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Abstract

We introduce a class of time-periodic Gelfand-Shilov spaces of functions on
TxR", where T ~ R/27Z is the one-dimensional torus. We develop a Fourier
analysis inspired by the characterization of the Gelfand-Shilov spaces in terms
of the eigenfunction expansions given by a fixed normal, globally elliptic
differential operator on R™. In this setting, as an application, we characterize
the global hypoellipticity for a class of linear differential evolution operators
on T x R"™.
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1. Introduction

Gelfand-Shilov spaces of type . have been first introduced in [23] as an
alternative functional setting to the Schwartz space .%(R"™) of smooth rapidly
decreasing functions for the study of partial differential equations, cf. [24].
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Namely, fixed x> 0, > 0 such that p+ v > 1, the space S#(R") is defined
as the space of all functions f € C*°(R") satisfying the following estimate

sup sup APl ™p171 2208 f(1)| < 400 (1.1)
a,BeN™ zeR"

for some A > 0, or equivalently,

sup sup C~1317# exp(c|z|V/")|0% f(2)] < +oo (1.2)
BEN zER"

for some C,c > 0. Elements of S¥(R") are then smooth functions pre-
senting uniform analytic or Gevrey estimates on R" and admitting an ex-
ponential decay at infinity. The elements of the dual space (S¥)(R") are
commonly known as temperate ultradistributions, cf. [34]. Functional prop-
erties of these spaces have been studied along the years by several authors,
cf. [5], [16, B2, B4]. In the last twenty years, these spaces and their general-
izations have been rediscovered as a suitable functional setting for Fourier,
microlocal and time-frequency analysis, see [3] 4 [7, 8, 12, 13, [14] 29] 35]. In
particular, several classes of pseudodifferential operators have been studied
in the Gelfand-Shilov setting and this led to a big number of applications
and results concerning elliptic and evolution partial differential equations,
see [1I, 2, [0, 1T, [12) [15], 17, 18]. Some of these results concern global hy-
poellipticity for Shubin and SG pseudodifferential operators, see [10] 11}, [12].
Recently, these spaces have been also characterized in terms of eigenfunction
expansions, see [9] 25].

The main goal of the paper is to introduce a new class of time-periodic
Gelfand-Shilov spaces and to extend to them the characterization given in
[25] for classical Gelfand-Shilov spaces. We emphasize that many problems
in analysis are connected with periodic differential equations, as the mod-
els in biology, physics, and engineering. Furthermore, a number of these
problems consider classes of generalized functions and distributions. In par-
ticular, a great advantage in the periodic analysis is a possible discretization
of the involved equations in terms of Fourier series. In the present paper,
the motivation and the application of Fourier expansions will concern global
hypoellipticity for a class of linear evolution operators. We shall restrict for
simplicity to the symmetric case u = v. Before treating the general case we
need to find a characterization of the non-symmetric Gelfand-Shilov spaces
via eigenfunction expansions which at this moment exists only in particular
cases, cf. [9] for details.



For an outline of our main results and techniques, let T ~ R/27Z be
the one-dimensional torus and consider ¢ > 1 and p > 1/2 be fixed. We
are interested in the study of smooth, complex-valued functions u defined on
T x R™ satisfying the following: there exist R,C' > 0 such that

sup  |z20P0Fu(t, z)| < RCIHAIHR(E1)7 (ol B (1.3)
teT,xeR”
for every «, 8 € Njj, k € Ny. Broadly speaking, this is the class of functions
that belong to the symmetric Gelfand-Shilov spaces S/(R") with respect to
the variable z, while are Gevrey regular and periodic in ¢.

We aim to characterize the spaces of functions satisfying by using a
discretization approach based on the Fourier expansions on R” introduced in
[25]. (See also [9]). Precisely, given an elliptic operator P(x, D,) on R, sat-
isfying suitable assumptions, we use its orthonormal basis of eigenfunctions
{pj(x)},en to obtain a Fourier series

ultr) = 3wyt (), (1.4)
jEN
for u as in and u;(t) a sequence of periodic functions.

It is important to emphasize that a similar approach is presented in the
paper [19] where the authors characterize the functional spaces C*°(T x M)
and D'(T x M), M being a compact manifold, in terms of Fourier expansions
generated by an elliptic operator on M. In particular, they study the C°°-
global hypoellipticity for operators of type £ = D, + C(t,x,D,), where
C(t,z,D,) is a pseudo-differential operator on M, smooth in ¢, (see also
[21]). We recall that Hounie presented in [31] the study of global properties
of the abstract operator £ = D; + b(t)A + r(t, A), where A is a linear self-
adjoint operator, densely defined in a separable complex Hilbert space H
which is unbounded, positive, and has eigenvalues diverging to +oo, and
r(t, A) is a lower order term in a suitable sense. It was observed by Hounie
the remarkable fact that the structure of the spectrum of A does not interfere
on the solvability and hypoellipticity in case where t belongs to some interval
in R, while its behavior in a neighborhood of infinity plays an important role
when ¢t € T.

In this paper, as an application of definition and expansion we
present the study of global hypoellipticity (see Definition for the operator

L= D, +c(t)P(x,D,), D, =i'0, (1.5)
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where ¢ = ¢(t) belongs to some Gevrey class on T and P(z, D,) is a normal
differential operator satisfying a suitable global ellipticity condition. Namely,
expansions lead us to study an equation Lu = f by means of a dis-
cretization process, namely, in terms of the sequence of ordinary differential
equations

Dyu;(t) + Aje(t)u;(t) = f;(t), t€ T, j €N,

where {);} is the sequence of eigenvalues of P(x, D,). Hence, the regularity
of solution u is studied by analyzing the behavior of the sequence u;(t) (and
all its derivatives), as j — 0o, cf. Theorem below.

The work is organized as follows: in Section [2| we introduce the time-
periodic Gelfand-Shilov space S, , (T xR"), its dual S, (T xR"), and the cor-
responding topologies. In Subsection [2.1jwe explore properties of these spaces
in terms of a Fourier expansion on the variable x generated by {¢;(z)};jen. In
particular, in Proposition we obtain a characterization for S, (T x R")
in terms of powers of the elliptic operator P. In turn, with Theorems
and the exact meaning of the expression is formalized. In Section ,
we present a complete analysis of the global hypoellipticity for the operator
. The starting point is an approach for the time independent coefficients
operator D; + (a +i8)P(x, D,). In Theorem [3.6{ we obtain that the hypoel-
lipticity is connected with Diophantine type phenomena. We observe that
the presence of Diophantine approximations in the investigations for global
hypoellipticity (and global solvability) has been observed in [19] B1] and is
also widely explored in the context of operators on the torus, as the reader
can see in [6, 20, 22, 27, 28, B0, B3] and the references therein. In Subsection
[3.2] the case when the coefficients depend on ¢ is studied and the main result
is Theorem which states the following: L is globally hypoelliptic if and
only if either J¢(-) does not change sign, or S¢(t) = 0 and

2m
K= (2m)" Re(t)dt
0

is not a p-exponential Liouville number with respect to the sequence {};},
as defined in .

We emphasize that Theorem [3.11]extends part of the studies in [I9] to the
non-compact case T x R™. It is also an improvement for analysis presented in
[31] in the following sense: the global hypoellipticity in that work is given in
terms of Sobolev scales generated by the elliptic operator. However, since we
are modeling our work on the Gelfand-Shilov setting we are not only studying
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the regularity of solutions, but also their decay at infinity. Moreover, with
this approach it is possible to measure the loss of regularity for the solutions

of equation Lu = f, as observed in Remarks [3.7] and [3.13]

2. The spaces S, (T X R") and S, (T x R")

In this section, we introduce the spaces under investigation. Let o > 1
and p > 1/2 be fixed. Given a constant C' > 0 we define by S, (T x R")
the space of all smooth functions on T x R™ such that

opc = sup O (g T sup 22020 u(t, )| < 4-oo.
a,BeEN™ jeN (t,x)ETXR™

¢

It is easy to verify that the space S, , ¢(T xR™) is a Banach space endowed
with the norm |[|¢||,,,c. Therefore, we can define

Sop(TxR") = | ] Sypuc(T x R?), (2.1)
C>0

and equip it with the inductive limit topology:

Sou(T x R") = 18(_1H1r10r£1 Sopuc(T x R").

In particular, a sequence {¢; }en of elements of S, , (T xRR™) converges to ¢ in
So (T xR™) if and only if there exists C' > 0 such that ¢, p; € S;5,c(T xR")
for all 7 € N and

lpj = lloye =0, as j — oo

Definition 2.1. Given > 1/2,0 > 1, we denote by S, ,(T x R") the space
of all linear forms u : S, ,(T x R™) — C satisfying the following condition:
for every A > 0 there exists C' = C(A) such that

[(u, )| < C sup A HFEIZ7 (1B sup [0S0} o(t, x))| (2.2)
B,k TxR™

for every ¢ € S, ,(T x R™).

Remark 2.2. In order to not overload our notations we may write Sy, c,
Sop and S, ,, that is, omitting T x R™ in the notation.

O,17



Now, let us recall the standard characterization of the Gevrey classes on
the torus T. Given h > 0 and o > 1, we denote by G%"(T) the space of all
smooth functions ¢ € C*°(T) such that there exists C' > 0 for which

sup |0%p(t)| < CR*(K)?, Yk € Z,. (2.3)

teT
The space Go"(T) is a Banach space endowed with the norm
lells = sup {sup oot~} 2.4
keZy \ teT

thus the space of periodic Gevrey functions of order ¢ is defined by

G°(T) = ind lim G*"(T).

h—4o00

The dual space (G7)'(T) is the set of all linear maps u : G7(T) — C
satisfying the following: for every h > 0 there exists (', > 0 such that

[{u, ¥)| < G sup  WE(R)T710"(t)], Vo € G7(T), (2.5)

teT, ke

or equivalently, for any f € G?(T) we obtain for every h > 0 a positive
constant Cj, such that

[{u, A < Cull fllon- (2.6)

2.1. Fourier expansion for the spaces S, (T x R") and S, (T x R")

Motivated by the approach presented in [25], fixed m > 2, we consider a
partial differential operator P of the form

P=P(@,D)= > capa’Dg, Dy = (=), (2.7)
|af+|B]<m

with ¢, 3 € C, satisfying the normal condition P*P = PP* and the global
ellipticity property

pm(r,8) = D capr’€#0, (2,€) #(0,0). (2.8)
|a|+|Bl=m
Notice that for m = 1 the condition (2.8)) is never satisfied by an operator
of the form ([2.7). This justifies the assumption m > 2 above. Under these
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conditions there exists an orthonormal basis of eigenfunctions {p;}jen C

811//22 (R™) with real eigenvalues \; such that |\;| — co. Moreover, we have

the Weyl asymptotic formula
IAj| ~ Cj™2 as j — oo, (2.9)

for some positive constant C'. In particular, any v € L*(R") (or #/(R")) can

be expanded as
W= uip,
jEN

where u; = (u, 9;)r2@®n), J € N (or u; = (u, ¢;)).
Moreover, it follows from Theorem 1.2 in [25] that u € SH(R"), u > 1/2,
if and only if there exists € > 0 such that

>l exp(el|77) < oc,
jEN

or equivalently, there exist €, C' > 0 such that
lu;| < C’exp(—ejﬁ), jeN

In the sequel we present an extensive characterization of S, ,(T x R") and

S, (T x R™) in terms of the Fourier analysis generated by {¢;}. First of all

it is easy to show that f € S, (T x R") if and only if there exist A,C' > 0
such that

sup > (|2’ D3Of fllramy) < CATFsIE (2.10)

teT
€% latBl=s

for every s,k € N.

Proposition 2.3. Let P be an operator of order m of the form (2.7) satis-
fying (2.8). Let p > 1/2 and v € S, (T x R"). Then u € S, (T x R") if
and only if there exists C > 0 such that

[ PMOfu(t, )| n2gny < CMHFFL(M)P™ kLT (2.11)
for every k, M € N.

Proof: The proof is a variant of the proof of the analogous characterization
for the space Sf(R") given in [25, Lemma 3.1] so we just sketch it. Assume
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that u € S, ,(TxR"). Then using (2.10) and observing that for every M € N
the iterated operator P is of the form

pPM — Z c’aﬁxﬂDg‘

lot+B|<mM

for some ¢, ; € C such that supj,,g<mn [ch sl < CM for some positive
constant C' independent of M, we get

mM
IPYOfut, Mz < D D Ichslle® DIOfult, )l sacey)
=0 |a+f|=s
mM
< CMY cAatrsgle
s=0
< G AR (MR,

hence we obtain (2.11)).
Viceversa, assume that (2.11)) holds for every M,k € N. Then in partic-

ular 9Fu(t, ) € (R") for every fixed t € T and for every k € N. Denote

ult, e = 32 27 De0Fu(t, ) paqes. (2.12)
la+B]=s
To conclude it is sufficient to show that there exists C' > 0 such that
sup |OFu(t, )|, < CFFetisligle Vs eN (2.13)
teT

Now, by [25, Proposition 4.1] there exists C' > 0 such that for every s € N
with s =pm+7r,p € N,0 <r <m and for all € > 0

[v]s < elv]pr1ym + Cs_ﬁh}\pm + Cs(s!)l/QHUHLz (2.14)

for every v € (R™). This means that it is sufficient to prove (2.13]) for
v = OFu and for the integers s = pm. Fixed A > 0,k € N we denote

op(07u, A) = (pm)! A |0 ulpm, P EN.

We observe that oo(0fu, A) = ||0ful|r2(s) which does not depend on . By
[9, Lemma 2.4], there exists Ay such that for every A > A\g we have

p
op(0fu, ) < Zop(Ofu,N) + Y 20 (]Z) (O~ ao(POFu, N).
(=1
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Using ([2.11)) we obtain

p
0, (0Fu, \) < CFHgloor (1 +y 2t (5) cf> < CFftPtgle,

(=1

Therefore
Ol < CF (pm) k1"

for some constant Cy > 0 independent of p and k, that is the estimate ([2.13)
for s = pm. This concludes the proof.
OJ

Theorem 2.4. Let i > 1/2 and 0 > 1 and let u € S, (T x R"). Then
u € S, (T xR") if and only if it can be represented as

ult.x) =) u;(t)p; () (2.15)

JjEN

for some {u;}jen € G°(T) satisfying the following condition: there exist
C >0 and € > 0 such that

sup |0Fu;(t)] < CF (K7 exp [—ejﬁ} Vi, ke N. (2.16)

teT

To prove Theorem we will need the following preliminary result.

Lemma 2.5. Let s, be positive numbers and ¢ € Z... For every e > 0 there
exist C. > 0 such that

77 exp (—ej'/*) < LN, (2.17)
for every j € N.

Proof of Theorem . Assume that u € S, ,(T xR"). Then, for any fixed
t € T and k € N, we have fu(t,-) € S#(R"). Then we have

Ofult,x) =) aj(t)p;(@),

jEN



Moreover, we observe that

2
1P Ofu(t, )7 ry) =

Z/\Mk 90])

JEN

=2 XMl 0P

2ry)  JEN

By Proposition we get for every j e N M € N :

I\J m

sup |al(t)] < CMFIFREIEALImNM o CMFRHL 1o p 1 5=
teT

for some positive constant € independent of 7 and M. Taking the infimum
on M of the right hand side, we obtain

sup |a¥(t)| < C5TEI7 exp [—gjﬁ} , JkeN
teT

In the opposite direction, assume that u is of the form ([2.15)) with u; in
G?(T) satisfying the condition (2.16). Then we have 0fu € L*(T x R") for
every k € N and

> M a()e;()

sup [|[PMOfu(t, )| 12 = sup
teT jeN

teT

L2(Rg)

1/2
< ke [Zg’”M exp (—25]'2%#)]
jEN
< Cf+M+1k'!UM!m'LL.
in view of Lemma . Then, by Proposition , ueS,, (TxR").
O

Corollary 2.6. Let 0 € S, ,(T x R™). Then there exists h > 0 such that
0; € G>"(T) for all j € N. Moreover, there are C > 0 and € > 0 such that

10;l[0.n < C exp ( €] 2w> Vj € N. (2.18)

We now characterize the elements of S, (T x R").

Lemma 2.7. Letu e S, (T x R").

10



i) For any j € Z4 the linear form u; : G°(T) — C given by
(uj(t), () = (u, ¥(t)p;(x)) (2.19)

belongs to (G7)'(T). Moreover, for every e > 0 and h > 0, there exists
Cepn > 0 such that

{wi(t), ¥O)] < Conllllonexp (7)) Vi €N, v € goh(T).
(2.20)

ii) We may write

(u, ) = Z(uj(t)soj(x)’ 0) (2.21)

where

(i) 0= (ue). [ dop@ic) @2

and {us(®)}en © (G7)(T) is given by (ET9).
Proof: i) Indeed, given ¢ > 0 and setting A = 1/¢ in ([2.2)) we obtain

[u (1), Y()] < kegCe sup e (K)T7[0Fv(1)],

teT, kEZ

where

Kej = SI};p sué) (elaw‘a!’“ﬁ!’ﬂxa&f npj(:c)|) ,
n a7

therefore the first item follows directly from (2.5). The inequality ([2.20)
easily follows from Definition and from [25, Lemma 2.2].
it) Now, let § € S, ,, and consider its expansion

0t x) = Zej(t)@j(x),
where 6;(t) = [, 0(t, z)p;(x)dz. Hence,
(u, 0(t,2)) =Y (u, 6(8)ps(x)) = Y (us(t), 6;(1))

- Z (w0, [ ot >¢<>d>

= (ui(t)p;(z), 0(t,x)).

jeN
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Theorem 2.8. Let {u;}jen be a sequence in S, ,(TxR™) such that {(u;, 0) }jen
is a Cauchy sequence in C, for all € S, ,(T x R"). Then there exists
u €S, (T xR") such that

(u,0) = liin(uj, 0)

Proof: For each 0 € S, ,, we define
(u,0) = lim(u;, 6).
J

By hypothesis, v is a linear operator from S, to C. Let us prove that is
continuous. For this, let {¢}en be a sequence in S, , converging to 0. By
the inductive topology we may fix C' > 0 such that ¢, € S;, ¢ and ¢, — 0
in S, c. For each j € N, we set

(JJ] = u’j|5c7,,u,C : SO‘,;L,C — C’

which is linear and continuous.

Note that, if ¢ € S,,c C Sop, then {(w;,9)}jen is Cauchy sequence
in C, hence it is bounded. Since S, , ¢ and C are Banach spaces we obtain
from the Banach-Steinhaus theorem that {w;} ey is uniformly bounded on
the unitary ball, namely, there is a positive constant K such that

|<wj7¢>| < K7 ||¢H01M70 < 17 V] € N7 (223>

Now, let € > 0 and set
2K
ve=——%c
By construction, we have ¢y € S, ¢ and ¥y — 0in S, ¢. In particular, we
may fix ¢y € N such that ||¢¢||s.c < 1, for £ > 4.
Hence, we get

€
(o)l < 5, (2.24)

forall ¢ > ¢y and j € N.
Since (u, ¢¢) = lim;(u;, ps), we obtain for each ¢ > ¢, an index j, satisfy-
ing

€
[{u, pe) — g, 00| < 5 (2.25)
Finally, for all £ > ¢, it follows from (2.24)) and ([2.25) that
[{w, )| < [, o) = (s o) + [(ug, )| < e
0
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Theorem 2.9. Let {a;};en C (G7)'(T) be a sequence satisfying the following
condition: given € > 0 and h > 0, there exists C.j, > 0 such that

(a5, )| < Conllvlloexp (77) , ¥j €N, ¥ € GoN(T).  (2.26)

Then
u(t,z) = Zajgoj(m), (2.27)

JjeN
belongs to S, (T x R™). Moreover,

{aj, ¥(t)) = (u, P(t)p;(2)), V¢ € G7(T).
We may use the notation
{a;} ~ ue S, (T xRY).

Proof: For each j € N, define

J
S; = Zakgpk(:v) €S, (T xR").
k=0

Let 6 € S, ,(T x R"). By Corollary we may consider h > 0 such that
6; € Go'(T) for all j € N. Given € > 0 we obtain by hypothesis a positive
constant Cj, > 0 such that

¢
[(Sj+e — 85, 0)| < Z [(ax , Ok(t))]

¢
< Con 3 Okllo exp ek )
—

=J

Now, in view of (2.18]) we may find ¢y > 0 such that
10kllen < Cexp (—ek™7 ), VE €N,

for some constant C' > 0 independent of k.
Hence, for € = ¢y/2, we obtain

¢
[(Sjre — S;,0)| < Ceo,hCZeXp (—%Okﬁ> ,

k=j

13



then {5;(0)},ec is a Cauchy sequence in C, for all § € S, ,(T x R").
It follows from Theorem [2.8|that there exists u € S, ,(T x R") such that

(u,0) = hjm(Sj, 0), V0 € S, (T x R").

3. Global hypoellipticity

The main goal of this section is an investigation of the global hypoellip-
ticity for the operators

L=D;+c(t)P(z,D,), te€T, x € R", D; = —id, (3.1)

where P(z, D,) is a normal operator of the form satisfying and
c(t) belongs to the Gevrey class G7(T). Since the arguments in the sequel
will use cut-off functions, we restrict to the case o > 1.

In order to introduce the notion of global hypoellipticity, consider the
spaces

Fu(TxR") = | JSou(T xR") and %,(T x R") = | ] S, (T x R").

o>1 o>1

Definition 3.1. We say that the operator L is S,-globally hypoelliptic on
T x R (S,-GH, for short) if conditions

uwe %,(TxR") and Lu € Z,(T x R")
imply v € Z,(T x R").

Remark 3.2. We claim that if Lu = f € .Z,(T xR"), then we may assume
without loss of generality that f € S, ,(T x R™), that is, each f; belongs to

the same Gevrey class as the coefficient ¢ = ¢(t). As a matter of fact, since
fe Z,(TxR") we get f €Sy,(TxR"), for some § > 1. Therefore:

e if 0 <0, then the claim is a consequence of inclusion 4°(T) C 4°(T);

o for 8 < o we use inclusion Sy, (T x R") C S, (T x R™).

14



Now, if u € %, (T x R") is such that iLu = f € S,,(T x R"), then it
follows from the eigenfunction expansions

u(t,z) =Y ui(t)e;(x) and f(t,x) =Y f;(t)e;(x),
jEN jEN
that u; solve the equations
8tuj(t) + Z)\]C(t)uj(t) = f](t), t e T, ] e N. (32)
12

Setting co = (27)7" J,
(3.2), the following result.

Proposition 3.3. Let u and f as above. Then u; belongs to G°(T), for all
Jj € N. Moreover, for each j € N such that \jcy ¢ Z, equation (3.2)) has a
unique solution, which can be written in the following equivalent two ways:

uj(t) = lem,)\jc() /02” exp (—i)\j /tt c(r) dr) fi(t — s)ds, (3.3)

" ¢(t)dt we obtain, from the ellipticity of equation

or

27 t+s
u;(t) = M+0_1/0 exp (Mj/t c(r) dr) fi(t+ s)ds. (3.4)

From the latter result it follows that the study of global hypoellipticity
problem for the operator L can be reduced to the analysis of the behavior of
the solutions (or (3.4)) as j — oo. Moreover, L is S,-GH if and only if
there exists 8 > 1,C > 0 and € > 0 such that

1

sup |0 u;(t)] < CT (1) exp (—ejﬂ) ,as j — 0o,
teT

for every v € Z,..

Clearly, an analysis as suggested by this estimate requires a special atten-
tion for estimates of the derivatives of the exponential terms in the integrals
(3.3) (or (3.4)). Moreover, the Diophantine approximations suggested by
1 — e7 2% play an important role and they are connected with time in-
dependent coefficients operators. In view of these considerations, our first
investigations are directed to the study of this case and presented in Sub-
section [3.1} The analysis of operators with time dependent coefficients is

developed in Subsection [3.2]
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3.1. Operators with time independent coefficients
Let £ be the operator

L=Di+ (a+ip)P(z,D,), t€T, a,p €R. (3.5)

Given f € S, ,(T x R") and v € %,(T x R") satisfying iLu = f we get
the equations

It follows from Proposition that u; belongs to G7(T). In particular, if
J € N is such that (o +i8)\; ¢ Z, then the solution of (3.6) can be written
in the following equivalent two ways:

1 2
U (t> = 1 — e—2mi(atiB)r; /0 exXp (S(ﬁ - ia>>‘j) fj(t - S)d57 (37>
or
1 2T
(1) = /O exp (s(—B+ia)\y) fi(t+s)ds.  (3.8)

If fA; <0 we use formula (3.7)), and for SA; > 0 we use (3.8). Thus, for
any given vy € Z, we get

07w (1)] < 2w60; sup |07 f5(1) (3.9)
for pA; <0 and
o7,(1)] < 20 sup |97 £, (1) (3.10)
for B\; > 0, where
O; = |1 — e 2N |7 and T = [Tt — 1|71, (3.11)

Now, motivated by Definition 3.3 in [I9] and Proposition 1.3 in [26], we
introduce the following definition.

Definition 3.4. We say that a real number k is not a p-exponential Liouville
number with respect to the sequence {\;} if for every e > 0 there exists C. > 0
such that )

in£ |7 — KkAj| = Ceexp <—ejm> , as j— oo. (3.12)

TE

16



We make use of the next lemma, whose proof can be obtained by a slight
modification of the arguments in the proof of Lemma 2.5 in [6].

Lemma 3.5. Consider n > 1 and w € C. The following two conditions are
equivalent:

i) for each € > 0 there ezists a positive constant C, such that

|7 — wXj| = Ceexp{—e(|7| + )V}, Vr € Z, Vj € N.

ii) for each § > 0 there exists a positive constant Cys such that

11— *™N| > Cyexp{—d;"/"}, Vj € N.

With the next result we obtain a complete characterization of the global
hypoellipticity for operators of the form (|3.5)).

Theorem 3.6. The operator L is S,,-GH if and only if one of the following
conditions holds:

a) B #0;
b) B =0 and a is not a p-exponential Liouville number with respect to the
sequence {\;}.

Proof: Let us start with the sufficiency part. First we observe that either if
B # 0orif =0 and « is not a y-exponential Liouville number with respect
to the sequence {\;}, then the set

W={jeN:(a+if)\ €L} (3.13)

is finite. Therefore, the solutions of equations (3.6 are given by (3.7) and

(3.8)), for j large enough.
Assume that 3 # 0. In this case lim; ©; = 1, when 8 < 0 and lim; I'; =1

for 8 > 0, where ©; and I'; are given by (3.11)). Hence,

10/ u; ()] < Csup |07 f;(t)],
teT

and u belongs to the same class as f. Then £ is §,-GH.

17



Now, assume that f = 0 and « is not a p-exponential Liouville num-
ber. Under these assumptions it is enough to consider expression (3.7)). In
particular, inequalities (3.9)) can be rewritten as

07,(6)] < 27, sup |37 £, (1) (3.14)
S

By hypothesis and Lemma for every € > 0 there exists a constant
C. > 0 such that

1 — e 2™%| > C, exp <—ejﬁ) , as j — oo.
Assume now that f € S, , and let v € Z*. There exists €, > 0 such that

sup |97 £5(1)] < OV 1) exp [—eaj
teT

By fixing € = €p/2 we obtain C,, > 0 for which
075 (8)] < Copexp | 5575 | sup |07 (1)
2 teT
< CuC () exp |35 ] |
which implies that u € S, in view of Theorem 2.4 Therefore £ is S,-GH.
To prove the necessary part, we assume that 5 = 0 and (3.12)) fails and

exhibit a singular solution to the operator £. To do this, note that if (3.12)
fails, then there exists ¢ and an increasing sequence {7;}seny C Z such that

_1
|70 — a\j,| < exp <—e’j2”“) :
Consider the sequences {u;}jen, {fj}jen C C®(T) defined by

_ et it j =g, _ [ (m—aXg)em i G =i,
w0 =05 0= S
Since || < 1+ ||\, we get

.
P <CY (g) ol 250 < oy (3.15)
B8=0

18



as { — oo. Now, by Lemma [2.5] we obtain C¢ > 0 such that

m n 6/
g eXP(}“§]%“> Ch(jeym™, (3.16)

hence

G0 <y [( )rarﬁ W"] exp( ])

Therefore we have
{we(t)} ~ v e Z,(TxR")\ Z,(T xR")

and {fi(t)} ~ f € Z,(T xR"). Since Lu = f, then L is not S,-GH.
0J

Remark 3.7. It is important to emphasize that for globally hypoelliptic op-
erators with time independent coefficients there is no loss of reqularity on the
variable t, that is, if £ is S,-GH and Lu € S, ,,, then uw € S,,. This is in
contrast with the time dependent coefficients case, as the reader can see in
Theorem [3.14 and Remark[3.13.

Example 3.8 (Harmonic oscillator on R). Consider on T x R the oper-
ator

L=D;,+aH, aeR,
where H denote the Harmonic oscillator

2

d
H=-—s+2" z€R. (3.17)

It is already known from [26, Proposition 1.3] that if o ¢ Q and is not a
2pu-exponential Liouville number, then L is S,-GH. Since the eigenvalues of
H are given by \j = 2j +1, j € Ny, Theorem states that L is S,-GH if
and only if for every € > 0 there exists Ce > 0 such that

inf |7 — (2 +1)| > Ceexp (—¢j% ) , j— oo
TE

In particular, it is evident from the latter formula that L is not S,-GH when
o € 7.
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As an immediate consequence of Theorem we obtain the following
necessary condition for the global hypoellipticity.

Corollary 3.9. If L is S,-GH, then the set W defined by (3.13) is finite.

3.2. Operators with time dependent coefficients
Let us turn back our attention to the general operator

L =D, + c(t)P(z, D,)

as defined in (3.1)), where ¢(t) = a(t) 4 ib(t) for some real valued functions
a,b e G7(T). Set ¢y = ag + iby, where

ap = (2m) " /027r a(t)dt and by = (2m)"! /027r b(t)dt.

First of all we extend the necessary condition stated in Corollary [3.9] to the
case of time dependent coefficients.

Proposition 3.10. If the operator L is S,,-globally hypoelliptic, then the set
Z={jeN; Ny €Z} is finite.

Proof: If Z is infinite, then there exists an increasing sequence {j;}sen such

that cy)j, € Z. Set
ty
Cy = exp (_)‘jz/ %c(r)dr) ,
0

where t, € [0, 27] satisfies

te[0,2m

t t
/ A, Se(r)dr = max}/ A, Se(r)dr.
0 0

For each j, the function

u(t) = ¢ exp (—Mﬂ /0 t c(r)dr)

belongs to 47(T) and satisfies the equation
Opug(t) +dc(t) N\, ue(t) = 0.
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Moreover, |u,(t)] < 1, for all t € [0, 27], and |u,(t;)] = 1. Hence,
{uet)} ~ u € Z(T x R")\ Z,(T x R"),

and Lu = 0. Therefore, L is not S,-GH.
O

Theorem 3.11. The operator L is S,-globally hypoelliptic if and only if one
of the following conditions holds:

a) b is not identically zero and b does not change sign,

b) b =0 and ag is not a p-exponential Liouville number with respect to
sequence {\;}.

The proof of this result will follow by combining Theorems |3.12] [3.14]
3.17 and Proposition [3.15| presented in the sequel.

Our next step is the analysis of sufficiency part of item a) in Theorem

B.I1

Theorem 3.12. Ifb(-) does not change sign and is not identically zero, then
L is §,-globally hypoelliptic.

Proof: By hypothesis we have by # 0, then the set Z is finite and we may
consider expressions (3.3]) and (3.4)), for j large enough. Moreover, there exist
positive constants C; and C5 such that

0<01§Fj§1 and0<C’2§@j§1,

for ©; and I'; as defined in (3.11)). Also, let us admit that A; > 0, for all
j € N. Otherwise, we may interchange the use of (3.3)) and (3.4)).
Now, by assuming b(-) < 0 we may consider expression (3.3]). Set

H(t,s) = exp (—Mj /t j c(r) dr) .

It follows from Leibniz rule that

1 il v
8;16](15) = 1— 6—27T’i>\jco Z (6)

=0

2
/ OH(t,5) 0] " fi(t — s)ds.

0
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and from Faa di Bruno formula

OM(t,s) = Y (—iNy) (H oY c(t—s))) H(t, s),

A(k), €

where Z Z > . Therefore, since

A(k), ¢ k=1t1+...+¢,=¢
£,>1Vv

k

[Tor " (e(t) = et = 9))

v=1

< Cékarl[(E o k)!]cr

and \; < Cy5™2" by ([2.9), we get

) < e 3] (])a P e (o

=0 A(k), €

x sup |9]7"f; (T)\} , (3.18)

T€[0,27]

since exp ()\j ftis b(r)dr) < 1. We obtain an estimate of the same form for

b(-) > 0 using (3.4).

Now, there exist €5 > 0 and C3 > 0 such that

sup 1077 5(7)] < €y = 017 exp (—eaj ) (3.19)

T€[0,27]

Moreover, in view of Lemma [2.5] we have

jhm/n < ck ' (k)™ exp ( 20]271W> . (3.20)

Combining (3.18)), (3.19) and (3.20)) we obtain

|07 u;(1)| < C7H ()t exp (—%Ojﬁ) |

Therefore, u € Spax{o,mp},, Which implies that L is S,-GH.
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Remark 3.13. In contrast with the case when c(t) is constant (see Remark
we emphasize the possible loss of reqularity on the variable t, namely,
for Lu € S, we get u € Smax{o,mu},u- 1his loss depends on m, the order of
operator P, and p (the Gelfand-Shilov regularity in R™).

In the next result we show that the global hypoellipticity of the operator

2

Lo = Dy+ coP(x, Dy), co — (2)") / o(t)dt.
0

is a necessary condition for the global hypoellipticity of the operator L.

Theorem 3.14. If L is S,-globally hypoelliptic, then Lg is S,-globally hy-
poelliptic.

Proof: We follow the same argument as in the proof of Theorem 3.5 in [20]:
we assume by contradiction that Ly is not S,-GH and we prove that this
implies that L is not §,-GH. By Theorem it follows that by = 0 and a is
a pr-exponential Liouville number with respect to the sequence {\;}. Since
implies the condition ii) in Lemmal3.5] it follows that there exist €, > 0
and a sequence {js}sen such that jy is strictly increasing, j, > ¢, and

1

|1 — e72ma0Xi| < exp (—eojfn") for all £ € N. (3.21)

By Proposition we may assume without loss of generality that co)\;, ¢
Z for all £. For the sake of simplicity, let us define M;(t) = A;c(t). We can
find a sequence ¢, € [0, 27| such that

1) t
/ SM;, (r)dr = max}/ SM;, (r)dr,
0 0

te[0,27

from which we obtain

t
/ SM,, (r)dr < 0, Vit € [0,27], € € N. (3.22)

e

Note that by possibly passing to a subsequence, we may assume that
there exists ty € [0, 27] such that t, — to, as { — 0.
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Let I be a closed interval in (0, 27) such that ¢ty ¢ I and take ¢ € G7(I,R),
such that 0 < ¢(¢t) < 1 and fo% o(t)dt > 0. For each ¢, let f,(t) be the
2m—periodic extension of

(1 — e~ 2ma0Xir) exp (— / t i/\/ljé(r)dr) é(t), t €[0,2n].

ty

A similar approach as in the proof of Theorem [3.12 shows that the func-

" Ey(t) = exp (— /t t i/\/lj,_,(r)dr>

satisfies an estimate of the form

O Eu(t)] < Coy AT (1) mextoms) ey (5 J) |
for ¢y as in . Hence

07 fult)] < CoyCAT ()™ e (_%0 j) |

Therefore,
f(tv CC) = Z fg(t)gﬁj[(lf) € Smax{a,mu},u C ﬁu-
(=1

Now, the next step is to exhibit an element u of %),\.%,, such that iLu = f.
For this, for every ¢ € N, we set

1 27 ) t
Ug(t) = m/o eXp (—Z /t_ Mje(r) dr) fg(t - S)dS,

e

which is well defined since ag);, ¢ Z.
Firstly, note that in case t,s € [0,27] and t — s > 0 we have

2m t
lue(t)| < ‘1_;27”%)\/0 exp (— /_ i./\/lje(r)d”r‘) fo(t — s)ds

2m t t—s
< / exp </ SM;, (r)dr +/ SIM;, (r)dr) ds
0 t—s t
2 t ‘
= / exp (/ %Mjé(r)dr) ds < 2,
0 ty
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in view of (3.22).

On the other hand, assume ¢,s € [0,27] and ¢t — s < 0. Since fi(t — s) =
fo(t — s+ 2m), for all £, we obtain

21 t t—s+2m
lue(t)] < / exp (/ SM,, (r)dr +/ SMjZ(T)dr) ds
0 t—s

ty

2 t t—s+2m
= / exp </ SM;, (r)dr +/ SIM;, (r)dr> ds
0 t t—s
2 Zt
= / exp (/ %Mjg(r)dr) ds < 2.
0 ty

Therefore, u(-) increases slowly and

u=Y wult)p;, € %(T xR").

leN

Let I be the interval [a,b] C (0,27). If tx > b, then t, > b, for all ¢
sufficiently large, and

tg—a 21
|ue(te)| = /t oty —s)ds = [ B(t)dt > 0.

¢—b 0

On the other hand, if ¢ty < a, then t, < a, for all ¢ sufficiently large, and

tg—a+27r te
/ exp (—/ i./\/ljz(r)dr>
ty—b+2m ty—s

ty—s+2m
X exp (—/ i./\/lg(r)dr> o(te — s+ 2m)ds

ty

[ue(te)| =

27
:/ ¢(s)ds > 0.
0

Hence |uy(ts)| > 0 and it is independent of ¢. This implies that us(-) does
not satisfy (2.16)), hence v ¢ .%,(T x R™). This contraddicts the hypothesis
that L is S,-GH.

UJ

Proposition 3.15. The operator L = D, + a(t)P(x, D,) is S,,-globally hy-
poelliptic if and only if the same holds true for Lo, = Dy + aoP(x, D,), that
18, if and only if ag is not a p-exponential Liouville number with respect to

{A\}
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Proof: By Theorem it is sufficient to prove that if L,, is S,-GH, then
L is §,-GH. Now, if L,, is S,-GH then from Theorem we have that ag
is not a p-exponential Liouville number with respect to {A;}. Moreover, the
set Z = {j € N;ap\; € Z} is finite and, for any given f € F,,, the solutions
of the equations

Opu;(t) + ia(t) Aju;(t) = f;(t)

are given by

1 27 ' t
uy(t) = T /O exp <_mj /t_sa(r) dr) It = s)ds,

for j large enough.
By a similar approach as in the proof of Theorem |3.12] we obtain that
there exists ¢ > 0 and C' > 0 such that

max{o,m, 1 € ._L_
o (0)] < e e (<557

Finally, since aq is not a p-exponential Liouville number, it follows from

Definition and Lemma [3.5] for § = y/4 and n = 2ny, that
97 (1)) < CTH (e exp (=27 )

for a new constant C' > 0. Hence, u € Spax{o,mpu} -

3.2.1. Change of sign condition
To conclude the proof of Theorem |3.11] it remains to prove that if b #Z 0
and b changes sign, then L is not S,-GH. So, let us investigate the effect of
a change of sign condition on b(t), namely, by admitting the existence of ¢+
and ¢t~ such that
b(tt) >0 and b(t7) < 0.

To do this we need the following: for each n € [0, 27], let B,, : [0,27] = R
defined by

Lemma 3.16. Let b be a smooth real 2m-periodic function on R, such that
b % 0 on any interval. Then, the following properties are equivalent:
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a) b changes sign;
b) there exists tg € R and t*, t, €|ty to + 27| such that

B:-(t) <0, Vt € |ty, to + 27], and
Bt* (t) >0, Vt e ]to,to + 271’[;
c) there exists tog € R, partitions

o< a" <" <t < <p" <ty+2m,

to < @y < Ve <ty <0y < [y < tg+ 2m,

and positive constants c*, c, such that the following estimates hold

max B (t) < —c*, and 3.23
et 25 B ) (323
min By, (t) > c.. (3.24)

t€ [0, yx] U0+, B+]
Proof: See Lemma 5.10 in [19].
U

Theorem 3.17. Suppose that b € G7(T) is not identically zero on any in-

terval in [0,27]. If b changes sign, then L is not S,-globally hypoelliptic for
1

any p 2> ;.

Proof: The proof is a variant of the proof of Theorem 5.9 in [19]. With the
same notation of Lemma |3.16| set the intervals

I" =[a", " ]U[6", 8] and I, = [, 7] U [0, Bsl,

and choose ¢*, g., ¥*, 1, € G7(T) such that

supp(v*) C [0,27] and ¥*|jq- g = 1,

supp(g”) C [a", 8] and ¢"[p- 6 = 1,
and

supp(¢) C [0,27] and .5 = 1,

supp(gs) C [, Bi] and gulp, 60 = 1.
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Since |\;| — oo, by possibly passing to a subsequence, we may assume that
Aj >0, for all 7, or \; <0, for all j. Let us start with the first case A\; > 0
and define {u;} C G7(T) by

uj(t) = g"(t) exp [Aj" (8) (Be (1) — iAp(1))]
where A, (t) = f; a(s)ds. Then, if ¢ € supp(g*) we get
uj(t) = g"(t) exp [A; By (t) — 14w (1))],

and N8 < 1) since By (t) < 0 on I*.
Therefore, for any f§ € N and ¢ € supp(g*) we obtain (2.26]). Since
|u;(t*)] = 1, for any j, we have

{u;j(t)} ~ v e (T xR")\ Z,(T xR"), (3.25)
Next, consider the sequence
() = —ig" () exp [N () (B (t) — i A (1))] -

Note that supp(f;) C I*, for any € N, hence

195 45(0) Z()ak (g (1)) 105 (exp (B (1) — i (1))

S

k
<Ctt Y (k) (K752 exp (X Bys (t))
s=0

1752 exp(AiBy (1))

J]km/Qn eXp(—C*Aj)

ajkm/Zn exp(—/ij%),

VAN

0
B

_l’_
—

~~

x~

\/ \-./- \/

for some positive constant k, in view of (2.9)).
Now, by Lemma [2.5] we obtain C' = C(k) so that

|0F f5(t)] < CHFH RN+ exp (_gj2%>

< O (k)™ exp (=557 ).
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where the last inequality is a consequence of the fact that 4 > 1/2 and m > 2
imply p > 1/m. Therefore,

{fiO)} ~ f € FuTxR"), p>1/2,

implying that L is not §,-GH, since Lu = f.
Finally, we point out that in case A; < 0 we can proceed as before by
defining the sequences

uj(t) = g.(t) exp (Ao (£) (B, (1) — i, (1))]

and
fi(t) = —ig. (t) exp [N (8) (B, (t) — 1A, (1))
O

Remark 3.18. We remark that Theorem|3.17 can be extended to the follow-
ing case: there exist an interval [to,t1] C [0,27] and § > 0 such that

b(t) > 0, Vt € (ty — 6, 1),
b(t) =0, Vt € [to, 1],
b(t) < 0, WVt € (t1, 4, + 0).

Indeed, in this case we may consider cutoff functions gy and g, such that
supp(go) C [to — €,to + €] and go|ig—e/2.t04+¢/2) = 1,
supp(g1) C [th — €, t1 + €| and g1|,—e/2,414+¢/2) = 1,

for e sufficiently small. Also, we set

Bult) = [ b, € sunplan).

to

Bt = [ ts)ds, 1 € supplon).

t1

Therefore, the sequence
u;j(t) = go(t) exp [X;(Bo(t) — iA(t))] + g1(t) exp [A;(Ba(t) — 1A(1))],

where A(t) = fot a(s)ds, satisfies {u;(t)} ~ v e U, \ F, and Lu € Z,,.
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