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1. INTRODUCTION

In 1867, E. Beltrami [14] introduced a second order elliptic operator on Riemannian
manifolds, defined by A = div o grad, extending the Laplace operator on R", called
the Laplace-Beltrami operator. The Laplace-Beltrami operator became one of the most
important operators in Mathematics and Physics, playing a fundamental role in differential
geometry, geometric analysis, partial differential equations, probability, potential theory,
stochastic process, just to mention a few. It is in important in various differential equations
that describe physical phenomena such as the diffusion equation for the heat and fluid flow,
wave propagation, Laplace equation and minimal surfaces.

An important step towards the analysis of this operator was taken by M. Gaffney [66]
in 1954, proving that, for geodesically complete metrics, the Laplace-Beltrami operator is
essentially self-adjoint, meaning that it has a unique self-adjoint extension, denoted also by
A, whose domain is the set of functions f € L? so that Af € L?. If a Riemannian manifold
M is geodesically incomplete, there exist infinitely many self-adjoint extensions, but just
one whose domain lies in that of the associated quadratic form, called the Friedrichs
extension of (A,C§°(M)). The spectrum of these self-adjoint extensions is formed by
all A € [0,00) for which (A + AI) is not injective or the inverse operator (A + AI)~! is
unbounded, see [50] for a detailed account.

The spectrum of the Laplace-Beltrami operator encodes fundamental properties of the
geometry of the underline Riemannian manifold, and has various applications highlighted
in see [15], [29], [33], [34], [49], [50], [71], [73], and also [135]. The problems involving
spectrum of the Laplace-Beltrami operator (Laplacian for short) vary in aspect, taste and
difficulty. In this manuscript we will address basic questions about the nature of the
spectrum as a by-product of the geometry of the underlining Riemannian manifold. The
content gives our trajectory in the study of the geometry of the Laplacian on manifolds
and submanifolds in the last fifteen years. Our study starts with basic estimates of the
bottom of the spectrum then progressing to questions about the whole spectrum.

We will refer to the spectrum of the Laplacian as the spectrum of 2 or M and denote
it by o(2) or o(M). It is important in our description to distinguish the types of elements
in the spectrum o(M). The set of A for which (A + AI) is not injective is the set of all
eigenvalues of (M) and it is called the point spectrum o,(M), while the discrete spectrum
04(M) C 0,(M) is the set of all isolated eigenvalues of finite multiplicity. The complement
of the discrete spectrum is the essential spectrum, cess(M) = o(M) \ o4(M) and the
complement of the point spectrum is the continuous spectrum, oeont(M) = o(M)\ o, (M).
To have a glimpse of these kind of questions, see [54], [56], [61], [85], [119], [131] for
geometric conditions implying that the spectrum is purely continuous, o, (M) = 0 or these
[8], [53], [78], [86], [87] implying the spectrum is discrete, gess(M) = 0.
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The manuscript is organized as follows. In Section 2, we study the bottom of the
spectrum inf o (M) of a given Riemannian manifold, in terms of geometric invariants. This
section is divided in two parts. In the first part, subsection 2.1, we introduce a geometric
and a computable, non-negative constant ¢(M)! in order to give a lower bound for the
bottom of the spectrum of a Riemannian manifold M. We show that inf o(M) > ¢(M)? /4,
where ¢(M) = sup y[inf div X/ sup | X|], X smooth vector fields in M, see [21]. This lower
bound allow us to obtain explicitly the Cheeger’s constant for geodesic balls in model
manifolds [24], to study foliations of spaces by constant mean curvature leaves in terms
of the bottom of the spectrum of these spaces and to prove a Haymann-Makai-Osserman
inequality for tubes around curves in R™, see [11]. In the second part, subsection 2.5, we
extend Barta’s theorem, proved for bounded open sets, to all open subsets of Riemannian
manifolds. The main application of this generalization is a geometric lower bound of the
spectrum of minimal submanifolds in terms of the ambient sectional curvature.

Section 4 is an application of the estimates developed in Section 2 to study the spectrum
of certain Riemannian submersions. More precisely, we study the spectrum of Riemannian
submersions 7: M — N with compact minimal fibers F' — M. The main result is that
for a Riemannian submersion 7: M — N with compact minimal fibers, each type of
the spectrum of N is contained in the respective spectrum of the total space. This is,
0p(N) C 0,(M), 0ess(N) C 0ess(N) and inf oess(N) = inf oess(M), therefore M has
discrete spectrum if and only if N has discrete spectrum.

In Section 5, we consider the Calabi-Yau conjectures of minimal hypersurfaces set in
Yau’s Millennium Lectures [138], [139]. S. T. Yau, revisiting the E. Calabi conjectures
on the existence of bounded minimal hypersurfaces, [30], [44], after the Jorge-Xavier
and Nadirashvili’s counter-examples, [84], [107], proposed a new set of questions about
bounded minimal surfaces of R3. He wrote: “It is known [107] that there are complete
minimal surfaces properly immersed into the [open| ball. What is the geometry of these
surfaces? Can they be embedded? Since the curvature must tend to minus infinity, it is
important to find the precise asymptotic behaviour of these surfaces near their ends. Are
their [ Laplacian] spectra discrete?”. In this chapter we give a fairly complete answer to this
question, proving that complete bounded minimal surfaces has discrete spectrum provided
the dimension of its limit set is small. Our main result applies to a number of examples
recently constructed, and is sharp.

In Section 6 is, in some sense, the opposite of Section 5. There, we investigate conditions
to guarantee that a half-line is contained in oess(M). In some instances, notably for
minimal submanifolds M™ — N7 of space forms, we are able to exhibit sharp conditions
to ensure that o(M) is a half-line. These conditions might involve the density function of
M or the behavious of geodesic balls in M. Applications include the investigation of the
family of examples of complete minimal surfaces between parallel planes of Jorge-Xavier
and Rosenberg-Toubiana.

Hereafter, for a given Riemannian manifold M we write A: D(A) — L?(M) to denote
the self-adjoint extension of the Laplace-Beltrami operator if M is geodesically complete,
or otherwise the Friedrichs extension of (A, C§°(M)).

2. FUNDAMENTAL TONE ESTIMATES

If M is compact then (M) = {A\ (M) < Xo(M) < --- 7 oo}, with the eigenvalues
repeated accordingly to their multiplicities. If 9M = ) then A;(M) = 0 and if OM #
then A;(M) > 0. To describe the spectrum of a given Riemannian manifold is a hard
problem although the spectrum in few cases is known. For instance, if S', R, H}* denote

1c(M) > 0 if M is compact with non-empty boundary
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the space forms of curvature x > 0, 0 and —x < 0, respectively, then
o(R™) =[0,00)

0 otat) = |2 o)

o(S) = {y = (G +n—1)} j=01,...,00,
while A1 (Bgn (1)) = ¢?(n)/r?, A\1(Bsn (7/2)) = n, see [33].

The bottom of the spectrum, inf o(M) and of the essential spectrum inf oess(M) of
M can be characterized in terms of fundamental tones of open subsets 0 C M. More
precisely, inf o(M) = A*(M) and inf gess(M) = supgcy A" (M \ K), K C M compact,
see [50], [53], [114, Thm.21], where the fundamental tone A*(2) of an open set Q C M is
defined by

fQ \Vu|2

@) w () = int { W e G\ (0} }-
Q

Furthermore, \*(M \ K) is the bottom of the spectrum of the Friedrichs extension of
(A, C°(M\ K)). If Q is relatively compact then A*(Q) = A;(R2) coincides with the first
Dirichlet eigenvalue A1(2) of €, see [33].

The very basic question posed by Schoen-Yau in [125] is: what are the geometries
with positive spectrum? The positivity A*(M) > 0 imposes strong restrictions on the
geometry of M, for instance, M is non-parabolic, that is, it admits non-constant positive
superharmonic functions, see [71, Prop. 10.1]. The converse statement is not true. The
Euclidean space R™ is non-parabolic for n > 3 and A*(R") = 0 for all n > 1. Letting
V(r) = vol(Byps(r)) be the volume of the geodesic ball of radius r then if V(r) < p(r), for
any polynomial p(r) and r > 0 then A*(M) = 0, [42]. Cheng-Yau’s result was extended
by R. Brooks and then by Y. Higuchi in [29, 79]. They proved that

2
inf oess (M) < T (4M>7 where 7(M) = liminf M

r—00 T

is the volume entropy. These results mentioned give interesting geometric consequences
of A*(M) > 0, however, it would be interesting to know how positive the bottom of the
spectrum is. In other words, give precise lower bounds for A*(M) in terms of geometric
invariants. For instance, the classic McKean’s Theorem [104] gives sharp lower bound for
the bottom of the spectrum of Hadamard manifolds with negative curvature.

Theorem 2.1 (McKean-[104]). Let M be a complete, simply connected, Riemannian n-
manifold with sectional curvature Ky < —k < 0. The bottom of the spectrum of M 1is
bounded below as )

4
Remark 2.2.

e This lower bound is sharp since inf o(H") = (n — 1)?k/4.

o The curvature assumption Ky < —k < 0 wn Theorem 2.1 is necessary in the sense
that if there is a family of disjoint, flat geodesic balls By (r;) with center at x; and
radii r; — 0o them inf o(M) = inf gess (M) = 0 regardless the sectional curvature
behaviour in M \ (U2, By (r;)), see Definition 6.11 in Section 5.

The fundamental tone A*(M) of a geodesically complete Riemannian manifold M given
in (2) can be also obtained as the limit lim,_, o, A*(Bas(r)) = lim A* (M), where By (r) is
the geodesic ball with radius 7 and center at a point p. The following result is known as
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the Cheng’s Eigenvalue Comparison Theorem a local version of McKean’s Theorem, see
[39].

Theorem 2.3 (S. Y. Cheng). Let M be a Riemannian n-manifold and let By (r) be a
normal geodesic ball of radius r. Let k = supp, (. K be the supremum of all the sectional
curvatures of Bp(r). If & > 0, assume further that r < w/2/k. Then

(3) A (Bu(r)) 2 A (Bug (7))
Here M} is the simply connected n-space form of constant sectional curvature k.

A theoretical lower bound estimate for A\*(£2), for relatively compact open sets Q with
smooth boundary 92 was obtained by J. Cheeger, in [34]. He introduced what is now
called Cheeger’s constant h(2) defined by

vol,,—1(0A)

(4) h() = ;{rcl{) m7

where A C () is connected, and proved that

R(Q)
4

Taking an exhaustion of M by relatively compact open sets {{2;} with smooth boundaries
one readily has that \*(M) > h?(M)/4. The relevance of Cheeger’s lower bound (5) is
that it relates the first eigenvalue \*(Q) with the isoperimetric inequality (4). However,
it is difficult to give lower bounds for fundamental tones via Cheeger’s constant because
it is hardy computable. In the next subsection will introduce a constant, that can be
estimated, and used to give lower bounds for the fundamental tones of open sets. This
constant is defined in terms of divergence of vector fields and it has great flexibility in
the geometric applications. For instance, in the particular cases of geodesic balls of model
manifolds, with center at the pole, we show that our constant coincide with Cheeger’s
constant.

() A(Q) >

2.1. Lower bound estimates and geometric applications. The purpose of this
subsection is to describe a criterion for a lower bound on A*(€) in terms of possibily
non-smooth vector fields. We begin with the following

Definition 2.4. Let M be a Riemannian manifold and a vector field X € L} (M)

loc

(meaning that | X| € L}, .(M)). A function g € L}, (M) is a weak divergence of X if

loc loc

/Mm: —/M<V¢, X), Vo € C5(M),

There exists at most one weak divergence g € L}, (M) for a given X € L}, (M) and
we may write g = Div X. For C! vector fields X the classical (strong) divergence div X

and the weak divergence Div X coincide.

Remark 2.5. Let WYL (M) denote the space of all vector fields X € L} (M) possessing

loc

weak divergence DivX. If X € WHY(M) and f € CH(M) then fX € WHH (M) with
Div (fX) = (Vf, X) + f Div X.

In particular for f € C§°(M) we have that

(6) /MDiwa): / (Vf. X) — (Y}, X) = 0.

M
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Conversely, if fX € WHY(M) for all f € C5°(M) then X € WHY(M). In this case
Div (X) = Y Div(§X)
i=1

where {&;} is a partition of unity subordinated to a locally finite covering of M by open
sets.

Remark 2.6. The gradient X = Vpy of the distance function pp(z) = dista(p, x) to a
point p € M fails to be smooth in p and in cut(p), the cut locus of p. However, it is possible
to show that Vp,, € WHL(M) provided the (n — 1)-Hausdorff measure H"~!(cut(p)) = 0.
This justifies to work in this larger class WY1 (M) of vector fields. It is interesting to
observe that, combining work of various authors (one is referred to the account in Chapter
1 of [26]), H"Y(cut(p)) = 0 if and only if Cut(p) consists just of focal points.

Definition 2.7. Let Q C M be an open subset of a Riemannian manifold M. Let X ()
be defined by

xX(Q)={X¢e lel(Q) : sup | X| < oo, igf Div X > 0}.
Q

Define ¢(QQ) by

info Div X
(7) o(Q) = sup LRIV
XeXx(Q) supg, | X|

Our first result of this section is this following lower bound for fundamental tones of
open sets obtained in [21].

Theorem 2.8 (Bessa-Montenegro-[21]). Let Q C be an open subset of a Riemannian
manifold M. Then

C(Q)Q.
4

Proof. Let X € X(Q2) and f € C§°(£2). The vector field f2X € X (). Computing Div f2X
we have,

(8) AT(Q) >

Div (f2X) = (Vf3X)+ f*Div(X)
(9) > —\Vf2|-\X|+igf Div X - f?
> —2-sup |X]|-|f] .|Vf|+ingivX.f2
Q

Using the inequality
=2 |fl IVl 2 —e-|ff =1/ |V [
for all € > 0, we have from (9) that

1
(10) Div (f2X) > sup [X] - (= - [f[* = = - |V f*) +inf Div X - f*
O €
Integrating (10) on a normal domain O containing €2 we have that
1
0 :/ Div (f?X) > sup |X]|- / (—e|f|> = = |V f*) +inf Div X / f2,
o Q o € Q o

therefore

€
VFE > 7infDiVstupX~e/f2.
/O\ e b w X]-0) [
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Choosing € = (infq Div X)/(2supq |X|) we have that

infqg Div X 2 info Div X
a [wie= [z g /ofthsupmm} ),

Then, by fundamental tone definition (2), inequality (11) implies that
1fo Div X\ 2
(12) )\(Q) > (leV>

2 supq, | X|
Taking, in the right hand side of (12), the supremum over all vector fields X € X(Q) we
have inequality (8). O

Remark 2.9. For relatively compact open sets with smooth boundaries, it can be shown
that c(2) < h(2), where h(QY) = inf g4cq Vol,—1(0A)/Vol,, (A) is Cheeger’s constant for 2.
To see that, let X € X(2) and A C Q be a connected open subset of Q. Then we have that

(13) inf Div X - Vol,(4) < / Div X :/ (X,n) <sup|X| - Vol,_1(0A).
Q A 0A Q

Thus,
infg Div X < Vol,,_1(0A)
supq |[X| — Vol,(A)
The left and right sides of inequality (14) are independent on each other. Therefore,
taking the supremum on the right hand side and infimum on the left hand side one has

that ¢(Q) < h(2). The advantage of introducing c(Q) is the easiest computability compared
with h(Q).

(14)

Corollary 2.10 (Cheng’s revisited). Let M be a Riemannian n-manifold and let Bys(r)
be a normal geodesic ball of radius r. Let k = suppg,, () K be the supremum of all the

sectional curvatures of Byr(r). If k > 0, assume further that r < w/2+y/k. Then,
4n2 [(n — 1)k coth(kr)]?

max{ X 1 b,oif k= —k%
(15 N(Bx) =] i h=0

[(n—1)-krcot(kr) +1]°
472 ’

if k=k*andr < m/2k.

2.2. Cheeger constant of model manifolds. Let h € C?%([0,+00)) be positive in
(0, Rp), 0 < Ry, < oo satisfying h(0) = 0, h/(0) = 1. The n-dimensional model M} is the
manifold R™ endowed with a metric whose expression, in polar coordinates (¢, ) centered
at some origin o, reads
dsj = dt> + h(t)*(, )gn-1,

where (,)g.-1 is the standard metric on the unit (n — 1)-sphere. The metric can be
extended in a C%-way if h”/(0) = 0, and smoothly if h € C°°([0,+00)) and h%(0) = 0
for each j € N, see [69]. Observe that a model M} can, equivalently, be specified by
prescribing its radial sectional curvature G € C°°(R{) and recovering h as the solution of

{ ' — Gh =0,

(16) h(0) = 0, h'(0) =

on the maximal interval (0, Ry) where h > 0.
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Remark 2.11. Denoting by G_ the negative part of G, i.e. G_ = max{0,—G}, then
Ry = +o0 whenever t [~ G_(s)ds < 1/4, see [26].

A model manifold enjoys the following properties:

- The Laplace-Beltrami operator on M} written in polar coordinates is

o? n o

1
+ ﬁAS”’I .
- The volume of the geodesic ball By, (r) and the volume of the geodesic sphere
OBy, (1) centered at the origin are given respectively by

Vol,,(Bw,, (1)) = wy, /07" h”_l(s)ds and Vol,,_1(0Bw, (1)) = wnh"_l(r).

Where w, is the volume of the unit sphere S?~ 1.

The space form M} of curvature £ > 0, 0 or —x < 0 are recovered by the choice h = S,.,
where

snVEY) e ks

\/E
(18) S, (t) = t, if k=0

sinh(v/—r t)

——, if k<0
= !
Volumes of geodesic spheres and balls in M? will be denoted with v,;(r) and V. (r), respec-
tively.
Our first task is to characterize the Cheeger’s constant of models:

Theorem 2.12 (Bessa-Montenegro-[24]). Let By, (r) be a geodesic ball centered at the
origin of a model manifold My, then

(Bu, (r)) = h(Bug, (7))-

In particular,

A*(Bu, (r)) > inf

— o<t<r

{wnl (8B, (t))} 2
2Vol,, (B, (1)) '

Proof. Consider the function E: By, (r) — R defined by

T 1 T
(19) E(z) :/ 77/ h" 1 (s)dsdr

r(z) h" 1(7-) 0
Observe that E is a radial function, meaning that E(z) = E(r(z)), r(z) = disty, (0, ).
This function is called the mean exit time function [71]. Letting X = —V E we easily
compute that div X = —AFE =1 and

B b ~ Vol(By, (t))
X100) = iy, O = o
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By (4) and by (7) we have that

1
c(Bw, (1)) > Vol(Bw, (t))
SUPg<¢<r WM;L@))
(20)
B Vol,,_1(9Buy, (1))
- OgtIST Vol,, (BM;L (t))
> h(BMh (’I“))
However, h(Bwm, (r))) > ¢(Bwm, (r))), as observed in Remark 2.9. This shows that
(21) c(Buw, (1)) = h(Buw, (1))

O

Example 2.13. The Cheeger constants for geodesic balls in the sphere S?, Euclidean space
R? and hyperbolic space H? are respectively

h(Bga(r)) = % and h(R?) =0
(22) h(Bg:(r)) = % and h(Bg(7/2)) =1, h(S?) =0
h(Bg2(r)) = m and h(H?) = 1-

It is worthy to observe that the eigenvalue estimate via Cheeger constant sometimes is
too coarse. For instance, it is well know that A\ (Bs2(7/2)) = 2 and h(Bs2(7/2)) = 1.

2.3. Transversally oriented foliations. Let Q be an open set of a Riemannian
manifold M and F a codimension one transversally oriented C®-foliation. This means
that we may choose a smooth unit vector field 7 on M that is normal to the leaves of
F. Let HF (x) be the value of the mean curvature of the leaf F' at z computed with
respect to 7. Set b = infpe 7 inf,cp |[HT (x)|. Assume first that b > 0. This implies that
HY does not change sign. Hence, we may choose the unit vector field n in such way
that HY(x) > 0 for any € Q. It is easy to compute div n = n - HF. Therefore,
infq diverpyyn = n - infg Hp(x) > n - b. Since |n| = 1, by (8), we have the estimate

di
24/ 2% (Q2) > igfnl% =n- ingHF(x) >n-b.
M| oo S

This proves the following result, see [11].

Theorem 2.14 (Barbosa-Bessa-Montenegro-[11]). Let Q be a connected open subset of
Riemannian (n + 1)-manifold M admitting a transversely oriented codimension one C?-
foliation F. Then

2/ X*(Q) > n - inf inf |HF(2)]
FeF xzeF

where HY stands for the mean curvature function of the leaf F.

This theorem has a number of consequences, stated below as corollaries. It imposes
restrictions for the existence of foliations by constant mean curvature hypersurfaces on
open sets with zero fundamental tone or on open sets with Ricci curvature bounded below,
see Corollaries 2.15 and 2.17.



SPECTRUM ESTIMATES AND APPLICATIONS TO GEOMETRY 9

Corollary 2.15. Let F be a transversely oriented codimension one C?-foliation of a Rie-
mannian manifold M for which \*(M) = 0. If the leaves of F have the same constant
mean curvature then they are minimal submanifolds of M.

Remark 2.16. The class of Riemannian manifolds M with \*(M) = 0 is huge. Besides
the compact Riemannian manifolds, it contains all the open Riemannian manifolds with
asymptotically nonnegative Ricci curvature, see [38]. An open Riemannian manifold M
has asymptotically nonnegative Ricci curvature if Ricpyr(x) > —(disty(zo,x)), for a
continuous function 1 : [0,00) — [0,00) with limy_, o, ¥(t) =0, o € M. In fact, the class
contains the Riemannian manifolds with a disjoint family of flat balls described in Remark
2.2.

In [12], Barbosa-Kenmotsu-Oshikiri considered transversally oriented codimension-one
C3-foliations F of the simply connected space form M” of curvature —x < 0. They
proved that if the leaves were complete oriented hypersurfaces with the same constant
mean curvature H > (n — 1)y/k then H = (n — 1)y/k. The next result extends Barbosa-
Kenmotsu-Oshikiri’s theorem to Riemannian n-manifolds with Ricci curvature Ricy, >
—(n —1)k.

Corollary 2.17. Let F be a transversely oriented codimension-one C?-foliation of a com-
plete n-dimensional Riemannian manifold M with Ricci curvature Ricyy > —(n— 1)k, for
some k > 0. Then
i) 24/A*(Mn) > infperinfyep |Hp(z)|, where M7 is the simply connected n-space
form M} of constant curvature —k < 0.
ii) If |[Hp| > b > 0 then (n — 1)y/k > b.

Proof. Let Bps(r) be a geodesic ball of radius r of a Riemannian Manifold M whose Ricci
curvature satisfies Ricpr > —(n — 1)k, and let By (r) be the geodesic ball of radius  in
the model n-manifold M} of constant sectional curvature —x. By Cheng’s Comparison
Theorem, [38] we know that

A (Bar(r)) < A (Bup (7)) -

Since \*(M) = lim, 00 A*(Bps (7)), it follows that A*(M) < A*(M7). Thus, by Theorem
2.14 we have

inf inf |Hp(z)| < 2¢/A (M) < 24/ A (M7)

FeF zelF
and (4) is proved. Item (i) follows immediately by using that \*(M"?) = (n —1)?k/4. This
completes the proof of the corollary. O

Theorem 2.14 also has a version for scalar curvature provided the ambient manifold has
nonpositive sectional curvature.

Corollary 2.18. Let M be a Riemannian (n + 1)-manifold with nonpositive sectional
curvature Ky < 0 and let F be a transversely oriented codimension one C?-foliation
of a connected open set Q0 C M. Suppose that the scalar curvature Sp of each leaf if
nonnegative. Then

Vinf § < 24/A%(Q) .
In particular, if X*(M) = 0 and all the leaves have the same constant non-negative scalar
curvature S > 0, then S = 0.

If inf S = 0 there is nothing to prove. Thus, we assume that inf S =¢ > 0. Let p € F
and {e1, - ,e,} be an orthonormal basis for the tangent space T,F of the leaf F' € F.
The Gauss equation for the plane generated by e;, e; is:

K(ei,ej) = K(ei,ej) + <B(€i,6i), B(ej,ej)> — |B(€i,6j)|2,
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where K is the Gaussian curvature of F' and K is the Gaussian curvature of the ambient
space 2 x R. Tracing on i, j gives:

S(p) =) Klei,e;) +n* H* — | B|*.

4,7
Since the sectional curvatures K < 0, it follows that
S(p) < n*H?,
and, since S > ¢ > 0 then H > /¢/n > 0. By Theorem 2.14 we have that

“(Q) > n inf i > o= Vinf S.
2 )\(Q)_TLI;IelfleIelfF|Hf(l‘)|_\/E inf §

This proves Corollary 2.18.

We turn to higher order mean curvatures. If ) : N — M is an n-dimensional oriented
hypersurface of M and ki,...,k, are the principal curvatures at p € N, then the r-th
mean curvatures H,. of () at ¢(p) are defined by the identity

(1+tk1)(1+tk2)---(1+tkn)=1+(’f)HlH(;‘)H2t2+---< Z )Hnt”

for all real number t. Thus, H; is the mean curvature of ¥, H,, is the Gauss-Kronecker
curvature. Since we always have Hi > Hs, the following version of Theorem (2.14) for the
2-nd mean curvature Hs is direct.

Corollary 2.19. Let F be a transversely oriented codimension one C?-foliation of a con-
nected open set Q of a Riemannian manifold M. Suppose that the leaves have the 2-nd
mean curvature Hy > 0. Then
2/ A (Q) > n - inf_inf (HE)1/2
A*(Q) 2 n- jnf inf (Hy)"%(2),
where HI stands for the second mean curvature function of the leaf F. In particular,

if X*(M) =0, Q = M, and all the leaves have the same constant 2-nd mean curvature
H2 Z 0 then H2 =0.

2.4. Haymann-Makai-Osserman inequality. Recall that the inradius p(Q) of a
connected open set {2 of a Riemannian manifold M is defined as p(?) = sup{r > 0; Bps(r) C
1}, where Bjps(r) is a geodesic ball of radius r of M. In [96], Makai proved that the fun-
damental tone A\*(2) of a simply connected bounded domain @ C R? with inradius p
and smooth boundary is bounded below by \;(Q) > 1/4p?. Unaware of Makai’s result,
Haymann [77] proved years later that A;(£2) > 1/900p%. Osserman [112] among other
things improved Haymann’s estimate back to A;(Q) > 1/4p?. Recently, Haymann-Makai-
Osserman inequality was improved by Bafiuelos-Carroll in [9] to 0.6197/p2.

In the next result, we prove Haymann-Makai-Osserman inequality to embedded tubular
neighbourhoods of simple smooth curves in R™ with variable radius.

Theorem 2.20. Let v : I = (o,8) C R — R"™ be a simple smooth curve and T,(p(t))
be an embedded tubular neighborhood of ~ with variable radius p(t) and smooth boundary
0T, (p(t)). Let p, = sup, p(t) > 0 be its inradius. Then

(n—1)*

(23) AT (p(1)) = 2
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Consider the family of balls of R" B, = Bgn(v(t),p), t € I with center at v(¢) and
radius p,. The set {S; = 9B, N T,(p(t))} is a smooth codimension one transversally
oriented foliation of T, (p(t)) \ (Ba U Bg). Pushing the family B, little further one can
fill T, (p(t)) with a smooth codimension one transversally oriented foliation such that the
mean curvature of the leaves is constant 1/p,. Thus, we have by Theorem 2.14 that
X (T () > (n — 1)2/497.

2.5. Barta’s Theorem generalized. A simple but effective method to obtain lower
and upper bounds on the first Dirichlet eigenvalue A1 (Q2) of bounded open subsets Q C M
with piecewise smooth boundaries? of Riemannian manifolds was obtained by J. Barta in
[13].

Theorem 2.21 (Barta). Let Q C M be a compact subset of a Riemannian manifold M,
with piecewise smooth non-empty boundary 0 and f € C%(Q) N C°(Q) with f|Q >0 and
f102 =0 and A\ (Q) be the first Dirichlet eigenvalue of Q2. Then

(24) Sgp(—Af/f) > M(Q) = mf(=Af/f).
With equality in (24) if and only if f is a first eigenfunction of ).

Remark 2.22.
e To obtain the lower bound for A\1(M) we may suppose only that f|0Q > 0.
e [t is hard to obtain a non-trivial upper bound for A\1(Q2) via Barta’s Theorem,
because to make a meaningful estimate when f|0Q = 0 one also has to have that

Af|0Q = 0.

Our main result in this section is a refinement of Theorem 2.8, i.e. we give better lower
bounds for the fundamental tones of arbitrary open sets {2 in terms of divergence of smooth
vector fields X. When X = —Vlog f for a positive smooth function f|2 > 0 then our
lower bound becomes inf(—Af/f). This is, our result can be viewed as a generalization
of Barta’s Theorem.

Theorem 2.23 (Bessa-Montenegro-[23]). Let Q@ C M be a open subset of a Riemannian

manifold. The fundamental tone \*(Q2) is bounded below as

(25) M(Q) > sup {inf(DivX — |X|*)}.
Xewti(Q) @

If Q is compact with boundary then
(26) A1 (Q) = sup {inf(Div X — | X|*)}.
Wil M
Remark 2.24. If X = —Vlog(v), for a positive smooth function of v: Q@ — R we obtain

that div X — | X|? = —(Av/v). Thus \*() > infq(—Av/v). In particular, if Q is relatively
compact with boundary and v is a positive first eigenfunction then A*(Q2) = (—Av/v).

Proof. The proof is a variation of the one of Theorem 2.8. Let X € WH1(Q) and f €
C§°(2). The vector field f2X € X(€). Computing Div f2X we have,

Div (f2X) (V £2,X) + f*Div (X)

(27) > —|V /% |X|+Div X - f?
> —2-sup |X|-|f] - |V f|+ Div X - f?
Q
> —|VfP+ Div X — |X[*) - f?

2Piecewise smooth boundary here means that there is a closed set Q C M of (n—1)-Hausdorf{f measure
zero such that for each point ¢ € OM \ Q there is a neighborhood of ¢ in M that is a graph of a smooth
function over the tangent space T;0M, see Whitney [136] pages 99-100.
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Integrating (27) on © we have that
(28) oz/fmwﬁx) > —/WVﬂ?+mﬂva—Lm%/f2
Q Q Q Q

JaIVFI?
Jo F?
the supremum over all X € WH1(Q) implies that

A(Q)>  sup inf(Div X —|X|?).
Xewri(Q) @

This proves Theorem 2.23. O

Therefore > iréf(Div X — |X|?). Taking the infimum over all f € C§°(Q2) and

The following lemma gives sufficient conditions to a given vector field X to belong to
WHL(Q). Its proof can be found in [22, Lemma 3.1]

Lemma 2.25. Let Q C M be a bounded domain in a smooth Riemannian manifold M
and F C M be closed subset with (n — 1)-Hausdorff measure H* 1(F N Q) =0. Let X be
a vector field of class C1(Q\ F) N L>®(Q) such that div (X) € LY(Q). Then X € WH1(Q)
with Div (X) = div (X) in Q\ F.

A direct consequence of Theorem 2.23 coupled with Lemma 2.25 is that the Cheng’s
eigenvalue inequality (3) is valid for arbitrary geodesic balls By (r) provided the (n — 1)-
Hausdorff measure H"~1(Cut(p) N Bn(p,7)) = 0, where Cut(p) is the cut locus of the
center p, equivalently that Cut(p) is made just of focal points. Moreover, the equality in
(3) is achieved if and only if Bys(r) is isometric to By (r).

2.6. Cheng’s eigenvalue comparison theorem revisited. For notational sim-
plicity, let M} denote the space form of curvature x € R. Using Barta’s Theorem 2.21, S.
Y. Cheng in [39] proved that
i) if the sectional curvature of M satisfies Ky < x and r < min{inj(p),7/+/k },
(m/v/k = o0 if kK < 0) then Ay (Ba(r)) > Ai(Buz(7));
ii) if the Ricci curvature of M satisfies Ricys > (n — 1)k then the reverse inequality
A1(Bar(r)) < Ai(Bur (r)) holds for all » >0 .
Moreover, equality in i) or i7) holds if and only if the geodesic balls Bys(r) and By (r)
are isometric, see [39]. In this section we show that (3) is valid under weaker geometric
hypotheses. Let us assume that B/(r) and Byz (r) are normal, within the cut locus of
their centers and let (¢,6) € (0,r] x S*~! be geodesic coordinates for By (r) and By (7).
Let Hp(t,0) and Hyr(t,0) = Hyz(t) be the mean curvatures of the distance spheres
0By (t) and OByq(t) at (t,0) with respect to the unit vector field —9/9t. Then the
following version of Cheng’s Eigenvalue Comparison Theorems is true.

Theorem 2.26 (Bessa-Montenegro-[23]). If Hy(s,0) > Hyn(s) for all s € (0,r] and all
0 € S"1, then

(29) A (B (r)) = A(Bugg (1))
If Hy(s,0) < Hyin (s) for all s € (0,r] and all 0 € S*~1, then
(30) AL(Bu (7)) < A (B (r)-

Equality in (29) or in (30) holds if and only if Hp(s,0) = Hyx (s) for all s € (0,7] and
for all € S*—1L.

Let u : By (r) — R be a positive first Dirichlet eigenfunction. It is well known that u
is radial function, u(¢,8) = u(t), v'(t) < 0 and satisfies the following differential equation,

(31) u’(s) + (n — 1)%:(5) u'(s) + A1 (B (1))u(s) =0, s € [0,7]
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where S (t) is defined in (18) and C(t) = S, (t)".

Observe that u(t,0) = u(t) also defines a smooth function on Bjs(r), (called trans-
planted function), with gradient Vu = v’ 9/0t, where 9/0t is the unit vector field normal
to the distance spheres OBy (t) pointing outward. Therefore

0 0 0 0
s ’ _ ’ /3 _ ’
(32) Au=div (u —C%) (Vu,—at>+udlv(—at) u” + o' Trace(§ — Vg—at).

Here ¢ — Vg% is the Weingarten map of the distance spheres. Its trace is the mean
curvature Hys. By (31) and (32)) we have at any point (¢,6) of Bys(r) that
Au u 0
——(t,0) = |—— ——div(x)]| 0
(o) = |- ()] o)
(33)
/

Z () + M (Bum ().

u

- [o-vg

K

()~ Hu(t.0)

Observing that Hyp = (n —1)Cy /S, we have by Barta’s Theorem (2.21) that

(34) sup [(HM;L - HM>“] M By (7)) = sup(— 2% > A (Bar(r)
(,0) U o) U
and
) M) 2 (-5 = i (e, — Ha) ] + 0 B )
(t,0) U (t,0) “’“ U "

Since u’/u < 0 we have that:

!
o Hy > Hyp = inf[(Hym — HM)%] > 0 and Ay (B (r) > A1 (Bug ().
!

o Hyr < Hyp = sup|(Hym — HM)%] <0 and Ay (B () < A1 (Buys ().

A
o If A\ (Bas(r)) = A (Bunk(r)) we have that Ay (Bas(r)) = (inef)(_Tu)' As observed
t,

in Barta’s Theorem, the transplanted function u is a positive eigenfunction of
By(r) and from (33) we have that
C. u’
(0= 1) — Hul“(s) =0

Sk

Cy
for all s € [0,7]. Since «’'/u < 0 in (0, r] then (n — 1)5— — Hy =01in (0,7r]. By
K

Cy .
continuity (n — 1)5— — Hp =01in [0,7].
This finishes the proof of Theorem (2.26). It is clear that using Barta’s theorem, Cheng’s
eigenvalue comparison theorem can be extended to bounded open sets. More precisely,
the following result holds.

Theorem 2.27. Let Q) C M be a bounded open subset of a Hadamard n-manifold with
sectional curvature Ky < k < 0. Then

Q) = M (Bug (re)),
where rq is the radius of Q. This is, rq = inf cq SUPyecq distar(z,y).

Theorem 2.26 is just an observation on Cheng’s proof and it can be extended to a
comparison theorem with model manifolds with no extra effort, see [23, Cor. 4.1] and [65].
However it is important to show that this result above is truly an extension of Cheng’s
eigenvalue theorem.
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2.7. Examples . If the sectional curvature is bounded above Kj; < &, then the mean
curvature of the distance spheres Hys(s,0) > Hyr (s) and if the Ricci curvature is bounded
below Ricys > (n— 1)k then Hyy(s,0) < Hyn(s). The converse statements are not true in
general. We will construct complete model manifolds M} with radial sectional curvature
Kﬁg > k outside a compact set with mean curvatures of the distance spheres satisfying

Hypn (t,0) > Hyp (t,0) and with radial sectional curvature Kﬁ; < K outside a compact set
with mean curvatures of the distance spheres satisfying Hyy (,6) < Hy (,0).

Example 2.28. Let R" = [0,00) x S"~1 with the metric ds*> = dt? + f2(t)d6?, f(0) = 0,
f1(0) =1, f(0) = 0. Set ¥ (t) = (—f'Sk + fS);)(t), where' means differentiation with
respect to t. The radial sectional curvature of (R™,ds?) is bounded above by k if and only
if Yy (t) < 0. The mean curvatures of OBgn(t) and OBy (t) satisfies Hgn (t,0) > Hyn (t)
if and only if ¥, (t) < 0. From 1, (t) = (—f' Sk + fS..)(t) we have that ¢, (0) = 9. (0) = 0.
Observe that fort # 0

sz 8

b —F'Sk+ [S, __(f)’
e €

Moreover, tlim %(t) = 0. Integrating (f/S.)" between € and t we obtain
—

0 S,Z
[ (Sf)U ds =L -L-- t;fg(s)ds

€

Since lim._,q Si(e) =1 we have that

(36) f() = S5x(t) = Sx(t) /0 n(s)/S%(s)ds.

Let 1, : [0,00) = R be a smooth function satisfying 1,.(0) = ¢.(0) =0, ¥(t) <0, ¢ (t) >

0 fort > 1 and ‘f[O.oo) 1/),$(s)/5,%(s)ds‘ < oo. This yields complete metrics ds*> = dt? +
f2(t)dd on R™ with radial sectional curvature K®rn as2) > k outside the ball Brn gs2)(1)
and so that the distance spheres OBrn q52)(t) have mean curvature Hgn gs2)(t,0) > Hypr (L, 0).
If ¥(t) > 0, |f[0 00) i(8)/S%(s)ds| < 1 and such that ¥/ (t) < O for t > 1 we ob-
tain a smooth metric with sectional curvature Kgn 452y < Kk outside a compact set with
H(R",dsz)(ta 9) < HM: (ta 0)

Remark 2.29. For metrics ds® = dt?+ f2(t)d6?, the equality Hgn qs2)(t,0) = Hop can,) (t)
for all t € (0,r] implies that ds® = dt*> + S2d#>. Since

Hgn as2)(t) = (n = D)(f'/)(#) = (n = 1)(Cre/Sx)(t) = Hu, (t)
implies that ¥, (t) =0 for allt € [0,7] and by (36) f = S..

In a second example, we show that the rigidity in Theorem 2.26 is sharp, constructing
a smooth complete metric on R* = [0, 00) x S? with the following properties.

i. The set [0,7] x S® endowed with the metrics can, or g, are geodesic balls of radius

7, i.e. Bean, (r) = ([0,7] x S3,can,) and B, (r) = ([0,7] x S3, g,).

ii. Bgan, (r) and By, (1) are not isometric if x # 0 but have the same first eigenvalue
A1 (Bean, (1)) = A1(By, (1)) and the same first eigenfunctions.

ili. The geodesic balls Bean, (r) and By, () and their boundaries 0Bgan, (1), 0By, (1)
have the same volume vol(Bgan, (1)) =vol(By,(r)) and vol(0Bean,(r)) =vol(0B,,(r)).

iv. The geodesic spheres (0B(t), can,) and (0B(t), g,) have the same mean curvatures
H, (t,2) = Hean, (t,2) = Ci(t)/Sk(t) for every t € (0,7r] and z € S.
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Example 2.30. Let {0x,0y,0z} be a globally defined frame on S® with [0x,dy] = 2 0z,
[0y, 0z] = 20z, [0z,0x] = 20y and let dz, dy and dz be its dual co-frame. Consider
the following metric ds* = dt* + a®(t)dz? + b?(t)dy? + c*(t)dz?, where a,b,c: [0,7] — R
are smooth functions, with a(0) = b(0) = ¢(0) = 0 and o’(0) = V'(0) = (0) = 1 and
positive in (0,7). Here dt is the dual co-frame of the radial vector field Ot. Observe that
[0t, 0] = [0t,0y] = [0t,0z] = 0. As mentioned before, taking a(t) = b(t) = c(t) = Sk(t)
we obtain the standard metric can, of constant sectional curvature k. In our example, we
set a(t) = S2(t)/t, b(t) =t, c(t) = Sk(t), where we are assuming that r < 7/\/k if & > 0.
We obtain a smooth metric g,, on [0,7] x S® that clearly is non-isometric to can,, if k # 0.
For instance, computing the sectional curvatures K(0t,0x), K(dt,dy), K(0t,0z) at the
origin we get K(0t,0z) = 2r, K(0t,dy) = 0, K(0t,0z) = k. Moreover, [0,7] x S? is the
(closed) geodesic ball of radius v centered at the origin 0 = {0} x S* with respect to both
metrics can,, g., since the function p: [0,7] x S* — R given by p(t,z) =t is the distance
function to the origin for both metrics. The Laplace operators Ay, , Acan, of g and cany
written in these coordinates, setting 0t = 0/0t, Ox = 0/0x, Oy = 00y, 0z = 3/Jz for a
classic notation, are given by

A — iQ+( _1>%§+ﬁﬁ+lﬁ+iﬁ
o T o T\ TG 0t T 51922 T 292 T 52 022
(37)
2 2 2 2
M = PG 1@ 12 10

o S. 0l TS TS T S20a2
Let u : Bean,, (1) — R be a positive first eigenfunction. This means that u satisfies the
following boundary value problem

{ Acan, t + A1 (Bean,, (1)) u 0 in Bean,(r)

0 on 9Bean, (7).

(38)

u

It is well known, see [33], that u is radial, i.e. u(t,z) = u(t). From (37) we see that the
Laplace operators Ay, and Acan, coincide on the set of smooth radial functions defined
on [0,7] x S3. Thus we have Ay, u = Acan,u. This implies that u satisfies the following
boundary value problem

{ Ag.u+ A (Bean, (r))u =0 in By (1)

(39) u =0 ondBy,(r).

This shows that u is an eigenfunction of By (r). Since u > 0, it is a first eigenfunction
and M\ (Bean, (1)) = M (B, (r)) is the first eigenvalue. Moreover, the mean curvatures of
the distance spheres 0By, (t), OBcan, (t) are just Ag_p(t,x) = Acan, p(t, ) = (Cx/Sk)().

2.8. Fundamental tone estimates on minimal submanifolds. One of the im-
portant applications of Barta’s Theorem is the fundamental tones estimates of minimal
submanifolds of the space forms. The first estimate known is due to S. Y. Cheng, P. Li and
S. T. Yau in [40], where they applied Barta’s Theorem to prove the following estimates
for compact subsets of minimal submanifolds of space forms.

Theorem 2.31 (Cheng-Li-Yau). Let p: M — N7 be an immersed m-dimensional minimal
submanifold of the n-dimensional space form of constant sectional curvature k, and let
D C M be a C? compact domain. Let r=inf _, sup__ dist,, (p,z) > 0 be the outer

radius of D. If k > 0 suppose that r < w/2v/k. Then
(40) A(D) > Ai(Bym (1)).
Equality in (40) holds iff M is totally geodesic in N} and D = Bym (7).
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Let us consider ¢: M — N a minimal immersion of a complete Riemannian m-manifold
M into a Riemannian n-manifold N. Let By(r) be a geodesic ball with radius r and
center at a point p. Assume that H"~*(Cut(p) N By(r)) = 0 and let x = supp, (. Krad
the supremum of the radial sectional curvatures along the geodesics issuing from p and
consider Q C ¢~ !(Bn(r))) a connected component. In the next result we obtain lower
estimates for the fundamental A*(€2) tone of 2 and can be seen as an extension of Cheng-
Li-Yau Theorem.

Theorem 2.32 (Bessa-Montenegro-[22]). In the setting above, let us assume further that
r < 7/2/k if K > 0. Then we have

(41) AT(€) = A (B (1)),

where Bym (1) is the geodesic ball with radius r in the simply connected space form NI of
constant sectional curvature . If Q is bounded, then equality in (41) holds iff @ = Bym (r).

Corollary 2.33. Let p: M — N be a minimal immersion of a complete Riemannian m-
manifold M into a Riemannian n-manifold N. Assume that H"~1(Cut(p) N Bx(r)) =0
and let kK = supp, () K24 the supremum of the radial sectional curvatures along the
geodesics issuing from p. If p(M) C Bn(r), then

(42) N () = Ay (B (r).

In the last decade there has been a great development in theory of extrinsically bounded
minimal surfaces of R? with the discovery of a wealth of examples of complete bounded
minimal surfaces, see [2], [3], [4], [63], [92], [93], [99], [100], [101], [102], [132]. In those
examples, we have that Q = M and A\*(M) > A\ (Bgz(r)) ~ 5.78/r2.

Proof. Let v: Bym(r) — R be a positive first Dirichlet eigenfunction of Bym(r). It is
known that v is radial with v'(¢) < 0 and v'(t) = 0 iff ¢ = 0. We can normalize v such that
v(0) = 1. The differential equation Anmv(t) + A1 (B (r))v(t) = 0 is expressed in geodesic
coordinates by
Cu(t
x(t)
For each £ € T, N, [£| =1, d(§) > 0 is the largest real number (possibly co) such that
geodesic y¢(t) = exp,(t§) minimizes the distance from ~¢(0) =p to v¢(t), 0 < t < d(§).
We have that By (p,7) \ Cut(p) =exp,({t§ € T,N: 0 <t <min{r,d({)}, |{|=1}). Define
u : By(p,7) — R by u(exp,(t§)) = v(t) if t < min{r,d(§)} and u(rf) = u(d(£)§) = 0.
Define ¢: Q — R defined by ¢ = u o . The vector field X = —V log identified with
dp(X) is not smooth at F = ¢~ }(Cuty(p)). By hypothesis H™ (2N F) = 0 and it
can be shown that the vector field X € C1(Q\ F) N L>®(Q) and divX € LY() thus
X € Wh(Q), see Lemma 2.25 and by Theorem (2.23) and Remark (2.24) we have that

AN (Q) = gilr\lg[DivX — |X]?] = inf [divX — |X|*] = g\lg[—Aw/w].

~—

(43) () + (m—1) v'(t) + A (Bu (r))o(t) = 0, Y t € [0,7].

92)

inf
Q\F

Where A is given by the following formula, [82],

s —
(44) Ay(x) = Y Hess u(p(x)) (e e:) + (Vu, H)
i=1
= ZHess u(p(x)) (e;, €;),
i=1
where ¢(z) = exp, (), H= 0 is the mean curvature vector of Q at o(x) and {e1,...,em}

is an orthonormal basis for T,(,) 2. Choose this basis such that ey, ..., e, are tangent
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to the distance sphere 0By (p,t) C N and e; = cos(f(x)) 9/0t + sin(B(x)) 8/06, where
0/00 € [lea, . ..en]], |0/00] = 1. From (44) we have for p(z) € Q\ F that

Ay(z) = Z Hessu(p(z))(e;, €;)

= 2"(t)(1 —sin? B(x)) 4+ v/ (t) sin® B(x) Hess(t)(0/06,0/00)
(45)

m

+'(t) Z Hess(t)(e;, €;),

where t = disty(p, z). Add and subtract (%)(t) v'(t) sin® B(x) and (m — 1)(%)@) V' (t)
in (45) to obtain " "

Ad() = o'(t)+ (m— 1>§—:<t> o (1)

Cy(t)
S,.(t)

(46) + (Hegxw(a/ae,a/aa) > V' (t) sin® B(z)

+ [Hess(t)(e;, e;) — S—H(t)] v'(t) + (Sﬁ(t)) V() — v”(t)) sin? B(z)

K2

Substituting (43) into (46) we have that

2@ = MBp ()
-<mmmw%ﬁmm—%$)jgaﬁm@
(47)
- Do) - G501 50
_l@<igmmww0m%m.

Since the radial curvature K (z)(0t,v) < k for all x € By(p,r) \ Cut(p) and all v L
0t with |v| < 1 we have by the Hessian Comparison Theorem (see [125]) we have that
Hess (t(z))(v,v) > (C/Sk)(t) for all v L 0t, t(z) = t, © = exp,(t§). But v'(t) < 0 then
we have that the second and third terms of (47) are non-negative. If the fourth term of
(47) is non-negative then we would have that

(49)
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To prove (49) we will assume without loss of generality that k = —1,0,1. Let us consider
first the case ¢ = 0 that presents the idea of the proof. The other two remaining cases
(k= —1and k = 1) we are going to treat (quickly) with the same idea. When x = 0 the
inequality (49) becomes

(50) %u’(t) +Aw(t) <0, te (0,r),

Ait?
where A1 := A\(Bnm(r)). Let u(t) := exp{le—}. The functions v and p satisfy the
" m
following identities,
(™= () + Mt lo(t) = 0,
(51)

tm—l /t / A tm,—l 1_)\1t2 ) =0
(@) + Mt™ (1 = 5o )ult) = 0.

In (51) we multiply the first identity by p and the second by —v adding them and inte-
grating from 0 to ¢t the resulting identity we obtain,

tm T () p(t) — ™ () (1) = ——/0 u(t)v(t) <0, Vte (0,r).

Then u(t)v'(t) < @/ (t)v(t) and this proves (50).
Assume that now that k = —1. Inequality (49) becomes

C ()
S_a(t)

(52) V' (t) + Ao(t) < 0.

Set u(t) := C_1(t)~*/™. The functions v and u satisfy the the following identities
(S™ Y 4 M 8™y = 0,

(53) 11 A 52
(™) + A 8™ (mm + - A —1)M: 0.

mC2, m2C?,

In (53) we multiply the first identity by p and the second by —v adding them and inte-
grating from 0 to t the resulting identity we obtain

m—1 /1 l ! m—1 1 1 >‘1 Szl
Sfl ('U/j,—,U/U)(t)ﬁ‘ o )\1571 E—W‘FW@ LLU:O
The term S * ! ! + M52 v is positive (one can easily check) therefore
— = — Vi
o Im mC%, o m?2C?, po s b Y

we have that (v'pu — p'v)(t) < 0 for all ¢ € (0,r). This proves (52).
For k = 1 the inequality (49) becomes the following inequality

(54) m%v’(t) +Mo(t) <0, 0<t<m/2.
1

Set p(t) := Cy(t)~*/™, 0 < t < 7/2. The functions v and p satisfy the the following
identities

(ST ) + MST e = 0,
(55)

-1 1 2
spy - naspt (Pt 205
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In (55) we multiply the first identity by p and the second by —v adding them and inte-
grating from 0 to ¢ the resulting identity we obtain

e

EQNCI p—)
mC?  m? C? He

t
1
ST — ') (¢) +/ ST {2 -—+
0 m

m—1 1 1 A ST
The term S7 2 = + mC2 T m2 C?

€ (0,7). This proves (54) and thus the fourth term in (47) is non-negative. If {2 is bounded
and suppose that A*(Q) = A\j(Bym(r)). Then first we have that p(9Q) C 0By(p,r) and
second that the function ¢ = uo ¢ € C%(Q) by Proposition (2.21) is an eigenfunction of
2 and thus \*(Q2) = —Ae/4. From (47) we have that

} wv is positive thus (v'p — p'v)(t) < 0 for all

0 9, G\ V)  ap\ _
(nes035.55) - 555 ) Sy 5 = o
- 3S . . OK U/(t) .
;[Hebs(t)(ez,ez) SFOs = o
. Celt) v (t) =" sin? B(z) =
v(t) (Sc(t) ®) (t>> B(z) 0,

for all ¢ such that p(z) = exp,(t§) € Q. This implies sin? B(z) = 0 for all z € Q and we
have that e;(p(x)) = 0/0t. Integrating the vector field 9/0t we have a minimal geodesic
(in N Ne(Q)) joining ¢(x) to the center p. This imply that €2 is the geodesic ball in M
centered at ¢~ !(p) with radius r i.e. = By(¢~1(p),r). Since 9 is an eigenfunction with
the same eigenvalue A1 (Bym () (r)) we have that

(56) AM ”U(t) = ANm(c) ’U(t), t= diStN(pa SD(Q))’V(] €.
Rewriting this identity (56) in geodesic coordinates we have that
/
g(t,ﬁ) Cc(t) /

o) t, ' () +0"(t) = (m—1) 5.(0)

This imply that by Bishop Theorem Q = By (¢~ !(p) and Bym (¢)(r) are isometric. a

V' (t) + 0" (¢).

3. ON DISCRETE AND ESSENTIAL SPECTRUM OF MANIFOLDS

The above section was devoted to produce estimates for the bottom of o(M). In the
next sections, we investigate criteria to ensure that o(M) is discrete (that is, a divergent
sequence of eigenvalues, each one with finite multiplicity) or not. We begin with a brief
overview of facts from spectral theory that will be used in the sequel.

Let K C M be a compact set of the same dimension as M. The Laplace-Beltrami
operator A of M acting on the space C§°(M \ K) of smooth compactly supported functions
of M\ K has a self-adjoint extension, denoted by A’. The Decomposition Principle [53]
says that gess(M) = 0ess(M \ K). On the other hand,

0 <N (M\K) = inf o(M\ K) < inf oess(M \ K) = 0ess (M),

thus p = sup{\*(M \ K), K C M compact} < inf oess(M). We are going to show that
inf oess(M) < p. To that we may suppose that p < oo, otherwise there is nothing to
prove. Let K; C Ky C --- be a sequence of compact sets with M = U2, K;. We have
that

(M) < XM\ Ky) XM\ K3) < >
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Given ¢ > 0, there exists fi € C§°(M \ K1) with ||f1||z2 =1 and
/ lerad f1]? < A (M\ K1) +e<p+e.
M

This is ((=A — p — &) f1, f1)r2 < 0. We can suppose that supp (f1) C (K2 \ K1). There
exists fo € C§°(M \ Kz) with || f2]|z2 =1 and

/ lerad fol? < A (M\ Ka) +e < p+e.
M

This is equivalent to ((—=A — p — ) fa, f2) 2 < 0. Since supp (f1) Nsupp (f2) = @ we have
Jos fif2 = 0. This way, we obtain an orthonormal sequence {fy} C Cg°(M) such that
(A — p—€) fi, fr)r2 < 0. By Lemma 3.2 below we have that (—o0, ] N gess(M) # 0
and inf oess (M) < p. This proves the following proposition, known as Persson’s formula.

Proposition 3.1. [114] The infimum of the essential spectrum is characterized by
(57) inf oess (M) = sup {\*(M \ K): K compact subset of M}.

In particular, cess(M) is empty if and only if given any compact exhaustion K1 C Ky C
o C Ky C...of M, the limit lim A*(M \ K,,) is infinite.
n—oo

Let H be a Hilbert space and A: D C H — H be a densely defined self-adjoint operator.
Given A € R, we write A > X if (Az,x) > A||z||? for all + € D. By the Spectral Theorem
for (unbounded) self-adjoint operators, we have that A > X iff o(A) C [\, +00). Let us
write A > —oo if there exists A, € R such that A > A,.

Lemma 3.2. Let A: D CH — H be a self-adjoint operator with A > —oo, and let A € R
be fized. Assume that for all e > 0 there exists an infinite dimensional subspace G. C D
such that (Az,x) < (A +¢€)||z||? for all z € G.. Then,

UesS<A) n (_007 )‘] # @

This lemma is well known, see [52] but for sake of completeness we present here its
proof. First we will show that o(A4) N (—o0, A] = g (A) N[\, A] # 0. Take e, = 1/k, k > 1.
By our hypothesis there exists xj, # 0 such that (Azy,x) < (X + 1/k)||zx]|?, and thus
a(A)N [ A, A+ 1/k] # 0 for all k£ > 1. Since o(A) is closed, it follows o(A) N (—oo, ] # 0.
We may suppose that 0(A) N (—00, \] € dess(A), otherwise there is nothing to prove. Thus

(U(A) \ UeSS(A)) N (=00, Al = {A1,.. ., A}

is a finite set of eigenvalues of A of finite multiplicity. Denote by H; C D the \;-eigenspace
of A,i=1,...,n, and set X = @, H; C D. This is clearly an invariant subspace of A.
Since X has finite dimension, then D = X @ X; where X; = X+ N D is also invariant by
A. Denote by A; the restriction of A to the Hilbert space X; which is still self-adjoint.
Clearly, 0(A1) = o(A) \ {A1,..., A\n} and 0ess(A1) = 0ess(A). In particular, we have
(A1) N (=00, A\] C 0ess(A1). Using the infinite dimensionality of the space G, it is now
easy to see that the assumptions of our lemma hold for the operator Ay, and the first part
of the proof applies to obtain gess(A) N (=00, A| = Tess(A1) N (=00, A] # 0.

4. RIEMANNIAN SUBMERSIONS WITH DISCRETE SPECTRUM

Given manifolds M and IV, a smooth surjective map 7: M — N is a submersion if the
differential dr(¢g) has maximal rank for every ¢ € M. If 7 : M — N is a submersion,
then for all p € N the inverse image F, = 7~ 1(p) is a smooth embedded submanifold
of M, that will be called the fiber at p. If M and N are Riemannian manifolds, then a
submersion m : M — N is called a Riemannian submersion if for all p € N and all ¢ € Fp,
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the restriction of dn(g) to the orthogonal subspace T, q}';- is an isometry onto T),M, see.
[68, 109, 110].

An important class of examples are Riemannian homogeneous spaces G/K, where G is
a Lie group endowed with a bi-invariant Riemannian metric and K is a closed subgroup
of G, see [109] for details. The projection G — G/K is a Riemannian submersions with
totally geodesic fibers, and with fibers diffeomorphic to K. Another class of examples
can be described as the total space of Riemannian submersions with minimal fibers are
the homogeneous Riemannian 3-manifolds with isometry group of dimension four, see
[126]. This class includes the special linear group SL(2,R) endowed with a family of left
invariant metrics indexed by & and 7 (curvature of the fibers and torsion), which is the
total space of Riemannian submersions with base given by the hyperbolic spaces, and
fibers diffeomorphic to S*.

In this section, we consider Riemannian submersions 7: M — N and we prove some
spectral estimates relating the (essential) spectrum of M and N. When M (and thus
also N) is compact, estimates on the eigenvalues of the Laplacian of M have been studied
in [28], under the assumption that the mean curvature vector of the fibers is basic, i.e.,
m-related to some vector field on the basis. We will consider here the non compact case,
assuming initially that the fibers are minimal. Given a Riemannian submersion m:M — N
with compact minimal fibers, we prove that

Uess(M) = @ — Uess(N) = wa

see Theorem 4.1. This result coincides with Baider’s result, see [8], when M = X x Y is
a product manifold, Y is compact, N = X and w: X x Y — X is the projection on the
first factor. Our main result is the following theorem.

Theorem 4.1 (Bessa-Montenegro-Piccione-[25]). Let w: M — N be a Riemannian sub-
mersion with compact minimal fibers. Then

i. Oess(N) C Oess(M), 0,(N) C 0,(M), thus o(N) C o(M).
il. inf oess(N) = inf ooss(M). Therefore, M is discrete if and only if N is discrete.

Remark 4.2. For the inequality inf goss(M) < inf 0oss(N) we need only the compactness
of the fibers with uniformly bounded volume, meaning that 0 < ¢* < vol(F,) < C? for all
p € N, see Lemma 4.8. The example of [8] shows that the assumption of minimality of the
fibers is necessary in Theorem 4.1. In fact, one has examples of Riemannian submersions
having compact fibers with discrete base and non discrete total space, or with discrete total
space but not discrete base, see Example 2.7.

4.1. Preliminaries. Given manifolds M and N, a smooth surjective map 7: M — N
is a submersion if the differential d7(¢q) has maximal rank for every g € M. If 7 : M — N
is a submersion, then for all p € N the inverse image F, = 7~ !(p) is a smooth embedded
submanifold of M, that will be called the fiber at p. If M and N are Riemannian manifolds,
then a submersion 7 : M — N is called a Riemannian submersion if for all p € N and
all ¢ € F,, the restriction of dm(q) to the orthogonal subspace Tq}';- is an isometry onto
T,M. Given p € N and q € F,, a tangent vector £ € T,M is said to be vertical if it
is tangent to Fp, and it is horizontal if it belongs to the orthogonal space (Tq]:p)l-. Let
D = (T'F)t C TM denote the smooth rank k distribution on M consisting of horizontal
vectors. The orthogonal distribution D+ is clearly integrable, the fibers of the submersion
being its maximal integral leaves. Given £ € T'M, its horizontal and vertical components
are denoted respectively by ¢" and &Y. The second fundamental form of the fibers is a
symmetric tensor S : D+ x D+ — D, defined by

S7 (v, w) = (VYW)",
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where W is a vertical extension of w and VM is the Levi-Civita connection of M. In
this chapter only we will denote the gradient of a function u by grad v instead Vu to not
confuse with the Levi-Civita connection. B

For any given vector field X € X(NV), there exists a unique horizontal X € X(M) which
is m-related to X, this is, for any p € N and q € F),, then dﬂq()zq) = X,, called horizontal
lifting of X. A horizontal vector field X € X(M) is called basic if it is m-related to some
vector field X € X(N).

If X and Y are basic vector fields, then these observations follows easily.
(a) ¢M(X,Y) =g (X,Y)om
(b) [X,Y]" is basic and it is 7-related to [X,Y].
(¢) (VJ\X!?)” is basic and it is 7-related to VYY,

where V¥ is the Levi-Civita connection of g™¥

Let us now consider the geometry of the fibers. First, we observe that the fibers are
totally geodesic submanifolds of M exactly when S* = 0. The mean curvature vector of
the fiber is the horizontal vector field H® defined by

k
(58) ZS}- (es,€;) = —Z(Vjtlez)h,
i=1
where (e;)¥_; is a local orthonormal frame for the fiber through g. Observe that H is not
basic in general. For instance, when n = 1, i.e., when the fibers are hypersurfaces of M,
then H is basic if and only if all the fibers have constant mean curvature. The fibers are
minimal submanifolds of M when H = 0.

Besides the natural operations of lifting a vector or vector fields in N to horizontal
vectors and basic vector fields one has that functions on N can be lifted to functions on M
that are constant along the fibers. Such operations preserves the regularity of the lifted
objects. One can also (locally) lift curves in the base 7 : [a,b] — N to horizontal curves
¥: [a,¢) = M with the same regularity as v with arbitrary initial condition on the fiber
Fy(a)- We will need formulas relating the derivatives of m-related objects in M and N.
Let us start with divergence of vector fields.

Lemma 4.3. Let )?E%(M) be a basic vector field, m-related to X € X(N). The following
relation holds between the divergence of X and X at pe N and g€ F,.

diVM()z)q = diVN(X)p‘FgM(Xquq)
(59) .
= diVN(X)p+9N(d7rq(Xq)»d7rq(Hq))~

In particular, if the fibers are minimal, then div™ (X) = divY (X).

Formula (59) is obtained by a direct computation of the left-hand side, using a local
orthonormal frame eq,...,eg, €xt1,...,€ktn of TM, where ey, ..., ey are basic fields. The
equality follows using equalities (a) and (c) in Subsection 4.1, and formula (58) for the
mean curvature.

Given a smooth function f: N —> R, denote by f = for: M — R its lifting to M. It is
easy to see that the gradient grad ™ f of f is the horizontal lifting of the gradient grad ™ f.
If we denote with a tilde X the horizontal lifting of a vector field X € X(V), then the
previous statement can be written as

(60) grad M f = grad V f.

3Sometimes the mean curvature vector is defined as H(q) = ?:1 ST (q)(es, €:)
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Now, given a function u: M — R, one can define a function u,,: N — R by averaging u on

each fiber
1
walp) = o - [ wa%,

where dF, is the volume element of the fiber F, relative to the induced metric. We are
assuming that this integral is finite. As to the gradient of the averaged function wu,, we
have the following lemma.

Lemma 4.4. Letp € N and v € T,N and denote by V the smooth normal vector field
along F,, defined by the property dmy(Vy) = v for all ¢ € F,,. Then, for any smooth function
u:M—R

(61) gV (grad Nuav(p),v) :/f [gM (grad My, V) +ugM(H, V)| dF,.

A standard calculation as in the first variation formula for the volume functional of
the fibers. Notice that when u = 1, then u,, = 1 and (61) reproduces the first variation
formula for the volume.

Observe that, in (61), the gradient grad M f need not be basic or even horizontal?. An
averaging procedure is available also to produce vector fields X, on the base out of vector
fields X defined in the total space. If X € X(M), let X,, € X(NN) be defined by

(¥uy = [ dmy (X)) 47, (0).
Observe that the integrand above is a function on F, taking values in the fixed vector
space T,N. If X € X(M) is a basic vector field, m-related to the vector field X, € X(N),
then (X,y), = vol(F,) - (X4)p, where vol denotes the volume. Using the notion of averaged
field, equality (61) can be rewritten as

grad ™ (fav) = (grad™ f + f - H)

Remark 4.5. From the above formula it follows easily that the averaged mean curvature
vector field H,, vanishes at the point p € N if and only if p is a critical point of the
function z — vol(F,) in N. This happens, in particular, when the leaf F, is minimal.
When all the fibers are minimal, or more generally when the averaged mean curvature
vector field H,, vanishes identically, then the volume of the fibers is constant.

av’

Corollary 4.6. Let m: M — N be a Riemannian submersion with compact minimal fibers
F. Let h € L*>(N). If f € C§°(M) such that fa, =0 for all ¢ € N, then

(62) /MEAMfdM:o.

Suppose first that h is smooth. By the Divergence Theorem, Fubini’s Theorem for
Riemannian submersions and 61 we have

/EAMfdM = —/ g™ (grad M h, grad Mf)dM
M M

—// gM(gradMTL,grade)d}"qu
NJF,

—/ g™ (grad N h, grad Vf,, ) dN
N
= 0.

4n fact, a gradient is basic if and only if it is horizontal.
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If h € L?(N) there exists a sequence of smooth functions hj, € C°°(N) converging to h
with respect to the L2-norm. On the other hand

’/ EAMfdM‘ - ‘/ (Ek—ﬁ)AMfdM’
M M
< /M AN
< </ |Ek—ﬁ\2dM>l/2. (/ AMf|2dM>1/2
M M

1/2
2
IAM £l 2o - (/N/f |hi, — | d}”qu>

= vol(F )2 | AM fll 2 any - e — Bl 2wy

Since hy — h in L?(N) then 62 holds. Observe that we used that the volume of the
minimal fibers is constant, see Remark 4.5.

Let 7: M — N be a Riemannian submersion. The Laplace-Beltrami operator A" in
N of a smooth function f : N — R and the Laplace-Beltrami operator AM in M of its
extension f = f o are related by the following formula.

Lemma 4.7. Let f : N — R be a smooth function and set f = fom. Then, forallp e N
and all g € Fp:

(AMf)q = (ANf)p + gM ((grad Mf)qv Hq)

= (ANf)p + gN((grade)p, d”q(Hq))-

The proof follows easily from (59) applied to the vector fields X = grad™ f and to X, =
grad ™ f, using (60).

(63)

4.2. Fundamental tone of a Riemannian submersion. Let M and N be con-
nected Riemannian manifolds and 7 M — N be a Riemannian submersion. Denote by
AM and AY the Laplacian operator on functions of (M, g™) and of (N, g") respectively.
We want to compare the fundamental tones of open subsets 2 C N with the fundamental
tones of its lifting Q = 7~ 1(Q).

Lemma 4.8. Assume that the fibers of m: M — N are compact. Let () be an open subset
of N, and denote by Q the open subset of M given by the inverse image 7~ (). Then

(64) [inf Vol(]:p)} A () < {Supvol(]:p)] SAH(Q).
PEN PEQ
In particular, if the fibers are minimal, then
(65) A(Q) < 2(Q).
Moreover, if inf vol(F,) > 0 and sup vol(F,) < oo then
peQ peEN
(66) inf vol(Fp) - inf gess (M) < sup vol(F,) - inf oess (V).
peEQ peEN

Proof. Let € > 0 and choose f. € C§°(Q2) such that

(67) /Q|gradeE|2 < ()\*(Q)+5)/ﬂ f2
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Consider the function fs = f. om. By the assumption that the fibers of 7 are compact, fs
has compact support in M. Using Fubini’s Theorem for submersions we have

(68) /]fs AM = /(/ IA df) /Qvol(]-'p)'|fe’2dN.

Thus
(69) /}f;fsz inf vol(]-'p)~/ FARLY
Q PEQ Q

Similarly, using (60), we have
[ lerad™ 1.
Q

/ lgrad .2

(70) — / ( / ygr;;N/fsfdfp)dN
o N7F,
= /Vol(}'p) . |grade8|2,
Q
thus
(71) /~ |gr8Lde;|2 < sup vol(F) / |grade5}2
Q pEN Q

Using (67), (69) and (71), we then obtain

_ = |grad M f.|°
inf vol(F,) - A*(Q)) < inf vol(F,) - M
ped pes Ja /]

2
Jo |erad V1.

(72) < 18)1618 vol(Fp) - [RAE
< supvol(Fp,) - [A*(R) +¢].
peQ

This proves (64). If all the fibers are minimal (or more generally if the averaged mean
curvature vector field H,, vanishes identically on N, see Remark 4.5), then the volume of
the fibers is constant, and inequality (65) follows from (64). To prove the inequality (66)
we pick a compact subset K C M and set K, = 7(K) and let K = m~!(K). The set
K is compact by the > assumption that the fibers of 7 are compact. Let Q = N\ Ky and
Q=n"1Q) =M\ K. Clearly, Q ¢ M \ K and thus A\*(Q) > A\*(M \ K). Hence, using
(64) we get

sug vol(Fp) sug vol(Fp)
* < )\ A pE * pe . )
MM K) < A1) < 35 vol( ) @) =3¢ vol(F,) inf oess (V)

PEQ pEQ
Taking the supremum over all compact subset K C M in the left-hand side, we obtain the
desired inequality. O

Now we will consider the case that the fibers of the submersion 7: M — N are compact
and minimal.

Lemma 4.9. Let m: M — N be a Riemannian submersion with compact and minimal fibers
F. Then for every open subset Q C N, denoting by §) the inverse image m—*(£2), one has
that

(73) A*(Q) = A*(Q).
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Proof. In view of (65), it suffices to show the inequality A*(€2) > A*(2). To this aim, we
will use the estimate in (25). We observe initially that it suffices to prove the inequality
when  is bounded. Namely, the general case follows from A*(Q) = lim,, 0o A*(Q2,), by
considering an exhaustion of {2 by a sequence of bounded open subsets €2,,. Note that (2
is bounded if and only if  is bounded, by the compactness of the fibers. Let f be the
first eigenfunction of the problem A™Nu + Au = 0 in Q with Dirichlet boundary conditions,
that can be assumed to be positive in €.

Set X = —gradN(log f), so that divY (X) — | X |2 = A (Q) is constant in Q. If X is the
horizontal lifting of X, then clearly | X,| = | X(q)| for all g € Q. Moreover, by Lemma 4.3,
since H =0, divM()?)q = divN(X)ﬂ(q). Using (25), we then obtain:

A (Q) > inf [divM (X) — [X]?] = inf [divY (X) — |X]?] = A" (Q).
Q

This proves Lemma (4.9). O

Corollary 4.10. Under the assumptions of Lemma 4.9 we have that cess(M) = 0 if and
only if oess(N) = 0. In particular, if M is a finite covering of N, then oess(M) # 0 if and
only if Oess(N) # 0.

4.3. Proof of Theorem 4.1. The item ii. of Theorem 4.1 follows from Lemma 4.9.
For if we take a sequence of compact sets K1 C Ky C --- with N = U2, K;. Likewise we
have M = U;’;II?Z-, where K; = 7~ 1(K;). By the proof of (3.1) we have that inf ges(N) =
lim; oo A*(N\ K;) and inf oess (M) = lim;_ o0 )\*(M\I?Z) However, A*(N\ K;) = A*(M \
K;), by Lemma (4.9). Before we prove item i. we need the following lemma.

Lemma 4.11. Let 7: M — N be a Riemannian submersion with compact minimal fibers
F. If f € L*(N) and AN f € L*(N) then f € L*(M) and AMf = AN f € L*(M). In
other words, if f € Dom(AYN) then f € Dom(AM).

Proof. Let f: f o be the lifting of f. By Fubini’s Theorem we have

/M Fran = /N (/f J?dFy)dN = VOl(]:p)/NdeN < 0.

This shows that f € L2(M). To show that AM f € L2(M) we have to show that AM f =
Ev/f. Every ¢ € C§°(M) can be decomposed as ¢ = @1 + @2 where ¢ is constant along
the fibers F and (¢2)av = 0, see [28]. Moreover, ¢; and ¢4 have compact support. Observe
that we can define ¥: N — R by (n(p)) = ¢1(p) so that 1 = 12; By Lemma 4.7 we
have that AM 1 (p) = ANy (w(p)) for every p € M. By Corollary 4.6 [,, fAMpodM =0,
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therefore

/ fAMpdM = fAM o dM
M M

| 81N

/N(f ANy /F dF,)dN
= vol(F) / fANpdN

N

= vol(F) / Y AN fdN

N

/ (| wANfdF,)dN
N JF,

/ ol AN FdM
M

/ AN fdM
M

To show that 0,(N) C 0,(M) we take X € 0,(N) and f € L?(N) with —ANf = \f

in distributional sense. This implies that —AN f = )\fv. By Lemma 4.11, —AMf = )\f
showing that A € o,(M). To show that gess(IN) C Tess(M) we take p1 € Tess(N). Then,
there exists an orthonormal sequence of functions f; € Dom(A%) such that || — AN fi, —
pfellzz(vy — 0 as k — co. By Lemma 4.11, we have that fi € Dom(AM). Now

| — AMfr — Nﬁ“%z(M)

[ 13w
M

// | — AN i, — ufel?dF,dN
NJF,

— vol(F) [ |- AYf - ppay
N
= vol(Fy) | = AN fi. — uf ||2L2(N) — 0.
This shows that p € cess(M), the proof of Theorem 4.1 is concluded. O

Corollary 4.12. Let G be a Lie group endowed with a bi-invariant metric. Then, 0ess(G)
is empty if and only if for some (hence for any) compact subgroup K C G, the Riemannian
homogeneous space G /K has empty essential spectrum.

Apply Theorem 4.1 to the Riemannian submersion G — G/K, which has minimal and
compact fibers.

Other interesting examples of applications of Theorem 4.1 arise from non compact Lie
groups. Consider the 2 x 2 special linear group SL(2,R). There exists a 2-parameter
family of left-invariant Riemannian metrics ¢, ., with x < 0 and 7 # 0, for which
(SL(Z,R),ng) — H2 is a Riemannian submersion with geodesic fibers diffeomorphic
to the circle S'. An explicit description of these metrics can be found, for instance, in
[134]. Endowed with these metrics, SL(2,R) is one of the eight homogeneous Riemannian
3-geometries, as classified in [126], and its isometry group has dimension 4.
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Proposition 4.13. For all k <0 and 7 # 0,

7(SL(2,R), r7) = Tess (SL(2,R), g.r) = {_g,%@) ,

It is known that the spectrum O‘(HK) = Oess (HK) = [—g, +oo), see [52]. By Lemma 4.9

* ok _ _E
A*(SL(2,R), gr,r) = A" (H,) = T
hence o (SL(2,R), gx,r) C [—g, +oo). On the other hand, by Theorem 4.1
[,g, +00) = Gess (i) € Goss(SL(2,R), g7,

This proves the proposition.

5. CALABI-YAU CONJECTURES AND DISCRETE SPECTRUM

A particularly interesting problem in Riemannian Geometry is the spectrum related
part of the Calabi- Yau conjectures on minimal hypersurfaces. The Calabi-Yau conjectures
have their origin in two problems proposed by E. Calabi in the 1960’s, about the non-
existence of complete minimal hypersurfaces of R™ subjected to certain extrinsic bounds
([30], see also [44, p. 212]).

e (Calabi proposed the first conjecture as an exercise. He wrote: “Prove that any
complete minimal hypersurface in R™ must be unbounded.”

e The second problem, on the other hand, was proposed almost as an unlikely conjec-
ture. He wrote “A more ambitious conjecture is: a complete minimal hypersurface
in R™ has an unbounded projection in every (n — 2)-dimensional flat subspace.”

It is known by the work of L. Jorge-F. Xavier [84] and N. Nadirashvili [107] that both
conjectures turned out to be false. More precisely, Jorge-Xavier constructed a non-flat,
complete minimal surface lying between two parallel planes in R?, showing that the second
conjecture was false in general, whereas N. Nadirashvili constructed a bounded, complete
minimal immersion of the unit disk D into R, contradicting the statement of the first
conjecture. In his Millennium Lectures [138], [139], S. T. Yau, revisiting the E. Calabi
conjectures on the existence of bounded minimal surfaces, [30], [44], in the light of Jorge-
Xavier and Nadirashvili’s counter-examples, [84], [107] proposed a new set of questions
about bounded minimal surfaces of R®. Among the new questions one regards the spectrum
of bounded minimal surfaces, and among them he asked whether the spectrum of bounded
minimal surfaces of R? was discrete. Yau’s questions motivated the construction of a large
number of exotic examples of minimal surfaces in R? that followed from Jorge-Xavier and
Nadirashvili’s methods, see [2], [3], [4], [63], [92], [93], [99], [100], [101], [102], [132].

In this section we shed light on the essential spectrum of bounded submanifolds, in
particular, the spectrum of many examples constructed after the Calabi-Yau conjectures.
The new fact we found is that the size of the limit sets of bounded immersions plays an
important role in the existence of elements in their essential spectrum. Recall that the
limit set of an isometric immersion ¢: M — £ C N is the set

limp: ={y € Q; I{x,} C M divergent in M, s.t. o(z,) — y in N},
and that ¢ is proper in Q if and only if lim e C 9Q. We briefly recall the main sets of
examples that our main result applies.

(i.) For each convex domain £ C R3, not necessarily bounded or smooth, Martin and
Morales constructed a complete minimal disk ¢: D < € properly immersed into
Q, see [99].
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(ii.) M. Tokuomaru [132], constructed a complete minimal annulus ¢: A < R? properly
immersed into the unit ball of Bgs(1) C3.

(iii.) Martin and Morales [100], improved the results of [99], showing that, if  is a
bounded, strictly convex domain of R3, with 9 of class C*®, then there exists
a complete, minimal disk properly immersed into {2 whose limit set is closed to a
prescribed Jordan curve® on 0f).

(iv.) A. Alarcon, L. Ferrer and F. Martin [3, Thm B.], extended the results of [99] and
[132]. They showed that for any convex domain € C R?, not necessarily bounded
or smooth, there exists a proper minimal immersion ¢: M — € of a complete
non-compact surface M with arbitrary finite topology into €.

(v.) Ferrer, Martin and Meeks [63], improved the main results of [100], proving that
given a bounded smooth domain 2 C R3 and given any open surface M, there
exists a complete, proper, minimal immersion ¢: M — Q with the property that
the limit sets of different ends are disjoint, compact, connected subsets of 9€2. It
should be remarked that the Ferrer-Martin-Meeks’ surfaces [63] immersed into a
bounded smooth domain € can have either finite or infinite topology. They can
have uncountably many ends and be either orientable or non-orientable. Moreover,
the convexity of ) is not a necessary hypothesis, although they need its smooth-
ness. In fact, one can not drop the convexity and the smoothness of €2 altogether,
see [98] for a counter-example. They also prove that for every convex open set
Q) and every non-compact, orientable surface M, there exists a complete, proper
minimal immersion ¢: M —  such that lim ¢ = 99, see [63, Prop.1].

(vi.) F. Martin and N. Nadirashvili [102], constructed complete minimal immersions
@: D — R3 of the disk D C C, admitting continuous extensions %: D — R3 such
that Pjsp: 0D =S' — B(S') is an homeomorphism and $(S') is a non-rectifiable
Jordan curve of Hausdorff dimension dimy (#(S')) = 1. They also showed that
the set of Jordan curves B(S') constructed via this procedure is dense in the space
of Jordan curves of R? with respect to the Hausdorff metric.

(vii.) Alarcon proved in [2] that for any arbitrary finite topological type there exists
a compact Riemann surface M, an open domain M C M with this topological
type and a conformal complete minimal immersion ¢: M — R? that admits an
extension to a continuous map %: M — R? such that Plon 18 an embedding and
the Hausdorff dimension of B(0M) is 1.

We will address S. T. Yau’s question whether the spectrum of bounded minimal surfaces of
R3 is discrete or not. Bessa-Jorge-Montenegro in [19] gave a first answer to this question,
that applies to some of the examples quoted above.

Theorem 5.1 (Bessa-Jorge-Montenegro [19]). Let ¢: M — By(r) be a complete m-

submanifold properly immersed into a geodesic ball of a Riemannian n-manifold N, with

center at p and radius . Let b = sup K54, where K334 are the radial sectional curvatures

along the geodesics issuing from p. Assume that r < min{injy (p), 7/2v/b}, where m/2v/b =
400 if b < 0. If the norm of the mean curvature vector H satisfies,

sup |H| <m - Cy(r),
M

then M has discrete spectrum.

Here

Vbeot(vVbt), if b>0,
(74) Cy(t) =< 1/t, it b=0,
V—=bcoth(v/—bt), if b<O.

5A continuous embedding : S! — R3.
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Theorem 5.1 is consequence of a simpler general result.
Theorem 5.2 (Bessa-Jorge-Montenegro). If f: M — [0, A?) is a proper, C%-smooth func-
tion satisfying
(75) liminf Af > ¢ >0,

p(x)—o0
then oess(M) = (. Here p(z) = distps(x,0), 0 € M.
Proof. First, recall that oess(M) = 0 & lim A\*(M \ K;) = oo for any exhaustion sequence
1—> 00

of M by compact sets K1 C Ky C --- C K; C ..., see Proposition 3.1. Since f is proper
the sets {K; = f~1([0,sup f — 1/i])} form an exhaustion sequence of compact subsets of
M. We need to estimate \*(M \ K;) from below. Let g: M — [0,sup f] be a smooth
function defined by g(z) = sup f — f(z) > 0. By the generalized Barta’s Theorem 2.23 we
have that

Af c

Ag
MM\ K;)> inf ——2 = inf ——2 > _— =j.
MAK)z il == 21 ¢

Thus lim \*(M \ K;) = oc.
71— 00
]

Proof of Theorem 5.1. Tt suffices to produce a proper, bounded above, non-negative, smooth
function f: M — [0, A?) satisfying I%H)l inf Af >¢>0. Let ¢: M — By(r) be a proper
p(x)—o0

isometric immersion of a complete Riemannian m-manifold into a normal geodesic ball
of radius 7 < min{inj(p), 7/2vb} of a Riemannian manifold N, where p is the center of
the By (r) and b = supp, K4 assuming that 7/2vb = oo if b < 0. By the hessian
comparison theorem [69] we have that for py(z) = disty(p, x)

Hessy pi (2)(X, X) > Colpn (2)) {|X[* — (X, Vp)?}.
Define a function v: By (r) — R by v(y) = ¢p(p(y)), where ¢y, : [0,7] — R given by

{1 - cos(\/l;t)} /b, if >0, t<m/2Vb,
(76) Pu(t) = 4 /2, if b=0,

[cosh(\/fbt) - 1] J(=b), if b<O.
Observe that ¢(t) > 0 in [0,7), ¢5(0) = 0, ¢} (t) > 0 and ¢} (t) — Cp(t)¢y(t) = 0 in [0, 7].
Let f: M — R defined by f =vop € [0,¢p(r)]. The function f is smooth, non-negative,

bounded above and proper. Let us compute Af. Computing A f using Jorge-Koutrofiotis
formula [82] we have

Af(x) ZHGSSNU(@(CL'))(GZ‘7 e;)+(Vu, Za(ei, ei))
i=1 i=1

= " Hessyu(p(w))(ei &) + (V. H).
i=1

Where {e;} is an orthonormal basis of T, M. Computing Hessyv(p(z))(e;, €;) we have,
setting t = pn(p(2)),

Hessyv(o())(e1,e1) 1 (t) (e, Von)? + ¢ (t) Hessypn (i €;)

> ¢y (t)(ei Von)® + ¢ ()Co(t) [1 = (ei, Von)?]
= ¢(t)Co(t)
cos(Vbt), if >0,
(77) = t if b=0,

cosh(v/—bt), if b<0.
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Therefore,

m - @ (t)Cy(t) — ¢} (t) sup | H]|
= Gy(t) [m - Cy(t) — sup |H]].

Af(z)

v

Since f is proper we have that f(z) — ¢(r) when p(z) = dist(o,z) — oo. Therefore
Af(x) = ¢y(t) [m - Co(t) —sup [H|] — ¢y(r) [m - Cy(r) —sup [H[] > 0, when p(z) — oo
Set ¢ = ¢y (r) [m - Cy(r) — sup |H|] and Theorem 5.1 is proved. O

Despite the generality of this result, the “bounding” convex domains Q C R? were re-
stricted to geodesic balls. Moreover, properness was used in a fundamental way such that
it cannot be modified to deal with non-proper immersions. Here we will provide a sharp,
general criterion that applies to each of the examples in (i.), ..., (vii.) and answers Yau’s
question. In Theorem 5.6, we show that the spectrum of a bounded minimal surface is dis-
crete provided its limit set has zero Hausdorff measure of order W¥(t) = t?|logt|. Moreover,
we consider bounded immersions where the “bounding”set satisfies a weaker convexity no-
tion. On the other hand, the universal covering of Tokuomaru bounded properly immersed
minimal annulus ¢: A — R3, item (ii) [132], has limit set with Hausdorff dimension 2 and
by Theorem 6.13 it has essential spectrum not empty.

Definition 5.3. An open subset Q C N™ with smooth C*-boundary is strictly j-conve,
jeA{l,....,n—1}, if for every q € 09, the ordered eigenvalues &1(q) < -+ < &,—1(q) of
the second fundamental form o of the boundary 0) at q with respect to the unit normal
vector field v pointing towards Q satisfies £&1(q) + ...+ &(q) > 0. If for all ¢ € 0Q and
some constant ¢ > 0, the eigenvalues satisfy £&1(q) + ... +&;(q) > ¢, then we say that Q is
strictly j-convexr with constant c.

A result of J. Hadamard [76], states that if a compact immersed hypersurface M C R”
has positive definite second fundamental form at all p € M, then M is embedded as the
boundary M = 9N of a strictly convex body 2. In other words, a compact 1-convex subset
Q C R™ is a convex body in the sense that any two points in {2 can be joined by a segment
contained in €. The classical notions of convexity and mean convexity are respectively
1-convexity and (n — 1)-convexity. The following example due to Jorge-Tomi [83] shows
that a set can be 2-convex without being 1-convex. Let

T"(r1,79) = {(z,w) € R? x R"72: (|2 = r2)% + |w|* <r7}, 0<r <mg

be the solid torus homeomorphic to S' x B!, where B*~! is the unit ball of R*~!. It was
shown in [83] that T™ is 2-convex whenever this relation r; < r9/2 is satisfied. Regarding
these notions of j-convexity, we shall show that strictly j-convexity of an open set 2 with
constant ¢ > 0 and C3-smooth boundary 0 is equivalent to the existence of suitable
j-subharmonic C2-function f:  — R, see Lemma 5.13 for details.

Definition 5.4. Let Q C N be a bounded open set in a Riemannian manifold. For a given
r>0let T,(2) = {y € N: distn(y, Q) < r} be the closed tube around 2 and let

(78) b= Sup{KN(Z), A Tdiam(Q)(Q)}.

For each y € Q define r(y) = min{injy(y), 7/2Vb}, where w/2v/b is replaced by +oo if
b<0. Setr, =inf _,r(y). A bounded domain Q C N is said to be totally regular if
diamp (Q) < r,.

Example 5.5. Any bounded domain Q C N of a Hadamard manifold is totally regular.
On the other hand, Q@ C S™(1) is totally reqular if and only if diamgn1)(2) < 7/2.
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For b € R, define the function py: [0,00) — R by
1

—tan(Vbt), if b>0

7 (Vbt)
(79) wp(t) = t, if b=0

1

——tanh(v—0bt), if b<0

— tanh(vH)
See [105, Chapter 4] for the definition of generalized Hausdorff measures or simply the
U-Hausdorff measures Hy, where ¥: [0,00) — [0,00) is a continuous function. Our first
result in this section is the following theorem that gives sufficient conditions on the size of
the limit set of a bounded submanifold for its spectrum to be discrete.

Theorem 5.6 (Bessa-Jorge-Mari-[17]). Let ¢o: M — N be an isometric immersion of a
Riemannian m-manifold M into a Riemannian n-manifold N with mean curvature vector
H. Let us suppose that o(M) C §, is a bounded, totally regular, open subset of N and let
b be as in (78) and up as defined in (79). Assume that

m—1

m - py(diam(Q))
Define § = [m — 1 —m - py(diam(Q)) - [| H| L (ar)] > 0 and ¥ € C°([0,00) given by

(80) [H || Lo (ar) <

2, if 0>1
(81) U(t) =1 t*logt|, if O6=1
o+ if  6¢€(0,1).

If one of the following conditions holds
(1) limpn o =0 and Hy(limp) = 0,
(2) imp NN # 0, He(lime N Q) =0, Q is strictly m-convexr with constant ¢ > 0,
00 is of class C3 and the mean curvature vector H satisfies the further restriction

c
82 Hp < —
(82) 1H 2oy <
then the spectrum of —A is discrete.

‘We shall make few comments about Theorem 5.6.

e We remark that in item 2, the Hausdorff measure of lim ¢ N 92 does not need to
be zero. In particular, the examples of Ferrer, Martin, Meeks [63] of complete,
proper minimal immersions ¢: M — Q such that lim ¢ = 9Q C R3 have discrete
spectrum, provided {2 is strictly 2-convex. One illustrative example is the 2-convex
solid torus T?(ry,72), r1 < ro/2 described in [83]. If M is any open surface, then
there exists a complete, proper minimal immersion ¢: M — T?(ry, o), [63, Prop.
1], such that lim ¢ = dT?(r1,r2), hence by Theorem 5.6, item 2, its spectrum is
discrete.

e Our definition of 2 being totally regular implies that p,(diam(€2)) > 0 thus (80) is
meaningful, where b = sup{Kn(2), 2z € Tyiam()(2)}. However, if one knows only
an upper bound for the sectional curvatures by > b instead, then Theorem 5.6 is
still valid, provided pp, (diam(£2)) > 0.

e The case that lim N Q = ) is equivalent to the properness of ¢ in , therefore
the statement of Theorem 5.6 extends, (in many aspects), the main result of [19].

e Theorem 5.6 also applies to non-orientable manifolds M. In fact, its proof can be
applied to the two-sheeted oriented covering of M yielding the same conclusions.

e The Riemannian manifold M may be geodesically incomplete and the statement
regards the spectrum of the Friedrichs extension of A: C2°(M) — C(M).
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The minimal surfaces in the examples (i.), (ii.), (iii.) and (iv.) are properly immersed
in 1-convex domains € of R? whereas the minimal surfaces in (v.) are properly immersed
in smooth domains . In those examples limp N Q = () thus Hg(limp N Q) = 0. The
examples in (vi.) and (vii.) are bounded and lim ¢ is a non-rectifiable Jordan curve of
Hausdorff dimension 1. Thus Hy (lim¢ N Q) = 0 for ¥(¢) = ¢?|log(t)|. By Theorem 5.6,
all of those examples of (i.), (ii.), (iii.), (iv.), (v.), (vi).) and (vii.) have discrete spectrum,
provided € is bounded strictly 2-convex with C3-boundary. That can be summarized in
the following corollary as follows.

Corollary 5.7. Let o: M™ — N" be a minimal m-submanifold, possibly incomplete,
immersed into a bounded open m-convex subset Q0 of a Hadamard manifold with constant
¢ > 0. Suppose that 9 is C3-smooth and V(t) = t* if m > 3 and V(t) = t2|log(t)| if
m=2. If Hy(limp N Q) = 0, then the spectrum of —A is discrete. In particular, those
minimal surfaces constructed in (i.), (ii.), (iii), (iv.), (v.), (vi.) and (vil.) have discrete
spectrum provided Q is bounded, strictly 2-convez with C3-boundary.

Remark 5.8. The hypothesis concerning the measure of the limit set lim ¢ in Theorem
5.6 is sharp. Consider a bounded, complete proper minimal annulus ¢: M — B]FS (0)
as in [132] with lime N Q = 0, thus with discrete spectrum by Theorem 5.6 or [19,
Thm.1]. Considering the universal cover m: M — M and setting ¢ = @ om: M — R3
one has a bounded, complete minimal surface with non-empty essential spectrum. In
fact, if w: (M77r*ds2) — (M, ds?) is an infinite sheeted covering then the induced met-
ric m*ds? satisfies the “ball property”, see Definition 6.11, therefore the essential spectrum
of (Mﬂr*dsz) is non-empty, regardless the spectrum of (M,ds?). Observe that the im-
mersed submanifold have the same image (M) = qb(M) however, their limit sets are
different, lim ¢ # lim ¢ = ¢(M) and Theorem 5.6 could not be applied since the Hausdorff

dimension dimy (lim ¢ N BH§3 (0)) > 2.
5.1. Proof of Theorem 5.6.

5.1.1. Preliminaries. We will denote by ¢: M — N an isometric immersion of a complete
Riemannian m-manifold M into a Riemannian n-manifold N. The Levi-Civita connections
of N and M are denoted by V and V respectively. The second fundamental form o =
Vdpt and mean curvature vector H = tra/m. The gradient of a function g: N — R, is
denoted by Vg whereas V(g o ¢) = (Vg)' is the gradient of g o ¢, the restriction of g to
M. The hessian of g is denoted by Vdg and the hessian Vd(g o o) of g o ¢ are related by

(83) Vd(g o ) = Vdg + (Vdp™, Vg).

The symbol BY(x) denotes the geodesic ball of N centered at * € N with radius r.
However the unit ball B (0) of R2, will be denoted by D. Similarly, for X C N the
symbol TN (X), called the tube of radius r around X, denotes the open set of points

(in N) whose distance from X is less than r. Finally, denote by Rt = (0,+00) and
R{ = [0, +00).

5.1.2. Carathéodory’s Construction. In this section we shall review the notion of gen-

eralized W-Hausdorff measures. Here, we do follow the elegant exposition of P. Mattila, in
[105, Chap.4].

Definition 5.9 (Carathéodory’s Construction). Let X be a metric space, J a family of
subsets of X and ¢ > 0 a non-negative function on J. Make the following assumptions.
1. For every § > 0 there are Ey, Es, ..., € J such that X = J;=, E; and diam(E;) <
d.
2. For all § > 0 there is E € J such that ((E) < 6 and diam(E) < 6.
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For0 < éd < oo and A C X we define

CS(A) = inf {ZC(El) tAC U E;, dlam(El) < (S, E; € j} .
=1

i=1
It is easy to see that ((A) < (_(A) whenever 0 < e < § < co. Therefore,

HC (A) = ;lm Cs (A) = sup C& (A)
—0 5>0
defines the generalized ¢-Hausdorff measure H.

In this construction, let X be a complete Riemannian manifold M and let J be the fam-
ily of Borel subsets of M. Let ¥: [0,00) — [0, o) a continuous function such that ¥(0) = 0.
The U-Hausdorff measure is defined by Hy (A) = H¢(A) where ((A) = ¥(diam(A)) and it
is Borel regular, see [105, Thm. 4.2]. Taking J = {open subsets of M} instead of the Borel
sets and the same U, the generalized Hausdorf measures obtained by the Carathéodory
construction coincides, i.e they are the same W-Hausdorff measure Hy, see [105, Thm. 4.4].
The choice ¥(t) = ¢4, for some fixed 8 > 0, gives the standard S-dimensional Hausdorff
measure H,s = HP°.

Remark 5.10. If J is the family of geodesic balls of M, the resulting measure Hy does
not coincide, in general, with generalized Hausdorff measure Hy, see [105, Chap. 5.
However, if for some constant ¢ > 0 the following inequality holds U (2t) < c¢- ¥(t), then
Hy < Hy < cHy.

The first inequality Hy < Hy is obvious from the definition. To prove Hg < cHu
we proceed as follows. Since every open set E; is contained in a ball B,J,\J/_[ (x;) of radius
r; = diam(E};), we have that for every covering {E;} of A C M with diam(E;) < J that

+o0 too Lo
: 1 : 1 : M
; U (diam(E;)) > o z_; ¥ (2diam(E;)) = o Z; \Il(dlam(B,,j (5)))-
Taking the infimum, in the right hand-side, with respect to all covering {Bﬂ‘f (x;)} by balls
of diameter less than 20 and taking the infimum in the left hand side with respect of E;
we have (5 < ¢- (s, (( = ¥(diam). Letting ¢ | 0 we obtain the desired Hyg < cHy.

5.1.3. Strategy of proof of Theorem 5.6. Let M be a Riemannian manifold. To show
that —A has discrete spectrum we rely on the well known characterization (84) of the
essential spectrum, see [53], [114, Thm. 2.1], and Barta’s eigenvalue lower bound, see [13],
[22]. This characterization relates the infimum inf oess(—A) of the essential spectrum of
—A to the fundamental tone of the complements of compact sets. This is,

(84) inf ess(—A) = sup \*(M\K),
KCcM

where K is compact and \*(M\K) is the bottom of the spectrum of the Friedrichs exten-
sion of (—A,C*(M\K)), given by

[Vul?
A (M\K) = inf fM\Kﬁ 0#ueCEMK) Y.
fM\K u
On the other hand, Barta inequality gives a lower bound for \*(M\K) via positive func-

tions, this is

—Aw
M (M\K) > inf —— fi 2(M\K).
(85) (M )_A}[I{K ” or every 0 < w € C*(M\K)
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To prove that —A has discrete spectrum or equivalently, to prove that inf gess(—A) =
400, it is enough to find, for each small ¢ > 0, a compact set K. C M and a function
0 < we € C*(M \ K.) such that
—Aw,

We

(86) > c(e) on M\K,,

where c(€) — +o0o as € — 0. Each w,. will be constructed as a sum of suitable strictly
positive superharmonic functions, depending on a good covering of lim ¢ by balls.

5.1.4. Main lemma. Let ¢: M — N be an isometric immersion of a complete Riemannian
m~manifold M into a Riemannian n-manifold N, with mean curvature vector H. Let us
suppose that (M) C €, is a bounded, totally regular subset and let b = sup{Kn(2),z €
Taiam(e)(©)}. Fix @ > 0 such that (log(a))? > log(diam(f2)) and if b > 0, suppose in
addition that @ < min{m/3v/b, 7/2(1 4 0)v/b}. Recalling that

0= [m—1—m-pu(diam(Q)) - [ H| L ar)]
we have the following lemma.

Lemma 5.11 (Main Lemma). For each a€(0,a/3] and x € so that p(M) C Bé\{am(m (x)
if 0 > 0 there exists u € C*°(M) satisfying these three conditions.
i. u>0 and u(p) =0 if and only if p(p) = .
it Au> 0/3 on ¢ (BN (2)) if L (BY (@) 0.
ii. Au>0 on M.
iv.
Ca?, if 6>1
[ufl L (M) < § Ca?[logal, if 6=1

Caft1, if 0<f<1,

where C'is a positive constant depending on m, diam(S2), |[H ||z (ar)-

Proof. Fix x € Q such that p(M) C Bé\i’am(m (z) € BN (x). Thus, the distance function
p(y) = disty(x,y) is smooth (except at y = x) and the geodesic ball Bé\i'am(ﬂ)(x) is 1-

convex. In fact, by the hessian comparison theorem, [69],

= W (p)
(87) Vip = 300 (¢)—dp 2 dp).

where h: [0,00) — [0, 00) given by

% sin(Vbt), if b>0
h(t) = t, if b=0
\/1_7bsinh(\/—7bt), if b<O.

Let f € C2(N) be defined by f(y) = g(p(y)) for some g € C*(R{) that will be chosen
later. The chain rule applied to the composition f o ¢ € C?(M) implies that

Vd(f o) = Vdf(dp,dp) + df (Vde™h).

where V,V are the connections of M and N respectively and Vde= is the second funda-
mental form of the immersion. Let {e;,e,} be a local Darboux frame along ¢, with {e;}
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tangent to M. Tracing the above equality, it yields

(88)

A(fop)=> Vdf(ej e;) +mdf(H).
Jj=1

On the other hand

Vdf =g"(p)dp @ dp + ¢ (p)Vdp.

If ¢ > 0 and by (87)

(89)

= g'(p)l (p)
Vdf > =

) (<, ) —dp® dp) +9"(p)dp @ dp.

Using |dp| = 1 and by (89)

> Vdf(ej,e;) +mdf(H)

j=1

m

(m - i dp(e;)?) +9" 3 dple;)?

j=1

g/h/
h
+mg'dp(H)

,h, m h
£ (m =Y dple;)* = mo | H] )
j=1

Y

+9" > dple;)?
=1
=0

/h/ -
£ (=1 =y (diam () [ H | < ar) )

+g"> " dple;)?.
j=1

Y

g/h/ m )
= = 0+g"de(ej) .

Jj=1

In other words,

(91)

'n m
A(foyp) > Lh 0+9g"> dple;)*.
i=1

Define w: [0,00) — R by

{ (1-— m)(0 + )R/ (¢), if t <3a(l40)
0, if t > 3a(1486),

where 3a < a. Setting

(92)

We have that ¢ is solution of

(93)

h'(t)

g'(t) 0

0+ 4" (t) = w(t).

It is easy to show that g € C?([0,00)). From (93) we have that if ¢ < 3a(1 + ), then



SPECTRUM ESTIMATES AND APPLICATIONS TO GEOMETRY 37

" _ eh/(t) i S d 1
g'(t) = w(t)— W/o (1- m)@(h 0(s))ds,
(94) — W) — K1) + iﬁff()t) 0 RO (s)H ()

t ., On’ (t bs ,
= (1- 3—a)h (t) + h(eﬂ()()t)/o %ha(s)h (s)ds.

From (94) we have that ¢’ (t) > 0 if ¢ < 3a. Moreover, h/(t) > 1/2 if t < 3a. Then at any
2’ € (BN (z)) we have from (91)

AN m
Afop(a’) > gh 0+9">  dp(e;)?

h Pt
/ h/
2 g (ple(a)))5-plp(2))0,
(95) > (1= D0 plola)
L ()
= JU=50ra)
0
> 2,
-3

Decompose
M={yeM:q"(p(e(y)) >0} U{y € M: g"(p(¢(y))) <0} = AUB.

We have that inequality (95) shows that if 2’ € A then Afop(x) > 0. On the other hand,
at any point 2’ € B we have by (91) and by the fact that

m n m
Vo> =1="> dp(e;)* + Y dp(ea)” Z :
Jj=1 a=m+1 j=1
that
Afop(z) > ﬁo+g"2dpe
- h ] - j I
h/
> 9 /"
= 97 +g
(96) > w
> 0.

Observe that

()0 if 0<t<3a(l4+6)
(97) / h(s s)ds <

h(t1)Y*0, if t >t =3a(l+0).

Taking in account that ¢1 - ¢ < h(t) < ¢g - ¢, ¢ € [0, diam(Q)] for some positive constants
c1, co, we have the following upper bounds for g.
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IfO<t<t =3a(l+0),

o) = | t e { / Sh(U)ew(a)da} as

(98)

IN
c\
>
—
VA
S—
(ol
@

IN
S

If t >t = 3a(l

n
g(t) = /Oa @ [/Osh(a)%(a)da] ds+/at @ Uot h(o)%(a)do] ds

t
1
< h(s)ds + R0 (¢ /—d
< [ s nnen [
e 5 ST Ba(l+0)+0 [t

0),

< a
C1
b1
= CS'CL2+C4'CL(9+1)/ —ds
W S
ql—?
if 0>1
-1 1 >
< c3-a® +ey-alfY ¢ - |Inal, if 6=1
t1=¢  diam(Q)*~*¢
< if 0 <1.
=g~ 1-9g o " U0

We can deduce from (98) and (99) that there exists a positive constant C' depending on
m,diam(Q2),b and || H ||z as) such that

Ca?, if 6 >1
(99) 9]l o (0, diam(e))) < § Ca?|logal, ifg=1
Ca®*1, if 9 € (0,1).

Taking u = fop: M™ — R we have that
e By construction u(p) = 0 if and only if p(p) = =.
e By (95) and (97) we have Au > 0/3 on ¢~ }(BY(z)) and Au > 0 on M, respec-
tively.
e By (99) we have

||U||L°°(M) < ||f||L°°(go*1(Bé\§am(m(z))) = ||9||Loc([o,diam(9)])~

This proves Lemma 5.11. g

5.1.5. Strictly m-convexr domains. A strictly m-convex domain Q with constant ¢ > 0
is related to the existence of strictly m-subharmonic functions on €.

Definition 5.12. A4 C?-function ¢: Q — R is said to be strictly m-subharmonic with
constant ¢ > 0 if A1 (p) < Aa(p) < -+ < Au(p) are the ordered eigenvalues of the hessian
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Vdg(p), then there exists an € > 0 such that
M)+ Am(p) = e Yp e TN(0Q)={y € Nudisty(y,00) < ¢}

A(p)+-+Anlp) = 0, VpeQ.

Let 2 C N be a strictly m-convex domain of N with constant ¢ > 0 and T' = 99 of
class C3. Let t: N — R be the oriented distance function to I' with orientation outward
Q. This is,

—disty(y,0), if ye
(100) t(y) =
disty (y,00Q), if ye N\Q.

The oriented distance ¢(y) is Lipschitz in N and of class C? in a tubular neighborhood
Tejg (09) for some ¢g. Let as be the shape operator of the parallel hypersurface I'y = t~1(s),

|s| < ep with respect to the normal vector field —Vt. At each point of T'y there is an
orthonormal bases of TT s such that oy is diagonalized

oy = diag (€f7£§7 cee 752—1) )

where £ < &5 < ... <& _4. By the uniform continuity of each £ and the compactness of

TN (0%), for each § € (0,1) one can choose € small enough to have

)+ + &6y 2 oc
Vy € TN (09). Let €1 be a positive number so that

(101) €1 < min {]—a €0, HasHZolc(Telg(aQ))} :
Define ®.: N - R, 0 < e < ¢€/2, by
—2e, it t(y) < —2e
(102) Dc(y) = 3
2¢ [(i‘w + 1) — 1] , if t(y) > —2e.
€

The function @, is Lipschitz in N and C? in the tubular neighborhood TN (Q) = ¢~ ((—00, €9)).
For t(y) < eg, we can compute the gradient and the hessian of ®. as follows.
0, if t(y) < —2€

Vo (y) =

3 (t;zé) + 1) Vt(y), if —2e<t(y) < eo.

0, if t(y) < —2€

3 (%‘Z) + 1> Vdt(y)(X,Y),

Vde (y)(X,Y) = if —2e<t(y) <eo

€ 2¢

43 <t(y> n 1> X ()Y (2).

Writing Vd®,(y)(X,Y) = (S(X),Y), for an appropriate symmetric endomorphism
S: TN — TN, we have that for —2¢ < t(y) < 2¢, S(y) can be represented by a diagonal
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S(y) =diag <3 (75;32)4’ 1>2§§(y), 3 <tg’€')+ 1>2 ;_1(y),% <t§é) + 1))

3(t(2i)+1>2 §(y)—§ (téi)ﬂ) = 3(t(2i)+1> Kt(;i)+1> g;?(y)—j

matrix,

Since

1
< 6{2@61]
< 12 (fﬁ(y) - 2||atHLoo<ng<am>)
< 0.

We obtain A; < XAy < -+ <A, \j =3 (£ +1)¢&,7=1,...n—1, )\n(y):3<téy)—|—1>
€ €

with S = diag (A1, Ae,...\,). By Lemma 2.3 of [83], we have that for any subspace
V CT,N,y €T (00) and 1 < dimV =m < n — 1 that

Trace (Vd®(y)[V) > A(y)+ -+ An(y)

(103) > 3 <t<y) n 1>2 {gtw) NI ,St(y)}
— % 1 m
2
SN
Then

e If t(y) < 2¢, we obtain that, Trace(Vd®,(y)|V) > 0 and
o for |t(y)| < (1 —/5), we obtain,

Trace (Vd®,(y)|V) > 3(1 + V5)?6c/4.

This proves the following lemma.

Lemma 5.13. Let Q be a strictly m-conver, 1 < m < n — 1, with constant ¢ > 0. There
exists a Lipschitz function ®.: N — R, that is C? in T (), where 2¢ < €1, €1 is a positive
number depending on the geometry of 982, see (101), and such that

L @71 ((=00,0)) =Q, ®71(0) = 9Q.

2. || < 2€ in Q.

3. Trace (Vd®.(y)|V) > 3(1 + V3)2dc/4, for |t(y)| < (1 — V/5) and any m-subspace
V CcTyN.

4. Trace (Vd@e (y)|V) >0, in Q for any m-subspace V. C T, N.
In other words, ®. is strictly m-subharmonic function with constant 3(1 + v/6)%dc/4.

We will need the following lemma for the proof of Theorem 5.6.

Lemma 5.14. Let ¢: M™ — N" be an isometric immersion such that there exists a
bounded, totally reqular, strictly m-convex domain @ C N with constant ¢ > 0 and C3-
boundary 0 such that (M) C Q, Hy(limp N Q) =0 and

m—1 c
104 H| 1~ in{————, —}
(104) I#llzee o) < mm{m - pip(diam(€2))’ m}

Take 6 € (0,1) such that
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and let € < €1/2 as above in Lemma 5.13. Then the function u: M™ — R given by
u = @, o, where O, is also given in Lemma 5.13, satisfies

(1) |u(z)| < 2€ for allz € M.
(2) Au(x) >0 for allz € M.

(3) Au(x) > Cs, if |t(p(z))] < e(1 —5), where Cs = 3c-5- (1 —6) - (14 6)?/4.
4) e(M)Nnot=0.

Proof. Taking u = ®, o ¢ the item 1. holds by the item 2. of Lemma 5.13 and the fact
that (M) C Q. On the other hand, we have by (103)

Au(z) = Trace (VAP |T, M)+ < VO, mH >
2 2
(L 1) sem g (KD 1
2e 2e

= () s

> 0.
This proves item 2. If [t(¢(x))| < €(1 — V/3) we get

(105)

Y

(106) Au(z) > Z(H\/S)?u—a)ac

and that proves item 3. If there exists a z € o~ (p(M) N OQ) then Au(x) > 0 by (105).
On the other hand w has a maximum at = therefore Au(zx) < 0 a contradiction. This
proves item 4 and finishes the proof of Lemma 5.14. O

5.1.6. End of the proof of Theorem 5.6. Theorem 5.6 states that if o: M — N is an
isometric immersion of a Riemannian m-manifold M into a Riemannian n-manifold N
with mean curvature vector H such that (M) C Q, is a bounded, totally regular, open
subset of N and let b be as in (78) and u; as defined in (79). Assume that

m—1
m - pp(diam(Q))
Define 6 = [m — 1 — m - pp(diam(2)) - | H|| < (ar)] > 0 and ¥ € C([0, 00) given by

(107) | H || oo (ary <

2, if 9>1
(108) U(t) =< t*logt|, if 6=1
o+ it 6€e(0,1).

If one of the following conditions holds
(1) limpN o = 0 and Hy(limp) =0,
(2) limpN o #£ 0, He(limp N Q) = 0, Q is strictly m-convex with constant ¢ > 0,
09 is of class C2 and the mean curvature vector H satisfies the further restriction

C
109 H 1o < —,
(109) | H || oo (1) -

then the spectrum of —A is discrete. To prove this result we proceed as follows.

Let ¢: M — N be an isometric immersion of a Riemannian m-manifold M into a
Riemannian n-manifold N with mean curvature vector H. Suppose that ¢(M) C Q
for a bounded totally regular subset 2. Let b = sup{Kn(2),z2 € Tgiam)(Q)} and
| H| oo (ary < (m —1)/m - pp(diam(€2)). First we will prove Theorem 5.6 under the as-
sumptions of item 1. Suppose that Hg(lim ¢) = 0. Choose a positive number @ > 0 such
that (log(a))? > log(diam(Q)) and if b > 0 take @ < min{r/3vb, 7/2(1 + 6)v/b}, where

0 =m — 1 — mpu(diam ()| H| = (ar)-
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Observe that Q2 C Bé\i’am(m(xo) for xg € Q. Then choose r; < diam(2) such that the 2r;-
tubular neighborhood T5,, (lim ¢) C Bé\{am(m(xo). Fix € € (0,71). Since Hyg(limp) = 0

and Remark 5.10, there is a > 0 and a countable covering of lim ¢ by geodesic balls
B, = B(Il\jf_ (y;) C N of radius 2a; < a < min{ry,a/3} such that

(110) lime C UB]- and Z\I!(Zaj) <e.
J J

Since lim ¢ is compact we can extract a finite sub-covering {B; }le of lim ¢ such that
(110) holds, and each B; C Tb,, (limy) for all j = 1,...,k. Applying Lemma 5.11, we

construct, for every j =1,...,k, a function u;: M — R such that
u; >0, wu;(p)=0 if and only if ©(p) = y;,
(111) 5]l oo (ar) < CU(2ay),

Au; >0 on M, Au; >0/3 on ¢ (By),
where C' is positive constant depending on m,diam(Q), || H || e (ar)-
Let w, = Z?;l(QHUjHLOO —u;) > 0. By the boundedness of ¢(M) the set

k1

K. :M\Qpil( U BJ)
j=1
is compact in M. Now, by (2.21) the fundamental tone
Ay w,

*(M\ K.)> inf (—
A" (M \ 6)—1\}{1&( w,

).

Let g € M\ K. then ¢(q) € Uflzl Bj. Let j' be so that ¢(q) € Bj. Then Apruj(q) >
0/3 and Apu;(g) > 0 for all other j's. Therefore,

Aw1 Z j Aj\/luj (q)
_ (q) > =y M a7
w, 2305 |
(112) > AMU_,»/(Q)
- 2C Zj V(2a;)
0
> —.
— 6Ce

6
Here C = C(m, Ry, |H| o (ary). This shows that \*(M \ K.) > 6Cc for each € € (0,71).
€
Therefore \*(M \ K.) — 400 if € = 0 and proves item 1.

To prove item 2. we recall that we have an isometric immersion ¢: M™ — N™ of a
Riemannian manifold M into a Riemannian manifold N with mean curvature vector H
such that (M) C Q, a totally regular, strictly m-convex domain with constant ¢ > 0
and C3-boundary 9Q and ¥-Hausdorff measure Hg (lim ¢ N Q) = 0. The mean curvature
vector is assumed to satisfy [|H||,«,,, < min{(m —1)/m - py(diam(Q2)), ¢/m}. We may
assume that lim ¢ N OQ # 0, otherwise we can apply item 1. By Lemma 5.14, there exist
positive numbers § = §(¢), Cs > 0 and €; = ¢1(Q) such that for any € < €;/2, there exists
a C? function u: M — R, such that

1. u=1(~00,0)) = M.
2. |u(x)] < 2ein M.
3. Au(z) >0 for all z € M.



SPECTRUM ESTIMATES AND APPLICATIONS TO GEOMETRY 43

4. Au(z) = Cs, if () € T, _ /5)(092).
Fixonee, 0 < e <e/2and set K =limo\T, /5 (0€2). We have K C lim N2 compact
He(K) = 0. By the first part of this proof we have finite functions u;: M — R and balls
B; C Q (covering K) such that (110) and (111) holds. Take w, = 25;1(2”%—”“@ —u;) >0
(related to K) and u: M — R given by Lemma 5.14. Define w : M — R by

w(z) = wi(x) + € — u(z), reEM

and
Ke=M\ ™ ((UL1B) UT, 5 (00)
The set K, is compact and for x € M \ K. we get

—Aw > ¢y = min{g,c(;} > 0.

Since 0 < w(z) < (2C + 3)¢, © € M, we get
Aw co
Bl S —
w — (2C + 3)e
Then A*(M \ K.) — oo if ¢ — 0 what proves item 2.

6. NONEMPTY ESSENTIAL SPECTRUM

As a counterpart of Theorem 5.6, in this section we study conditions under which the
essential spectrum oess(M) is nonempty, and in particular when it contains (or coincides
with) a half-line [¢,4+00). The problem captured the attention of researchers since the
seventies, and generated a vast literature which we barely touch in this survey. The
importance of this investigation has been highlighted, for instance, in S.T. Yau’s lectures
[140]. We first made a brief account of the state of the art in the intrinsic case, and
then we move to the case of immersed submanifolds, where we describe in detail our main
contributions.

To begin with, we recall that the well-known Weyl’s characterization for the spectrum
implies the following

Lemma 6.1. [50, Lemma 4.1.2] A number A € R lies in o(M) if and only if there exists
a sequence of nonzero functions u; € Dom(—A) such that

(113) |Au; + Aujlle = 0(||uj||2) as j — +oo.

As already underlined, characterizations of the whole o(M) are known only in few
special cases. Among them the space forms M} of curvature —x < 0, for which

—1)2
(114) o(M™) = [W,-{-oo).
Hereafter, given a complete Riemannian manifold M™, with p(x) we denote the distance
of x from a fixed reference origin o € M. The approach to guarantee that o(M) = [¢, +00),
for some ¢ > 0, usually splits into two parts.

1) The first one is to show that info(M) > ¢ and, if ¢ > 0, it requires in general
binding conditions such as those guaranteeing the Laplacian comparison from be-
low for Ap. In particular, it requires o to be a pole for M. For instance, see [104],
[22].

2) The second one is to produce a sequence of approximating eigenfunctions like in
lemma 6.1 for each A > ¢. This step is accomplished by considering radial functions
of compact support, and, at least in the first results on the topic like the one in
[52], uses the comparison theorems on both sides for Ap. Therefore, the method
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needs both a pinching on the sectional curvature and, again, the smoothness of p,
that is, that o is a pole of M (see [52], [62], [141], [90] and Corollary 2.17 in [26]).

The prototype example of the above technique is H. Donnelly’s result in [52], which states
that o(M™) = o(N) provided that o is a pole and Kaq(x) — £ < 0 as p(z) — +oo.

Taking into account that the pole requirement is a severe restriction, since then various
efforts were made to weaken both the curvature and the topological assumptions, and
especially criteria to guarantee that a half-line [c,+00) belongs to o(M) (actually, to
Oess(M)) have been extensively investigated. We remark that the decomposition principle
by Donnelly-Li [53] states that the essential spectrum just depends on the geometry of
M outside a compact set, thus 2) is expected to require just conditions at infinity on
M. For instance, as observed in [88, 89] the need for a pole can be replaced by the
existence of a relatively compact, mean convex, smooth open set €2 such that the normal
exponential map realizes a global diffeomorphism 9Q x R — M\Q. Conditions of this
kind seem, however, unavoidable for the the techniques in the aforementioned papers to
work. However, curvature assumptions to establish Step 2 can be drastically weakened:
in [89], H. Kumura was able to replace the two-sided pinching on the sectional curvature
with a combination of a lower bound on a suitably weighted volume and an LP-bound on
the Ricci curvature.

From another perspective, in [106] the authors considered a class of complete manifolds
where an assumption like Donnelly’s one in [52] is given just in a non-compact “drop-like”
region {2 C M. Under suitable conditions on the metric and on the spike of the drop, they
showed that oess(M) contains a half-line [¢, +00), for an explicit ¢. This applies to show
that, for instance, a horoball  C H™ has the same spectrum® of the whole H™.

When the distance function (from a point, or from 9) is not smooth, radial functions
in general cannot belong to dom(—A). However, one can produce “radial” eigenfunctions
of the form u; = 1;(vy) provided that there exists an exhaustion v € C?*(M\Q) with
properties that mimic those of a good distance function at infinity. General function-
theoretic criteria in this spirit were developed by H. Donnelly [55] (¢ = 0), and K.D.
Elworthy and F-Y. Wang [60] (¢ > 0). In particular, as a corollary of the main criterion
in [55], a manifold with Ric > 0 and maximal volume growth (that is, vol(B,) > Dr™ for
some D > 0) satisfies o(M) = [0, +00). It is important to observe that no pole assumption
is required in Donnelly’s paper and, as far as we know, it is the first result of this kind
in the literature. Since then, major recent improvements have been made in a series of
papers ([130], [137], [95], [32]), whose guiding idea is to replace the L?-norm in (113) with
the L'-norm. The starting point is the following result of K.T. Sturm:

Theorem 6.2 ([130]). Let M be a complete non-compact manifold with Ric > —K for
some K > 0. If the volume of M grows uniformly subexponentially”, then the LP-spectra®
are the same for all p € [1,+o0].

As first pointed out in [137], the key fact here is that in the computation of the L!
spectrum one can effectively use smoothed distance functions to construct a sequence
{u;} that satisfy [[Au; + Aujlj1 = o(||uj]l1) as j — +o0. In this way, in [137], [95] the
authors proved the following striking

Here, o(M) for incomplete M is defined as the spectrum of the Friedrichs extension of (—A, CS°(M)).
"We say that the volume grows uniformly subexponentially if for each € > 0 there exists Ce > 0 such
that
vol(B(z)) < Cee®"vol(B1(z)) Vaoe M.

8Denoting with Ay the Laplace operator on L2, the semigroup e22 extends to a strongly continuous
contraction semigroup Tj, on LP(M) for all p € [1,400). By definition, the LP-spectrum is the spectrum
of the generator A, of T}, and A is the adjoint of Aj.
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Theorem 6.3 ([137, 95]). Let M be complete and suppose that
(115) liminf Ric, =0

p(x)—+o0

in the sense of quadratic forms. Then, o(M) = [0, +00).

Besides on [55], this result improves on [90] and [62] (see also Corollary 2.17 in [26]),

where M was assumed to have a pole. Further refinements of (115) have been given in
[32].
In some instances, the uniformity of the subexponential volume growth in Theorem 6.2
is quite difficult to check. This is the case of gradient Ricci solitons or of proper self-
shrinkers of the mean curvature flow in R™, for which partial results in [95] suggest that
o(M) =[0,400). In [32], N. Charalambous and Z. Lu proved an important generalization
of Weyl’s criterion that allowed them to deal with these relevant examples:

Theorem 6.4. Let M be a complete manifold, and fixt X € Ry . If there exists a sequence
{u;} C dom(—A) such that

lujlloc - |Au; + Auglle = o(llusll3) — as j— +oo,
then A € o(M).

We observe that dom(—A) and o(M) are referred to the L2-spectrum. This criterion
is quite flexible: it allows, for example, to replace (115) by the weaker conditions

liminf Ric(Vp,Vp) >0 and

p(x)——+o0

=0

either vol(M) = 400 or lim — log(vol(M)\vol(B;))

r—>+00 r
where p(x) is the distance from some origin o and x ¢ Cut(o). As another relevant
application, we quote the following beautiful result by L. Silvares [128], that improves on
[32, 95]. We recall that a weighted manifold (M, g, f) is a Riemannian manifold (M, g)
endowed with a reference function f, and that its Bakry-Emery Ricci tensor is defined as

Ricy = Ric + Hess f.

Theorem 6.5. [128] Let (M, g, f) be a complete weighted manifold. If Ricy > % and
V12 < £, then o(M) = [0, +00).

Remark 6.6. For weighted manifolds, similar question can be asked for the spectrum of
the drifted Laplacian Ay = A —(V f, V-), and the situation is quite different from that for
A. Interesting results can be found in [128, 43].

A typical case when the assumptions in Theorem 6.5 are met is that of shrinking Ricci
solitons, for which up to rescaling g and translating f, Ricy = % and |V f|? < f. Therefore,
the spectrum of a complete, shrinking Ricci soliton is [0, +00), as shown in [32] (and, under
a further growth condition on f, in [95]).

Another class of manifolds that share a great similarity with shrinking Ricci solitons is
the class of self-shrinkers for the mean curvature flow. We recall that X : M™ — R" is
called a self-shrinker if its mean curvature vector satisfies

H=_2_
2

X+ being the orthogonal component of the position vector. If X is proper, the function
[ = |X|*/4 is a proper exhaustion satisfying |V f|> < f. Although it is not true that
Ricy > %, nevertheless one can still prove the following result:

Theorem 6.7. [127] If M — R™ is a properly immersed self-shrinker for the mean cur-
vature flow, then o(M) = [0, +00).
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In all of the examples, the fact that o(M) = [0,+00) depends on the existence of an
exhaustion 7 such that |Ay| and |V+|? — 1 are suitably small in an integral sense, coupled
with a subexponential growth of V(r) = vol({y < r}) (if V(oco) = o0) or otherwise
a subexponential decay of V(co) — V(r), in the spirit of Donnelly and Elworthy-Wang’s
criteria (and its L'-versions in [32]). In the lack of subexponential volume growth, without
the pole assumption very few is known, and is still the subject of an active area of research.
It has been conjectured in [32] that if M is complete with vol(M) = +oo, condition
Ric > —K for some K > 0 imply that the essential spectrum is [¢, +00), for some ¢ > 0.
Note that the requirement vol(M) = +oo is needed in view of the examples constructed
by J. Lott in [94]°. However, very recently, in [124] the authors showed that the above
conjecture is false. More precisely, they proved the following beautiful:

Theorem 6.8. Let (M,gg) be a complete, noncompact Riemannian manifold, and let
n € N. If go has bounded curvature and positive injectivity radius, there is a metric g on
M such that (M, g) has bounded curvature, positive injectivity radius and, for the Laplacian
of the metric g, oess(M) has at least n gaps.

In particular, Riemannian coverings (M, go) of compact manifolds satisfy the assump-
tions of the theorem. In view of this result, one can ask whether the gaps stay below some
fixed threshold. We are tempted to suggest the following

Conjecture 6.9. Let M be a complete manifold with Ric > —(m — 1)k for some k > 0.
If vol(M) = 400, then

Gess (M) [(’”‘4”2“,%) |

6.1. Immersed submanifolds, I: the ball property. We now move to investigate
more closely the spectrum of isometrically immersed submanifolds, in particular minimal
ones. As in the case of shrinking Ricci solitons and self-shrinkers, it may happen that
o(M) = [0,+00) even without a good control on the curvature. Another example, which
we think to be quite curious, is that of graphs, for which we have the following recent
result:

Theorem 6.10 (Matos-Montenegro [103]). The spectrum of any complete smooth graph
over a domain Q@ C R™ is [0, +00).

Note that no assumption is required on the graph function. In particular, if Q # R™,
the graph may oscillate fastly when approaching 9€2. Another examples for which o (M) =
[0, +00) but no reasonable control on the curvature is available are described in (7.1), and
are a consequence of a simple but flexible criterion, called the ball property, which we now
describe. We begin with the following

Definition 6.11. A Riemannian manifold M has the ball property if there exists R > 0
and a collection of disjoint balls { BN () jr:‘xf of radius R centered at x; such that for
some constants C' >0, § € (0,1), possibly depending on R,

(116) Vol(Bjk(z;)) = C~'Vol(By (z;))  VjeN.

Observe that (116) is not a doubling condition since it needs to hold only along the
sequence {x;} and the constant C' may depend on R. The importance of the ball property
is that its validity implies that the essential spectrum is nonempty.

9The volume condition was absent in the original formulation of the conjecture in [32], but was pointed
out to us by the authors themselves after they discovered J. Lott’s paper.
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Theorem 6.12 (Bessa-Jorge-Mari-[17]). If a Riemannian manifold has the ball property
(with parameters R,9,C'), then

. C
(117) inf gess(—A) < m

The well-known Bishop-Gromov volume comparison theorem, see [27], [75], [115], shows
that any complete non-compact Riemannian m-manifold M with Ricci curvature bounded
from below has the ball property, therefore it has non-empty essential spectrum. This
was known to H. Donnelly, that proved sharp results in the class of manifolds with Ricci
curvature bounded below. Donnelly showed that the essential spectrum of a complete
non-compact Riemannian m-manifold M with Ricci curvature Ricys > —(m —1)¢? > —c0
intersects the interval [0, (m — 1)2¢?/4], [52, Thm. 3.1]. However, there exist examples of
complete non-compact Riemannian manifolds with the ball property and inf Ric = —oo.
For instance, the examples of Jorge-Xavier of minimal surfaces between two parallel planes
that have Ricci curvature satisfying inf Ric = —oo, see [20], [120] and some of them have
the ball property and therefore have non-empty essential spectrum. H. Rosenberg and E.
Toubiana, in [121], constructed a complete minimal annulus between two parallel planes
of R3 such that the immersion is proper in the slab. The Jorge, Xavier’s and Rosenberg,
Toubiana’s examples are constructed with a flexible method depending on a chosen set of
parameters and we will show that, depending on this choice of parameters, the spectrum
of the complete minimal surfaces immersed in the slab can be the half-line [0, 00).

Other examples of manifolds with the ball property are, for instance, the non-proper
submanifolds with locally bounded geometry. An isometric immersion ¢: M — N is said
to have locally bounded geometry if for each compact set W C N there is a constant
A = A(W) such that

ol oo (o1 (wy) < A

Here «, is the second fundamental form of the immersion .
To complete this section about the ball property we will prove the following result about
the spectrum of non-proper submanifolds with locally bounded geometry.

Theorem 6.13 (Bessa-Jorge-Mari-[17]). Let ¢o: M — N be an isometric immersion with
locally bounded geometry of an open Riemannian m-manifold M into a complete Riemann-
ian n-manifold N. If the immersion is non-proper, then M has the ball property. Thus,
it has non empty essential spectrum.

6.2. Proof of Theorem 6.12. In this section we show that the ball property, introduced
in Definition 6.11, implies the existence of elements in the essential spectrum of —A. Let
M be a Riemannian manifold with the ball property, this is, there exists R > 0 and a
collection of disjoint balls { By (2;)}32, such that for some constants C' > 0 and 4 € (0, 1)
the inequalities

vol(B(z)) > C~'vol(BY (), j=1,2,...

hold. For each j, define the compactly supported, Lipschitz function ¢;(z) = ((p,(x)),
where p;(z) = dist(z, z;) and

1, if t<oR.
R—t

R(1—0)’
0, if ¢t>R

(118) C(t) = if tel[0R,R].
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1
Observe that |('] < m By the ball property (116),
I\(9j,¢;) = / Vo;l® *A/ ¢;
B (z5) By (z;)
Vol(BM (z;
(119) < R2((1R—(6)j?)) — Avol(Bjg(x))
1
< Vol(B¥(2;)) [ 55+—=5 — AC 1
= Vo ( R (.’17])) <R2(1 — 5)2 AC )
< 0,

provided that A > C/(R%*(1 —6)?).

Since {¢,} span an infinite-dimensional subspace of the domain of —A, the Friedrichs
extension of the operator —(A + A) has infinite index, or equivalently, —A has infinite
eigenvalues below A, for each A > C/(R(1—4§))?. By the Min-Max Theorem, see [52, Prop.
2.1 & 2.2 ], [116, Section 3], the inequality inf oess(—A) < C/(R(1 — 6))? follows.

Remark 6.14. In virtue of the well known Bishop-Gromov volume comparison theo-
rem, [27], [75], [115], all Riemannian n-manifolds M with Ricci curvature bounded below
Ricyr > —(n — 1)k? has the ball property. In fact, if we denote by Vol.(r) the volume
of a geodesic ball of radius r in the hyperbolic space HJ: of constant sectional curvature
k. By the Bishop-Gromov volume comparison theorem, the ratio Vol(By(x;))/Vol.(r) is
non-increasing on [0, R]. Hence, for each 6 >0

Vol (BM,(z,)) > Yo(0F)

> Yol () VOUBR (1) = C(6.R)™!Vol(BY ().

7. JORGE-XAVIER & ROSENBERG-TOUBIANA MINIMAL SURFACES

We will need to give a brief description of the complete minimal surfaces between two
parallel planes, constructed by Jorge-Xavier in [84]. They constructed complete minimal
immersions of the disk ¢: D — R3 with R, ¢(M) C {(z,y,2) € R3: |2|] < 1}. Let
{D,, C D} be a sequence of closed disks centered at the origin such that D,, C int(Dy41),
UD,, = D. Let K,, C D,, be a compact set so that K,,ND,,_1 = ) and D,,\ K,, is connected
as in the figure 1. below.

Fig. 1. The compact sets K.

By Runge’s Theorem, [80, p. 96], there exists a holomorphic function k: D — C such that
|h — cn| < 1 on K,, for each n. Letting g = ¢ and f = e~" and setting

by the Weierstrass representation, one has that ¢ = Re [¢: D — R? is a minimal surface
with bounded third coordinate. Let r,, denote the Euclidean distance between the inner
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and the outer circle of K,, and for each n choose a constant ¢,, such that

+oo +oo
(120) Z rpefn Tt = 400, Z et = 400,
n even n odd

Condition (120) implies that this minimal surface is complete.
The induced metric ds? by this minimal immersion is conformal to the Euclidean metric
|dz|? given by ds? = A\?|dz|?, where

1 —h(z
(121) Az = 5 (1M1 +1e7)) .

The choice of the compact subsets K, C D,, with width r, and the set of constants c,
satisfying (120) and yielding a complete minimal surface of R? between two parallel planes
is what we are calling a choice of parameters, ({(r,c,)}), in Jorge-Xavier’s construction.
We should give a brief description of Rosenberg-Toubiana construction of a complete
minimal annulus properly immersed into a slab of R3, see details in [121]. They start
considering a labyrinth in the annulus

A(l/e,c)={z€C:1/e<|z|<c}, e>1

composed by compact sets K, contained in the annulus A(1,¢) and compact sets L, =
{1/z: —z € K,} contained in the annulus A(1/c, 1) as in the figure 2. below. The compact
sets L, are converging to the boundary |z| = 1/c and the compact sets K, are converging
to the boundary |z| = c.

They needed two non-vanishing holomorphic functions f,g: A(1/¢,¢) — C, in order
to construct a minimal surface via Weierstrass representation formula, so that the result-
ing minimal surface is geodesically complete and properly immersed into a slab. They
construct f and g satisfying f(z) - g(z) = 1/z where |g(2) — €***| < 1 on K, and
lg(z) —e™2¢"| < 1 on L,, where {c,} is a sequence of positive numbers such that

oo o0
E rpe’én = oo, E speZn = 0o
n n

and r, and s, are the width of K,, and L, respectively. The induced metric by the
immersion on the annulus A(1/c, ¢) is ds? = A\?|dz|? where

A= (o 1))

) 625” 1 9
122 e > 1+ >A> — (e*" —1
(122) > (1457 ) 2z g e -
The choice of parameters {(ry,cy,)} in Jorge-Xavier's construction or {(r,,sn,cn)} in
Rosenberg-Toubiana’s construction gives information about the essential spectrum of the
resulting surfaces. In the next result, set A, := sup,¢ g, A(2).

On K,, we have

Theorem 7.1 (Bessa-Jorge-Mari-[17]). Let p: Q — R? be either Jorge-Xavier’s or Rosenberg-
Toubiana’s'® complete minimal surface immersed into the slab with defining parameters
{(rn,en)} or {(rn,sn,cn)}.  If limsup Ay, = 00, then oes(—A) = [0,00). And if
limsup Ap,r, > 0, then (D) or o(A(1/c,c)) has the ball property, therefore oess(—A) # 0.

At points z € K,, we have elT¢n > \(2) > %ecn_l, therefore

et >\, > e /2e.

10Whether 2 =D or © = A(1/c, ¢)).
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If ¢, = —log(r?) we have that the parameters {(r,,c,)} satisfies (120) and \,r, =
1/(2ery,). Thus limsup A,,r, = oo yielding a complete minimal surface between two parallel
planes with spectrum o(—A) = [0,00). In the original construction in [84], Jorge-Xavier
choose ¢, = —logr, that yields e > r,\, > 1/2e and the resulting minimal surfaces has
nonempty essential spectrum.

7.1. Application of the ball property to minimal surfaces in the slab. In this
section we will show that, for a suitable choice of their defining parameters, the Jorge-
Xavier and Rosenberg-Toubiana complete minimal surfaces immersed into slabs of R3
have the ball property. Denoting by ¢: D — {(z1, 22, 23): |z3] < 1} and ¢: A(1/c/c) —
{(z1,22,23: 1/c < x3 < ¢} with parameters {(ryn,cn)}, {(*n,Sn,cn)} respectively, the
examples of Jorge-Xavier and Rosenberg-Toubiana, we shall show that with the choice
¢, = —log(r?), we have that 0 = inf oes(—A) in both surfaces. The induced metric
ds? in Jorge-Xavier minimal immersion is conformal to the Euclidean metric |dz|?. More
precisely, ds? = \2|dz|?, where

1 _
A= (et + 7).
At points of K,
elten >\ > lecnfl’
2
thus,

1
e?T2en|dz|? > ds? = N?|dz|? > 1620”72\dz|2.

Choosing ¢, = —log(r2) and letting I,, be the segment of the real axis that crosses K,
one has that the length ¢(I,,) of this segment in the metric ds? has the following lower and
upper bound

e? e !
- > ((I,) > rpent > —.
T Tn

2

Let p,, be the center of the I,, and denote by 3%32 (pn) and Bllgz‘ (pn) the geodesic balls
of radius R and center p,, with respect to the metric ds? and the metric |dz|? respectively.
Giving R > 0, there exists n, such that for all n > n, the geodesic ball BdRs2 (pn) C Ky,
-1

for all n > ng. Indeed, since r, — 0 as n — oo, just choose n, be such that T, < I
Moreover, these inclusions

dz|? s2 dz|?
BLQ/(leHCn)(pn) C B% (pn) C B‘QR/'(ecn—l)(pn)
holds. Therefore, for 6 € (0,1), we have

ds? |dz|?
volgs2(Bspg (pn)) 2> volgse (BaR/(ech)(pn))

1 _ dz|?
(123) > 1626" 2V01\dz|2(B(‘;R/I(ewcn)(pn))
1 dz|?
= @V01|dz|2(BtlsR| (pn))7
and
1 Bds2 < 1 B|dz|2
volgs2(BR (pn)) < volgse( QR/(ecn—l)(pn))
Cn dz|?
(124) < ¢ +2vol|dz\z(B'QR/‘(ecnfl)(pn))

| 2

4€4V01‘dz|2(352

(pn))
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From (123) and (124) we have

92 62 92
(125) VOldS2 (B(?R (pn)) > eﬁ . VOldSZ (B?% (pn))

This shows that Jorge-Xavier minimal surfaces with those choices of ¢,, above has the ball
property, (along the sequence p,,, for n > ng), with parameters R, § and C = ¢'°/§2. By
Theorem 6.12,
. C
inf oess(—A) < m
Letting R — oo, we conclude that 0 € ge55(—A).
Likewise, the induced metric in the Rosenberg-Toubiana’s complete minimal annulus

1 1
properly immersed into a slab of R? is A\?|dz|?, where \ = 0 <()| + |g(z)|> On K,
2l \g(z

2 < 1 + e20n S )\ S 1 ( % 1)
e*Cn — (e*Cn — .
z 3 ) =29

Letting I,, be the segment of the real axis crossing K,, and p, the middle point of I,
we have that the geodesic ball (in the metric ds?) with radius R > 0 and center p, is
contained in K, for sufficiently large n,

B (pn) C K.

we have

Moreover,
BT ) € B () € B ()
Thus o
volasa(BH; (pn) > volawe (B () > mvol|dz|z<BLd;'2<pn>>
and
4|c|?eten 2

IN

(Pn))-

ds? |dz|? |dz
VOldSZ (BR (pn)) S VOldSZ (Bezi‘nc‘ilR(pn)) mvol‘dzP(BR
Therefore, for n so that 1 —r, > 2/3 we have

2 52 2
volagz (Big (pn)) = Wvolds2(3?§ (Pn))-

This shows that Rosenberg-Toubiana minimal surfaces with those choices of ¢, have the
ball property, (along the sequence p,), with parameters R, § and C = 81|c[*/§%. By
Theorem 6.12,

. C

infoess(—A) < m
Again, letting R — oo, we conclude that 0 € o.ss(—A). This finishes the proof.

We conclude this section calling the attention to an example of a bounded minimal
surface p: M — R? with dimy(@(M)) = 3, which is not a covering and cess(—A) # 0.
P. Andrade [7], constructed a complete minimal immersion ¢: C — R?® with bounded
curvature with the property that ¢(C) was an unbounded subset of the Euclidean space
R3 with vol3(¢(C)) = co. In other words, he constructed a dense complete minimal
surface with bounded curvature thus, with the ball property. However, the restriction
of the parametrization of Andrade’s surface to a strip U = {z € C:|Rez| < 1}, yields
a bounded, simply-connected minimal immersion with the ball property and dense in a
bounded subset of R3. To give more details, we will keep Andrade’s notation, thus, here
and only here, H will be a holomorphic function.
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Example 7.2. Choose ri,79 > 0 such that ri/rq is irrational and r1/re < 1, and set
d = ry — r1. Define the map x: C — R3 = C x R, x(2) = (L(2) — H(2),h(2)), for the
following choice of holomorphic functions L, H and harmonic function h,

g

L(z) = (r1 —r2)e?, H(z)= —de(r2 )Z, and

h(z) =4 (%)1/2 |rg — 71 |R (ie;lez) ,

where K means the real part. Then, a straightforward computation gives that

ra
T1

/ / ! !/ ah ?

|L'(z)| + |H'(2)| > 0, L'H' = <az) on C,
the necessary and sufficient conditions on x to be a conformal minimal immersion of C
in R3. Restricting x to the region U = {u + iv: |u| < 1}, we get a bounded, simply
connected minimal immersion ¢ = X|y. For each fived u € (—1,1), p(u +iv) is a dense
mmmersed trochoid in the cylinder T, = [le(u)\BS2(u)] x (=l(u),l(u)), where s1, $2,1 are
explicit functions of u depending on 1 and ro. Therefore, lim ¢ is dense in the open
subset Uue(il’l) Iy of R3, which gives dimy (lim ) = 3. Moreover, the induced metric
ds? satisfies

ds?

(1| + [H'|)? |dz[>
(30’
|ro —r1]e* + de\™2 > |dz|?
4(1"2 —T1)2|d2‘2.

(126)

Y

2
Considering z, = 2ik € U, each of the unit balls B‘ldz‘ (z21) C U in the metric |dz|?
contains a ball Br(z;) in the metric ds? of radius at least R = 2|ro — r1|. Since the
sectional curvature of x satisfies

—4
1— L )y (Sr,l —1)u
K=—-¢ (e< 4"2) + coe\ 2 ) ,
for some positive constants ci,cs, and 1 — 2= and 3+

s e — 1 have opposite signs, then x

has globally bounded curvature. In particular, {Br(zk)} is a collection of disjoint balls in
(U, ds?) with uniformly bounded sectional curvature, therefore, oess(—A) # 0 on (U, ds?),
by Theorem 6.12 and Remark 6.14.

7.2. Proof of Theorem 6.13. Consider a non-proper isometric immersion ¢: M —
N with locally bounded geometry of a complete Riemannian manifold into a complete
Riemannian manifold N. We are going to show that there exists a sequence {z;} C M a
radius R, a constant C' > 0 and d € (0,1) such that

volar (Byk(x5)) = C~'voly (BR (x5)).

In other words, M has the ball property. Let yg € limy and let W C N be a compact
subset with yo € int(W). Let Ag = Ao(W) be such that [ay|[zeo-1w)) < Ao. The
Gauss equation and the upper bound supy, |Kn| < oo of the sectional curvatures of N on
W gives a positive number by > 0 such that
sup  |Ky(x)] < 2A2 +sup |[Kn| < b,
z€EP~H(W) w

where K; are the sectional curvatures of M. Therefore, each connected component U C
@ 1(W) has sectional curvatures uniformly bounded |Ky| < bg. Set

(127) 2rg = min{iw, (2A0) 1, by /% - cot 71 (1/(2v/bo)), distn (yo, N \ W)},
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where ¢, = inf{injy(z),z € W}. Let By = ?%(yo) be the closure of the geodesic ball of N
with radius 79 and center yo. There exists a sequence of points ¢; € M, g; — oo in M such
that ¢(g;) — yo in N. Passing to a subsequence if necessary, we may assume that ¢; € By
and g; # gj» if j # j'. Define py,: N — R by p,,(z) = disty(yo,2)?/2, z € N. Since
ro < injy (yo), the function z — py, (2) € C? if py, (2) < ro. If we let dy, () = disty(py) (0, 2)
be the distance to a origin 0 in a simply connected n-space form N™(by) of constant sectional
curvature by then by the hessian comparison theorem we obtain

1
Hesspy, (2)(Y,Y) = Hess§dbo(po7p)2(Y’,Y’)
(128) > /by cot(v/bo o) [Y'|?
1
Z 7‘Y|27
2

where dn(yo,2) = dp, (po,p) < ro, |Y| =Y, Y L Vp, and Y' L Vd;,. We need part of
the following result that might have interest in its own.

Lemma 7.3. Let r <r/8. Then

i. For each x € ¢~ 1(By) we have inj,, (x) > ro.

ii. Let U; be a connected component of ¢~ (BY (yo)) containing q;, then
distn (¢(21), p(22)) < distar(z1, z2) < 2disty (p(z1), (22)), V 21,22 € U.

Thus the map ¢y, : Uj — N is an embedding.

ili. Take x; € U; such that distn (o, ¢(z;)) = dista(yo, @ (U;)). If j is large enough
then B3I (z;) C U; C BN (z;).

Proof. Let © € ¢~ 1(By). Suppose that distys(x,cuty (z)) < 7. Let 2 € cuty(x) such
that dist (z, z) = distar(x, cutpr(z)). By (127), z is not conjugated to z, thus, there are
two distinct minimal geodesics «y; and 7, joining x to z, making a geodesic loop v = v U~z
based at x, [37, Lemma 5.6]. Since ro > distas(z, z) > disty (¢(x), ©(z)), the closed curve
©(7y) is the region in N where p,, is C?. The function h(s) = py, (¢(7(t))) has a maximum
at s = inj,,(x), however

h'(s) = Vdpy,(dey',dey') + (Vpy,, (', 7))
(129) Z 1/2 —7“0A0
> 1/4,  0<s < 2injy(x).

This contradiction proves item (). To prove (ii), let U; C ¢~ *(BY.(yo)) be a connected
component containing ¢;. Let 21,20 € U; and y1 = ¢(z1) and yo = ¢(22). Let 7(s),
s € [0,distar(21, 22)] be a minimal geodesic in M joining z; to zo. We may assume without
loss of generality that disty (yo,y1) < distn(yo,y2). Observe that we have py, (¢(7(s))) <
Pyo (y2) for all s. Otherwise, s — py,(¢(7(s))) has a maximum at some interior point
so € (0,distar(z1, 22)) and distn (Yo, ¢.(7(s0))) < ro. Taking the second derivative at this
point of maximum and we get a contradiction, as above, and that proves our assertion.
Moreover, s +— py, ((7(s))) is of class at least C2. Tt is clear that (py, (¢.(v(s))))” > 1/4
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for all s € [0, = distas(21, 22)]. Then

dist% (y1,y2)

Bl (e (1)

= Py, (9(7(0))) + toy, ((7(5))) [ s=0

+/0 (1 — 5) (pyl (@(’Y(St))))” ds

t2 !
> — | (1-s)ds

It follows that distas(2z1,22) < 2distn(p(21),¢(22)). To prove item iii. pick z; € U;
such that distn(yo, p(x;)) = dista(yo,v(U;)). We may choose j large enough so that
distn (yo, ¢(x;)) < 7. Let € BM (z;). Then

< disty(p(), p(x;)) + disty (o(z;), )
< disty(x,x;) +r
< 4r.

distn (#(), yo0)

On the other hand, let * € U then we have distp(z;,z) < 2disty(p(x;),p(x)) and

2distn (p(x;), p(x)) < 2 [disty (p(25), yo) + distn (yo, p(2))] < 10r.
By the Lemma 7.3, there exists a sequence x; € M such that

Byl (x;) C U; C Big,(x;), Vj.

Observe that disty(g;,y0) > disty (¢(z;),y0) — 0 as j — oo and then yo € lim . There-
fore passing to a subsequence we have that x; # z;4, for all k > 1. Recall that the
sectional curvatures of U; are bounded below Ky, > —bg. Let N™(—bg) the simply con-
nected space form of constant sectional curvature —by. Choose any 6 € (0,1). By the
Bishop-Gromov volume comparison theorem we have

Vol (B} (%)
V(B (1) 2 V)
3r

= C(by,m,6,3r) Vol (B (z;)).

This shows that M has the ball property with respect to the parameters {z;}, R = 3r,
c! = VOI(B§3T(7bO))/VOI(B§T (7b°)) and any 6 € (0,1). Since 3r € (0,3r¢/8) and
d € (0,1) we have by Theorem 6.12 (taking 6 = 1/2) that

256 Vol (BY (~bo)
nf o, (_A) < 26 VollBs, ")

9% vol(BYy, ;")

O

7.3. Proof of Theorem 7.1. To prove Theorem 7.1 we will apply the following propo-
sition derived from the Spectral Theorem, see details in [52, Prop.2], [67, pp. 13-15]. Let
M be a Riemannian manifold.

Proposition 7.4. A necessary and sufficient condition for (n — e, + €) N Oess(—A) #£
is that there exists an infinite dimensional subspace G, C D(—A) of the domain of —A,

for which ||(A +nI)Y| 2y < €llVll2any, ¥ € Ge.
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To show that 77 > 0 belongs to gess(—A) we need to take a sequence v,, — 0 as n — oo
and a sequence of functions v, € Cg°(M) satisfying |[(A + nI)¥nl r2(ar) < Vnll¥nllz2 ()
with suppy, Nsupp, = 0 if n #n'.

Consider a sequence of compact subsets K, C D, with Euclidean width r,, — 0 as
n — oo and the set of constants ¢, satisfying (120) in Jorge-Xavier’s or Rosenberg-
Toubiana’s construction. The induced metric on the minimal surface is conformal to the
Euclidean metric [dz|? on the disk D, this is ds* = A*|dz[®. Set A, = supg, A(z) and
Cn = M\/(infg,, A(2)) so that A,/ < A < A, in K,,. Let I,, be the segment of the real
axis that crosses K,,. The length {4, (I,,) of I, in the metric ds? has the following lower
and upper bound

AnTn

Cn

2
Let p,, be the center of the I,, and denote by st2 (pn) and Bldz‘ (prn) the geodesic balls of
radius ¢ and center p, with respect to the metrics ds? and |dz|? respectively. Denote by

<€ds( ><)\’I“n

Ald=l* and by dz, respectively the Laplace operator and the Lebesgue measure of R? with
respect to the metric |dz|? and denote by A% and by A?dz the Laplace operator and the
Riemannian measure on M with respect to the metric ds?. The Laplace operators Ald=l?
and A%” are related, on D, by Al = ;—zA‘dzﬁ. Given n > 0 and f € C(‘)’C(B‘Tiz‘z(pn)) be

2
a smooth function with compact support in B,lfiz‘ (pn) C K, to be chosen later. We have

that
2
1A f+nfllFzan = /B‘dz‘2 <)\2A|dz f+77f) Ndz
= (Aldzl f) da:+77/ ANz
/B‘dz () N Bl (p,)
2
*2”/‘(1 . A rdy
Brnz (pn
dz
< /BTdZ'Q )/\2 (A‘ lf) dz
(130) b [ L P
B'r'nz (pn)

2
+277C3L/ w2 fA\dzl fdz
Brn (pn)

Lo - 1) / VPP

2
B\dz\ (p’

= ( EONE, f+nf) X2da
Bl o\ An

Lon(2 - 1) / V142 2de
B

dz|2
19 (o)

Let us consider the ball B‘Adzr‘ (pn) = pn + B'dz| (0) c R? of radius \,7, and center
" (p) = B (pa) given by E(pn + 2) = pu + 2/A, and define

AnTn

h: B (p,) = R by h = fo& We have that Al4*h = Ald=" £(£)/)2 and the Jacobian
J(f)( ) = 1/A2. Making the change of variables x = £(y) we have that

L Aldz? \2de = Al=Pp 4 o) d

)

pn and the map &: B
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. |vldz\ fI2de = o, |V192°p)2d2.

AnTn

B|dz

Thus from (130) and the change of variable above we have the following inequality

&2 z|?
||Ad f"r??f”L"‘(M) < Cn”Ald | h+nh||L2(B‘dzl2(pn))

AnTn

(131)

277 C2 -1 ||v|dz‘ h”Lz B\dz n(p"))7

where f: B (p,) ¢ K, = R, h = fo&: B (p,) - R defined by h(p, + 2) =
f(pn+x/X\,). Observe that f = ho&~1: B‘fiz‘ (pn) — R so that f(p, +) = h(pn + Anz),
x € Blrizlz(O).

Therefore, given h € C’go(B‘dzl (pn)) we obtain f € C§° (B‘Tciz‘ (pn)) and vice-versa,
satisfying inequality (131).

A\dz\2) A\dz\z)

Since o(— = Oess(— = [0,00), given a positive number n > 0 we have
that n € O’CSS(*AleF) . Therefore for each § > 0 there exists, (by Proposition 7.4),
h € C§°(R?) such that

(132) |AI=F Rt b 2 g2y < 6| ).

Suppose that limsup,, .. ™mAn = 00. Then there exists ng such that for all n > ng the
ball BIAde (prn) contains the support of h since for large n we have 1 < e, < 2 and the
length £4s2(1),) > Aprn/Cn — 00. For this function h € C§° (B‘kdzr‘ (pn)) we have

o / A% vld=l? h?dz < M1(n)/ h*dy, where p1(n) is the first Dirichlet
B0 Bl (5

Anrn )\n’?“n

eigenvalue of the ball B‘)izrli(pn)

o Letting f(pn + ) = h(pn + Anz) € C§° (B‘T‘izF(pn)) we have

hdy = 2 f2d
/dez(pn) Y /dez( " >\nf X

An
4 2412
/dez( n)f Ndx

A1 Z2 0y

(133)

IN

since A, < 2\.
e Putting together these information we have

2
[ v IV RRAT < 4

AproPr)

From inequality (131) we have then
2
1A% f 40 r2qan < (2606 + 2200 = D)) 1 22y

We are ready to conclude that each > 0 belongs to aess(—Ads2). Consider a sequence
of positive numbers v; — 0. For each i, choose n such that 2,/2n(e2 — 1)u1(n;) < v;/2.

This n exists since py(n) = Al(Bl)ini(pn)) =c/(Aprn)? = 0 and €, — 1 as n — oo. Take
§ < v;/4 and choose h; € C§°(R?) such that (131) holds and choosing n; large enough so
that supph; C B'dz| (pn) Then the function f; associated to h; satisfies

2
1A fi +nfill L2 ary < vill fill 22 any-
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It is clear that we can choose the family h; with support in different balls. All that shows
that n € aess(—AdSQ). To finish the proof of Theorems 7.1 we need to address the case
that lim supr, A, > 0. Observe that in K,, we have that

/\—"gAgAn.

n

This implies that, in K,

Ao\ 2
<C") |dz|? < ds? < A2|dz|?.
From this point on, is easy to see that (D, ds?) or (A(1/c,c),ds?) has the ball property,
see details in the application the subsection 7.1. Thus oes(ds?) # (). This finishes the
proof of Theorem 7.1.

7.4. Immersed submanifolds, II: density and spectrum. Hereafter, we will consider
proper (hence, complete), minimal immersions ¢ : M™ — NI in a space form N? of
curvature —x < 0. Our main concern is to describe a characterization of the whole o (M),
due to [91], which is free from curvature or topological conditions on M. It is known by [41]
and [22], see Theorem 2.32, that for a minimal immersion ¢ : M™ — N” the fundamental
tone \*(M) = inf o(M) is at least that of N7, i.e.,

(m—1)%k
4

Moreover, as a corollary of [88] and [18], [16], if the second fundamental form II satisfies
the decay estimate

(134) inf o (M) >

lim  p(x)II(z)| =0 if k=0
p(z)—+o0
lim |II(z)] =0 if k>0

p(x)—+00

(135)

(p(x) being the intrinsic distance with respect to some fixed origin o € M), then M has
the same spectrum that a totally geodesic submanifold M} C N7, that is,

—1)2
(136) o(M) = [W,-{-oo).
According to [5], [108], (135) is ensured when M has finite total curvature, that is, when
(137) / 1™ < 400,
M

Remark 7.5. A characterization of the essential spectrum, similar to (136), also holds
for submanifolds of the hyperbolic space H with constant (normalized) mean curvature
H < \/k. There, condition (137) is replaced by the finiteness of the L™-norm of the
traceless second fundamental form. For deepening, see [31].

Since condition (135) is a binding requirement, needing a pointwise control of the second
fundamental form, the search for more manageable conditions lead the authors of [91] to
investigate the growth of the density function

vol(M N B,.)
Ve(r) 7

where B, indicates a geodesic ball of radius r in N} centered at some fixed 0 € N}, and

V,.(r) is the volume of a geodesic ball of radius r in N77". By classical result (see [129, 6]),
O(r) is monotone increasing, and we will say that M has finite density if

O(+o00) = TETOO O(r) < +oc.

(138) O(r) =
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In the ambient space R™, it is known by Chern-Osserman’s inequalities that (137) imply
the finiteness of ©(400) ([45, 46, 5]). By [91], the same is true in the hyperbolic space H,
although the Chern-Osserman’s inequality was known just for surfaces in H?, see [35, 36].

The main result in [91] characterizes (M) when the density of M grows subexponen-
tially (respectively, sub-polynomially) along a sequence. Condition (139) below is very
much in the spirit of a classical growth requirement due to R. Brooks [29] and Y. Higuchi
[79] to bound from above the infimum of the essential spectrum of —A. We feel remarkable
that just a volume growth condition along a sequence can characterize the whole spectrum.
For this to hold, minimality enters in a crucial and subtle way via (an improved version
of) the monotonicity formula. Note that, by standard estimates, (139) below is weaker
than (135).

Theorem 7.6. [Lima-Mari-Montenegro-Vieira [91]] Let ¢ : M™ — N7 be a minimal
properly immersed submanifold in a space form of curvature —k < 0. If either

log ©
N =H} and lim inf l0g 6(s) =0, or
(139) s——+0o0 S
1
N = R" and liminf 229) _
s—+oo  logs
then
—1)2
(140) o(M) = [W,Jroo).

The above theorem is well suited for minimal submanifolds constructed via Geometric
Measure Theory since, typically, their existence is guaranteed by controlling the density
function ©(r). As an important example, Theorem 7.6 applies to all solutions of Plateau’s
problem at infinity M™ — H? constructed in [6], provided that they are smooth. Indeed,
because of their construction, ©(4+00) < 400 (see [6], part [A] at p. 485) and they are
proper (it can also be deduced as a consequence of ©(400) < 400, see [91]). By standard
regularity theory, smoothness of M is automatic if m < 6.

Corollary 7.7. Let ¥ C 0ooH} be a closed, integral (m — 1) current in the boundary at
infinity of HY! such that, for some neighbourhood U C H} of supp(X), ¥ does not bound
in U, and let M™ — H? be the solution of Plateau’s problem at infinity constructed in [6]
for X. If M is smooth, then (140) holds.

An interesting fact of Corollary 7.7 is that M is not required to be regular up to O-H},
in particular it might have infinite total curvature. In this respect, we observe that if M be
C? up to O H”, then M would have finite total curvature. By deep regularity results, this
is the case if, for instance, M™ — H™*! is a smooth hypersurface that solves Plateau’s
problem for ¥, and ¥ is a C%* (for a > 0), embedded compact hypersurface of 9o HT .
See Appendix 1 in [91] for details.

We sketch the strategy of the proof of Theorem 7.6. In view of (134), it is enough to
show that each A > (m — 1)?x/4 lies in o(M). To construct the sequence as in Lemma
6.1, a key step is to couple the volume growth requirement (139) with a sharpened form of
the monotonicity formula for minimal submanifolds, which improves on the classical ones
in [129, 6].

Notation

We denote with V,Hess, A the connection, the Riemannian Hessian and the Laplace-
Beltrami operator on M™, while quantities related to N} will be marked with a bar. For
instance, V, dist, Hess will identify the connection, the distance function and the Hessian
in N?. Let p(z) = dist(x,0) be the distance function from a fixed origin 6, and let
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r=pop: M — R be its restriction to M. We will indicate with I's the extrinsic geodesic
spheres restricted to M: Ty = {z € M; r(z) = s}.

For k > 0, let v, Vi, denote the volume function, respectively, of geodesic spheres and
balls in the space form of sectional curvature —x and dimension m, i.e.,

(141) V(8) = W18k (s)™ 1, Vi(s) = /OS vk (0)do,

where w,,, 1 is the volume of the unit sphere S™~!. We define the flur J(s) of Vr over
the extrinsic sphere I'y:

1
(142) J(s) = 7/ |Vr|.
’UK(S) Iy
We first observe that minimal submanifolds of space forms of non-positive curvature
enjoy the following corollary of the coarea’s formula: for each f € L ({t < r < s}),

(143) /{t<r<s}fdx - / M Vfr] do.

This depends on a transversality lemma which follows from the fact that spheres in N} have
definite second fundamental form, see [91] for details. The basic lemma is the following
improvement of the monotonicity formula:

Proposition 7.8 (The monotonicity formulae). If ¢ : M™ — N7 is minimal, proper and
—k <0, then J(s) coincides a.e. with a non-decreasing function, and J(s) > O(s) a.e. on
R*. As a consequence, O(s) is non-decreasing.

Remark 7.9. To the best of our knowledge, the monotonicity of J(s) has first been shown,
in the Euclidean setting, in a paper by V. Tkachev [133].

Proof. Observe that J(s) coincides, for regular values of r(x), with the absolutely contin-

uous function )
J(s) = —— / Ar.
U(T) {r<s}

Applying (143) with f = Ar we get

(144) ve(s)J(s) = /{rgs} Ar = /OS [/Fa é:d do

Consider

0o [ [ [ o]

which is a C? solution of

Pl =1 o B f0)=0. £(0)=0

and define ¥ (z) = f(r(z)) € C?*(M). A computation usign the Hessian comparison
theorem shows that Ay > 1 on M. Integrating on {r € [t,s]|}, t,s regular values, and
using the divergence theorem we get

VH(S) _V’i(t) T VO T S
(146) vy = [z vl << ),

By the definition of J(s), J(s) and O(s), rearranging we get
V() [J(s) = O(s)] = V.(t) [J(t) — ©(1)].

Since all the quantities involved are continuous, the above relation extends to all ¢, s € R,
which proves the monotonicity of V,;[J—©)]. Letting t — 0 we then deduce that J(s) > O(s)
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on R*, as required. Using that v(s).J(s) < (V(s)O(s))’ for regular s, we deduce that ©(s) is
non-decreasing. The monotonicity of J is not used here, and we refer to [91] for details. O

8. PROOF OF THEOREM 1

Let M™ — N” be minimal, proper. By [41] and [22], the bottom of o (M) satisfies

(m—1)%k

(147) info(M) > 1

To complete the proof of the theorem, since o(M) is closed it is sufficient to show that
each A > (m — 1)%k/4 lies in o(M).

Set for convenience 8 = /A — (m —1)2k/4 and, for 0 < t < s, let A;, denote the
extrinsic annulus

As={xeM : r(z)elts]}.

Define the weighted measure dju, = v,(r)~*dz on {r > 1}. Hereafter, we will always
restrict to this set. Consider

iBs /
(148) P(s) = ¢ , which solves "+ 1//0—” + Mp = a(s)i,
N E Uk
where
L (m—=1)2k 1 [v(s) 2 10(s)
(149) a(S) = 74 -+ 1 (’Uﬁ(s)) — ivn(s) —0

as s = +o00. Fix R > 1 large such that ©(R) > 0, and ¢, s, S such that
R+l<t<s<S—1,
and let n € C°(R) be a cut-off function satisfying

0<n<1, n=0 outsideof (t—1,5), n=1 on (¢s),

[+ 1| < Co on [t =18, ||+’ < g2 on [s.8)]

for some absolute constant Cj (the last relation is possible since S — s > 1). The value S
will be chosen later in dependence of s. Set wy s = n(r)y(r) € C(M). Then, by (148),

(0" + 200" + ") VP + (' + ") Ar + Xy

(n”w + 2n'y" — %"nw’ — Amp + amﬂ) (IVr]> = 1) + any

Aut,s + Aut,s

+(n' + ') (AT - Z“) + <77”1/1 + 20"y’ + 77’11)2“) :

K K

Using that there exists an absolute constant ¢ for which || + [¢'| < ¢/+/vs, the following
inequality holds:

S+ 2l < € [
Ai_1s

/

(1—|Vr]?)2 + <Ar - Z”)Q + a(r)Q] At

K
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for some suitable C' depending on ¢, Cy. Since ||uzs||3 > pn(Ars) and (1 — |Vr|?)? <
1 — |Vr|?, we obtain
(150)

||Aut,s+>‘;lt,8||% < C 1 /
[[ue,s13 s (Atys) Ja,_, s

1 NK(AS,S) + Nn(Atl,t)>
(8 —8)2 pe(Ass) f(At,s)
Next, by the expression of Ar we deduce

!/

2
1—|Vr* + (Ar - Z") + a(r)2] dpg

K

’ 2 / 2 2
1—
(Ar — U”) +1—|Vr*+a(r)* < [UNWH]
Vi v, m-—1
(151) +1 — | Vr? + a(r)?
< C(l —|Vr|? + a(r)2>
Set
Fit)= sup [a(0)?],
o€t—1,400)

and note that F(t) — 0 monotonically as ¢ — 400. Integrating (151) we get the existence
of C' > 0 independent of s, ¢ such that

/A KAT - Z>2 + 1|V + aW] dpi
<C (F(t) /A %(T) + /A W) .

Using the coarea’s formula, for each 0 < a < b

where J is the flux in (142), and

(152)

- frs |V7"|_1 B
frs V7|

Summarizing, in view of (152) and (153) we deduce from (150) the following inequalities:

A 2 1 S S
[Augs + Aug s 15 < ( F(t)/ J[1+1T] +/ JT
t—1 t—1

l[ue,s 3
S t
[o I +T] fHJ[1+T]> = ot

T(s)

(154)

JSI1+T]
(S—s)zf:J[lJrT] ftsJ[leT]
If we can guarantee that

Aty o + Mg |2
(155) Jim inf Tim inf 1&0ts + Atzsa

t—+o0o0 s—+oo ||Ut,s||%

:O7

then we are able to construct a sequence of approximating eigenfunctions for \ as follows:
fix e > 0. By (155) there exists a divergent sequence {t;} such that, for i > i,
HAuti,S + )\uti’SH%

< e/2.
|uti,3 % /

lim inf
s——+oo
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For i = i., pick then a sequence {s;} realizing the liminf. For j > j.(i.,¢)

(156) ||Aut +)\uti,5j||§ < glluti,SjH%?

iySj
Writing ue = uy,_s;_, by (156) from the set {u.} we can extract a sequence of approximat-

ing eigenfunctions for A, concluding the proof that A € o(M). To show (155), by (154) it
is enough to prove that

(157) lim inf lim inf Q(¢, s) = 0.

t——+oo s—+oo
Suppose, by contradiction, that (157) were not true. Then, there exists a constant § > 0
such that, for each t > ts, liminf,_, 1o Q(t, s) > 2§, and thus for t > t5 and s > s5(¢)

(158) F(t)/tS1J[1+T]+/tS1JT+/SH+/:1J[1+T] 25[J[1+T],

and rearranging
s s s t s
JI1+T
(159) (F(t)+1)/ J[1+T}f/ J+/ [2]+/ J[1+T] 25/ J[1+T].
t—1 t—1 s (S—9) t—1 t
We rewrite the above integrals in order to make ©(s) appear. Integrating by parts and
using again the coarea’s formula,

(160) b | |
/Aa,b v:(r) :/a ’U,ja) [/Fa vlr] da:/a Wda

b
/ J[1+T]
Vi () Vi(a) /b V!
= b) — 0.
0.0 Y 0@V, 2z ©
To deal with the term containing the integral of J alone in (159), we use the inequality

J(s) > O(s) coming from the monotonicity formulae in Proposition 7.8. This passage is
crucial for us to conclude. Inserting (160) and J > © into (159) we get

_ S v

(F(t) + 1)2%@(5) —(F() + 1)%@@ (P [

o 1 V(S V(s SV, Vio(t
- /t—l ot (8 —s)2 Un((S)) o(S) - Uﬁés))G(S) +/s vZ o1t UK((t))G(t)
(161)
Vi(t—1) bVl
) ot —1)+ - TE,@
Vi(s) V() * Vvl
> UK(S)@(s) 5%(0@@) +5/t 0 0.

The idea to reach the desired contradiction is to prove that, as a consequence of (161),

(162) /t Sl S)

(hence, ©(S)) must grow faster as S — +o0o than the bound in (139). To do so, we need
to simplify (161) in order to find a suitable differential inequality for (162).

We first observe that, both for x > 0 and for k = 0, there exists an absolute constant ¢
such that é=! < Vvl /v < ¢ on [1,+00). Furthermore, by the monotonicity of ©,

(163) /S Vills g < o5 — 5)0(S).

K
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Next, we deal with the two terms in the left-hand side of (161) that involve (162):

s s s s 9
(F(t)+1)/ Vit / o F(t)/ V”ﬂ@+/ Vitk — i g
-1 Un t—1 t—1 -1 v2

/UN
S S /.2
< éF(t)/ 0 +/ V’”’K’iﬂ@.
t—1 t—1 Uk
The key point is the following relation:
/ _ 2 [ =—=1/m if kK =0;
(164) VK:(S)UK,(S) 5 ’UK(S) /
CAE) —0as s = o0, if k> 0.
Define ) )
Vm - . A
wity = sup IR TE () = EF(t) + w(t).
[t—1,400) Vi

IN

Again by the monotonicity of ©,
5 Vo s s s

(F(t)+1)/ " / o [éF(t)—i—w(t)]/ @:x(t)/ o
-1 VR t—1 t—1 t—1

s

O(t) + x(t) / O.

t

For simplicity, hereafter we collect all the terms independent of s in a function that we
call h(t), which may vary from line to line. Inserting (163) and (165) into (161) we infer

(Fo+ 1+ ) i) 5 o)+ /@

zh(t)+<5+(s_18))v(< +5A1/@

Summing §¢~1(S —5)©(S) to the two sides of the above inequality, using the monotonicity
of © and getting rid of the term containing O(s) we obtain

(POt 14 gt ) e+ 5 a5 - 9)| 0(8) 4 x0) /tse

S
[
t

Using (164), the definition of x(t) and the properties of w(t), F(t), we can choose t;
sufficiently large to guarantee that

(165)

IN

(166)

(167)

i—|——5é; if k=0,

(168) et —x(t)=ee=¢ " |

562 if k>0,
hence

R s
(169) [(F(t) + 1+ s j s)2> Z':((g)) + 5 i S + 66_1(5 — s)} O(S) > h(t) +cﬁ/t O.

We now specify S(s) depending on whether x > 0 or £ = 0.

The case K > 0.
We choose S = s+ 1. In view of the fact that V, /v, is bounded above on R*, (169)
becomes

(170) E@(S—l—l)Zh(t)—&-c,@/ @>7/ O,
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for some ¢ independent of ¢, s. Note that the last inequality is satisfied provided s > s;5(t)
is chosen to be sufficiently large, since the monotonicity of © implies that © ¢ L'(R™).
Integrating and using again the monotonicity of ©, we get

(s+1—1)O(s+1) >/:+1@> [/;ﬁl@} exp{;—g(s—s())},

hence ©(s) grows exponentially. Ultimately, this contradicts our assumption (139).

The case k = 0.
We choose S = s + +/s. Since V,;(S)/v.(S) = S/m, from (169) we infer

1\ S & . o

) > .
(171) KF(t) t14 s) e \/g} 0(8) > h(t) +cﬁ/t o

Using the expression of ¢, and the fact that F(¢) — 0, up to choosing ts and then ss(t)
large enough we can ensure the validity of the following inequality:

(st +2) 0 2 aend] < [ ] 5= f- 5

for t > ts5 and s > s5(t). Plugging into (169), and using that © ¢ L!(R¥),

S S
S@(S)zh(t)ju%_;ﬁ/t @z(1+a)/t o,

for a suitable & > 0 independent of ¢, S, and provided that S > ss(¢) is large enough.
Integrating and using again the monotonicity of O,

S@(S)Z(S—t)@(S)z/tS@Z /tsoe (;)HE,

hence ©(S) grows polynomially at least with power &, contradicting (139).
Concluding, both for k > 0 and for x = 0 assuming (158) leads to a contradiction with
our assumption (139), hence (155) holds, as required.
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