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ON THE FIRST PASSAGE TIME FOR AUTOREGRESSIVE PROCESSES
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ABSTRACT. The first passage time problem for an autoregressive process AR(p) is
examined. When the innovations are gaussian, the determination of the first pas-
sage time probability distribution is closely related to computing a multidimensional
integral of a suitable gaussian random vector, known in the literature as orthant prob-
ability. Recursive equations involving the first passage time probability distribution
are given and a numerical scheme is proposed which takes advantage of the recursion.
Compared with the existing procedures in the literature, the algorithm we propose
is computationally less expensive and reaches a very good accuracy. The accuracy is
tested on some closed form expressions we achieve for special choices of the AR(p)
parameters.

1 Introduction Let W; with ¢t € {...,—2,—1,0,1,2,...} be a sequence of independent
and identically distributed (i.i.d.) random variables (r.v.’s) on a probability space (2, F, P).
A general linear process {X;} can be defined as

oo

(11) Xt: Z OétWt,

t=—o00

where {a;} is a sequence of real numbers. The autoregressive AR(p), the moving average
MA(q) and the autoregressive moving average ARMA (p,q) are all special cases of linear
processes. Discrete time series models are commonly used to represent a wide variety
of data: from storage models to exchange rates, from growth of populations to human
endeavor.

The purpose of the present paper is to determine the probability distribution (p.d.) of
the random variable (r.v.) representing the instant when, for the first time, a dynamic
system by enters a preassigned critical region of the state space. In making decisions, we
may want to know how likely it is that the process will attain a certain high level before it
drops back to or even below the present level, or we may want to know the expected time
for the process to reach a certain level. So, the attention will be devoted to the instance
in which such a critical region collapses into one single point, while the system is described
mathematically by a linear process.

As first step of a theory involving more general linear processes, we examine AR(p)
models, one of the most important among time series. Studies related to the first passage
time (FPT) problem for AR(1) sequences are often employed in application fields such as
surveillance analysis [8], signal detection and many other areas. In economy, the role played
by the AR(p) models is well known and confirmed by a wide and detailed literature, see
for instance [3]. Recently, AR(p) models have been proposed to study neuronal interspike
intervals, assuming the greater is the dependency of the neuronal interspike intervals, the
stronger is the memory of the process (see [11] and references therein).
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Let us recall that the analytical results on FPT problems are mostly centered on stochas-
tic processes of diffusion type, where the Markov property plays a leading role in handling
the related transition probability density function (pdf), see [16] for a review. FPT distri-
butions have explicit analytical expressions also for the class of stochastic processes named
the Levy type anomalous diffusion, in which the mean square displacement of the diffusive
variable X scales with time as t7 with 0 < v < 2 (see [15] and references therein). Never-
theless, no closed forms of FPT distributions are available in the literature, apart from few
special cases. Thus numerical algorithms or simulation procedures have been resorted to in
order to get more information on the FPT problem. In particular, simulation procedures
are suitable to being implemented on parallel computers, see [6].

A typical simulation procedure samples n values of the FPT r.v., by a suitable con-
struction of N > n time-discrete paths, so that suitable estimators are obtained. However,
as shown through examples in the last section, a Monte Carlo simulation via (1.1) is not
always a proper method to approximate distribution and expectation of FPT r.v.’s with
high accuracy, see also [7]. So different numerical procedures are hoped for.

The martingale technique has already been used in [13] and [14] for deriving analyti-
cal approximations to the distribution and expectation of the FPT r.v. for discrete and
continuous time AR(1) type processes. An integral-equation approach, together with the
state space representation of time series models, are applied in [2] in order to evaluate exit
probabilities from bounded regions for AR(p) models. Numerical schemes are used to solve
the constructed integral equations.

Here, by using the state space representation of time series models, we derive recursive in-
tegral equations for the FPT p.d. Recursive integration methodologies have many statistical
applications and significantly reduce the computational time when applied to the evalua-
tion of high dimensional integrals, see [10]. Here, we propose a Gauss-Laguerre quadrature
formula, in order to evaluate numerically these recursive equations. The accuracy of the
proposed method is tested on some closed form expressions achieved in correspondence of
special values of the parameters {a;}. Due to the connection of the FPT problem with the
evaluation of orthant probabilities [5], the method is analyzed for gaussian AR(p) models.

The paper is structured as follows. In Section 2 we define the FPT r.v. for an autoregres-
sive process AR(p), showing its connection with the computation of the so-called orthant
probabilities, when the innovations are gaussian. In Section 3, we recall the state space
representation of an AR(p) model, computing the recursive structure of the vector mean
and of the covariance matrix. In Section 4, we analyze the asymptotic behavior of the FPT
p.d. and evaluate the occupation time. In Section 5, recursive equations are given charac-
terizing the FPT p.d. The fairness of the FPT r.v. is also stated. Orthant probabilities
play a special role in expressing the mean of the FPT r.v., when we add more hypotheses
on {a;}. Section 6 is devoted to the computation of taboo probabilities and Section 7 gives
upper and lower bounds for the FPT cumulative distribution function (cdf). In Section 8,
we show comparisons of some numerical results with the ones existing in the literature.

2 Autoregressive processes A process {X,} is called an autoregression of order p € N,
or AR(p) model, if it satisfies

(2.1) Xp=arXp 1+ +apXy p+ W,  n>1

for some a1,...,a, € R, where (Xo,X_1,...,X1_,) is the vector of initial values and
{W,} is a sequence of i.i.d. r.v.’s, named innovations, with finite mean and finite variance.
In the following we assume W,, having a gaussian distribution N(0,0?), which is the most
natural choice to describe a noise component.
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Define the FPT r.v. T of {X,,} through a constant boundary S as
T = minnzl{Xn Z S},

where ]P)(XO < S,X_l < S,. .. ,Xl_p < S) = 1. Set XO = (X(),X_l,.. . ,Xl_p)T. In the
following, we assume the process starts from a fixed position under the boundary, i.e.

(2.2) P(Xo = xq) = 1,

with xg € (—00,5)P and denote by Px,(T = n) the probability that the process {X,}
reaches the boundary at the time n, being started in x¢. The region O, = (—o0, S)? is
known in the literature as orthant region, see [17].

In order to evaluate the FPT p.d., observe that, if p = 1, {X,,} is trivially a Markov
chain and it can be viewed in one sense as an extension of a gaussian random walk [12]. If
p > 1, the Markov property does not hold anymore so that different considerations should
be done in order to gain some information on the FPT problem.

First of all, we have

(2.3) Pe(T=n)=P(X1 <5, X2<5,...,X,1 <85, X, > 5|Xo=x0)

and due to the hypotheses on {X,},

1 1 Tl
Pxo(T:n):/DnWexp{—g(X—mn) X (X—mn)} dx,

where D,, = (—00,8)""! x [S,00) and m,, and ¥, are respectively mean vector and co-
variance matrix of the vector (X1, Xa,...,X,,)T. By using (2.1) and (2.2), it can be stated
|2,| > 0 for every n > 1. In the following, we will provide a proof by using some different
technicalities (see Remark 3.1).

Equation (2.3) can be rewritten as

_ _ 1_7)1(5721)7 lfn:l,
(24) Pxo(T—n) = { Pn71(572n71)_lpn(532n)7 ifn > 17
where
Pn(S, En) = P[ ?:1(X1' < S)‘ XO = XQ]
_ 1 1 Tl

are the so-called orthant probabilities, due to the integration regions O,, = (—o00,S)". A
more general orthant probability is P, (S, %,) with O,, = xI_;(—00,5;) and S the vector
(S1,52,...,5,).

So, the problem of characterizing Px,(T = n) could be bring back to the evaluation of
orthant probabilities. Unless n < 3 or ¥, = I,,, where [,, is the identity matrix, no closed
form expressions are known for P, (5, X,,) so its evaluation requires numerical methods, see
[4] for an updated review. The main problem of numerical evaluations of P, (S,%,) is the
growing complexity of the involved multidimensional integrals depending on n.

The relation between orthant probabilities and the FPT problem discloses a new method
to evaluate such multivariate integrals [5]. Here, by means of the state space representation
of {X,} as Markov chain on R? [3], we give recursive equations for the FPT p.d. which
turn out to be useful also in computing orthant probabilities.
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3 Representation of an autoregressive process as Markov chain Set

... Qpl1 Oy 1
1 ... 0 0

F = . . . and G =
0o ... 1 0 0

Then, equation (2.1) can be rewritten as:
(3.1) Y, =FY,_i +GW,,

with Y, = (X5, Xo—1,. -, Xn—pt1)T and Yo = Xo. Being F and G not dependent from
n, the Markov chain {Y,} is temporally homogeneous. The conditional pdf of Y,, given
Y,_1=xis

1
V2ro?

where x and y are column vectors of RP. Due to the temporally homogeneous property, the
function fy,|y,_, (¥[x) does not depend on n, so it will be denoted by f(y|x). Moreover, if
x = (21,22,... ,2p)7 theny = (y,21,... ,2,-1)7 due to (3.1), so that the conditional pdf
(3.2) becomes

(3.2 e 30 = < e {5 - Ty — 0.

1 1 P ?
(3.3) flylx) = m exp 552 <y - ;%&) =h(ylx), yeR

which is crucial in our discussion, as we will see later on.

Proposition 3.1 If P(Yy = xo) = 1, then Y,, is a multidimensional gaussian vector with
mean m,, and covariance matriz XY

(3.4) m, = F"xy and XYY" = azCnC’g,
where C,, is a p x n matriz built collocating side by side the vectors FIG,j =0,1,... ,n—1,
that is
(3.5) C, = [F"'G|F"2G|...|FG|G].
Proof: By induction on n, equation (3.1) gives
(3.6) Y, =F"Yy+ i FriGW; = F™"Yo + C, W,
j=1

where W,, = (W1, W, ... ,W,)T and C, is given in (3.5).
||

If p=1,thenY, = X, and yo = z¢. So we have E[X,,] = afxo and C), = (o/f_l, oo ar,1).
The following proposition gives the expression of C,, elements, when p > 1.

Proposition 3.2 Assume C,, given in (3.5), then

agnf(iﬂ)ﬂ), ifj<mn—i+1,
(3.7) (Cn)ig =4 1, ifj=n—i+l,
0, ifi>n—i+l,



FIRST PASSAGE TIME FOR AR PROCESSES 65

()

where ay”’ is the first component of a sequence of row vectors {a(j)}jzl, recursively defined
by
() — gD 4 a=b) B
(3.8) a® — @ and { a%j) = ala(j,l)—'—a”l , t=1,2,...,p—1,
ap = Oép a

Proof: By induction on n, set n = 1. Being C; = G, then (3.7) follows immediately.
Suppose (3.7) holds for n = k — 1. Being C;, = [FCy_1|G], then (3.7) holds for i > 2,
whereas for ¢ = 1 we have

min{j,p}

(Ck)l,k—j = Z o agjii) forj=k—-1,k—2,...,1.
=1

From (3.8) for i = 1, we have agj) = (Cg)1,p—; for j =k—1,k—2,...,1 by which the result
follows.
|

Since C, is a triangular matrix whose elements on the second diagonal are all different from
zero, the covariance matrix XY= has full rank. Moreover from (3.4), we have

n—j+i
(X¥n);; =02 Z agnft)agnftﬂﬂ) for § > i,
t=i
so that
k=1
(3.9) Var(X},) = o° <1+Z[a§z)]2> k=n—p+1,...,n.
i=1

If p = 1, then Var(X,) = o2 Z;:Ol (a%)i. Equations (3.8) allow to compute explicitly the
mean vector m,, by calculating the powers of F.

Proposition 3.3 We have

n __ (a(’,]’)? a(n_l)) R )a(’,L_erl))T? if n 2 p7
(3.10) F= { (@™ a0 aM e | e-m)T  if n<p

where {29} ;51 is given in (3.8) and

o _ Lo i=7,
: 0, if i#j.

Proof: Observe that F' = (a(V) e ... e®~)T Equation (3.10) follows by induction on
n and by the following identity

min{j,p}
a,(g) = Z aiagj_l), forj>1land k=1,2,...,p.
=1

The above identity can be stated by applying recursively (3.8).
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Remark 3.1 From the first equation in (3.6) and Proposition 3.3, we have

X, = a(”)xo + Z agn—j) Wj,

j=1
so that
ktn ‘ k ‘ k ‘ ‘
Cov(Xpyn, Xp) = F Z a§k+n7])Wj Z agkﬂ)Wj =2 Z agkﬂ)agkﬂbﬂ),
=1 =1 =1

which gives (3.9) when n = 0. In particular in (2.5) we have %,, = L,, LT where

0, it i<j,
(Ln)iy={ 1, if i=j,
al™ it >

The matrix L, has full rank, since it is a lower triangular matrix with elements on the main
diagonal all equal to 1.

4 Occupation time For every borel set B C R, the occupation time np is the number

of visits of X,, to B after time zero. When B = (5, 00), we denote by ng the number of
times that the process is over S :

(4.1) i (Xn > 9),

where 1(-) is the indicator function. From (4.1), we have

(4.2) Es|Yo =xo] = > P (X, > S|Yo =xq).

n=1

In order to compute Ens|Yo = Xo], we need to evaluating P (X,, > S|Yo = x¢). Due to
Remark 3.1, we have

S — a(”) X0

\/202 (1+ 21 @)

1
(43) ]P(Xn > S|Y0 = XO) = 5 1 — Erf

where

Erf(x / exp(—t?)dt, x€R.
\/—
Theorem 4.1 If the eigenvalues of F' fall within the open unit disk in R, then

()]

lim P (X, > S|Yo = x) =

n—oo

N =

where lim,, o, Var(X,,) = 0%s? < co.
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Proof: If the eigenvalues of F' fall within the open unit disk in R, then lim, ., F™* = 0
(cf. [9]) with geometric rate, so that
lim a™xy =0 and lim Var(X,) = 02s? < co.

The result follows from (4.3).
|

Corollary 4.1 If the eigenvalues of F fall within the open unit disk in R, then Eng|Yo =
Xo] is not finite.

Corollary 4.2 If the eigenvalues of F fall within the open unit disk in R, then
Pn-‘rl(S; Zn—i—l) 1

S
4.4 1 —_— = 1+ Erf | ——
(44) oo Pu(S, D) 2{ R {«/—20232} }
with Pp(S,X,) orthant probability in (2.5).

Note that the hypothesis of Theorem 4.1 is equivalent to require the linear process is causal,
a property not of the process {X,,} alone, but rather of the relationship between the two
processes { X, } and {W,, }. For a linear process, this property means that {X,, } is expressible
in terms only of {Wy} for k¥ < n (cf. [3]). This requirement appears to be natural for a
wide range of applications. For Markov chains on countable state spaces, the statement of
Corollary 4.1 is sufficient to prove that the chain reaches any region of the state space almost
surely. For Markov chains on general state spaces, we need to add some more hypotheses
on the model, which will be clarified in the next section. Finally, due to (2.4), Corollary
4.2 states that Py, (T = n) goes to zero with geometric rate when n goes to infinity.

Note that, if p = 1, the hypothesis of Theorem 4.1 gives |a1| < 1. From (3.9) and Remark
3.1, we have

1—ai" (1 — a3k
Var(Xp) = 0*5——5,  Cov(Xjin, Xy) = 02%_70421)
1 1
and 5?2 = (1 — a?)7L If |az| = 1, from (3.9), we have lim, ., Var(X,) = oo. Being

lim,, o F(X,) = xo, from (4.3) we have lim,,_,, P (X,, > S|Xo = x9) = 1/2 and the result
of Corollary 4.1 still holds.

5 First passage time Denote the one-step transition pdf of the chain Y, by
P(x,D)=P(Y, € D|Y,,—1 =x),
with x € R? and D = Dy X Dy x --- x D, € B(RP), where B(RP) is the o-field generated
by the borel sets of RP. From (3.3), we have
6.0 PoxD)= [ folx)dy = [ hudy iff (@ @) € Dy x e x D,
D D1y

otherwise being zero.
Theorem 5.1 For any x¢g € RP and S € R

fg‘o h(y|X0) dya Zf n= 17
(5.2) P, (T=n)= <

JZ o P(WI%0) Plyixo s %0, (T =n—1)dy, if n>1.
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Proof: From (2.3) and (3.1), we have
(53) PxO(T = TL) = ]P)(Yn S D,Yn_l S Op, . ,Yl S Op|Y0 = Xo),

where D =[S, 00) x (—00, 8)P~! and O, = (—oc, S)P. Due to the Markov property of {Y,},
equation (5.3) can be recursively rewritten

P(xq, D), if n=1,
(5.4) P (T =n) =
fo (y|x0) Py(T=n—1)dy, if n>1.

The result follows from (5.1) and (3.3).

The following corollary is the first step to implementing recursively equations (5.2).

Corollary 5.1 If xo € (—o0,S)?, then

1 S—(IXO

. Po(T=n)==¢, [ Z220) | n>1
(5:5) (=) =50 (220)
where ¢1(x) =1 — Erf(z) = Erfe(x) and

S —aw
5.6 n () /e (x—t — [at—i— ]dt7
(5.6) ¢ == xp[— ) dn—1 | o
with o = (a1, 9, ... ,ap) and w = (S;X0.1;. .. ;X0p—1)" -

Proof: From (5.2), we have

1 i (y — axg)? 1 S —axg
PXO(T_l)_\/ﬁ/; eXp{—T dy—iErfc W y

by which equation (5.5) follows for n = 1. By induction on n, suppose equation (5.5) true
for n = k — 1. From (5.2), we have

s
Py, (T=k = / h(y[xo) P(y;xo,l;... ix0,p—1)7 (T=k-1)dy
(y — OéXO) S — oy — ZPZQ ;X il]
5.7 = ex - - Z : dy,
o7 sy | oo o | = v

where we have replaced Py.x, ,:....x,,_,)7 (I' = k—1) by the function obtained from (5.5) for
n =k — 1 and starting point (y;Xo1;... ;X0p-1)7 € (—00,S)P, since y < S. The expression
(5.5) for n = k follows by replacing y = S — tV/202 in the integral (5.7).

|

Remark 5.1 Suppose a3 = 0. From equation (5.5) we have:

1 S — axyp .

— Erfe | —— f =1

5 rfc ( S\/ﬁ ), } if n

1 —aw axXy — .
5.8 P (T=n)= — Erfc <7) Erfc <7>, if n=2
(58) o= 22 V20?2 V202 )"

1 aw—S\1""
—_— p— — i > .
S Py, (T =2) [Erfc ( 53 >} , if n>3

So Py, (T = n) goes to zero with geometric rate when n goes to infinite, relaxing any
hypothesis on the eigenvalues of F.
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Proposition 5.1 The FPT r.v. T is fair, that is Px,(T < 00) = 1.

Proof: Summing Py, (T =n) in (5.2) for n > 1 gives

s
(5.9) L(x0) = P(x0, D) +/ h(yilxo) Ll(y13 %015 - - 3 X0,p-1)" ] dyn,
where D = [S, 00) x (—o00,5)P~ 1

L(x0) =Y Pe(T=n) and Ll(y1;%015 - iX0p-1)"1= D Plyrixosiixop) (T =n).

n>1 n>1

Set z = S — y1 in the integral of equation (5.9). We have
(5.10) L(xo) = P(x0, D) + /OOO B(S — 2|x0) L[(S = % X015 .. $ Xop_1)7] d.
Define K to be the operator such that

K[L(x0)] = /000 h(S — z|x0) L[(S — 2;%X0.1; - - - ;X0p—1)" ] d2.

Due to (3.3), this operator is compact. Indeed a sufficient condition for K to be compact
is to have the kernel bounded and continuous (cf. [1]), which is true for h(S — z|xg). So by
virtue of the Fredholm alternative, the equation exhibits a unique solution. Since L(x¢) =1
satisfies (5.10), the result follows.

|

5.1 Mean of the FPT r.v. The goal of this section is to prove that if the eigenvalues
of F fall within the open unit disk in R, then the FPT mean is finite. To this aim, we first
need to prove the following lemma.

Lemma 5.1 If the eigenvalues of F fall within the open unit disk in R, then
> Pul(8,8n) < oo
n=1

Proof: Let Fy,(n) be the FPT cdf, that is

From (2.4), we have
(5.11) Feo(n) =1—="Pn(5,3,).

As T is a fair r.v., then
lim P,(S,%,) =0.

The result follows from Corollary 4.2, by which the sequence {P,,(S,X,,)} decreases to zero

with a geometric rate, if the eigenvalues of F' fall within the open unit disk in R.
|
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From (5.11), we have
Pyo (T >n) =Pp(S,X5)

and
ZPXOT>n —1+ZP7LSE)

n=1

due to Lemma 5.1 and Prop081t10n 5.1. As T is a r.v. assuming only nonnegative integer

values, then
EXO[T] = ZPXO(T > n),
n=1

by which we state the following theorem.

Theorem 5.2 If the eigenvalues of F fall within the open unit disk in R, then the FPT
mean is finite and

By [T] =1+ i Pa(S, 50).

n=1
6 Taboo probability We define the n-step taboo probability as
AP"(X(),B) = P(Xn e B,TA Z TL|X0 = Xo),

where A, B € B(R),T4 = min,>1{X,, € A} and x¢ € A", So the n-step taboo probability
4P"(x0, B) denotes the probability of a transition to B in n steps, avoiding the set A.

Theorem 6.1 Suppose A = (—o00,a] and B = [b,00) with a < b. For any xg € (a,o0)?, we

have
1 b—OLX() .
5@1( 20_2)5 Zf Tl—l,
(6.1) AP"(x0,B) ={ axe —a . X
58% ? , if n>1,
where
Erfe(x) if n=1,
1 9 b—aw ) )
— exp[—(z — t)*] Erfc —aqt ) dt, if n=2,
on(T) = \/_/ pl- /] (\/202 ! d
1 9 aw —a .
— exp[—(x —t -1 | —— +aqt | dt, if n >3,
7 ] ettt (S rant)an
with a = (a1, a2,... ,ap) and w = (a;X0,1; - .- ;Xo,p—1)" -

Proof: As in Theorem 5.1, the taboo probabilities satisfy the iterative relations

fb |X0 dya if n= 1,
(6.2) aP"(x0,B)= .
L7 h(ylxo) aP™ M (yi %015 - - - 5%0p—1)", Bldy, if n>1.

For n = 1 the result follows immediately, being 4 P!(x¢, B) = P(xq, B). For n > 1 the

result follows by replacing y = tv'202+a in (6.2), as already done in the proof of Corollary
5.1.
|
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Close to taboo probabilities, there are the probabilities of first entrance in B avoiding the
set A. If A = (—o0,a] and B = [b,00) with a < b, these probabilities are related to the
upper exit time from [a, b], i.e. the probabilities of crossing the level b before the level a :

Pi(xp) =Pla < X1 <D,...,a < X,_1 <b X, >bXg=x0) = Px,(Ta >n,Tp =n).
For A = (—00,a] and B = [b, 00), we have
AP (x0, B) > P"(xo).
The proof of the next theorem is similar to the one of Theorem 6.1.

Theorem 6.2 Suppose a < b. Then for any x¢ € (a,00)P the upper exit time p.d. is

1 b—axo
. Pa,b =~
(63 200) = 5 0 ().
where Y1 (x) = Erfe(x) and for n > 2

1 [vim ) <b—aw )

6.4 n(T) = — exp|—(x — ¢ n_1 | —— + a1t | dt,
(6.4) vn@) = o= [V el = 700 (2 e
with o = (a1, 2, ... , ) and w = (b;X0.1; ... ;X0 p—1) .

Remark 6.1 If ay = 0, equation (6.4) may be rewritten

(6.5) Yn(z) = % {Erf(x) — Exf <x - %)] Y (b_z%) :

and in particular for n > 2

b— aw 1 b—aw a—aw\]"! <b—aw)
6.6) - Erf( 222V _ g (22 Erfe ,
66) ( 202 > 2n—t { < V20?2 > < 202 )] 202

applying (6.5) recursively. Therefore, replacing (6.6) in (6.3), we have

for n > 2.

7 Bounds for the first passage time cumulative distribution function In the
following, we give some bounds for the FPT cdf, depending on some properties of orthant
probabilities. First, we recall a result due to Plackett and later stated by Slepian in a more
general form (see [17]).

Theorem 7.1 Let X = (X1, Xo,...,X)T and Y = (Y1,Ya,...,Y,)T be standard gaus-
sian vectors, with (35X );; = pf§ and (BY)ij = p}} the correlation matriz respectively of X
and Y. prfg > p% foralli,j=1,2,... ,n then

(7.1) Pe(S,25) > Pu(S, %)), k=1,2,...,n.

The previous theorem states that Py(S,¥}) is a non-decreasing function of p;; € I(; ;) =
{pi; : Lk is positive definite}.
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Proposition 7.1 [Lower Bound] Set

min{<,j i—t j—t
™ _ - omin {i,5} ag )agﬂ )

Pmax 1,5=1,2,... ,n3iAj \/(1 n Zt 1[a1 2 ) (1 n Zi;ll [agt)]g)

If xg € (—00, S)P, then forn > 2

1-— U Sr(ggx, ng 1 max S Oa 1 P
Fxo (n) 2 n[ (n) p ] f p [ )
]. - (I) [ max]7 Zf pmax S 0’

where Sr(,?a)x 18 the mazimum among the components of the vector S such that

S — a(l)xo — a(2)x0 — a(")xo

\/1+2 o))

(7.2) s —

®(x) is the standard gaussian cdf with pdf ¢(x), and

(7.3) Un(s,t) = /RCD” (S\/‘LIZ__‘/E) 6(z)dz, seR, te(~1,1).

Proof: First observe that

1 1
- (n) — Lo
Pn(S,X,) = Pn[S'", R, /o; CSREALE exp{ 5Y R, y} dy,

where R, is the correlation matrix of (X1, Xa,...,X,) and Of = {y € R* : y < S},
So, due to the Theorem 7.1, P,,[S"™, R,] < P,[S(™, R*], where R} is a correlation matrix
with entries are all equal to pfﬁgx, referring to a gaussian random vector with zero mean.
Moreover, we have Py, [S(™) | R*] < P,[S\y, RX]. If piidy > 0, then P,[S{ix, RX] are orthant

probabilities associated to exchangeable r.v.’s (see [17]) and in particular P, [Sr(ﬁlax, R:] =
Un St pids]. T pliase < 0, then Pu[S(, R, < Pu[SM), I,] < Pu[Skia, In] = "[Skix,
since the gaussian r.v.’s involved in P, [S,(Qx, I,,] are independents.

| ]

By similar arguments one can prove the following result.
Proposition 7.2 [Upper Bound] Set
(n) Zr{irl{id} (i—t) (] t)

Pmin =

min

$G=1,2,0. i \/(1+Zt HERE ) (1+Zt [ai]? )

For p(”-) €10,1) and xo € (—o0,S)?, we have

min

Fyo(n) <1-U, [S(n) (n)] forn >2,

min’ pmlll

where Sr(rﬁzl is the minimum among the components of the vector S given in (7.2) and
Un(s,t) is the function given in (7.3).
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8 Numerical examples As shown in the previous sections, the evaluation of Py, (T = n)
can be treated only numerically, as well as its mean and taboo probabilities. In this section,
we suggest a numerical scheme to implement equations (5.5), (6.1) and (6.3), which is
substantially different from the numerical schemes proposed in [2]. In the following, we
focus the attention on the AR(2) process:

(8.1) Xpn =02X, 1 +03X,, 2+ W,
with W,, &~ N(0, 1). We assume xq = (0.5,0.5).

In order to compute Py, (T = n) numerically, first notice that the functions ¢, (x) in
(5.6) could be rewritten as

_exp(—a?) [ exp(—t) S —aw
(8.2)  ¢ulx) = ), 7 exp(22Vt) g1 [alx/g-i-i\/ﬁ ] dt,

by which we have |¢,(x)] < ¢,(0) < oo, for all n € N and lim,;— 1o ¢n(x) = 0. So a
generalized Gauss-Laguerre quadrature formula may be implemented in order to estimate
(8.2), that is

exp(— S — aw]

83 oule)~ D) Zwkexp o) b [y + 222

with {ng, wy }7% respectively nodes and weights of the quadrature formula. For all figures,
we have used m = 8 nodes.

Figure (a)
0.04 T

—— Gauss-Laguerre quadrature
+Geometric rate

Figure (b)
T

Figure 1: Plots refer to { P, (T = n)} through the boundary S = 2 for the AR(2) process (8.1). In
Figure 1(a), the sequence {Px, (T = n)}, computed via (5.5) with ¢, approximated through (8.3),
has been plotted together with the p.d.{p»} of a geometric r.v. with failure probability ¢ equal to
the resulting limit in (4.4). In Figure 1(b), the same p.d. {p»} has been plotted together with the
sequence { Py, (T = n)} estimated via a Monte Carlo method with 10° simulated paths.

In Figure 1(a), we compare the p.d. {Px,(T = n)}, computed via the generalized
Gauss-Laguerre quadrature formula (8.3) when S = 2, with the p.d. {p,} of a geometric
r.v. having failure probability ¢ equal to the resulting limit in (4.4). Here, the value 1.196
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Figure (a) Figure (b)
1 T T T 0.07 T

T T T
- Gauss-Laguerre quadrature

— - Lower bound —— Formula (5.8)

—— Upper bound
FPT cdf

09

10 20 30 40 50 10 20 30 40 50
Steps Steps

Figure 2: In Figure 2(a), for the AR(2) process (8.1) and S = 2, plots of Fx,(n) and its upper
and lower bounds are shown (see Propositions 7.1 and 7.2). In Figure 2(b), plot of {Px, (T = n)},
given in (5.5) with ¢, computed via (8.3), is shown together with the same p.d. computed via
(5.8), when a1 = 0,2 = 1 and S = 2,x0 = (0.5,0.5).

of 52 has been numerically estimated, by using (3.9) and by observing that, for the AR(2)
process in (8.1), we have

1) (4 (3-2)

ago) =1, aj’'=m, a7’ =m agj_l) +azay for j > 2.

The asymptotic behavior is matched even at lower values of T. As shown in Figure 1(b),
if we estimate the p.d. {Px,(T" = n)} via a Monte Carlo method, the fitting with the
geometric asymptotic behavior is not so early. Here we have generated 10° paths.

We remark that the computational cost of the generalized Gauss-Laguerre quadrature
is very low. Indeed, in order to compute Py,(T" = n) for all n, we need to compute the
required m nodes and weights just one time, at the beginning of the procedure. Due to the
recursive structure of (8.3), at each step we need to compute

S—ax0> [ S — aw
n | ——— d o Vg + —| k=1,...,m.
10} < 5o and ¢, |a1/Nk Nore m

No comparisons have been made with the numerical procedure proposed in [2], where it
is not suggested an algorithm to compute Py,(T = n), being unbounded the integration
interval.

In Figure 2(a), we have plotted the cdf of the AR(2) process in (8.1) together with its
bounds. In Figure 2(b), we have plotted {Px,(T" = n)}, given in (5.5) with ¢,, computed
via (8.3), together with {Px,(T = n)} given in (5.8). In this case we have chosen ay = 0
and ap = 1, so that the F' eigenvalues fall within the closed unit disk in R. As it is evident,
the matching is very good.

In Figures 3, we have plotted {P%®(xg)} given in (6.7) through the levels @ = —1 and
b =1 for an AR(2) process with o; = 0.0, az = 0.3 assuming xo = (0.5,0.5). In Figure 3(a),
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Figure (a)
0.2 T
Formula (6.7)
—— Gauss Legendre quadrature
0.15F b
0.1 bl
0.05 B
O Il i 1
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Figure (b)
0.2 T
Formula (6.7)
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0.1 bl
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0 Il : i 1
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Figure 3: Plots refer to { P2"*(x0)} through the boundaries @ = —1 and b = 1 for an AR(2) process
with a1 = 0.0, s = 0.3 assuming x¢ = (0.5,0.5). In Figure 3(a) we show {P%"(x0)} given in (6.3),
with ), computed via a Gauss-Legendre quadrature formula applied to (6.4), and {P2®(x0)} given
in (6.7). In Figure 3(b), we show {P%?(x¢)} given in (6.7) and the same p.d. estimated via a Monte
Carlo method with 10° simulated paths.

we have also plotted {P%?(xg)} given in (6.3). In order to use the functions in (6.4), we
have implemented a Gauss-Legendre quadrature formula, by a suitable transformation of

the integration interval (0, 5%) in (—1,1). In Figure 3(b), we have also plotted { P2*(x¢)}

built by using a Monte Carlo method with 106 simulated paths. It is evident that the Monte
Carlo method has not a great accuracy.

Finally, we compare the computations of the overall upper exit time probability, that is
>, Pb(xq), via a Gauss-Legendre quadrature formula with the numerical scheme proposed
in [2]. This numerical scheme consists in a solution of a system of linear equations plus an
interpolation algorithm. So the computational cost is greater than the one of the Gauss-
Legendre quadrature formula we propose. The results are given in Table 1. The results
given in [2] are in agreement with those obtained via a Monte Carlo method. But, we have
already stressed that the Monte Carlo method does not allow to compute such probabilities
with high accuracy (see Figures 3). Notice that, for the choice of the parameters in Figures
3, the overall upper exit time probability is 0.6132, if we use the Gauss-Legendre quadrature
formula, while it results 0.5628 if we use the Monte Carlo method.
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