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A NOTE ON HERMITE-FEJER INTERPOLATION AT LAGUERRE ZEROS

G. MASTROIANNI, I. NOTARANGELO, L. SZILI AND P. VERTESI

ABSTRACT. In order to approximate functions defined on the real semiaxis, we introduce a new operator of
Hermite—Fejér-type based on Laguerre zeros and prove its convergence in weighted uniform metric.

Keywords: Hermite—Fejér operator, weighted polynomial approximation, orthogonal polynomials,
Laguerre zeros, real semiaxis.

MCS classification (2000): 41A05, 41A10.

1. INTRODUCTION AND MAIN RESULTS

The Lagrange or Hermite—Fejér interpolation based on the zeros of Laguerre polynomials
has been considered in the literature by G. Szeg6 [11] and J. Szabados [10], who studied the
uniform convergence of this interpolation process under proper hypotheses on the function
(see also [0]).

Here we introduce a new operator of Hermite—Fejér-type, which is a slight modification of
the one considered by the previous authors, and prove a uniform convergence theorem.

In the sequel ¢, C will stand for positive constants which can assume different values in each
formula and we shall write C # C(a,b,...) when C is independent of a,b,.... Furthermore
A ~ B will mean that if A and B are positive quantities depending on some parameters, then
there exists a positive constant C independent of these parameters such that (4/B)* < C.
Finally, we will denote by P, the set of all algebraic polynomials of degree at most m. As
usual N, Z, R, will stand for the sets of all natural, integer, real numbers, while Z* and R*
denote the sets of positive integer and positive real numbers, respectively.

Let

w(x):x“e_wﬁ, a>—-1,5>1/2, x>0,

be a Laguerre-type weight and {p,,(w) }men the related sequence of orthonormal polynomials
with positive leading coefficient. Let us denote by z; = ,,, (w) the zeros of p,,(w), located
as follows [¥]

G, C
(11) Cﬁ<$1<$2<...<$m<am<1—m),

where a,,, ~ m'/? is the Mhaskar-Rakhmanov-Saff number related to /w (see, e.g., [3]).
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authors were supported by the Hungarian National Scientific Research Foundation (OTKA), No. K115804.

1
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Using an idea due to J. Szabados, we define the Hermite—Fejér polynomial based on these
nodes and the extra point z,,,1 := a,, as follows

m+1

m(w, f,z) = ZEQ Tk), x>0

where f is a continuous function on (O, oo),
vp(z) =1 =20, (x) (x — %) ,

Pm(w, ) Qyy — T

12 = k=12,...
k(l’) p%(U},xk)(Z’—xk) Ay — T ) y &y , M,
and ( )
Pm (W, T
by () = L2
D) = )

Let 6 € (0,1) be fixed, we define the index j = j(m) as

x; = min {z; : x> Oa,}
1<k<m

and denote by yx; the characteristic function of the interval [0,z;]. So, by using a proce-
dure similar to that in [9] for Lagrange interpolation, we introduce the Hermite-Fejér-type
operator F (w) by

J
Fp(w, f,x) = F(w, x;f,2) = > Gi(x (k)
k=1

F (w, f) is a polynomial of degree at most 2m + 1 and by definition we have
* o f(l'k), k:17277.]7
Fm(w’f’f”’“)—{o, k=j+1,..m+l.
Let us now introduce a couple of function-spaces associated to the weights
u(z) =2, B> /2, v>0, >0
and
u(z) = log(2 + x)u(x).
With C°(0, 00) the set of all continuous functions on (0, cc0), we consider the spaces
C, = {f € C°(0,00) : lim f(z)u(x) = lim f(z)u(z) = o}
r—r T—r00

with norm

[flle. = sup [f(z)u(z)] = full

z€(0,00)

and

T—00

- {f € C°(0,00) : lim f(x)a(x) = lim f(2)u(x) = o}
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with norm
[flles = sup [f(z)ulz)] = |[ful
z€(0,00)
Obviously C; C C,,.
In order to introduce the r—th modulus of smoothness in Cj, proceeding as in [7], we

define
Q(f.t)a = suwp [, (Hal,

0<h<t

where 7, = [AhQ, Ah*}, A > 1is a fixed constant, h* = h~ =172

Ajf0) = 301} )£ @+ (= Ryl

k=0
and p(z) = y/z. Then we set

W;(ﬁ t)a = Q;(fv t)a +Pigf 1(f — P)ﬂH[oAt?]

elPr_1

ik (= Pl

i
PG r—1

Proceeding as in [7] we can easily prove that

u

B0 = jint 17 = o)l < ot (5.2

Pm m m
Considering F}' (w) as a map from Cj into C,,, we can prove the following theorems.
Theorem 1. If the parameters of the weights w and u satisfy
1
0<y—-—a—-—=<1
2
then, for any function f € Cy, we have
15 (w, full < Cllftllm,
where C # C(m, f) depends only on the parameters o, v and 6.

Theorem 2. Under the assumptions of Theorem 1, we get
. Ay logm et
I = Fi )l < G, (£, Y20ER) o comem )

with C # C(m, f) and ¢ # c¢(m, f) depending only on the parameters o, vy and 6.

For the sake of simplicity, we have considered the orthonormal system related to the weight
w(r) = 2%~ We can obtain similar results replacing w with a weight of the form z%e=9®),
where e~ belongs to the class F(C?+) introduced by Levin and Lubinsky (see [2, p.109]
or [3, p.109)).
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2. PROOFS

of Theorem 1. Taking into account that (see, e.g., [3])
1Ey, (w, [ ull = [[Fy, (w, fully,

Qm a

where I, = | —5, am — ch/g], ¢ > 0, and for x € I,,,, letting x4 be a zero closest to z, we
m m
e (@) u(a)
vz u(x
2 <C k=d-1,d,d+1
k(I)log(Q—l—a?k)u(xk) - & &+
whence
@1 IR fole) <Cllfally,, 41+ S Ba)atil o)
- b2l vl log(2 + ) u(wy)
k;t_d,d_:tjl
Using (see [3, p. 126])
C
(2.2) |pm (w, )| < , x€l,,

1
(2.3) —_— ~ Axk\/w(xk)\/xk(am — ), v < <z,

where
A,

vV Lk k:1,2,...,j,
m

(24) A.Tk = Tkt1 — T

for k # d,d £ 1, by (1), we obtain
2

2(z) u(x) Pm(w, ) A —x |7 w(z) ( x )7_0‘
x = Bl
S uan) P (W, 2) (0 — 21) O — 73| w(TR) \ T
Al'k 2 T y—a—1/2 ) — T 3/2
() () ()
(G
r — Tk T

and (2.1) becomes

IF (w, o) u(@) < Clfaly . q1+ > (Axk) (x) 2 ()|

e\ T log(2 + xx)
k#d,d+1

= Cllfullyy oy {1 +0(2)}
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Let us now estimate the term

vp(z) =1 = 20 (w, 1) (x — x1) .

6 = (2225 b + (222 ) o)

where /;, are the fundamental Lagrange polynomials based on the nodes 1, s, . . ., Z,. Since

We can write

- " (w, x
() = L2 0)

we have
1 P (w, xy)
vp(z) =1+2 - T —Tp).
o) = 1= B e
In order to estimate %, we consider the generalized Freud weight w(z) = |z|2 e 1ol

and the associated orthonormal system {¢,,(w)},,. We denote by Zy = @, (w) the zeros
of ¢, (w) and by @,, = a,,(v/w) the Mhaskar-Rahmanov-Saff number related to v/w. Since
Gom (0, %) = p(w, 2*) and a3, (V) ~ an(Vw) (see [5]),

" - 1 " 2
q?m(“jﬂr) =1 2mpm<w7x ) ,
Q2m<wax> T p;n<w7x2)
and so
P (w,2%) g5, (@0, @) 1

P (w,2?) 22y, (0,2) 222

from the inequality (see [I, Theorem 3.6 at p. 42])

qgm(wax) |: ‘i’k‘ 28-1 1
- SC |5 + |z 4+ —
qém(wﬂx) a%(\/@) ‘wk’
we deduce
/! 1
IM <cC [1+xf‘1+_],
pm<w7xk) Tk
So we get
(2.5) lug(z)| < C {1+(1+$k)ﬁ_1|x—xk|+ ‘x;$k|:| .
k

Let us estimate o(x), considering first the case x > 2. Setting

o () () m
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we can write

o(z) = PR D Ap()

1<z <1 1<zp<zg—2 Ti42<TK<xT;

=: 01(x) + oa(x) + o3(2) .

For z; <z, <1 from (2.5) we get |vy(z)| < C;-. Since x > 2, whence = — z; >

have
1
2772 Az —yvatd —ytatl
*Azy, < Cx,, 2Axy,

k

2 T

using (1.1) and 1 <y — a + 1 < 2. It follows that
1 1
o1(z) < C/ ttetadt =C.
0

For 1 < 2y < 49 from (2.5) we obtain

on(2)] < C [1 I mk)]

and then

X

—a— 2 o 2
Auz) < 1+ :rk (:)3 xg) [ Axy
T log(2 + xk) T — Tk

Az, T T-e—y Az, xf_l Axy,
+C|—
T — T Tp log(2 4 ) z — xy,
+

IN

r—a—j T—a—j3
< CAz, x) Axy, N C (i) Axy,
r — T

(v — g;k) logm \ xi

A**

since, for § > 1/2, by (2.4)

Axy ! 2 an, . C a’, 1
log(2+ 1) log(2+x,) m ~logmm  logm

It follows that

o) < C Y (Ail) + A ()

1<zp<z4-2

S A C ["8% rp\v—e—i  dt
< CA = z '
= € xd/1 <t> (m—t)2+logm/1 (t) x—t

T
99 we
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The first integral, with ¢ = xy, is equal to

AZL‘d 1-Azgy/z tasl dy AZEd 1/2 rasl 1-Azg/z dy
—= y et < == | [ yTady + o
T Jija (1-y) z 0 1/2 (1-y)
< ¢hu ll + L] <c.
x Azy

Using the same substitution, the second integral is dominated by

1-Azg/x 1/2 1-Azg/z
¢ et v ¢ / y s dy + / R P
logm 1/ L—y = logm | Jo 1/2 -y

Finally, if 440 < 2, < z;, from (2.5) we get again |vi(z)| < C [1 + M- xk)] Hence

c Axy, 2 xf_lA:rk Axy,
log(2 + zx) v —

and

A$k 2 C Axk
< <C.
o(w) < C Z <x—xk> +logm Z xk—x_c

Tg42 ST <T; Ta+2<TE<T;j

Then, for 2 < z < Ca,,, we have
|F (w, f @) u(z) < Cllfall, . -

Let us now consider the case %z < x < 2. We can write
m2 >4 >

o(z) = Z + Z + Z + Z Ag(z)

r1<z, <5 F<zp<mg_2  Ta42<wp<2r 2w<zi<z;
=: o1(x) + oa(x) + o3(x) + 04(x) .
For z; < x;, < 7, since v (z) < C% and

lue(@)|  Azy
log(2 + x) x —

<c,

we get

2\ Ag
awose ()

1<z <5

/1’/2 (m)v—a—é dt
0 t r—1

1/2
— / / y*’Y‘i’OH’% dy — C )
0 I—y
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For § < @3, < 249 we have |vi(z)| < C and x ~ x5, whence

o)< Y (xA_x;k)ch.

S<rr<zTq_2

For x40 <z, < 22 we get |vg(z)| < C and, proceeding as for o9(x), we get
os(z) <C.
For 2z < x; < x;, since |vp(z)| < C(xp — )z " and zp — x> %, it follows that

xf_lek Axk< C Ay
log(2 4+ xg) xr — logm xy

and then
ou(z) <C

which completes the proof. 0

In order to prove Theorem 2 we need some preliminary results. We recall that if ¢ is a
continuous function having a continuous derivative, the Hermite polynomial based on the
nodes x1, s, ..., Tyme1 can be written as

HQm(wvgvx) = w v 9, T +Z€2 I—ka (xk>

= Fm(waga ) + Gm(waga ) .
Setting G, (w, g) = Gm(w, x;j9), we can prove the following lemma.
Lemma 3. If the parameters of the weights w and u satisfy
1
Ogv—a—§§1

then, for any function g € C, such that Hg’npuH < 00, we have

IG, (w, g) ul] <C UOngHg¢UMO%p
where C # C(m, f).
Proof. Using (2.2), (2.3) and (2.4) we easily get

* Ay T y—a—1/2 Ax
Gy (w,g.2)|u(@) < CElgpull {14 Y (_) E

N

~ 1 !
——(logm)|lg'pu]
A A
fOY[IZ'E[m: w,am—cm]. OJ
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J, where M = {e—mJ, 0 <6 <1, N < M, and prove the

We now set N = 50

Log M

following lemma.

Lemma 4. For any polynomial Py € Py we have
[ Ham (w, (1 = x;)Pn)ull < Ce ™| Pyull,
where C # C(m, f) and ¢ # c¢(m, f).
Proof. Taking into account that
Hom (w, (1 = x;)Py) = Fon (0, (1 = x3) Prv) + G (w0, (1 = x5) Pw)
we are going to prove only that
[Em (w, (1= ;) Pr) ul| < Ce™" || Pyul

since the other term can be handled in a similar way and implies only a Bernstein inequality.
We have

m+1

[F (w, (1= x5) Py, 1) u(@) < Cl|Pyullisy o) Y 5i($)Mu(ﬂf)
) u(zr)
< Cm" || Pyul|anm,c)
< CmTe || Pyu|| < Ce || Pyul|
for some 7 > 0, having used (see, [3] or [%])
[ Pmttllsapn.c0) < Ce™ || Pul[, s> 1.

O

We are now able to prove Theorem 2.

M 0
of Theorem 2. For any polynomial Py € Py, where N = , M = e ,0<0<
log M 1+46

1, we can write
f=Fuw. f) = f—Pyv—F(w, f)+ Hom(w, Py)
= f—Py—F,(w,f—Pn)+G,,(w, Py) + Hop(w, (1 — x;)Pn) -
Hence, using Theorem 1, we get
I = Fp(w, lull <CI(f = Py)llizya + G (w, Pa)ull + [ Ham (w, (1 = Xx;) Py )ull

whence, by Lemma 3 and Lemma 4, we obtain
* — 1 - —cm -
11 = Frlw, Nlull < €I = Pr)alls,e;) + 3 1Px@ulley ) + e | Pvall |

\/Tz_m(log m) <

since u < @ and

1
N
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Taking the infimum on Py € Py we have (see, [, Theorem 3.5] for a similar argument)

Jan

. _ VAN _
inf (f'—fﬁﬂuﬂwhwl*‘C—ﬁf—HP&WUHuh%] ~ wy | [,

PyePy \/N a
vV am
~ o Wy f,T(logm) .
d ||Pyal| < 2||fal|, which completes the proof. O
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