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GLOBALIZATION FOR GEOMETRIC PARTIAL COMODULES
PAOLO SARACCO AND JOOST VERCRUYSSE

ABSTRACT. We discuss globalization for geometric partial comodules in a monoidal cat-
egory with pushouts and we provide a concrete procedure to construct it, whenever it
exists. The mild assumptions required by our approach make it possible to apply it in a
number of contexts of interests, recovering and extending numerous ad hoc globalization
constructions from the literature in some cases and providing obstruction for globalization
in some other cases.

1. INTRODUCTION

The notion of partial action of a group on a set (also known as partial dynamical system)
appeared in [2I] within the theory of operator algebras as an approach to C*-algebras
generated by partial isometries, permitting, in particular, the study of their K-theory, ideal
structure and representations. The point of view of crossed products by partial actions of
groups has been enormously successful for classifying C*-algebras and in the last few years
the investigation of topological and C*-algebraic partial dynamical systems experienced a
period of intense activity (for instance, recently, partial coactions of C*-bialgebras and of
C*-quantum groups on C*-algebras were introduced and studied in [29]).

At the same time, the study of partial actions and representations from a more algebraic
point of view attracted the attention of numerous researchers in the field and soon it
became an independent topic of interest in algebra and ring theory, resulting in remarkable
applications and theoretic development (for an idea of the impact of partial (co)actions on
contemporary Mathematics, we refer the reader to the recent survey [16] and the references
therein). In particular, motivated by an extension of classical Galois theory [20], partial
actions entered the realm of Hopf algebras [13], [14].

One of the relevant questions in the study of partial actions is the problem of the existence
and uniqueness of a globalization (also called an enveloping action). Any action of a group
on a set induces a partial action of the group on any subset by restriction (see Example
below). The other way around, “globalizing” a given partial action means to find a
(minimal) global action such that the initial partial action can be realized as the restriction
of this global one. The aim of the restriction and globalization procedures is to relate
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partial and global actions in such a way that results can be extended from the global to the
more general partial setting and, conversely, general results in the partial case can be used
to refine and complete our understanding of global actions. In addition, globalizable partial
actions play a key role in the development of Galois theory of partial group actions in [20].

The study of this problem begun in the context of partial actions of groups on topological
spaces in [I] and, independently, [26], where it was proved that, up to isomorphism, each
partial action can be globalized (see also [27]). For the partial actions of a group on a
unital associative algebra, a criterion for the globalizability was given in [I8, Theorem 4.5].
This criterion was generalized to the so-called left s-unital rings (i.e. rings with left local
units) in [I7] and it was also used to analyse when a partial action on a semiprime ring
is globalizable [T, [I5]. In [19], a globalization for twisted partial actions was established
and in [23] the problem of globalizability of partial actions on non-necessarily unital rings,
algebras and C*-algebras was studied. In the theory of partial (co)actions of Hopf algebras,
one of the first results obtained was exactly that every partial action of a Hopf algebra on a
unital algebra admits a suitable globalization [3], 4], which however is not necessarily unital.
Similar theorems were proved in other contexts such as partial actions of Hopf algebras on
k-linear categories [2], twisted partial actions of Hopf algebras [6], partial modules over a
Hopf algebra [7], partial actions of multiplier Hopf algebras [24], partial groupoid actions
on rings [8], on s-unital rings [9] and, very recently, on R-categories [31]. In this framework
as well, having a globalization theorem triggered several new results. For example, in [4]
the authors obtained a version of Blattner-Montgomery theorem for the case of partial
actions, extending the analogue of the Cohen-Montgomery duality obtained in [28].

However, in each of the previous situations there is an ad hoc construction of the
globalization, depending heavily on the nature of the objects carrying the partial action. In
this paper we propose a unified approach to globalization in a categorical setting and we
provide a concrete procedure to construct it.

Our approach relies on the notion of geometric partial comodule recently introduced in
[25]. Unlike partial actions as described above, which exist only for (topological) groups
and Hopf algebras, geometric partial comodules can be defined over any coalgebra in a
monoidal category. Hence, their field of applications is much wider and, at the same time,
it encompasses classical partial actions, which can be recovered by considering a group as a
coalgebra in the opposite of the category of sets. Moreover, geometric partial comodules
allow us to describe phenomena that are out of the reach of the theory of partial (co)actions
in the Hopf algebra framework. For instance, recall that the coordinate algebras of algebraic
groups provide classical examples of Hopf algebras, which in turn are the backbone of the
algebraic approach to the representation theory of those, in the sense that regular actions of
algebraic groups on affine varieties correspond to coactions of the coordinate Hopf algebras
on the corresponding coordinate rings. Despite this, it has been shown in [I0] that a partial
coaction in the sense of [14] of the coordinate Hopf algebra O(G) of an algebraic group G
on the coordinate ring O(X) of an affine space X is always global, unless X is a disjoint
union of non-empty subspaces.

The notion of geometric partial comodules was proposed in [25] as an alternative to partial
(co)actions of Hopf algebras, in order to describe genuine (e.g. irreducible) partial actions
of algebraic groups from a Hopf-algebraic point of view. In view of this purpose, the prefix
geometric was added, in order to distinguish the latter ones from the algebraic ones as
n [I4]. At the same time, however, it turned out that geometric partial comodules allow
to approach in a unified way partial actions of groups on sets, partial coactions of Hopf
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algebras on algebras and partial (co)actions of Hopf algebras on vector spaces (i.e. partial
(co)representations of Hopf algebras) as well. As a consequence, the question of studying
the existence (and uniqueness) of globalization for geometric partial comodules naturally
arises as a unifying way to address the issue. The present paper is devoted to deal with
this question.

After recalling the main features of the theory of geometric partial comodules over
coalgebras in in we recall the procedure to construct a geometric partial comodule
from a global comodule Y together with an epimorphism p : ¥ — X in the underlying
category. The resulting geometric partial comodule X is said to be induced by the pair
(Y, p). Moreover, by defining a suitable category of ‘covers’, which are triples (Y, X, p) as
above, we show that this construction becomes functorial.

Our main results are proven in §3.1], where we also introduce the concept of globalization
for geometric partial comodules. In Theorem [3.5] definitely the most important of the paper,
we provide necessary and sufficient conditions for the existence of the globalization and
we exhibit an explicit construction of the latter, whenever it exists. In Corollary [3.8] this
construction is proven to be functorial and to provide a right adjoint G to the fully faithful
embedding from global comodules into globalizable partial comodules. A remarkable fact is
that this adjunction provides a splitting of the classical free-forgetful adjunction for global
comodules (see Proposition [3.10)), which shows once more how the theory of (geometric)
partial comodules provides a refinement of the classical global theory.

Finally, in Theorem we show that the category of globalizable geometric partial
comodules is equivalent to the one of minimal proper covers, thus offering a way of concretely
describing the globalizable partial comodules among all the geometric partial ones.

These results do not only provide an effective tool to compute the globalization whenever
it exists, but they also allow to test if a globalization indeed exists and to provide an
obstruction in case it does not. In fact, although globalizations of partial actions on
topological spaces always exist, it is known that the topological properties of the initial
space are not necessarily shared by its globalization (for example, the globalization of a
partial action on a Hausdorff space is not necessarily Hausdorff). Similarly, partial actions
on C*-algebras are not globalizable in general (see [1, Proposition 2.1] for a criterion for the
existence of a globalization of a partial action on commutative C*-algebras). Theorem
allows to identify more cases of this phenomenon and, in particular, Corollary shows
that in the category of algebras over a field there exist geometric partial comodules which
do not admit a globalization. We conclude the paper with a few additional examples.

In two forthcoming papers [33], 34], we analyse closely a number of concrete instances of
globalization obtained by applying the general approach of the present paper. In particular,
we will show how globalization theorems appearing in the literature (and recalled above)
are subsumed as particular instances of our results and, moreover, how our approach allows
to obtain new types of globalizations as well.

2. GEOMETRIC PARTIAL COMODULES

2.1. Preliminaries. Let (C,®,1,a,[,t) be a monoidal category with pushouts. For any
object X in C, we usually denote the identity morphism on X again by X. Moreover, for any
algebra A and any coalgebra H in C, we denote by Mod 4 the category of (right) A-modules
and by Com” the category of (right) H-comodules. We also assume implicitly the category
C to be strict (i.e. a, [, v being identities) and hence omit the constraint isomorphisms.
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Recall now from [25] §2] the following definitions.
Definition 2.1. Let (H, A ¢) be a coalgebra in C. A partial comodule datum is a cospan

X X®H
XeH

[ ]
in C where mx is an epimorphism.

Remark 2.2. Recall that cospans in a category with pushouts form a bicategory. The same is
true for those cospans admitting a leg which is an epimorphism, as in . The composition
is defined by means of the pushout of the adjacent maps, that is to say, for the cospans

fl\/ and f2\/

the composition is provided by the cospan

Xo
fl\/ﬁ\/
S

Given two cospans (Y;, fi,m) and (Ys, fa, mo) with same domain X; and same codomain
Xy, a morphism « : (Y7, f1,m) — (Ya, f2, m2) of cospans is a morphism « : Y] — Y5 in C
such that my = a o and fy = ao fi. Notice that if a morphism « as before exists, then it
is unique and it is an epimorphism, because m; and my are epimorphisms themselves. As a
consequence, the Hom-categories in the bicategory of cospans with one epimorphic leg are in
fact partially ordered sets. Thus, if between two such cospans there exist morphisms in both
directions, then these morphisms are mutual inverses and so, in particular, isomorphisms.

Any partial comodule datum induces canonically the following pushouts

X®H

X@H X®A
/ KM XoH/ X®H®H
XeH (X e H)® H PN LN 2)

XA/\ TXeH X. ®H X H)@H
(XeH)oH ﬂ\ /
o(HeH)

Definition 2.3. Let (H, A, ¢) be a coalgebra in C. A geometric partial comodule is a partial
comodule datum (X, X e H, wx, px) that satisfies the following conditions.

(GP1) Counitality: there exists a morphism X ec: X @ H — X which makes the following
diagram commutative.

X PX X X®H
e
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(GP2) Geometric coassociativity: there exists an isomorphism
0:Xe(HeH)— (XeH)eH
such that the following diagrams commute

pxeH

(X e H)® H X P XeH (XeH)eoH

W’)(,ﬁ/ N‘T\XCH pxl/ T@
Xe(HeH)— —~(XeH)eH XeH Xe(HRH)—=Xe(HeH).

Tx

XeA

If (X,X e H, 7x,px)and (Y,Y e H my, py) are geometric partial comodules, then a
morphism of geometric partial comodules is a pair (f, f ¢ H) of morphisms in C with
f:X—Yand feH:XeH —Y eH such that the following diagram commutes

X ~ X®H
fl&XoH/z/ lf@H 3
Y\\:ﬂl Yo H )

oy YOH.A“/Y

We will often denote a geometric partial comodule (X, X e H, wx, px) simply by X and a
morphism as above simply by f. Moreover, we denote by gPCom® the category of geometric
partial comodules over H.

From the above definitions (and more precisely from the fact that the morphisms 7y are
epimorphisms) it follows that the obvious forgetful functor U : gPCom” — C is faithful. In
addition, any usual (global) comodule (X, dx) over H is a geometric partial comodule where
mx is the identity and px = dx. More precisely, Com” is a full subcategory of gPCom®”
and we denote the associated embedding functor by Z : Com” — gPCom®.

By specializing C to appropriate categories, examples of geometric partial comodules
can be obtained from various partial structures studied extensively in literature, such as
partial actions of (topological) groups and monoids (see [I, 26] 27]), partial (co)actions and
(co)representations of Hopf algebras (see [, [7]) and partial comodule algebras (see [4] 14]).
For some concrete examples we refer the reader to [25], [33] and [34].

Remarks 2.4. (i) The notion of geometric partial comodule should not be confused with
the notion of partial comodule over a Hopf algebra as it appears in [5 §3].

(ii) If (Y, dy) is an H-comodule, viewed as a geometric partial comodule under the em-
bedding functor Z, and if (X, X e H,7wx,px) is a geometric partial comodule, then
f:Y — X is a morphism of geometric partial comodules Z(Y') — X if and only if the
following diagram commutes

Y X

l l (4)
VeoH " xoH ™ Xel.

Let us conclude this subsection by recalling that one of the most important sources
of geometric partial comodules is provided by the so-called induction procedure. This
construction appears originally as [25, Example 2.5] under slightly stronger hypotheses on
the base category C, but the argument in [25] still holds in the present context, too.
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Definition 2.5. Let (Y,d) be an H-comodule and let p : Y — X an epimorphism in C.
The pushout

/ Y WH)oé
X

XoH (5)
s e
XeoeH

makes (X, X o H,7x, px) a geometric partial comodule and p becomes a morphism of
geometric partial comodules p : Z(Y) — X. We refer to this as the induced partial comodule
structure from Y to X.

The motivation for the above construction comes from the following example.

Example 2.6. Considering the case C = Set°”, assume that Y is a G-set with global action
b:GxY —Y and that j : X CY is any subset. One can perform the pullback

ﬂO(GX%)Y Y \)
X

GxX
~L N
GeX.

Because j is injective, it turns out that G ¢ X = {(g,2) € G x X | B4(z) € X} and that
alg,x) = fy(x) for all z € X N B 1(X). If we define X1 = {z € X | (g,z) € Ge X} and
ay(z) = alg,z) for all g € G, then {X, o, } gives a partial action of G on X in the sense
of [22, Definition 1.2]. We say that this is the partial action induced from Y to X.

The so-called globalization question concerns exactly the problem of deciding when a
geometric partial comodule structure on an object X over a coalgebra H has been induced
by a (preferably, uniquely determined) global comodule (Y, d) as in Definition [2.5|and which
geometric partial comodules admit such an inducing global comodule. In the present paper
we will address both these questions by providing a criterion to determine when a geometric
partial comodule is globalizable (Theorem and by providing a complete description
(under some mild assumptions on the category of H-comodules) of the globalizable geometric

partial comodules, in terms of what we are going to call in the next subsection the minimal
proper covers (Theorem (3.11]).

2.2. Making induction functorial: the category of global covers. Inspired by the
construction from Definition [2.5] we introduce the following definition, which allows us to
make the process of induction functorial.

Definition 2.7. We denote by Cov” the category whose objects are triples (Y, X, p) where
Y is a global H-comodule, X is an object in C and p: Y — X is an epimorphism in C. We
will refer to these objects as (global) covers and often denote them simply by p: Y — X.
A morphism (F, f) : (Y, X,p) — (Y, X',p)) in Cov” consists of a morphism of H-
comodules F': Y — Y’ and a C-morphism f : X — X’ such that p’o F' = fop.

Proposition 2.8. The procedure of constructing the induced geometric partial comodule
structure from a global cover as in Definition defines a functor

Ind : Cov?’ — gPCom”.
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Proof. From Definition [2.5| we see that Ind is well-defined on objects. If (F, f) : (Y, X,p) —
(Y', X', p') is a morphism in Cov’’, then we set Ind(F, f) := f. Since F is H-colinear,

mx o(f@H)o(p@H)ody =mx0o(p) @H)o(FRH)ody =nx0(p @ H)ody o F

()
pX,op'oF:pX/ofop

and therefore, by the universal property of the pushout X e H, there exists a unique morphism
feH : XeH — X'eH in C such that (feH)opx = px:of and (feH)ory =y o(fQH),
i.e. (f,feH) is a morphism in gPCom® . O

The following example shows that the same geometric partial comodule can be induced
by many different global comodules.

Example 2.9. Assume that X and Y are global H-comodules and that p:Y — X is an
epimorphism which is H-colinear. One may check directly that we have the pushout

p/ Y \@H)O(sy
X

X®H
% N /
X®H

and hence the induced geometric partial comodule structure on X is its own global one.

In view of Example 2.9, it is natural to introduce the following definitions, in order to
avoid that a cover contains superfluous information.

Definition 2.10. Let (Y, dy) be a global comodule over the coalgebra H in C and let
p:Y — X be an epimorphism in C. We say that Y is co-generated by X as a comodule if

the following composition is a monomorphism in Com?:

(p@H)ody:Y - X ® H.

Example 2.11. The subsequent examples argue in favour of the appropriateness of the
terminology just introduced.

(1) If we rephrase Definition for C = Vect,”, then we recover the classical notion of
module generated by a subspace.

(2) If we let C be Set® and H be a group, then we recover the familiar notion of orbit
under the action of H.

(3) In C = Vecty instead, it says exactly that Y is isomorphic to a subcomodule of the
free comodule X ® H (via (p® H) o dy), which is in accordance with the definition of
finitely co-generated comodules in Vecty used in [35, Example 1.2].

Definition 2.12. A global cover (Y, X, p) is called properif Y is co-generated by X, that
is, if (p ® H) o dy is a monomorphism in Com. Denote by Covfr the full subcategory of
Cov’? consisting of all proper covers.

A proper cover (Y, X, p) is called minimal if it does not factor through another proper
cover. More explicitly, if (Y’, X, p') is another proper cover such that p = p’ o ¢ for some
morphism ¢ : Y — Y’ in C, then ¢ is an isomorphism. Denote by Covimm the full
subcategory of Covg consisting of all minimal proper covers.

Corollary 2.13. The functor Ind from Proposition restricts to a faithful functor
Ind : Covg — gPCom?”.
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Proof. Consider morphisms (F, f),(F', f) : (Y, X,p) — (Y, X', p/) in Cova, so that

Ind(F, f) = f = Ind(F’, f). Then by a similar computation as in the proof of Propo-
sition 2.8 we find that

(p/®H)OéleF:(f@H)O<p/®H)05Y:(p,®H)OdleF/,

Since (Y', X', p') is proper, (p/ ® H) o dys is a monomorphism in Com, hence F = F”,
hence (F, f) = (F', f) and Ind is faithful. O

Example 2.14. It is important to notice that the functor Ind from Corollary is not
full. For example, in C = Top®® consider the topological group H = ((R,T),+,0) and the
natural (topological) global action px of H on X = (R, T) itself given by translation, where
all the copies of R have the ordinary euclidean topology T. Then (X, X, idgr) is an object in
Covg and Ind(X, X,idgr) = (X, H x X, idgxx, px) with the global action of H.

Consider also the global action of H = ((R,T),+,0) on Y = (R, '), but with the trivial
topology T := {0, R}. The identity p = idg : (R,T) — (R, T) is a continuous R-linear
monomorphism. The triple (Y, X p) is an object in Covg7 because Hx X % Hxy Y
is a continuous epimorphism. The geometric partial comodule Ind(Y, X, p) in this case is
again simply the global action (X, H x X, idy«x,px) of H on X.

Therefore, (idy,idgxx) € gPCom” (Ind(X, X, idg), Ind(Y, X,p)) = gPCom™ (X, X), but
since the identity map on R is not a continuous morphism from Y to X, the morphism
(idx, idg«x) is not in the image of the functor Ind, hence the functor is not full.

Remark however that the cover (Y, X, p) in Example is not minimal: Z = (R, ")
where T is any intermediate topology T C T C T provides an intermediate, non homeo-
morphic, proper cover. In and under some mild assumptions, we will prove that the

restriction of the functor Ind to the category of minimal proper covers is full, by means of
the globalization procedure (see Theorem [3.11)).

3. THE GLOBALIZATION QUESTION

As mentioned at the end of §2.1] the globalization question concerns the problem of
determining when a geometric partial comodule structure is induced by a (unique) global
one and how to describe the induced partial comodules among all the geometric partial
ones. We begin by addressing the first problem.

3.1. Globalization for geometric partial comodules. As the globalization of a partial
action of a group GG on a set X is the smallest G-set containing X and such that the partial
action is induced by restriction of the global one (see [I, Theorem 1.1]), we expect the
globalization of a partial comodule X to be a universal H-comodule “covering” X and such
that the partial coaction is induced by the global one.

Definition 3.1. Given a geometric partial comodule (X, X @ H 7y, px) over the coalgebra
H in the monoidal category with pushouts C, a globalization for X is a global comodule
(Y, 6) with a morphism p : Y — X in C such that

(GL1) p:Z(Y) — X is a morphism of geometric partial comodules (that is, (4) commutes);

(GL2) the corresponding diagram is a pushout square in C;

(GL3) Y is universal among all global comodules admitting a morphism of geometric partial
comodules to X: if (Z,¢') is global and ¢ : Z(Z) — X is of partial comodules, then
there is a unique morphism of global comodules n : Z — Y such that pon = gq.
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We say that X is globalizable if a globalization for X exists and we denote by gPComg the
full subcategory of gPCom” composed by the globalizable partial comodules.

Lemma 3.2. Let (X, X @ H,7x, px) be a geometric partial comodule and (Y, ) be a global
comodule. If p:Y — X is a morphism of geometric partial comodules in C such that 5
a pushout diagram, then p is an epimorphism.

Proof. It f,g: X — S are two morphisms in C such that f op = go p, then
go(X®@e)o(p@H)obd=gop=fop

and hence, by the universal property of the pushout, there exists a unique morphism

o:XeH — SinCsuchthat copy = fand comy = go(X ®e). However, the counitality

condition [(GP1)|entails that comy = go(X ®e) = go(X ec)omy and hence o = go (X e¢).
Thus, by [(GP1)| again, f =copx =go (X ec)opx =g. 0

Let (X, X e H,7x, px) be a geometric partial comodule over H. Axioms |(GL1) [(GL2)|
and Lemma tell us that the partial comodule X is induced by the global comodule Y
as in Definition Axiom ensures that Y does not carry superfluous information,
as it is clear that if p’ : Y/ — Y is an epimorphism of global comodules, then X is induced
by pop' : Y’ — X as well. The universal property assures also that a globalization
is unique up to isomorphism, whenever it exists.

Therefore, the globalization of X is, by definition, a global cover (Y, X, p) in the sense of
Definition such that the given geometric partial comodule structure on X is induced
by the global comodule structure on Y and such that Y is universal with respect to this
property. This suggests that one may call an inducing global cover a global comodule Y
satisfying [(GL1)| and [(GL2)| and then the globalization would be the universal inducing
global cover, in the sense of condition [(GL3)|

Similarly, one may observe that conditions|(GL1)land [(GL3)|can be treated independently
from condition (see [33, Remark 2.4]). This suggests that one may also call pre-
globalization a global module (Y §) together with a morphism p: Y — X in C satisfying
[(GL1)| and [[GL3)| and not necessarily [[GL2)|

However, since we are interested in globalizations as they have been dealt with in the
literature (that is, which are inducing the given partial comodule structure and which are
universal with respect to this property), we focus on global comodules satisfying all the
conditions at the same time.

The following lemma represents the key step toward our globalization theorem.

Lemma 3.3. Let (H,A,¢) be a coalgebra in C. Consider a geometric partial comodule
(X, X eH, mx,px), the associated free (global) H-comodule (X @ H, X ® A) and the parallel
morphisms

pPxQ®H

(X®H X ®A) (XeH®RH XeH®A) (6)
(mx®H)o(X®A)

in Com®™. Consider as well a global H-comodule (Y,8) and the induced geometric partial
comodule Z(Y) = (Y, Y ® H,id,0). Then there is a bijective correspondence:

gPCom™(Z(Y), X) = {f € Com™ (Y, X @ H) | (px © H) o f = (mx ® H) o (X ® A) o f}
g~ (g@H)o6
(X®e)ofif
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Moreover, this correspondence is natural in both arguments Y and X.

Proof. Consider g € gPCom™(Z(Y), X), that is to say, mx o (g®@ H) 06 = px o g (see
). Since both 0 : Y - Y ® Hand g® H : Y ® H — X ® H are morphisms of global
H-comodules, so is (g ® H) o d. Moreover, we find that

(pX®H)o(g®H)05 (rx @H)o (@ HR H)o (0@ H)od
=(mx®@H)o(¢g®HRH)o(YR®A)od=(rx@H)o(X®A)o(g® H)od.
Consequently, the first map of the statement is well-defined.
Conversely, for any morphism of global comodules f : Y — X ® H equalizing (px ® H)
and (mx ® H) o (X ® A) we find, using this equalizing property in the second equality, that
pro(X@e)of = (XeH®e)o(pxaH)of
= (XeH®e)o(rx@H)o(X®A)o f
= Txo(X®H®e)o(X®A)of=nxof
= mxo(X®ec®H)o(X®A)of
= mxo(X®e®H)o(f@H)od
where we used the H-colinearity of f in the last equality. Consequently (see (), (X ®¢)o f
is a morphism of geometric partial comodules.
As f € Com” (Y, X ® H) is H-colinear, we have that f = (X ® e® H) o (f ® H) o 6.
Finally, for any g € gPCom™ (Z(Y"), X) we obviously have
(X®e)o(g@H)od=go(Y®e)od=g
and hence we obtain the required bijection. Naturality follows by a direct computation. [
In case C = Set®, Definition coincides with the globalization (or enveloping action)
as defined and studied in [I]. It has been proven, for instance in [I, Theorem 1.1] or [26],

§3.1], that the globalization of a partial action of a group G on a set X or, equivalently, of
a geometric partial comodule

Gx X X
o r

" GeX

over G in Set” (see [25] and Example [2.6]), always exists and it is given by the quotient
Y = (G x X)/ ~, where (g,z) ~ (h,y) if and only if (h"'g,z) € Ge X and a(h™'g,x) = y.
The (global) action of G on Y is given by

h - [g,l‘] = [hg,l‘L

where [g, z] denotes the equivalence class of (¢g,2) € G x X under the relation ~. The
following proposition clarifies the motivation behind the approach to globalization we
advocate in this paper.

Proposition 3.4. Consider a group G and a partial action (X,G e X, 1,a). Then the
globalization of X is given exactly by the the coequalizer in Set of the pair

GXxa

GXx(GeX) G x X. (7)

(uxX)o(Gxe)
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Proof. From the remark preceding this proposition we know that the globalization G x X/ ~;,
being a quotient by an equivalence relation, is by definition the coequalizer of the pair

RZ:;lGXX where

R ={((g9,2),(h,y)) € (Gx X) x(GxX)|xe Xy, and ap-14(x) =y}

is the equivalence relation ~ and py, ps are the (restrictions of the) canonical projections.
One may check that the assignments

p:R—=Gx(GeX), ((g:2),(h,y)) = (h, (h"g,2)),
GG x(GeX) R, (m,(n,2) = ((mn,2), (m,n - 2)),
are well-defined and each other inverses, making the following diagram

p1

R GxX
D2
wuw
(pxX)o(Gx1)
Gx(GeX) GxX
GXxa

to commute sequentially. Hence, it turns out that Y together with the obvious projection
p:GxX =Y, (g,x) — [g,z], is the coequalizer in Set of the pair @ O

Lemma |3.3] and Proposition [3.4] suggest that the globalization for a partial comodule
could be constructed by considering the equalizer of the corresponding pair @ Our main
result, Theorem |3.5|, shows that this is indeed the case.

As we henceforth need that a particular equalizer in the category of comodules over the
coalgebra H exists, let us recall that this is a rather mild condition. In fact, in [32] it is
shown that for C of the form Mod, (for a commutative ring k) or 4Mod, (for a possibly
non-commutative ring A), the category of comodules over any coalgebra in C is complete.
Furthermore, it is well-known that the limit of any given diagram in Com® exists whenever
the limit of the same diagram in C exists and the functor — ® H ® H : C — C preserves it.
In particular,

Com? is complete if C is complete and H is a flat object in C,

that is, when the endofunctor — ® H preserves limits. These observations can be deduced
from, for example, [12, Proposition 4.3.2].

The advantage of the last case is that limits can be computed in the underlying category C.
Examples of such categories are (Set, x, {x}), (Set?, x, {*}), (Vecty, Qx, k), (Vect,”, R, k)
and (CAlg,, ®x, k) where k is a field, or the category (Mod, ®g, k) of (symmetric) modules
over a commutative ring k, provided that the coalgebra (H, A, ¢) is such that H is flat as
k-module. The category (Top®®, x,{*}) is an example as well, provided that the monoid
(H, p,u) in Top is such that H is locally compact Hausdorff (a sufficient condition to have
that — x H preserves colimits in Top) or that H is a topological group. The explicit
globalization for all these cases will be treated separately, in details, in [33] [34].

Theorem 3.5. Let H be a coalgebra in the monoidal category with pushouts C. Then a
geometric partial H-comodule X = (X, X e H, mx, px) is globalizable if and only if

(1) the equalizer (Yx, k) of the pair (6)) ezists in Com™ and
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(11) the commutative diagram

X
PN =

XeH ™

X®H (8)

is a pushout diagram in C.

Moreover, under these equivalent conditions Yx is the globalization of X and this globalization
is co-generated by X as a global H-comodule.

Proof. Observe that, by definition, X is globalizable if and only if there exists a universal
arrow ((Y, d),p), in the sense of [30, §II1.1], from Z to X (conditions [(GL1)[and |(GL3)
such that holds. Therefore, if X is globalizable then the assignment

Com™(Z,Y) — gPCom™(Z(Z), X),
n—=pon,
is bijective. Hence, by Lemma Y with k = (p® H) o J is the equalizer of px ® H
and (mx ® H) o (X ® A) in Com” and so holds. Moreover, since (X ® €) o k = p and

k= (p® H)od, diagram (8] coincides with diagram (), which is a pushout by [(GL2)]
Conversely, if the equalizer ((YX, J), li) of () exists in Com® then the assignment

Com™(Z,Yx) = {f € Com" (Yx, X @ H) | (px @ H) o f = (rx @ H) o (X ® A) o f}
n— Ko,

is bijective and hence, by Lemma again, we have that ¢ .= (X ® ) ok : Z(Yx) - X
is a universal arrow from Z to X (i.e.,|(GL1)|and |[(GL3) hold). Since property in the
statement of the theorem is exactly axiom [(GL2)} Y is a globalization of X.

For the last statement, it follows from the above that the globalization of X is given by
Yx. Moreover, since k = (e @ H) 0§ : Yx — X ® H is an equalizer, it is a monomorphism,
while e = (X ® €) ok : Yy — X is an epimorphism by Lemma Therefore, by Definition
2.10] Yx is co-generated by X as global comodule. O

It is of fundamental importance to realize that the necessary and sufficient conditions
of Theorem are not always satisfied in general, contrarily to what happens for partial
actions of groups. In the next example, we show a case where they fail to be fulfilled.

Example 3.6. Let C = Alg,, the category of algebras over a field k. Take H := k[z], the
monoid bialgebra over N with unit u : k — k[z], A(z) = 2 ® x and ¢(x) = 1, and take
A =k itself. Set A e H =k [y*!]. The canonical inclusion 7 : k[z] — k [y*!] 2 — ¥, is an
epimorphism of algebras. Therefore, the cospan

k u\/A - k[x]
k[y*']

is a partial comodule datum in Alg,, where v’ : k — k[yT!] is the unit of k[y*!]. We
claim that (k,k[y*!],7,4/) is, in fact, a geometric partial comodule. First of all, observe
that k [y*!] is the group Hopf algebra k[Z] with counit ¢ and comultiplication A’ and that
7 : k[z] — k[y*!] is a bialgebra morphism. This means that p == u : k — k[y*™'] is simply
the extension of scalars of 6 == u : k — k[x] along 7 (and this intuitively justifies why it
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is coassociative and counital). Then, to compute (A e H) @ H one observes that if B is a
k-algebra and f : k[y*'] — B, ¢ : k[y*'] ® k[x] — B are morphism of algebras such that
go(u®klz]) = fomthen: (i) g(1®x) = f(y) € B*, the invertible elements in B, and hence
there exists a unique g : k[y*'] — B of k-algebras extending g o (u ® k[z]) and (ii) since
g(1®z) = g(y) and g(y ® 1) clearly commute in B, there exists a unique algebra morphism
o k[yF @ k[y*!] — B such that p(y ® 1) = g(y ® 1) and p(1 ® y) = §(y). It follows
that (k[yﬂ] @ kly*H], v @ k[yF], k[yF @ 7r> is the pushout of (7, u ®k[z]) in Alg,. On the
other hand, to compute A e (H e H) one observes that if B is a k-algebra with k-algebra
morphisms f : k[y*'] = B, g : k[y*'] @ k[z] — B such that for = go (7 ®@k[z]) o A then:
(i) since g(y @ 1)g(1 ® x) = g(n(x) ® x) = f(y) € B>, ¢g(1 ® z) is invertible in B too, and
hence there exists a unique morphism of k-algebras g : k[y*'] — B,y — ¢(1 ® z), and
(i) since g(1 ® x) = g(y) and g(y ® 1) clearly commute in B, there exists a unique algebra
morphism ¢ : k[y*'] @ k[y*'] — B such that p(y ® 1) = g(y ® 1) and ¢(1 @ y) = §(y).
This implies that (]k[yil] @ k[y*], A" k[yt] @ 7r> is the pushout of (7r, (r @ k[z]) o A) in
Alg,. Therefore, § = id and coassociativity and counitality are given by A'(1) = 1® 1
and ¢/(1) = 1. Summing up, (k,k [y*!], 7, u') is a geometric partial k[z]-comodule in Alg,.
However,

Y = Eq(u@ ki), (r @ klz)) 0 A) = {p(m) € k] ‘ 1@ p(a) :zpiyiw} _k
and clearly
k u
k/ \k

u

[]

k [y*']

cannot be a pushout diagram. Notice also that working instead with C = CAlg,, the
category of commutative k-algebras, the same argument leads to the same conclusion.

Since Theorem shows that the globalization, whenever it exists, must be obtained as
the equalizer of @, we get an obstruction for its existence in the category of (commutative)
algebras.

Corollary 3.7 (of Theorem[3.5)). In the categories Alg, and CAlg, of (commutative) algebras
over a field k, a general globalization for geometric partial comodules does not exist.

Proof. This follows directly from Theorem [3.5]in combination with Example [3.6] O

A second important consequence of Theorem [3.5|is that the globalization construction is,
in fact, functorial and it provides a right adjoint to the inclusion functor Z.

Corollary 3.8 (of Theorem . FEvery global comodule is globalizable as geometric partial
comodule. That is, the functor T : Com® — gPCom® corestricts to a fully faithful functor

J : Com — gPComg.
Moreover, the assignment X — Yy induces a functor
g: gPComg — Com??

which is right adjoint to the fully faithful functor J : Com” — gPComZ.
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Proof. For any global comodule Y, the identity morphism id : Y — Y satisfies all axioms
(GL1)] and hence Y is the globalization of Z(Y'). Thus, the image of the fully faithful
functor Z : Com” — gPCom® lies in the full subcategory of globalizable partial comodules.

Moreover for any globalizable partial comodule X, axioms [(GL1)|and [(GL3)| entail that
we have a (global) comodule G(X) := Y and a universal arrow p : Z(Y) — X from Z to X,
which by Theorem [3.5 we can realize as the equalizer (Yx, k) of (6)) and as the morphism
ex = (X ® ¢) o k, respectively. Therefore, by [30, §IV.1, Theorem 2(iv)], X + Yx is the
object function of a functor G : gPComg — Com™ which is right adjoint to 7. O

Remarks 3.9. (a) For any global H-comodule (Y,0) it is well-known that the following
diagram is an absolute equalizer

5 S H
Y®H

Y Y®H®H .

X®A

As this equalizer is exactly the equalizer of @ applied the case X = J(Y), we find that
Y 2 GJ(Y) and this isomorphism describes the unit of the adjunction (7, G), which
reconfirms that 7 is a fully faithful functor. On the other hand, for any globalizable
partial comodule X the counit ex : JG(X) — X of the adjunction is given exactly by

ex = (X ®e¢)ok,

where £ is the equalizer of (6)), and which is a morphism of gPCom* by Lemma
(b) The conclusion of Corollary can be rephrased by saying that Com” is a coreflexive
subcategory of gPComZ , because it is a full subcategory whose inclusion functor admits

a right adjoint, and that Yy is the coreflector in Com” of X.

We conclude this subsection with a remarkable result, showing that the adjunction
of Corollary provides a splitting of the classical free-forgetful adjunction for global
comodules. By carefully inspecting the proof of [25 Proposition 2.20], one realizes that
if V®e:V®H — V is an epimorphism for every object V in C, then the forgetful
functor U : gPCom™ — C, (X, X e H 7x, px) — X, admits a right adjoint T" given by the
so-called trivial partial comodule construction. Namely, for every V € C one puts Ve H =V,
my =V ® ¢ and py = idy. This makes (V,V e H, 7y, py) a geometric partial H-comodule.
The next proposition tells that the trivial partial comodule structure on an object V in C is
always globalizable and that its globalization is exactly the usual free comodule over V',
supporting the fact that geometric partial comodules and the trivial-forgetful adjunction
are a refinement of usual comodules and the well-known free-forgetful adjunction.

Proposition 3.10. Assume that V @ ¢ :V ® H — V is an epimorphism in C for every
object V.. With notations as above, the free-forgetful adjunction between C and Com™ factors
through the category of globalizable geometric partial comodules as in the following diagram,
where the inner and outer triangles commute.

—®H

C Com?
gPComg

Proof. In view of Lemma , it is easy to check that (V ® H,V ® A) is the globalization
of (V,V,V ®e,idy). Thus, T(V) is always globalizable. Obviously, U o J : Com” — C
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coincides with the forgetful functor and, as G is right adjoint to J and 7' is right adjoint to
U, it follows by uniqueness of the right adjoint that GoT = — ® H : C — Com®. U

3.2. Globalization versus global covers. By definition, a globalizable partial comodule
is induced by a global comodule. Conversely, we can now finally show that any induced par-
tial comodule is globalizable and moreover that there is an equivalence between globalizable
partial comodules and minimal proper covers.

Theorem 3.11. Let H be a coalgebra in C for which the equalizer of the pair @ exists in
Com™ for any geometric partial comodule (e.g. a coalgebra H for which Com®™ is complete).

If X is a geometric partial comodule that has been induced by a global comodule, then X
is globalizable. In other words the functor Ind from Proposition |2.8 co-restricts to a functor

H
gl

which has a fully faithful right adjoint Gl given by GI(X) = (G(X), X, ex). Moreover, for
any globalizable partial comodule, GI(X) is a minimal proper cover in the sense of Definition
and the functors Ind and Gl induce an equivalence of categories

Ind : Cov’ — gPCom

Ind
~ gPComg .
Gl

H
pr,min

Cov

Proof. Let (Y, X, p) be a cover and Ind(Y, X, p) = (X, X ¢ H,7x, px) be the induced partial
comodule. By definition, p : Y — X is a morphism of geometric partial comodules. Then,
by Lemma there exists a unique H-colinear morphism p : Y — Yx such that ex op = p,
where Y is the equalizer @ in Com®. Now consider the following diagram

Y
P 8 (p®H)ody
JEE
X XQH
T e
XeoeH

The outer square is a pushout square, because X is induced by Y. Since the upper part of
the diagram commutes, it follows easily that the inner square is also a pushout square and
hence Yx is a globalization of X by Theorem (3.5} This shows that the functor Ind indeed
corestricts to the category of globalizable geometric partial comodules.

The functor Gl is obviously well-defined and the adjunction property follows easily from
the adjunction (7, G) in Corollary . As any globalizable geometric partial comodule is
induced by its globalization, we have that (Ind o Gl) (X) = X, from which it follows that Gl
is fully faithful.

If X is a globalizable geometric partial comodule, then we know from Theorem that
its globalization G(X) = Yx is co-generated by X as a global comodule, that is, that the
cover GI(X) is proper. Moreover, by the universal property of the globalization Yy,
the proper cover GI(X) is also minimal.

Finally, if (Y, X,p) is a minimal proper cover, then we know from the above that
GI(X) = (Yx, X, ex) is also a proper cover and moreover ex o p = p. Then the minimality
implies that p is an isomorphism and hence (Y, X, p) and GI(X) are isomorphic covers, from
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which we deduce that the restriction of the induction functor to minimal proper covers is
also fully faithful and so we have the required equivalence of categories. O

Remark 3.12. Observe that the functor Gl : gPComZ — Covg,ymm is always well-defined.
The original contribution of Theorem is the fact that Ind : Cov’ — gPComZ is

pr,min
well-defined, too.

3.3. Conclusions, examples and applications. We showed that there exists a general
procedure to compute the globalization of a geometric partial comodule, whenever this
globalization exists (Theorem . Our approach also provides an obstruction for its exis-
tence in certain categories, such as the category of (commutative) algebras. In forthcoming
papers [33] [34] we will show that globalization exists in many cases of interest such as
partial actions of monoids on sets, geometric partial coactions in abelian categories, partial
comodule algebras and partial (co)representations of Hopf algebras. Several globalization
theorems appearing in literature are hence subsumed as particular instances of our results.

To finish this paper, we provide some examples of explicit globalizations of (induced)
geometric partial comodules.

Example 3.13. Assume that we are in the situation of Example [2.9] that is, that we have a
surjective morphism of global comodules p : Y — X. As we have seen, the geometric partial
comodule structure induced on X by Y via p is the global one (X, dx). In addition, being
global, (X, dx) is already the absolute equalizer of (0x ® H, X ® A) and so it follows that
the globalization of the induced geometric partial comodule structure is still the starting
global comodule structure.

Example 3.14. Consider G = (R,+,0) and S := R. Then the action § : G x S —
S, (g,8) — g+ s, of G on S by translation can be seen as the action of an affine algebraic
group on an affine set. Consider V := {£1} = Z(X? — 1) C R. Then we can look at the
restriction « of § to V as in Example [2.6] In this setting,

GeV = {(g,U) ‘ ClS Vg_l} = {(07:l:1>7 (27_1)7 (_271)} = 2(22 - 17X2 +2XZ) - R2
is an affine set as well and the diagram

Vv
~ . GxV
¢ GeV &

is composed by polynomial maps, so that this provides an example of a “geometric partial
action”. Let us show that the globalization of this partial action gives back the whole line.

Passing to the ring of coordinates, we obtain a Hopf algebra H := R[X] (with X primitive)
and a geometric partial H-comodule structure on the algebra A = R[Z]/(Z? — 1) = R[z]
which is given as follows. Set R[z, 2] = R[X, Z]/(Z? — 1, X?* +2X 7),

X®1
74 RIX]®@R[z] = Rz, 2], { ol and  pa:R[z] = Rlz, 2], 2= 2+ 2.
1@z 2
Then
A H®A
PN “
He A

is a geometric partial H-comodule structure on A in the category of affine algebras. Observe
that, since (A, H ® A, w4, pa) is an induced geometric partial comodule, the equalizer (Y, d)
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of (6) is the globalization of A, by Theorem and Theorem [3.11] Consider then the
equalizer Y, of the pair (H ® pa, (H ® m4)(A ® A)). Since

(Hopa)(X®1)=X®1, ((H@WA)(A@A))(X@U:X®1+1®I,
(Hop)(1®2)=10z+1 2, (Hem)(AeA)(lez) =17z

it follows that X ® 1 + 1 ® z € Y4 and we have a well-defined algebra map v : R[X] — Y4,
X~ X®1+1® =z It can be shown, with a bit of effort, that 1 is an isomorphism.

Example 3.15. Analogously to Example , consider G = SO(2,R) acting on R? and
V ={a:=(1,0)} = Z2(X —1,%). In this setting, G o V = {(l3,a)} together with the
inclusion G eV C G x V and the map G eV — V, (I, a) — a, gives a partial action of G
on V. By passing to the coordinate rings we find a geometric partial H-comodule structure
on R, where H = R[SO(2,R)]. Namely, the trivial geometric partial comodule structure

R H
AN i e
By Proposition |3.10}, the equalizer Yg is H, which corresponds to the unit circle in R2.
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