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Compactness and existence results for quasilinear elliptic
problems with singular or vanishing potentials

Marino Badiale*® - Michela Guida® - Sergio Rolando®

Abstract

Given > 3,1 < p < N, two measurable functions V' (r) > 0, K (r) > 0, and a continuous function
A(r) > 0 (r > 0), we study the quasilinear elliptic equation

—div (A(\m|)\Vu\p72Vu) u+V (|lz]) Ju"?u = K(|z|) f(u) inRY.

We find existence of nonegative solutions by the application of variational methods, for which we have
to study the compactness of the embedding of a suitable function space X into the sum of Lebesgue
spaces L% + L2, and thus into LY, (= L% + L%.) as a particular case. Our results do not require any
compatibility between how the potentials A, V and K behave at the origin and at infinity, and essentially
rely on power type estimates of the relative growth of V' and K, not of the potentials separately. The
nonlinearity f has a double-power behavior, whose standard example is f(t) = min{t? =" ¢927!},
recovering the usual case of a single-power behavior when g1 = ¢a.

Keywords. Weighted Sobolev spaces, compact embeddings, quasilinear elliptic PDEs, unbounded or
decaying potentials

MSC (2010): Primary 46E35; Secondary 46E30, 35J92, 35J20

1 Introduction

In this paper we pursue the work we made in papers [2-5,7,9], where we studied embedding and compact-
ness results for weighted Sobolev spaces. These results then made possible to get existence and multiplicity
results, by variational methods, for several kinds of elliptic equations in R”.

In the present paper we face quasilinear elliptic equations in presence of a radial potential on the deriva-

tives, that is, equations of the following kind
—div (A(|z])|VuP?Vu) u + V (|2]) [uP?u = K(|Jz|) f(u) inRY (1.1)

where 1 < p < N, f : R — R is a continuous nonlinearity satisfying f (0) = 0, and V, A, K are given
potentials. We study such equation by variational methods, so we introduce a suitable functional space X

(see section 2) and we say that u € X is a weak solution to (1.1) if
/ |Vu|P~2Vu - Vhda +/ V (|z|) |u|P~2uh dz = / K (|z]) f (u) hdz forallh € X. (1.2)
RN RN RN

These solutions are (at least formally) critical points of the Euler functional

Ty =2l = [ K (ol) F ) da, (13
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where F (1) := fot f (s)ds and || -|| is the norm on X (see section 2 below). Then the problem of existence
is easily solved if A = 1, V' does not vanish at infinity, K is bounded and f(t) = ¢!, because standard
embeddings theorems for X are available (for suitable ¢’s). As we let V and K to vanish, or to go to infinity,
as |z| — 0 or || — 400, and we introduce the potential A on the derivatives, the usual embeddings
theorems for Sobolev spaces are not available anymore, and new embedding theorems need to be proved.
This has been done in several papers: see e.g. the references in [4, 5, 9] for a bibliography concerning the
usual Laplace equation, [1, 6,8, 10-12, 14, 15] for equations involving the p-laplacian, and [7, 13] and the

references therein for problems with a potential A on the derivatives.

The main novelty of our approach (in [3-5, 7] and in the present paper) is two-folded. Firstly, we look
for embeddings of X not into a single Lebesgue space L% but into a sum of Lebesgue spaces L% + L%.
This allows to study separately the behaviour of the potentials V, K at 0 and co, and to assume independent
set of hypotheses about these behaviours. Secondly, we assume hypotheses not on V' and K separately but

on their ratio, so allowing asymptotic behaviors of general kind for the two potentials.

Thanks to this second novelty we obtain embedding results, and thus existence results for equation
(1.1), for more general kinds of potentials than the power type ones (cf. Example 7.2 below), which are
essentially the only ones considered in the existing literature (cf. [13]). Moreover, thanks to the first novelty,

we get new results also for power type potentials (cf. Example 7.2 below).

This paper is organized as follows. In Section 2 we introduce the hypotheses on A, V, K and the
function spaces D 4 and X in which we will work. In Section 3 we state a general result concerning the
embedding properties of X into LY + L9 (Theorem 3.1) and some explicit conditions ensuring that the
embedding is compact (Theorems 3.2 and 3.3). The general result is proved in Section 4, the explicit
conditions in Section 5. In Section 6 we apply our embedding results to get existence of non negative

solutions for (1.1). In section 7 we give some examples to explain the novelty of our results.

Notations. We end this introductory section by collecting some notations used in the paper.

oeR, =(0,+00) ={z e R:z > 0}.

e Forevery R > 0, we set Bg = {z € RV : [z] < r}.

e wy is the (N — 1)—dimensional measure of the unit sphere 9By = {z € RY : [z| = 1}.

e For any subset A C RY, we denote A° := R™ \ A. If A is Lebesgue measurable, |A| stands for its
measure.

e (C°(Q) is the space of the infinitely differentiable real functions with compact support in the open set
Q C RV, If © has radial symmetry, C(?OT(Q) is the subspace of C'°(€2) made of radial functions.

o For any measurable set A C RY, L9(A) and L}

loc

(A) are the usual real Lebesgue spaces. If p : A — R is
a measurable function, then LP(A, p (2) dz) is the real Lebesgue space with respect to the measure p (z) dz
(dz stands for the Lebesgue measure on R”). In particular, if K : R, — R is measurable, we denote

L} (A) := L1 (A, K (|z|) dz).

e p’ :=p/(p — 1) is the Holder-conjugate exponent of p.



2 Hypotheses and preliminary results

Throughout this paper we assume N > 3 and 1 < p < N. We will make use of the following hypotheses
on A,V K:

(A) A:Ry — Ry is continuous and there exist real numbers p — N < ag, G < p and cg, ¢, > 0 such

that:
Alr A(r
co < liminf (r) < limsup L < 400,
r—0+ r®o roo+ T

A A
Coo < liminf —= (r) < limsup —= (T) < 4o00.
r—+oo oo r——+o00 ra

(V) V: Ry — [0,+00) is measurable and such that V € L] (R});

(K) K :R; — Ry is measurable and such that K € L (R ) for some s > 1.

Remark 2.1. It is easy to check that the hypothesis (A) implies that, for each R > 0, there exist Cy =
Co(R) > 0and C, = Co(R) > 0 such that

A(lz]) > Colz|*™ forall 0 < |z| < R, (2.1)

A(lz|) > Coolz|*  forall |x| > R. (2.2)

We now introduce the space functions in which we will work. These are the following:

e D is the closure of CZ%.(R™) with respect to the norm [|u||4 := (fpn A(|2|)|VulPdz) 7 (see also

Definition 2.5 below),
D N p /p
o X := D,y LP(RN,V(|z|)dz) with norm ||u|| := <||u|| [l £, V(‘Ilm)) :

The rest of this section is devoted to elucidate the characteristics of the functions in D 4. In particular we

prove some relevant pointwise estimates and embedding results. To be precise, we define

Sy = {ueC"o (RM) ‘/ A(|z|) |Vu|pdx<+oo}

S4 is a linear subspace of CS%.(RY) and |[ul|la = ([pn A(|2])|VulPdz) "/? is a norm on it. The next
lemmas gives the relevant pointwise estimates for the functions in S4. In all this paper, for any radial

function u, with a little abuse of notations, we will write u(x) = u(|z|) = u(r) if r = |z|.

Lemma 2.2. Assume the hypothesis (A). Fix Ry > 0. Then there exists a constant C = C(N, Ry, p, o) >
0 such that for all u € S4 one has

u(a)| < C faf =5 (/B

Ro

1/p
A(lz]) [Vul? dx) for |z| > Ro. (2.3)



Proof. Assume u € Sy. For |z| =r > R, we have

Using the hypothesis (A) and Holder inequality, we obtain

/ |u'(s)|ds :/ |u’(s)|sN+aP°rls_N+a§°71ds
r _ r A _ bt
(/ u/(5)|psN_1sa°°ds) (/ s ds)
s N T o
= (wN)*% </ |xa°°Vu|pdx> (/ sN+pa°?_lds) ’
B¢ I

p—1 1
_1 -1 e P Goo—
< ot (=) ( /| AOleulde) e

where Co, = Co(Ry) is the constant in 2.2. Hence the thesis follows. O

Ju(r)]

IN

IN

Lemma 2.3. Assume the hypothesis (A). Fix Ro > 0. Then there exists a constant C = C(N, R, p, ag) >
0 such that for all u € S4 N CZ5.(BR,) one has

_ Ntag—p
lu(z)| < Cla|” 7 /
BR,

Proof. Letu € Sy N C.(Br,) and take |z| = r < Ry. Since u(Ry) = 0, we have

\T

1/p
A(lz]) [VulP d:r) for0 < |z| < Ry. 24)

0

Ry
—u(r) = u(Ro) —u(r) = / u'(s)ds.

The same arguments of Lemma 2.2 yield

p—1

Ro Ro v/ R v \ T
u(r)] < u'(s)]ds < ' (s)|PsN Lg% ds T e
|u(r)] |
1 % Ro N+ag—1 p’%l
wN) P || VulPdx s~ = ds
(wn) |z[*°|Vul
BR(J T

_ 1/p
1 _1 p—1/p co—p
S (rmm) ([, Awmre)
N+ao—p Bry,

where Cy = Cy(Ry) is the constant in 2.1. Then the thesis ensues. O

IA

IN

Lemma 2.4. Assume the hypothesis (A). Fix Ry > 0. Then there exists a constant C = C'(N, Ry, p, ag, o) >

0 such that for all uw € S 5 one has

1/p
u(z)] < Cla|~ 7" (/ A(lz)) |Vu|pdx+/ A(|x|)|Vu|pd;v> for0 < |z| < Ry.
Ro+1 By,

Ro



Proof. Let u € S4. Take a radial function p € CZ%.(RY) such that p(z) € [0,1], p = 1 in Bg, and
p(x) = 0if [x| > Ry + 1/2. Hence pu € C2.(BR,+1), so that we can apply Lemma 2.3 (in the ball
Bp,+1) and get

. 1/p
Ip(e)u(z)] < Cle| "5 ( /B A<m|>v<pu>|wx> .

If |z| < Ry we have p(z) = 1 and hence

1/p
N+ag—p
fu(z)| < Cla|~ 55 (/ A<|a:|>|v<pu>|”dx> .
Brg+1

‘We also have

IV(pu)|” < (p|Vul + [ul[Vp])" < Cp (0 [Vul” + [ul?[Vp[?)

and hence, for x € Bp,,

N+a

1/p
0—pP
vOé“’(/ Alal)|Vuldo + [ A<x|>u|pvm”dw> ~
BRry+1 BRgy+1

lu(z)| < Cla|™
Moreover
[ AP vz <cn [ Afa)uP da
Ro+1 Ro+1\Brg

where the constant C; = max |Vp|P depends only on p, hence on Ry. We can now apply Lemma 2.2 in the

domain B]C;LO, and we get

P (y) < Cly| N0+ / A(|z)|VufPdz for ly| > Ro.
B,

Recalling that A is bounded in Br, 41\Br,. fory € Bg,+1\Br, and C2 = max { A(|y|) | y € Bro+1\Br, }
we get
AlyDlul"(y) < Co C|ZJ|7N7‘I°°“’/ A(lz])[VulPdx

BRO

and hence, integrating w.r.t. y € Br,+1\Bg,, we obtain
[ albiPwiy<cs [ aQahvaras
Brqy+1\Brg B?%O

where C3 = C3(N, a0, Ro, p). Pasting all together, for |z| < Ry we get

1/p
|u<x>|<0|x|—”*i”c;/p</ A(Jz]) [ VulPdz + / A<x|>|u|p|w|pdx>
Bry+1

Bry+1

1/p
< Gyl (/B A(\x|)\Vu\pdx+/F A(|x)|Vu|”d:v> :
Rp+1 T

B,

where Cy = C4(N, Ry, p, ap, ax ). Hence the thesis. O
We can now give a precise definition of D 4.

Definition 2.5. D 4 is the completion of S4 with respect to the norm || - || 4.



The pointwise estimates of the previous lemmas imply the following proposition, which gives the main

properties of D 4. The proof is a simple exercise in funtional analysis and we skip it.

Lemma 2.6. Assume the hypothesis (A). Then the following properties hold.

(i) Ifu € D4, then u has weak derivatives D;u in the open set Q = RN\{0} (i = 1, ..., N) and one has
D;u e rr (Q)

loc

(i4) If u € Da, then [on A(|z])|VulP dz < +o00 and |[ul|a = (fpn A(|z|)|Vul? dx)l/p is a norm on

D 4. With this norm, D 4 is a Banach space.

(#i1) For any Ro > 0, there exists a constant M = M (N, Ry, ag, G ) > 0 such that for all u € D 4 one

has

N+ag—p

lu(z)| < M|z|” " 2 ||u||la, forae x € Bpg,,

Ntaco—p

lu(z)| < Mlz|” > ||ulla, foraex€ By,

We now prove some embedding properties of the space D 4. To this aim, we define the exponents

Do, Poo as follows:
__ PN _ __ PN
" N+ay—p’ poo'_NJraoofp'

Recall that p — N < ag, a. < p and notice that, from the hypotheses, we have pg, poo > p.

Do -

Lemma 2.7. Assume the hypothesis (A). For every R > 0 we have the continuous embeddings
Dy — LpO(BR) and Dy — LPee (B}C;i)

Proof. Letu € S 4 (the general case follows by density). Fix R > 0 and denote by C' any positive constant
only dependent on NV, p, ag, ao, and R. We first prove the embedding in LP> (B}:{), so we estimate the

norm of u in such a space. With an integration by parts, we get

J

Then, by several applications of Holder inequality and using the pointwise estimates of Lemma 2.6, we get

—+o0 —+oo
|u(x)|Pede = wN/ erl\u(r)|p°°dr < WNPoo / T’N‘u(’/‘)|p°°71 [’ (r)|dr.
R - N Jgr

c
R

“+oo +oo _ o - B
/ T‘N‘u(rﬂpmfl \u'(r)\dT _ / er1|u/(7“)|7"T T_Trwht(r”p“*ldr
R R

p—1

+00 1/p +00 N 1w Y 0
/ rN1|u’(r)|pra°°dr> (/ TW|U(T)|(p°°_1)I’—1dT>

R R

400 1/p +too p—a Poo—P P
<C (/ ’I"NIA(T)|’U,/(T)|pdT’> </ TN71|u(r)|p°° Pt |u(r)] poT dr)

R



1/p
<c < /B A(Ja) |Vu<x>|pdx> x

R

p—1
Poo =P P

oo P—doo N+aoo—p Poo—p p(p—1)
X / TN71|U(T‘)|poor p—1 P p—1 / A(|ID |VU(Z’)|de
BC

R R

Poo. p—1

<c (/B A(le)) w@mm) ' (/B |u(x)p°°d:v> '

R
Notice that we have 2=% — Ntdoo=ppoc—p _
p—1 P p—1

0, from the definition of p...

From the previous computations, we get

[, i< < | Al |vu(x)|pdx> g < / T (x)pwdz> =

c
R R

and hence

ya

2

1/p .
u<x>|pmdx> sc(/B EA(xI)IVu(ar)Ipdx> ,

1 1

( / |u<x>P°°dx) <o ( [ At |Vu<x>|pdx> " < Ollulla.
B B,

c
R

(1

c
R

that is

which is the thesis. In order to prove the embedding in LP°(Bpg), we use an argument similar to the one
of Lemma 2.4. So we fix a cut-off function p as we did there (with R instead of Ry). For u € S4 we set

v = pu € C.(Bry1). Arguing as for the previous case, we get

R+1 Pown R+1
[ w@prde=ay [ < PR [N o) =
BR+1 0 0

R+1 o -
— Doon r%|v’(r)|r707“_707"%|v(r)|p0_1dr
N Jo
1/p et
R+1 R+1 _Nil-a P
o ( / rN_1|U/(7“)|pTa°dr> ( / T’Ww(r)ﬁm%dr)
0 0

p—1

Pow R+1 1/p R+l p=ag Po—p :
<5 / AW ()P / N o) Por v o) v dr
0 0

1/p
<C (/B A(|CE|)|V’U(:L‘)|pd$C> X




Po—P D

R+1 N1 p—ag _ Ntag—p po—p p(p—1)
X / Y T Hu(r)|Por 1 p p-l / A(lz]) [Vou(x)|Pdz
0 Bri1

P

=c< /B R+1A<x|>w<w>|pdx> ( /B |v<x>|ﬁ°dx> ,

Notice that =20 — N+ao=pPo—p _ () by the definition of py. From these computations we easily deduce,
p—1 p p—1

as before, that

(. wemae) " <o ([, atansecarar)”

Now, as in Lemma 2.4, we use the fact that A is continuous and strictly positive on the compact set

Br11\Bg, and we get
/ Al Vpuprde < © / AJz])p | VulPdz + C / AJz])ul? |V plPde <
Br41 Br41 Br+1\Br

1/p
< Cllullfy + C/ A(lz])|VulPdx / x N tP gy < Clully.
B¢ BR+1\BR

R

Hence we get

1/po
[ deutraz) < Cllulla
Br+1

and therefore

1/po 1/po 1/po
([ reae) ™ = ([ tourac) < ([ jirac) < Clula,
Br Bgr Br+1

which is the thesis. 0
The following lemma gives another embedding result that we will use.
Lemma 2.8. Assume the hypothesis (A) and fix 0 < r < R. Then the embedding
Dy < LP(Bg\ B,)
is continuous and compact.

Proof. Set E := Bg \ B, for brevity. The continuity of the embedding easily derives from (2.3), by
integrating over the set E. As to compactness, let {u, }, be a bounded sequence in D 4. By continuity of
the embedding we obtain that also {||u,||zs(z)}n is bounded. Moreover, as A is continuous and strictly

positive on the compact set £, we have

/ [V, |Pdx < C/ A(lz])|Vup|Pde < Cy.
B E



Thus {u,, },, is bounded also in the space W1P(E). Thanks to Rellich’s Theorem, {u,, },, has a convergent
subsequence in L?(E), and this gives the thesis. O

3 Compactness results for the space X

In this section we state the main compactness results of this paper, concerning the space X . Recall that we

define such a space as

X :=Dan LP(RY, V(|z|)dx)

1/p
LP(RN,V(|m\)dz)) , with respect to which X is a Banach

space. The compactness results that we state here will be proved in sections 4 and 5.

Given A, V and K asin (A), (V) and (K), we define the following functions of R > 0 and ¢ > 1:

endowed with the norm ||ul| := (||u\|f;, + ]

So(q,R) :=  sup K (|z|) |u|* dz, (3.1)
uweX, ||u||=1JBgr

S (¢, R) :==  sup / K (|z]) |u|? dz. (3.2)
ueX, ||u||=1 JRN\Bg

Clearly Sy (g, -) is nondecreasing, S (g, -) is nonincreasing and both of them can be infinite at some R.

Our first result concerns the embedding properties of X into the sum space
LU+ L% = {us +uptug € LY (RY) ,up € LE (RY)}, 1< ¢ < o0

We recall from [6] that such a space can be characterized as the set of measurable mappings u : RN — R
for which there exists a measurable set E C RY such that uw € L% (E) N L% (E°). It is a Banach space

with respect to the norm

s pge s=, inf mase{ gy ey L pge ) }

and the continuous embedding L}, — L% + L% holds for all ¢ € [min{q¢1,¢>},max{q1,q2}]. The
assumptions of our result are quite general but not so easy to check, so more handy conditions ensuring

these general assumptions will be provided by the next results.

Theorem 3.1. Let 1 <p < N, let A, V and K be as in (A), (V) and (K), and let q1,q2 > 1.

(i) If
So(q1, R1) < oo and S (q2,R) < oo for some Ry, Ry > 0, (S 0)

91,92

then X is continuously embedded into LI} (RN ) + LI2(RYN).
(i) If
Jim Sy (g1, R) = | lim Sec (2, ) =0, (831,02

then X is compactly embedded into LI:(RN) + L2 (RY).
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Observe that, of course, (S, ,,) implies (S;, ,,). Moreover, these assumptions can hold with ¢ = g2 = ¢

and therefore Theorem 3.1 also concerns the embedding properties of X into L%, 1 < g < oco.

We now look for explicit conditions on V and K implying (S, ,,) for some g; and g2. More precisely,
in Theorem 3.2 we will find a range of exponents ¢; such that limp_,qg+ Sp (g1, R) = 0, while in Theorem
3.3 we will do the same for exponents go such that limp_, 4 0o Seo (¢2, R) = 0.

Fora € R, 8 € [0,1], a > p — N, we define two functions o* (a, 3) and ¢* (a, cv, B) by setting
-1
00, = maxfpr -1 =TIV —ag 4 - 1= g V) -
p p

pB—1—-EAN—aB+% if0<p
—(1-B)N if £ <p

and
a—pB+ N +ap
N—-p+a '

q" (a,o,B) :==p

Theorem 3.2. Let A, V, K beasin (A), (V), (K). Assume that there exists Ry > 0 suchthat V (r) < 400

almost everywhere in (0, Ry) and

K
ess sup i)ﬁ < 400 forsome 0 < By < 1and oy > o™ (ag, Bo) - (3.3)
re(0,Ry) 1V (r)7°

Then lim Sy (g1, R) = 0 for every ¢1 € R such that
R—0*

max{lapﬁo} <q1 < q* (a0aa0750) . (34)

Theorem 3.3. Let A, V, K be asin (A), (V), (K). Assume that there exists Ry > 0 such that V (r) < 400

for almost every r > Ry and

K
ess sup (r)

5o < T Jor some 0 < By < 1land oy € R. 3.5)
r>Ry 1%V (r)"

Then lim Su (g2, R) = 0 for every g2 € R such that
R—+oc0

g2 > max {1, 0B, ¢" (oo, Qoos Boo) } - (3.6)

We observe explicitly that for every a, o, § as above one has

q* (a,a, ) ifa>a*(a,pB)

max {1,pf,q" (a,a, )} = {max{l,pﬁ} ifa<a*(a,B)

Remark 3.4.

1. We mean V (r)® = 1 for every r (even if V (r) = 0). In particular, if V (r) = 0 for almost every
r > Ry, then Theorem 3.3 can be applied with 5., = 0 and assumption (3.5) means

K (r)

r&*oo

ess sup < 400 forsome ay € R.

r>Ro

Similarly for Theorem 3.2 and assumption (3.3), if V' () = 0 for almost every r € (0, R;).
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2. The inequality max {1,p8y} < q* (ag, g, Bo) is equivalent to oy > a* (ag, o). Then, in (3.4),

such inequality is automatically true and does not ask for further conditions on g and 5.

3. The assumptions of Theorems 3.2 and 3.3 may hold for different pairs («, 5o), (oo, Boo) (assuming
p and ag fixed). In this case, of course, one chooses them in order to get the ranges for q1, ¢- as large
as possible. For instance, assume that ag < p and V' is not singular at the origin, i.e., V' is essentially
bounded in a neighbourhood of 0. If condition (3.3) holds true for a pair (ayg, o), then (3.3) also
holds for all pairs (ag, 8)) such that o > g and 3 < Bo. Therefore, since max{1,pS} is
nondecreasing in 8 and ¢* (a, «, ) is increasing in « and decreasing in 3 (because ag < p), it is
convenient to choose 5y = 0 and the best interval where one can take ¢; is 1 < ¢1 < ¢* (ag, @, 0)

with @ := sup {ao L eSS SUDP,.¢ (o, p,) K (1) /770 < +oo} (here we mean ¢* (ag, +00,0) = +00).

4 Proof of Theorem 3.1

Assume asusual N > 3and 1 < p < N, and let A, V and K be as in (A), (V) and (K). Recall from
assumption (K) that K € L _((0,+o0)) for some s > 1.

loc

Lemma 4.1. Let R > r > 0and 1 < q < oo. Then there exist C = C’(N,p,r, R,q,s) > 0 and
1=1(p,q,s) > 0suchthat ¢ — lp > 0 and Vu € X one has

l
q—lp / P
s U ul"dx | . “4.1
Le(Br\B,) U < BR\BT\ | )

implies g > 1.

[ Kl de < (1)
Br\Br

Notice that, in the second part of Lemma 4.1, s > m

Proof. Letu € X and fix ¢ € (1, s) such that t'q > p (where t’ = t/(t — 1)). Then, by Holder inequality

and the pointwise estimates of Section 2, we have
[ K(ahlulds
BRr\B,

</ K (|z))* d:c)
Bgr\B,

1_1
[Br\ Br|* " [|K (DIl £ (5\5,) </
Br
1

C lluf " f
< Br\ Be|* = IK (DIl s (BB, ( N—pTag / ulPdz | .
T P Br\B:,

This proves (4.1). 0

1
7

/ u|'? da
Br\B.
1

T’
[l 97 Jul? dx>

N

IN

IN

r

We now prove Theorem 3.1. Recall the definitions (3.1)-(3.2) of the functions Sy and S, and the

following result from [6] concerning convergence in the sum of Lebesgue spaces.
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Proposition 4.2 ([6, Proposition 2.7]). Let {u,} C L?; + L’I’? be a sequence such that Ve > 0 there exist

ne > 0 and a sequence of measurable sets E. ,, C RY satisfying
Vosne [ K (e u o [ K () do < (42)
Eeon Ee,,
Then u,, — 0 in Lt} + L2,

Proof of Theorem 3.1. We prove each part of the theorem separately.

(i) By the monotonicity of Sy and S, it is not restrictive to assume Ry < Rs in hypothesis (Sclz 5 qz)' In
order to prove the continuous embedding, let uw € X, u # 0. Then we have
K (el ol e = l™ [ K Gel) (e < ol o o, ) @3
Br, Br, [
and, similarly,
K (o)) [ul* dz < ||ul|™* Sso (g2, R2) - 4.4)

Bj,
We now use (4.1) of Lemma 4.1 and Lemma 2.8 to deduce that there exists a constant C; > 0, independent

from wu, such that

[ K Qe o< 0l @)
Br,\Br,

Hence u € LY (Bg,) N LE(Bg,) and thus u € LY + L. Moreover, if u,, — 0 in X, then, using (4.3),
(4.4) and (4.5), we get

K (|2]) Jun|™ da +/ K ([2]) [un|™ dz = 0 (1), ,
Br, Bj,,

which means u,, — 0in L} 4+ L% by Proposition 4.2.
(i) Assume hypothesis (S ). Lete > 0 and let u,, — 0 in X. Then {||uy | },, is bounded and, arguing
as for (4.3) and (4.4), we can take . > 0 and R. > r. such that for all n one has

[ K e el o < (lunl™) S0 a1,72) < (00l ) S an.r2) <
B, n

W ™

and

K (ol do < (s0p ) S a2 ) < 5.

B,
Using (4.1) of Lemma 4.1 and the boundedness of {||u,|} again, we infer that there exist two constants

Cs,1 > 0, independent from n, such that

!
/ K (|z]) |un|™ dz < Co / lup|Pdx |
BR’E \B/"E BRE \B/"E

/ |un|" dz — 0 asn — oo (¢ fixed)
Br.\Br.

where

thanks to Lemma 2.8. Therefore we obtain

K (Ja]) [un]® da:+/ K (|2]) [un| da < ¢
Br, Bj,

for all n sufficiently large, which means u,, — 0 in L% + L}? (Proposition 4.2). This concludes the proof

of part (ii). O
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5 Proof of Theorems 3.2 and 3.3

Assume asusual N > 3and 1 < p < N, and let A, V and K be asin (A), (V) and (K).

Lemma 5.1. Let Ry > 0 and assume that V(1) < 400 almost everywhere in Br, and

K
A= esssup% < 400 forsome0 < [ <1landacR.
r€BR, |CC‘ V(|l‘|)

Let u € X and assume that there exist v € R and m > 0 such that

lu ()] < TTV almost everywhere in B, .

=z

Then there exists a constant C = C(N, Ry, ag, @oo, ) > 0 such that VR € (0, Ry) and Vq > max {1, p3},

one has

K (|z]) [u|* dz
Br

Np-1)+p(l—pB+agB)—ag

Am=1C ([, ol o o) p Jul fo<p<?i
. <<
a—v(qg—pB) 1-p 8 1
< Ama—rB (fBR |17 da:) [ia fl<p<i
p—1
At ( [y 2T (o) ful? d) 7 u 5 =1.

Proof. We distinguish several cases, where we will use Holder inequality many times, without explicitly

noting it.
Case B = 0.
We apply Holder inequality with exponents pg = %, (po) = m, and we use Lemma 2.7.
We have
1 _
1 Kbl e < [ el fulde
A Br Br
N N(p*i));]rp*ao 1
< (L ()T ) ([ rea)”
- Br Br
N(p—1)+p—ag
<

a—v(g— N
i1 ( / |93N(§)Ndx) Tl
Br

Case 0 < 8 < 1/p.

! !/
One has £ > 1 and 1__p%p0 > 1, with Holder conjugate exponents (%) = ﬁ and (%po) =

B 1
pN(1-5)
NG—1)+p(1—pB+ach)—ay Lnen we get
LK () ful"d
— X u "
A Bn

a a -1 1—
< [ el Vel do = [ ol 'l Y ()l do
Br Br
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IN IN
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X [E
=
8 °
1 =
ey _
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| <
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— m
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| | |=
E e
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~_ |
—~ =
= m\
P
N <
- =
S =
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<
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s
|
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o
~<
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~_
]
]
3
~
Q
=
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@
=
=
S

Np-—1)+p(A—pB+tagB)—ag
N

= mq_lc (/ |l‘|N(pfl)f;z;f(igir)uoﬂ)*aopN dq,‘) ! C ||’U,H .
Br
1
Case B = p
We have
1 _ 1
~ [ K(z)ul"dz < / | [u TV (|2)) 7 || da
A Br Br
p=1 1
ws ([ E ) T (v i a)
Br Br
p=1
<

ma—1 (/ |x|(a—v((I—1))ﬁ d:l:) i -
Br

Case 1/p < B < 1.

/
p—1 . .. . p—1 _ _p—1
One has T > 1, with Holder conjugate exponent <p/3—1) = 2i=p)" Then

1
— K (|z|) |u|? dz
L Kbl

o o pE=1 1
[l el o = [l V()5 ul Y (2 Julda
Br Br

p—1 1
(/ |x%’ilv<|x|>"f—f|u|(“%dx) (/ v<|x>|u|de)
Br Br
p=1

] B—1 B—1 pB—1 P
(/ R M e A () R dfﬂ) Ju
Br

a a—pB %(1_’6) % pT
([ ™ )™ ([ v (e ao) Jul
Br Br

pB—1

Y 1-8
md—PB (/ |x\ﬁ’”fﬁﬁ dgc> (/ V (|z]) u|pdm> ' [l
Br Br

1-8
a—v(g—pB) _
- x =T x U ul| .
ma—pB d pB—1
Br

IN

IN

IN

IN

IN

IN

Case = 1.
Assumption ¢ > max {1, p3} means ¢ > p and thus we have
1

= K (|z]) lu|? dz
t K Gen
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@ N =1 o 1
< [V et dr = [ el (el e fuldo
BR BR
a2 (g-1)=2; v p\"
< ([ e v =) ([ viehira)
Br Br
p—1
< ( [ g u|<q_1>w‘pv<x|>|u|de) ]
Br

p—1

mie ([ e Y ol o de) 7l
R

IN

The following lemma is analogous to the previous one, so we skip its proof for brevity.

Lemma 5.2. Let Ry > 0 and assume that V (r) < +oo almost everywhere in Bre and

K
A= esssup#xbﬁ < 400 forsome ()< B <1anda e R.
vt |2 V (|a])

Let uw € X and assume that there exist v € R and m > 0 such that

m
K almost everywhere on B .

u@) < 7

Then there exists a constant C = C(N, Ry, ag, oo, ) > 0 such that VR > Ry and Vq > max {1,pS},

one has

/ K (Je]) [u] ™ |B] da
By

a—v(g—1) N(p71)+P(1;T;\§3+aooB>*aoo
Ama=AC ( [, ol FEmmT e N gy lu Fo<p<i
R
a—v(g—pB) 1-B
< q—pB 2—neps) pB 1
< AmT ([ 0l T dr) ) flep<i
p=1
- %(Q*V(Q*p)) D P . _
Ama ”(fB% = V (2]) |yl d;v) Il i =

We can now prove Theorems 3.2 and 3.3.

Proof of Theorem 3.2. Assume the hypotheses of the theorem and let u € X be such that ||u|| = 1. Let
0 < R < R;. We will denote by C' any positive constant which does not depend on u and R.

Recalling the pointwise estimates of Lemma 2.6 and the fact that

K K
esssup (=) < esssup (r)

ey (e = o B < 100
zeBr ||V (|2])7°  re©,R) reoV (r)™

we can apply Lemma 5.1 with Ry = Ry, a = o, 8 = o, m = M ||u]| = M and v =
If 0 < By < 1/p we get

N—p+tao
» .

N(p—1)—ag+p(1—=pBg+agBg)
pN

K (ol ol ao < ¢ ( [

ag—v(a1—1)
|x| N(pfl)faQer(l*pBoJraoﬁo)pN dl‘)
Br

Br
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N(p—1)—ag+p(1—=pBg+agBg)
PN

R ag—v(g1—1) N+N—1
<C r N—D—agtp(1-pBoTagho) P dr
0
Notice now that

ag— V(g —1)
N(p—1)—ao+p(1—pho+ afo)

pN + N =

N
" N(p—1) —ag +p(1 - pBo + aofo) Ip(N 40 = pfo +cobo) = (N +a0 = par] =

o N(N +ag — p)
N(p—1) —ao+p(1 —pBo + aofo
thanks to the hypotheses. Hence we deduce

) [¢" (ag, 0, Bo) — q1] > 0,

N+tag—p

/K(\wl)lulqldzgcR v 0 (a0c0fo) =],
Br

On the other hand, if 1/p < By < 1 we have

1-Bo
oo —v(91 —PBo)
K (|z|) |u|" dz < C (/ it da:)
Br

R (a1-pB0) 1=
«g—v(q91 —PPQ N—-1
<C (/ r- 18 dr) ;
0

Br

where

a0 = V(g = pho) | _ P = (N + a0 = p)ar = pho

N —
- (L= fo) *

pao — (N + a0 — p)ar + NpfBo + paoBo — p*Bo + Np — Npfo _
p(1 = Bo)

plao —pPo+ N +aofo) —(N+ao—p)y _ Nt+ao—p ., _
p(l _ ﬂO) - p(l _ BO) [q (aOaOéOvﬁO) (h] > 0.

Hence we get

K (|2]) |u|® dz < CR™ 214" (@0,00,60)—a]
Br

Finally, if By = 1, we obtain

p—1

K(|:C|) |u|<h dr < C (/ |x‘p%1(ocofu(thfp)) V(|$D |U|pdx) P ’
Br

Br
where

(pao — (N +ag —p)) @1 + pN + pag — p?) =

SRR
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N+ag—p

p (q*(a'07a071)_QI) > 0.

1
I;(p(ao—p+N+a0)—(N+ao—p)fh)=

Hence we get

/ K (Jzf) [u]™ dz <
Br

p—1

<c (RW(q*(ao,aoJ)m)/ V (|z]) U|pdx> P < CRNJrc;ofP(q*(amao,l)fth).
Br

So, in any case, we deduce Sy (¢1, R) < CR? for some § = § (N, p, ag, Bo, q1) > 0 and this concludes the
proof. O

Proof of Theorem 3.3. Assume the hypotheses of the theorem and let u € X be such that |ju|| = 1. Let
R > R,. We will denote by C' any positive constant which does not depend on u and R.

By the pointwise estimates of Lemma 2.6 and the fact that

K(e)  _ K@
= 5. Sesssup 3 < +o00,
ceBg |x|™ V (Jz|)” r>Ry 1TV (1)
we can apply Lemma 5.2 with Ry = Ra, @ = @oo, 8 = Bocsm = M |lu|| = M and v = pr%.

If 0 < Boo < 1/p we get

N(p—1)—aco+p(1—=pBoc+acc Boc)
PN

oo —r(g2—1)

K(‘xD |u‘q2 dr < C / |x‘N(P—1)—“'00+P(1—P/300+aooﬁoc>pN dx
B, B

c
R

Notice that we have

Qoo — V(g2 — 1)
N(p_l)_aoo +p(1_pﬁoo+aooﬁoo)
B N (N +aw —p) . B
= N = 1) — oo + 51— plos + aumo) 1 (400 o0 Poc) =02 <0,

thanks to the hypotheses. Hence we get

pN + N =

/ K () |ul de <
By

N(p—1)—acc+pP(1—pPBoot+accBoo)
pN

+oo N

(N+aoco—p) *

<C (/ P NG—TD a0 +2(I-pBocFasaBos) 4 (“w%ﬁw)—qZ]—ldr) - CR®
R

for some § < 0. On the other hand, if 1/p < 8, < 1 we have

1— [=S]
Qoo =¥ (a3 =PBoo) g
K (Jz]) Ju|®dx < C / e —— dx
B, B

.
R
oo 1o
aoo—v(a2-PBoo) | AT
<C (/ r T-Foo N 1d7°> ,
R

where
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Qoo — V(g2 — PPoo) N+ao —p
N=_""% F

(q*(aooaaooaﬂoo) - QQ) < 0.

Hence we get

K (|z)) |u|® do < OR%(q*(axuam7ﬁm)7Q2)'
B

Finally, if 8, = 1, we obtain

/ K (|zf) [u* dz < C / | T @) (e P de |
Bg, B¢

R

where

N+ ax — N
oo = (a2 = p) = =2 (0" (e, G Boc) — 2) < 0.

Hence

p—1
p

V(I%)IU(%)pdw> <

/ K (|2]) |u|® dv < CR™ 5 (07 (000,000, 0c) ~02) <

c

c
R BR

é CR%(q*(aocvaoowgoo)_Lh) .

So, in any case, we get Soo (g2, R) < CR® for some § = §(N, p, oo, Boo, q2) < 0, which completes the
proof. O

6 Existence of solutions

Let N > 3and 1 < p < N. In this section we apply our embedding results to get existence of radial weak

solutions to the equation
—div (A(|z||VulP2Va) u + V (|2]) [ulP v = K(|2|) f(u) inRY, (6.1)
i.e., functions u € X such that

/ A(\x|)\Vu|p_2Vu-Vhd:c+/ V (|2]) [ulP~2uh dz :/ K(e))f(whde VheX, (62)
RN RN RN
where A, V and K are potentials satisfying (A ), (V) and (K), and X and is the Banach spaces defined in

Section 2.

Remark 6.1. We focus on super p-linear nonlinearities f just for simplicity, but our compactness results
also allow to treat the case of sub p-linear f’s. Moreover, multiplicity results can also be obtained. We leave

the details to interested reader, which we refer to [3,4] for similar results and related arguments.

As concerns our hypotheses on the nonlinearity, we require that f : R — R is a continuous function,

we set F'(t) = f(f f(s)ds, and we assume the following conditions:
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(f1) 30 > psuchthat 0 < OF (t) < f(t)tforallt € R;
(f2) 3to > 0 suchthat F' (tg) > 0;
(Faras) |f (8)] < (const.) min{|t\q1_1 : |t|q2—1} forall t € R.

We notice that these hypotheses imply g1,q2 > 6. Also we observe that, if g; # ¢o, the double-power
growth condition (fy, 4,) is more stringent than the more usual single-power one, since it implies | f(¢)| <
(const.)|t|9=1 for ¢ = q1, ¢ = g2 and every ¢ in between. On the other hand, we will never require ¢; # g2
in (fq,,4.), s0 that our results will also concern single-power nonlinearities as long as we can take g1 = go

(cf. Example 7.2 below).

We set

1
Ty = < lulf = [ ()P (o =
/ A(|z])|VulPdz + - / V(|z|) \u|pd;v—/ K(|z|)F

From the continuous embedding result of Theorem 3.1 and the results of [6] about Nemytskif operators on
the sum of Lebesgue spaces, we have that I is a C'! functional on X provided that there exist g1, g2 > 1

such that (fy, 4,) and (S}, ,,) hold. In this case, the Fréchet derivative of I at any u € X is given by

’u)h:/ A(\x|)(\Vu|p_2Vu-Vh+V(\a:|)\u|p_2uh)da:—/ K(lz)f (W hdr  (6.3)
RN RN

for all h € X, and therefore the critical points of I : X — R satisfy (6.2).

Our existence result is the following.

Theorem 6.2. Assume that there exist q1,q2 > p such that (fy, 4,) and (S(']’l qz) hold. Then the functional

I: X — R has a nonnegative critical point u # 0.

Remark 6.3. In Theorem 6.2, the assumptions on f need only to hold for ¢ > 0. Indeed, all the hypotheses
of the theorem still hold true if we replace f (t) with xg, (¢) f () (xr. is the characteristic function of

R ) and this can be done without restriction since the theorem concerns nonnegative critical points.

The above result relies on assumption (S('I’1 a z) which is quite abstract but can be granted in concrete
cases through Theorems 3.2 and 3.3, which ensure such assumption for suitable ranges of exponents ¢; and
g2 by explicit conditions on the potentials. As concerns examples of nonlinearities satisfying the hypotheses

of Theorem 6.2, the simplest f € C' (R;R) such that ( f4, 4,) holds is

£ (t) = min {72 4,1 e}

which also ensures (f1) if g1, g2 > p (with § = min {q1, ¢2}). Another model example is

|t|(12—2
with 1 < q1 < q2,

f(t)zm

which ensures (f1) if (1 > p (with @ = ¢1). Note that, in both these cases, also (f2) holds true. Moreover,
both of these functions f become f (t) = [¢|* > tif g1 = q2 = q.

We now prove Theorem 6.2, starting with some lemmas.
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Lemma 6.4. Assume the hypotheses of Theorem 6.2. Then there exist three constants c1,co > 0 such that
1
I(u)> , lull” =1 |Jul|™ — e ||ul|® forallu e X. (6.4)

Proof. Leti € {1,2}. By the monotonicity of Sy and S, it is not restrictive to assume R; < Ry in
hypothesis (S(’Ihq?). Then, by lemmas 4.1 and 2.8, there exists a constant cg, g, > 0 such that for all

u € X we have

[ K el do < Cay ]
Br,\Br,

Therefore, by the hypotheses on f and the definitions of Sy and S, we obtain

K (Jz|) F (u) dx
RN

< c/ K (|zf) min {Ju|” | [u[**} dz
RN

< c( K (Jz]) [ul™ dz + / K (Jz]) [u]® dz + / K (Jaf) [u™ da:>

Bg, Bg, Br,\Br,
< C(Jul™ So (a1 Ba) + ul® Suo (g20 Ba) + Cry ey Jul™) ©.5)
= Cy Jul™ + Calu]®,

<

where the constants ¢; and ¢y are independent of u. This yields (6.4).

O

Lemma 6.5. Under the assumptions of Theorem 6.2, the functional I : X — R satisfies the Palais-Smale

condition.

Proof. Let {uy} be a sequence in X such that {7 (u,)} is bounded and I’ (u,,) — 0 in X’. Hence

L P = n un||¥ — z|) f (up) updz = o u
Clel? = [ K(aDF () de = 0(1) and gl = [ K (el () iz = o(1) ]

As f satisfies (f1), we get
. 1 .
—Jun|” +O0 (1) = | K([z))F (up)de < 7 | K([z])f (un) undz = 7 [Jun[” + o (1) [Jun] ,
P RN 6 RN 9

which implies that {[|u, ||} is bounded since 6 > p. Now, thanks to assumption (S’ ), we apply Theorem
3.1 to deduce the existence of u € X such that (up to a subsequence) u,, — v in X and u,, — win L% —i—L%?.
Setting

I (u) = % lul” and I (w) = Iy (u) — I (u)

for brevity, we have that I is of class C' on L% + L% by [6, Proposition 3.8] and therefore we get
lunll? = I’ (un) upn + Ib (un) un = I (w)u + o (1). Hence lim,, o ||u,|| exists and one has [Ju|” <

lim,, o0 ||un||” by weak lower semicontinuity. Moreover, the convexity of I; : X — R implies

Iy (u) = Iy (un) 2 I (un) (u = ) = 1" (tn) (u = tn) + I (un) (= un) = 0 (1)
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and thus
1, p . 1. P
—Ju|l” =L (u) > lim I (u,) = = lm |Ju,|”.
p n— oo p n— oo
So ||un|| — ||u|| and one concludes that u,, — w in X by the uniform convexity of the norm. O

Proof of Theorem 6.2. Assume the hypotheses of the theorem, together with the following non-restrictive
additional condition: f(¢) = 0 for ¢ < 0. We want to apply the Mountain-Pass Theorem. To this end, from
(6.4) of Lemma 6.4 we deduce that, since ¢;, g2 > p, there exists p > 0 such that

£ I(u)>0=1(0). (6.6)

in
ueX, |lull=p

Therefore, taking into account Lemma 6.5, we need only to check that 3u € X such that ||| > p and
I (@) < 0. To this end, from assumption (f1) and ( f2) we infer that

F (to)

Ft) = —5
tO

t9 for all ¢t > .

We then fix a non negative function ug € C°(R™\{0}) such that the set {x € RY : ug (x) > ¢} has
positive Lebesgue measure. Hence, since (f1) and ( f3) ensure that F'(¢) > 0 for all ¢ and F (to) > 0, for
every A > 1 we get

0

/ K(|2)F (o) de 2/ K(|2))F (Owio) dar > %/ K(|2|)F (to) uldz
RN {Aup>to} 10 {Aup>to}

)
> [ KeDP G =N [ K(a)E () de >
to {uo>to} {uo>to}

Since 6 > p, this gives

N

AP
lim I (A\ug) < lim —||u0||p—)\9/ K(|z|)F (to) dz | = —oo.
A—+oo A—+oo p {qutO}

As a conclusion, we can take u = Aug with A sufficiently large and the Mountain-Pass Theorem provides

the existence of a nonzero critical point u € X for I. Since the additional assumption f(¢) = 0 fort < 0

implies I’ (u) u— = — |ju_||” (where u_ € X is the negative part of u), one concludes that u_ = 0, i.e., u
is nonnegative. O
7 Examples

In this section we give some examples that might help to understand what is new in our results. We will
make a comparison, in concrete cases, between our results and those of [13]. In that paper the authors prove
some compactness theorems which are used to prove existence results for equation (1.1), where f is a power
or a sum of powers. We will show some cases where the results of [13] do not apply, while our results give
existence of solutions. In all our example we look for a nonlinearity defined by f(t) = min{t% =1 221},

and we will see how to choose p < ¢; < g2 in such a way to get existence results for problem (1.1).

Example 7.1. Let A, V, K be as follows:
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A(r) = min{r*/2 #3/2} V(r) = min {1’ r‘3/2} . K(r) = max{rl/2,13/2).

Assume 3/2 < p < 2. We first show that in this case the results of [13] do not apply. The embedding
theorems of that paper are Theorems 3.2, 3.3 and 3.4. If we compute the coefficients ¢* and g, of [13],
we easily obtain ¢, = %, ¢ = % and this, together with p < 2, implies ¢* < ¢, so
that Theorem 3.2 of [13] cannot be applied, because it needs ¢. < ¢*. One easily verifies that also the
hypotheses of Theorems 3.3 and 3.4 of [13] are not satisfied. To apply our results, we set 5y = foo = 0,
ag = 1/2, ase = 3/2, a9 = 3/2, ase = 1/2. Note that condition ag,a € (p — N, p] is satisfied. We
apply Theorems 3.2 and 3.3, and we compute
p(2N + 1)

. p(2N + 3)
q (ao,ao,ﬂo) = m, q*(aoo,ozoo,ﬂoo) = m

Notice that these are the same value obtained above, following [13]. Notice also that ¢*(ag, ag, 5p) > p is

equivalent to p > 1. Applying our results, we deduce that if we take ¢, g2 such that

p(2N + 1) - p(2N + 3)
ON+3-2 “2N+1-2

then (8[1’1 , qz) holds and we get an existence result for the equation (1.1) with any nonlinearity satisfying

(fa1,02) -

Example 7.2. Assume N > 4 and choose the functions A, V, K as follows:

p<q < q2,

A(r) = max {7“_2,7“_1}, V(r)=e¥, K(r)=e"

In this case the results of [13] do not apply because of the exponential growth of the potential K. Assume
1 < p < N — 2. In order to apply Theorems 3.2 and 3.3, we can choose ag = —2, aoc = —1, 8o = ap =
Qoo = 0, B = 1/2. Notice that condition ag, as € (p — N, p] is satisfied. We get

___ PN
- N—-p-1

pN

q*(ao,ao,ﬁo)zm and  ¢" (oo, (oo, Boc)

pN
where we have p < 52—

< PN Then (8 " ) holds and we get an existence result for the equation
p—1 p—2

N— q1,92
(1.1) with any nonlinearity satisfying ( f,, 4,) provided that

p pN
< < = d > .
PE@ < gy ad >y
In particular we can take a power nonlinearity f(t) = t9=1 for q € ( e 211 , NfiI;CQ).
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