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LIFTINGS FOR ULTRA-MODULATION SPACES, AND
ONE-PARAMETER GROUPS OF GEVREY TYPE
PSEUDO-DIFFERENTIAL OPERATORS

AHMED ABDELJAWAD, SANDRO CORIASCO, AND JOACHIM TOFT

ABSTRACT. We deduce one-parameter group properties for pseudo-differential
operators Op(a), where a belongs to the class Fiw") of certain Gevrey symbols.
We use this to show that there are pseudo-differential operators Op(a) and

Op(b) which are inverses to each others, where a € FEfJO) and b € Fﬁl/“}O).
We apply these results to deduce lifting property for modulation spaces
and construct explicit isomorpisms between them. For each weight functions
w,wo moderated by GRS submultiplicative weights, we prove that the Toeplitz
operator (or localization operator) Tp(wp) is an isomorphism from Mi’g to

P,q
M(w/wo) for every p,q € (0, oc].

0. INTRODUCTION

The topological vector spaces Vi and V5 are said to possess lifting property if
there exists a ” convenient” homeomorphisms (a lifting) between them. For example,
for any weight w on R?, p € (0,00] and s € R the mappings f + w - f and
f+ (1 = A)*/2f are homeomorphic from the (weighted) Lebesgue space Li’w) and
the Sobolev space HP, respectively, into LP = HE, with inverses f — w™! - f and
[ (1—=A)=%/2f respectively. (Cf. [34] and Section 1 for notations.) Hence, these
spaces possess lifting properties.

It is often uncomplicated to deduce lifting properties between (quasi-)Banach
spaces of functions and distributions, if the definition of their norms only differs by
a multiplicative weight on the involved distributions, or on their Fourier transforms,
which is the case in the previous homeomorphisms. Here note that multiplications
on the Fourier transform side are linked to questions on differentiation of the in-
volved elements. A more complicated situation appears when there are some kind
of interactions between multiplication and differentiation in the definition of the
involved vector spaces.

An example where such interactions occur concerns the extended family of
Sobolev spaces, introduced by Bony and Chemin in [3] (see also [38]). More pre-
cisely, let w,wp be suitable weight functions and ¢ a suitable Riemannian metric,
which are defined on the phase space W ~ T*R% ~ R??. Then Bony and Chemin
introduced in [3] the generalised Sobolev space H(w, g) which fits the Hérmander-
Weyl calculus well in the sense that H (1, g) = L?, and if a belongs to the Hérmander
class S(wg, g), then the Weyl operator Op“(a) with symbol a is continuous from
H(wow, g) to H(w,g). Moreover, they form group algebras, from which it follows
that to each such weight wy, there exist symbols a and b such that

Op®“(a) o Op“(b) = Op“(b) o Op“(a) =1, a € S(wo,9), b€ S(1/wo,g). (0.1)
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Here I is the identity operator on .#’. In particular, by the continuity properties
of Op*(a) it follows that H(wow, g) and H (w, g) possess lifting properties with the
homeomorphism Op"(a), and with Op" () as its inverse.

The existence of a and b in (0.1) is a consequence of solution properties of the
evolution equation

(8ta)(ta ) = (b+10gﬁ)#a(tv ')7 (Z(O, ) =ap € S(Wag)v ve S(ﬂag)v (02)

which involve the Weyl product # and a fixed element b € S(1,¢). It is proved that
(0.2) has a unique solution a(t, - ) which belongs to S(wd?, g) (cf. [3, Theorem 6.4]
or [38, Theorem 2.6.15]). The existence of a and b in (0.1) will follow by choosing
w=ag=1,t=1and ¥ = wg.

If g is the constant euclidean metric on the phase space R??, then S(wp,g)
equals S(“0)(R2?), the set of all smooth symbols a which satisfies [0%a| < wy. We
notice that also for such simple choices of g, (0.1) above leads to lifting properties
that are not trivial. In fact, let w and wy be polynomially moderate weight on
the phase space, and let 4 be a suitable translation invariant BF-space. Then it
is observed in [30] that the continuity results for pseudo-differential operators on
modulation spaces in [54,56] imply that Op™(a) in (0.1) is continuous and bijective
from M (wow, B) to M(w, ) with continuous inverse Op™(b). In particular, by
choosing % to be the mixed norm space LP+4(R>??) of Lebesgue type, then M (w, %)
is equal to the classical modulation space M. 5,:1(;7 introduced by Feichtinger in [15].

Consequently, Op®(a) above lifts M (pu’)zw) into M(pbg.

An important class of operators in quantum mechanics and time-frequency anal-
ysis concerns Toeplitz, or localisation operators. The main issue in [30,31] is to
show that the Toeplitz operator Tp(wg) lifts M, &zw) into M (pw(i for suitable wg. The
assumptions on wyp in [30] is that it should be polynomially moderate and satisfies
wo € S@o). In [31], the assumptions are different compared to [30]. On one hand
the growth and decay conditions on wy is relaxed compared to [30] in the sense that
it is only assumed that wy should be moderated by a so-called GRS-weight, which
is allowed to grow subexponentially. On the other hand, in [31] it is required that
wo is radial symmetric in each phase shift, i.e. wy should satisfy

wol(x1,. .y Za, &1y, €a) = 0(r1, ..., 7d), ri = [(x;,&)], (0.3)

for some weight ).

The approaches in [30,31] are also different. In [31], the lifting properties for
Tp(wo) are reached by using the links between modulation spaces and Bargmann-
Foch spaces in combination of suitable estimates for a sort of generalised gamma-
functions. The approach in [30] relies on corresponding lifting properties for pseudo-
differential operators, as follows:

(1) Tp(wo) = Op“(c) for some ¢ € S«o);

(2) by the definitions, it follows by straightforward computations that if ¢ =
w@, then Tp(wp) is a homeomorphism from M(’Z;‘)Z to Mggl’?ﬁ);

(3) combining (0.1) with Wiener’s lemma for (S(!), #) to ensure that the inverse

of Tp(wp) in (2) is a pseudo-differential operator Op" (b) with the symbol
b in S(I/WO);

(4) by (1), (3) and duality,
T, = Op¥(b) o Tp(wp) and To = Tp(wg) o Op™(b)
are both the identity operator on .’/ (R%), since T} is the identity operator

on M(”I;()’, Ty is the identity operator on M(pl%), and .7 C Mg;;l N Mf’l’?ﬂ).
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(5) by (4), Ty = To = Op”(1) is the identity operator on each Mp’). Since

(w
Tp(wo) = Op“(e) : M&Zw) — Mg”u’g and Op®”(b) : MP? — MP1

(w) (wow)
are continuous (cf. [54,56]) and inverses to each other, it follows that they
are homeomorphisms.

In the first part of the paper we deduce an analog of (0.1) for the Gevrey type
symbol classes ) and Féﬁf’) of orders s > 1, the set of all @ € C* such that

10%a(X)| < hlelat®w(X) (0.4)

for some h > 0, respectively for every h > 0, considered in [5]. That is, in Section
3 we show that there exist symbols a and b such that

Op"“(a) o Op“(b) = Op“(b) 0 Op*“(a) = I, a €T, beT{/)  (0.5)

and similarly when Fgw") and 1121/ “0) are replaced by F&JS" ) and F((fs/ wo), respectively.
As in [3], (0.5) is obtained by proving that the evolution equation

(Ora)(t, -) = (b+log¥)#alt, -), a(0, -)=agp € Fg“’), 9 e Fgﬁ), (0.6)

analogous to (0.2), has a unique solution a(¢, - ) which belongs to F&“M (and sim-
ilarly when the Fgw)—spaces are replaced by corresponding Fé‘;)—spaces), given in
Section 3.

In Sections 4 and 5 we use the framework of [30] in combination with (0.5) to
extend the lifting properties in [30] in such ways that the involved weights are
allowed to belong to W%’S or in Zg , instead of the smaller set & which is the
assumption in [30].

Our main result, which is similar to [30, Theorem 0.1], can be stated as follows.

Theorem 0.1. Let s > 1, w,wg € @%’S(Rgd), p,q € (0,00] and let ¢ € Sy(RY).
Then the Toeplitz operator Tp4(wo) is an isomorphism from M(’Z;()‘(de) onto M(’Zf;wo) (R24).
For general wy it is clear that F((JWS” ) C riwo) C S@o). On the other hand, for the

weights w1, wy and w3 in I‘Efsl), 2 and S@s) we always assume that they belong

to Zg s(R??), z@%,s(RQd) and Z(R>2?), respectively. That is, they should satisfy
H 1
(X +Y) Swn(X)e M, wa(X +Y) Swa(X)en 1,

and  w3(X +Y) <ws(X)(1+ YDV,
for some r; > 0 and N > 0, and every ro > 0. From these relations we might have
Fé‘j’sl) ﬂrng) {@_ S(Wo), F(()A:JSI) n S(Wo) g I‘ng) and Fng) ﬂ S(wo) g FE)L:Jsl)'

We note that, in contrast to [30,31], our lifting properties also hold for modula-
tion spaces which may fail to be Banach spaces, since p and ¢ in Theorem 0.1 are
allowed to be smaller than 1.

We establish several results related to Theorem 0.1. Firstly, the window func-
tion ¢ may be chosen in certain modulation spaces that are much larger than the
Gelfand-Shilov space Ss. Secondly, the theorem holds for a more general family of
modulation spaces that includes the classical ones.

It is expected that the results in Sections 4 and 5 will be more applicable com-
pared to corresponding results in [30] because the restrictions on the weights are
significantly relaxed. Beside the extension of the interval for p, ¢, the annoying con-
dition (0.3) in [31] is completely removed in Theorem 0.1. Consequently, Theorem
0.1 alone strictly improves the corresponding results in [31] (cf. e.g. [31, Theorem
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4.3]). Summing up, our lifting results in Sections 4 and 5 extend the lifting results
in [30,31].

The paper is organised as follows. In Section 1 we introduce some notation, and
discuss modulation spaces and Gelfand-Shilov spaces of functions and distributions,
and pseudo-differential calculus. In Section 2 we introduce and discuss basic prop-
erties for confinements of symbols in F&“O) and in Fé‘fso). These considerations are
related to the discussions in [3,38], but here adapted to symbols that possess Gevrey

regularity, e. g. when the symbols belong to I'“®) or Féﬁf).
In contrast to the classical Hormander symbol classes ST, and the SG-classes

SGTi" , techniques on asymptotic expansions are absent for symbols in the classes

or in I‘(()‘:JSO)7 and might be absent for symbols in the general Hérmander class

S(m,g). The approach with confinements is, roughly speaking, a sort of stand-in
of these absent asymptotic expansion techniques.

In Section 3 we show that (0.6) has a unique solution with the requested prop-
erties, which leads to (0.5). In Sections 4 and 5 we use the results from Section 3
to deduce lifting properties for modulation spaces under pseudo-differential opera-
tors and Toeplitz operators with symbols in 1“2”0), Fé‘f;) or in suitable modulation
spaces.

Finally we show some examples on applications of our results in Section 6. In
Examples 6.5 and 6.8 we consider operators Op(wp) and Tp(wg), where wg may be
of the form

Pg‘*’o)

wolw,€) = ((1+ [a[2)3 + (14 |g[2)% )",

Here t,7 > 1 are integers and r,p > 0 are real. By Theorem 0.1 it follows that
Tp(wp) is a homeomorphism from M(pc;g to M&%UJO). If in addition rg = 1, then We
show that this result in combination with Fredholm theory can be used to deduce
that the same homeomorphism property is true for Op(wp).

1
An other consequence of Example 6.8 is that if ro - max(r, p) < 1 and a = e’ ,

then Op(a) from M(pog to M(pu’f;ewo) has index zero.
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1. PRELIMINARIES

In this section we recall some basic facts on modulation spaces, Gelfand-Shilov
spaces of functions and distributions and pseudo-differential calculus (cf. [14-19,21,
25,29,34,35,38,43,48,50,53-57]).

1.1. Weight functions. A weight on R? is a positive function w € L$° (R?) such

loc

that 1/w € L (R?). If w and v are weights on R?, then w is called moderate or

loc
v-moderate, if

w(z+y) < Cwlx)v(y), =,yecRY, (1.1)

for some constant C' > 1. The set of all moderate weights on R? is denoted by
Z5(R?). We notice that if the weight v is even and (1.1) is fulfilled with w = v
and C' = 1, and that v(z) > ¢ for some c € (0, 1], then v (x) = ¢~ 'v(z) satisfies the
same properties, as well as vy (z) > 1.

The weight v on R is called submultiplicative, if it is even, bounded from below
by 1 and (1.1) holds for w = v and C = 1. From now on, v always denote a
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submultiplicative weight if nothing else is stated. In particular, if (1.1) holds and
v is submultiplicative, then it follows by straightforward computations that

o) < (o ) < Cueoly).
v(y) (1.2)
v(z+y) <v(x)v(y) and v(z)=v(-z)>1, z,y< R
If w is a moderate weight on R%, then by [58] and above, there is a submultiplica-

tive weight v on R? such that (1.1) and (1.2) hold (see also [25,53,54]). Moreover
if v is submultiplicative on R%, then

1S () S el (1.3)
for some constant r > 0 (cf. [28]). Here and in what follows we write A(0) < B(0),
0 € Q, if there is a constant ¢ > 0 such that A(f) < c¢B(0) for all § € Q. In
particular, if w is moderate, then
wiz+y) Swx)e' and e <w(@) <l zy e RA (1.4)
for some r > 0.
Next we introduce suitable subclasses of Zg.
Definition 1.1. Let s > 0. The set Zg ((R%) (ﬂ%vs(Rd)) consists of all w €
25 (R?) such that
wz+y) Sw)e® zyeRY (1.5)

holds for some (every) r > 0.

By (1.4) it follows that W%’Sl = Pps, = P when 51 < 1 and sp < 1. For
convenience we set 2% (R?) = 25 | (R4).

1.2. Gelfand-Shilov spaces. Let .# be the Fourier transform given by

(FNEO=Fe=0nt | faed (1.6)

when f € L'(R%). Here (-, -) denotes the usual scalar product on R?.
Let h, s, sp,0,00 € R4, and let S;h(Rd) be the set of all f € C°°(R?) such that

259 f ()]
hlet+Blale Bls
is finite. Here the supremum is taken over all a, 3 € N and « € R%.
Obviously Sgh(Rd) is a Banach space which increases as h, s and o increase,

and is contained in .#(R?), the set of Schwartz functions on R?. If in addition
s+o>1and sg+og>1

[fllsg, = sup

7u(RY) and | ST, (RY)
h>0
are dense in .%(R%). Hence, the dual (S;h)’(Rd) of S;h(Rd) is a Banach space
which contains .7/ (RY).

The Gelfand-Shilov spaces S7(R?) and ¥7(R¢) of Roumieu respective Beurling
type of order (s, o) are the inductive and projective limits, respectively, of S; h (R%)
with respect to h. This implies that

SR =] 87,RY) and BI(RY) = ()87, (1.7)
h>0 h>0

and that the topology for S7(R?) is the strongest possible one such that each
inclusion map from S¢ »(RY) to S7(R?) is continuous, see also Remark 1.4 below.
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The Gelfand-Shilov distribution spaces (S7)'(R?) and (37)’(R?) are the projec-
tive and inductive limit respectively of (S7;,)’ (R%). Hence
(SO (RY) = (V(S7)'(RY) and  (£7)'(RY) = [ J(57,)'(RY). (L.7)
h>0 h>0

We have that (S7)" and (£9) are the topological duals of S and X7, respectively
(see [24,42)).
We also set S; = S and X, = X%, and similarly for their distribution spaces.
The classes S7(R%) and related generalizations were widely studied, and used in
the applications to partial differential equations, see for example [2,4,9,12,32, 39,
40,43]. We recall the following characterisations of S7(R?).

Proposition 1.2. Let s,0 >0, p € [1,00] and let f € .7 (R?). Then the following
conditions are equivalent:

(1) feSIRY) (f € XI(RY));
(2) for some (every) h > 0 it holds

|z flle S hllat® and |7 flle S HPIB, @, 8 € N
(3) for some (every) h > 0 it holds

Iz flle S WMot and ||0°f|e S KPR, a,8 € N
(4) for some (every) h > 0 it holds

12207 f(x)||L» S BIOFPlat® B17, o, B € N%

(5) for some (every) h,r > 0 it holds

1
el 1= 8% fl|L» < RN (a))” o« € N¥;

(6) for some (every) r > 0 it holds
1 - 1
If-el e <oco and ||f -7 || < 0.

Remark 1.3. Any of the conditions (2)—(6) in Proposition 1.2 induce the same
topology for S7(R%) and ¥7(RY).

Remark 1.4. Let s,0 > 0. Then %7 (R?) is a Fréchet space with seminorms || - sz,
h > 0. Moreover, S7(R?) # {0} if and only if s + ¢ > 1, and $7(R%) # {0} if and
only if s+ 0 > 1 and (s,0) # (3,2). If e >0 and s + 0 > 1, then
SR C SI(RT) € BIE(RY) € S(RY) € 7'(RY) C (B71D)'(RY) € (S7)'(RY),
and if in addition (s, o) # (3, 3), then

(S7)(R) € (27)'(RY).

The Gelfand-Shilov spaces are invariant and possess convenient mapping prop-
erties under several basic transformations, e.g. under translations, dilations and
(partial) Fourier transformations.

The Fourier transform .# on .#(R?) as well as any partial Fourier transform,
extend uniquely to homeomorphisms on .#/(R%), S:(R9) and X/, (R%), and restrict
to homeomorphisms on S,(R¢%) and ¥, (R?), and to a unitary operators on L?(R%).

We also recall some mapping properties of Gelfand-Shilov spaces under short-
time Fourier transforms. Let ¢ € .#(R?) be fixed. For every f € .#/(R%), the
short-time Fourier transform Vy f is the distribution on R?? defined by the formula

(Vof)(@,6) = Z(fo(- —))(&) = 2m) "2 (f,0(- —a)e-9). (1.8)
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We recall that if T'(f, #) = Vi f when f, ¢ € S; /2(R?), then T is uniquely extendable
to sequentially continuous mappings

T :SL(RY) x S,(RY) — SL(R™) [ €= (R,
T :S/(RY) x S/(RY) — SL(R?%),

and similarly when S; and S are replaced by X, and X/, respectively, or by . and
", respectively (cf. [10,58]). We also note that V;, f takes the form

Val(@,&) = 2m~% | J)dly = w)e ) dy (L.8)

when f € wa)(Rd) for some w € Zg(R?), ¢ € ¥1(RY) and p > 1. Here wa)(Rd )

when p € (0,00] and w € Zr(R?), is theset of all f € LY (R?) such that ||fHLf , =

loc

I f - wl|Lr is finite.

1.3. Suitable function classes with Gelfand-Shilov regularity. The next re-
sult shows that for any w € Zg(R?) one can find an equivalent weight wy which
satisfies suitable Gevrey regularity.

Proposition 1.5. Let w € Z5(RY) and s > 0. Then there is an wy € Pr(R?) N
C>(RY) such that the following is true:

(1) wo X Wy
(2) |0%0(z)| < hlolatswo(x) < hlelatw(x) for every h > 0.

Proof. We may assume that s < 1. It suffices to prove that (2) should hold for
some h > 0. Let ¢p € X5__(R%) \ {0}, and let ¢ = |po|>. Then ¢ € X5__(R?),
giving that

1
0%¢(z)| < hlolel#l =" qe,

for every h > 0 and r > 0. Now let wy = w * ¢.
We have

=] [ w00 -
< hlolats / wy)e v dy
Rd
S h“"'a!s/ w(z + (y —x)e v dy
Rd
< Blelatu(z) / e8I gy < plelatiu(a),

Rd

where the last inequality follows from (1.4) and the fact that ¢ is bounded by a
super exponential function. This gives the first part of (2).

The equivalences in (1) follows in the same way as in [58]. More precisely, by
(1.4) we have

o) = [ wota—ndy= [ (et =)oty

Sulo) [ ot — ) dy < (o)
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In the same way, (1.4) gives

o) = [ wota—ndy= [ (ot =)oty

Rd

zule) [ e E o - y)dy = (o),
Rd
and (1) as well as the second part of (2) follow. O
A weight wy which satisfies Proposition 1.5 (2) is called elliptic or s-elliptic.

Important classes of Gevrey type symbols is the following.
Definition 1.6. Let s > 0 and w € P5(R%). The class T\ (RY) (T§)(RY))
consists of all f € C>°(R?) such that
|Df(z)] < hlelal*w(z), zeRY,
for some h > 0 (for every h > 0).

Evidently, by Proposition 1.5 it follows that if s < 1, then the family of sym-
bol classes in Definition 1.6 does not (strictly) increase when the assumption w €
Pp(R*) is replaced by w € P ((R*!) or by w € @%VS(RQd).

By similar arguments as in the proof of Proposition 1.5 we get the following
analogy of Proposition 2.3.16 in [37]. The details are left for the reader.
Proposition 1.7. Let s > 1/2, w € Z(R??), and ¢ € T3;(R?*?). Then w x ¢
belongs to I‘é‘:’g.

The following definition is motivated by Lemma 2.6.13 in [37].

Definition 1.8. Let s > 1, w € Zg(R%) and Yy = 1 + |logw|. Then a is called
comparable to w with respect to s > 1 if

(1) [la —logw||Le < o0;
(2) a € T(RY) and 0% € TV (R?), when |af = 1.
Proposition 1.9. Let w,v € Zx(R?) be such that v is submultiplicative and (1.1)
holds for some C' > 1. Also let
vi(z) =14 |logv(x)] and wi(x) =1+ |logw(z)|
Then vy is submultiplicative and wy is vi-moderate, and (1.1) holds with 1+log C' >
1, wy and vy in place of C > 1, w and v, respectively.
Proof. If w(z+y) > 1, then the second inequality in (1.2) and the fact that log C > 0
give
wi(z +y) =1+logw(z +y)
<1+4logC +logw(z)+ logu(y)
< (1+1ogC)(1 + |logw(z)|) (1 + logv(y))
< (1 +1og O) wi () va(y).
If instead w(x + y) < 1, then the first inequality in (1.2) gives
wi(z+y)=1-logw(z +y)
<1+4logC —logw(z)+ logv(y)
< (141logC)(1+ |logw(z)]) (1 +logv(y))
< (1+1log C) wi () vi(y),

giving that w; is vi-moderate with the searched constants.
By choosing w = v and C' = 1, we deduce the submultiplicativity for v;, and the
result follows. 0
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Lemma 1.10. Let s > 1, w € ZPr(R?) and 99 = 1 + |logw|. Then the following
18 true:

(1) there exists an elliptic weight wy € Zr(RY) N ) (R%) such that
w=wy, logwyelP)(RY) and 1+ |logwo| € Zp(RY) NTI)(RY);
(2) there exists an element a which is comparable to wo with respect to s.

Proof. The assertion (1) follows by letting wp be the same as in Proposition 1.5,
and (2) follows by letting a = logwg and using the ellipticity of wp. d

1.4. Modulation spaces. Before giving the definition of modulation spaces we
recall the definition of quasi-Banach spaces. A functional f — || f|| on a (complex)
vector space 4 is called a quasi-norm of order r € (0,1], or an r-norm, if || f||z > 0
for all f € & with equality only for f =0,

If + gl <277 (I flls + llgllz)  f.9 € 2, (1.9)

and
lle- fllz = le| - [ f]l2 feB, cecC. (1.10)

By Aoki and Rolewi¢ in [1,45] it follows that there is an equivalent quasi-norm to
the previous one which additionally satisfies

If +9llz < 1flz + l9llz f.9€ 2. (1.11)
From now on we suppose that the quasi-norm of % has been chosen such that both
(1.9) and (1.11) hold true.
The space & above is called a quasi-Banach space or an r-Banach space, if the
topology is defined by || - ||, and that % is complete under this topology.
Let ¢ € $1(RY)\ 0, p,q € (0,00] and w € Zx(R??) be fixed. Then the modula-
tion space M(”S(Rd) consists of all f € ¥} (R%) such that

(w)

sy = ([ ([ ettt opan) " ae) " <o 1z

(with the obvious modifications when p = co and/or ¢ = o0). Evidently, || f]] Mz
is given by

1z = 1Hywplla,  Hpwp€) = [IVef (-, wl(-,)lLr (1.13)
We set M(pw) = M(pj;, and if w = 1, then we set MP4 = M(plg and MP = M(pw).
The following proposition is a consequence of well-known facts in [15,23, 25,58,
60]. Here and in what follows, we let p’ denotes the conjugate exponent of p, i.e.

00 when p € (0, 1]
p = o1 when p € (1,00)
1 when p = 00.

Proposition 1.11. Let p,q,p;,q;,r € (0,00] be such that r < min(1,p,q), j = 1,2,

let w,wy,wa,v € Pr(R*) be such that w is v-moderate, ¢ € M, R4\ 0, and let
f € X(RY). Then the following is true:

(1) fe M(pu’)‘i(Rd) if and only if (1.12) holds, i. e. M(pug(Rd) is independent of

the choice of ¢. Moreover, M&g is an r-Banach space under the r-norm

in (1.12), and different choices of ¢ give rise to equivalent r-norms. If in
addition p,q > 1, then M(pbf;(Rd) is a Banach space;
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(2) if p1 < p2, 1 < g2 and wy S wy, then
Si(RY) cMP S (RY) CM2 i (RY) C B (RY).

Remark 1.12. For modulation spaces of the form M(pu’g with fixed p,q € [1, 0]

the norm equivalence in Proposition 1.11(1) can be extended to a larger class of
windows. In fact, assume that w,v € Zg(R??) with w being v-moderate and

1 <7 <min(p,p,q,q).

Let ¢ € M{U)(Rd) \ {0}. Then a Gelfand-Shilov distribution f € ¥1(R?) belongs

to M&g(Rd), if and only if Vyf € L%’O’Jq) (R2?). Furthermore, different choices of

¢ e M (R? 0} in ||V f||pr-a give rise to equivalent norms. (Cf. Theorem 2.6
(’U) 4 (w)

in [59].)

Remark 1.13. Let s > 1, wy € W%7S(R2d), w € P s(R?*?) p,q e (0,00]. Then it
follows from [58, Theorem 3.9] that the first and last inclusions in Proposition 1.11
(2) can be refined into:

S,(RY) € M2Y (RY) C S(RY) and X,(RY) C MDY (R) C X (RY).

In essential parts of our analyses in Sections 4 and 5 it is convenient to use sym-
plectic formulations of modulation spaces with functions and distributions defined
on the phase spaces R??. They are defined in the same way as the modulation
spaces above, except that the short-time Fourier transforms in (1.8) are replaced
by symplectic analogies in the definition of modulation space norms.

In fact, let o be the standard symplectic form on R?¢, i.e. it should satisfy

o(X,Y) = (y,6) —(w,m), X =& eR™ Y =(yn)cR"  (L14)

(Here observe the difference between the notation o for the symplectic form in
(1.14), and the positive number o used as parameter for the Gelfand-Shilov spaces,
e.g. in Subsections 1.2 and 1.3.) If

{61,...,€d,81,...,€d} (115)
is the standard basis of R??, then
o(ej,er) =0, o(ej,ep)=—0% and o(gj,ex) =0 (1.16)

when j, k € {1,...,d}. More generally, a basis (1.15) of R?? which satisfies (1.16) is
called a symplectic basis of R?? to the symplectic form o. Evidently, the standard
basis of R?? is a symplectic basis, and is sometimes called the standard symplectic
basis of R%.

Let ¢ € ¥1(R?!)\ 0. Then the symplectic Fourier transform and symplectic
short-time Fourier transform of a € L*(R??) are defined by the formulae

(Foa)(X) = 7~ / a(2)e29XD) iz (1.17)
R2d
and
(Vpa)(X,Y) = w—d/ a(2)p(Z —Y)e? X2 4z, (1.18)
R2d

By straight-forward computations, using Fourier’s inversion formula, it follows that
Fo=To(F (F 1)), when (Ta)(z,€) = a(é, x) and
(Voa)(X,Y) = 27(Voa)(x,€, ~20.2y), X = (2,§) € R*, Y = (y,n) € R*.
(1.19)

In particular, all continuity and extension properties valid for the usual Fourier
transform and short-time Fourier transform carry over to their symplectic relatives.



LIFTINGS FOR MODULATION SPACES, AND ONE-PARAMETER GROUPS OF ¥DO 11

For example, .%, is continuous on S;(R2?), and extends uniquely to a homeomor-
phism on S’ (R?9), and to a unitary map on L?(R??), since similar facts hold for ..
By straight-forward computations it also follows that .#2 is the identity operator
on such spaces.

For any p,q € (0,00], w € Zg(R?*? x R??) and a € %) (R?), let Ha”Mﬁ’f) be
defined by (1.13) after V,f is replaced by Vsa. Then the symplectic modulation
space M’("f) (R%) consists of all a € ¥} (R2?) such that ||CLHM1(”;1) is finite.

By (1.19) it follows that
MU (R = MEL (R?) - when  w(@,&,y,n) = wolx, €, 21, 2y).

(wo)

Hence, the symplectic modulation spaces are merely other ways to formulate the
modulation spaces considered in the first part of the subsection.

1.5. A broader family of modulation spaces. In Section 2 we consider map-
ping properties for pseudo-differential operators when acting on a broad class of
modulation spaces which are defined by imposing (quasi-)norm conditions on the
involved short-time Fourier transforms of the forms given in the following definition.
(Cf. [14-19,21].)

Definition 1.14. Let 2 C L! (R?) be a quasi-Banach space of order r € (0, 1],
and let v € Zg(R?). Then % is called a translation invariant Quasi-Banach
Function space on R?, or invariant QBF space on R?, if the following conditions
are fulfilled:

(1) if € R and f € &, then f(- —z) € %, and

1 = 2)lz < v(@)) flle; (1.20)
(2) if f,g € L7, (R?) satisfy g € # and |f| < |g|, then f € & and
1flle < llgllza-

It follows from (2) in Definition 1.14 that if f € 2 and h € L*°, then f-h € A,
and

1S - hllz S 1 F bl zoe- (1.21)
If r = 1, then 4 in Definition 1.14 is a Banach space, and the condition (2) means
that a translation invariant QBF-space is a solid BF-space in the sense of (A.3)
in [18]. The space Z in Definition 1.14 is called an invariant BF-space (with
respect to v) if r = 1, and Minkowski’s inequality holds true, i.e. f x ¢ € 2 when
f €% and p € ¥ (RY), and

If*olls S I fllslleller . T e B oemi(RY. (1.22)

Example 1.15. Assume that p,q € [1,00], and let L}?(R2??) be the set of all
f € L} (R??) such that

loc
g = ([, ([ 1 era)™ a) ™

if finite. Also let LY?(R??) be the set of all f € L} (R??) such that

loc

age= ([, ([ 15 orag)™ an) ™

is finite. Then it follows that L? and L5 are translation invariant BF-spaces with
respect to v = 1.
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Definition 1.16. Assume that 2 is a translation invariant QBF-space on R?¢,
w € Z(R?*), and that ¢ € ¥(RY) \ 0. Then the modulation space M(w, %)
consists of all f € ¥} (R?) such that

1fll51w,22) = Vo f |2

is finite.

Obviously, we have M{j(R?) = M(w,%) when % is equal to LP"*(R*?) in
Example 1.15. It follows that many properties which are valid for the classical
modulation spaces also hold for the spaces of the form M (w,%). For example
we have the following proposition, which shows that the definition of M (w, %) is
independent of the choice of ¢ when £ is a Banach space. We omit the proof since
the completeness assertions follows from [41], and the other parts follow by similar
arguments as in the proof of Proposition 11.3.2 in [25]. (See also [41] for topological
aspects of M(w, A).)

Proposition 1.17. Let % be an invariant BF-space with respect to vy € Pp(R>?)
for j =1,2. Also let w,v € P5(R3??) be such that w is v-moderate, M(w, B) is
the same as in Definition 1.16, and let ¢ € M(lvov)(Rd) \ 0 and f € 2} (R?). Then

M(w, %) is a Banach space, and f € M(w,AB) if and only if Vofw € B, and
different choices of ¢ gives rise to equivalent norms in M(w,B).

We refer to [14-19, 21,23, 25,46, 60] for more facts about modulation spaces.
For translation invariant BF-spaces we make the following observation.

Proposition 1.18. Assume that v € Pg(R?), and that % is an invariant BF-
space with respect to v such that (1.22) holds true. Then the convolution mapping

(0, f) = @x* f from C°(RY) x B to B extends uniquely to a continuous mapping
from L%U)(Rd) X B to B, and (1.22) holds true for any f € B and p € L%U) (R%).

The result is a straightforward consequence of (1.22) and the fact that ¥ is
dense in L%U).

The quasi-Banach space % above is usually a mixed quasi-normed Lebesgue
space, given as follows. Let E be the ordered basis {e1,...,eq} of R% Then the
ordered basis E' = {ef,...,e}} (the dual basis of E) satisfies

(ej,€,) = 2md;, forevery j,k=1,....d.

The corresponding parallelepiped, lattice, dual parallelepiped and dual lattice are
given by

k(E) ={zie1 4+ - +xzqeq; (x1,...,2q) ERYL, 0< 2, <1, k=1,...,d},
Ag ={jier + -+ jaea; (j1.---,ja) € 27},
K(E') = {&e+ - +&aely; (&1, &) eRY, 0< & <1, k=1,....d},
and

Np=Ap = {uey +- +aey; (b1, .. 0a) €Z0Y,

respectively. Note here that the Fourier analysis with respect to general biorthog-
onal bases has recently been developed in [47].

We observe that there is a matrix Tg such that e1,...,eq and €], ..., €} are the
images of the standard basis under Ty and T = 2n(Tg 1)t, respectively.

In the following we let

max q = max(qi,...,q¢) and ming = min(qy,...,qq)

when g = (q1,--.,q4) € (0,00]%.
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Definition 1.19. Let E be an ordered basis of R%, p = (p1,...,p4) € (0,00] and
r =min(1,p). If f € LT _(R?), then [ fllzz is defined by

loc
£z = llga-1llLram)
where gi(z1), 2z € R% k=0,...,d — 1, are inductively defined as
go(x1,...,xq) = |f(x101 + - + 24€4)],

and

gk(zk)z||gk_1(-,zk)\|ka(R), k:L...,d—l.
The space LY (R?) consists of all f € L7 (R?) such that [ fllzz is finite, and is

called E-split Lebesque space (with respect to p).

For the next definition we recall that o(X,Y") denotes the standard symplectic
form on the phase space (cf. (1.14)).

Definition 1.20. Let E = {ey,...,e2q4} be an ordered basis of R?? and let Ey =
{e1,...,eq}. Then Ej is called a phase split of E, if
o(ej,ex) =0, olej,eqr) =—2m6;, and o(eqts,ed+x) =0
when j, k € {1,...,d}.
If (1.15) is the standard basis of R?*? and e4;; = 27¢e; for j € {1,...,d}, then

(1.16) shows that {e1,...,eq} is a phase split of {e1,..., €24}
The following definition takes care of our most common QBF-spaces.

Definition 1.21. The space % is called a normal QBF-space (on R29) if it is
either an invariant BF-space on R?? or # = L%, (R??) for some p € (0,0]?? and
phase split basis F of R?¢.

1.6. Pseudo-differential operators. We use the notation M(d, ) for the set of
d x d-matrices with entries in the set . Let s > 1/2, a € S;(R??), and A € M(d,R)
be fixed. Then, the pseudo-differential operator Op 4(a) is the linear and continuous
operator on Ss(RY) given by

Ops@N@) = @ [[ | ae— A=), 1) dyd (123)

when f € S,(R%). For general a € S.(R??), the pseudo-differential operator
Opy(a) is defined as the continuous operator from S,(RY) to S’ (R?) with dis-
tribution kernel given by

Kaae,y) = (2m) 3 (F5 ) (@ = Az —y), 2 — ). (1.24)
Here Z, F is the partial Fourier transform of F(x,y) € S’(R??) with respect to the
y variable. This definition makes sense, since the mappings

Fy and F(x,y)— F(zx — A(z —vy),y — x) (1.25)

are homeomorphisms on S’(R2?). In particular, the map a — K, 4 is a homeo-
morphism on S’ (R>2%).

If A= -1, then Op 4(a) is the Weyl quantization Op*(a) of a. If instead A = 0,
then Op 4 (a) equals the normal or Kohn-Nirenberg representation Op(a) = a(z, D).
Remark 1.22. For any K € S)(R%*) let Tk be the linear and continuous map-
ping from S;(R%) to S/(R9), defined by the formula

(Tx f19) 122y = (K, 9 @ [)2(maztar)- (1.26)
It is well-known that the Schwartz kernel theorem also holds in the context of
Gelfand-Shilov spaces (see e. g. [7,36,44,51]).
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In fact, let £(V7, V2) be the set of linear continuous mappings from the topological
vector space Vi to the topological vector space V. Moreover, if V; are quasi-
Banach spaces, then || - ||£(v;,1,) denotes the quasi-norm in £(V1, V). We also set
L(V) =LV, V).

If Ae M(d,R), then the mappings K +— Tk and a — Op 4(a) are bijective from
S!(R?) to L(Ss(R%),SL(R?)). Similar facts hold true if Sy and S’ are replaced by
Y, and X, respectively (or by . and .¥”’, respectively).

As a consequence of Remark 1.22 it follows that for each a; € S/(R2?) and
A1, Az € M(d,R), there is a unique ay € S,(R?*?) such that Op,, (a1) = Opy, (a2).
The relation between a; and as is given by

Opy, (a1) = Opgu,(az) < ag(x,&) = M =ADDeDad g (3 ¢). (1.27)

(Cf. [34].) Note here that the right-hand side makes sense, since it is equivalent to
Ay(&,x) = et —A)@0q, (¢ 1), and that the map a — e*4%€) ¢ is continuous on
S! when A € M(d,R). (Cf. [5,6,65].)

Let A € M(d,R) and a € S’(R??) be fixed. Then a is called a rank-one element
with respect to A, if the corresponding pseudo-differential operator is of rank-one,
ie.

Opa(a)f = (f,f)f1, [ €S(R, (1.28)
for some fi, f> € S'(R?). By straightforward computations it follows that (1.28) is
fulfilled, if and only if a = (27r)%Wf}’ f,» Where Wﬁ 7, it the A-Wigner distribution
defined by the formula

Wit ,(2,6) = Z(filz+ A-) fola — (T = 4)))(©), (1.29)
which takes the form
Wi, (2,€) = (2m)7% /Rd fi(z + Ay) fo(z — (I — A)y)e @0 dy,

when f1, fo € Ss(RY). Here I € M(d,R) is the identity matrix. By combining
these facts with (1.27) it follows that

W}??fz — ¢ {(A1—A2) D¢, D, )W‘?jfz‘ (1.30)

for each fi, fo € SL(RY) and Ay, Ay € M(d, R). Since the Weyl case is particularly
important, we set Wﬁf,z = Wy, s, when A = 31, i.e. Wy, y, is the usual (cross-
)YWigner distribution of f; and fo.

For future references we note the link

(Opa(a)f,9)r2(re) = (2m)”

4
2

(a W )LQ(R2d)
a€S/(R?*) and f,g€ S,(RY) (1.31)

between pseudo-differential operators and Wigner distributions, which follows by
straightforward computations (see also e.g. [61]).

Next we discuss the Weyl product, the twisted convolution and related objects.
Let s > 1/2 and let a,b € S, (R2?). Then the Weyl product a#b between a and b is
the function or distribution which fulfills Op" (a#b) = Op®(a) o Op™(b), provided
the right-hand side makes sense as a continuous operator from S,(R%) to Si(R%).
More generally, if A € M(d,R), then the product # 4 is defined by the formula

Op4(a#4b) = Op4(a) o Op4(b), (1.32)

provided the right-hand side makes sense as a continuous operator from S,(R?) to
S’(R%), in which case a and b are called suitable or admissible.
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The Weyl product can also, in a convenient way, be expressed in terms of the
twisted convolution and the symplectic Fourier transform (cf. (1.17)). Let s > 1/2
and a,b € Ss(R?¥). Then the twisted convolution of a and b is defined by the
formula

(aqb)(X) = <72T> i /R a(X — 2)b(2)e*°X2) qz. (1.33)

The definition of %, extends in different ways. For example, it extends to a con-
tinuous multiplication on LP(R2?) when p € [1,2], and to a continuous map from
S!(R?) x S,(R??) to SL(R??). If a,b € S, (R??), then a#b makes sense if and only
if a x5 (Fsb) makes sense, and then

a#h = (2m) " 2a xg (Feb). (1.34)
We also remark that for the twisted convolution we have
Fo(axgb) = (Fsa) %6 b = a x5 (Fob), (1.35)
where a(X) = a(—X) (cf. [52,57,59]). A combination of (1.34) and (1.35) gives
Folaph) = (21) % (Foa) *o (Fob). (1.36)

Definition 1.23. Let
lallse = 0p* (@)l £z2mey, a € 7" (R*).
The set s% (R29) consists of all a € .7/(R2?) such that Op*(a) is linear and con-

tinuous on L?(R?), or equivalently, the set of all a € ./(R?*®) such that [a||s» is
finite.

Remark 1.24. By the last part of Remark 1.22 it follows that the map a — Op“(a)
is an isometric bijection from s (R2?) to the set of linear continuous operators on
L*(RY).

Remark 1.25. We remark that the relations in this subsection hold true after S,

S!and s > % are replaced by X, ¥/ and s > % respectively, in each place.

Next we recall some algebraic properties and characterisations of FF:’) (R%d) and
F((;f) (R%) from the introduction, and begin with the following. We refer to [5] for

S
its proof.

Proposition 1.26. Let s > 1, w; € 25 (R*), Aj € M(d,R) for j =0,1,2, and
let wo,(X,Y) = wO(X)e’T‘Yﬁ when r > 0. Then the following is true:
(1) If a1,as € XL (R??) satisfy Opy, (a1) = Opy,(a2), then a; € FS”O)(RM) if
and only if ay € T (R2%);
(2) T pr{™) c i)

w 00,1 _ 00,1
(3) Fg 0) — U M(l/wo,7-) = U M(l/war).
>0 r>0

Proposition 1.27. Let s > 1, w; € Zg (R*?), A; € M(d,R) for j =0,1,2, and
let wo,(X,Y) = wO(X)e’T‘Yﬁ when r > 0. Then the following is true:
(1) If a1, a2 € XL (R?*) satisfy Opy, (a1) = Opy,(az), then a; € F((;:f)(RQd) if
and only if as € Fé‘:’;)(RQd);
@) e rf,
() T2 = (1 MGk = MGl

r>0 r>0
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In time-frequency analysis one also considers mapping properties for pseudo-
differential operators between modulation spaces or with symbols in modulation
spaces. Especially we need the following two results, where the first one is a gen-
eralisation of [49, Theorem 2.1] by Tachizawa, see also [43, Theorem 2], and the
second one is a weighted version of [25, Theorem 14.5.2]. We refer to [62] for the
proof of the first two propositions and to [60,61] for the proof of the third one.

Proposition 1.28. Assume that A € M(d,R), s > 1, w,wy € @%’S(Rw),

a € Fgw)(RQd), and that % is an invariant BF-space on R2? of Beurling type.
Then Op 4(a) is continuous from M (wow, B) to M(wo, B), and also continuous on
Ss(R?) and on S,(RY).

Proposition 1.29. Assume that A € M(d,R), s > 1, w,wy € Pp(R*),

a € Fg‘fs)(RM), and that B is an invariant BF-space on R?*? of Roumieu type.

Then Op 4(a) is continuous from M (wow, B) to M(wy, #B), and also continuous on
Ys(R?) and on XL (RY).

Proposition 1.30. Assume that p,q € (0,00}, r < min(p,q,1), w € Zp(R*? &

R?%) and wy,ws € Pp(R?) satisfy
w2 (X —Y) 2d
— - < (Cw(X,Y X, Y eR 1.37
UJI (X + Y) — w( I’ )7 ) e ) ( )
for some constant C. If a € M((’Z)T (R?9), then Op“(a) estends uniquely to a con-
tinuous map from M(’Z;‘i)(Rd) to M&‘;(Rd).

Finally we need the following result concerning mapping properties of modulation
spaces under the Weyl product. The result is a special case of [8, Theorem 2.1] (see
also [13, Theorem 0.3]).

Proposition 1.31. Assume that w; € P (R?*? & R??) for j =0,1,2 satisfy

wo(X,Y) < Can(X Y + Z, Z)ws(X + Z,Y — Z), (1.38)
for some constant C > 0 independent of X,Y,7Z € R?*, and let r € (0,1]. Then
the map (a,b) — a#b from ¥1(R??) x ¥1(R?9) to ¥1(R?9) eatends uniquely to a
continuous mapping from M(()er) (R2d) x MZ’:’J;) (R%) to M?Z;S(de).

We remark that the conditions (1.37) and (1.38) need to be reformulated in
awkward or inconvenient ways, if the symplectic modulation spaces are replaced by
ordinary modulation spaces in Propositions 1.30 and 1.31. Similar facts hold true
for several results in Sections 4 and 5.

1.7. The Wiener Algebra Property. As a further crucial tool in our study of
the isomorphism property of Toeplitz operators we need to combine these continu-
ity results with convenient invertibility properties. The so-called Wiener algebra
property of certain symbol classes asserts that the inversion of a pseudo-differential
operator preserves the symbol class and is often referred to as the spectral invariance
of a symbol class.

Proposition 1.32. Let A € M(d,R). Then the following is true:
(1) Ifs>1,a€ Fé}g(RQd) and Op 4 (a) is invertible on L2(RY), then Op 4(a)~!
Op,(b) for some b € Fé}g (R%).
(2) Ifs>1,a€ Fgl)(RQd) and Op 4 (a) is invertible on L?(R%), then Op 4(a)~!
Op 4 (b) for some b € T (R24).
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(3) If s > 1, v € 2% (R*?) is submultiplicative, v(X,Y) = vo(Y), X,Y €

R% a ¢ M(Of)’l(RQd) and Op 4 (a) is invertible on L?(R?), then Op 4(a) ™! =

Op4(b), for some b € M((;o)’l(Rw).

Proof. The results follows essentially from [26, Corollary 5.5] or [27]. Suppose
1
s>1,a€ Fgl)(RQd), Op4(a) is invertible on L?(R%), and let v, (X,Y) = "Y'l

when 7 > 0. Then a € M(O;’)I(RM) for some r > 0. By [26, Corollary 5.5],

Op(M(O;T’)l(RM)) is a Wiener algebra, giving that Op(a)~! = Op(b) for some b €

M(O:fr)l (R%) C I‘gl)(de). This gives (2) in the case s > 1.

If instead s = 1, then by [20, Theorem 4.4] there is an 79 > 0 such that Op(a) ™! =
Op(b) for some b € M((f’l)(de) c TV (R29), and (2) follows for general s > 1.
ro
By similar arguments, (1) and (3) follow. The details are left for the reader. O

Remark 1.33. Let A € M(d,R). Then it follows from Proposition 1.32 (3) that
if s > 1, vy € Pg(R*) is submultiplicative, v(X,Y) = vo(Y), X,Y € R*,

a€ M(Ovo)’l(RQd) and Op 4(a) is invertible on L2(R%), then Op 4(a)™! = Op4(b), for

some b € ME’:)’l(RQd).

1.8. Toeplitz Operators. Let a € ¥1(R??) and ¢ € ¥;(R?). Then the Toeplitz
operator Tp,(a) (with symbol a and window ¢) is defined by the formula

(Tp¢(a)f1, f2)L2(Rd) = (a V¢f1, V¢f2)L2(R2d) 5 (139)

when f1, fo € ¥1(R%). Obviously, Tpy(a) is well-defined and extends uniquely to
a continuous operator from ¥} (R%) to X1 (R?).

The definition of Toeplitz operators can be extended to more general classes of
windows and symbols by using appropriate estimates for the short-time Fourier
transforms in (1.39).

We state two possible ways of extending (1.39). The first result follows from [11,
Corollary 4.2] and its proof, and the second result is a special case of [63, Theorem
3.1]. We also set

wo.t(X,Y) = v1(2Y) L wo(X) for X,Y € R*. (1.40)

Proposition 1.34. Let 0 <t < 1, p,q € [1,00], and w,wp,v1,v9 € Pr(R??) be
such that vo and vy are submultiplicative, wq is vo-moderate and w is vi-moderate.
Set

v=12ivy and ﬁ:wé/z,
and let wo; be as in (1.40). Then the following is true:

(1) The definition of (a, ) — Tpy(a) from $1(R?*?)x 51 (R?) to £L(21(R), 21 (R?))
extends uniquely to a continuous map from M??/wo_,,)(Rgd) X M(lv)(Rd) t
L(S(RT), ' (R)).

(2) If p € M(lv)(Rd) and a € M‘()f/wO,t)(RQd), then Tpy(a) extends uniquely to
a continuous map from M(’,)l;qw)(Rd) to M(’Z%) (R%).

]

Proposition 1.35. Let w,wi,ws,v € Z(R2?) be such that wy is v-moderate, wy
is v-moderate and w = wy /we. Then the following is true:

(1) The mapping (a,¢) = Tpy(a) extends uniquely to a continuous map from
L‘(’;)(RQd) X M(Qy)(Rd) to L(X1(R%), 21 (RY)).

(2) If ¢ € M(Qv) (R%) and a € L‘(f/w)(RQd), then Tpy(a) extends uniquely to a

continuous operator from M(le)(Rd) to M(QWQ)(Rd).
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The symbol of a Toeplitz operator with respect to the A representation (1.23) and
(1.24) is the convolution between the Toeplitz symbol and an A-Wigner distribution.
More precisely, if a € ¥1(R2?) and ¢ € ¥;(R?), then

Tpy(a) = (21)7% Opy(ax Wi,),  AeM(d,R). (1.41)
The formula (1.41) has appeared frequently in the literature in the Weyl case (cf.

e.g. [11,22,30,52,61] and the references therein). For general A the formula follows
by a straight-forward combination of the Weyl case, (1.27), (1.30) and

ei<ADf’D1'>(a xb) = ax* (ei<ADf’D’”> x D)

for suitable a and b, which follows from Fourier’s inversion formula.

Our analysis of Toeplitz operators is based on the pseudo-differential operator
representation given by (1.41), and remark that similar interpretations might be
difficult or impossible to make in the framework of (1.39). (See the end of Section
2 and Remark 4.8 in [30].)

2. CONFINEMENT OF THE SYMBOL CLASSES I')(R%) AND F(()‘:;)(Rd)

In this section we introduce and discuss basic properties for confinements for
symbols in F§“°> and in F(()‘j’so). These considerations are related to the discussions
in [3,38], but are here adapted to symbols that possess Gevrey regularity. In
particular, this requires the deduction of various types of delicate estimates on
compositions of symbols that are confined in certain ways.

2.1. Estimates of translated and localised Weyl products. In what follows
we let ay = a(- —Y) when a € S{/Q(RM) and Y € R?*? and in analogous ways,
by, ¢y, ¢y, Yy etc. are defined when b, ¢, p, 9 € S{/Z(de). For admissible a and
b we have

(a#b)y = ay#by, (21)
which follows by straight-forward computations. We also recall that if ¢ € S,(R??),
then there are functions ¢, € Ss(R??) such that ¢ = ¢#1. The same is true if
S; is replaced by g or by .7 (cf. [7,64]). In particular, by choosing ¢ such that
Jrea p(X)dX =1, (2.1) gives the following.

Proposition 2.1. Let s > % Then there are ¢, € Ss(R??) such that

Yy #oy dY = 1. (2.2)
R2d

For independent translations in Weyl products we have the following.
Proposition 2.2. Let s > 3 and let ¢, € S;(R*?). Then
(py#Yz)(X) =V(X Y, X - 2) (2.3)
for some U € Sy(R?? x R2?). The same holds true with ¥, or .7 in place of Ss.
Proof. We only prove the result when ¢, € S,(R2%). The other cases follow by

similar arguments and are left for the reader.
We have

(dy#ibz)(X) =7 ¢ G(X — Y — Y1)ih(Y1)e2i001:D) 20XV gy,
R2d

=74 [ G((X —Y) = Y)P(V1)eX XA ayy = U(X ~ Y, X - 2),
R2d

where

U(X,Z)=n"" (X — Y1)9(Y1)eX o2 gy,
R2d
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We note that R

VU= (Fs20T)(¢ @),
where (T®)(X,Z) = ®(X — Z,Z) when ® € S;(R?? x R??), and F,2® is the
partial symplectic Fourier transform of ®(X,Z) with respect to the Z variable.
Since (¢, 1) — ¢®1 is continuous from Sy (R2) x S, (R2) to S, (R x R24), and T
and F, o ® are continuous on Ss(R?? x R2?), it follows that ¥ € Sy(R*xR?¢). O

Since ¥ in Proposition 2.2 belongs to similar types of spaces as ¢ and v, it
follows that estimates of the form

IDYW(X, V)| < Bl qlse(IXIEHY15)/n

hold true. In particular, the following is an immediate consequence of Proposition
2.2 and some standard manipulations in Gelfand-Shilov theory.

Corollary 2.3. Let s > 1. If ¢,9 € S;(R*?) (¢, € ,(R*)), then

i 1
DS Dy DY (¢y #02)(X)| < W0 (algiyl)se (XYITHX=ZI0Mm (9.4
for some h >0 (for every h > 0).
Proof. By Proposition 2.2, (2.3) holds for some ¥ € S,(R?¢ x R??). Thus

IDLDEDLU(X — Y, X — Z)| = ‘Dgg (Dng\If) (X -V, X — Z)’
<y (‘;‘) ‘ (PP Dyt w) (X — v, X - Z)’
i<a

< pletseal y (?) (B4 8)l(y +a— )ty e (XY x=21%),

6<a

We have

> (?) ((B+ )y +a— 8)1)* < 2Aelgsle847] (q1g11)".

<a
Indeed, by (n + k)! < 2"+ Enlk! we get

d d
(a+ B+ =[]l +B; +3)r < [T 450,181, = dletFHa18191,
j=1 j=1

Thus (2.4) holds with 2 - 4°h in place of h. O

The next result is a consequence of Theorem 4.12 in [5].

Proposition 2.4. Let s > % and ¥ € P(R2*Y). Then the map (¢,a) — ¢#a is
continuous from Y,(R29) x r{” (R2?%) to S,(R*).
The next lemma concerns uniform estimates of the Weyl product between ele-
ments in sets
{a;(- +Y,Y); Y €eR¥™}, j=1,2 (2.5)
which are bounded in S;(R??) or in ¥,(R?%).
Lemma 2.5. Let s > % Then the following is true:

(1) if the sets in (2.5) are bounded in S;(R2%), then there are constants C > 0
and h > 0 which are independent of Y1,Ys € R% and a, a1, a9 € N2? sych
that

(D7 an) (-, Y1) #(Di?az)( -, Y2)) (X))

1 1 1
< Ohplortes| (allag')sef%'(leyll CHXERlE-RlE) (9 6)
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and
DY (a1 (-, Y1)#aa( -, Y2))(X))
< Chlalglse— F(IX-YiF X Y2l +]¥2-Yalt) (2.7)

hold;

(2) if the sets in (2.5) are bounded in X4(R>?), then for every h > 0, there is a
constant C > 0 which is independent of Y1,Ys € R?*? and o, ap, g € N4
such that (2.6) and (2.7) hold.

Proof. We only prove (2). The assertion (1) follows by similar arguments and is
left for the reader.

Let Y =Y1, Z =Y5,a(X,Y) =a1(X+Y,Y) and (X, Z) = a2(X + Z,Z). Then

(a1(-,Y)#ax(-, Z))(X)

= wfd/ a(X =Y) =Y, Y)Zs(b(- — Z,2))(Y1)e? XY gy,
R2d

- wfd/gd a(X =Y) = Y1,Y).Ze(b( -, 2))(Y1)e? X =21 gy,
R2d

= Oy (X -V, X - 2),
where
Dy 7 (X1, Xa) = ﬂ—d/RM a(X1 = Y1,Y)Zo(b( -, Z))(Y1)e? e X2YD) gy,
We observe that

D3 D2 @y, 7 (X1, X»)

=t [ (DR =V F(DF (L Z) )T v (2

which implies that the Leibnitz rule

DY (ar (- Y)tar(-. Z)(X) = (“) (D2 DYy.)(X — Y. X - Z)

y<a

- Z (i) w ¢ /de(Dfliva)(XH - Y1,Y)§G((D¥b)(.72))(}/1)621'0()(2,3/1) 4y,

<o

(2.9)
holds. We also have
Oyz = (TioTyoTi)(a(-,Y)@b(-, 2)),
where
(ThF)(X1,X2) = Fo(F(X1, -))(X2) and (ToF)(X1,Xs) =F(X1 — X2,X>),

for admissible F', and observe that both 77 and 75 are continuous mappings on
5, (R24 x R24).

By the continuity of T} and T» on X, and the boundedness of the sets in (2.5),
it follows that

1 1

CL(IX |54 Xols

sup  [DSE DS Dy z(X1, Xo)| S hlartozl(aglagl)semn (Xl +IXe 1)
Y,ZeR2d
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which is the same as
1 1
(D§ a1 (-, Y))#(D52az)( -, 2))(X)|  BlorFo2l (aglant) e w (K=Y +IX=21%)

for every h > 0, where the involved constants are independent of Y, Z € R??. A
combination of the latter estimate and the fact that

| X — Y| +|X - Z<V\X Y|

shows that (2.6) holds for every h > 0.
By (2.6), (2.8), (2.10) and the inequality (a + B8)! < 21e+Blal B! we get

|DY (a1( -, Y)#as( -, Z))(X)|
S (
<y ( ) sg-t-(X-YE X2t +ly -2l

y<La

X,Y,Z € R*?, (2.10)

O‘) (DS DYy ) (X — Y, X — Z)|
N

< (2°h)le Z (a) e—%(\X—Y\%+|X—Z|%)+|Y—Z\%)
v "
= (25+1h)|a‘e*%'(\X*Y\é+Isz|§)+\Yfz\%)
for every h > 0, and the result follows. 0

Remark 2.6. Let 1 and s be (countable or uncountable) index sets. By similar
arguments as in the previous proof, it follows that the conclusions of Lemma 2.5
also holds when considering more general bounded subsets

{ag;(- +Y,Y); Y eR™ 0€Q;}, j=1,2
of S;(R2?) respective ¥,(R2%).
Lemma 2.7. Let s > %, b, € L 4(R*), w,9 € Pp(R*), ¢y = ¢(- —Y), and
7 = — Z). Then the following is true:
Yz =9(- - 2). g
(1) ifa € T (R*) (a € TS (R?Y)), then
DS D (pya)(X)| < RIRP (1815 e X =Y 15 /h1 min (w(X), w(Y 2.11
xVy 1 g
and
DS DY (v #a)(X)| S i by (alBY) e XYM min(w(X0), w(Y),  (212)
for some hy > 0 (for every hy > 0) and every hy > 0;
(2) ifar € TV (R*Y) and ay € T (R?) (a1 € T (R?) and ap € T{")(R)),
then
D% DYDY (¢ ar)#(tzaz)) (X)|

<h|a+6\hlv\ RIS o —(IX =Y |5+ X—Z |5 +|Y = 2|5 )/l . X)X
(adfiyl)e Xl,Xgrg«%r)lc,Y,Z} (w( L 2))’

for some hy > 0 (for every hy > 0) and every hy > 0.

Proof. We only consider the case when a; € F((;:JS)(RM) and ag € F(()@(RM). The
other cases follow by similar arguments and are left for the reader.
Let
U(X,Y) = (X — V)a(X).
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By Leibniz rule we get
DY DYW(X,Y)[ <Y (a) |pletB=M(X — ¥)a (X))
v

v<a

S (hmrﬁ'((a + 8- v)!v!)se"x‘y'é/hw(XO

7<a

< (25 R) o8 (a1l e X Y1 My () < (21 R) oA (algl)se XY/ @y (y),

for every h > 0 which is chosen small enough. Here we have used the fact that for
some 7 > (0

W(X) S w(Y)erXY1 < w(y)elX-YIF/en,

since w is a moderate function. This gives (2.11).
Next we prove (2). Let

_ DY (¢yar)
~ WPIBIsw(Y)

Then (1) and Remark 2.6 show that
{bign(- +Y,Y); Y €R*™ h>0, 3N}

D'Y
and by n(-,Z) = z(Vz02)

bign(-,Y) = hINs9(Z)

and

{boyn(- +2,2); Z€R* h>0, veN*}

are bounded subsets of ¥, (R?2%).
Hence, Remark 2.6 shows that

DS (brpn(- 3 Y )#bo,n (- 2))(X)| S hlelaem (XY IHX =2y =2t /b
for every h > 0, or equivalently,

|D$ DY DY ((¢y a)#(1h2b)) (X))
< plothal (a[ﬁ[,y[)se—(\X—Y\%+|X—Z|%+\Y—Z\%)/hw(y)ﬁ(z)_

The assertion now follows from the latter estimate and the fact that w and 9 are
moderate weights, giving that

W(Y) < w(X)eXYIE/C0) < 4y 7)IX=Y 15 HX=21%)/ (),

and similarly for 9. O

Lemmas 2.5 and 2.7 imply the following characterisation of T’ (R24).

Proposition 2.8. Suppose s > 1/2, ¢ € N,(R?%) have non-vanishing integral,
we PR, a € 2 (R?), and let ¢y = ¢(- —Y). Then the following conditions
are equivalent:
(1) aeT¥ @erf));
(2) ¢ya is smooth and satisfies (2.11) for some hy > 0 (for every hy > 0) and
every ho > 0;

(3) ¢y #a is smooth and satisfies (2.12) for some hy > 0 (for every hy > 0)
and every hy > 0;
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(4)
D% (ra) ()] S Alate XYM min(X),w(Y)  (213)
for some hy > 0 (for every hy > 0);
(5)
D% (dy#a)(X)] S hlatre X =Y1 /M min(w(X), w(Y) (2.14)
for some hy > 0 (for every hy > 0).

Proof. By Lemmas 2.5 and 2.7, (1) implies that (2) and (3) hold, which in turn
imply (4) and (5).

If (4) holds, then (0.4) follows by integrating (2.13) with respect to Y, and using
the fact that fR?d ¢y dY is a non-zero constant, since ¢ has non-vanishing integral.
In the same way it follows that (5) leads to (0.4). Consequently, (4) as well as (5)
imply (1), and the result follows. O
2.2. A family related to T'\" and F((f;. Let Ir = [-R,R] and E° = E} , =
L>(Ir x R?4; 5% (R2?)), with the symbol subspace s% (R2¢) from Definition 1.23.
We shall consider suitable decreasing family {E} }7°, of Banach spaces. To this
aim, let

Gn={(Y,Th,...,T,) € R2" Dy T, ¢ R* with |Tj| <1,j=1,...,n}, neN.
We define B ;= E} ), ., n > 1, as the set of all a € E° such that
I{T1, Dx) - - {Tii, Dx)a(t,Y, -)llsu

lal|™ = sup sup sup :
1<k<nt€lg (Y,T1,...,Ty)EGH h¥(k!)s ’
with the norm
lallzp = lalley, . = max(|lal go, [lal| ™).
We also let E,ffs = E%‘?h’S be the set of all
a€ () Ejn, (2.15)
n>0
such that
lalleg, . = sup lalley ,
is finite.

Lemma 2.9. Letn >0, R> 0 and s > 0. Then E} ; and E}*; are Banach spaces.

Proof. Let {a;};>0 be a Cauchy sequence in Ep , n > 1. By definition, this
sequence clearly has a limit a € E°, and for some X ~ by (t,Y,Ty,..., T, X) €
5% (R2?) we have

i sup 1 Px) ATk, Dxjay (&Y, ) = bp(8, Y, T, T, )l

where the supremum is taken over all

kze{l,...,n}, telr and (YV,T]_,...,T]C)EG]C.

:0)

We need to prove that a € E , and aj — a in Ej .
The conditions here above are equivalent to

lim (sup sup |la;(¢t,Y, ) —a(t,Y, )
)70 \telr YeR2d

m) =0 (2.16)
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and

. H(_l)k<T17D> <TkaD>aj(t7Y7 ) - bk(tvvalw"ka? )”S;’g
lim sup

=0
j—o00 hk(k!)s ’

(2.17)
where the latter supremum should be taken over all
ke{l,....,n}, telr and (Y,Ti,...,Tk) € Gi.
Since s (R??) is continuously embedded in ./ (R2?9), it follows from (2.16) and
(2.17) that
X — (=1)"(T1, Dx) -+ (Ty, Dx)a;(t, Y, X)
has the limit
X = (=1)*(T1, Dx) - - (T, Dx)a(t, Y, X)
in ./(R?%), and the limit
X = be(t, Y, Th,. .., Tk, X)
in s¥ (R2?%), and thereby in .#’/(R??), as j tends to co. Hence
bk(t, Y, Tr, -, T, X) = (=1)"(T4, Dx) -+« (Ty,, Dx)a(t, ¥, X)

and it follows that Ej}  is a Banach space for every h > 0, s > 0 and integer n > 0.

If in addition {a; };>0 is a Cauchy sequence in E°,, then the limit a above satisfy
(2.15). Since a; stays bounded in E}°,, it follows that o has bounded E}°, norm,
and therefore, E}* is complete and tﬁereby a Banach space. 7 O

The spaces Ep°; can be related to Fgl) and Fé}g, as the following lemma shows.
The details are left for the reader.

Lemma 2.10. Let a € L (Ig x R*%; 5% (R?)). Then {a(t,Y, - )}iery ver2d s a
uniformly bounded family in I‘gl)(RZd) (I‘(()%g(Rw)), if and only if

lallge, < o0
for some h > 0 (for every h > 0).

Later on we also need the following result of differential equations with functions
depending on a real variable with values in E;°. The proof is omitted since the
result can be considered as a part of the standard theory of ordinary differential
equations of first order in Banach spaces.

Lemma 2.11. Suppose s > 0, n > 0 be an integer, T > 0, and let IC be an operator
from By to Ep o for every h > 0 such that

[Kal

Ep, < C”a”Eﬁ',s’ a € EZ;S, (2.18)
for some constant C which only depend on h > 0. Then

deft) _ \
LS K(e),  e0) € B,

has a unique solution t — c(t) from [=T,T] to E} , which satisfies

C
le(®) gz . < le(©) g5, 7,

where C is the same as in (2.18). The same holds true with Ep°, in place of E}}
at each occurrence.
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3. ONE-PARAMETER GROUP OF ELLIPTIC SYMBOLS IN THE CLASSES Fg‘“)(Rd)
AND Ff)‘:;)(Rd)
In this section we show that for suitable s and wq, there are elements a € Fgwo)

and b € Fgl/ “0) guch that a#b = b#a = 1. This is essentially a consequence of The-
orem 3.8, where it is proved that the evolution equation (0.6) has a unique solution

a(t, -) which belongs to Fgwﬁt), thereby deducing needed semigroup properties for
scales of pseudo-differential operators. Similar facts hold for corresponding Beurling
type spaces (cf. Theorem 3.9).

First we have the following result on certain logarithms of weight functions.

Proposition 3.1. Let w € Zp(R??) OF(SUOJ)(RM), so € (0,1], v € Zr(R??), be
such that w is v-moderate, 9(X) =1+ logv(X) and let
wX+Y
c(X,Y) =log (w(Y))

Then,

(1) {c(-,Y)}yerea is a uniformly bounded family in r{” (R?), s > 1;

(2) fora#0, {(0%c)(-,Y)}yerza is a uniformly bounded family in Fgl)(Rw),

s> 1.

For the proof of Proposition 3.1 we need the following multidimensional version
of the well-known Faa di Bruno formula for the derivatives of composed functions.
It can be found, e.g., setting ¢ = p = 1, n = 2d, in equations (2.3) and (2.4) in [33].

Lemma 3.2. Let f € C®°(R) and g € C*(R%R). Then
& ") ( Bi
Tlew) v el s 1 2R aentvo g

1<k<|a| B14-- +ﬁk a 1<5<k
B;#0,j=1,...k

We will also need the next factorial estimate, for expressions involving decompo-
sitions of & € N2¢, o £ 0, into the sum of k nontrivial multi-indeces Bi,g=1,...,k,
as in (3.1), and corresponding products of (powers of) factorials.

Lemma 3.3. Let sg € (0,1], a € N2¢, o # 0. Then, for suitable Cy > 0, depending

only in d,
> % S II et gapt (3.2)

1<k<|a|  Bi+-+Br=a 1<j<k
B;#0,j=1,...k

Lemma 3.3 follows from Lemma A.2 in Appendix A.

Proof of Proposition 3.1. In order to prove (1) we need to show that ¢(-,Y") satisfies
I‘gﬂ) estimates, uniformly with respect to Y € R??. By (1.2) we get

e(X,Y) <log(Cv(X)) S1+logv(X) =19(X)
and
c(X,Y) > log((Cv(X))™) = —(1 +logwv(X)) = —9(X).

Hence, [c¢(X,Y)] < 9(X), X € R*. If ¢(X,Y) > 0, then it follows by submulti-
plicativity of w, that
c(X,Y)=logw(Y + X) —logw(Y) <logw(Y) +logv(X) — logw(Y)
< 9(X),
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for any Y € R??. Again by moderateness, when ¢(X,Y) < 0, recall that w(X+Y) >

%, so that

(X Y) 2 log 5153

)

)
and we can conclude |¢(X,Y)| < 9(X), X € R*. Now, for a € N2¢ o # 0, (0.4)
with ¢ = w and (3.1) give

k41 (9%w)(
I%c(X,Y) = o Z k[(l)Jr Z H B—X_FY)’

—logw(Y) > —logv(X) > —J(X),

1<k<|e| (X+Y)] B1+t- +,Bk a 1<j<k
B;#0, 5=
and by (3.2),
N 1 X+y h\ﬂj\g 150
XV Sal 3 pemy 2 1T
klw(X +Y)k
1<k<|a] B1+- +Bk a 1<j<k
51#0:] Sk
1 - al s
=hllal - - > IT st ' < (o),
1<k<|a|  pi1+-+Br=a 1<j<k
B;j#0,5=1,....k
which gives the result. O

1
Proposition 3.4. Assume s > % and w(X) < e"XI° for some r > 0. Let

{a(-,Y)}yerea be a uniformly bounded family in X5(R??) and {c(-,Z)} zcr2a be
a bounded family in I‘gw)(RQd). Then,

{a(- Y)#e(-, Z) by zeroa and {c(-, Z)#a(-,Y)}y zerae
are bounded families in Ss(R?).

Proof. Let ¢ € 3, and a € T'”). By Lemma 2.7 it follows that

|D% (d#a)(X)] < Chl*late X7, (3.3)

for some h,r > 0. Then (3.3) holds if and only if ¢#a belongs to Ss. By the
proof of (3.3), the constants C, h and r can be chosen to depend continuously on

# € L4(R?*¥) and a € Fgw)(RQd). Hence if Q; is bounded in ¥,(R??) and Q is

bounded in Fgw)(RQd), then it follows that {¢#a}eca, ec, is a bounded family in

Sy (R2%). O
The following result can be found e.g. in [52].

Lemma 3.5. Let a € ./ (R??). Then

lale <€ 3 J0%allo~ (3.4
|| <d+1
and
lalz= <C 3 J0Pale (35)
|| <2d+1

for some constant C > 0 depending on the dimension d only.

Proposition 3.6. Let a € ./ (R*?), s > 1 and set bag(X) = 0%(XPa(X)) when
a, B € N24. Then the following conditions are equivalent:
(1) a € S(R*) (a € T,(R*));



LIFTINGS FOR MODULATION SPACES, AND ONE-PARAMETER GROUPS OF ¥DO 27

(2) for some h >0 (every h > 0) it holds

[bagllze S RITPI(IBY, o, B € N,
(3) for some h >0 (every h > 0) it holds
[bagllse S BT @B, a,B e N2

Proof. We only prove the result in the Roumieu case. The Beurling case follows by
similar arguments and is left for the reader.

The equivalence between (1) and (2) follows from the definitions. The proof of
the equivalence of (2) and (3) follows by a straightforward application of Lemma
3.5. In fact, assume that (2) holds true. Then (3.4) gives

Bagllse <C Y 107baple S Y (@ +7)18Y°
[y|<d+1 |y <d+1

= hletPla1pl)s Y Ay (W)SS(Q%)QWI(Q!@!)S.

|
Q.
Iyl <d+1 v

In the last inequality we have used

S Al (W) < 0y gsllaltatD) < gy oslatal
ly|<d+1 “r
where the constants C; and Cs only depend on d and h. Hence (3) holds true, as

claimed. The proof of the converse follows by similar argument, employing (3.5)
instead of (3.4). O

We also need the following characterisation of Fgl)(RZd).

Proposition 3.7. Let a € .'(R??) and s > 0. Then the following conditions are
equivalent:

(1) a € TV (R?);

(2) there exists h > 0 such that

10%a]| Lo (reay S WI¥al®, @€ N,
(3) there exists h > 0 such that
[0%a|se < hYal®, e N2 (3.6)
(4) there exists h > 0 such that
I{T1, Dx) - -+ (Tmm, Dx )al| sy, (3.7)

for any Tu,...,T,, € R* such that |T;| <1,j=1,...,m, m>1.

Proof. The equivalence between (1) and (2) is well known. The equivalence of
(2) and (3) is proved by similar arguments to the one employed in the proof of
Proposition 3.6, using Lemma 3.5. It remains to prove the equivalence with (4).
Assume that (3) holds true, and let

d

Ty = > (trier + Thier),

I=1
for the standard symplectic basis (1.15) of R24. If we set eqy; = &, L dl = Thls
I € {1,...,d}, and letting X; being the coordinates for X = (r,&) € R?*? with
respect to this basis, then

Oda

2d
Ty, D = thi ==
(T, Dx)a ; k,laxl,
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so that the symbol (T}, Dx) - -- (T)n, Dx)a is in the span of symbols of the form

(H tk,lk> (axul N 6Xm,lm(1)
k=1

where the summation contains at most (2d)™ terms. Since |T}| <1, j=1,...,m,
(3.4) gives
{1, Dx) -+ (T, Dx)al[sw, < (2d)™ sup [[0%a]/sw
lo|=m

S swp o o KTt
lol=m 151 <d

' S
= sup helal® 3 A <(0‘+7)>

_ alAy!
Jed=m <d+1 v
S (2s+1h)mm!s’

which gives (4).

If instead (4) holds, then choosing T1,...T}s| in suitable ways, the left-hand
sides of (3.6) and (3.7) agree. The assertion (3) now follows from (4) by using the
inequality |a|! < dl®lal. O

The first main result of this section is the following analogy of [3, Theorem 6.4]
and [38, Theorem 2.6.15] in the framework of Gevrey regularity. It deals with
the existence of one-parameter groups of pseudo-differential operators, obtained as
solutions to suitable evolution equations.

Theorem 3.8. Let s > 1, w, ¥ € 2% (R*) be such that w € Fgw)(R2d) and

9er?” (R2%), and let ag € r (R¥), b e I‘gl)(RQd). Then, there ezists a unique

smooth map (t,X) — a(t,X) € C such that a(t, ) € Fgwgt)(RQd) for allt € R,
and

{(am(u )= (b+ log)alt, -) 58)
a(0, -) = ag.
If in addition w = ag = 1, then a(t, X) also satisfies
{(ataxt, ) = alt, - )#(b + log) 39)
a(0, -) = ap,
and

alty, )#alts, ) =alti +ta, -), a(t, ) eTPIR2), tt,t,eR. (3.10)

Proof. First suppose that a solution a(t, X) of (3.8) exists. Then

t
a(t, X) = ag(X) + / o, X) du
0
with
c(t, -) = (b+log¥)#aft, -) € T (o) (R2d),

in view of Propositions 1.27 and 3.1. This implies that the map ¢ + af(t, -) is C*
from [—R, R] into the symbol space

Fgw(ﬁw*l)"“(logﬂ))(de).
Choose sp < s, and ¢, 1) € Sy, (R??) such that (2.2) holds true. Let
(Y, ) =w¥)Y) " py #alt, -). (3.11)
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By Lemma 2.7 (1) we have t + ¢ (¢,Y, -) is a C! map from [~R, R] into S,(R??),
for any Y € R2?. Moreover,

Oe1(t,Y, ) = w(Y) W) oy #f(-,Y)#alt, -)

when
FIX,Y) = b(X) + log Z(é;.
Then,
@)Y, ) =wlV) ) [ ot (- Vopvznozralt, )z

giving that

@)Y ) = [ Kalt, et 2, ) dz (3.12)
with

Kyalt, ) = S v (Y v (3.13)

We also need to consider the similar situation where f(-,Y") is replaced by f(-, Z),
that is

Byea(t,Y, ) = - Ky z(t, )#ea(t, Z, - ) dZ, (3.12)'
where
Kyz(t, ) = W@#ﬂ-ﬂ)#wz, (3.13)
and
c2(0,Y, ) =¢1(0,Y, ) = w(Y) Loy #ao. (3.14)

We consider the operators K and K when acting on E° from Subsection 2.2,
defined by

()@Y, X) = [ (Kyzlt, J#ale, 2, )(X) a2,
and

Eae.v,X) = [ (Rvzle, Jpalt, 2. )(X) a2
We claim that

IKallgp < C(n+1)|allgp —and H’EGHE;;S <C(n+1)lallgp (3.15)

for some constant C, which is independent of h, n and s.
In order to prove (3.15), it is convenient to let Py be the family of all subsets of
{1,...,k}, k> 1. For each P € Py, a € s (R??), we set
hen P =
HoP) =" wen =0 .
(Tj,,Dx)---(Tj,,Dx)a when P={j; <---<ji}, | <k.
We shall estimate
[((T1, Dx) -+ (T, Dx)Ka) (L, Y, - )|l sw (r2a)
h¥(k!)s
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when a € Ej/ .. Since
(<T1a DX> T <Tk7DX>ICa’)(t7Y7X)

— (T4, Dy) -~ (Ty. D) / (Ky 2(t, - )#alt, Z, -))(X) dZ

= /RM(H(KY,Z(@ D), P)#H(a(t, Z, - ), P9))(X) dZ,

PeP.
we find
|({Ty, Dx) - - (Tix, Dx)Ka) (£, Y, - )|z
hk (k)
PR (/c) / |H(Kyz(t ) P)lsy  1H(@(t 2, ), P)llsg
> = 1 R2d hills hk—l((k._l)!)s
k —s
k [H(Ky,z(t, -), P)llsw
<> “”E’:J(z) /R AT iz
=0 |P|=l
k -1
k [H(Ky,z(t, -), P)llss
<lale, X (5) [ deh iz
1=0 |P|=l
< (k+1)Dp(Y)llallgg , (3.16)
where

Dy (Y') = sup sup
1<k |P|=l

(/R HH(KY,Zh(ItE!;),P)IIS& dZ) | s

Here the third inequality in (3.16) follows from the fact that s > 1 and |lal|gp
increases with n. ‘

We have to estimate Dy (Y) in (3.17) and study the different quantities on the
right-hand side of (3.13). Since w and ¥ belong to 9%73, it follows that for every
r >0,

:j((i;ié}zf))i _ zéi; (ggi;)t serly—zli (erly—zi)t

= er<1+t>‘Y—Z‘%, Y,Z e R¥*. (3.18)

For the Weyl product in (3.13) we have

OV, ) = 0 =) (b-+ 1o 555

= (¢#b(~ +Y)>Y + ¢(- —Y)#(loggf))

_ 9(-+Y)
= (o#b(- + 1))+ (o#los 9(Y) ),
By Propositions 3.1 and 3.4,

I(-+Y)

and {¢#log7ﬂ(y) }YeR2d

(3.19)

R2d

{qb#b(- + Y)}Ye
are uniformly bounded families in S,(R2?). Note that

az(Z,X) =vz(X) = Ha2(Z,  +2)}zerea = {¢} zer2a,
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which is evidently a uniformly bounded family in S;(R??). Combining this last
observation with the computations on ¢y #f(-,Y) above, using Lemmata 2.5 and
2.7, we finally obtain

|IDS (py # (Y, )#z)(X)| < h|a\a!86—ro(\X—Y\§+|X—Z|E+\Y_Z\§)’

o o (3.20)
XY, Z e R, a € N™,

for some h,rq > 0.
By Proposition 3.7, (3.18) and (3.20) we get for all P € P} Y, Z € R?>? and some
7o, h > 0 that

1
|H(Ky,z(t, ), P)|lsw < CRIU e =21 1 =P,
where C is independent of k. Hence Dy, in (3.17) satisfies

1
Dy(Y) < Cl/ e W21t dz = Oy,
R2d
for some constants C; and Cy which are independent of Y € R?¢, h > 0 and k > 0.
Hence (3.16) gives
IKa(t. Y: )llex < Clallg .
and

(T, Dx) - - - (Tk, Dx)Ka(t,Y, - )| su
TR < CkA+Dlallgs

as claimed, where C is independent of Y € R??, k and h > 0. N
By a completely similar argument, an analogous result can be obtained for .

In fact, by similar arguments that lead to (3.19) it follows that

I(-+2)

92) #¢}ZER2d

are bounded in S,(R>2?), given that (3.20) holds with f(Z, -) in place of f(Y, -).
This gives (3.15).
We have proven that for any T" > 0, then

IKllgy,~5p, <Cln+1) and K|

h,s

{b( -+ Z)#Z/J}Zede and {10g

—Ep < C’(n + 1), |t‘ <T, (321)

where C is independent of n. As a consequence, since w(Y) !¢y #ay belongs to
Eyp ; for every n and with uniform bound of the norms with respect to n it follows
that the equations

dCl d02

E = ICCl, E == ’ECQ 61(0) = 02(0) = W(Y)_l(by#ao (322)

have unique solutions on [—T,T] belonging to Ep 5, in view of Lemma 2.11, and
that
leillmy . < lle(O)lsp e < e (0)]|pee, DT, j=1,2,  (3.23)

h,s

where the constant C' is the same as in (3.21) and is therefore independent of n.
This gives

[(T1,Dx) -+ (Tn, Dx)c; (.Y, - )||sw Clnt )T
S“p< i () < Jle; (0)]| e, O+,
which is the same as
T.,Dx)---(T,,D (Y, )| sw
sup <”< 1 X> <hn ')§>C]( )H oo) < ||Cj(0)HE,°°,€CT7 ho = heCT,
o(n!)

(3.24)



32 AHMED ABDELJAWAD, SANDRO CORIASCO, AND JOACHIM TOFT

Here the supremum is taken over all T1,...,T,,Y € R?? such that |T;] < 1, and
€ [-T,T). By taking the supremum of the left-hand side of (3.24) over all n > 0

we get

< ||Cj(0)||E2?SBCT, hg = heCT.

lesll ez

By Proposition 2.8 it follows that ¢;(t,Y, -) € I‘gl)(Rgd), uniformly in Y and for
bounded ¢.

In order to prove the uniqueness of the solution a of (3.8), first we assume the
existence and by what we have proven above i.e. that ¢;(¢,Y, ) in (3.11) satisfies
(3.22) which implies the uniqueness of the solution of (3.8), since

= / Yy #oy#alt, - )dY = W)Y apy #ei(t,Y, -)dY.  (3.25)
R2d R2d

To prove the existence of a solution of (3.8), we consider the solution c3(t,Y, ) of

(3.12)" with the initial data (3.14), and we let

alt, ) = /R W)Y ey ea(t, Y, ) dY. (3.26)

By Propositions 1.7 and 2.8, the family {¢y#c2(t,Y, - )}yerze belongs to S and
a(t, -) belongs to NSRS Moreover,

dag; ) /de wY)I(Y) log (Y )by #ca(t,Y, - ) dY

/ / ¢Y#KYZ( N#ea(t, Z, -)dY dZ

R2d JR2d

= [ e@0@) g2zt 2. ) d2
/ / 2V by #oy#f(Z, V#z#ca(t, Z, - ) dY dZ
R2d JR2d

= /Rw w(Z)ﬁ(Z)t(b-l- log 9)#pz#co(t, Z, - ) dZ

= (b +logd)#al(t, -),
with the initial data

a0, -) = /RM w(Y )y #(w(Y) oy #ag) dY = ay,

which provide a solution of (3.8).
In order to prove the last part we consider the unique solution a(t, -) of (3.8)
with the initial data a(0, -) = 1. If w = 1, then for v € R the mappings
t—a(t+u, ) and t— alt, - )#alu, )
are both solutions of (3.8) with value a(u, -) at t = 0, and
a(t +u, -) =alt, - )#a(u, -), (3.27)
by the uniqueness property for the solution of (3.8).
Using (3.27) we have for all t € R, a(t, - )#a(—t, -) = 1. Taking the derivative
we get
d
0= a(a(t, N#a(—t, ) = (b+log ) #a(t, - )#a(—t, - )—a(t, - )#(b+log 9)#a(—t, -).
That is (b + log) = a(t, - )#(b + log ¥)#a(—t, -), implying the commutation for
the sharp product of a(t, -) with (b + log ), and the result follows. O

By similar argument as for the previous result we get the following. The verifi-
cations are left for the reader.



LIFTINGS FOR MODULATION SPACES, AND ONE-PARAMETER GROUPS OF ¥DO 33

Theorem 3.9. Let s > 1, w,9 € P (R?*) be such that w € Fgw)(de) and
9er (R2%), and let ag € 1"&“2 (R%%), b e I‘é}g(de). Then, there ezists a unique
smooth map (t,X) — a(t,X) € C such that a(t, ) € Fgfsﬂt)(RQd) forallt € R,
and a(t, -) satisfies (3.8).

Moreover, if w = ag =1, then a(t, X) also satisfies (3.9) and

a(ty, )#alts, ) = aty +ta, -),  alt, -) €TV (R), #4116, € R.

4. LIFTING OF PSEUDO-DIFFERENTIAL OPERATORS AND TOEPLITZ OPERATORS
ON MODULATION SPACES

In this section we apply the group properties in Theorems 3.8 and 3.9 to deduce
lifting properties of pseudo-differential operators on modulation spaces. Thereafter
we combine these results by the Wiener property of certain pseudo-differential op-
erators with symbols in suitable modulation spaces to get lifting properties for
Toeplitz operators with weights as their symbols.

We begin to apply Theorems 3.8 and 3.9 to get the following. (See Definition
1.21 concerning normal QBF-spaces.)

Theorem 4.1. Let s > 1, p € (0,00??, A€ M(d,R), w € ,@%’S(de), and let B
be a normal QBF-space on R**. Then the following is true:

(1) There exist a € Fgw)(RQd) and b € Fgl/w)(RQd) such that
Op,(a) o Opy(b) = Opy(b) 0o Opyla) = Idsg(Rd) . (4.1)

Furthermore, Op 4(a) is an isomorphism from M (wg, #) onto M (wo/w, AB),
Jor every wy € 2%, (R*).
(2) Letac€ Fﬁ“)(RQd). Then the following conditions are equivalent:
(i) Opy(a) is an isomorphism from M(zwl)(Rd) to M(le/w)(Rd) for some

w; € 2 (R*);

(ii) Opy(a) is an isomorphism from M(wq, B) to M(wz/w,RB) for every
wy € 3”%78(R2d) and normal QBF-space % on R?<.

Furthermore, if (1) or (ii) hold, then the inverse of Opy4(a) is given by

Op 4 () for some b € FS/“’)(RM), and (4.1) holds.

Theorem 4.2. Let s > 1, p € (0,00]??, A € M(d,R) and let w € Pp (R*?).
Then the following is true:

(1) There exist a € Fg‘:;)(RQd) and b € F((fs/w)(RQd) such that
Opy4(a) o Opy(b) = Op,y(b) 0 Opy(a) = IdE’S(Rd) . (4.2)
Furthermore, Op 4(a) is an isomorphism from M (wo, Z) onto M (wo/w, B),
for every wy € QE,S(RM) and normal QBF-space B on R??;
(2) Letac€ F((fs) (R2%). Then the following conditions are equivalent:
(i) Opy(a) is an isomorphism from M(le)(Rd) to M(le/w)(Rd) for some
w1 € <@E”g(].:{?d);
(ii) Opy(a) is an isomorphism from M(wq, B) to M(we/w,RB) for every
wy € Pg (R*Y) and normal QBF-space % on R,
Furthermore, if (i) or (ii) hold, then the inverse of Op4(a) is equal to

Op4(b) for some b € Fé}s/w)(RQd), and (4.2) holds.

We only prove Theorem 4.2. Theorem 4.1 follows by similar arguments and is
left for the reader.
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Proof of Theorem 4.2. The existence of a € Féfs) (R??) and b € F((fs/w)(RQd) such
that (4.2) holds is guaranteed by Theorem 3.9. By [62, Theorems 2.5 and 2.8] it
follows that

Opyla) : M(wy,B) —M(wy/w,RB) (4.3)
and
Op4(b) : M(wo/w, B) =M (wg, B) (4.4)

are continuous. By (4.2) and the fact that M (wp, Z) and M (wg/w, B) are contained
in ¥/ (R%), it follows that (4.3) and (4.4) are homeomorphisms, and (1) follows.
It suffices to prove (2) in the Weyl case, A = %I, in view of Proposition 1.26. It
is also clear that (ii) implies (i). We need to prove that (i) implies (ii).
By (1), we may find

B R A VS P YR R e7
satisfying the following properties:
e Op“(a;) and Op"(b;) are inverses to each others on ¥/ (R?) for j = 1,2;
e For arbitrary wy € Zg (R??), the mappings
Op“(ay) : M(sz) — M(sz/wl),

Op*(by M(QW) — M(wal),

) :

) ) (4.5)
Opw(GQ) . M(wg) — M(W2w/w1),
Op¥(by) :

are isomorphisms.

2 2
M(w2) - M(w2w1/w)

In particular, Op“(aq) is an isomorphism from M(2w1) to L2, and Op"(b;) is an
isomorphism from L? to M(le).
Now set ¢ = as#a#b1. By Proposition 1.27 the symbol ¢ satisfies

¢ = as#adth, € Féf’?/“)#rg“’?#r(g}s/wl) C pg{g

s ,S

Furthermore, Op“(c) is a composition of three isomorphisms and consequently
Op*(c) is boundedly invertible on L2.

By Proposition 1.32 (2), Op”(¢)~! = Op“(c1) for some ¢; € I‘gg. Hence, by
(1) it follows that Op™(c) and Op™(c1) are isomorphisms on M (wq, &), for each
wy € Z5 o(R*?) and normal QBF-space % on R??. Since Op™(c) and Op™(c;) are
bounded on every M (w, %), the factorization of the identity Op“(c) Op“(c1) = Id
is well-defined on every M(w,%). Consequently, Op”(c) is an isomorphism on
M(w, B).

Using the inverses of as and b1, we now find that

Op*(a) = Op®(b2) o Op®(¢) o Op*(a1)

is a composition of isomorphisms from the domain space M (w3, %) onto the im-
age space M(wq/w, ) (factoring through some intermediate spaces) for every
wo € @E,S(de) and every invariant BF-space Z. This proves the isomorphism
assertions for Op“(a).
Finally, the inverse of Op"(a) is given by
Op”(b1) o Op“(c1) 0 Op“(a2).

which is a Weyl operator with symbol in Fé}s/w) in view of Proposition 1.27, and
the result follows. O
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5. MAPPING PROPERTIES FOR TOEPLITZ OPERATORS

In this section we study the isomorphism properties of Toeplitz operators be-
tween modulation spaces as in [30]. We first state results for Toeplitz operators
that are well-defined in the sense of (1.39) and Propositions 1.34 and 1.35. Then
we state and prove more general results for Toeplitz operators that are defined only
in the framework of pseudo-differential calculus.

5.1. Lifting properties for Toeplitz operators with windows in M(Tv). We
start with the following result about Toeplitz operators with smooth symbols.

Theorem 5.1. Let s > 1 w,wp,v € 3”%78(R2d) be such that wy € I‘gw")(RQd) and
that wo is v-moderate, and let 2 be a normal QBF-space on R?*?. If ¢ € M(lv)(Rd),
then Tp,(wo) is an isomorphism from M(w, %) to M(w/wo, B).

In the next result we relax our restrictions on the weights but impose more
restrictions on 4.

Theorem 5.2. Let s >1,0<t <1, p,q € [1,00], and w,wpy,vp,v1 € Pg (R?*?)

be such that wg is vo-moderate and w is vi-moderate. Set v = vivg, ¥ = wé/Q and

let wo: be the same as in (1.40). If ¢ € M(lv) (RY) and wy € M )(R2d), then

(1/W0,f,
Tpy(wo) is an isomorphism from M(pl;Zj)(Rd) to M(pu’)%)(Rd),

Before the proofs we have the following consequence of Theorem 5.2 which is the
Gevrey version of [30, Corollary 4.3], as well as the original searched result. It also
generalize corresponding results in [31] (cf. e.g. [31, Theorem 4.3]).

Corollary 5.3. Let s > 1, w,wqp,v1,v9 € @E,S(Rw) and that wy 1s vo-moderate
and w is v1-moderate. Set v = v1vy and V¥ = wé/Q. Ifop € M(lv)(Rd), then Tpy(wo) is
an isomorphism from M&Z})(Rd) to M(p“’;;ﬂ)(Rd) stmultaneously for all p,q € [1, o0].

Proof. Let wy € Pp (R*) ﬂf((fsl)(de) be such that C~! < w; /wy < C, for some
constant C. Hence, w/wy € L C M. By Theorem 2.2 in [56], it follows that
w = w1 - (w/w1) belongs to M(O“OJQ)(RM), when wa(z,&,m,y) = 1/wo(x, ). The result
now follows by setting ¢t = 1 and ¢y = 1 in Theorem 5.2. O

Theorems 5.1 and 5.2 are special cases of the following results.

Theorem 5.1'. Let s > 1, w,v,v9 € 2%, (R?*?) be such that w € 1) (R24) and
that wo is v-moderate, and let 2 be a normal QBF-space on R?**. If ¢ € M(Qv)(Rd),
then Tp,(wo) is an isomorphism from M(w, %) to M(w/wo, B).

Theorem 5.2". Lets > 1,0<t <1, p,q,q € [1,00] and w,wp, vy, v1 € Pg (R?*?)
be such that wy is vo-moderate and w is vi-moderate. Set rq = 2qo/(2q0 — 1),
v = vivg, ¥ = w(l)/z and let woy be the same as in (1.40). If ¢ € M(:?)(Rd) and

wy € M?f}?fw), then Tpy(wo) is an isomorphism from M(’;;(UIJ)(Rd) to M(p‘;%) (R%).

5.2. Lifting properties for Toeplitz operators with smooth symbols act-
ing on normal QBF-spaces. By imposing stronger conditions on the window
function ¢ in the previous results, we may relax the restrictions on the modulation
spaces as in the following generalization of Theorem 0.1.

Theorem 0.1'. Let s > 1, w,wy € 9%78(112‘1), p € (0,00%?, # be a normal
QBF-space on R, and let ¢ € Sy(R?Y). Then the Toeplitz operator Tpy(wo) is an
isomorphism from M (w,B) onto M (w/wo, AB).
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5.3. Mapping properties for Toeplitz operators. We postpone the proofs of
these theorems after performing some preparations and deducing some results of
independent interests.

Lemma 5.4. Let s > 1, w,v € Pg ((R?) be such that ¥ = w'/? is v-moderate.
Assume that ¢ € M(2v), Then Tpy(w) is an isomorphism from M(%)(Rd) onto

d

M(21/19) (RY).

Proof. Recall from Remark 1.12 that for ¢ € M(Qv)(Rd) \ {0} the expression ||V, f -
||z defines an equivalent norm on M (279). Thus the occurring STFTs with respect

to ¢ are well defined.
Since Tp, (w) is bounded from M(%) to M(Ql/ﬂ) by Proposition 1.35, the estimate

1 Too(@)Fllars ) < 1 ez, (5.1)

holds for all f € M(219).
Next we observe that

(qus(w)f, Q)Lz(Rd) = (qusﬁ V¢>9)L2(R2d) = (f, g)M(QéT’ (5.2)

for f,g € M(Zﬂ) (R%) and ¢ € M(QU)(Rd). The duality of modulation spaces (Propo-
sition 1.11(3)) now yields the following identity:

Mz, = sw |(f.0)ars,|

=1
HQHA4?0)

(5.3)

X

sup  |(Tpg(w)f,9)2 = | Tpg(w) fllas

2 .

(1/9)
=1

ngﬂjgﬂ)

A combination of (5.1) and (5.3) shows that ||f||M(219) and ||TP¢(W)f||M(2’1/ﬁ) are
equivalent norms on M (219).

In particular, Tp(w) is one-to-one from M, (Qﬂ) to M (21 /9y With closed range. Since
Tpy(w) is self-adjoint with respect to L?, it follows by duality that Tpy(w) has
dense range in M, (21 /)" Consequently, Tp,(w) is onto M (21 /)" By Banach’s theorem

Tpy(w) is an isomorphism from M(Qﬂ) to M(Ql/lg)' -

We need a further generalization of Proposition 1.34 to more general classes of
symbols and windows. Set

v (2Y)Y/ 201 (2Y)

X,Y)= .
w1 (X,Y) wo(X + Y)12u(X — Y)1/2

(5.4)

Proposition 1.34'. Let s > 1, 0 <t <1, p,q,q0 € [1,0], and w,wq,vo,v1 €

ﬂEys(Rgd) be such that vy and vy are submultiplicative, wq is vo-moderate and w

is v1-moderate. Set

ro =2q0/ (200 — 1), v=2ivy and = wé/Q ,
and let wo; and wy be as in (1.40) and (5.4). Then the following is true:
(1) The definition of (a,®) — Tpy(a) from Bs(R*¥)x 3, (RY) to L(X,(R%), B, (R?))

extends uniquely to a continuous map from M((}f}(fj’o t)(RQd) x M) (RY) to
L(Zs(RY), 2 (R)).

(2) Ifp € M(’;?)(Rd) and a € M(of}(an t)(RQd), then Tpy(a) = Op“(ag) for some
ag € M(ozll) (R??), and Tpy(a) extends uniquely to a continuous map from

M(péi)(Rd) to M(pulq/ﬂ)(Rd)»
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For the proof we need the following result, which follows from [55, Proposition
2.1] and its proof. The proof is therefore omitted.

Lemma 5.5. Assume that s > 1, qo,70 € [1,00] satisfy ro = 2qo/(2q0 — 1). Also
assume that v € @E,S(RM) s submultiplicative, and that K, ko € :@E7S(R2d o R2?)
satisfy

Ko(X1+ X2,Y) < Cr(X1,Y)o(Y + Xo)o(Y — X3) X1, X5, Y € R*™,  (55)
for some constant C > 0. Then the map (a,$) — Tpy(a) from E,(R*) x
Y (R to L(Zs(R?), YL (R?)) extends uniquely to a continuous mapping from
M(()Z’)q”(RQd) x M(’;?)(Rd) to L(Z,(RY), YL (RY)). Furthermore, if ¢ € M(’;’)(Rd)
and a € M?}:;qo (R??), then Tpg(a) = Op™ (b) for some b € M

(ko)
Proof of Proposition 1.34'. We show that the conditions on the involved parame-
ters and weight functions satisfy the conditions of Lemma 5.5.
First we observe that
’UJ(QY) S CUj(Y+X2)Uj(Y—X2), j :O,l

for some constant C' which is independent of X5,Y € R??, because vy and v; are
submultiplicative. By (5.4) we get

v (2Y)Y/ %01 (2Y)
wo(X1 + Xo + V)V 2wo(X7 + Xo = Y)1/2

w1 (X7 + X0,Y) =

0o (2Y) Y201 (2Y )vo (Xo 4+ V) 20p(Xo — V)2

<C
< w0 (X1)
2Y) /201 (2Y )t (X + Y) V200 ( Xy — V)12
_ Clvl(2y)1—tv0( )1 (2Y ) o (Xp + Y) 0o (X — Y)
wo(X1)
S C22)1(2Y)17t ’U1(X2 + Y)tvl(XQ — Y)t’Uo(XQ + Y)’Uo(XQ — Y) .
wo(Xl)
Hence Y=ol X Y e( X
2y)1- _
(X1 + X, v) < oUUZY) TTo(Xe + V)u(Xo = V) (5.6)
LUQ(Xl)

By letting ko = wy and £ = 1/wqy, it follows that (5.6) agrees with (5.5). The
result now follows from Lemma 5.5. O

5.4. Proofs of the lifting results for Toeplitz operators. Theorem 5.1’ is an
immediate consequences of Remark 1.13, Theorem 4.1, Lemma 5.4 and the following
proposition.

Proposition 5.6. Assume thats > 1, wy € 2% (R*®) be such that wy € Fgwo)(RQd),
that v € @%,S(Rw) is submultiplicative, and that wé/z is v-moderate. If ¢ €

MZ, (R?), then Tp,(wo) = Op™(b) for some b € 1) (R2d),

Proof. By Propositions 1.26 and 1.27 with ¢ = 0 we have wy € M?f/io )(RQd)
, T

for some 19 > 0, where wp,,(X,Y) = wo(X)e_”"Y‘%. Furthermore, by letting
v ((Y) = e”’m%, and wy in (5.4) we have
empy\%v(zy)l/z erolY[s
wo(X + V)20 (X —Y)/2 ™ wo(X) '
Hence, Proposition 1.34" gives Tp (wo) = Op“(b), for some

be M‘(’;’}LOJ_O)(RM) CTW)(R2), O

wl(va) Z
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For the proof of Theorem 5.2’ we need the following two lemmas, where the first
one is the Gevrey version of [30, Proposition 2.11].

Lemma 5.7. Let s > 1, wgy,vp,v1 € @%’S(Rgd ® R2) be such that wy is vo-
moderate. Set 9 = w(l)/2, and

7)0(2Y)1/2’U1 (2Y)
X +Y)(X -Y)’

wa (X, Y) = 9(X — Y)I(X + V), (2Y),

wl(X,Y) =

0a(X,Y) = v (2Y). (5.7)
Then
(1/9) 00,1, (1/9) 00,1
FS #M(wl)#rs - M(U2)7 (58)
(1/9) 00,1, (1/9) 00,1
DM #17 C M. (5.9)

The same holds true with Pg s and I‘é}s/ﬁ) in place of 2% , and (/) respec-
tively, at each occurrence.

Proof. We shall mainly follows the proof of [30, Proposition 2.11]. Since 1“9/ 9 -
U,>o M with 9,.(X,Y) = 9(X)eYI* (Proposition 1.26(3)), it suffices to argue

(9)
with the symbol class M?;:) for some sufficiently large r instead of 1“21/ 9,

For suitable r we show that

w3 (X, Y)Swni(X =Y +Z,20,.(X+2Y - 2) (5.10)
QYY) SO (X -Y+Z,2)ws(X+2,Y - Z), (5.11)
where (@)X 1Y)
! +

Proposition 1.31 applied to (5.10) gives that M(o:j’ll)#I‘gl/ﬁ) - M(Ozsl), and (5.11)
implies that Fgl/ﬂ)#M?;;) C M‘Z;; and (5.8) holds.

Since ¥ is vé/Q-moderate and vy € 2, ,, we have
WX —Y) P <0(22)Y29(X —Y +22)71 and 9(X +Y) <I(X + Z)e“Y*Zl%
for suitable » > 0. This gives
v0(22)Y 201 (22)9(X + Z)eT|Y—Z“%

WX —Y +22)9(X —Y)

=wn(X-Y+Z2,2)9.(X+2Y —2),

ws(X,Y) S

for some r > 0.
We also have

X — Y)vo(2Y) /20, (2Y)(X +Y)
I(X -Y)2

v1(2Y) <

_ X =Y+ 2)e g (2Y — 2)) 20, (2 — Z))9(X 1Y)
~ WX —Y +22)?

=0.(X -Y + Z, Z)ws(X + Z,Y — Z).

The inclusion (5.9) is proved similarly. Let
wa(X,Y) =X — V) (2Y)
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be the intermediate weight. Then the inequality
1
wi(X,Y) =< 9(X =Y + Z)e"2l 0 (2(Y — 2))
=0 (X -Y+Z 2 ) (X+2Z)Y—-2)

gl/ﬂ)#MOO,l C Moo,l

implies that T' ) © M-

Similarly we obtain
1
wa(X,Y) SIX = Y)u (22)0(X + Z)e"1Z7 Y1
=w(X-Y+Z,2)9,.(X+2Y —-Z),

00,1 (1/9) 00,1
and thus M(M)#Fs C M(wz).

The case Pg s and F(()%s/ﬁ) in place of SZ%’S and Fgl/ 9 respectively, at each
occurrence, is treated in similar ways and is left for the reader. O

Lemma 5.8. Let s, w;, v; and ¥ be the same as in Lemma 5.7, j = 0,1,2. Also
let p,q € [1,00] and b € J\/[‘()le) (R2?). Then the following is true:

(1) Op™(b) is continuous from M(pé‘)I(Rd) to Mﬁ’}lﬂ)(Rd);

(2) if in addition Op"™(b) is an isomorphism from M(%)(Rd) to M(21/79)(Rd)’
then its inverse Op™ (b)~! equals Op"(c) for some c € Mzzl) (R24),

Proof. The assertion (1) follows immediately from Proposition 1.30.
By Theorem 3.9, there are a € FE)%S/ﬁ)(RQd) and ag € 1"(()12 (R?9) such that the
map
Op“(a) : L*(RY) — M{)(RY)
is an isomorphism with inverse Op"(ag). By Propositions 1.26 and 1.27, Op“(a) is
also bijective from M (21 /ﬂ)(Rd) to L?(R%). Furthermore, by Theorem 4.2 it follows

that a € ME’;TI) when 7 > 0, where

9p(X,Y) =09(X)er Y17,
Let by = a#b#a. From Lemma 5.7 we know that
bo € M) (R*),  where  v3(X,Y) = v1(2Y) (5.12)

is submultiplicative and depends on Y only. Since Op™(b) is bijective from M(%)
to M(21/19) by Lemma 5.4 (2), Op"(bo) is bijective and continuous on L?.

00,1

Since vy is submultiplicative and in Zp 4(R??), M(v?) is a Wiener algebra by
Proposition 1.32. Therefore, the Weyl symbol ¢y of the inverse to the bijective
operator Op”(by) on L? belongs to M?ES(RM).

Since

Op*(co) = Op* (bo) ™" = Op”(a)~" Op"(b) ™' Op"(a) ",
we find
Op”(c) = Op"(b)~" = Op"(a) Op"(co) Op“(a),
or equivalently,

¢ = a#cofta, where a € ng/ﬂ) and cg € M((}jz; ) (5.13)

The definitions of the weights are chosen such that Lemma 5.7 implies that ¢ €
M((’ZS), and (2) follows. O
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Proof of Theorem 5.2'. First we note that the Toeplitz operator Tp,(wo) is an iso-

morphism from My, to M ) in view of Lemma 5.4. With w; defined in (5.4),

Proposition 1.34" implies that there exist b € M?le) and ¢ € 8,(R??) such that
Thy(wn) = Op"(8) and  Tpy(wo) ™ = Op¥(c).

Let

X +Y

w(X, V) =X —Y)I(X +Y)0,(2Y) and ws(X,Y) = M.

By Lemma 5.8 and Proposition 1.30 it follows that ¢ € ME’Z;) (R2?9), and that

(5.14)

the mappings

Op®(b) : M&%) — Mﬁ;%) and Op“(c) : M(p‘;%) — M&%) (5.15)

are continuous.

We have
(X =Y+ Z Z2)w(X+2Y - 2)

- ’()0(2Z)1/21)1(2Z)
- (ﬁ(X —Y +22)9(X - Y

)) C(I(X =Y +22)0(X + V) (2(Y — 2)))

v0(22)Y 20, (2Z)01(2(Y — Z))9(X +Y)
X -Y)

X +Y)

~ X —Y)
Therefore Proposition 1.31 shows that b#c € Mz’;:) Since Op™(b) is an isomor-
phism from M (219) to M (21 /gy With inverse Op“(c), it follows that b#c = 1 and that the

= wd(X,Y)

constant symbol 1 belongs to M(OZ:) By similar arguments it follows that c#b = 1.
Therefore the identity operator Id = Op®(b) o Op“(c) on M, (p‘:j%) factors through
, Wiy . . . ; , .
M(pw%), and thus Op"(b) = Tpy(wo) is an isomorphism from M(pw%) to M(pw%) with
inverse Op“(c). This gives the result. O
5.5. Specific bijective pseudo-differential and Toeplitz operators on mod-
ulation spaces. We shall now apply the previous results to construct explicit iso-
morphisms between modulation spaces with different weights. These may be in the

form of pseudo-differential operators or of Toeplitz operators.

The following result extends [30, Proposition 5.1] in the sense that it shows that
the latter result holds after the class #(R>2?) have been replaced by the larger class
P, (R*).

Proposition 5.9. Let s > 1, wy € 223 ,(R*?), & be a normal QBF-space on R
and let ) ,
Dy (x,8) = Ce=MlelHA2lE0) N — (A \,) € RZ.

Then the following is true:
(1) wo * ®y belongs to 2% (R*?) N I‘gff) for all X € R and
wo * P\ <X wq ;

(2) If A1+ A2 < 1, then there exists v € Ri and a Gauss function ¢ on RY such
that Op” (wo*®x) = Tp,(wo* P, ) is bijective from M(w, B) to M(w/wo, B)
for allw € P (R*?);

(3) If A\i-X2 <1 and in addition wy € Fﬁ“O)(RQd), then Op" (wox®x) = Tpy(wo)
is bijective from M(w, B) to M (w/wo, B) for all w € Pg (R??).
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We shall follow the proof of [30, Proposition 5.1].

Proof. The assertion (1) is a straight-forward consequence of the definitions.

(2) Choose p; > A; such that pq - po = 1. Then @, = cW (9, ¢) with ¢(z) =
e=rl2*/2 for some positive constant ¢, and there is another Gaussian ®,, such that
O\ =&, P,. Using (1.41), this factorization implies that the Weyl operator with
symbol wq * @) is the Toeplitz operator

Op" (wo * @) = Op® (wo * By, % W (4, ) = ¢(27m) 2 Tpy(wo * ).

By (1) wo*®, € Q@%VS(RM)HF(%O)(RM) is equivalent to wy. Hence Theorem 5.1’
shows that Op™(wo*®)) is bijective from M (w, B) to M (w/wg, B), and (2) follows.

The assertion (3) follows from (2) in the case A; - A2 < 1. If A\; - Ay = 1, then
Dy = cW (e, ¢) for ¢(x) = e~M1e1*/2 and thus

Op"(wo * ®x) = Tpg (wo)

is bijective from M (w, #) to M (w/wo, B), since wy € 2% (R*) mrﬁ“f’)(RM). O

6. GEVREY MODEST WEIGHTS AND EXAMPLES

In this section we give some examples on how the results in the previous sections
can be applied. In Subsection 6.1 we introduce a weight class called Gevrey modest
weights and discuss basic properties of such weights under compositions of power
and exponential functions. This class include symbols to operators like Harmonic
oscillator as well as weak forms of Schrédinger and Dirac propagators. In Subsec-
tion 6.2 we apply the lifting properties to show that the Toeplitz operators with
Gevrey modest weights as their symbols possess lifting properties between suit-
able modulation spaces. We combine these results with Fredholm theory to deduce
that corresponding pseudo-differential operators are Fredholm operators with in-
dex zero when acting between those modulation spaces. We also show that some of
these pseudo-differential operators more generally possess similar lifting properties
as corresponding Toeplitz operators.

6.1. Gevrey modest weights. Before discussing the examples we introduce sub-
classes of smooth weights which satisfy suitable ellipticity conditions.

Definition 6.1. Let w € Zg(R?) and ¥ € Zg(RY). Then w is called Gevrey
modest in Roumieu (Beurling) sense of order s > 0 (with respect to ¥), if w €
C>(RY),

9
lim w(x) =00, lim (z) =0 and [0%0(2)| < R 9(2), o e N¥\ 0,
] =00 7|00 w(x
(6.1)
for some (for every) h > 0. If in addition ¢ in (6.1) can be chosen such that
lim 9(z) =0,
|z| =00

then w is called strongly Gevrey modest.

Remark 6.2. If w € Z5(R?) is Gevrey modest in Roumieu (Beurling) sense of order
s > 0 with respect to ¥ € Zg(R?), then

wel®RY) and 9% e TPVRHCTW(RY), aeN?\0

(welf?®RY and 9°weI)(RHC T (RY), aeNI\0O).
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It follows by straight-forward computations that additions and products of Gevrey
modest weights are Gevrey modest, but similar facts do not in generally hold true
for tensor products. On the other hand, for additions in the spirit of tensor products
we have the following.

Proposition 6.3. Let w; € Zr(R%), j = 1,2, be Gevrey modest in Roumieu
(Beurling) sense of order s > 0. Then
w(xy, e) = wi (1) + wa(xs)

is Gevrey modest in Roumieu (Beurling) sense of order s > 0.

Proof. We only prove the result in the Roumieu case. The Beurling case follows by
similar arguments and is left for the reader. Let

d=d1+de, a=(q+as)€ N +dz \0 and x=(z1,22)€ Rt

If both oy and ag are non-zero, then 9w = 0, and it is obvious that (6.1) holds
true for some choice of ¥ € ,@E(Rd). We need to consider the cases when a; = 0
or ag = 0.
Choose 91,12 in such ways that (6.1) holds with 9; and w; in place of ¥ and w,
and let
Wy, x2) = V1(x1) + F2(22).
We have

|05 w(wr, x2)| = [0%w; (2;)| S B9, (2;) < Bl*lal*d(x).
The result follows if we prove the second limit in (6.1).
Since 9
(21, 22) - ax( () )
2 wl(

w(xy,x0) ~ 5=1, x1) + wa(x2)
it suffices to prove

m %@ j=1,2, (6.2)
|z]— 00 wl(xl) —+ WQ(xQ)

and by reasons of symmetry it suffices to prove this for j = 1. Let € € (0,1) and
let Ry > 0 be chosen such that

)
Vulen) <e when |z1] > Ro.
wl(xl)
Also let
V1(w1) .
C=1+ sup , m= inf |wi(zy)] and M= sup |wi(z1)l,
srerd Wi (71) 21| <Ro 1] < Ro

and choose R > 2R, such that
CM
wa(z2) > —m

when |z2| > R/2.
Suppose that |z| > R. If |z1]| > Ry, then
U (1) < Nlm)
wi(w1) +wa(z2) — wi(z1)
If instead |z1| < Ry, then |z2| > R/2 by the triangle inequality. This gives
U1 (x1) < CM
w1(z1) +wa(za) ~ m~+ wa(xa)

Hence
191 (1‘1 )

— "V ¢ when |z|>R. O
wi (1) + wa(x2)



LIFTINGS FOR MODULATION SPACES, AND ONE-PARAMETER GROUPS OF ¥DO 43

Proposition 6.4. Lett > 0, w € Zg(RY)NC>®(R?) be Gevrey modest in Roumieu
(Beurling) sense of order s > 1 with respect to 9 € 2 (R?). Then the following is
true:

(1) w' is Gevrey modest in Roumieu (Beurling) sense of order s > 1 with respect
to wt=1Y;

(2) if in addition w is strongly Gevrey modest, then e“ is Gevrey modest in
Roumieu (Beurling) sense of order s > 1 with respect to e*¥.

Proof. We only prove the result in the Roumieu case. The Beurling case follows by
similar arguments and is left for the reader.

Let o € N\ 0. By the assumptions it follows that w(z) > ¢ for some ¢ > 0. Let
f1(u) = u. Then,

£ () = (2) nlut™", (2) = nl™? fll(t —j+1)

and we notice that [(*)| < h™ for some h > 0 which is independent of n.
For an arbitrary term in Lemma 3.2 with ¢ = w, B1,..., 3, € N¢ \ 0 such that
B1 4+ -+ Bn = o we have

m) - Tw(x
fi7 (w(z)) H |0 '( )| < plottBal(gr. . g1yt (i)w(m)t_"ﬁ(l‘)"

n! !
j=1 J

< B B  w(2)! (ﬂ(x)>n

w(x)

< (Ch) (Bl B)* ()1 0(x),  (6.3)
for some h; > 0 and C > 1. Here the last inequality follows from the fact that
w(x)~19(x) is bounded. By Lemma A.1 there is a bound of number of terms in
(3.1) of the form h|2a‘ for some hy > 0. A combination of this fact, Lemma 3.2,
(6.3), (B! Bn))* < al® and |a|! < C1oIB;!--- 8,1, for some constant C' > 0 gives
|
|0%w ()| < hlga‘ sup (ﬁ'OAB') alPw(z) = 1(z) < h‘flalsw(x)t_lﬂ(x),
By

for some hs, hy > 0. Here the supremum is taken over all B1,..., 3, € N¢\ 0 such
that 51 + -+ + B, = .

We also notice that the limits in (6.1) hold true with w! and w’~!¥ in place of
w and ¢. This gives (1).

(2) We recall that o # 0. It follows from the assumptions that we may choose
¥ with limit zero at infinity. Let fo(u) = e*. Then fQ(") (w(z)) = e*® and for an
arbitrary term in (3.1) we have

A7 (w(x))

n!

w(z)

ﬁ |5ﬁ’;'($) < h\ﬂ1+~~+ﬁn|(/@1!...ﬂn!)s—lL
i=1 7

I(x)"™

n!

ol _ya—1 €7
Shy ol ——d(z), (6.4)
n.

for some hy > 0. Here the last inequality follows from the fact that J(x) tends to
zero at infinity. By again using the fact that |a|! < Cl®la! for some constant C' > 0,
Lemma 3.2, Lemma A.1 and (6.4) give

|0% ()| < hlolatsewy

for some h > 0.
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We also notice that the limits in (6.1) hold true with e* and e“® in place of w
and 9. This gives the result. O

Example 6.5. Let f be a homogeneous polynomial on R? of degree n which is
positive outside origin, r > 0, r, =7 — % and let

wr,p(x) = (1+ f(x))".
Then the following is true:

(1) wy, s is Gevrey modest in Roumieu sense of order s = 1 and with respect to
wrnvf;

(2) if in addition 7 < 1, then e/ is Gevrey modest in Roumieu sense of order
s = 1 and with respect to e*"/w;_ r;

3) if r; > 0, f; be homogeneous polynomials on R% of degree n; which are

J J J
positive outside origin, j = 1,2, then
WQ(Il, .’,Eg) = (wr17fl (1‘1) + Wro, fo (IQ) )T

is Gevrey modest in Roumieu sense of order s = 1.

In fact, since f is positive outside origin, it follows that n = 2m is even, giving
that
wi (@) < (1+ 2™,
This gives

wip(e+y) = L+ ]e+y)™ < A+ [2)™ (1 +[y*)™ =< wip(@)wr s (y).

Hence, for some positive constant c it follows that ¢ - wy s is submultiplicative and
polynomially bounded. In particular, wy ; € Z(RY).
We also have 0%wq 5 = 0 when |a| > n, and

o] m— 1ol
0wy p(2)] S (L + [l < wp ().

with rg =1 — % This gives (1) for » = 1. For general r > 0, (1) now follows from
the case r = 1 and Proposition 6.4.

The assertions (2) and (3) now follow from (1) and Propositions 6.3 and 6.4 (2).

Proposition 6.6. Let w € Zx(R%) be Gevrey modest in Roumieu (Beurling)
sense of order s > 1 with respect to 9 € Zr(R?) and let ¢ € X1(R?) be such that
[ ¢(z)dz =1. Then

w-wsp eTNRY) (w-wroel(RY))

Proof. Again we only prove the result in the Roumieu case. The Beurling case
follows by similar arguments and is left for the reader.
Let g =w — w * ¢. Then

o0 = [ ([ e wmswar)

By differentiations we get for some h,C > 0 and submultiplicative function v on
R? that

i< [ ([ 100w - wmswiar)

< plettl|a + 1|!/
N -

( [ ota =l |¢<y>|dt) dy

1
< (Ch)l" a9 (z) / < / o(ty)lyl [9(v) dt) dy = (Ch)lat9(z),

Rd
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which gives the result. U

6.2. Mapping properties for pseudo-differential operators and Toeplitz
operators with Gevrey modestest weights as their symbols. As a conse-
quence of the previous result we have the following.

Theorem 6.7. Let s > 1, A € M(d,R), wg € 9”%,8(R2d) be Gevrey modest in
Roumieu sense of order s, ¢ € S1(RY)\ 0, w € 32%75(R2d) and let # be a normal
QBF-space on R?%. Then the following is true:
(1) Tpy(wo) is homeomorphic from M (w, %) to M(w/wo, &);
(2) if in addition % is a Banach space, then Op4(wo) is continuous from
M(w, B) to M(w/wy, B) with index zero.

Proof. We may assume that ||¢||zz = 1 The assertion (1) as well as the continuity
assertions in (2) follows from Theorems 4.1 and 5.1’.
In order to prove that the index of Op 4(wp) is zero we observe that

Cmy [ Wi ded = ol =1

by a straight-forward application of Fourier’s inversion formula. A combination of
(1.41) and Proposition 6.6 shows that
Op(wo) = Tpy(wo) + Op(b),

for some b € T{") (R24).
The assertion (2) follows from (1) and Fredholm’s theorem if we prove that

Op,4(b) : M(w,AB) = M(w/wo, B) (6.5)
is compact.
We have
Op” () : M(w,B) = M(w/V9,RB) (6.6)
is continuous. Since
w/wy 9
w/¥  wo
tends to zero at infinity, the embedding
Lt M(w/9,B) = M(w/wy, B) (6.7)

is compact in view of [41, Theorem 2.9]. Hence the operator in (6.5) factorizes into
the continuous operator (6.6) and the compact operator (6.7), giving that (6.5) is
compact. This gives the assertion. O

Example 6.8. Let f;, r;, wy s and wy be the same as in Example 6.5 with d; = d,
and let n; be the degrees of f;, j =1,2. Then,

UJQ(JJ,&) = (lexfl (.13) + Wry, f (5) )T'
Also let A € M(d,R), ¢ € S1(RY)\ 0, w € Z%(R?*), Z be a normal QBF-space
on R?? and
a(x,€) = 09,
Then the following is true:
(1) Tpy(wo) is homeomorphic from M(w, %) to M(w/wg,%). If in addition
2 is a Banach space, then Op 4(wp) is a continuous map from M (w, B) to
M(w/wp, #) with index zero.
The same conclusions hold true with e“° in place of wg at each occur-
rence, when rn; <1, j = 1,2;
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(2) If in addition r = 1 and £ is a Banach space, then Op 4(wp) is homeomor-
phic from M(w, %) to M (w/wy, B).
In fact, (1) follows from the conclusions in Example 6.5 in combination with
Propositions 6.3, 6.4 and Theorem 6.7.
For r = 1, we have

Opa(wo) : M7, (RY) = L*(RY) (6.8)

is injective, because

sl S = [ wnp@lf@Pde+ | v n@IF R de>0

when f € M(QWO)(Rd) \ 0. Since (6.8) also has index zero in view of (1), Banach’s
theorem shows that (6.8) is a homeomorphism. The assertion (2) now follows from
Theorem 4.1.

Remark 6.9. We notice that the claim for Tp,(wo) and Op4(wo) in the previous
example can only be proved for weights w in the subset & of 29 if one should use
the embedding results in [30] instead of the results in Section 1 and Subsection
5.5. The embedding results in [31] are not applicable for the situation in the
example, because wy is in general not radial symmetric at each phase space variable
(z,€;) € R%.

Remark 6.10. As explained in the example, the map (6.8) is a homoemorphism.
Even this, perhaps the most simple special case, seems not to be easy to achieve
by other methods.

APPENDIX A. PROOF OF LEMMA 3.3

Lemma A.1. Let a = (ay,...,aq) € N4 Then the number of elements in the set
Qo ={(B1,-- -, ) ENM B+ + B =a} (A1)
is equal to
ﬁ (aj +k— 1)
e kE—1 '

For the proof we recall the formula

k .

kE+1
=0~
which follows by a standard induction argument.
Proof. Let N be the number of elements in the set (A.1), which is the searched
number, and let N; be the number of elements of the set
{(ﬁ?,762)6Nk75?++ﬁ2:aJ}> j:].,,d

By straight-forward computations it follows that N = Nj --- Ny, and it suffices to
prove the result in the case d = 1, and then a = «;.

In order to prove the result for d = 1, let ¥ € N, Sk () be the number of elements
in Q. Then the statement is

Si(v) = (wfz 1), (A.3)

and we shall prove the statement by induction. We have that Si(7y) agrees with
the number of possibilities to put v elements into k£ boxes. If £ = 1, then there is
only one possibilities, i.e. Si(y) = 1. Suppose that the statement is true for k < j,
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j > 1. Prove it for k = j + 1. If we have put g objects in box number j + 1, then
v — 7 remains to put in the first j boxes. This implies

Sit() = > Siv=20) =Y Si(v0).

Yo=0 Y0=0

Hence, by (A.2) and the induction hypothesis we get

Sa) i (70;”'1—1) _ i (Wo +j—1> _ (70 +j> _ (%jfrj),

Y0=0 Y0=0 70 o
and (A.3) follows for k = j + 1. O

Lemma A.2. Let « € N4\ 0, 59 € (0,1], and let Q..o be the same as in (A.1).
Then

||

Z% Z (B!)Sg_l < 6\a|

k=1 /Beﬂka

Proof. By Lemma A.1 and the fact that sg — 1 < 0 we get

||

3td (DSIEEE) I 51 I o I o1 U s (A

k=1 BEQ o k=1 \ BEQ.a k=1 \j=1

d
<la|[] 2% = o -4 <6l*l. O
j=1
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