al+2y)!> 1 <<|a|+2y>!

Ny \ B

jal2j  19F¥E=

5| + v '<>
([o] +[v) ol + 27)1

O Aol g~ <h1>'ﬂ+5'+”'

(w)pllol+24) Byl \ h

BH+y+d=a 0<|v|<j
(vl +27 = [vDNBIS] + [v])!
(lef + 25)!

Similarly as above, we have

al |af! (laf + 25 — [v])!
piytet = B8 T BN ] + 25 = [w])Yé]!
(laf +25)!

= BT+ 27 — DI+ 1ot
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We obtain

Coiy R Aoy po(w)|
(w)elal+27)

| Dypj(w)] <

Z Z Z 1 <>|ﬂ+|5+r‘

B+y+é=ar=1|v|=r

We have the estimate

Z i Z;(@)ﬁlﬂﬂﬂ"

B4+y+o=ar=1 |v|=r

T+d—1 d [ hy |B]+8]+r
YD ); h)

B+y+é=ar=1

hy |B]+]6] o 1 22ddh1 r
> (%) ()
B+vy+d=a
PN N
(h) = (o) 30 (5

IN

hy Pl 4d -1
h 4d —1
l

< <e4ddh1/h 1

Hence, we proved (2.12) for 1 < j < s. Suppose that it holds for all j < k, k > s.
For j = k + 1, similarly as above, we obtain

CQS+1 ’pO

[ Dypj(w)] - < (w) |o¢|+2j Z Z Byl 151,,1

B+y+o=a 0<|v|<j
2 118l |+25— v 18]+
-Gy hy A h Apyrzi—pihr Al

Note that |y| +2j — |v| > s, so, by (2.11), we have
Cr L Apy2j-tvl < Ap2i—pi1 /(Y] + 25 = [v] +1).

Also |y]+2j — |v| + 1 < |a| + 27, hence Lemma 2.1 implies

[v1+25 v

Ap2i—jvl+1 Ala)42 lal+25-1
O Apprasin < P < () 2 = i ()

In the same manner as above we obtain

18] [8]+|v|—1

A i [al+2j—1 A : [a[+2j—1
|| +23 |ev|+23
Ag < |B|! dA < (|6] + N — )

12



If we insert these inequalities in the estimate for |Dgp;(w)| and use the above in-

we obtain

equality for B!’yi 51

02f+1hla|+2jf4|a\+2j [po(w)|
<w>9(‘0‘|+2j)

Z izyl!<;;;>lﬁl+l5l+r.

B+vy+d=ar=1 |v|=r

| Dipj(w)] <

> 1 (I |B|+16]+r
We already proved that Z Z Z — (h) < 1, hence the proof for

v!
B+vy+d=ar=1 |v|=r

the (M),) case is complete.

Next, we consider the {M,} case. By assumption and Lemma 2.3, there exist
hi,Cp, > 1 such that (2.9) and (2.10) hold. Take h so large such that 2%+1h; < h
and ed’d/h _ 1 < 1/2. There exists s € Zy such that C,?Lls’Asr_l < Ay, for all
s’ > s. One proves that

2m1n{sg}+lh| okt jA| H—2]|p0( )‘

’prj( )’ < C < ) (|04H-2j) )

for all & € N4, w € Q%, j € Z4, by induction on j in the same manner as for (2.12)
in the (M,) case. This completes the proof in the {M,} case. O

Theorem 2.5. Let a € T Z’jfp (R*) be T -hypoelliptic.  Then there exist *-
reqularizing operators T and T and b,V € F* :op (R2d) such that b(xz, D)a(x, D) =
Id+ T and a(z, D)V (z,D) =1d +T".
Proof. Let p;, j € N, be as in Lemma 2.4. Then the functions py and pj, j € Z,
satisfy the estimates given in Lemmas 2.3 and 2.4. Since A, satisfies (M.1) and
(M.2), these estimates are equivalent to the following:

there exist m, B > 0 such that for every h > 0 there exists C' > 0 (resp. there
exist h, B > 0 such that for every m > 0 there exists C' > 0) such that

5 plal+181+27 4 AﬁAz M(mlx]) o M (m[¢])
(0%

; <
D¢Dp(e6)| < C {(w, €))PUlal+IBT+27) ’

(2.13)

for all o, 8 € N, (z,€) € Q%, j € N. One can modify py near the boundary of

¢ so that it can be extended to C* function on R?? and satisfy (2.13) on the
whole R??. Hence, (2.13) remains true for all j 6 Z, with larger B. We obtain
>sop; € FST (R*). Let b~ 3, p;, b e I'™ (R2d). By Theorem 1.4 there

exist ¢ € FZ’Z’p (R*?) and a *-regularizing operator T} such that b(z, D)a(z, D) =
¢(z, D) + T and c has the asymptotic expansion ¢ ~ > ¢j, where
8= 3 3 o, ODla(x, ).
s+l=j |v|=l vl

One easily verifies that co(x,£) =1 on Q%. Also, for j € Z,

p]a—I—ZZ ngj - Dia =pja+ Z '85p3 | - Dya =0,

I=1 |v|= Y ' 0<|v|<j
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on Q%, by the definition of p;. Hence, b(x, D)a(x, D) = Id+T for some *-regularizing
operator 7. With similar constructions one obtains " such that a(x, D)V (x, D) =
Id +T’, where T" is a *-regularizing operator. O

Proof of Theorem 0.2. Let u € S*(R?) be a solution of a(z, D)u = v € S*(RY).
Then, applying the left parametrix b(x, D) of a(z, D), we obtain v = b(x, D)v — Tu
for some *-regularizing operator T. Hence u € S*(RY). The theorem is proved. [
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