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Abstract

We study mild solutions of a class of stochastic partial differential equations,
involving operators with polynomially bounded coefficients. We consider semi-
linear equations under suitable hyperbolicity hypotheses on the linear part. We
provide conditions on the initial data and on the stochastic terms, namely, on
the associated spectral measure, so that mild solutions exist and are unique in
suitably chosen functional classes. More precisely, function-valued solutions are
obtained, as well as a regularity result.
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1. Introduction

The stochastic partial differential equations (SPDEs in the sequel) that we
consider in the present paper are of the general form

L(t,, 8, 0p)u(t, x) = v(t, z, u(t, ©)) + o(t, z, u(t, 2))E(t, x), (1.1)

where L is a linear partial differential operator that contains derivatives with
respect to time (¢ € R) and space (z € R%, d > 1) variables, v and o, respectively
the drift term and the diffusion coefficient, are real-valued functions, subject
to certain regularity conditions, = is a random noise term white in time and
colored in space, and u is an unknown stochastic process called solution of the
SPDE. The equations (1.1) are semilinear: the only possible non-linearities are
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on the right-hand side, and not in the operator L. In Subsection 1.1 below we
will describe in more detail the conditions we impose on the operator L, the
most important one being (a notion of) hyperbolicity; in Subsection 1.2 we will
describe in detail the noise we consider.

Since the sample paths of the solution u are in general not in the domain
of the operator L, in view of the singularity of the random noise, we rewrite
(1.1) in its corresponding integral (i.e., weak) form and look for mild solutions
of (1.1), that is, stochastic processes u(t, z) satisfying

u(t, z) = vo(t, z) +/0 /Rd A(t, 8,2, 9)v(s,y, u(s,y))dyds
(1.2)

t
n / / A(t, 5,2, 9)0 (5, y, (s, ) E(s, y)dyds,
0 R4

where:
- vg is a deterministic term, taking into account the initial conditions;

- A is a suitable kernel, associated with the fundamental solution of the
linear partial differential equation (linear PDE in the sequel) Lu = 0;

- the first integral in (1.2) is of deterministic type, while the second is a
stochastic integral.

Note that both integrals in (1.2) contain a slight abuse of notation, since A(t, s, x, y)
is, in general, a distribution with respect to the variables (z,y) € R??. Given
the commonly wide usage of such so-called distributional integrals, we will also
often adopt here this notation in the representation of our class of mild solutions
to (1.1).

The kind of solution u we can construct for equation (1.1) depends on the
approach we employ to make sense of the stochastic integral appearing in (1.2).
In the present paper we follow the Da Prato-Zabczyk approach (see [19]), which
consists in associating an Hilbert space valued Brownian motion with the ran-
dom noise. One can then define the stochastic integral as an infinite sum of
Ito integrals with respect to one-dimensional Brownian motions. This leads to
solutions involving random functions taking values in suitable functional spaces.
To our best knowledge, the most general result of existence and uniqueness of
a function-valued solution to hyperbolic SPDEs is given in [28], where the au-
thor considers a semilinear stochastic wave equation having a uniformly elliptic
second order operator A in place of the Laplacian, with uniformly bounded
coefficients depending on 2 € R%, d > 1. There, sufficient conditions on the
stochastic term Z and on the coefficients of A are given, in order to find a
unique function-valued solution using semigroup theory. In the present paper
we show existence and uniqueness of a function-valued solution to a wider class
of semilinear weakly hyperbolic SPDESs, with possibly unbounded coefficients de-
pending on (t,2) € [0,T] x R?, d > 1, see Subsection 1.1 below.
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We recall that an alternative approach to give meaning to (1.1) is the one
by Walsh and Dalang (see [10, 17, 34]), where the stochastic integral in (1.2)
is defined as a stochastic integral with respect to a martingale measure derived
from the random noise 2. With this alternative approach one obtains a so-
called random-field solution, that is, a solution u defined as a map associating a
random variable to each (¢, z) € [0, Tp] x R?, where Ty > 0 is the time horizon of
the equation. It is well known that in many cases the two approaches lead to the
same solution u (in some sense) of an SPDE, see [18] for a precise comparison.

In [2, 7] we have constructed random-field solutions for arbitrary order, lin-
ear weakly hyperbolic SPDEs with possibly unbounded coefficients, smoothly
depending on (t,z) € [0,T] x R%. That construction cannot work for non-linear
equations of the form (1.1). Indeed, the stationarity condition A = A(t—s,z—y)
would be needed, but such condition (fulfilled by SPDEs with constant coeffi-
cients) cannot be assumed if we want to deal with general linear operators L
in (1.1), that is, admitting variable coefficients. We conclude comparing the
function-valued solutions to (1.1) obtained in the present paper, in the special
case of the linear equations, with the random-field solutions of the same equation
found in [2].

We remark that in the present paper, as well as in [2, 7], the main tools used
to construct and study the solutions, namely, pseudodifferential and Fourier
integral operators, come from microlocal analysis, within the so-called SG (or
scattering) calculus (see [12, 21, 27]). To our best knowledge, in [7] their full
potential has been rigorously applied for the first time within the solution the-
ory of hyperbolic SPDEs. Other applications of these operators in the context
of S(P)DEs can be found in [33], where S(P)DEs are investigated in the frame-
work of function-valued solutions by means of pseudodifferential operators, and
in [25], where a program for employing Fourier integral operators in stochastic
structural analysis is described. We are not aware of any other systematic ap-
plication of microlocal and Fourier integral operators techniques. In particular,
concerning the analysis of weakly semilinear hyperbolic SPDEs with unbounded
coefficients, we provide it here. As it is customary for the classes of the associ-
ated deterministic PDEs, we are interested in both the smoothness, as well as
the decay at spatial infinity, of the solutions. Here we prove an analog of such
global regqularity properties, employing suitable weighted Sobolev spaces, namely,
the so-called Sobolev-Kato spaces.

1.1. The equations we consider

As mentioned above, we study semilinear SPDEs (1.1) whose partial differen-
tial operators L have coefficients in (¢,7) € [0,7] x R? that may admit a poly-
nomial growth as |z| — co. Namely, we treat hyperbolic equations of arbitrary
order m € N of the form (1.1), whose coefficients are defined on the whole space
R?, with

L:DlnizAj(tazaDr)Dznijv Aj(taan) = Z aaj(tﬂz)ng (13)

Jj=1 la<j
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where m > 1, an; € C°°([0,T],C®(R?)) for |a| < 4,7 =0,...,

k € Ny, B € N&, there exists a constant Cjkap > 0 such that

for all (¢,
The hyperbolicity of L means that the symbol L,, (¢, z, 7, €) of the SG-principal
part of L, defined here below, satisfies

with 7;(t, z,€) real-valued, 7; € C*([0,T]; SL1(RY)), j = 1,...,

x) €

Lon(t,z,7,6):

10708 a0t 7)| < Cjpap(x)*I =171,

[0,T] x R? and 0 < |a| < j, 1 < j < m, where (z) :=

Z Z g j(t, o) EXT™ I —H(T—Tj(t,x,f))7

m

j=1

m, and, for all

(1.4)

VIt 2P

(1.5)

m. The latter

means that, for any a, 3 € N&, k € Ny, there exists a constant Cjkap > 0 such
that

for (t,z,¢) €

|afaga§7-j (t’ T, g)l < Cjka,@ <x>1—\a| <§>1_|/B|7

0, 7] xR, j=1,...,

(1.6)

m; we shall refer to (1.6) saying that 7;(¢) is

a symbol of class S1'1(R??), see Section 3 below for the precise definition of the
so-called SG-classes of symbols S™#(R?), (m, i) € R?, and the corresponding

class of pseudodifferential operators.
1,...

characteristic roots of the operator L.

Definition 1.1. We say that (1.3) is weakly hyperbolic with roots of constant

The real solutions 7; = 7;(t,z,§), j =
,m, of the equation L,,(¢,x,7,£) = 0 with respect to 7 are usually called

multiplicities if the real-valued characteristic roots in (1.5) can be divided into
n groups (1 < n < m) of distinct and separated roots, in the sense that,

possibly after a reordering of the 75, j = 1,...,

Glz{’rlz

+ 1, = m and n sets

.= Tll}v

Ge={m,41 =

satisfying, for a constant C > 0,

for all (¢,x,§) €

= Tl1+l2}7

m, there exist [y, ...

. Gn = {Tmfanrl -

l, € N

Tj S Gp77-k S an p#Qa 1 Spaq S n = |T](ta$7§> _Tk(taxag)‘ 2 C<$><€>

[0,T] x R??. The number [ = max;_,__

multiplicity of the roots of Ly,

Example 1.2. An example of a weakly hyperbolic operator L with roots of

(1.7)

nlj is the mazimum

Notice that, in the case n = 1, we have only one group of m coinciding roots,
that is, £,, admits a single real root of multiplicity m, while for n = m we say
that the operator is strictly hyperbolic; the most famous example of a strictly
hyperbolic operator is given by the wave operator.

constant multiplicities is given by

L =

(Df =

(@)*(D)*)?

= D — 2(x)*(D)*D} +

(z)*(D)* + Op(p),

xERd,

Tm}a
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p € S33(R?), where, for ¢ € S™#(R?), Op(c) denotes the pseudodifferential
operator with symbol ¢, see Section 3. The SG-principal symbol of L is here
Ly(x,7,8) = (12 — (2)2(£)?)?, with separated roots 74 (x,&) = +(z)(€), both of
multiplicity 2.

Definition 1.3. We say that (1.3) is weakly hyperbolic with involutive roots if
the real-valued characteristic roots in (1.5) satisfy

[D: = Op(7;(t)), Dr — Op(7(t))] = Op(a;(t)) (Dr — Op(7;(t)) (1.8)
+  Op(bjk(t) (Di — Op(7k(1))) + Op(cjr (),

for some a;i, bjk, cjr € C([0,T], S*O(R)), j,k =1,...,m.

Remark 1.4. Recall that roots of constant multiplicities are always involutive,
see, e.g., [2] for a proof. The converse statement is not true in general, as shown
in [24]: the operator

L= (D;+tDy, + Dy,)(Dy — (t — 222) Dy, ), z € R?

is a weakly hyperbolic operator with involutive roots of non-constant multiplic-
ities.

1.2. The stochastic noise

Here we describe the class of stochastic noises that we allow in our frame-
work. Consider a distribution-valued Gaussian process {Z(¢); ¢ € C°(R4 x
R?)} on a complete probability space (£2,.%,P), with mean zero and covariance
functional given by

BE@ZW) = [ [ (60« i0)@ T (19

where J(t, x) :=(t, —x), * is the convolution operator and T is a nonnegative,
nonnegative definite, tempered measure on R?. Then, Théoréme XVIII in [31,
Chapter VII] implies that there exists a nonnegative tempered measure p on
R? such that Fu = i = I'. F and ~ denote the Fourier transform given, for
functions f € L'(R?), by

o~

FNO = Fie) = [ e (1.10)

In (1.10), z - ¢ denotes the inner product in R%, and the Fourier transform
is extended to tempered distributions 7' € S’(R?) by the relation (FT, ) =
(T, F¢), for all € S(RY). By Parseval’s identity, the right-hand side of (1.9)
can be rewritten as

BE@=W) = [ [ [Fol©) - FU@NE ua)

The tempered measure I' is usually called correlation measure. The tempered
measure g such that I' = fi is usually called spectral measure.
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1.3. The results we get

We consider the SPDE (1.1) with L as in (1.3), (1.5),(1.7) and = an S'(R%)-
valued Gaussian process with correlation measure I' and spectral measure p ad
described here above. We derive conditions on the coefficients of L, on the right-
hand side terms v and o, and on the spectral measure p (hence, on =), such
that there exists a unique function-valued (mild) solution to the corresponding
Cauchy problem. The Cauchy data are going to be taken in Sobolev-Kato spaces

H*¢(RY) = {u € S'(R"): [lullz.c = [|()*(D)ullz2 < 00}, (2,¢) € R% (1.11)

The coefficients v, 0 will be chosen in suitable classes of Lipschitz functions,
denoted by Lipioe(z, ¢, 7, p). Namely, for suitable z,{,r,p € R, r,p > 0, we say
that a function g belongs to Lip(z, (,r, p) if it is measurable and satisfies, for
every ¢ € [0,T7,

lg(t, - w)llzc < COA+ [wllotrcrp) Vw € HFFP(RY),
lg(t,-,w) = g(t, - 0)ll2¢c < CO)llw = vllaprerp Yw,v e HHCHP(RY).

More generally, we say that g € Lipiec(2,¢,r, p) if the stated properties hold
true for w,v € U, with U a suitable open subset of H**™¢+?(R9). The precise
description of the assumptions on ¢ and -y are postponed to Section 4, while
we immediately give two examples of diffusion coefficients ¢ which fulfill the
requested hypotheses.

Example 1.5. Let o(t,7,u) = u?. Then, o is an admissible non-linearity for

the equations we consider. More generally, we allow o(t,z,u) = v, n € N,
n > 2.

Example 1.6. A right-hand side explicitly depending on (¢,z) € [0,T] x R¢
and u, which is admissible for the equations we consider, is

o(t,z,u) = (x) =™ -5 (t,u), (1.12)

where [ is the maximum multiplicity of the roots and ¢ is regular in time, satisfies
suitable mapping properties with respect to the Sobolev-Kato spaces, and is
(uniformly, locally) Lipschitz-continuous with respect to the second variable,
see Definition 4.2 and Example 4.13 below for the precise conditions.

To our best knowledge, a diffusion coeflicient of the rather general form
(1.12) has never been sistematically treated in the literature, except in [30],
where, for m = 2, it has been incorporated in a certain model equation by
means of ad-hoc techniques.

Example 1.7. More generally, a routine extension of the theory developed in
the present paper allows for a stochastic term of the very general form

o(t,x,u, Dyu, ..., Dyu), o] <m—1

in the right-hand side of (1.1). The only difference consists in the form of the
lipschitzianity assumptions and the corresponding mapping properties, see again
Section 4.
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We state here below the main result of the paper, whose precise formulation
is given in Theorem 4.8. As customary for weakly hyperbolic operators, to
achieve well-posedness we need to assume that the lower order terms of L satisfy
(an adapted form of) a Levi condition (see (A.24) and Corollary A.13). This
allows to give an explicit expression for the distribution A(¢,s) in terms of
kernels of suitable Fourier integral operators, see (A.26). We work under an
hypothesis of Lipschitz continuity for the nonlinearities in the right-hand side
(see Definition 4.2 and Remark 4.3).

Main Theorem. Consider the Cauchy problem for the SPDE (1.1) with L a
weakly hyperbolic operator with roots of constant multiplicity, that is, L satisfies
(1.3), (1.5), (1.7). Assume, for the spectral measure associated with =, that

1
o, [ e i) < (19

where 1 is the mazximum multiplicity of the roots of Ly,, 1 <1 < m. Moreover,
assume that L is of Levi type and that v,0 € Lipioe(z,¢,m —1,0), z,{ € R.
Then, there exists a time horizon 0 < Ty < T such that, for any choice of
u; € H*rm=1=ictm=1=3(Rd) 0 < j < m — 1, the Cauchy problem admits a
unique solution u € L2([0,Tp] x Q, H**m~L¢(RY)) satisfying (1.2), where the
first integral is a Bochner integral, and the second integral is understood as
the stochastic integral of a suitable H*+™~L¢(R)-valued stochastic process with
respect to the stochastic noise Z.

Notice that the more general are the assumptions on L (i.e., the larger is
1), the smallest is the class of the stochastic noises that we can allow to get a
function-valued solution. Our main Theorem extends the results of [28] to the
case of general higher order hyperbolic equations with coefficients in (¢, x), not
uniformly bounded with respect to x and with roots that may coincide.

Remark 1.8. In Corollary 4.10 we explicitly write the result we get in the
limit case | = 1, corresponding to strictly hyperbolic equations. We remark
that in this case L automatically satisfies the Levi condition. Moreover, when
m = 2,1 =1, and T is absolutely continuous, condition (1.13) reduces to the
well-known condition [, ﬁ u(d€) < oo, needed for existence and uniqueness
of a solution to the stochastic wave equation.

We conclude the paper with a result concerning operators with involutive
characteristics. We show that

if L is weakly hyperbolic with involutive roots and / w(d€) < oo, then,
d

R
under suitable assumptions on v,0 and the Cauchy data, there exists a unique
function-valued solution to the Cauchy problem associated with the SPDE (1.1),

see Theorem 4.14 for the precise statement. Notice that the condition on the
spectral measure for the latter case coincides with (1.13) in the case [ = m, and
that all such conditions coincide when m = 1.
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1.4. Tools we employ

The main tools for proving existence and uniqueness of solutions to (1.1)
will be the calculus of Fourier integral operators with symbols in the so-called
SG classes. Such symbols classes have been introduced in the ’70s by H.O.
Cordes (see, e.g. [12]) and C. Parenti [27] (see also the scattering calculus by
R. Melrose, e.g. [21]).

Applications of the SG FIOs theory to SG-hyperbolic Cauchy problems
were initially given in [14, 16]. Many authors have, since then, expanded the
SG FIOs theory and its applications to the solution of hyperbolic problems in
various directions. To mention a few, see, e.g., M. Ruzhansky, M. Sugimoto
[29], E. Cordero, F. Nicola, L Rodino [11], and the references quoted there and
in [5].

In [5], Cauchy problems for general SG-hyperbolic first order systems have
been studied, constructing their fundamental solution {E(t,s)}o<s<t<r. The
existence of the fundamental solution provides, via Duhamel’s formula, exis-
tence and uniqueness of the solution to the system, for any given Cauchy data
in the weighted Sobolev spaces H*¢(R%), (z,¢) € R%2. A remarkable feature,
typical for these classes of hyperbolic problems, is the well-posedness with loss
of decay/increase of growth at infinity, see [3, 4, 16].

There are various techniques to switch from a Cauchy problem for an SG-
hyperbolic operator L of order m > 2 to a Cauchy problem for a first order
system, see, e.g., [1, 12, 14, 24]. In the approach we follow here, which is the
same used in [1, 16], one of the key results for this aim is an adapted version
of the so-called Mizohata Lemma of Perfect Factorization, see Proposition A.12
and Lemma A.15 in the Appendix!'. To construct the fundamental solution
of the operator L involved in (1.1), through the fundamental solution of the
associated first order system, we need, on one hand, to perform compositions
between pseudo-differential operators and Fourier integral operators of SG type,
using the theory developed in [13], and, on the other hand, compositions between
Fourier integral operators of SG type with possibly different phase functions.
The latter can be achieved using the composition results obtained in [5]. The
proof of the main theorems of the paper employs such fundamental solution,
together with the application of a fixed point scheme in suitable functional
spaces.

1.5. Organization of the paper

To provide a presentation of our results as self-contained as possible, for
the convenience of the reader, we provide (at different levels of detail) various
preliminaries from the existing literature, as described below.

In Section 2 we recall some notions about stochastic integration with respect
to Hilbert space-valued processes and the corresponding concept of function-
valued solution, following [19].

1See also [20, 22, 23], for the original version of such results.
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In Section 3 we give a description of the tools coming from microlocal analysis
that we use for the construction of the fundamental solution of weakly hyperbolic
with polynomially bounded coefficients.

In Section 4 we focus on the semilinear hyperbolic SPDE (1.1), (1.3), (1.5),
and in Theorem 4.8 we study existence and uniqueness of a function-valued
solution under the assumption of weak hyperbolicity with roots of constant
multiplicity (1.7). Notice again that the case of strict hyperbolicity (the one of
the waves) reduces to the special case I = 1 of Theorem 4.8, and needs no Levi
condition. We give sufficient conditions on the coefficients, on the noise and
on the right-hand side of (1.1) such that there exists a unique mild function-
valued solution of the corresponding Cauchy problem. The key result to achieve
existence and uniqueness of the solution is Lemma 4.6, which is a further main
result in the present paper. We also prove, in Theorem 4.14, a similar result
under the assumption of weak hyperbolicity with involutive roots (1.8). Finally,
we make a comparison between the function-valued solutions obtained here, in
the special case of linear equations, with the random-field solutions found in [2].

Some additional details about the tools we employ, coming from the micro-
local approach to the solution of hyperbolic Cauchy problems for PDEs and
systems associated with operators with polynomially bounded coefficients, see
[2, 5, 12, 13, 14, 16], are summarized in the Appendix.

1.6. Notation

Throughout this article, we let (a) := (1 4 |a|?)*/? for all a € R?, and
we denote Ny := N U {0}, R? := R?\{0}. Also, a and 8 will generally de-
note multiindeces, with their standard arithmetic operations. As usual, we will
denote partial derivatives with 9, and set D = —i0, i being the imaginary
unit, which is convenient when dealing with Fourier transformations. We will
denote by C™(X), CJ*(X), S(X), D(X), §'(X) and D'(X), the m-times con-
tinuously differentiable functions, the m-times continuously differentiable func-
tions with compact support, the Schwartz functions, the test functions space
C§°(X), the tempered distributions and the distributions on some finite or
infinite-dimensional space X, respectively. Usually, C' > 0 will denote a generic
constant, whose value can change from line to line without further notice. When
operator composition is considered, we will usually insert the symbol o when the
notation Op(b) and/or Op,,(a), for pseudodifferential and Fourier integral op-
erators, respectively, are adopted for both factors, as well as in some situations
where parameter-dependent operators occurs, for the sake of clarity. When at
least one of the operators involved in the product of composition is denoted by
a single capital letter, and when no confusion can occur, we will, as custom-
ary, omit the symbol o completely, and just write, e.g., PQ, RD;, etc. Finally,
A = B means that the estimates A < B and B < A hold true, where A < B
means that |[A| < c¢- |B|, for a suitable constant ¢ > 0.
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2. Stochastic integration.

The mild formulation (1.2) is the way in which we understand the SPDE
(1.1). In fact, we call (mild) function-valued solution to (1.1) an L?(Q)-family
of random variables u(t,z), (t,z) € [0,T] x R?, jointly measurable, satisfying
the stochastic integral equation (1.2) where the last term in the right-hand side
is understood within the theory of stochastic integrals taking value in Hilbert
spaces.

In this section we recall some of the main results of the theory of stochastic
integration with respect to cylindrical Wiener processes. Also, we recall the
definition of the Hilbert space H which will be suitable for our purposes of
function-valued solutions to SPDEs. For the latter, we follow the exposition in
[18].

Definition 2.1. Let @@ be a self-adjoint, nonnegative definite and bounded
linear operator on a separable Hilbert space H. An H-valued stochastic process
W = {Wy(h);h € H,t > 0} is called a cylindrical Wiener process on H on the
complete probability space (2, #,P) if the following conditions are fulfilled:

1. for any h € H, {W;(h);t > 0} is a one-dimensional Brownian motion with
variance t{Qh, h)p;
2. for all s,t >0 and g,h € H,

E[W(g)Wi(h)] = (s N1)(Qg, h)n-
If @ = Idy, then W is called a standard cylindrical Wiener process.

Let #; be the o-field generated by the random variables {W;(h);0 < s <
t,h € H} and the P-null sets. The predictable o-field is then the o-field in
[0,T] x © generated by the sets {(s,t] x A, A € F,0<s<t<T}

We define Hg to be the completion of the Hilbert space H endowed with
the inner product

<ga h>HQ = <Qg7 h>H7
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for g,h € H. In the sequel, we let {vi }ren be a complete orthonormal basis of
Hg. Then, the stochastic integral of a predictable, square-integrable stochastic
process with values in Hg, u € L([0,T] x Q; Hg), is defined as

/ u(s)dWy :="> (1, vk) o AW (ve).

0 keN

In fact, the series in the right-hand side converges in L?($,.%,P) and its sum
does not depend on the chosen orthonormal system {vg }ren. Moreover, the Itd

isometr
y g (/ tu(s)dwsﬂ = [ ol

holds true for any u € L?([0,T] x Q; Hg). For more on one-dimensional inte-
gration, see, e.g., [26].

This notion of stochastic integral can also be extended to operator-valued
integrands. Let U be a separable Hilbert space and define LY := Lo (Hg,U) the
set of Hilbert-Schmidt operators from Hg to U. With this we can define the
space of integrable processes (with respect to W) as the set of .Z-measureable
processes in L?([0,7] x ; L3). Since one can identify the Hilbert-Schmidt op-
erators Lz(Hq,U) with U @ H{), one can define the stochastic integral for any
u € L%([0,T] x Q; LY) coordinatewise in U. Moreover, it is possible to establish
an It isometry, namely,

‘ /0 ()W,

The stochastic noise introduced in Subsection 1.2 can be rewritten in terms
of a cylindrical Wiener process. The space C5°(R?), with pre-inner product

E

U

] = / E[llu(s)|2y] ds. (2.1)

(0, V) = | Fo(&)F(§)u(ds),

can be completed to
H o= Co R ",
see [18, Lemma 2.4]. Then, (#;(-,-)%) is a real separable Hilbert space. We
also set
Hr = L*([0,T); H).
Then, [18, Proposition 2.5] states the following result.

Proposition 2.2. Fort > 0 and ¢ € H, set Wi(¢) = W(lpq()o(:)). Then,
the process W = {Wy(¢),t > 0,¢ € H} is a standard cylindrical Wiener process
on H (where we recall that “standard” here means assuming Q = Idy ).
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3. Microlocal analysis for linear operators with polynomially bounded
coefficients

We first recall some basic definitions and facts about the so-called SG-
calculus of pseudodifferential and Fourier integral operators, through standard
material appeared, e.g., in [5] and elsewhere (sometimes with slightly different
notational choices). We include in the Appendix some additional details about
the theory of hyperbolic linear operators in this context, to give a presentation
as self-contained as possible.

The class S™# = §"™#(R?) of SG symbols of order (m, u) € R? is given by
all the functions a € C°(RY x RY) with the property that, for any multiindices
a, 3 € N¢, there exist constants Cag > 0 such that the conditions

DD a(z,€)| < Capla)™ PP, (2,6) eRIxRY,  (3.1)

hold true, see, e.g., [12, 21, 27] for details. For m,u € R, £ € Ny, a € S™*#, the
quantities

ol = e swp ()N o0t ) (52)
@ Stge

are a family of seminorms, defining the Fréchet topology of S™*.

The corresponding classes of pseudodifferential operators Op(S™#) = Op(S™H(R4))

are given by

(Op(a)u)(z) = (a(., D)u)(z) = (QW)*d/ei“a(xaé)ﬁ(é)d& a € S™HRY),ue S(RY),

(3.3)
extended by duality to S’(R%). The operators in (3.3) form a graded algebra
with respect to composition, i.e.,

Op(Smh#l) ° Op(Smg,m) C Op(Sm1+m2’”1+“2).

The symbol ¢ € S™mitmzrithz of the composed operator Op(a) o Op(b), a €
S™mukh e §M2k2 admits the asymptotic expansion

ilel
e(z,8) ~ Y — Dga(z,£) DFb(w,€), (34)

(e

which implies that the symbol ¢ equals a - b modulo §™1+m2—Lptuz—1,
The residual elements of the calculus are operators with symbols in

G090 —00 S—oo,—oo(Rd) — m Sm,,u(Rd) — S(RQd),
(m,p)ER?
that is, those having kernel in S(R??), continuously mapping S'(R?) to S(R?).

For any a € S™H, (m,u) € R% Op(a) is a linear continuous operator from
S(R?) to itself, extending to a linear continuous operator from S'(R%) to itself,

12
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and from H*¢(R?) to H*~™¢~#(R%), where H*¢(R%), (z,¢) € R?, denotes the
Sobolev-Kato (or weighted Sobolev) space defined in (1.11), with the naturally
induced Hilbert norm. When z > 2’ and ¢ > (/, the continuous embedding
H*¢ < H#¢ holds true. It is compact when z > 2’ and ¢ > ¢’. Since
H*¢ = (:)* H%¢ = (-\)* HS, with H¢ the usual Sobolev space of order ¢ € R, we

d
ﬁnd(>k+§:>HZ’<<—>C’“,keN0.
Remark 3.1. Notice that in [28] the author uses the space
L} = {u e S'(RY)| vwu € L*(RY)},

where w(z) € S(RY) is a strictly positive even function such that for |z| > 1 we
have w(x) = e~1*l. The weight w can be substituted by w(z) = (x)~2%, z > 0,
with corresponding space

L = {ue §'RY)| (z)"*u e L*(RY)},

coinciding with H~#9(R%) in the notation above. In Section 4 we shall use the
H*¢(R?) spaces to get a function-valued solution to (1.1).

One actually finds

ﬂ Hz,C(Rd) _ Hoo,oo(Rd) _ S(Rd), U Hz,C(Rd) _ Hfoo,foo(Rd) _ S/(Rd),
z,(ER z,(ER
(3.5)
as well as, for the space of rapidly decreasing distributions, see [6, 31],

SR = () |J H*(RY. (3.6)

z€R ¢eR

Cordes introduced the class O(m,u) of the operators of order (m,u) as
follows, see, e.g., [12].

Definition 3.2. A linear continuous operator A: S(R%) — S(R?) belongs to the
class O(m, i), (m,p) € R?, of the operators of order (m, p) if, for any (2,¢) €
R?, it extends to a linear continuous operator A, ¢: H*¢(R?) — H*~™¢~#(RY).
We also define

O(o00,0) = U O(m,p), O(—o00,—x) = ﬂ O(m, ).

(m,p) ER? (m,p) ER?

Remark 3.3. 1. Trivially, any A € O(m, u) admits a linear continuous ex-
tension As oot S'(RY) — S'(R?). In fact, in view of (3.5), it is enough to
set AOO’Oo|Hz,C(Rd) = Az,(-

2. Theorem A.1 implies Op(S™*(R%)) C O(m, u), (m, ) € R2.

3. O(o00,00) and O(0,0) are algebras under operator multiplication, O(—o0, —c0)

is an ideal of both O(o00,00) and O(0,0), and O(my, 1) o O(ma, u2) C
O(my +ma, p1 + p2).
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We now introduce the class of SG-phase functions.

Definition 3.4 (SG-phase function). A real valued function ¢ € C*°(R??) be-
longs to the class P of SG-phase functions if it satisfies the following conditions:

1. ¢ € SLHRY);
2. (@, (z,8)) < (§) as |(z,§)] — oo
3. (pe(,8)) = (x) as [(z,)| = oc.

For any a € S™*, (m,u) € R% ¢ € P, the SG FIOs are defined, for
u e S(R"), as

(Opy(a)u)(x) = (277)_d/6”(“”’5)(1(%5)17(5) dg, (3.7)

and

Op@u)(a) = (2n) [ [ DTG Gu) dytz. (39)

Here the operators Op,(a) and Opg,(a) are sometimes called SG' FIOs of type
I and type II, respectively, with symbol a and (SG-)phase function ¢. Note
that a type II operator satisfies Opy(a) = Op,(a)*, that is, it is the formal
L?-adjoint of the type I operator Op,(a).

The analysis of SG FIOs started in [13], where composition results with the
classes of SG pseudodifferential operators, and of SG FIOs of type I and type II
with regular phase functions, have been proved. Also the basic continuity prop-
erties in S(R?) and &'(R?) of operators in the class have been proved there, as
well as a version of the Asada-Fujiwara L?(R%)-continuity, for operators Op,,(a)
with symbol a € S%° and regular SG-phase function ¢ € s, see Definition
3.6. The following theorem summarizes composition results between SG pseu-
dodifferential operators and SG FIOs of type I that we are going to use in the
present paper, see [13] for proofs and composition results with SG FIOs of type
1I.

Theorem 3.5. Let ¢ € B and assume b € S™+1(RY), a € Sm2H2(RY),
(mj,p;) € R?, j =1,2. Then,

Op(b) o Op<p(a) = Opw(cl +7r1) = Opw(cl) mod Op(S_OO’_OO(Rd)),
Op,,(a) o Op(b) = Op,(ca +12) = Op,(c2) mod Op(S—°~(R%)),
for some ¢; € SMitmpitu(RE) pie §T00T0(RY) =1, 2.

To consider the composition of SG FIOs of type I and type II some more
hypotheses are needed, leading to the definition of the classes Ps and Ps(\) of
regular SG-phase functions.

Definition 3.6 (Regular SG-phase function). Let A € [0,1) and § > 0. A
function ¢ € P belongs to the class Ps(A) if it satisfies the following conditions:
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L | det(pfe) (2, )| = 6, V(,8);
2. the function J(z,&) := p(z,£) — = - £ is such that

|Dg DT (2,8

SUp A
weert (a)1-181(g) el
o+ B|<2

(3.9)

If only condition (1) holds, we write ¢ € Ps.

The result of a composition of SG FIOs of type I and type II with the same
regular SG-phase functions is a SG pseudodifferential operator, see again [13].
The continuity properties of regular SG FIOs on the Sobolev-Kato spaces can
be expressed as follows, using the operators of order (m,p) € R? introduced
above.

Theorem 3.7. Let ¢ be a regular SG phase function and a € S™"(RY),
(m, ) € R%. Then, Op(a) € O(m, p).

4. Function-valued solutions for semilinear SPDEs.

In this section we state and prove our main result of existence and uniqueness
of a function-valued solution of the SPDE (1.1), under suitable assumptions of
hyperbolicity for the operator L, see (1.3), (1.5). We work here with a class of
operators with more general symbols than the (polynomial) ones appearing in
(1.3). Namely, we consider operators of the form

L:DT_ZAj(ta:LDQf)DZn_jv (41)
j=1

where A;(t) = Op(a;(t)) are SG pseudo-differential operators with symbols
aj € C>([0,T],879), 1 < j < m. Notice that, of course, (1.3) is a particular
case of (4.1). The hyperbolicity condition on L becomes

m m

Lotz 7,8 =7 =Y Aj(t,2, ) =[[ (r = 7(t.2.9), (4.2)

=1 j=1

where flj stands for the principal part of A;, with characteristic roots 7; (¢, z,&) €
R, 7; € C*>([0,T]; S*1). Let us then consider the Cauchy problem

{Lu(t,x) =v(t,z,u(t,z)) + o(t, x,u(t,x))é(t,x), (t,z) € (0,T] x Rd(4'3)

DJu(0,z) = uj(z), reERL 0<j<m—1,

where L has the form (4.1), under conditions (4.2) and either (1.7) or (1.8).
We also assume that v,0 : [0, +00) X R¢ x R — R are measurable functions,
(at least locally-)Lipschitz-continuous, in our functional setting, with respect
to the third variable, see Definition 4.2 and Theorem 4.8 below for the precise
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hypotheses. Such assumptions are typical in semilinear problems. Z is the
stochastic noise described in Subsection 1.2.

We are interested in finding conditions on L, on the stochastic noise =, and
on o,7v,uj, j = 0,...,m — 1, such that (4.3) admits a unique function-valued
solution of the form (1.2), following the stochastic integration theory presented
in Section 2.

To this aim, we need first the distribution kernel A. Its construction for
the weakly hyperbolic operators with roots of constant multiplicities is recalled,
for the reader’s convenience, in the Appendix (see also [2]), and consists of the
following steps:

- reduction of the (formal) Cauchy problem

Dju(0) = uj, 0<j<m-—1, '
where L is the operator in (4.3) and g is a short notation for the right-hand
side, to an equivalent first order system:;

- construction of the fundamental solution E(t,s) for the system by The-
orem A.6, and then of its (formal) solution, following Section 3 and the
Appendix;

- construction of the distribution kernel A and of the (formal) solution to
(4.4), in view of the equivalence of (4.4) and the corresponding first order
system.

Notice that all the results on SG-hyperbolic differential operators recalled in
Section 3 and the Appendix, in particular, Proposition A.12 and Lemma A.15,
still hold true for SG-hyperbolic operators of the form (4.1). We adopt the same
terminology and definitions also for this more general operators, with straight-
forward modifications, where needed. In particular, the mentioned results imply
that the distribution A is a finite sum of Schwartz kernels of Fourier integral
operators with amplitudes of order (I —m,l —m), see (A.26), (A.27).

Next, we need to understand the noise = in terms of a canonically associated
Hilbert space Hz=, so that we can define the stochastic integral with respect to
a cylindrical Wiener process on H=. This is done in Subsection 4.1 here below.
The conditions on the stochastic noise will be given on the spectral measure u
corresponding to the correlation measure I' related to =.

Finally, in Subsection 4.2 we state and prove the first main result of this
paper, namely Theorem 4.8. We will also prove in Theorem 4.14 a further
result, for the involutive roots case, relying on the construction of the kernel A
performed in [1]. In both situations, we can apply a fixed point technique, in
view of the fundamental Lemma 4.6, which is the crucial step to achieve our
claims.

Remark 4.1. With respect to the existing literature, in particular [28], we al-
low here for general hyperbolic equations of higher orders, coefficients depending
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s both on time and space, and possibly with a polynomial growth with respect to
s x. We observe that in the strictly hyperbolic case, that is, for [ = 1, the com-
si0 patibility condition (4.11) exactly corresponds, for m = 2, to the one obtained
51 In [28}

sie 4.1. Admissible spectral measures for Hilbert space valued stochastic integrals.
513 In this subsection we want to make sense of the stochastic integral appearing
su in (1.2) as a stochastic integral with respect to a cylindrical Wiener process on
sis  a Hilbert space, as described in Section 2. We know from (A.27) that, in the
si6  stochastic integral appearing in (1.2), A is the kernel of (a linear combination
su  of) FIOs Z;_,,, with amplitudes of order (I —m,l —m), where [ stands for the
sis  maximum multiplicity of the characteristic roots (I = 1 in the case of a strictly
sio hyperbolic operator, 1 < I < m in the constant multiplicities case). To give
s0 meaning to

/ A(t,s,x,y)a(s,y,u(s,y))é(s,y)dyds:/ Zi—m(t, 8)o(s,u(s))d=(s), (4.5)
0 JR4 0

s we first introduce the so-called Cameron-Martin space associated with =Z. Given
s the Gaussian process = described in Section 1.2, let us define

H= = {ph: v € L, ,(RM)}, (4.6)
s23 where pu is the spectral measure associated with the noise =, and Li)s is the
2

s space of symmetric functions in L7, ie. ¢(z) = o(—x) = p(z), z € R¢, and
25 Jpa l(2)]? p(dz) < oo. Clearly, Hz C S'(R?). The space Hz, endowed with
s the inner product

(Bl Vi) = (0, %)z, Vi, ¥ € L2 (RY)

s7 with corresponding norm
18l 522 = llellzz

s turns out to be a real separable Hilbert space, and it is the so-called ” Cameron-
s0  Martin space” of =, see [28, Propostition 2.1]. Thus, E is a cylindrical Wiener
s process on (Hz, (-, -)n=) which takes values in any Hilbert space U such that
sn the embedding H= < U is an Hilbert-Schmidt map.

532 The following Lemma 4.6 shows that the multiplication operator H= > ¢ +—>
5 Z1_m(t,s)o(s,u) -1 is Hilbert-Schmidt from Hz to H*T™~L¢ under suitable
s assumptions on o. Therefore, (4.5) is well-defined as stochastic integral with
s respect to a cylindrical Wiener process on (Hz, (-, )n=) which takes values in
Hz+m—l,C.

536

s Definition 4.2. The class Lip(z, {,, p), for given z,{, 7, p € R, r, p > 0, consists
s of all measurable functions g : [0,7] x R? x R — C such that there exists a
s real-valued, non negative, C; = C(t) € C[0,T], fulfilling the following:

540 e for every w € H*T"¢+P(RY), ¢ € [0,T], we have |g(t,-, w)|..c < C#)(1+
1 [wll24r.c4p);
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e forevery w,v € H*T"¢+°(RY) t € [0, T, we have ||g(t, -, w)—g(t, -, v)
C)llw = vllz4r.ctp-

Remark 4.3. In Definition 4.2 we can actually relax the hypotheses, and ask
that the stated properties hold for w,v € U, with U a suitable open subset
of H¥«(R%), for some w > z +r, w > ¢ + p (typically, a sufficiently small
neighbourhood of the initial data of the Cauchy problem). In this case, we
indicate the corresponding set by Lipiec(z, ¢, 7, p).

Remark 4.4. Let g : [0,7] x R x R — R be measurable and ¢ = p = 0.
Assume that there exists a real-valued, non negative, C; = C(t) € C[0,T],
satisfying

|2¢ <

o foreveryw € R,z € R% ¢ € [0, 7], we have |g(t, z,w)| < C(t)(|r(z)|+|w]),
for some x € H*¢(R?), and

e for every w,v € R, x € R% ¢t € [0,T], we have |g(t,z,w) — g(t,z,v)| <
C(t)|w — vl.

Then, g € Lip(z,0,7,0). In fact, for some C' > 0,

lg(t, w120 = 129t - w)ll72 < CHIC)* (K] + |w])]|72
< 2C2([I8lI2 0 + lwl2 o) < C*CY (1 + [[wll24.0)%,

and similarly for the Lipschitz continuity with respect to the third variable, cfr.
[28].

Remark 4.5. Let g(t,z,w) = w™, n € N. Then g € Lipjoc(z,(, 7, p), when
z,m,p>0,(> % Infact, when w € H**™¢+7(R?) is such that ||w]|,4rc4p < R,

[w™lz.¢ < Clw™lnze < CllwlZe < CR™H[w]lsgr i
for the algebra properties of the Sobolev-Kato spaces, see e.g. [3, Proposition
2.2].

Lemma 4.6. Let Z;_,,(t,s) be a family of FIOs with amplitudes of order (I —
m,l—m), 0 <1< m, parametrized by 0 < s <t < T, and o € Lip(z,{,m—1,0).
If the spectral measure satisfies

1
o [ e e <o o

(cfr (4.11)), then, for every w € H**™m~LS(RY), the operator
D(t,s) = Prmow(t,s): Y= Zi_p(t,s)o(s,w)yY

belongs to L3(Hz, H*T™~LC(RY)). Moreover, the Hilbert-Schmidt norm of ®(t, s)
can be estimated by

1
Bt )00 -1 < CEul L0l bt sup ).
| ®( S)HLg(HEﬂ Fm—1,0) S t,s( Hwllz4m-1.¢) ;gﬂgd ” (1+|£+n|2)mflﬂ( £)

for some Cy s > 0.
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Remark 4.7. Lemma 4.6 is the key result to prove Theorems 4.8 and 4.14. It
is a generalization, for higher order equations and different functional spaces,
of Lemma 2.2 in [28]. There, the author deals with the case m =2 and [ = 1,
related to the wave equation, and works with a multiplication operator by a test
function w, obtaining an estimate of the corresponding Hilbert-Schmidt norm
involving a weighted L? norm of w.

Proof of Lemma 4.6. Let us fix an orthonormal basis {ex}ren = {fk\u}keN of
Hz=, where {fx}ren is an orthonormal basis in Li,s. We compute

1t ) B pim sty = 3 NZim (b 8)0 (5, w) Tl pesmic

keN
= > IUDY DY ) TUDY Zy (8, 8)0 (5, w) Frpal 20
keN
=Y IDY"Z(t, 5)o (s, w) fipil 13-
keN

=0t [ (@ |7 (2ot )| @ @)
keN

with Z(t,s) = (DY"L(:)=tm=UDYCZ,_,.(t,s) family of FIOs of order (z,().
Now, using the well-known fact that the Fourier transform of a product is the
((27)~% multiple of the) convolution of the Fourier transforms, the property
fr(—=x) = fu(z) (by the definition of L? ), that {fx} is an orthonormal system

in L7, and Bessel’s inequality, we get

m) S |7 (20, )05, Fers)| (@

keN

= ) Y17 (20, 5)o(s,w)) * T

keN

= 2m) Y IF (Z(ts)o(s,w)) = funl*(€)

keN

= (2m) ")

keN
<ot |

Inserting this in (4.8), and using the continuity of Z on Sobolev-Kato spaces we
finally get:

2

/Rd 7 (Z(t. 5)0(s,w0)) | (6 = n) flm)a(n)

F(2,9)o(s,0)| (€~ nutan)

||(I)(ta 5)' |%3(H57Hz+mfl,§)

<o [ (@ |7 (2ot € npands (49
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d/ / (n + 6)2(4=m) }‘(Z(t,s)a(&w))‘?(9)M(d7])d9
Rd

d<wp (64 )20 <dn>)/
R JRd Rd

= (Sup/ 9+n2(lm)#(dn)> IF(Z(t 5)o(s,w)|72 (4.10)

fERT

F (E(t, s)a(s, w)) ‘2 ()do

< (sup [0 P mutan ) €2 ot wl

0cRd

< (sup [ o+ n>2<l-m>u<dn>) 02,02 (14 [wllssmosc)?
]Rd

fcRe

where C; 5 stands for the norm in £ (H*¢, H*¢) of the FIO Z(t, s)(D)~(z)~%,
which, by Theorem 3.5, has amplitude of order (0,0). Since o € Lip(z,{,m —
1,0), Cs is the constant in Definition 4.2. O

4.2. Function-valued solutions for semilinear hyperbolic equations of arbitrary
order.

We are now ready to deal with existence and uniqueness of a function-valued
solution for the Cauchy problem (4.3) under conditions (4.2) and either (1.7) or
(1.8).

In Theorem 4.8 we study the weakly hyperbolic case with roots of constant
multiplicity; in the subsequent Corollary 4.10 we write down the corresponding
result in the particular case | = 1 of strictly hyperbolic SPDEs. In Theorem
4.14 we state a similar result for the involutive case.

Theorem 4.8. Let us consider the Cauchy problem (4.3) for a hyperbolic SPDE
(1.1), where the partial differential operator L of the form (4.1) satisfies (4.2).
Moreover, assume that L is weakly SG-hyperbolic with constant multiplicities,
see Definition 1.1, and let [ be the mazimum multiplicity of the roots of L,,. As-
sume also that L is of Levi type, that is, with the notation of Corollary A.13, it
satisfies (A.24). Suppose that v,0 € Lipioc(z,(,m—1,0), z,{ € R, in some suf-
ficiently small open subset U C H*tm=Letm=1(Rd) <y gz+m=LC(RE). Finally,
assume for the spectral measure that

1
o, [ e e < )

Then, there exists a time horizon 0 < Ty < T such that, for any choice of
€ gFtm-1=5ttm=1-j(Rd) 0 < j < m —1, ug € U, the Cauchy problem
(4.3) admits a unique solution u € L2([0,Tp] x Q, H**m=L¢(RY)) satisfying

t
u(t,z) = vo(t, z) + / A(t, 8,2, 9)v(s,y, u(s,y)) dyds
0 Jrd
) (4.12)
[ Mot v us.0)E ) duds
o Jrd
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where A(t, s) is the Schwartz kernel of Z;_,(t, 8), a sum of FIOs with amplitudes
of order (I—m,l—m), explicitly obtained in (A.26), the first integral in (4.12) is a
Bochner integral, and the second integral in (4.12) is understood as the stochastic
integral of the H*T™m~L¢(RY)-valued stochastic process Zj_p,(t,)o(-,u(-)) with
respect to the stochastic noise Z, in the sense explained in Section 2.

Remark 4.9. Notice that the noise = defines a cylindrical Wiener process on
(H=(R?), (-, )3z (rey) with values in H*+"~L¢(R?), by Lemma 4.6.

Corollary 4.10. Let us consider the Cauchy problem (4.3) for a hyperbolic
SPDE (1.1), where the partial differential operator L of the form (4.1) satisfies
(4.2). Moreover, assume that L is strictly SG-hyperbolic, that is, L,, satisfies
(1.5) and the characteristic roots T;, j = 1,...,m, are distinct, in the sense that
for a positive constant C we have

ITip1(t, 2, &) —7(t,x,6)| > Clx)(€) Y(t,x,€) €[0,T] xR* j=1,...,m— 1.

Suppose that v,0 € Lipiec(z,(,m — 1,0), 2, € R, in some sufficiently small
open subset U C H*tm=1ctm=L(Rd) " Finally, assume for the spectral measure
that

1
Sup/ —p(d§) < 0. (4.13)
nerd Jra (1+ 1€+ n[2)m1

Then, there exists a time horizon 0 < Ty < T such that, for any choice of
u; € Htm=1=3¢tm=1=(Rd) 0 < j < m — 1, ug € U, the Cauchy problem
(4.3) admits a unique solution u € L?([0,Tp] x Q, H**m~L¢(RY)) satisfying

u(t,x) = UO(tvx) + /O iy A(tv Saxvy)’}/(s»yvu(svy)) dyds
(4.14)

t
+ / A(t, s, z,y)o(s,y,u(s,y))=(s,y) dyds
0 R4

where A(t,s) is the Schwartz kernel of Z1_,,(t,s), a sum of FIOs with ampli-
tudes of order (1 —m,1 —m), explicitly obtained in (A.26), the first integral
in (4.14) is a Bochner integral, and the second integral in (4.12) is under-
stood as the stochastic integral of the H*t™~1¢(R?)-valued stochastic process
Z1—m(t,)o (-, u(-)) with respect to the stochastic noise =, in the sense explained
in Section 2.

Remark 4.11. Notice that, if the correlation measure I' is absolutely continu-
ous, then condition (4.13) is equivalent to

/Rd Wwd@ < o0, (4.15)

see [28]. Condition (4.15) with m = 2 on the spectral measure is the one
needed for the existence and uniqueness of both a function-valued solution and a
random-field solution to a second order SPDE well-known in literature, namely,
the stochastic wave equation.
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Moreover, the same condition (4.13) has been found in [7], looking for
random-field solutions to linear strictly hyperbolic equations with uniformly
bounded coefficients. The more general condition (4.11) is exactly the one ob-
tained in [2], looking for random-field solutions to linear hyperbolic SPDEs with
possibly unbounded variable coefficients. Thus, the class of the stochastic noises
we can deal with if we want to obtain either a function-valued or a random-field
solution of the Cauchy problem for an SPDE is described by (4.11) for all SG-
hyperbolic operators L. Condition (4.11) can be understood as a compatibility
condition between the noise and the equation: as the order of the equation
increases, we can allow for rougher stochastic noises =Z; as the maximum multi-
plicity of the roots decreases (i.e., as the regularity of the operator L increases),
we can allow for rougher stochastic noises =.

We give here below a couple of examples of right-hand side that we can allow
in (4.3).

Example 4.12. Let o(t,u) = u?. Then, o satisfies all the conditions required
in Theorem 4.8. More generally, we can allow also o(t,u) = u™, n € N, n > 2,
see Remark 4.5.

Example 4.13. A class of explicitly (¢, x)-dependent nonlinear stochastic coef-
ficients which satisfy the requirements of Theorem 4.8 are those of the form

o(t,z,u) = (x) ™ -5 (t,u), (4.16)

where o € Lipjoc(z +m —1,{,0,0). Indeed, the function o in (4.16) fulfills the
assumptions of Theorem 4.8, being an element of Lipiec(2,,m —[,0). In fact,
for every w in a sufficiently small subset U C H*T™~L¢(R?), we have

lo(t, - w)llz¢ = 16t - W)llz4m-1c < C@E) (L+[|wllz4m-1.0)

and the verification of ||o(t, -, w1) — o(t, -, w2)||2,c < C(t)||lw1 — wal|s4m—1,c fol-
lows similarly.

Proof of Theorem 4.8. To start, we follow the computations in the Appendix.
First, we perform a change of variable, defining the (nm)-dimensional vector
of unknowns W having entries given by (A.21). The equation Lu(t) = g(t,u),
where formally g(t, u) := y(t, u)+0(t,u)Z(t), is then equivalent to the semilinear
hyperbolic system of first order (A.23) in the unknown W, with ¢(¢, u) in place
of g(t). Such system has the form

(Dt — Op(k1(t)) — Op(ko(t)))W (t) = F(t, W(t)) + G(t, W(t))=(t), t€[0,T],
W(O) = WO;
(4.17)
with k1 € C°°([0,T], S*1) real-valued and diagonal, kg € C°°([0,T7], S%°), and
(nm)-dimensional vectors F'(t, W (t)), G(t, W (t)) given by

Ft,W(t) = (Ft,W),...,F&,W@), Ft, W) =(0,...,0 v W),

n times m—1 times
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Gt W) = (G, W),....Gt, W), Gt W®)=(0,...,0, 0t W)

n times m—1 times

We also have that Wy = Op(b)Uy, with a (mn x m)-dimensional block-matrix
symbol b with structure analogous to (A.25) and entries with the same orders,
so that, by the assumptions of Theorem 4.8, we get Wy € H*¢.

By Theorem A.6 we can formally construct, via Duhamel’s formula, the
“mild solution” to (4.17):

W(t) = E(t,0)Wo+i /OtE(t, s)F(s,W(s))ds+i /Ot E(t,s)G(s,W(s))dE(s), t€[0,To],

for a suitable Ty € (0,7]. Now, we go back to the equation (1.1) to get its
(formal) solution u. By Lemma A.19, we know that u(¢) is the first entry of the
vector Op(Y,,(¢))W (t). Thus, as in (A.26), we obtain (formally)

uta) =wlt)+ [ [ Ao uts, ) duds
+/0 /RdA(t,s,:r:,y)a(s,y,u(s,y))E(s,y)dyds
:vo(t,x)Jr/O Zl_m(t,s)’y(s,u(s))der/O Zi_m(t,s)o(s,u(s))E(s)ds,

where vy € ﬂ C7 ([0, Ty), H*+™~1=9¢+m=1=J} depends on the Cauchy data,
Jj=0

and A € C*(Ar,,S’) is, for any (¢,s) € Ar,, the Schwartz kernel of the Fourier

integral operator family Z;_,,, with amplitudes of order (I —m,l —m). We then

construct the map u — Tu on L2([0, Ty] x Q, H**™~L¢(R9)), defined as follows:

Tult) == vo(t) + /O Tt 5)7 (5, u(s))ds + /O Zom(t, 8)0 (s, u(s))dBs (4.18)
= vg(t) + Tru(t) + Tau(t), t€[0,Ty),

where the last integral on the right-hand side is understood as the stochastic
integral of the stochastic process Z;_,, (¢, )o(-,u(-)) € L*([0,Tp] x Q, H*+tm=1¢)
with respect to the cylindrical Wiener process {Wt(h)}te[o’T],hesznfz,c associa-
ted with the random noise Z(¢), which is well-defined by Lemma 4.6 and takes
values in H*tm=b¢,

To prove that the solution (4.12) of the Cauchy problem (4.3) is indeed
well-defined, we have to check that

T: L2([0,To] x Q, HT™=L(RY)) — L2([0,Tp] x Q, H*Tm16)
is well-defined, it is Lipschitz continuous on L2([0,Tp] x Q, H*T™~L¢)  and

it becomes a contraction if we take Ty small enough. Then, an application
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of Banach’s fixed point Theorem will provide existence of a unique solution
u € L2([0,Tp) x Q, H*T™=1¢) satisfying u = Tu, that is (4.12).

To verify that 7w in (4.18) belongs to L2([0,Tp] x Q, H*t™~L¢) for every
u € L2([0,Tp) x Q, H*T™~L¢) we notice that:

- v € () €0, To), H* T~ 1-0¢8m=127) < L2([0, Ty x Q, H*Tm7h6);

J=0

- Truisin L2([0, Tp] xQ, H*+™=1¢): indeed, Tyu(t) is defined as the Bochner inte-
gral on [0, ] of the function s — Z;_,, (¢, s)v(s, u(s)) with values in L?(Q, H*Tm~1¢),
and, by the properties of Bochner integrals, the continuity of Z;_,,(t,s) on
Sobolev-Kato spaces, and the fact that v € Lip(z,(,m —[,0), we have

To
T2l 2z o,y ¢, retm-16) = E l/o ||73U(t)||3+m—l7cdt]

/OZl,m(t,s)('y(s,u(s))ds

To )
-/ =) "
’ z+m—I,¢

To pt
S/O /OE[||Zz—m(t75)(’7(8,u(s))||§+m_l’c] dsdt
< To t02 ,
<[] CRE [l I i) s

To t
<[] [ ] st

To
< 2 2 |: 2 })
<2 (05?32% Ct,SC'S> To/o (1 +E Hu(s)||z+m_l7< ds

=207, To(To + ”uH%Q([O,Tg]><Q,Hz+l*mw<)) < 005

- Tau is in L2([0, Tp] x Q, H*T™~L¢) in view of the fundamental isometry (2.1),
Lemma 4.6 and the fact that the expectation can be moved inside and outside
time integrals, by Fubini’s Theorem:

To
||75u“%2([07T0]xQ,HZer*l»C) =E lA |7‘2u(t)|§+m_17<dt]

To
0

/O Zom(t, 8)0(s, u(s))dW,

2
dt
z+m—1,¢

To t 9
= [ [ R [t oo g v ] st

To ot
<) b
0 0

g

sup
neRr?

1
C% (14 [|u(s)|| g=tm-1.c % sup /
(t,‘)( || ( )”H ) e Jga (1+|§+n|2

/Rd (1+1¢ jnlz)’"—lu(d@) /OTO /Ot C(2t78)E [(1 + ||U(5)||Hz+m—z,c)2} dsdt
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1 To 5
<2 d 2 T | T E d
< (:;@ | e a>> (o, ) ( ot [ E [l ] )

= 2CT07m,lT0(T0 + ||u||%2([0,To]XQ,HZH*T"'C)) < Q.
Now, we take u1,us € L2([0,Tp] x , H*+™~1¢) and compute

[ Tur — Tus ||%2([0)T0] xQ,H=+m—1.¢)

<2 (||7—1U1 - 7—1’“2H%Z([O,TO]XQ,HWM"*ZYC) + ||7—2U1 - 7’2’“42H%Z([O’TO]XQ’Hzﬁ»wnfl,())

To t 2

= 2/0 E /0 Zi—m(t, s)(v(s,u1(s)) — (s, uz2(s)))ds Z+m_l,<] dt (4.19)
To t 2

+ 2/0 E /o Z1—m/(t,s)(o(s,u1(s)) — o(s,uz(s)))dBs z+m_l7j dt. (4.20)

In the term (4.19) here above we can move the expectation and the (z +
m — [,{)—norm inside the integral with respect to s. Then, by continuity of
Zi_m on Sobolev-Kato spaces, Definition 4.2, and the embedding H* T~ H¢ <
H#tm=letl=m we obtain

To 2
2/ E ‘ dt
0 z+m—I1,C

< 2/0T0 /OtE [HZl—m(t,s)(’Y(S,m(S)) - ’Y(S,uz(s)))||§+m_l7c} dsdt

/0 Tt 5) (1(5, 1 (5)) — (5, us(5)))ds

< Q/OTO /Ot CE,SE {||7(S,U1(S>) - ’V(S,u2(s))||§_’<+lim} dsdt

IN

To t
2 /O /O O3 O2E [lur(5) — us(5)|% o 1] sl

IN

To
2 < max CﬁsCf) TO/ E {Hul(s) — ug(s)H;_m_LJ ds
0

0<s<t<Tp

=201, Tollur = w2ll72 (0 1) w2, pr=+1-m.c)-

To the term (4.20) we apply, here below, the fundamental isometry (2.1) to pass
from the first to the second line, formula (4.10) of Lemma 4.6 to pass from the
second to the third line, Definition 4.2 to pass from the third to the fourth line,
and finally get:

Ty 2
2/ E ’ dt
0 z+m—I1,¢

— 2/0T0 /Ot B [||Zl—m(t, s)(o(s,ui(s)) — U(S,UQ(S)))||ig(HE}Hz+m—I,,():| dsdt

/0 Z1—m(t,8)(o(s,u1(s)) — o(s,ua(s)))dBs
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To ot ) B , )
< 2/0 /0 E lCt,sHa(&m(s)) o(s,uz(s))llg=c sup /Rd ( )m_lu(dg)l dsdt

neR? 1+ |€ + 77|2

1 To K 2 2
é?(;gﬂgd /. (1+|§+n|2)m_l#(d€)> | ctcz it - w

1
<207, T d — ugl|} shme
> ToL0 (Sup /]Rd (1+ |§+n|2)m_lﬂ( 5)) ||/U’1 u2||L2([O,TO]><Q,H +m—l

neR4

Summing up, we have proved that

[ Tur — Tu2||%2([0,T0]><Q,HZv<)

2
z+m—I1,¢

<)

1
<200, Ty [ 1 d — us)3. chmo1C) 5
< 2CT, 1o ( + sup /Rd (1+|§+Tl\2)m4u( 5)) (w1 U2HL2([0,TO]xQ,H Fm—1.¢)

neRd

that is, 7 is Lipschitz continuous on L2([0, Tp] x Q, H**™~L¢). Moreover, in
view of the assumption (4.11), if we take Ty > 0 such that

1
2CT, To (1 + ,,Sél]gd /Rd OFie+ n|2)m_lu(d§)> <1, (4.21)

then 7 becomes a strict contraction on L2([0,Tp] x €, H*T™~5¢) and so it
admits a unique fixed point © = 7Tu. That is, there exists a unique, well-defined
solution of (4.3). To prove the estimate (4.21), it is sufficient to take Tp small
enough, since the constant C'r,, is continuously dependent on Ty. The proof is
complete. O

4.8. The weakly hyperbolic case with involutive roots

We conclude the section with the statement of a result of existence and
uniqueness of a solution to the Cauchy problem (4.3) for the SPDE (1.1) in
the more general case of involutive roots, cfr. (1.8). With these even weaker
hyperbolicity assumption we can still switch from (4.3) to an equivalent first
order system (A.5), but at the price, as usual, of some further requirement
on the lower order terms of the operator L. Namely, we ask that L admits
a factorization (A.13) with symbols hji, j =1,...,m, k = 1,...,1;, such that
hjr € C*([0,T], S%?). Notice that this is automatically true in the case of strict
hyperbolicity, and that only the request on the order of the symbols h;; has to
be fulfilled in the case of hyperbolicity with constant multiplicities. We say, in
the present case, that L satisfies the strong Levi condition, or, equivalently, that
it is of strong Levi type. We state and discuss here below our further result,
under the hypothesis (1.8).

Theorem 4.14. Let us consider the Cauchy problem (4.3) for an SPDE (1.1),
where the partial differential operator L of the form (4.1) satisfies the hyper-
bolicity hypothesis (4.2). Assume that L is SG-hyperbolic with involutive roots,
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that is, all the roots of the principal part L., of L are real-valued and form an
involutive system, in the sense of (1.8). Moreover, assume that L is of strong
Levi type. Suppose that v,0 € Lipioc(2,¢,0,0), 2, € R, in some sufficiently
small open subset U C H*Tm=Ltm=1(Rd) s F=C(RY). Finally, assume that
the spectral measure satisfies the compatibility condition

/Rd wu(dg) < oo. (4.22)

Then, there exists a time horizon 0 < Tj
u; c Hermflfj,Cerflfj(Rd)’ 0 S] < m
(4.3) admits a unique solution u € L*([0,T,

< T such that for any choice of
— 1, ug € U, the Cauchy problem
| x Q, H>¢(RY)) satisfying

u(t, ) = vo(t,x) —|—/O /Rd Aty s,2,y)v(s,y,u(s,y)) dyds

t
+ / / At 5,2, 9)0 (s, y, (s, ) E(s, y) dyds,
0 R4

where A(t, s) is obtained through the Schwartz kernels of Fourier integral opera-
tors with amplitudes of order (0,0), the first integral is a Bochner integral, and
the second integral is intended to be the stochastic integral of the H*¢(R?)-valued
stochastic process Fo(t, )o(-,u(-)) with respect to the stochastic noise E.

Remark 4.15. Z defines a cylindrical Wiener process on (Hz(R?), (-, )32 (re))
with values in H*¢, by Lemma 4.6.

Proof of Theorem 4.14. By the analysis in [1], we know that, also in this case,
using (A.26), the Cauchy problem (4.4) can be (formally) written as

t
u(t,x) = vo(t, x) +/ Aty s, z,y)v(s,y,u(s,y)) dyds
0 Jrd

+/ A(t, s,z y)o(s,y,u(s, y))2(s, y) dyds
0 Jrd
:vo(t,x)+/0 Zy(t, s)v(&u(s))ds—l—/o Zo(t,s)o (s, u(s))2(s)ds,

where vy € m CY([0,Tp), H*=7¢77) depends on the Cauchy data, and A €
j=0

C*(Arg,,S) is, for any (t,s) € Arg,, the Schwartz kernel of the Fourier integral

operator family Zy(t, s), with amplitudes of order (0,0). Given the assumption

(4.22), identical to the case | = m in the proof of Theorem 4.8, the result can

then be achieved through the same argument. O

4.4. Function-valued solutions and random-field solutions in the linear case.

Consider now the special case of (4.3), with a SG-hyperbolic operator L
with constant multiplicities, where o (¢, z, u(t, z)) = o(t,x) and (¢, z, u(t,x)) =
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v(t,z), v,0 € C([0,T],H*¢), 2> 0,( > 4, s F(o)(s) = vs € L2([0,T], My),
My, the space of complex-valued measures with finite total variation. That is,
we look at the Cauchy problem

{Lu(t,x) =(t,z) +o(t,2)=(t,x), (t,z) € (0,T] x R (4.23)

Dlu(0,2) = uj(z), zeR? 0<j<m-—1,

for the linear SPDEs studied in [2]. Such (more restrictive) hypotheses im-
ply 7,0 € Lip(z,¢,r,p) C Lip,,.(2,¢,r,p) for any r,p > 0. In fact, recalling
Definition 4.2, trivially:

e for every w € HZ+T’C+pa te [O7T]7 ”g(tv "w)”LC - Hg(t7 ’)”ZC < C(t)(l +
[wllz4r,c+p), with C(t) = [lg(t,)[2,¢;

o for every w,v € HZJFT’Cerv (S [OaT}v ||g(taaw) _g(t,‘vv)”Z’C =0<
COlw = vll4rctp

Applying Theorem 4.8, we obtain the existence and uniqueness of a function-
valued solution for the linear Cauchy problem (4.23), which we here denote by
ugy. Since in Theorem 4.12 of [2] we proved the existence and uniqueness of a
random-field solution of (4.23), which we here denote by wu,¢, we now wish to
compare it with wug,.

Remark 4.16. Notice that, in analogy with (4.12), u,¢ satisfies

upt(t, ) = vo(t, x) Jr/o /}Rd AL, s, z,y)v(s,y) dyds (4.24)

t
+ / A(t,s,z,y)o(s,y)=(s,y) dyds.
0 Rd

While the first two terms in the right-hand side of (4.24) clearly coincide with
the first two terms in the right-hand side of (4.12), the corresponding third,
stochastic terms in (4.12) and (4.24) are defined in different ways.

We now prove that a random-field solution of (4.23) is also a function-valued
solution.

Proposition 4.17. Let u,s and ug, be the random-field solution and the function-
valued solution of (4.23), respectively, with L SG-hyperbolic with constant multi-
plicities, v,0 € C([0,T],H*¢), 2> 0,( > %, s = F(o)(s) = vy € L*([0,T], M),
My, the space of complex-valued measures with finite total variation. Then,
Upf = Uty = U.

Proof. Our analysis in [2] shows that Ao € Py, the completion of the class £ of
simple processes via the pre-inner product (defined for suitable f, g)

apo=k[ [ [ (5612300 @ r(anyis
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’ —
:EUO /Rd[f F))(€) - Fa()IE) p(de)ds|

By Proposition 3.12 in [18], it follows that the stochastic integrals of Ao with
respect to the martingale measure associated with Z (considered in Section 4 of
[2]), and with respect to the cylindrical Wiener process considered in Section 4
are equal. This proves that u,s = ug, = u, as claimed. O

Appendix. Microlocal techniques for the solution of SG-hyperbolic
problems for linear operators with polynomially bounded
coefficients.

We collect in this Appendix, for the convenience of the reader, some ad-
ditional results concerning the SG-calculus and its applications to hyperbolic
problems, which we mentioned along the main text. This material appeared,
sometimes in slightly different form, in [5] and the references quoted therein.

A.1. Boundedness and ellipticity

The continuity property of the elements of Op(S™*#) on the scale of spaces
H*$(RY), (m, ), (2,¢) € R2, is precisely expressed in the next Theorem A.1
(see [12] and the references quoted therein for the result on more general classes
of SG-symbols).

Theorem A.l. Let a € S™H(R?), (m,u) € R2. Then, for any (2,¢) € R?,
Op(a) € L(H*C(R?), H>=™¢—#(R4)), and there exists a constant C > 0, de-
pending only on d,m, u, z,(, such that

10p(a) || 2 (r=¢ (ray, 7z —moc—n(re)) < C||a||7[2’f+17 (A1)
where [t] denotes the integer part of t € R.

The following characterization of the class O(—o0, —c0) is often useful, see
[12].

Theorem A.2. The class O(—o0, —00) coincides with Op(S™>~>(R%)) and
with the class of smoothing operators, that is, the set of all the linear continuous
operators A: S'(R?) — S(R?). All of them coincide with the class of linear
continuous operators A admitting a Schwartz kernel k4 belonging to S(R??).

An operator A = Op(a) and its symbol a € S™* are called elliptic (or
Smk-elliptic) if there exists R > 0 such that

Cl)™ (" <la(z,9)l,  |e|+ ¢l =R,

for some constant C > 0. If R = 0, a™ ! is everywhere well-defined and smooth,
and =t € S™™~#_ If R > 0, then a~' can be extended to the whole of R?¢
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so that the extension a_; satisfies a_; € S™™7#. An elliptic SG operator
A € Op(S™*#) admits a parametrix A_; € Op(S~™*) such that

A JA=1+4+Ry, AA_; =1+ Ry,

for suitable Ry, Ry € Op(S~°>~%°), where I denotes the identity operator. In
such a case, A turns out to be a Fredholm operator on the scale of functional
spaces H*¢(R%), (z,¢) € R2.

The study of the composition of M > 2 SG FIOs of type 1 Op%, (a;) with
regular SG-phase functions ¢; € Ps();) and symbols a; € S™i+Hi(RY), j =
1,..., M, has been done in [5]. The result of such composition is still an SG-
FIO with a regular SG-phase function ¢ given by the so-called multi-product

@1 - - - s of the phase functions ¢;, 7 = 1,..., M, and symbol a as in Theorem
A.3 here below.

Theorem A.3. Consider, for j = 1,2,..., M, M > 2, the SG FIOs of type
I Opy, (a;) with a; € S™iHs (R, (mj,u;) € R2, and ¢; € Ps(N;) such that
M+ F A <AL i for some sufficiently small X > 0. Then, there exists
ac S"HRY, m =my+ -+ my, o= g1+ -+ pag, such that, setting
¢ = @it fon, we have

Op%(al) 0---0 OP¢A4(GM) = Opy(a).
Moreover, for any £ € Ny there exist £/ € Ng, Cp > 0 such that

M
lall7™* < Co [T llasllg ™. (A.2)
j=1

Theorem A.3 is a corollary of the main Theorem in [5]. There, the multi-
product of regular SG-phase functions is defined and its properties are studied,
parametrices and compositions of regular SG FIOs with amplitude identically
equal to 1 are considered, leading to the general composition Op,,, (a1)o---0
Op,,, (aar). Tt is needed for the determination of the fundamental solutions of
the hyperbolic operators (1.3), involved in (1.1), in the case of involutive roots
with non-constant multiplicities, see [1].

A.2. First order SG-hyperbolic linear systems

Here we summarize the main results concerning the analysis of Cauchy prob-
lems for SG-hyperbolic linear systems with diagonal principal part, by means of
the corresponding class of Fourier operators. Given a symbol s € C([0,7]; S*1),
set Ar, = {(s,t) € [0,T5)*: 0 < s <t < Ty}, 0 < Ty < T, and consider the
eikonal equation

{8ﬂ0(t,8,$,§) = %(t,x,g@é(t,s,x,f)), te [S’TO]’ (A3)

@(S,S,I,f):l"g, s € [07T0)7

with 0 < Top < T'. By an extension of the theory developed in [14], it is possible
to prove that the following Proposition A.4 holds true.
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Proposition A.4. For any small enough Ty € (0,T], equation (A.3) admits a
unique solution ¢ € CY(Ar,, SVY(RY)), satisfying J € C*(Arg,, SV (RY)) and

8580(157571.75) = —%(s,@é(t,s,x,f)@), (A4)

for any (t,s) € Ag,. Moreover, for every { € Ny there exists 6 >0, ¢ > 1 and
Ty € [0, To] such that ¢(t,s,z,&) € Bs(celt — s|), with ||J||2,e < celt — s| for all
(t,s) € A@.

Remark A.5. Of course, if additional regularity with respect to ¢t € [0,T]
is fulfilled by the symbol s in the right-hand side of (A.3), this reflects in a
corresponding increased regularity of the resulting solution ¢ with respect to
(t,s) € Ar,. Since here we are not dealing with problems concerning the ¢-
regularity of the solution, we assume smooth ¢-dependence of the coefficients of
L. Some of the results below will anyway be formulated in situations of lower
regularity with respect to t.

Let us consider the Cauchy problem
{(Dt = Op(s1(1)) = Oplro (M)W () =Y (®), te0.T],
W(s) = W, s €[0,7), '

where the (v x v)-system is hyperbolic with diagonal principal part, that is:

- the matrix ; satisfies k1 € C°°([0,T], ST1), it is real-valued and diagonal,
and each entry on the principal diagonal coincides with the value of one
of the roots 7; € C>°([0,T]; S*!), possibly repeated a number of times,
depending on their multiplicities;

- the matrix kg satisfies kg € C°([0,7T7], S%0).

In analogy with the terminology introduced above, we will say that the system
(A.5) is hyperbolic with constant multiplicities when the elements on the main
diagonal of k; are all distinct and satisfy (1.7). Similarly, we will say that the
system is hyperbolic with involutive roots when they satisfy (1.8). We will also
generally assume Wy € H*¢, Y € C([0,T], H*¢), (z,¢) € R

The fundamental solution, or solution operator, of (A.5) is a family

{E(t,s): (t,s) €[0,To]*}, 0<To<T

of linear continuous operators in the strong topology of .Z(H*¢, H*¢), (z,¢) €
R?, see [12]. In the cases of strict SG-hyperbolicity or of SG-hyperbolicity
with constant multiplicities, such family can be explicitly expressed in terms
of suitable (matrices of) SG FIOs of type I, modulo smoothing terms, see [14,
16] and Subsection A.3 below. In the case of SG-hyperbolicity with variable
multiplicities, it is, in general, a limit of a sequence of (matrices of) SG FIOs
of type I, see [5]. A remarkable special case is the involutive roots one, where,
again, E(t,s) can be expressed as a finite linear combination of (matrices of)
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ss SG FIOs of type I, modulo smoothing terms, see [1]. See, e.g., [20] and [32] for
srs  the results in the classical situations, where the variable x belongs to a bounded
g7 set.

878 In all the three cases mentioned above, the fundamental solution satisfies
(Dt - Op(’%l (t)) - Op(ﬁo(t)))E(t, S) = Ov (ta S) € [Oa T0]27 (A 6)
E(s,s) =1, s € [0,To). '

879 The fundamental solution of a first order SG-hyperbolic system with diago-

g0 nal principal part, F(t,s), has the following properties, which actually hold for
s the broader class of symmetric first order system of the type (A.5), of which
sz systems with real-valued, diagonal principal part are a special case, see [12], Ch.
883 6, §3, and [14]

s« Theorem A.6. Let the system (A.5) be hyperbolic with diagonal principal part
s k1 € CL([0,T], SV (R?)), and lower order part ko € C*([0,T], S“O(RY)). Then,
s for any choice of Wy € H*S(RY), Y € C([0,T], H*(R%)), there exists a unique
s solution W € C([0,T], H>¢(R?)) N CL([0,T], H*~¢~1(RY)) of (A.5), (2,() €
e RZ2, given by Duhamel’s formula

W(t) = E(t,s)Wo +i / tE(t,ﬂ)Y(ﬁ)dﬂ, t e [0, 7).

80 Moreover, the solution operator E(t,s) has the following properties:

890 1. E(t,s): S'(RY) — S'(R?) is an operator belonging to 0(0,0), (t,s) €

801 [0,T)?; its first order derivatives, O;E(t,s), 0sE(t,s), exist in the strong

892 operator convergence of £ (H*¢(R%), H*~1L¢—1H(RY)), (2,¢) € R?, and be-

893 long to O(1,1);

894 2. E(t,s) is bounded and strongly continuous from [0, T)?, to £ (H*%(R%), H*%(R%)),
895 (2,¢) € R%; 9,E(t,s) and OsE(t,s) are bounded and strongly continuous

896 from [0, T2, to L(H*S(RY), H*~1¢—1(RY)), (2,¢) € R?;

807 3. fort,s,ty €[0,T] we have
E(to,to) = I, E(t, S)E<S7t0) = E(t, to), E‘(t7 S)E(S, t) = I;
4. E(t,s) satisfies, for (t,s) € [0,T)?, the differential equations

Dy E(t, s) — (Op(r1(t)) + Op(ro(t))) E(t, 5)
DsE(t,s) + E(t, s)(Op(r1(s)) + Op(ro(s))) =

0, (A7)
; (A.8)

898 5. the operator family E(t, s) is uniquely determined by the properties (1)-(3)

899 here above, and one of the differential equations (A.7), (A.8).

w Corollary A.7. 1. Under the hypotheses of Theorem A.6, E(t,s) is invert-
001 ible on S(R?), S'(R?), and H*¢(RY), (2,¢) € R2, with inverse given by
902 E(s,t), s,t €[0,T).
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2. If, additionally, one assumes k1 € C™([0,T], SV (RY)), kg € C™([0,T1, S*O(RY)),

m > 2, the partial derivatives 8]0%E(t, s) exist in strong operator conver-
gence of S(RY) and S’'(R?), and d]0FE(t,s) € O(j + k,j + k), j+k <
m. Moreover, 8]0FE(t,s) is strongly continuous from [0,T)%, to every

L(H>S(RY), H¥I=kC=i=k(R4)), (z,¢) € R2, j + k < m.

In [5] we have proved the next Theorem A.8, concerning the structure of
E(t, s), in the spirit of the approach followed in [20].

Theorem A.8. Under the same hypotheses of Theorem A.6, if Ty is small
enough, for every fized (t,s) € Ag,, E(t, s) is a limit of a sequence of matrices of
SG FIOs of type I, with regular phase functions ¢;(t, s) belonging to Ps(cp|t —
s|), ecn > 1, of class C' with respect to (t,s) € Ar,, and amplitudes belonging
to CY(Ar,, SOO(R?)).

In the case of strict hyperbolicity, or, more generally, hyperbolicity with
constant multiplicities, we can actually “decouple” the equations in (A.5) into
n blocks of smaller dimensions, by means of the so-called perfect diagonalizer,
an element of C°°([0,T],Op(S%?)). Thus, the solution of (A.5) can be reduced
to the solution of n independent smaller systems. The principal part of the co-
efficient matrix of each one of such decoupled subsystems admits then a single
distinct eigenvalue of maximum multiplicity, so that it can be treated, essen-
tially, like a scalar SG-hyperbolic equations of first order. Explicitely, see, e.g.,
[14, 20],

Theorem A.9. Assume that the system (A.5) is hyperbolic with constant mul-
tiplicities v;, j = 1,...,N, v + --- + v, = v, with diagonal principal part
k1 € C([0,T], SYH(RY)) and ko € C([0,T], S®°(R%)), both of them (v x v)-
dimensional matrices. Then, there exist (v x v)-dimensional matrices w €
C>=([0,T], S%°(RY)) and o € C>=([0,T], S*°(R)) such that

det(w) < 1= w™" € C=([0,T], " (RY)), &Ko = diag(Rou,- .., Fon),
Roj(v; x vj)-dimensional matriz, and

(Dt = Op(r1(t)) = Op(ro(t)))Op(w(t)) — Op(w(t))(D: — Op(x1(t)) — Op(Fo(t)))
€ 0°°([0,T],0p(S™°>~>°(R%)). (A.9)

In this situation, by an extension of the results in [14, 16], we can give an
explicit form to the fundamental solution E(t,s) in Theorem A.8, in terms of
(smooth families of) SG FIOs of type I, modulo smoothing remainders. With
the results of Theorem A.9 at hand, we solve, by means of the so-called geomet-
rical optics (or FIOs) method, the system

@t - Op(’il(t)) - OP(EO(t)))E(tﬂ S) = 0’ te [07T0]7 (A 10)
E(s,s) =1, s €10,Tp). '
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Notice that the approzimate solution operator A(t,s), (t,s) € Ag,, in terms of
SG FIOs solves the corresponding operator problem up to smoothing remain-
ders. Namely, the FIOs family A(t, s) solves the system

(D: = Op(1(1)) = Op(Ro (1)) Alt,s) = Ra(t,s), (t.5) € Ar, (A1)
A(s,s) =1+ Ra(s), s €10,Tp), '

where R; and R, are suitable smooth families of operators in O(—o00, —0),
coming from the solution method, see [12, 13, 14, 16, 20] for more details. It
turns out that A(t, s) belongs to O(0,0) for any (t,s) € Ag,. Explicitely,

Alt,s) = diag(ADV (8, 5),..., A (2, 5)),
AP (t,5) = diag(Op,_ , (roy (@ (t,5)),- 0Py (@) (8,9)),p =1, om,

with phase functions ¢; € C®(Ag,Bs(A)), A = A(Tp) suitably small, so-
lutions of the eikonal equations (A.3) with 7; in place of s, and symbols

P) ¢ C>®(Ar,,5%%), p,j =1,...,m, see [14]. Solving the equations in (A.10)
modulo smoothing terms is enough for our aims. Indeed, we have the following
result (see [2] for its proof).

Proposition A.10. Under the hypotheses (4
A(t, s)oOp(w—_1)(s), with A(t, s) solution of (A
parametriz of the perfect diagonalizer Op(w(s

1), (4.2), let A(t,s) = Op(w(t)) o
A1), (t s) € Ar,, and Op(w_1)(s)
)), s €10, T). Then, the solution

E(t,s) of (A.6) and the operator family A(t, s) satisfy E—A € C®°(Arg,, Op(S~°~>

Remark A.11. Proposition A.10 means that the Schwartz kernels of £ and A
differ by a family of elements of S(R2?), smoothly depending on (¢, s) € Ar,.

Using Proposition A.10, by repeated applications of Theorem 3.5, we finally
obtain
E(t,s) = Eo(t,s) + R(t,s), (t,s) € Aq, (A.12)

where

- Ey is a (nm x nm)-dimensional matrix of operators in O(0,0) given by

Eo(t, s) <Z Opy,(1,5) (€pjk (1, 3))) )
J,k=0,...,nm—1

p=1

.....

with the regular phase-functions ¢, (¢, s), solutions of the eikonal equations
associated with 7,, and symbols e,jx(t,s) € S*0, j,k = 0,...,nm — 1,
p=1,...,n, smoothly depending on (t,s) € Arp,;

- Risa (nmxnm)-dimensional matrix of elements in C*° (A, , Op(S—° %)),
operators with kernel in S(R2?), smoothly depending on (¢, s) € Ar,, that
is,

= (Op(rjk(ta S)))j,k:O,...,nm—la
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with symbols rj, € C*(Ag,,S7°7>°), j,k =0,...,nm—1, collecting the
remainders of the compositions in Op(w) o Ao Op(w_1) and the difference
E - A

Achieving a similar result for systems with involutive roots is not straightfor-
ward. In fact, in this case, the system cannot, in general, be diagonalized block
by block, and a quite technical analysis is needed, see [1].

A.3. Fundamental solution for SG-hyperbolic linear operators

By the hyperbolicity hypotheses, as it will be explained below, to obtain the
term depending on the initial conditions and the kernel A, associated with the
linear operator in (1.1), it is enough to know the fundamental solution of first
order systems with diagonal principal part. The next results are employed to
switch from (4.4) to a first order linear system of the form (A.5).

Proposition A.12. Let L be a hyperbolic operator with constant multiplicities
lj,7=1,...,n <m. Denote by 0; € G;, j =1,...,n, the distinct real roots of
Loy in (1.5). Then, it is possible to factor L as

L= Ln s L1 + i Op(rj (ﬁ))D:nij (A13)
j=1
with
lj
Lj = (D; = Op(6;(1)))" + Y _ Op(hyx(t)) (D — Op(6;(1)))"~*, (A.14)
k=1

hjr € C=([0,T], S*LE=L(RY)),  r; € C*([0,T],S7°"°(RY)), j=1,...,n,
(A.15)
The following corollary is an immediate consequence of Proposition A.12, and
is proved by means of a reordering of the distinct roots 8;, j =1,...,n.

Corollary A.13. Let w;, j = 1,...,n, denote the reordering of the n-tuple
(1,...,n), given, fork=1,...,n, by
i+ k—1 i+ k< 1
w;(k) = I fo”,Jr =nEh (A.16)
j+k—m—1 forj+k>n+1,

That is, forn > 2, w1 = (1,...,n),w2 = (2,...,n,1),...,0, = (n,1,...,n —
1). Then, under the same hypotheses of Proposition A.12, we have, for any
p=1,...,n,

L=1® L2+ 0o () Dy (A.17)

@Wp
Jj=1

35

k=1,...

;.



g1 with
lj

LY = (D, — Op(0;(1)))" + 3 Op(A%)(#)) (D — Op(0;(1))) %, (A.18)
k=1

W& e = ([0,1], SN RY) G =1, nk=1,...,1;,  (A19)
rP e C([0,T), 57 =(R%),j =1,...,m. (A.20)

s Remark A.14. Of course, for n = 1, we only have the single “reordering”
984 TW1 = (1), ll =l= m, and

L =13V + 37 0p(ri (1) D"
j=1

with
157 = (D = Op(01(1))™ + >~ Op(hi} (1)) (De = Op(01(1))" ™,

1
h) e e (o, 1], S* PR L RNk =1,...,m, 7~§1> € C™([0,T],8 " °([R%Y),j=1,....m

985 With inductive procedures similar to those performed in [8, 9] and [23],
ws respectively, it is possible to prove the following Lemma A.15.

Lemma A.15. Under the same hypotheses of Proposition A.12, for all k =
0,...,m—1, it is possible to find symbols Gxp, € C°°([0,T], Sk=aFle—mk=atly=n(Rd))
p=1,...,n,¢=0,...,l, — 1, such that, for all t € [0,T],

n [lp—1
0F =3 1> O =0, - | T 0—0,)"
p=1 | q=0 1<j<n
J#p
087 Let us denote by 6;, j = 1,...,n, the distinct values of the roots 7, k =
s 1,...,m, and with w,, p = 1,...,n, the reorderings of the n-tuple (1,...,n)

o defined in (A.16).

990 The equivalence of the Cauchy problems for the equation Lu(t) = g(t) and
o1 a1 x 1 system (A.5) is then trivial for m = 1. For m > 2, we will now
o2 define a (nm)-dimensional vector of unknown W and construct a corresponding
o3 linear first order hyperbolic system, with diagonal principal part and constant
e multiplicities, equivalent to Lu(t) = g(t).

905 Let us set, for convenience, with the notation introduced in Corollary A.13,
0, k=0,
(k) Z loyy, 1<k<n—1,ifn>2,
1<j<k
m, k=n,
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A 1<k<n-1,ifn>2,

LmM:{L k=0,
’ w,;(l)’

ws p=1,...,n, and define

W&, () = (Dy = Op(Bmy 1y () LD u(t) (A:21)

o forp=1,...,n,k=0,....n—1,j=0,...,l5 (x41) — 1. Using Lemma A.15,
ws wWe can express the ¢ derivatives of u in terms of the components of W from
999 (A.21). In fact:

wo Lemma A.16. Under the hypotheses of Lemma A.15, for allk=1,...,m—1,
w1 p = 1,...,n, it is possible to find symbols w,(f;-) € 0>=([0,T],579(R%)), j =
we 1,...,k, such that, with the (nm)-dimensional vector W defined in (A.21),

k
Dfu(t) = 3 Op(wyl) ()W, 1 (1) + WiE, (1), (A.22)
j=1
wi By the definition (A.21), we find the extension of (A.22) to k = 0 in the form

wie u(t) = Wl(p) (t), p=1,...,n. Using Lemma A.16 we see that (A.17), (A.21)
ws and (A.22) give rise to a block diagonal linear system in the nm unknown

1006 VVl((Z?k)HH(t) with blocks labeled by p = 1,...,n, of the type

ey

(Dt — Op(b, iy WL (8) = W(1), 5=0,... 10y — 2, if Ly 1) 2> 2,
Wp(l)

(Dy = Op(Ba, 1y (1)) W) (t Z Op(A 1 ENVWE () + WL (),

(Dy — Op(fs, (2 (¢ )))vvlﬁil)ﬂ“(t)— VVﬁ?l>+j+2<t> G=0, ) = 2, if Iy 2) > 2,0 > 2,

wp(Q)

(Dy — Op(awp@) ()W, l(p 2) Z Op( h(p) )) l(P 2)— k+1( )+ VVI((];)"’)—&-l( ) ifn =2,
leop(n)
(D = Op(r, iy INIWIE) = = 3 0P i)W s 1)

(Z_ Op(r{? (1)) o Op(w®, (YW, 1 (1) + Op(riP (1)) W, ¥
=1

—

<.

—Op(riP ()W (t) + g(t),

(A.23)
wer and equivalent, block by block, to the equation Lu(t) = g(t).
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As it is very well-known in the usual hyperbolic theory, in the case of weak
hyperbolicity the principal term does not provide enough information, by it-
self, to imply well-posedness of the Cauchy problem. In other words, lower
order terms are also relevant in this case, and one needs to impose additional
conditions on them. We will then assume that L satisfies the SG-Levi condition

Y € C=([0,T),S°°RY), pj=1,....mk=1,...1, (A.24)
see Corollary A.13.

Remark A.17. Let us observe that, indeed, (A.24) needs to be fulfilled only
for a single value of p =1,...,n. Also, (A.24) is automatically fulfilled when L
is strictly SG-hyperbolic. If L satisfies (A.24) we will also say that L is of Levi

type.

It is clear, in view of the calculus of SG pseudodifferential operators, the
fact that r§p) € C>([0,T],57°=>°), p = 1,...,n, and the inclusions among
the SG symbols, that the system (A.23) is a hyperbolic first order linear system
of the form (A.5), where:

- the (nm x nm)-dimensional, block-diagonal matrix x; € C*°([0,T], S1!) is
given by k1 = diag(k11,- - -, K1n), with each block defined by

Kip = dia’g(gwp(l)v ceey 00),,(1)790.117(2)7 e awp(Q)a ceey 90.),;(1’7,)7 s 79wp(n))7 p= 1a s

l

times ly, times

times l ()

“p(1) “p(2)

- the (nm x nm)-dimensional, block-diagonal matrix o € C°°([0,T], S%?) is
given by ko = diag(ko1, - - -, Kom) With suitable matrices kg, having entries in
C>([0,T],8%%), p=1,...,n;

- the right-hand side is

n times m — 1 times

The initial data Wy is obtained by Wy = Op(b)Uy, with Uy = (ug, ..., Um_1)*
and a (mn xm)-dimensional block-matrix symbol b with the following structure:

pD)
o 1 0 0 0
¥ o1 0 0

b= A p=1....n, (A.25
- b B 10 P (4.25)
p(n)

and the (m x m)-dimensional matrices b() satisfying

Sifm > 2,60 € SRR sk =1, m—1,k=0,...j-1,
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- S =1€8%0, j=0,...,m—1,

Sifm>2,00 =0, <k j=0,....m—2k=j+1,...,m—1,
1033 p:L...,m

Remark A.18. Consider, for instance, the case n = 1, that is, £,, admits a
unique real root 1 = 71 of maximum multiplicity [ = I; = m. Then, there

is a single “reordering” w; = (1), the vector W has m components, W =
(Wl(l), cee r(nl)), and (A.23) counsists of a single block of m equations. Namely,

in view of Corollary A.13, assuming n > 2 and dropping everywhere the (1)
label, (A.21) reads, in this case,

Wi(t) = u(t),
Wa(t) = (Dy — Op(m1(t)))ult) = (Di — Op(m1 (1)) Wi (%),

Win(t) = (D¢ = Op(r1.(t)™ " u(t) = (D¢ — Op(71(1))) Win—1(t),

while Lu(t) = g(t) is then equivalent to

(De = Op(r1(1)))™u(t) + Y Op(huw(t))(De — Op(ri(1)))™ *u(t)

k=1
+ZOP7"J VDY u(t) = g(t)
<~

(D¢ — Op(7i(t)) Z Op(hax (£)) Wi — k41 (2)
=1

-y < Op('ry())OOp(wm—j,q(t))Wm—j—qH(t)+0p(7’j(t))Wm—j+1(t)>

Op(rm (8))Wi(t) + g(t),

(Dy — Op(r()))Wa(t) = Wa(t)
(Dy = Op(r1())) W1 () = Win(t)
(D¢ — Op(7i(t)) ZOP (h1x(t))Wa g1 (t)
- Z (Z Op(r;(t)) © Op(wnm g () Win—j—g11(t) + Op(r; <t>>wmj+1<t>>
- op( m () WA (t) + g(t),
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1051

1052

1053

1054

1055

which has the form (A.5) with Y(¢) = ( 0,...,0,g(t))*, as claimed, since k1 (t) =
——

m—1 times
diag(7i(t), ..., (t)), while the coefficients of the components of W in the right-
hand sides of the equations are all symbols of order (0,0), since S~ c §%0,

The next Lemma A.19 from [16], see also [8, 9] and [23], is the key result to
achieve, from (A.12) and the expressions of Ey and R, the correct regularity of
u.

Lemma A.19. There exists a (mxmn )-dimensional matriz T,, € C°°([0,Tp], S®°(R?)
such that the k-th row consists of symbols of order (I — m + k,l — m + k),
k=0,....,m—1, and

u(t)
o | = opmueyw), te 0T,
D" uft)

Assume that g € C([0,T], H*¢), (z,{) € R% Then, the Cauchy problem
for the first order system (A.5) with s = 0, equivalent to (4.4), fulfills all the
assumptions of Theorem A.6. An application of Theorem A.6, together with
(A.12) and Lemma A.19 initially gives

u(t)
e = [Op(Yn(t)) o (Eo(t,0) + R(t,0)) o Op(b)|Uo
D"~ tu(t)
t
+i/ [Op(Y,.(t)) o (Eo(t, s) + R(t,s))]Y (s)ds,t € [0,Tp).
0
Then, taking into account that the only non-vanishing entries of Y coincide

with g, computations with matrices, the structure of the entries of 7;, and b,
and further applications of Theorem 3.5 give

m—1 n
u(t) =y [Z 0Py, (1.0) (3 (1)) + OP(T?(t))] u;

Jj=0 Lp=1

%— i J/p
0

t
— wo(t) + / Aty 5, )g(s,y) dyds,
0 Rd

> Op,, (1.0 (24t 5)) + Op(r (¢, s))] g(s)ds,  (A:20)

where

- the phase functions ¢, are solution to the eikonal equations (A.3), with
0, in place of 3¢, p=1,...,n;
- Z;O)j € CDO([07T0]? Sl_l_jJ_l_j)7 p = 17 N, TJO' € Coo([O?TO]v S_OOV_OO)a

j=0,...,m—1, so that vy € ﬂ CI([0, Ty], H>+m—l=d¢tm=1=j);
j=0
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- A e C®°(Ar,S') is, for any (t,s) € Ag,, the Schwartz kernel of the

operator
Zim(t,8) =i | Y Opg 1.6 (25 (t8)) + Op(r' (t,9) | , (A.27)
p=1
with z; € C®(Ag,,St=ml=m) p=1,...,m, rt € C®(Ag,,S7°~>), so
that also

t
/ Aty s, ., y)g(s,y) dyds € ﬂ CI([0, Tp], H*Tm=l=dcm=l=jy
0 JRS 320

Notice the usual abuse of notation, using the kernel A(¢,s) in the distribu-
tional integral in (A.26). By Proposition A.2, A(t,s) differs by an element of
C*(Ar,,S) from the kernel of

Zim(t,s) =13 _ Op,, 1.0(2(t5)). (A.28)

p=1

By the analysis in [1], in the case of involutive roots analogous formulae can
be obtained for u and A. Namely, the final expression (A.26) for w, vy €
ﬂ CI([0, Ty], H*7¢77), as well as (A.27) and (A.28) with [ = m, hold true.
Jj=0
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