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Abstract
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information pertinent to the problem because of differences in their prefer-
ences over outcomes. We investigate how the decision maker can extract
the information by distorting the decisions that will be taken. We show
that only slight distortions will be necessary when agents’ signals are suf-
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demanding informationally than those typically employed in implementa-
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1. Introduction

Consider the problem that an army officer faces in deciding whether or not to
send his troops into battle with the enemy. Optimally, his decision will depend
on the size of the opposing forces. If the enemy forces are not too strong, he
will prefer to engage them, but if they are sufficiently strong he prefers not. He
does not know the strength of the enemy, but the various troops in the area have
some information regarding the enemy’s strength, albeit imperfect. The difficulty
the commanding officer faces is that the preferences of the individuals who pos-
sess the information regarding whether or not to engage the enemy may be very
different from his own preferences. Those with information may exaggerate the
strength of the enemy in order to obtain additional resources, or perhaps to avoid
engagement entirely. In the extreme, the preferences of those with information
may be diametrically opposed to those of the decision maker. When this is the
case, those with the information necessary for informed decision making may have
a dominant strategy to misrepresent their information, precluding the possibility
of nontrivial communication.

Even when there is a conflict between the preferences of the decision maker and
the preferences of those who possess information, it may be possible to extract the
information with more sophisticated elicitation schemes. Suppose for example that
those field officers who report to the commander have highly accurate information
regarding whether the enemy is strong or weak. The commander may employ the
following scheme. Ask each field officer whether he thinks the enemy is strong
or weak, and the action that that officer would most like taken. Then, with
probability 1 — ¢, the commander attacks if a majority of field officers report
that the enemy is “weak”, and does not attack if a majority reports that the
enemy is “strong”. With probability e, the commander instead chooses a field
officer at random for scrutiny and determines whether his assessment of the enemy
strength is “consistent” with the other reports, that is, if the selected officer’s
report regarding enemy strength agrees with the assessment of a majority of all
field officers. If it does, the commander chooses the action that the field officer
reported as his first choice, and, if not, the commander chooses a random action.

Truthful reporting on the part of the field officers will be incentive compatible
when the officers’ signals regarding whether the enemy is strong or weak are highly
(but not necessarily perfectly) accurate.! When the officers’ signals are highly

Tt should be noted that there may be equilibria in which the informed agents do not report
their information truthfully in addition to the truthful reporting equilibrium. We discuss this



accurate and others report truthfully, each maximizes his chance of being in the
majority by reporting truthfully, and thereby getting his first choice should the
commander randomly choose him for scrutiny. By misreporting that the enemy is
strong when in fact an officer has observed a “weak” enemy, an officer’s chances
of getting his first choice are reduced should he be scrutinized, but he may change
the commander’s decision in the event that the commander decides the action
based on the majority report. However, the probability that any individual field
officer will be pivotal goes to zero as the accuracy of the field officers’ signals goes
to 1. This type of mechanism exhibits an important feature: the commanding
officer does not need to know the field officers’ preferences which, if known, might
provide some information regarding the direction in which an officer might wish
to skew the decision.

The commander can thus extract the field officers’ information, but the elicita-
tion of the information comes at a cost. With probability € the commander selects
a field officer for scrutiny, and if that officer’s announcement is consistent with
the majority announcement the outcome will not necessarily be the commander’s
preferred choice.

The mechanism described above uses the correlation of the officers’ signals
that naturally arises from the fact that they are making assessments of the same
attribute. We will formalize the ideas in the example and provide sufficient condi-
tions under which experts’ information can be extracted through small distortions
of the decision maker’s optimal rule. The basic idea can be seen in the example;
when signals are very accurate, no single agent is likely to change the outcome by
misreporting his information, hence, small “rewards” will be sufficient to induce
truthful announcements. We further show that one can use this basic idea to
show that, when the number of informed agents becomes large, one can extract
the information at small cost even if each agent’s information is not accurate.
When the number of agents becomes large, the chance that an agent will be piv-
otal in the decision becomes small even if the signals that agents receive are of low
accuracy. This is not enough to ensure that information can be extracted at low
cost, since giving each agent a small chance of being a “dictator” might involve
a large deviation from the decision maker’s optimal rule. Using techniques from
McLean and Postlewaite (2002, 2006) we show, however, that an agent’s effect on
the decision maker’s posterior goes to zero faster than the number of agents goes
to infinity. Consequently, as the number of agents becomes increasingly large,
the decision maker can correspondingly reduce the distortion associated with the

in the last section.



need to scrutinize agents while still inducing the agents to truthfully reveal their
private information.

We introduce the model in the next section, and present the results for the
case of a finite number of experts with accurate signals in section 3. In section
4 we analyze the case with a large number of experts whose signals may not be
accurate. In section 5 we discuss some extensions and further results. Section 6
contains the proofs.

1.1. Related Literature

Our notion of implementation is a weak form of virtual Bayesian implementation
(Abreu and Matsushima (1992), Matsushima (1993), Duggan (1997), Serrano and
Vohra (2005)), but differs in important ways. First, our focus is not on full
implementation in the sense that we do not require that all equilibria implement
a given social choice function. Second, in the literature on virtual implementation,
two social choice functions are close if they specify very similar outcomes in every
state of the world. This is a natural definition because the probability of every
state may be bounded away from zero. In this paper we consider environments
in which the probability of some states is vanishing. It is therefore reasonable
to use a notion of approximation that requires that two functions are close with
arbitrarily high probability. The differences in the two approaches have important
ramifications regarding the classes of functions that can be implemented. To
be virtually implementable a function must be incentive compatible and satisfy
some additional conditions such as measurability (Abreu and Matsushima (1992)),
incentive consistency (Duggan (1997)) or virtual monotonicity (Serrano and Vohra
(2005)).% In contrast, our notion of implementation does not require any of these
conditions.

There is an extensive literature on information transmission between informed
experts and an uninformed decision maker. The classic reference is Crawford
and Sobel (1982) who assume that the decision maker faces a single expert. The
literature has also analyzed the case of multiple experts. Of course, if there are
at least three experts and they are all perfectly informed (i.e., they possess the
same information) the problem of eliciting their information is trivial. The case
in which there are two perfectly informed experts has been analyzed by Gilligan
and Krehbiel (1989), Krishna and Morgan (2001), and Battaglini (2002).

?In some cases, the environment has also to satisfy certain additional assumptions. For
example, Matsushima (1993) assumes that side payments are allowed.



Austen-Smith (1993) is the first paper to focus on imperfectly informed ex-
perts. Austen-Smith assumes that the decision maker gets advice from two biased
experts whose signals about the state are conditionally independent. That paper
compares two different communication structures: simultaneous reporting and se-
quential reporting. Battaglini (2004) extends the analysis to the case in which the
number of experts is arbitrary and both the state and the signals are multidimen-
sional. Battaglini exploits the fact that the experts’ preferences are different and
commonly known and constructs an equilibrium in which every expert truthfully
announces (a part of) his signal. If the experts’ signals are very accurate or if the
number of experts is sufficiently large, the corresponding equilibrium outcome is
close to the decision maker’s first best. In contrast to Battaglini (2004), we do not
impose any restriction on the experts’ preferences and, importantly, they can be
private information. Furthermore, we provide conditions under which any social
choice rule can be approximately implemented.

Wolinsky (2002) analyzes the problem of a decision maker who tries to elicit
as much information as possible from a number of experts. The experts share the
same preferences which differ from those of the decision maker. The information
structure in Wolinsky (2002) is significantly different from ours. In particular,
there is no state of the world and the experts’ types are independently distributed.
Wolinsky first assumes that the decision maker can commit to a choice rule and
characterizes the optimal mechanism. He then relaxes the assumption of perfect
commitment and shows that it is beneficial for the decision maker to divide the
experts in small groups and ask them to send joint reports.

In our paper, as well as in all the articles mentioned above, the experts are
affected by the decision maker’s choice. One strand of the literature has also
studied the case in which the experts are concerned with their reputation for
being well informed. Ottaviani and Sgrensen (2006a, 2006b) consider a model
in which the experts receive a noisy signal about the state of the world and the
quality of their information is unknown. Each expert’s reputation is updated on
the basis on their messages and the realized state. Ottaviani and Sgrensen show
that the experts generally do not reveal their information truthfully.

Our paper is also related to the recent literature on strategic voting. Fedder-
sen and Pesendorfer (1997, 1998) consider two-candidate elections with privately
informed voters. They show that under non-unanimous voting rules, large elec-
tions fully aggregate the available information in the sense that the winner is the
candidate that would be chosen if all private information were publicly available.
This implies that under majority rule, for example, a social planner can implement



the outcome preferred by the majority of the voters. In contrast, our asymptotic
results show that if the planner has the ability to commit to a mechanism, then
he can approximately implement almost any social choice rule.

We postpone to section 5 a discussion of the relationship of our results to the
notion of informational size introduced in McLean and Postlewaite (2002).

2. The Model

2.1. Information

We will consider a model with n > 3 experts. If r is a positive integer, let J, =
{1,...,7}. Experts are in possession of private information of two kinds. First,
each expert observes a signal that is correlated with the true but unobservable
state of nature #. The state can directly affect his payoff but the signal does not.
Second, each expert knows his own “personal characteristic” which parametrizes
his payoff function but has no effect on his beliefs regarding the state. More
formally, let © = {61,...,0,,} denote the finite set of states of nature, let .S;
denote the finite set of possible signals that expert ¢ can receive and let (); denote
the expert’s (not necessarily finite) set of personal characteristics. The set of
types of expert ¢ in this setup is therefore S; x Q;. Let S = S; x --- x S, and
S_i = %2 S;. The product sets () and ()_; are defined in a similar fashion. Let
Ax denote the set of probability measures on a set X. Let 6, € Ay denote the
Dirac measure concentrated on x € X. Each probability measure P € A§, ¢ is

the distribution of an (n 4 1)-dimensional random vector (6, 3) taking values in
© x S whose dependence on P will be suppressed. Let Ag, ¢ denote the subset
of Agys satisfying the following support conditions:

P(#) = Prob{ = 6} > 0 for cach 6 € ©

and
P(s) = Prob{s; = s1,...,8, = s,} > 0 for each s € S.

Foreach P € Ay, gand s € S,let h(s) = Po(+|s) denote the associated conditional
probability on ©.
In addition, we will make the following conditional independence assumption?:

3The conditional independence assumption simplifies the presentation but our results will
hold under more general circumstances (see section 5 for details).



for each k € {1,...,m} and each (s1,...,s,) € 5,

Prob{§1 = S1,--., Sp = Sn’é = ek} = H R<Sl|9k>

i€Jn

where

P;(s;|0x) = Prob{s; = s,|§ = Ok}

Let ASL ¢ denote the measures in A, ¢ satisfying the conditional independence
assumption.
The probabilistic relationship between states, signals and characteristics will

be defined by a product probability measure P ® P € Agxsxg where P € A§! ¢

and P € Ag. This is a stochastic independence assumption: if P ® P is the

distribution of a (2n + 1)-dimensional random vector (6,35, §) taking values in
O x S x Q, then

Prob{f = 6,51 = s1,...,5, = 5n, (@1, ..., Gn) € C} = P(8, 5)P(C).

for each (0, s1,...,s,) € © x S and each event C' C Q).

2.2. The Decision Maker

In addition to the n experts, our model includes a decision maker, or social planner,
who is interested in choosing an action a from a finite set of social alternatives A
with |A] = N. The behavior of the decision maker is described by a function

W:Ae—)AA.

Loosely speaking, we interpret the function 7 as a “reduced form” description of
the decision maker’s behavior: if the probability measure p € Ag represents the
decision maker’s “beliefs” regarding the state of nature, then the decision maker
chooses an action from the set A according to the probability measure 7 (-|p) € A4.
For example, suppose that (a,f) — g(a,#) is a function describing the payoff to
the decision maker if he takes action a and the state is 6. For each vector of beliefs
p € Ag, we could naturally define 7(-|p) € A4 so that

m(alp) > 0= a € arg rgeajc%zgg(a, 0)p(0).

Other examples are clearly possible and our reduced form description can accom-
modate all of these. In particular, suppose that the social choice is made by a



committee of individuals with heterogeneous preferences. The committee elicits
the information from the experts and then makes a final decision using a certain
voting rule. In this case, the function 7 represents the outcome of the voting.

As we have described above, both s; and ¢; are the private information of
expert ¢. The decision maker cannot observe the experts’ characteristics ¢; or
their signals s;. Given the function 7, the decision maker would like to choose
an action using the best available information regarding the state 6. Since the
decision maker himself receives no information regarding the state ¢, he must ask
the experts to report their signals. If s € S is the experts’ reported signal profile,
then the measure h(s) = Pg(+|s) defines the decision maker’s updated beliefs and
he will then choose an action according to the probability measure 7(-|h(s)).

2.3. The Experts

The payoft of expert i depends on the action a chosen by the decision maker, the
state of nature ¢ and the idiosyncratic parameter ¢;. Formally, the payoff of expert

¢ is defined by a function
UlAX@XQZ—)R

To prove our results, we will need the following definition.
Definition: Let K be a positive number. A function u; : A X 0O x Q); — R satisfies
the K-strict mazimum condition if

(i) For every § € © and for every ¢; € @;, the mapping a € A — w;(a,0,q;)
has a unique maximizer which we will denote a} (6, ¢;).
(ii) For every 1, for every 6 € © and for every ¢; € Q;,

ui(a; (0, 4:),0,q;) — ui(a,0,q;) > K for all a # a; (0, ).
Note that (ii) is implied by (i) for some K > 0 when @); is finite.

2.4. Mechanisms

A mechanism is a mapping (s,q) € S x Q — u(-s,q) € A If (s,q) is the
announced profile of signals and characteristics, then u(als, q) is the probability
with which the decision maker chooses action a € A. Obviously, a mechanism
induces a game of incomplete information and the decision maker is concerned



with the trade-off between the “performance” of the mechanism and its incentive
properties. The performance of mechanism p is measured* by

sup Y _ [|m(-|h(s)) = ul-|s, )| P(s) (2.1)

9€Q sesS

where
7 (-[a(s)) = ul-Is, q)l| = Y |m(alh(s)) — p(als, q)|.
acA
According to this performance criterion, a mechanism pu is “good” if the quantity
in expression (2.1) is “small.” For an alternative viewpoint of our performance
criterion, note that

Y M7 ClA(s) = ulls @)l P(s) < e

seS

implies that
Prob{||z(-|a(5)) — p(-15, @)l] < Ve} > 1 — Ve

Thus, a good mechanism has the property that, for each profile ¢ € @, 7(-|h(s))
and p(-|s, q) are close on a set of s profiles of high probability.®

Definition: A mechanism p is incentive compatible if for each i, each (s;,q;) €

S; x Q; and each (s, q}) € S; X @,

Efi Z ZZ[N(CL|S—i;Si;q—i;%) —/ll(als_i,S;,(j_i,q;)] UZ'(CL, 97Qi)P(078—i|8i) |qz = dq; > 0.

5_,€5_; 0€O acA

The mechanisms that we analyze below actually satisfy a stronger notion of incen-
tive compatibility: each expert ¢ has an incentive to report his signal s; truthfully
and, conditional on truthful announcement of the experts’ signals, it is a domi-
nant strategy for expert ¢ to announce his preference parameter ¢; truthfully. We
discuss this in the last section.

4Throughout the paper, ||-|| will denote the £; norm and ||-||2 will denote the f5 norm.

5We evaluate the performance of a mechanism from an ex-ante point of view. It is therefore
possible that in some unlikely events the decision maker will implement an outcome which is
rather different from the outcome specified by the function 7.



3. Finitely Many Experts with Accurate Signals: The Jury
Model

We discussed in the introduction the basic idea of how to construct a mechanism to
extract experts’ information. We next provide a slightly more detailed description
of the mechanism. Agents report their private information, which consists of a
signal about the state of the world and their utility function. With probability
close to 1, the information is used to update the decision maker’s beliefs and the
desired decision is taken. With small probability an agent is chosen at random
and “scrutinized” to see if his report about the state is the same as reported by the
majority. The correlation in the agents’ signals conditional on the state # makes
this a “statistical test” as to whether the agent reported truthfully, assuming other
agents were reporting truthfully. When other agents are reporting truthfully, a
given agent is more likely to “pass” this test by truthfully reporting his signal.
We reward the agent if he passes the test by distorting the optimal decision rule
slightly, and giving the scrutinized agent his optimal decision, contingent on his
announced utility function and the announced signals of the other agents.

When agents’ signals are very accurate, no single agent’s report is likely to have
a significant effect on the posterior distribution on ©, and consequently there is
little chance that his report will affect the outcome. Thus, when the signals are
highly accurate, the distortion in the decision rule necessary to provide incentives
for truthful revelation is small.

3.1. The Setup

In this section, the n experts are interpreted as “jurors” and the decision maker
is interpreted as a “judge”. Let © = {6y, 0;} where 6; = 1 corresponds to “guilty”
and 0y = 0 corresponds to “innocent.” Suppose that the jurors receive a noisy
signal of the state. In particular, let S; = {0¢, 01} where o7 = guilty and o9 =
innocent. Let s and s denote the special signal profiles s = (ay, ..., 00) and s* =
(01,...,01). Let A = {0,1} where 0 corresponds to “acquit” and 1 corresponds
to “convict.”® The payoff function of juror i is a mapping u; : A x © x Q; — R.
We will assume that each (); is finite and that u; satisfies the K;—strict maximum
condition for some K; > 0. We can illustrate the strict maximum condition in an

6The results extend to the case in which there are several states, actions and signals in a
straightforward manner.



example. For each i € J,, let
ui(av 97 Qz) = a(g - QZ)

Hence, ¢; may be interpreted as an idiosyncratic measure of the “discomfort”
experienced by juror ¢ whenever a defendant is convicted, irrespective of guilt or
innocence. If 0 < ¢; < 1, then

-7 <0<1—g,

so that conviction of a guilty party is preferred to acquittal, and acquittal is
preferred to conviction of an innocent party. If each @); is a finite subset of ]0, 1],
then it is easily verified that conditions (i) and (ii) are satisfied.

The behavior of the decision maker is described by a function 7 : Ag — A 4. If
p € Ag represents the decision maker’s beliefs regarding the defendant’s guilt or
innocence, then m(1|p) is the probability of conviction and 7(0|p) is the probability
of acquittal. Note that we make no assumptions regarding the properties of 7; in
particular, 7 need not be continuous.

For each P € A§L, let

K(P) = kg{%%} min Pi(0k|0k).
The number k(P) is a measure of the quality of the signals. When the state

is 05, k = 0,1, each agent observes the correct signal o, with probability at least
K(P).

3.2. The Jury Result

Proposition 1: Choosen > 3. Let K1,..., K, be given as above, let K = min;K;
and suppose that £ > 0. There exists a & €]0,1[ (depending on ¢ and K') such
that, for all P € Ag and for all P € ASL . satisfying x(P) > R, there exists an
incentive compatible mechanism p satisfying

max S I [(s) = (s, )| P(s) < <

The proof of Proposition 1 appears in section 6, but we will construct the
mechanism and present the idea of the argument here. For k € {0,1}, let

ve(s) :=={i € Ju|s; = ok}

10



denote the set of jurors who observe signal o, when the realized signal profile is
s. Let Cy and C be two subsets of S defined as

Co = {s € S||vols)| > g}

and

C1 = {s € S| |1(s)] > g}.

When a signal profile s € ()} is realized the majority of the jurors observe
signal o. Next, let

Pi(5) = Xy (5)7(folsi) + X, (5)7(h]ss)
where

7(9k|81) = 1if S; =0k
= 0if s; # oy.

and X, denotes the indicator function of Cy. Note that p;(s) = 1 if and only if s;
is a (strict) majority announcement for the profile s.
Define a;(-|s,q;) € Aa where

a;(af Ok, q;)|s,q;) =1if s € Cy and k € {0,1}

and ]
a;(als,q;) = 3 for each a € A if s ¢ Cy U C4.
Let
Y(s) = s%if s=5"or s = (s°,,01) for some i
= slifs=s'or s = (s*;,00) for some i

= s otherwise.

Finally, choose A €]0,1[ and define a mechanism p as follows: for each a € A =
{0,1},

n

plals, ) = (1= Vel (D) + 5 3 | hasals. ) + (1= ()

J=1

11



To interpret the mechanism, suppose that the jurors announce the profile (s, ¢).
With probability 1 — A, the decision maker will choose action a with probability
m(alh(1(s))). With probability 2, one of the jurors will be randomly selected
for “scrutiny.” Suppose that juror i is chosen. If p;(s) = 0, the decision maker
randomizes uniformly over a = 0 and a = 1. If p;(s) = 1, then a strict majority
of the jurors have announced the same signal (either oy or ¢1) and juror ¢ is a
member of this strict majority. The decision maker now “rewards” juror ¢ for
his majority announcement by choosing action a} (6, ;) if s € Cy or af (64, q;) if
s € (1. The mechanism is designed so that, when the jurors’ signals are accurate,
the juror who is chosen for scrutiny is rewarded when he truthfully announces his
private information. It is important to note that, in our framework, any scheme
to “reward” an agent typically must utilize all agents’ information. Except in
extreme cases, an agent’s optimal choice depends nontrivially on his information.

To illustrate the idea of the proof, let iz be the mechanism defined above and
suppose that agent ¢ with characteristic ¢; observes signal ¢;. To prove incentive
compatibility, it suffices to show that, when x(P) ~ 1,

Z ZZ [(als—i, o, q-iqi) — plals—i, si, q-i ) wila, 0, ¢;) P(0]s—;, 01) P(s—i|o1) = 0

S_;€ES_; €O acA

for each q_; € Q_;,q; € Q;, and (s}, ¢}) € S; x Q;. The argument relies very heavily
on the fact that

P(0:1]s') ~ 1 and P(s';|o1) ~ 1 when x(P) ~ 1.

We first claim that by truthfully announcing s, = oy, juror i cannot benefit
from lying about his characteristic. To see this, first note that, when ¢ truthfully
announces his signal, a misreported characteristic has no effect on the action
chosen by the decision maker when another juror is chosen for scrutiny. Indeed,
a misreported characteristic can only affect the reward that the decision maker
will choose for juror i if, after having been chosen for scrutiny, juror i receives a
reward. If k(P) =~ 1, then P(f;|s') ~ 1 and P(s!';|oy) ~ 1, i.e., juror i believes
that, with very high probability, the true state is 6; and the other jurors have
announced the signal profile s' ;. Now suppose that juror i is to be rewarded by
the decision maker. If ¢ announces (oy,¢;), the decision maker will, with high
probability, choose the action a}(61, ¢;) that is optimal for (6, ¢;). If he announces
(01,4}), then the decision maker will, with high probability, choose the action
at(01,q;) that is optimal for ¢/. Assumptions (i) and (ii) guarantee that such a

12



lie cannot be profitable if ¢; is the true characteristic of juror i. We next show
that, by misreporting s; = oy, juror i still cannot benefit from lying about his
characteristic. Since (s';,0¢) € C; and (s!,,0,) € Oy, we conclude that neither
¢’s misreported signal nor i’s misreported type can have any effect on the action
chosen by the decision maker when s_; = s', and juror 7 is not chosen for scrutiny.
As in the previous case, x(P) ~ 1 implies that P(f;|s') ~ 1 and P(s! o) ~ 1
so, again, juror ¢ is concerned with the consequences of his announcement when
the state is ; and the other jurors have announced the signal profile s' . If 4
announces (o1, ¢;) and if ¢ is chosen for scrutiny, then the decision maker will
choose action a} (61, q;) when s_; = s'. since i agrees with the majority and the
majority has announced o;. If ¢ announces (g, ¢;) and if 7 is chosen for scrutiny,
then the decision maker will randomize over 0 and 1 when s_; = s!, since i does
not agree with the majority. Again, conditions (i) and (ii) guarantee that i cannot
benefit from lying.

Finally, we turn to the performance of the mechanism. For sufficiently small
)‘7

Y lImClals) = ul-ls )l P(s) z:H?T | (s)) — m(-[h(¥ ()| P(s)

for each ¢ € Q. Now s and 1(s) differ only when all but one juror have announced
the same signal, an event of small probability when x(P) ~ 1. Consequently,

> IrCla(s) = (@) Ps) <2 [P 0) + P(s2;,01)]

lEJn

and, since
Z [P($1—i700> + P(S(li,al)] ~ 0 when k(P) ~ 1,
i€,

we obtain the desired result.

4. The Case of Many Experts

We turn next to the case in which there is an increasing number of experts. Similar
to the case with a fixed finite number of experts, the basic idea here plays off the
fact that, as the number of agents increases, any single agent will have little chance
of affecting the decision. As in the previous case, the correlation in the agents’
signals allows us to construct a statistical test of the announcement submitted by a

13



randomly chosen agent, which he will more likely pass by announcing truthfully if
other agents are announcing truthfully. Again we reward an agent who passes the
test by distorting the decision in favor of that agent’s optimal decision with small
probability. There is one new difficulty here, however. As the number of agents
increases, the chance that any given agent is chosen for scrutiny (and the chance
to get his more preferred decision) goes to zero as the number of agents increases.
Therefore, the reward that provides the incentive for truthful revelation goes to
zero. We show, however, that the basic idea can still be employed by showing that
an agent’s expected effect on the decision goes to zero more quickly than does the
expected reward for truthful announcement.

4.1. The Setup

Throughout this section, © = {6y, .., 0,,} will denote a fixed finite state space and
A a fixed finite action space with |A| = N. In addition, let T" be a fixed finite
set that will serve as the set of signals common to all experts (i.e., S; = T for
all i) and let A, denote the set of probability measures  on © x T satisfying
the following condition: for every 0,6 with 6 + @, there exists s € T such that
B(s]0) # B(s]f). Next, let T" denote the cartesian product of n copies of T.

Definition: Let K, L and M be positive numbers, let n be a positive integer and
let B € AY, . An aggregation problem Il(n, K, M, 3, L) is a collection consisting
of the following objects:
R (i) For each i € J,, a space of characteristics Q7 and a probability measure
P e Agn (Q" = Qi x -+ x Q1).

(ii) For each i € J,, a function

u'tAxOxQr R

satisfying the K-strict maximum condition and bounded by M, i.e., |u'(a, 0, ¢;)| <
M for each (a,0,q;) € A x O x Q.

(iii) A probability measure P" € A§! .. satisfying the following conditional
independence condition: for each (6, sy,...,s,) € © x T™,

n

Pn(817"'75n79) :PI‘Ob{g‘iL - Slugg - 827”'7:‘3:7171, - Sn7é:9} :6(6>H6(SZ|9)

=1
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(iv) Let

2 n n n 1 n n
Fi(0lsi, qf) = |max[uf(a,0,¢1)) — = > ui(a.0,q7) | BOls:).  (41)
Then A L .
! ¥ (-85, @) Yi(-1si, @)

- T T TR —|la > L
1 Clst @)z 117 (lsi @)z

for alli € {1,...,n} and all (s;,¢"), (s},¢") € T x Q7.

Condition (iii) is a conditional independence assumption. Condition (iv) is a
nondegeneracy assumption that says that 4,(+|s, ¢/*) is not a scalar multiple of
4,:(-|si,q") and that the normalized vectors are “uniformly” bounded away from
each other for all n. In the simple jury example in which (1) © = {6,,6:}, (2)
S; = 00,01}, (3) for all n, QP C C for some finite set C' C [0,1] and (4) for all
n, ul(a,0,q;) = a(d — g;), condition (iv) is satisfied for some positive number L if
and only if for each (s;,¢:), (s}, ¢}) € T x QF with (s;,q) # (s}, ),

EICED) :5(0ols})
(1 —q:)B(01]s:) (1- qg)ﬁ(‘%"gg)‘

This condition is “generic” in the following sense: for each 3 € Ag ,, the nonde-
generacy condition is satisfied for all (¢1,...,qqc|) € [0, 1]'°! outside a closed set
of Lebesgue measure zero.

An aggregation problem corresponds to an instance of our general model in
which the signal sets of the experts are identical and the stochastic structure
exhibits symmetry.” We are assuming, as always, that the profile of experts
characteristics is a realization of a random vector ¢" and that (é, §") and ¢" are
stochastically independent so that the joint distribution of the state, signals and
characteristics is given by the product probability measure P" ® pn,

Let 7 : Ag — A4 denote the planner’s choice function. We will assume that

7 is continuous at each of the vertices of Ag, i.e., 7 is continuous at dy for each
0 e 0O.

"Other more general structures are possible. For example, we could allow for a replica model
in which each replica consists of r cohorts, each of which contains n experts as in McLean and
Postlewaite (2002).
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4.2. The Asymptotic Result

Proposition 2: Let K,M,L and ¢ be positive numbers and let € Ag ;.
There exists an n such that, for all n > n and for each aggregation problem
II(n, K, M, 3, L), there exists an incentive compatible mechanism u" satisfying

sup S [r([A(s") — 1" (ls" ") P(s™) < <.

n n
q EQ SneSn

The proof of Proposition 2 is deferred to section 6, but we will provide an
informal construction of the mechanism and present the idea of the argument for
the asymptotic version of the jury problem. The proof depends crucially on the
fact that, for all sufficiently large n, we can partition 7™ into m + 1 disjoint sets
By, BT, ..., B such that for each ¢ € J,,,

Prob{s" € By|s! =s;} ~0foralls, €T
Prob{0 = 0,|5" = s"} ~ 1 forall k =1,...,m and all s" € B}
Prob{s" € B}|5} = s;} =~ (8(0k|s;) forall k=1,...,mand all s; € T
and

Prob{(8",,s;) € By and (§",,s;) € B}|s} = s;} = Prob{(5",,s;) € BE|3!' = s;}

for each £ = 1,...,m and each s;s; € T. These sets are used to define the
mechanism. For each i, ¢; € QF and 0, let al'(0, /") € A denote the optimal action
for expert ¢ in state § when 4’s characteristic is ¢'. Formally, let

{ai(0,4}")} = argmaxwi'(a, 0, ;).
ac
For each k =1,...,m and each s" € By, define o'(-|s", ¢/') € A4 where

ai(als" ¢") = 1ifa=ai(k,q')
0if a # ai' (Or, 4;')

If s" € By, define of(-|s", ¢*) € A4 where

1
al(als", ql') = ¥ for all a € A.
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Let
P 7Qz ZXB" ’71 9k|817q1)

where A .
0 . 7017, q7')
10l 4) = T
Fa(-[s7t @)l |2
and 7,(6|s?, ¢*) is defined in equation (4.1). Note that ,(-|s, ¢I') is not generally
a probability measure on © but it is the case that 0 < v,(0|s, ¢") < 1 for each 6.
Next, define

p(s") = 0p, ifs"€Byandk=1,...,m
= h(s")if s" € By.

Finally, define a mechanism where for each a € A and each (s™,¢") € T" x Q",

s ) = (Nl 42 30 |6 g a(als’ o) + (1= (6" )y

Jj=1

The mechanism has a flavor similar to that of the jury model presented above.
With probability 1 — A, the decision maker will choose action a with probabil-
ity m(ale(s™)). With probability 2, one of the experts will be randomly selected
for “scrutiny.” Suppose that expert ¢ is chosen. If s" € B} , then the decision
maker behaves as if the true state is 6. In this case, pl'(s™, ¢") = v,;(0k|sF, ¢%).
If s € By, then the decision maker will randomize uniformly over the actions
a € A with probability 1 — ~,(0k|s!, ¢") while, with probability v,(0x|sF, ¢"), he
will choose action a}'(6y, ¢') which is the best possible action for expert i in state 6y,
if his true characteristic is ¢/'. The mechanism is designed so that, in the presence
of many experts, the expert who is chosen for scrutiny is rewarded when he truth-
fully announces his private information. Since we need to provide incentives for
truthful announcements with many alternatives, the mechanism requires a more
complex randomizing scheme than that of the jury model where the analogue of
v (0 |s?, ') simply takes the value 0 or 1, depending on whether or not a juror’s
announcement agrees with the majority. To illustrate the idea of the proof, let
i be the mechanism defined above and suppose that expert ¢ with characteristic
q' € Q7 observes signal s = s; € T. To prove incentive compatibility, it suffices
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to show that for each s, € T', for each ¢/ € Q7, and for each ¢", € Q",,

ZZ CL| —Z’q—z?827qZ) (CL|S_Z,C]_Z, Sis 4 Zu% a ek’qz (ek’S—z’ ) P(SEASZ') > 0.

s". acA

7

(4.2)
The properties of the partition enumerated above imply that the expression on
the LHS of inequality (4.2) is approximately equal to

Z Z Z (l|3_z,q_z,81,q2) Mn<a|82i7Q—za 17% )} [ui(aa0k7Q?)] P(SEAS*)

acA
(s_l,sl)EB
( 77,7 z)eBn
(4.3)
so it actually suffices to prove that expression (4.3) is positive.
If (s, 8:) € By and (s";, s) € By, then o (als";, s;, q}) = o (als";, s}, ¢}') for
j # 1 and it follows that

Z Z Z [ (a|szi7qﬁi73iaqgl) - M(a/|ST—LZ"Q—Z’ zan )} [ui<a70kvqy)] P(87_11|S,)

—’L7 ’L

k " acA
(s, sz)EB
(s ’jz, s)EB}

> 2 30 [i(Oxlsiy a?) — vi(Oxlsis 4] {ui(&?(ﬁk, a1): O, a') — & 2 ui'(a, O, Q?)] >, P(slsi
k a s,
(s ;,80)EBY
( n‘ /)EBn

~ 2 [ri(Belsi, ) = viOnlsi, 6i”)] {ui(a?(ek, a7): 0, 41) — & 2o i (a, O, q?)] B(Okls:)

= %Xk: [%’(Qk|3ia C]f) - %’(Qk|327 Q?/)] ’?i(ek|3i7 qzn)

The nondegeneracy condition guarantees that this last expression is positive and
the mechanism is incentive compatible.
In the jury case,

¥i(bolsi,q;) = %5(90|3i)
1

Gilbilsia) = —5B0s).
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Consequently,

; [%(QHSD Qi) - 7i(9k|5;7 q;)] 7i(9k|5z’, q) =

(Vi (olsi, ai) — 7;(0olsh, )] LB(00]s:) + [vs(61]s: a:) — 7;(61]sh ¢1)] 5L B(01]s:)

and this equation has the following interpretation. In a jury model with many
jurors, the mechanism designer will learn the true state with probability close to 1.
Let (0, s;, q;) denote the probability with which the designer chooses a = 1 when
the estimated state is # and agent ¢ announces (s;, g;). When all other agents are
truthful, agent ¢ has little effect on the outcome if no agent is chosen for scrutiny.
Furthermore, agent 7 has little effect on the outcome when another agent is chosen
for scrutiny. Hence, when the number of experts is sufficiently large, expert ¢ will
have a strict incentive to tell the truth if he has a strict incentive to tell the truth
when he is chosen for scrutiny. Conditional on being chosen, i’s expected payoff
when he truthfully announces (s;, ¢;) will be

—q;7(0o, 5i,¢:)B(0o]s:) + (1 — q;)r(61, 54, ¢:) B(61]5:)

while his expected payoff when when he deceitfully announces (s}, ¢;) will be

—qir (0o, 83, 41)B(0olsi) + (1 — q;)r(01, 55, ¢;) B(01]54).

Consequently, he will have a strict incentive to tell the truth if

—qi [r(0o, 51, 4:) — (00, 5}, qé)] B(Oolsi)+(1—q;) [r(61, 54, q:) — (61, 5;; q;)] B(61]s;) > 0.

In terms of the mechanism p, v,;(6o|s;, g;) represents the probability that juror i
is “rewarded” when the decision maker believes that the true state is 6;. Conse-
quently,

(0o, 5i,4) = vi(0olsi, @) (0) + [1 —v;(6olsi, i)

7"(91,&', Qi) = %(91|5z‘,%‘)(1) + [1 - %’(91|3i,%‘)]

NSRS NOR

with similar expressions for r(6o, s, ¢) and (61, s;, ¢;). Substituting the definitions

of (6o, si,q:), 7(01,5,q), 7(0o, s;, q.) and r(64, s, ¢;) above, we conclude that agent

¢ will have a strict incentive to tell the truth if

1—g
2

[7i(Oolsi, @) — vi(bols;, 4;)] %ﬁ(90|5i)+[%(91\5m%) —7;(01]55, 4)] B(0h]si) >0

which is precisely what we need.
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5. Discussion

Informational requirements of the mechanism

In constructing a mechanism of the sort we analyze, the decision maker needs
to know some, but not all the data of the problem. Importantly, the decision
maker does not need to know the experts’ biases, that is, their preferences: these
are elicited by the mechanism. The experts have an incentive to truthfully an-
nounce that part of their private information independently of whether or not
they truthfully announce their information about the state. To employ the mech-
anism the decision maker needs only to set the probability that he will scrutinize a
randomly chosen agent. He would like to choose the smallest probability that will
provide each agent with the incentive to reveal truthfully. When agents’ signals
have varying precision, the decision maker needs to know the minimum precision
of the signals to determine the optimal probability of scrutiny. If the decision
maker believes that the minimum precision is low, he will need to scrutinize with
higher probability than if he believes the minimum precision to be high. The deci-
sion maker does not need to know which expert has that minimum precision or the
distribution of the precisions of the signals. In other words, the decision maker
can always be conservative and scrutinize with sufficiently high probability so
that the experts will have incentives to truthfully reveal their private information.
Higher probabilities of scrutiny will still provide incentives to reveal truthfully,
but at a higher cost of distorting his decisions. In summary, the decision maker
needs to know nothing about the agents’ preferences, and very little about their
information in order to employ the sort of mechanism we analyze.

The mechanism is similarly informationally undemanding on the informed
agents. Truthful revelation gives an agent increased probability of getting his
preferred outcome should he be scrutinized, while misreporting his information
gives the agent a chance of affecting the decision maker’s choice in the absence of
scrutiny. To weigh these, an agent needs to know, roughly, the number of agents
and the minimum precision of other agents’ signals. The chance that he is scru-
tinized depends on the number of other agents, and the chance that he passes
scrutiny depends on the minimum precision of their signals. The chance that he
will affect the outcome in the absence of scrutiny similarly depends on the number
of other agents and the precision of their signals. He needs to know neither of
these perfectly, and most importantly, he does not need to know anything about
other agents’ preferences.
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Informational size

Our results bear a resemblance to those in McLean and Postlewaite (2002)
(MP). That paper considered allocations in pure exchange economies in which
agents had private information. The paper introduced a notion of informational
size and showed (roughly) that when agents were informationally small, efficient
allocations could be approximated by incentive compatible mechanisms. Those
results are somewhat similar to our results in that we show that a decision rule that
depends on private information can be approximated by an incentive compatible
mechanism in some circumstances. If one used the notion of informational size,
the experts are informationally small in the circumstances that a decision rule can
be closely approximated.

While there is a resemblance between the results in MP and the current paper,
there are important differences. First, MP deals with pure exchange economies,
so agents can be given incentives to reveal truthfully private information through
transfers of goods. In the current paper there do not exist goods that can be used
for transfers; incentives have to be provided by distorting the choice rule.

More importantly, in the current paper experts have private information about
their own preferences, as did agents in the pure exchange economies in MP. There
is an important difference, however. In a pure exchange economy with monotonic
preferences, the mechanism designer knows that independent of preferences, he
can construct outcomes that reward truthful revelation: simply give an agent
strictly more of all goods. The preferences in the current paper are not restricted
in this way and for a mechanism to reward or punish an expert, the expert’s
utility function must be elicited. Finally, MP show only that efficient outcomes
can be approximated by incentive compatible allocations. Restriction to efficient
outcomes is relatively innocuous when all relevant parties are included in the
efficiency calculation. However, we treat the case in which a non-participant —
the decision-maker — is not a disinterested party. In our motivating example of
the commanding officer eliciting information from his field officers, the choice
function of interest was to attack the enemy if their strength was not too great.
This may be inefficient from the field officers’ perspective since they may prefer
not attack under any circumstances. The current paper provides guidance to a
decision maker who has a stake in the outcome, while MP does not.

Conditionally dominant strategy mechanisms

The mechanisms that we construct in Propositions 1 and 2 actually satisfy an
incentive compatibility requirement that is stronger than the “traditional” notion
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of interim Bayesian incentive compatibility as defined above. In particular, our
mechanism p satisfies the following condition: for each i, each (s;,¢q;) € S; x Q;,
each (s},q¢!) € S; X Q;, and each function b_; : S_; — Q_;,

Z ZZ a|5—17827 —1 (S—i>7Qi) _:U’(a|5—i78;7b—i (S—i) 7q;)] ui(aaea%)P(evS—i‘Si) > 0.
s_;€ES_; 0EO acA
(5.1)

Since the random vectors (é,é) and ¢ are stochastically independent, it is

clear that this condition is stronger than interim incentive compatibility. In our
model, we formulate a revelation game in which expert ¢ announces his type,
i.e., a pair, (s;,q;), where s; is his signal about the state and ¢; is the expert’s
personal characteristic. The equilibrium of the mechanism requires, as usual, that
no expert’s expected utility would increase by announcing an incorrect signal when
other experts are truthfully announcing their signals. The equilibrium requirement
for the expert’s characteristic, however, is stronger: it requires that, conditional
on truthful announcement of signals, truthful announcement of his characteristic
be optimal regardless of other experts’ announcements.

There are many problems in which agents have multidimensional private in-
formation and it is useful to know whether their information can be decomposed
into distinct parts, with some parts being more easily extracted than other parts.
It is well-understood that mechanisms for which truthful revelation is a dominant
strategy are preferable to those for which truthful revelation is only Bayesian in-
centive compatible. Much of mechanism design uses the weaker notion of incentive
compatibility only because of the nonexistence of dominant strategy mechanisms
that will accomplish similar goals. Dominant strategy mechanisms have many
advantages: they are not sensitive to the distribution of players’ characteristics,
players have no incentive to engage in espionage to learn other players’ character-
istics and players need to know nothing about other players’ strategies in order
to determine their own optimal play. If mechanisms exist for which truthful an-
nouncement of some component of a player’s information is a dominant strategy,
these advantages will accrue at least to certain parts of a player’s information.

Formally, consider a revelation game I' with n players whose (finite) type sets
are (T;)"_,. Asusual, T =T} x --- x T,,. We say that (T}, T?) is a decomposition
of T; if T; = T} x T2 and that {(Tl T2}, is a decomposition of T if (T}, T?)
is a decomposition of T, fori =1,...,n. Let z : T — A be a mechanism and
{(T}, T?)}, be a decomposition of T and consider functions {d; : T; — T?}";;

2

denote by d,z( _;) the collection {d;(t;)};i. We say z is a conditionally dominant
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strategy mechanism with respect to T? := T? x --- x T? if for each i, for each
(t},12) € T, for each (},#2) € T;, and for each {d; (-)};i,
Z [u,(x(tl_z,d (t ),tll,tf),tzl,t?,t )_ui<x(t1—z’7d (t )7tzl7£12)7tzlvtz2’t )} ( —Z|tzl7t12) 0.

t_;

If T, = T? for all 4, then the notion of conditional dominant strategy coincides
with the notion of dominant strategy for games of incomplete information (see,
for example, the discussion in Cremer and McLean (1985), pp349-350.)

It is easy to verify that in our setup p is a conditionally dominant strategy
mechanism with respect to @ if and only if it satisfies inequality (5.1). This result
follows from the fact that the utility of expert 7 does not depend on his opponents’
personal characteristics ¢_; and the random vectors (é, ) and ¢ are stochastically
independent.

Mechanisms satisfying the conditional dominant strategy property with respect
to some part of the asymmetric information are less sensitive to the informational
assumptions underlying Bayes equilibria. For this reason, the “maximal” decom-
position (that is, the decomposition that makes T2 as “large” as possible) for
which there exist incentive compatible mechanisms that are conditionally domi-
nant strategy with respect to 72 is of interest.

Group manipulation

This paper uses Bayes equilibrium as the solution concept, as does much of
the literature on implementation in asymmetric information games. A drawback
of many of the games that employ Bayes equilibrium to implement, or virtually
implement, social choice functions is that they are susceptible to manipulation
by coalitions: even a pair of agents can gain dramatically by colluding.® The
mechanism used in this paper is not immune to coalitional manipulation, but
it is far less sensitive to it. The probability that an agent can get his most
desired alternative if he is scrutinized offsets the probability that he can alter the
decision maker’s choice in the absence of scrutiny. When there is a fixed finite
number of agents, the probability that an agent can affect the decision maker’s
choice in the absence of scrutiny becomes arbitrarily small as signals become
increasingly accurate, which allows the decision maker to choose the probability
of scrutiny to be small. The probability that any coalition with fewer than a
majority of the agents can affect the outcome will similarly be vanishingly small

8See, for example, Jackson (2001) and Abreu and Sen (1991).
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as signals become sufficiently accurate. Consequently, even small probabilities of
scrutiny will make manipulation unprofitable for coalitions with fewer than half
the agents when signals are very accurate. Similarly, when the number of agents
gets large, the minimal size coalition that will find coordinated deviations from
truthful announcement increases without bound.

Conditional independence of experts’ information

In both the finite case and the large numbers case we assumed that experts’
information was conditionally independent. This is primarily for pedagogical rea-
sons and the logic underlying the mechanism does not depend crucially on the
assumption. Suppose that the accuracy of the experts’ signal is fixed. The ex-
pected number of experts who receive the same signal is higher for the typical
case of conditionally correlated signals than when the signals are conditionally
independent. It follows that in the case of correlated signals the probability that
any single expert will be pivotal in the final decision decreases relative to the case
of conditional independence. Hence the expert’s gain from misreporting his signal
decreases. At the same time the probability that the expert’s signal is in the
majority increases. And this makes truthful revelation more profitable. To sum
up, allowing correlation across signals increases the benefits of truthful revelation
and decreases the benefits from misreporting, thus permitting the decision maker
to decrease the probability of scrutiny.”

Uniform convergence

To simplify the exposition we assumed that the experts know the social choice
rule 7. However, our results extend to the case in which the experts are uncertain
about the rule that the decision maker is implementing. For example, suppose
that the social planner has a personal characteristic that affects his payoff, but is
unknown to the experts. Clearly, the planner would like to condition the choice
of the choice rule 7 on his private information.

In Propositions 1 and 2 we provided conditions under which there exists an
incentive compatible mechanism that converges to the social choice rule 7. Notice
that these conditions do not depend on 7. In other words, we have a uniform
convergence over the set of social choice rules. This implies that the planner can
approximately implement a set of rules, one for each of his types.

90f course, there are cases in which the correlation among the signals helps the agents make
profitable coalitional deviations. For example, suppose that there are two groups of experts and
the signals are perfectly correlated within each group. It is possible that all the agents in a
certain group have an incentive to lie about their signals.
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Costly information acquisition

Agents in our model are exogenously informed. There may be a serious prob-
lem with the type of mechanism we analyze if agents must make investments to
acquire information. For both the finite population model and the increasing
number of agents model, it is agents’ minimal effect on the posterior beliefs that
determine the decision that allows the extraction of agents’ information at low
cost. However, agents have little or no incentive to invest in information if that
information will have minimal effect on the posterior beliefs.

Multiple equilibria and weak Virtual Bayesian Implementation

As we mentioned in our discussion of the related literature, our approach
to the aggregation of expert opinions is very much related to virtual Bayesian
implementation. To clarify this relationship, define a social choice function f :
S — A(A) where f(s) = w(-|h(s)). Following the definitions in Serrano and Vohra
(2005), the rule f is virtually Bayesian implementable if for every ¢ > 0, there
exists a social choice function f©: .S x Q — A(A) such that f¢ is exactly Bayesian
implementable and

sup max |7 (- |h(s)) — f*(:|s, g)[| <.
qeQ s€S

To be precise, Serrano and Vohra stipulate that sup,.o max,es max,ca | f(s)(a) —
fé(s,q)(a)| < e, but this is inconsequential. To say that f¢ is exactly Bayesian
implementable means that there exists a mechanism consisting of message spaces
M, .., M, and an outcome function G : My x - - - x M,, — A(A) with the following
property: every Bayes-Nash equilibrium of the associated game of incomplete
information induces an outcome distribution on A that coincides with f¢. Hence,
the rule f is virtually Bayesian implementable if every Bayes-Nash equilibrium
of the game of incomplete information associated with f° induces an outcome
distribution on A that is close to f for all profiles in S. A weaker notion of virtual
Bayesian implementation would only require that every Bayes-Nash equilibrium
of the game of incomplete information associated with f¢ induce an outcome
distribution on A that is close to f on a subset of S C S with P(S) ~ 1. A third,
still weaker notion would only require that there exists a Bayes-Nash equilibrium
of the game of incomplete information associated with f¢ that induces an outcome
distribution on A that is close to f on a subset of S C S with P(S) ~ 1.

Recall that
> lIw(lh(s)) = n(ls.q)l|P(s) < e

seS
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implies that
Prob{||z(-|a(5)) — p(-15, @] < Ve} > 1 — Ve

Hence, our notion of implementation corresponds precisely to this third, weakest
notion of virtual Bayesian implementation where f(s) corresponds to 7(-|h(s))
and (-|s, q) corresponds to fe(-|s,q). This form of weak virtual Bayesian imple-
mentation has certain strengths and weaknesses relative to the stronger extant
definition of virtual Bayesian implementation. Our weak implementation concept
does not require that the social choice rule satisfy Bayesian monotonicity, mea-
surability, virtual monotonicity or related assumptions. Instead, agents need only
be informationally small as defined in McLean and Postlewaite (2002), a feature
of the probability structure that is not related to the properties of 7. On the other
hand, there may be several equilibria associated with the mechanism pu, not all of
which are good approximations of 7 in our sense. Indeed, these other equilibria
may be preferred by the experts to the truthful revelation equilibrium. Consider
the example in the introduction with a commander trying to extract information
from his field officers. All field officers reporting that the enemy is strong might be
an equilibrium preferred by all field officers to the truthful equilibrium. It is often
the case that mechanisms of the type we analyze can be augmented so nontruthful
announcements will no longer be equilibria while the truthful equilibria remain.*°
Whether or not this is possible in our framework is interesting but beyond the
scope of the present paper.

Commitment

In our mechanism, the decision maker elicits truthful announcement and then
uses the announced types to choose an element of A. Our mechanism is quite
standard in that, for each (s, q) profile, we construct a random variable (e.g., a
“spinner”) taking values in A and whose distribution is precisely u(:|s,q). How-
ever, a potential problem of commitment may arise: will the decision maker, after
eliciting the type profile (s, q), actually choose the outcome using the measure
1(+|s,q), rather than his “ideal” measure w(-|h(s)) = 7n(:|Po(+|s))? This com-
mitment question will also arise in the virtual Bayesian implementation context
described above: will the decision maker, after eliciting the type profile s, actually
choose the outcome using the approximating measure f¢, rather than his “ideal”
measure f7 Perhaps it is helpful to decompose the commitment question into two
stages. The decision maker must build the “right” spinner, and then abide by the

10See, for example, Postlewaite and Schmeidler (1986).
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spinner’s realization. The first stage could be eliminated by allowing the agents
perform a jointly controlled lottery (Aumann, Maschler and Stearns (1968)) that
mimics p. In this way, the decision maker does not make random choices. How-
ever, the decision maker must still commit to choosing the outcome of the jointly
controlled lottery.

We assume the decision maker can commit to outcomes he does not like ex post
(e.g., an outcome that is optimal for one of the experts.) This ability to commit
is crucial, since as pointed out in the introduction, experts may have a dominant
strategy to report a given signal in the absence of commitment. However, for
some problems (such as the jury problem) it may be natural that an outcome rule
is chosen prior to the experts receiving information, which essentially implements
the necessary commitment. The sort of mechanism we analyze might also be used
by a single decision maker for a sequence of decision problems with groups of
informed agents who play only one time (for example the jury problem). In such
cases reputational concerns might provide the decision maker with the incentive
to follow the mechanism’s prescribed outcome but this more complex strategic
formulation requires an analysis that is beyond the scope of this paper.

6. Proofs

6.1. Proof of Proposition 1

Choose € > 0 and let u be the mechanism defined after the statement of Propo-
sition 1 with 0 < A < £.

Part 1: There exists & €]0, 1| such that, for all P satisfying x(P) > R,
D lwC1a(s) = ul-ls, @) P(s) < e for all g € Q.

Proof: Let

- 1
(alsva) = 3 |y fo)afals.) + (1,005
7j=1
so that

plls, @) = (1= (IR () + 2 HC]s, o)
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Therefore,

2 [w(1a(s)) = nlcls, @) Pls) <
2w C1a(s)) = m (R DI P(s) + A2 [7(1R(e(s)) = H (|5, 9)]| P(s).

Next, observe that

3

s

() ~ A P9 <20 < 5

and that

2 [w (1)) = w([R(G(s))I P(s)

= 2 |[7CIh(sks, 00) = wCA(sN) || P(sLi o0) + 32 [[m(-IR(s%s, 1) = w(R(s) || P(s2;, 00)

i€Jp i€Jn

<23 [P(sk; 00) + P(s%,01)]

i€Jn

Since Y., [P(s';,00) + P(s%;,01)] — 0as x(P) — 1, it follows that there exists
k €]0,1] such that ) _|[|«(-|h(s)) — 7(-|h(x(s)))[| P(s) < § whenever x(P) > &.
Therefore, x(P) > % implies that

D lm1h(s)) = ulls, @)l Ps) < e

Part 2: In this part, we establish incentive compatibility. Suppose that juror ¢
observes signal o;. A mirror image argument can be applied when juror ¢ observes
signal 0.

Step 1: There exists a ] such that, for all P satisfying x(P) > ! and for all
q-i € Q*i and all i, qz € Qia

Z ZZ [ulals—i, o1, q-i, ai) — plals—i, o1, 4, q;) wila, 0, ;) P(O]s—i, 01) P(s—i|o1) > 0.

s_;€S5_; 0€O acA
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Proof: For each a € A,

Z Z [Uz'(aﬂeb%)ae,%) —Ui(a,e,qz')] P(eys—i,Ul)P(S—i’ﬁ)
s_,ES_; 0€O
(s—i,01)€ECT

~ [Ui(af(elj%),@l,%) - Ui(a,el,%’)]

when r(P) =~ 1. Hence, there exists a x/ such that, for all P satisfying x(P) > k!

[

S_;E€ES_; 0cO
(s—i,01)ECT

whenever a # af(61, ¢;). Next, note that

A
/,L(G‘S,h 01,4—i, Qi)_:u(aysfia 01,q—i, qg) = ﬁpi(sflﬁ 01) [ai(a“g*i’ 01, q$) - Oéi(&‘sfia 01, qg)] :

If (S_Z',O'1> ¢ OO U 017 then

A A 1 1
Eﬂi(sﬂ'aal) [ai(ays—i,ﬁ;ql’) - O‘i(aysﬂ'aalaq;ﬂ = ﬁﬂi(sfiaﬁ) {5 - 5] =0.

If (s_;,01) € Cy, then
p;(s_i,01) = 0.
If (s_4,01) € C}, then
pi(s—i;01) =1
Therefore,

Z Z Z [/”L(a|5*i70-17q7i7%5) - M(alsfivo-lvq*ivq;)] ui(a797qi)P(9|5*i70’1)P<S*i’O‘1>

s_;€ES_; €@ acA

=2 3 3 Y [ailals—i, 01, 4) — oslals—s, 01, ) wi(a, 0, ;) P(0]s_;, 01) P(s_i|o1)
s_;ES_; 0cO acA
((s—i,01)ECT

= % > > [uilai (01,4i), 0, qi) — wi(ai (01, 4;), 0, q:)] P(0]s—i, 01) P(s—i|o1) > 0.
s_i€S_; 0€O
((s—4,01)ECT
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Step 2: There exists a ! such that, for all P satisfying x(P) > ! and for all
q-i € Q_; and all ¢;, q; € Qy,

Z Z Z [M(G‘S*iﬂ 01,4—i, ql) - :u(&|$7i7 00, d—i, q;)] ui(a7 97 qZ>P(9|S*1’ O—l)P<S*i‘01) > 0.

S_;ES_; €O acA

Proof: If k(P) ~ 1, then P(6,]s') ~ 1 and P(s!,|o;) ~ 1. Since k(P) ~ 1
implies that

Z Z Z [:u(a|87i70-17q*i7q0 - :U’<G’|Sfi70-07qfi7qz/')] Ui(CL,97qi>P((9|S,i,O'1>P(87i|O'1)
s_;€S_; 0€eO© acA

~ ZA [M<a|817i7 01, 4—i, QZ) - ,LL((I|S£¢7 00, q—i, q;)] Ui(CL, 017 qz)
ae

for all ¢;, ¢} € Q; and all q_; € Q_;, it suffices to prove that

Z [lu(a’|31—ia 01,(4—i, ql) - lu(a’|81—i7 00, 4—i, Qé)] ui(aa ‘917 %) >0
acA

for all ¢;,¢, € Q; and all ¢_; € Q_;. Since (s';,0¢) € C; and (st;,01) € Cy, it
follows that, for all j # 1,

pj(sl_i,ao) =1= pj($1—i7gl)

and that
a;(-sty, 01,¢;) = a;(-|sL;, 00, ¢;)-
Therefore,
% [Pj(31—i7 Ul)aj(a|31—z‘a o1,q;) + (1 — pj(sl—z" Ul»%}

_% [pj(slfiv 00>aj<a|8£iv 0o, qj) + (1 - pj<8£iv 00))%]

= % [Oéj(afsl—iagl,%') - Oéj(a\sl_mao,%')} =0
whenever j # i. Next, note that

pi<S£i700) =0 and pi(Sii,Ul) =L
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Combining these observations, we obtain
plalsty, o0, qoi, @) — plalsty, o0, ¢4, q;)
= 2 [pi(sh o)ai(alst 00, @) + (1= pi(sty, 01))5)
[Pi(sl—iv ao)ai(alst,, oo, q;) + (1 — p;(sLy, ‘70))%}

3>

— % [Cki(a/|51,i70-17ql’) - %]

so that . ) /
ZA [#(a|5_¢>01>Q—z‘>Qi) - M(a|5_ia007Q—i7qiﬂ ui(a, b1, )
ac

=2 ui(ai (61, q),01,q) — % > uia, b1, q)| > %%

n

6.2. Proof of Proposition 2

The proof of Proposition 2 relies on the following technical result whose proof is a
summary of results found in McLean and Postlewaite (2002) and (2006). To ease
the burden on the reader, we provide a self contained proof of the lemma in the

appendix.

Lemma 1: For every ( > 0, there exists an n > 0 such that, for all n > n,
there exists a partition B, BY, ..., B); of T™ such that
(i) For each ¢ € J, and s; € T,

Z P(s"]s;) <n?

s™ .
—1
(s 50)€BY

(i) For each i € J,, and s;, s} € T,

i Z P(s",]s;) <n?
k=1 s,

(8™ ;,8i)EBY
(s;,8))¢By
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(iii) For each k =1,...,m, and for each s" € B},

100, = ~(s")[] < €.

Choose € > 0. Let n and A be positive numbers satisfying
€

A< =
47

L2
K||ﬁ('|8i)||27 —4mnM >0,

and!! for each k =1,...,m,

[1h(s™)) = b0, || < = [lw(-[P(s")) — m(:|00, )| <

DO ™

Let n be an integer such that, for all n > n, the following three conditions are
satisfied :

L n
_ < —_
n? 2
N -1 L? AM
— | K||B(-|8i)||]o—=— —4mMn | — — >0
(5 (Kt — amarn) - 5>
and there exists a collection B, BY, ..., B; of disjoint subsets of S™ satistying

the conditions of the lemma with ( = 7.

We now define the mechanism. For each i, ¢! € QF and 0, let a*(0,q}) € A,
o (-|s", ") € Aa, vi(Okls?, q7), Yi(Orls?, a'), p (5", q7"), and o(s") be defined as
they are in Section 4.2. As in Section 4.2, define a mechanism " as follows: for
each a € A and each (s",¢") € T™ x Q",

s ") = (1= N(alpln) 5 3 [ ag(als’ ) + (1= (6 ) .

J=1

First, we record a few facts that will be used throughout the proof.

nl

Fact 1: For all s”,,¢";, s, q", s/ and ¢},

Z |:/'Ln<a|871i7 qT—lza S?a qzl) - :u(a’|871i7 qzzu Si ,7 q:[l/)} [Z U?((I, 0’ q?)P(mSTim S?)] Z _2M

a 0cO®

Recall that the mapping 7 : Ag — A4 is continuous at dy for each 6 € ©.
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This follows from the observation that

Z‘ [Mn<a|szi7qﬁi75?7qy) (a|57wq 79 :L?qz )] Z u?(avequ) <9|57w z) ‘

0cO

S Z ’:un(a|57ii7q7li75?7qzn> (a|57wq X 1 >qz )| Z \u?(a,@,q?)]P(@]s ) z) < 2M
a 0cO

Fact 2: For all s!" and s,
> 1B(6k]s?) — Prob{(3%;, s7) € By, (3%, s}") € BiI3) = s} < 20

To see this, simply duplicate the calculations in the proof of Claim 1, p.2444,
in McLean and Postlewaite (2002), then use parts (i) and (ii) of Lemma 1 to
deduce that

= ~n nl|zn n 1
Z‘ﬁ((?ﬂs?) — Prob{s" € B}|5!' = s!'} gn—i—ﬁ.
k=1

Consequently, part (ii) of Lemma 1 and the assumption that n=2 < 1/2 imply
that

lﬁlrﬁ(ems@-) Prob{(3",, s) € By, (5", s) € Br|3" = 57}

<77+ —|—ZPr0b{(~”Z, st) € By, (8", s,) ¢ Bplsh = st}

=1

<77—|— < 2n.

Fact 3 : For all s, ¢, s and ¢,

R n n N -1 n L?
52 Dultulst )~ 2Ouls? el ) = (S ) KGR

k
First, note that

5,012, q) = |u(ar (0, q), 0, q7) — L 5 u(a, 0, qm] 5(6]s)

> (8F) KB(0]s7)
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for each 6 € ©. Therefore,
~ n n N -1 n
it e = (S5 ) KIISCD

To complete the argument, observe that

> aOlst, @) = 7 (Oklsy, @) A (Oxlsy, )
k
= 1ACISE a2 Y [ Ouls? @) — v (Orls? a7 ) vi(Onl sy, )
k

= IS M 1 s ) — Ol
N -1 L?
> () KlsClsne

Part 1: First we will prove that the mechanism is incentive compatible. For
each a, s”,,s; and ¢, let

Ui(a —lvszaq1 Zu a, 9 qZ 9’3—17 )

9co
We will show that for each s;, s} € T and for each ¢F, ¢ € QF,

ZZ ays—mq—msqu) N(S*ivq—w qu )] [ (avsziﬁshq?)] P(Sii|3i) > 0.

s™. acA
Claim 1:
2M
Z Z CL| —zaQ—zaslan) M(a|82i7Q—zv zqu )} [ (aa Siiyshqy)} P(SEZ|51) Z _?
(s™, slv)EBO

Proof of Claim 1: Applying Fact 1 and (i) of the main Lemma, we conclude
that

Z Z [ (a|sﬁz’7qﬁi73i7qgl) _N(a|8zi7qﬁi7sgaq;ﬂ)] [Ui(a7szi78iaqy)} P<S7iz|sl)

(s SZ)EB"




Claim 2:

> XY [w(alsm s siy @) — (™, a8k @) [vila, s™ s, )] P(s™]ss)

k s™ . acA

—1
(8™ ;,8:)EBY
(s™;,85)€EBy

> 2 (%) [KIBCIsi) 12 — 40|

Proof of Claim 2: Suppose that (s",,s;) € By and (s";,s}) € B}, then
p(als™;, si 4%, q7') = (1= A)m(aldg, )
+257 s [ Oulsy, aad (alfr, ¢F) + (1 — ;0187 ¢7)) ]

and
pals”; s, 4%, q") = (1 — A)m(ald, )
+257 s [ Ol sy, af)ad (alfr, ¢F) + (1 — ;0187 ¢7)) ]

+2 [0kl s, a7 aq (albr, g7) + (1 = 70155, ) )

so that
pt(als”;, si, g%, qi') — wt(als™; 85, 4%, 47
= 29;(Oklsi, q7) [ (alOk, ¢) — %] — 27:(Okls}, i) [af (albr, ) — ]
= 2 [iOxlsi af) — vi(Oxlst, g)] [af (alfr, aF) — ]
+27:(0kl i, 47" [} (alOx, 4f) — o (alOx, 7)) -

Letting

ek q@ NZU aekaqz )
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it follows that
Z [un(a’ST—Lia Si; qﬁzv q?) (CL|S_Z, Sis Q—m Qz ):| Ui(@, ek’a an)

a

= 2 [v;(Onlsi, a") — v (Ons}, )] [wi(al (O, @), O, ) — Wi (O, 1))
+ 29, (0], @) [wi(al (Or, q7), O, @) — wial (O, @), O, )]

> 2 [y (Oklsi, q") — v (Okls;, )] [wi(af (O, ), On, @) — s (O, @) -

Therefore,
zk: ; Z |::un<a’571i7q7—li7$iaq?) _M(Sgwq—z? 27q2 >:| [ul<a79k>q?>] P(Sﬁz‘sl)
(s Z,s_iSGBk
(s™;.8;)EBL
>3 > 2 Olsi ) — 7Ol st )] [wi(al Ok, @), Ok, @) — WOk, @:)] P(s™]s:)
k S’,L

=2 ; [Vi(Oklsis @) = 7i(Olsiy @) [uila Ok, @), Ons @) = Wiy )] >0 P(sZilsi)
(57,51 EBY

(s™,;,85)€B}

=3 2 [ilOklsis 4s) = i Oklsi, 1)) [wal i (O, 60), O, 1) = s O, )} (O] s:)
4.2

; [7i(9k|5z’v Qi) - %‘(‘9k|5§7 q{)] [ui(a?(ekv Qi)a O, Qi) - ﬂi(eka ql)] X

; P(s";|si) — B(Ok]s:)

(8T ,,8:)EBY
(s7 s By

- % [zk: [viOklsi, i) — vi(Oklsi, @)] 7:(Oklsi, i) — 4mM (%) 77]

> 2 [(%) K||B(|s:)ll25 — 4m (55) 77}
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where the last two inequalities follow from Facts 2 and 3.
Claim 3:

Z Z Z a|8—zv(J—zvsl>%) (a|5ii7qﬁi7sg7qin,)} [Ui(a'v Sﬁia Siaqy)} P(S

(s™, 57)6B

(S’in;)%BZ

Proof of Claim 3: This follows from Fact 1 and part (ii) of the main Lemma
since

Z Z Z [Mn(a|sﬁivqﬁivsi>q?) (als—wQ—wquz )} (CL, ST—LmSiann)P(ST—LASi)

k s™ a

(87 ;,80)EBY
(Sn sz)¢B7l

> oMY Y P(snls) = -2
k s,

:(s™;,8i)EBY
(n Sl)iBn

—17°%

Final step of the proof: Combining these claims, we conclude that

Z Z [Mn(a|szi7qzi78iaqy) - M(S—z’,Q—z’,S;aCI?’)} [Ui(aw Sﬁiasiaqy)} P(Sn |8)

—1
s, acA

n
s a

:(s™,,8:)EBY

o2 L [ (al s a5, 50, 0) — (™5, 0" 57, 0] [vilas ™, 50, 07)] P(s™,

ac€A
:(s™, sl)EB
(’j, st)eBY

+; Z ZaeA [u”(a!s’li,qﬁi,si,qf) - u(sr—LiaQ—za sz )] [ (aa szz‘aszﬁqy)] P(

87L .

—i
(8™ ;,81)EBY
(s™;,8,)¢ By

> 42 () KIBCIsi) 2y — 2mM (35) 20] - 2

=2 [(52) (KIBCIsi)ll2g — 4mbin) — 22 > 0.
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“ilsi

= Z Z [:un<a’57ii7q7li7$iaq?) - /Jl(a|87ii7Q—m z?qz ):| [ (aa Sziasiaqgl)} P(SEZ’&)

i)

s™|s:)



Part 2: We now show that , for all n > n,

sup > [|w(-[h(s™) = u" (15", g7 P(s") < e

qneQn snegTmn
Fixing ¢" € ", it follows that

m(alh(s")) = p"(als™, ¢") = m(alh(s™)) = m(alp(s™))

A (ﬂ(a!w(S”D — LS [ g als™, ) + (1 - ps", q?>>%]) -

Jj=1

Since
> R (s™) = 7 (e(s™)I P(s™) =0
s"eBy
and .
s" € By = [IM"(s")) = do, || < m = [r(-[A"(s")) = 7 (e )] < 5
for each k =1, ..., m, we conclude that
> lwCln(s™) = 7 (:le(s™)] P(s™)
snern
= Y |I7(|h(s") = 7(-|e(s")I| P(s") + Z >l Clh(s™) = (|86, )] P(s")
S"EBSL k= 1$7L€B7L
€
< -,
- 2

Therefore, we obtain

D lImClh(sm) = (1" ") < 5+ 2 <

snem

7. Appendix

Proof of Lemma 1: For each s™ € T", let f(s™) denote the “empirical frequency
distribution” that s™ induces on T'. More formally, f(s") is a probability measure
on T defined for each § € T" as follows:

fsm(s) = i€ kst = 3}

n
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(We suppress the dependence of f on n for notational convenience.)
Choose ¢ > 0. For each v >0 and 1 < k < m, let

By ={s"[[[f(s") = BC1OI <7}

where [3(-|0x) denotes the conditional distribution on 7" given 6. (We suppress
the dependence of B, on n for notational convenience.) Applying the argument
in the appendix to Gul and Postlewaite(1992) (see the analysis of their equation
(9)), it follows that there exists & > 0 and an integer n; such that B{,... B%
are disjoint (because the conditional distributions 3(-|61), ..., 3(-|0,,) are distinct)
and for all n > nq,

s" € By = ||Po(-|s") — 0, || < ¢ for all k> 1.

Furthermore, there exists an no such that, for all n > ny, and for each i, each
s" € T™ and each s' € T,

and .
s" € B = (s",,¢') € By.

Finally, there exists an ng3, such that for all n > ngs,

2
— 1
2 = 2|T| exp[—a] <

n
8T = n?

Let n = max{ny, ng,n3} and suppose that n > n. Define B = T"\[B{U---UB2].

Claim 1: For each ¢ and for each § € T,
Prob{s" € Bf|5!' = 5} < z,

Proof of Claim 1: First, note that
Prob{3" € Bf|s} = §} = 1— ) Prob{s" € B3} = 3}
k=1
since the sets B, By, ..., By, partition 7. Fixing k, it follows that

Prob{s" € By|s} = 8} = » Prob{s" € BR|3 = 3,0 = 0,}5(0,]3)
(=1
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We will now borrow an argument from McLean and Postlewaite (2006) to bound
the RHS of this equality using a classic large deviations result due to Hoeffding.
For each k, the conditional independence assumption implies that

Prob{s" € B?|5" = 3,0 = 0),} = Prob{(5",,§) € BZ|0 = 0;}

> Prob{s" € Bi|l = 0,} >1— 2,

where the last inequality is an application of Theorems 1 and 2 in Hoeffding
(1963). Combining these observations, we deduce that

Prob{3" € B|3} = 8} = 37" Prob{3" € B|57 = 5,0 = 0,}3(0,|3)
> Prob{3" € B|3" = 5,0 = 0,}3(0,]3)

> Prob{s" € Bk%\§? =50= 0x }B(0k]3)
> (1= 2,)B(0k]3).

Therefore,

Prob{s" € B§|s? = §} =1 — > Prob{s" € By|s}! = §}
k=1
<1 3501 - 2)(6,18) = =
k=1

Claim 2: For each i and for each §,s" € T,

> " Prob{s" € By, (3",,5) ¢ BR|5) = 5} < 2,
k=1

Proof of Claim 2: Note that
S Prob{s" € By, (3%,.¢) ¢ Byl3 = 4)
k=1
= 3 Prob{s" € BZ, (%, 5) ¢ Byl3r = s}

—i
k=1

+ > Prob{s" € Bg\Bk%, (5",,8') ¢ BY|sr = 8}
k=1
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— " Prob{s" € B{\B}, (3", ) ¢ Belar = 8}
k=1
< 3 Prob{s" ¢ B2 | = §}
k=1

=3 Y. Prob{s" ¢ B2 |3" = 3,0 = 0,}3(0,]3)
k=1/¢=1

< 3 2 B(0.3)
k=1
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