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Abstract The elastic properties of six silicate garnet
end-members, among the most important rock-forming

minerals, are here investigated for the first time via ac-

curate ab initio theoretical simulations. The Crystal

program is used which works within periodic boundary

conditions and allows for all-electron basis sets to be
adopted. From the computed elastic tensor, Christof-

fel’s equation is solved along a set of crystallographic

directions in order to fully characterize the seismic wave

velocity anisotropy in such materials. Polycrystalline
isotropic aggregate elastic properties are derived from

the computed single-crystal data via the Voigt-Reuss-

Hill averaging procedure. Transferability of the elastic

properties from end-members to their solid solutions

with different chemical compositions is also addressed.

Keywords Elastic constants · Garnet · Ab initio

simulation · Elastic anisotropy

1 Introduction

Garnets constitute a large class of materials of great
technological interest; they can be used as components

of lasers, computer memories, microwave optical devices

and, due to high hardness and recyclability, as abra-

sives and filtration media (Novak and Gibbs, 1971).
Silicate garnets are among the most important rock-

forming minerals and represent the main constituents

of the Earth’s lower crust, upper mantle and transi-

tion zone. They are characterized by a cubic structure
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with space group Ia3d and formula X3Y2(SiO4)3, where
the X site hosts divalent cations such as Ca2+, Mg2+,

Fe2+ and Mn2+ and the Y site is occupied by trivalent

cations such as Al3+, Fe3+ and Cr3+. At least twelve

end-members of this family of minerals have been iden-

tified (Rickwood et al, 1968). The primitive cell con-
tains four formula units (80 atoms) and the structure

consists in alternating SiO4 tetrahedra and YO6 octa-

hedra sharing corners to form a three-dimensional net-

work. The most common end-members of the family
are pyrope Mg3Al2(SiO4)3, almandine Fe3Al2(SiO4)3,

spessartine Mn3Al2(SiO4)3, grossular Ca3Al2(SiO4)3,

uvarovite Ca3Cr2(SiO4)3 and andradite Ca3Fe2(SiO4)3.

Natural silicate garnets can be found in a wide range of

chemical compositions since they form solid solutions.
In particular, the aluminosilicate garnets with different

X cations show complete solid solubility among them

at high pressure (O’Neill et al, 1989).

Different geological models have been proposed for

the Earth’s upper mantle: in the pyrolite model (Ring-
wood, 1975) the entire upper mantle is chemically ho-

mogeneous and the garnet phase would be mainly com-

posed by a pyralspite (pyrope-almandine-spessartine)

solid solution; in the piclogite models (Bass and An-
derson, 1984; Anderson and Bass, 1986) the transition

region between 400 and 670 km depth would be richer in

calcium and with more abundant garnets than the py-

rolite model. Modern seismology has become an instru-

ment for accurate experimental measurements of the
elastic properties of the Earth’s deep interior that can

help in discriminating among different compositional

models, provided the elastic properties of the individ-

ual constituents are well-characterized. It is clear that
an accurate and complete determination of the elas-

tic properties of the six silicate garnet end-members

listed above and their possible solid solutions at ambi-



2 Alessandro Erba et al.

ent and geophysical (high pressure, high temperature)

conditions, would represent a significant progress in this

kind of studies.

With this paper we begin a systematic, theoreti-

cal study, at the ab initio quantum-chemical level, of
the elastic properties of silicate garnets. Through this

kind of simulations, not only mean aggregate properties

(bulk modulus, elastic constants, etc.), but also direc-

tional single-crystal seismic velocities and anisotropies
can be computed accurately. Before predicting their

elastic properties at high pressure, we perform theoret-

ical simulations at ambient conditions in order to de-

fine a reliable computational setup. The elastic proper-

ties of silicate garnets at ambient conditions have been
measured experimentally for pyrope (Isaak and Gra-

ham, 1976; Bonczar et al, 1977; Leitner et al, 1980;

O’Neill et al, 1989, 1991; Sinogeikin and Bass, 2000;

Duffy and Anderson, 1989; Chen et al, 1999; Chopelas
et al, 1996; Wang and Ji, 2001; Lu et al, 2013), al-

mandine (Isaak and Graham, 1976; O’Neill et al, 1989;

Wang and Ji, 2001), spessartine (Isaak and Graham,

1976; Bass, 1989; Sumino and Anderson, 1982), grossu-

lar (Isaak and Graham, 1976; Bass, 1989; Wang and
Ji, 2001; Halleck, 1973), uvarovite (Bass, 1986; Wang

and Ji, 2001) and andradite (Bass, 1986; Wang and Ji,

2001; Jiang et al, 2004). Most of these studies refer to

polycrystalline aggregates while few of them report ac-
curate single-crystals directional seismic velocities and

anisotropies (Jiang et al, 2004; Bass, 1989; O’Neill et al,

1991).

Previous studies analyzed the transferability of elas-

tic properties (bulk modulus, shear modulus, Poisson
ratio, etc.) from silicate garnet end-members to their

solid solutions displaying different chemical composi-

tions (Isaak and Graham, 1976; Duffy and Anderson,

1989; Yeganeh-Haeri et al, 1990). In particular, linear
composition-bulk modulus trends are observed for gar-

nets in the pyralspite system; large deviations from the

linear regime have been reported for solid solutions be-

tween grossular and andradite (Babuška et al, 1978;

O’Neill et al, 1989). Solid solutions between pyralspites
and ugrandites (uvarovite-grossular-andradite) are quite

rare in natural garnets (Hensen, 1976). The transfer-

ability of our ab initio computed elastic properties of

the six end-members towards possible solid solutions
is here discussed and quantified. An explicit quantum-

chemical description of pressure and solid solubility ef-

fects on silicate garnets is currently under way.

Only a few theoretical investigations of elastic prop-

erties of garnets can be found in the literature. Winkler
et al (1991) performed lattice dynamical calculations

with semiempirical potentials and computed ambient

pressure elastic constants of pyrope and grossular that

were overestimated by about 20 %. Quasi-harmonic lat-

tice dynamical simulations, based on an empirical po-

tential, were performed by Pavese (1999) to compute

elastic constants of pyrope at ambient conditions and

pressure dependent bulk modulus. Mittal et al (2001)
used a shell-model semiempirical interatomic potential

and reported lattice dynamical calculations of elastic

constants of four end-members (pyrope, grossular, spes-

sartine and almandine). Two ab initio studies are re-
ported: Li and Weidner (2011) performed molecular

dynamics simulations of the elastic constants of py-

rope, as a function of pressure and temperature, in a

projector-augmented-waves (PAW) density-functional-

theory (DFT) implementation; Kawai and Tsuchiya (2012)
performed DFT calculations of the elastic properties of

grossular, in the local-density approximation (LDA).

In this paper, we report the full set of the elas-

tic properties of six silicate garnet end-members, com-

puted ab initio using a fully periodic implementation of

the hybrid B3LYP, Becke-three parameters-Lee-Yang-
Parr, (Becke, 1993; Lee et al, 1988) functional and all-

electron basis sets. The same computational approach

was successfully applied to the investigation of struc-

tural, electronic, vibrational (Infrared and Raman), mag-
netic and optical properties of silicate garnets (D’Arco

et al, 1996; Dovesi et al, 2011; Zicovich-Wilson et al,

2008; Meyer et al, 2010; Valenzano et al, 2009, 2010;

Lacivita et al, 2013a). Calculations are performed with

a development version of the Crystal program (Dovesi
et al, 2010, 2005) where a fully-automated and general

procedure for computing elastic tensors, photoelastic

constants and seismic velocities of crystals of any sym-

metry has recently been implemented and applied to
the study of several crystals (Perger et al, 2009; Erba

et al, 2013b; Lacivita et al, 2013b; Erba et al, 2013a;

Baima et al, 2013; Erba and Dovesi, 2013).

The structure of the paper is as follows: In Sec-

tion 2, the computational scheme adopted, as well as

the relations among the main elastic properties to be

discussed, are presented. The computed elastic prop-
erties, at ambient pressure, of the six silicate garnet

end-members here considered are presented in Section

3; in particular, their elastic anisotropy is discussed in

Section 3.1. Section 3.2 is devoted to the investigation
of the possible transferability of elastic properties from

pure end-members to solid solutions of different chem-

ical composition. Final remarks are given in Section 4.



Elastic Properties of Six Silicate Garnet End-members from Accurate Ab initio Simulations. 3

2 Computational Techniques and Details

2.1 Elastic Constants and Related Properties

The elements of the fourth-rank elastic tensor C for 3D

systems are usually defined as second energy density
derivatives with respect to pairs of deformations (Nye,

1957):

Cvu =
1

V

∂2E

∂ηv∂ηu

∣

∣

∣

∣

∣

0

, (1)

where η is the symmetric second-rank pure strain ten-
sor and Voigt’s notation is used according to which

v, u = 1, . . . 6 (1 = xx, 2 = yy, 3 = zz, 4 = yz, 5 =

xz, 6 = xy). An automated scheme for the calculation

of C (and of S = C−1, the compliance tensor) has been
implementation in the Crystal program (Perger et al,

2009). The elastic C tensor exhibits, in general, 21 in-

dependent elements that reduce to 3 (i.e. C11, C12 and

C44) for crystals with cubic symmetry, as in the case of

silicate garnets. We recall that elastic constants can be
decomposed into purely electronic “clamped-ion” and

nuclear “internal-strain” contributions; the latter mea-

sures the effect due to relaxation of the relative po-

sitions of atoms induced by the strain (Saghi-Szabo
et al, 1998; Dal Corso et al, 1994) and can be com-

puted simply by optimizing the atomic positions within

the strained cell.

Some elastic properties of an isotropic polycrystalline

aggregate can be computed from the elastic and compli-
ance constants defined above via the Voigt-Reuss-Hill

averaging scheme (Hill, 1963). For cubic crystals, the

adiabatic bulk modulus KS is simply defined as:

KS = 1/3(C11 + 2C12) ≡ 1/3(S11 + 2S12)
−1 . (2)

The shear modulus G = 1/2[GV +GR] can be expressed

as the average between Voigt upper GV and Reuss lower
GR bounds as:

G = 1/10(C11−C12+3C44)+5/2(4(S11−S12)+3S44)
−1 .

From the bulk modulus and the average shear modulus

defined above, Young’s modulus E and Poisson’s ratio

σ can be defined as well:

E =
9KSG

3KS + G
and σ =

3KS − 2G

2(3KS + G)
. (3)

According to the elastic continuum theory, the three
acoustic wave velocities of a crystal, along any general

direction represented by unit wave-vector q̂, are related

to the elastic constants by Christoffel’s equation which

can be given an eigenvalues/eigenvectors form as fol-

lows (Musgrave, 1970; Auld, 1973):

Aq̂U = V2U with Aq̂

kl =
1

ρ
q̂iCiklj q̂j , (4)

where ρ is the crystal density, i, j, k, l = x, y, z rep-

resent Cartesian directions, q̂i is the i-th element of

the unit vector q̂, V is a 3×3 diagonal matrix whose
three elements give the acoustic velocities and U =

(û1,û2,û3) is the eigenvectors 3×3 matrix where each

column represents the polarization û of the correspond-

ing eigenvalue. The three acoustic wave velocities, also

referred to as seismic velocities, can be labeled as quasi-
longitudinal vp, slow quasi-transverse vs1 and fast quasi-

transverse vs2, depending on the polarization direction

û with respect to wave-vector q̂ (Karki et al, 2001).

Again, within the Voigt-Reuss-Hill averaging scheme,

the average values of transverse (shear) and longitudi-

nal seismic wave velocities, for an isotropic polycrys-
talline aggregate, can be computed from the elastic con-

stants and the density ρ of the crystal as (Ottonello

et al, 2010):

vs =

√

G

ρ
and vp =

√

KS + 4/3G

ρ
. (5)

A further elastic property of great interest is the so-

called elastic wave anisotropy which can be measured

by the dimensionless parameter A that vanishes for an

isotropic material, according to the following relation:

v2
[111]

v2
[100]

− 1 = αA , (6)

where v[hkl] is the velocity with which a seismic wave

propagates along the [hkl] crystallographic direction

(i.e. q = ha1 + ka2 + la3, with h, k, l Miller’s indices

and ai, for i = 1, 2, 3 direct lattice vectors) and α a
coefficient for the specific wave type: p, s1 or s2 (Karki

et al, 1997; Tsuchiya and Kawamura, 2001). For cubic

crystals, seismic wave velocities along high symmetry

directions, such as v[111] and v[100], can be computed

with simple analytical expressions in terms of the elas-
tic constants (Authier and Zarembowitch, 2006); as a

consequence, the elastic wave anisotropy A can be given

the following simple form:

A =
2C44 + C12

C11
− 1 . (7)

Even cubic crystals show a non-zero elastic wave ani-
sotropy. A recent ab initio investigation of the elastic

anisotropy of α-Al2O3 has been performed by Belmonte

et al (2013).
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2.2 Computational Parameters

All the calculations reported in this manuscript are

performed with a development version of the program

Crystal for ab initio quantum chemistry of solid state
(Dovesi et al, 2010, 2005). All-electron atom-centered

Gaussian-type-function (GTF) basis sets are adopted.

Oxygen atoms are described by a (8s)-(411sp)-(1d) con-

traction of primitive GTFs, silicon by a (8s)-(6311sp)-
(1d) one, aluminum by a (8s)-(611sp)-(1d) one, calcium

by a (8s)-(6511sp)-(21d) one and magnesium by a (8s)-

(511sp)-(1d) one. For transition metal ions (manganese,

iron and chrome), a (8s)-(64111sp)-(411d) contraction

of GTFs is used, augmented with a further f -type po-
larization function as reported into details in previ-

ous works (Zicovich-Wilson et al, 2008; Pascale et al,

2005; Dovesi et al, 2011). The popular B3LYP one-

electron Hamiltonian is adopted, which contains a hy-
brid Hartree-Fock/Density-Functional exchange-corre-

lation term. It has been widely and successfully used in

computational quantum chemistry (Koch and Holthausen,

2000) since it describes many structural, electronic and

vibrational features of molecules and crystals in good
agreement with experimental data (Zicovich-Wilson et al,

2008; Tosoni et al, 2005).

In Crystal, the truncation of infinite lattice sums

is controlled by five thresholds, which are set to 7 7 7

7 16 (Dovesi et al, 2010). Reciprocal space is sampled

according to a sub-lattice with shrinking factor 3, corre-

sponding to 4 points in the irreducible Brillouin zone.
The DFT exchange-correlation contribution is evalu-

ated by numerical integration over the cell volume: ra-

dial and angular points of the atomic grid are gener-

ated through Gauss-Legendre and Lebedev quadrature
schemes, using an accurate predefined pruned grid: the

accuracy in the integration procedure can be estimated

by evaluating the error associated with the integrated

electronic charge density in the unit cell versus the to-

tal number of electrons per cell: 2 ×10−5|e| out of a
total number of 800 electrons per cell for pyrope, for

instance. The convergence threshold on energy for the

self-consistent-field (SCF) step of the calculations is set

to 10−10 hartree. In the case of almandine, in order to
get rid of an extremely slow convergence of the SCF

procedure, due to the Jahn-Teller nature of its ground

state, which is related to the d6 electronic configuration

of the Fe2+ cation, a Broyden convergence accelerator

scheme has been adopted.

Equilibrium and strained configurations are opti-

mized by use of analytical energy gradients calculated
with respect to both atomic coordinates and unit-cell

parameters or atomic coordinates only, respectively (Doll,

2001; Doll et al, 2001; Civalleri et al, 2001). A quasi-

Newtonian technique is used, combined with the BFGS

algorithm for Hessian updating (Broyden, 1970; Fletcher,

1970; Goldfarb, 1970; Shanno, 1970). Convergence is

checked on both gradient components and nuclear dis-

placements; the corresponding tolerances on their root
mean square are chosen to be 10 times more severe than

the default values for simple optimizations: 0.00003 a.u.

and 0.00012 a.u., respectively. For the elastic constants

calculation, two strained configurations are considered
for each independent strain, with a dimensionless strain

amplitude of 0.01.

3 Results and Discussion

In this section we report and discuss the results of

accurate ab initio simulations, as performed with the

B3LYP hybrid functional, of the elastic properties of sil-

icate garnets, at ambient pressure. The computed elas-

tic constants and bulk moduli are first compared with
the outcomes of previous experimental and theoreti-

cal (when available) determinations, which are here re-

viewed. A detailed theoretical description of the elastic

wave anisotropy of the end-members is then presented.
From our single-crystal computed values, average elas-

tic properties are computed for isotropic polycrystalline

aggregates, via the Voigt-Reuss-Hill procedure. Finally,

the transferability of the elastic properties from pure

end-members to a large set of solid solutions is dis-
cussed and compared with available experimental data.

In Table 1, we report our computed values of the

elastic constants and bulk modulus of six silicate garnet

end-members, pyrope, (Pyr), almandine (Alm), spes-
sartine (Spe), grossular (Gro), andradite (And) and

uvarovite (Uva) at ambient pressure, along with pre-

vious experimental and theoretical results for compari-

son; the corresponding references are given in the table

as well. Experimental results are reported for each end-
member in the upper box.

Pyrope Mg3Al2(SiO4)3 is by far the most studied

garnet: seven experimental (Isaak and Graham, 1976;

Bonczar et al, 1977; Leitner et al, 1980; O’Neill et al,
1989, 1991; Sinogeikin and Bass, 2000; Lu et al, 2013)

and three theoretical (Pavese, 1999; Winkler et al, 1991;

Mittal et al, 2001) studies are reviewed. Experimental

data show a certain spread, but the most recent three

studies are quite homogeneous (O’Neill et al, 1989, 1991;
Sinogeikin and Bass, 2000). The agreement between

the last three and our computed values is remarkable.

Previous theoretical data, computed with semiempiri-

cal potentials, perform poorly and overshoot the elas-
tic constants. Two experimental works are available

for almandine Fe3Al2(SiO4)3 (Isaak and Graham, 1976;

O’Neill et al, 1989); the latter one is the most accurate
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Table 1 Elastic constants Cvu (GPa) and adiabatic bulk modulus KS (GPa) of the six silicate garnet end-members here
considered. Present computed values are compared with previously measured experimental (above the horizontal line) and
simulated (below lines) data. Few details about the techniques used in each cited work are given (RTP stands for room
temperature and pressure).

Ref. Technique C11 C12 C44 KS

Pyr

Isaak et al. (1976) Ultrasonic, at RTP 287 105 92 166
Bonczar et al. (1977) Ultrasonic, at RTP 292 106 92 168
Leitner et al. (1980) Brillouin scattering, at RTP 295 117 90 177
O’Neill et al. (1989) Brillouin scattering, at RTP 296 111 92 173
O’Neill et al. (1991) Brillouin scattering, at RTP 298 110 93 172
Sinogeikin et al. (2000) Brillouin scattering, at RTP 297 108 93 171
Lu et al. (2013) Brillouin scattering, at RTP 291 107 92 168
Pavese (1999) Empirical potentials 298 113 93 174
Winkler et al. (1999) Semiempirical potentials 339 132 115 201
Mittal et al.(2001) Semiempirical potentials 314 116 91 182
This study Ab initio B3LYP 296 109 89 171

Alm

Isaak et al. (1976) Ultrasonic, at RTP 310 115 93 180
O’Neill et al. (1989) Brillouin scattering, at RTP 309 111 96 177
Mittal et al. (2001) Semiempirical potentials 318 113 90 182
This study Ab initio B3LYP 306 108 88 174

Spe

Isaak et al. (1976) Ultrasonic, at RTP 302 108 96 172
Bass (1989)† Brillouin scattering, at RTP 310 114 95 179
Mittal et al. (2001) Semiempirical potentials 313 109 89 177
This study Ab initio B3LYP 310 114 94 179

Gro

Halleck (1973) Ultrasonic, at RTP 318 98 101 171
Isaak et al. (1976) Ultrasonic, at RTP 320 96 102 171
Bass (1989)‡ Brillouin scattering, at RTP 322 91 105 168
Winkler et al. (1999) Semiempirical potentials 397 98 94 198
Mittal et al. (2001) Semiempirical potentials 305 103 84 170
Kawai et al. (2012) Ab initio LDA 334 98 104 177
This study Ab initio B3LYP 323 95 105 171

Bass (1986) Brillouin scattering, at RTP 289 92 85 157
And Jiang et al. (2004) Brillouin scattering, at RTP 284 88 83 155

This study Ab initio B3LYP 281 88 83 152

Uva
Bass (1986) Brillouin scattering, at RTP 304 91 84 162
This study Ab initio B3LYP 306 83 87 157

† Extrapolated from a 95 % Spessartine sample
‡ Extrapolated from a 99 % Grossular sample

and the agreement with our computed data is again

good, apart from a slight underestimation of the theo-

retical values, particularly so for the C44 constant. Two

experimental sets of values are reported for spessar-

tine Mn3Al2(SiO4)3; the latter by Bass (1989), even
if extrapolated from a 95 % only spessartine sample, is

the most reliable. In this case the agreement with our

computed elastic properties is excellent. The computed

values for grossular Ca3Al2(SiO4)3 are in close agree-
ment with the three experimental datasets reported in

the table (Isaak and Graham, 1976; Bass, 1989; Hal-

leck, 1973). Previous theoretical simulations, based on

semiempirical potentials, (Winkler et al, 1991; Mittal

et al, 2001) predicted definitely wrong elastic proper-
ties of grossular, while a previous LDA study (Kawai

and Tsuchiya, 2012) gave a reasonable description, as

can be seen from the table. Two experiments are re-

ported in the table for andradite Ca3Fe2(SiO4)3 (Bass,
1986; Jiang et al, 2004); the second one is particularly

accurate and provides reliable seismic wave directional

data (vide infra). The agreement between our theo-

retical predictions and these data is again remarkable.

Only one experimental study is available for uvarovite

Ca3Cr2(SiO4)3 at ambient pressure (Bass, 1986); in this

case the agreement is still good but slightly worse than
for the previous end-members.

From the computed elastic constants reported in Ta-

ble 1, we determined a number of average elastic prop-

erties for isotropic polycrystalline aggregates of the six
silicate garnet end-members: average shear modulus G,

Young’s modulus E, Poisson’s ratio σ, transverse vs and

longitudinal vp seismic wave velocities are reported in

Table 2 (see Section 2.1 for definitions).

For each garnet we also computed the “clamped-

ion”, purely electronic, contribution to all the quanti-

ties considered, as obtained by keeping atomic positions

fixed within the strained cell during the elastic tensor
calculation. We find that the purely electronic term is

providing very high values of bulk moduli (219 GPa for

pyrope, 224 GPa for Almandine, 193 GPa for Uvarovite,
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Table 2 Elastic properties of the six silicate garnet end-
members here considered, as computed ab initio in the present
study: density ρ, average polycrystalline shear modulus G,
Young’s modulus E, Poisson’s ratio σ, average polycrystalline
transverse vs and longitudinal vp seismic wave velocities and
seismic wave anisotropy A.

ρ G E σ vs vp A

(g/cm3) (GPa) (GPa) (km/s) (km/s)

Pyr 3.47 91 231 0.27 5.118 9.180 -0.031

Alm 4.19 93 236 0.27 4.703 8.429 -0.070

Spe 4.09 96 244 0.27 4.839 8.664 -0.025

Gro 3.51 109 269 0.24 5.573 9.496 -0.055

And 3.73 88 222 0.26 4.866 8.504 -0.098

Uva 3.72 96 240 0.25 5.087 8.762 -0.159

for instance), which are then significantly corrected by

the nuclear relaxation term, down to 171 GPa, 174 GPa

and 157 GPa, respectively. The nuclear relaxation con-

tribution is then found to be very important for this
class of materials. For simple symmetry reasons, other

materials, such as MgO, NaCl and cubic SrTiO3, for

instance, are characterized by a null nuclear relaxation

term (Erba and Dovesi, 2013; Erba et al, 2013a).

3.1 Elastic Anisotropy

Table 2 provides information about the elastic anisotropy

of silicate garnet end-members. In the last column, we

report the computed seismic wave anisotropy A, as de-

fined by the relations (6 - 7). This quantity would be

zero for an ideal isotropic substance. The elastic anisotropy
of garnets is rather small (0.6 % and 1 % for p and s

seismic wave velocities, respectively), if compared to

that of other rock-forming minerals as olivine (25 %

and 22 %), spinel (12 % and 68 %), muscovite (58 %
and 85 %), orthopyroxene (16 % and 16 %), etc (An-

derson, 1989). From the analysis of these values we

can sort the six silicate garnet end-members accord-

ing to their increasing elastic anisotropy: Spe < Pyr

< Gro < Alm < And ≪ Uva. Spessartine and py-
rope show very low anisotropy (A = -0.025 and A =

-0.031, respectively) while uvarovite is by far the most

anisotropic among them (A = -0.159). Once the elas-

tic tensor has been computed, directional seismic wave
velocities can be obtained by solving Christoffel’s equa-

tion (4). In Figure 1, we compare our ab initio deter-

minations of directional seismic wave velocities of an-

Fig. 1 Directional seismic wave velocities of an andradite
Ca3Fe2(SiO4)3 single-crystal, as computed ab initio in the
present study (continuous lines) and as measured by Brillouin
scattering at ambient pressure by Jiang et al (2004) (black
symbols). Seismic wave velocities (quasi-longitudinal vp, slow
and fast quasi-transverse vs1 and vs2) are reported along an
azimuthal angle θ defined in the inset. Computed values are
downshifted by 0.1 km/s.

dradite Ca3Fe2(SiO4)3 with the outcomes of an accu-

rate single-crystal Brillouin scattering experiment, at

ambient pressure, reported by Jiang et al (2004). Seis-

mic wave velocities (quasi-longitudinal vp, slow and fast

quasi-transverse vs1 and vs2) are reported along an az-
imuthal angle θ defined in the inset of the figure: θ = 0◦

corresponds to the crystallographic direction [110], θ =

45◦ to the [111] direction, θ = 90◦ to the [001] direc-

tion, etc. From inspection of the figure, it is clearly seen
how accurately the description of both the angular de-

pendence and the oscillation amplitudes of the seismic

wave velocities are reproduced.

In Figure 2, we report our ab initio computed di-

rectional seismic wave velocities for the six silicate gar-
net end-members along the same azimuthal angle θ de-

fined in the inset of Figure 1. The information about

the elastic anisotropy embodied by index A, reported

in Table 1, is found also in the data reported in the

figure. Spessartine and pyrope show a rather isotropic
behavior with seismic wave velocities which are almost

independent of the crystallographic directions, repre-

sented by angle θ; uvarovite (dashed curves) clearly

shows the largest anisotropy. From the analysis of the
quasi-longitudinal, primary, velocities vp in the figure,

we can sort the six end-members according to increas-

ing propagation velocity as: Alm < And < Spe < Uva <
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Fig. 2 (color online) Directional seismic wave velocities of the
six silicate garnet end-members here considered, as computed
ab initio in the present study. Quasi-longitudinal vp and quasi-
transverse vs velocities are reported (in the upper and lower
part of the plot, respectively) along the azimuthal angle θ

defined in the inset of Figure 1.

Pyr < Gro. Grossular and pyrope allow for the fastest

propagation of primary elastic waves while almandine
and andradite for the slowest one. This behavior can

be deduced directly from the analysis of the elemen-

tal composition of the end-members and from relations

(5); indeed, seismic wave velocities are inversely pro-
portional to the density ρ of the material. Fe-bearing

phases, such as almandine and andradite, are the most

dense, followed by Mn- and Cr-bearing phases, such as

spessartine and uvarovite; grossular and pyrope con-

tains the lightest elements (Mg, Al and Ca) among the
six end-members and are then less dense.

3.2 From End-members to Solid Solutions

It was recalled in the Introduction that natural sili-

cate garnets form solid solutions in a wide range of

chemical compositions. In this subsection, we analyze

how linearly ab initio computed bulk moduli of the

pure end-members can be used to compute bulk mod-
uli of solid solutions of any compositions. It has already

been inferred that quasi-linear composition-bulk mod-

ulus trends are expected for garnets in the pyralspite

system (Isaak and Graham, 1976; Duffy and Ander-
son, 1989; Yeganeh-Haeri et al, 1990) where the bulk

moduli of the corresponding end-members are relatively

close to one another; whereas large deviations from lin-

earity have been suggested for solid solutions between

grossular and andradite (Babuška et al, 1978; O’Neill

et al, 1989). Solid solutions between pyralspites and

ugrandites are rare in natural garnets (Hensen, 1976).

In order to compare with experiment, we consider
the set of 32 solid solutions of the pyralspite system

and 4 solid solutions of the ugrandite system reported

by Wang and Ji (2001). In Table 3, we report the ex-

perimental bulk moduli of these solid solutions and the

corresponding theoretical values, computed from the ab

initio bulk moduli for the pure end-members (data re-

ported in Table 2) by assuming a linear relation be-

tween chemical composition and elastic properties. For

each solid solution, the percentage deviation ∆ from
the experimental data is also reported.

For the pyralspite solid solutions, the agreement be-

tween experimental and theoretical values is rather good,

with an overall percentage deviation of 1.0 %, that is

comparable with the uncertainty related to the descrip-
tion of the elastic properties of pure end-members. Fur-

thermore, most of the largest deviations (≥ 1.9 %) re-

fer to relatively old experimental data. It is then con-

firmed that, by performing accurate ab initio calcula-

tions of the elastic properties of the end-members, the
bulk modulus of pyralspite solid solutions of any com-

position can be predicted accurately as well. The situ-

ation is completely different as regards ugrandite solid

solutions. In this case, even if the dataset in Table 3 is
small, a clear deviation from the linear behavior is ob-

served, with an overall disagreement of 5.1 %. In order

to correctly predict the elastic properties of grossular-

andradite solid solutions, rather complex calculations

are required that explicitly consider the various chem-
ical compositions. These calculations are currently be-

ing performed and their results will be presented in a

forthcoming paper.

4 Final Remarks

Accurate ab initio simulations of the elastic properties
of six silicate garnet end-members have been performed.

A full characterization of their elastic tensors, seismic

wave velocity anisotropy and polycrystalline average

elastic properties is reported. The linear transferabil-
ity of the bulk modulus from end-members to solid so-

lutions of different chemical compositions is confirmed

for pyralspites while large deviations from linearity are

observed for ugrandites.

The results presented in this study clearly demon-
strate that a reliable description of the elastic prop-

erties of garnets, at ambient pressure, can be obtained

from accurate ab initio simulations, including a detailed
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description of the elastic wave anisotropy. We are cur-

rently devising a computational scheme for the inclu-

sion of the effect of pressure on computed elastic prop-

erties of crystals and applying it to the case of silicate

garnets, in order to study them at pressures of geophys-
ical interest.
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Table 3 Comparison between experimental bulk modulus of a set of solid solutions of different chemical composition among
the six silicate garnet end-members here considered and ab initio computed ones from the bulk moduli of pure end-members,
assuming a linear relation between composition and bulk modulus. For each solid solution, the percentage deviation ∆ from
the experimental data is reported. The averaged absolute-value percentage deviation |∆| is also reported for solid solutions of
the pyralspite and ugrandite families.

Ref. Kexp Kcalc ∆

(GPa) (GPa) (%)
Alm43Spe55Gro2 Verma (1960) 174.9 176.8 1.1
Alm46Spe54 Wang and Simmons (1974) 177.2 176.8 -0.2
Alm46Spe54 Isaak and Graham (1976) 177.7 176.8 -0.5
Pyr14Alm81Gro5 Verma (1960) 176.7 173.4 -1.9
Pyr14Alm81Spe5 Sumino and Anderson (1982) 176.4 173.8 -1.5
Pyr1Alm44Spe55 Sumino and Anderson (1982) 175.5 176.8 0.7
Pyr20Alm74Spe3Gro3 Soga (1967) 177.0 173.4 -2.0
Pyr20Alm74Spe6 Sumino and Anderson (1982) 177.0 173.7 -1.9
Pyr22Alm64Spe11And2 Babuška et al (1978) 176.8 173.4 -1.9
Pyr22Alm64Spe14 Sumino and Anderson (1982) 176.8 174.0 -1.6
Pyr22Alm72Spe6 Chen et al (1997) 173.6 173.0 0.4
Pyr25Alm56Spe19 Wang and Ji (2001) 172.4 174.2 1.0
Pyr28Alm60Spe12 Sumino and Anderson (1982) 175.4 173.7 -1.0
Pyr2Alm46Spe52 Sumino and Anderson (1982) 176.3 176.6 0.2
Pyr35Alm50Spe7Gro8 Sumino and Anderson (1982) 174.7 173.0 -1.0
Pyr39Alm51Spe9Gro1 Sumino and Anderson (1982) 173.4 173.2 -0.1
Pyr39Alm54Spe4Gro3 Sumino and Anderson (1982) 173.6 172.9 -0.4
Pyr41Alm48Spe7Gro4 Sumino and Anderson (1982) 174.9 173.0 -1.1
Pyr50Alm46Gro4 Sumino and Anderson (1982) 173.3 172.3 -0.6
Pyr52Alm32Gro16 Chai et al (1997) 174.1 171.9 -1.3
Pyr55Alm37Spe2Gro6 Goto et al (1976) 172.2 172.2 0.0
Pyr57Alm28Gro15 Chen et al (1997) 175.0 171.8 -1.8
Pyr60Alm31Gro9 Bonczar et al (1977) 177.0 171.9 -2.9
Pyr61Alm36Gro2 Sumino and Anderson (1982) 175.5 172.1 -2.0
Pyr61Alm36Spe3 Webb (1989) 168.2 170.3 1.3
Pyr62Alm36Gro2 Sumino and Anderson (1982) 173.6 172.0 -0.9
Pyr70Alm16Spe9Gro5 Sumino and Anderson (1982) 170.8 172.2 0.8
Pyr73Alm14Spe5Gro8 Suzuki and Anderson (1983) 171.6 171.8 0.1
Pyr73Alm16And4Uva6 Sumino and Anderson (1982) 171.2 169.9 -0.8
Pyr73Alm16Spe6Gro5 Sumino and Anderson (1982) 171.3 172.0 0.4
Pyr7Alm18Spe75 Sumino and Anderson (1982) 176.4 177.7 0.7
Pyr90Alm8Gro2 O’Neill et al (1991) 173.0 173.9 0.5
Pyr97Alm2 Chen et al (1997) 170.3 171.0 0.4

|∆| (%) - - 1.0
Gro22And70 Sumino and Anderson (1982) 147.3 156.6 6.3
Gro22And70Pyr3Alm4 Babuška et al (1978) 147.3 157.7 7.1
Gro76And22 Sumino and Anderson (1982) 162.4 166.7 2.6
Gro80And14 Sumino and Anderson (1982) 161.2 168.1 4.3

|∆| (%) - - 5.1


