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Abstract We study the behavior of some “truncated” Gaussian rules based on the
zeros of Pollaczek-type polynomials. These formulas are stable and converge with
the order of the best polynomial approximation in suitable function spaces. Moreover,
we apply these results to the related Lagrange interpolation process and to prove the
stability and the convergence of a Nystrom method for Fredholm integral equations
of the second kind. Finally, some numerical examples are shown.

Mathematics Subject Classification (2000) 65D30 - 65D32 - 41A05 - 65R20

1 Introduction

Let us denote by e, (f) the error of the Gaussian quadrature rule related to the
Pollaczek-type weight w(x) = e_(l_xz)w, a > 0,x € (—1,1), and to a continuous
function f. The principal aim of this paper is to study the behavior of e, (), for
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434 M. C. De Bonis et al.

various classes of functions. This topic, despite being of interest in several contexts,
has received no attention in the literature till now.
First of all, we are going to prove that the Gaussian rule has not an optimal behavior

in order to approximate integrals of the form fi] fw, where f belongs to the Sobo-

lev-type space Wl1 (w) (see the definition in Sect. 2). This phenomenon appears also
in the case of exponential weights on unbounded intervals and in this regard the reader
can consult, for instance, [3,9,10,12,13,15] and the references therein. On the other
hand, this fact contrasts with what happens on bounded intervals for Jacobi weights.
In fact, in such a case, the error of the Gaussian rule converges to zero with the same
order of the best approximation in L' for the considered classes of functions (see [8,
p. 338]).

Therefore, also following an idea in [9,10], in Sect. 3, we propose a quadrature
rule that is as simple as the Gaussian rule but requires a lower computational cost and
converges with the order of the best polynomial approximation in L! if f € Wl1 (w)
(see Proposition 1 and Theorem 3).

In Sect. 4, as an application of the results in the previous Section, an analogous
problem dealing with the Lagrange interpolation in weighted L? norm is discussed
and the main result is Theorem 5.

As a further application of the results given in Sects. 3 and 5, we consider Fred-
holm integral equations of the second kind whose kernels and/or right-hand side can
be unbounded at the endpoints =1 with an exponential behavior. After defining a suit-
able function space equipped with a weighted uniform metric, we introduce a Nystrom
method and prove its stability and convergence. Some numerical tests are shown in
Sect. 6.

All the results in this paper are new and the estimates cannot be improved for the
considered classes of functions.

2 Basic facts and preliminary results

In this section we are going to introduce some notation and recall some results, which
will be used in the sequel.

In the following C and ¢ denote positive constants which may have different values
in different formulas. We will write C # C(a, b, . ..) to say that C is independent of
the parameters a, b, .... If A, B > 0 are quantities depending on some parameters,
we write A ~ B, if there exist constants C| and C», independent of the parameters of
A and B, such that

A
0<Ci<—<0(s.
B
2.1 Weight functions
Let us consider the weight function
wx) =e 177 e (-1, )
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Gaussian quadrature rules with exponential weights on (—1, 1) 435

with o« > 0 a fixed real number. This weight violates the Szeg6 condition

1
log(w(x))
V1 —x2

dx > —o0

for « > 1/2 and belongs to a wide class of exponential weights, extensively studied
in [6] and [7].

To the weight w we associate the Mhaskar—Rahmanov—Saff numbera,, 1 <7 € R,
defined as the positive root of

1
da at? dt
T=— — .
™) (1 —aze)y ! 172

The number a; is an increasing function of 7, with lim;_,  a; = 1 and
1 1
Cit @2 <1 —qg; < Cor~ oF12,
where C| and C; are positive constants independent of t and « is fixed (see [7, pp.
13,30,31]). Then, denoting by [P,, the set of all polynomials of degree at most m, the

following inequalities hold true for any P,, € P, (see [7, p. 15])

| Prwllp < ClPawllLe(=am.anl):

—emP 200
| PnwllLrx|zagm) < Ce™ ™ [|Pnwlp, s>1, B= a1l (2)

where 1 < p < oo and C, ¢ are independent of m and P,,.

Let us consider the sequence { p,,, (w)},,en of the polynomials which are orthonor-
mal with respect to the weight w and have positive leading coefficients y,, = yy, (w).
We denote by xx, k = 1, ..., |m/2], the positive zeros of p,,(w) and by x_;, k =
1,...,m/2], the opposite negative zeros (xo = 0 if m is odd). These zeros are
located as follows (see [7, p. 3])

—am(l —C(Sm) < X—|m/2] < e X< X< < X|m/2] < am(l —Cém),
with
2 2 2 2
G = Xmy2) ™~ G~ X|my2)—p ~ Om> )

where p is a fixed positive integer (see [7, p. 22-23]) and

B 2/3
= (1 m“'") . )
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436 M. C. De Bonis et al.

Here ¢ and the constants in “~”” are independent of m. Furthermore, a,, = a,, (\/w) =
ar, (w) and hence satisfies

1
l—ay ~m a2, 3)

Now, let 8 € (0, 1) be fixed, ag;, = agm(v/w) and m be sufficiently large (say
m > myg). Recalling that a,, — ag;, ~ 1 — a,,, where the constants in “~” depend only
on O (see [7, p. 81]), and

1—a,
Am — X\m/2]—p ™~ W >
by (5), we have x|;,2)—) > agmm for some p fixed. Then, for m > mg, we define an
index j = j(m) such that

x;i = min {x; : x> agm}. (§)

j 15kﬁmm{ k i Xk = Qgm) (6)
Otherwise, it m < mg, we set j = |m/2].

Concerning the distance between two consecutive zeros, from the formula (see [7,

p- 23]

2
1 —xj

myjaZ — x} + akd,

AXp = Xgg1 — Xg ~ k=—\m/2],...,lm/2] =1, (7)

it follows that (see [11])

m k .
Axg ~ ——, k| =, (8)
m

where the constants in “~” depend only on 6. This means that the nodes x are arcsin
distributed w.r.t. the interval [—ay,, a;,] if |k] < j. In general, the formula (8) does
not hold true for |k| > j.

Concerning the Christoffel functions

m—1 -1
Am(w, x) = [Z Pﬁ,(w,x)}
k=0

associated to the orthonormal system { p;, (w)},,eN, from the equivalence (see [6, p. 7]
and [7, p. 20])

1 —x2
Am(w, x) ~ w(x), x| <ap, 9

2 2 2
my/ap, — x=+a;om
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Gaussian quadrature rules with exponential weights on (—1, 1) 437

for a fixed 0 € (0, 1), we deduce

Am(w, x) ~ w(x), |x| < agm,

Jvai —x?
m

and

I —apy px) @(x)

In(w,x) <C 3 —w(x) <Cm" —w(x), apm < |x| <am, (10)
m m

where y = 2a/(6a+3), ¢(x) = +/1 — x2, C and the constants in “~" are independent
of m but depend on 6. Note that by (7) and (9), we have

Ac(w) = A (w, xx) ~ Axgpw(xg), k=—|m/2],...,|m/2] —1. (11)

2.2 Function spaces

Now we introduce some function spaces associated to the weight w defined in (1). By
LZ, 1 < p < 400, we denote the set of all measurable functions such that

1/p

1
1 £l o= L fwll, = /Ifwlp(x)dx < +o0.
1

For p = +00, we set
LY :=C, = [f e C%(-1,1)) : lim (fw)(x) = o]

and we equip this space with the norm

[fllLge := I fwlloo = sup [(fw)(x)].

xe(=1,1)
We define the Sobolev-type spaces, subspaces of L%, by
Wl ={f el : fO70 e AC(=1, 1), IF 9wl < +oo0f, =1,

where 1 < p < ooand AC((—1, 1)) denotes the collection of all functions which are
absolutely continuous on every closed subset of (—1, 1). We equip these spaces with
the norm

L Tz = 1Fwlp + 1LF 70 il .
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438 M. C. De Bonis et al.

The rth modulus of smoothness is defined as

w(’;)(fv t)w,p = Qr(p(f’ t)w,p"‘ EIIIP}f ||(f_Q)w”Ll’(lfl,fH»t*])
q r—1

+ inf ||(f —@wllLrqi—r 11
qelPr_y

1 . .
where t* = bto+12 b > 1 is a fixed constant and the main part of the modulus of
smoothness is given by

Q,(f, Dw,p = sup [lwAy, fllLra,).,
O<h<t

with I, = [—1 + h*, 1 — h*] and

r

; h
IIOEDS (:) (=D'f (x +(r —2i) ‘”2()“)) ,

i=0

By means of the main part of the modulus of smoothness, we define the Zygmund
spaces of order s > 0 as

QU(f,t
Zf(w):‘feLi : supM

< 400, r>seR},
t>0

with the norm

Q& (f, D
N 22wy = I F Nl e + sup ————=.

’ t>0 t
Denoting by

Em(f)w,p = P“g;” ”(f - Pm)w”p

the error of best polynomial approximation of a function f € L%, using this modulus
of smoothness, the following Jackson and Salem—Stechkin inequalities were proved
in[11].

Theorem 1 Let 1 < p < 400 and w(x) = e’(l’xz)w, o > 0. Forany f € LY, we
have

1
Em(f)w,p < CC‘); (ﬁ Z) (12)
w’p

and
o, (f, l) < iia + i) T Ei(Fw.p-
mSwp M ’
withm > r > 1 and C independent of m and f.
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Moreover the following weak Jackson inequality holds true (see [11])

En(fwp < c/M t, r<m, C#C(m,f), (13)

forany f € Ly, with QU (f, 1)y pt =" € L1([0, 1]).

3 Gaussian formulas

Let us consider the Gaussian rule defined by

| lm/2]
/ P@wxdx = > M)P(x), P ePy i,
2 k=—Lm/2|

where x; are the zeros of p,, (w) and A, (w) are the Christoffel numbers.
For a function f : (—1, 1) — R, we introduce the remainder term

Lm/2]
en(Pu= [ Fow@de = > Aaw)f . (14)
0

k=—|m/2]

Concerning the behavior of e, (f),,, we recall the well known estimate

lem (Fwl < 2[wlli Eam-1(floor Y € CO—1,1]). (15)
Moreover, for any function f € C,, it is easily seen that
lem (wl < CEun—1(flw.co, C #Cm, f). (16)

Therefore, since (see [11])

lim Em(f)w,oo =0,
m

the error of the Gaussian rule converges to zero with the order of the best approxima-
tion in C,,. Notice that the functions belonging to C,, can increase exponentially at
the endpoints of the interval (—1, 1).

It is well known that (16) holds true with w replaced by a Jacobi weight v"% (x) =
(1 —x)Y(1 4+ x)% y,8 > 0, but it is false for exponential weights on unbounded
intervals (see [3,9,10,12]).

Now, we want to investigate whether estimates of the form

C
lem (fwl = g”f/ﬁl’w”la C#Clm, f), [feW(w), a7

which are useful in different contexts, are possible.

@ Springer
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We first recall some known results. If w is Jacobi weight ey y,8 > —1, an
inequality of the form (17) holds true and, moreover, we have (see [8, p. 170, 338])

C
En(f)yrsy < an’gov”n].

On the contrary, for the weight w this does not happen. In fact, for any function
f e Wll (w), in [11] it has been proved that:

C
En(fw1 = ;”f/‘ﬂw”l: C #Cm, f),

but (17) is false in the sense of the following theorem.

—(1—xH)~

Theorem 2 Let w(x) = e ,a > 0. Then, forany f € Wll (w), we have

Y
lem (F)w] < C%nf/cpwnl, (18)

where y = 2a/(6a + 3) and C is independent of m and f. Moreover, for a sufficiently
large m (say m > my), there exists a function fu, with0 < || f,ow|1 < 400, and a
constant C # C(m, fn), such that

mY
lem (fm)w! = Cgllfmfﬂwlh- (19)
Proof In order to simplify the notation, here we denote by xx, k = 1, ..., m, the zeros
of p,(w), located as
—am(1 —cép) < x1 <xp < -+ < Xy < (1 —cbyy).

By the Peano theorem, we have

1

en(flw = /em(Ft)wf/(t)dt, T =(x—0f = [

-1

1 x>t
0 x<t

’

with

1

en(Ty)y = / L ()wx)dx — D g ()T (xx).

—1 k=1
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It is easy to show that

1

/w(x)dx xp <t <1
t
en(T'p)w =
t
/w(x)dx —1<t<ux

L —1

and (see [5, p. 105])

em(Tw < Ap(w, 1), x1 <t <Xxp.

Now, taking into account that 1 — x,, ~ 1 — ap, and x,, > 1/2 form > mg (mg
becomes larger as « increases), for ¢ € [x,,, 1] we have

1

1
_ 2o+l _ 2\a+l
/w(x)dx :/&dw(x) < %w(x)
t

2ax
1

C
< CU—x)* Pow®) < —enw ),
m
t
by (5). A similar estimate holds true for the integral / w(x)dx. Then, we get
—1

c v
en(fhu = — / |(f/<pw)(t)|dr+/Am(w,r)|f/(t)|dt

[—L1Nx1,xm] X1

and, by (10), inequality (18) follows.

. 1—x2 . .
In order to prove (19), setting y;, = X, — % - “in we consider the function

0 —1<x <y,
Jm(x) = x_ymz Ym =X = X

1 1_)Cm

h— Xm < x < 1.

Of course, Y, € (Xm—1,Xm), fm € Wll(w) and

Xm
0 < [l fmewll =/(<pw)(x)dx < +o00.

Ym

@ Springer



442 M. C. De Bonis et al.

Using the expression of the Peano remainder, we get

Xm 1
en(fodu = / / wdx — o (w) | 1 (1.
Ym t

Now, by (11) we have
An(W) = Cw(xm)Axm—1,  wxy) = Cw(t),

m

since w () ~ w (xy) for [x,, —t| < %
by (3), (5) and (4), we get

(see[11]). Moreover, since ¢(t) ~ ¢ (x,),

Axp—q Sm
Axpm—1 = Co(t) > Co(t) ——=
" @(xm) V11— a,zn
AN e LU
m m

with y = 2«/(6a + 3). Therefore, we obtain

mY
Am(w) = ng(t)fp(t), 1€ (Yms Xm)-

On the other hand, we have already proved that

1
/w(x)dx < gw(t)(p(t).
m
'

Consequently, for a sufficiently large m, we have

Xm 1

Y
lem (fwl =/ )»m(X)—/w(X)dx f;(t)dtzc%llf,;wwlh,

Ym t
ie. (19). O

From the proof, it seems to be clear that the extra factor m” is due to the formula
(3), i.e. the distance between two consecutive zeros of p,, (w) close to *ay,.

Therefore, the error of the Gaussian formula (14) cannot be estimated by means of
(17). So we introduce a “truncated” Gaussian rule, which satisfies our requirement, as
we will show.

With the integer j = j(m) defined in (6), we introduce the quadrature rule

1
/f(x)w(X)dx = D M(w) f ) + € (u (20)
-1

lkl=<j
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This is the ordinary Gaussian formula, in which we drop the terms related to the zeros
of p,; (w), which have not arcsin distribution in general.

As an effect of the truncation, the formula (20) is exact for polynomials Ps,,—1 €
Py,,—1 such that Py, —1(x;) = 0 for j < |i| < |m/2], butitis not exact for any poly-
nomial belonging to P, 1. For instance e, (1), # 0. Nevertheless, for any P € Py,

where M = {(%) mJ, we have

ety (PYul < Ce™M | Pwllos, B =20/Qar+1). 21

In fact, by (11), we get

1

en(P)w = / Pyw()dx — > dx(w) P(xi)

-1 lkl=<j
= 2 M@Pw) =€ max_ |POw()].
k|> agm =|x|=

Using (2), taking into account that ag,, = azg, (w), inequality (21) follows.

The next proposition shows that, when the function is continuous on [—1, 1] or
belongs to Cy,, the error e}, (f),, converges to zero with the same order of e, (f)y
(see inequalities (15) and (16)).

Proposition 1 Let 6 € (0, 1) be fixed and M = L(ez—&) mJ . For any continuous

function on [—1, 1], we get
e (Ful = C{Eu(Doo+eM 1 floc} 22)
Moreover; for any f € Cy, we have
e (Pl < C{Eu(Duco +e=M 1 fwllo] 23)

Here 8 = 2a/(2a + 1) and the constants C, ¢ are independent of f and m.

Proof Let us prove only inequality (23), omitting the proof of (22) which is simpler.
Let P € Pj; be the polynomial of best approximation of f € C,,, we can write

e;(f)w = e;‘;q(f = Py +€;kn(P)w~
For the second term at the right-hand side, by using (21), we get
—eMB
e (PYw| < Ce™M7) fwlloc.
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While, for the first term we obtain

e = Pl </|f Plow@dx + 3 aew)lf - Pl

[k|<j
A (w)
< -Pwlgf2+ D =
PR
S CEM(f)w,OOs
recalling that Ax(w) ~ Axgw(xg). O

For functions f € Wl1 (w)or f e Zsl. (w), s > 1, the following theorem states the
required estimates.

Theorem 3 With the notation of Proposition 1, for any f € Wll(w), we have

c e
|e;kn(f)w|§ﬁl|f(pw”l+ce M) fuwll, (24)

where C, ¢ do not depend on m and f. Moreover, for any f € ZS1 (w), withs > 1, we
get

Dw
ﬁd LM fuly, r>s. (25)

e (f)wlsﬁ/

Proof Let us first prove the inequality

C .
Z Ae(w) f (X)) SC||fw||L1[—xj-,xj]+E||f QW L1 —x; 2} fewW!w). (26)

[kl=j

To thisaim we recall thatif x, y € [xk, x¢r11, [k| < j.ie.,by(8),|x—y| < Co(xg)/m,
then w(x) ~ w(y) and ¢(x) ~ ¢(y) (see [11]). Hence, for —j <k < j — 1, we get

Xk+1 Xk+1

C
Axg | f () |wxg) < / If(x)lw(X)dx+Z/If’(x)lw(X)w(X)dx,

Xk Xk

and

J C Xj
A1 fGplw)) < / @l + / L ©)low)ds.

xj-1 Xj-1

Summing on |k| < j, by (11), inequality (26) follows.
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Let us now prove (24), with f € Wll (w). Letting Py; € Py be the polynomial of
best approximation of f € L,lu, we can write

e (Fw = €, (f — Pu)w + €3 (Pr)w- 27)

For the second term at the right-hand side, using (21) and the Nikolskii inequality (see
[7, p. 295] and also [16])

IPywlos < CMP|Pywll, B = ,

we get

—cMB —cMP
e (Py)w| < Cem M | Pywlloo < Ce™ M7 || Pywly

< Ce™ M| fuwl;. (28)

For the first term in (27), using (26), we obtain
C
e (f = Pudw| <CICf = P wlly + = || (f = Pu) g |, (29)
m
C C
<CEM(flw1+ . | fow], + . | Pyopwl; -
Now, by the Favard theorem (see [11]), we have
C C
Eu (Pt = - Eu(fgur = 57 | Fow]); -
Moreover, by Theorem 3.7 in [11], we have
C 1 C
i Pl = o (£igp) =3l eml
and then
* C /
e (f = Padu| < o= [ f'ow]), (30)

Therefore, combining (27), (28) and (30), for any f € Wl1 (w), we obtain

C
len(Dul < 1 ewl gy, )+ e L wi

IA

M”f”wll(w),

ie., (24).
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Let us now assume f € Z } (w), s > 1. In this case we can proceed as done in the
first part of this proof, giving a different estimate for || (f — Pw) pw || | appearing in
(29). We note that, if Pk ), € Pokyy, k > 0, are polynomials of best approximation of
fe Lllu, then the equality

o0
f—Py= Z (P2k+lM — szM)
k=0
holds a.e. in (—1, 1). It follows that

I = Pu ol < 32 | (Prrss = Paas) v

provided that the series at the right-hand side converges.
Using the Bernstein inequality (see [11] or [16])

H(szJrlM — szM)/(ple f C2k+1M”(P2k+1M — P2kM) w||1 , k 20,

and the Jackson inequality (12), we get

1
L R ()

w,1

1/2% M)

1 dr
S er (f7 ) / 5
¢ 2k+1M w,ll/(zk_HM) t2

a’(p (f’ l)“
—’dt‘

<C
< "

]/(2k+1 M)

Whence, summing on k > 0, we obtain

1M
1 C oy, (f, 1)
MH(f—PM)/fﬂwHISM/WZ—Zw’Idt, o1
0

and then (25), where the integral at the right-hand side is bounded. O

In particular, from Theorem 3, we deduce the estimates

C
len (Dl = I f lwpiay,  VFEW @), r=1, 31
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and

C
len (Pl < —Wflziwy,  VfEZiw), s>1(€eR), 32)

where C is independent of m and f in both cases. Therefore, in these function spaces,
e (f)w converges to 0 with the order of the best polynomial approximation. As a con-
sequence, inequalities (31) and (32), which are not true for the error of the ordinary
Gaussian rule, cannot be improved from the order point of view.

2
Jw

4 Lagrange interpolation in L

We will give a first application of the results in Sect. 3 to the estimate of the error
of the Lagrange interpolation process based on the zeros of p,,(w), with w(x) =
e_(l_xz)_m, a > 0. If f is a continuous function in (—1, 1), then the Lagrange poly-
nomial interpolating f at the zeros of p,, (w) is defined by

pm(wv x)
P (W, xp) (x — x)’

Lp(w, f,x)= D L, x)fw), hw,x) =

[k|<lm/2]

and we are going to study the error f — L, (w, f) in some suitable function spaces.
Now, if f is continuous in [—1, 1] then

ILf = Lo (w, HIWwl2 < 21wl En—1(f)oo,

that is a theorem due to Erdés and Turan [4].
For functions belonging to C ;, it is easily seen that the previous estimate can be
generalized as follows

ILf = Lin(w, HIWwl2 < CEn—1(f) yo0r C # Clm, f).

However, estimating the Lagrange error for functions belonging to the Sobolev
spaces Wr2 (»/w), we verify a behavior that is similar to the one showed for the Gauss-
ian formula in Sect. 3, i.e.

C
En(f)ywa = Ellf/wﬂllz

is true but

C
ILf = Ln(w, HIWwl2 < lef/fpﬂllz
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is false. Then, we are going to introduce the following “truncated” Lagrange polyno-
mial

Ly (w, f,x) = > L(w,x)f () = Ln(w, fj,x),

|kl=<j

where f; = x; f, with x; the characteristic function of the interval [—x;, x;] and j
defined in (6).

As for the “truncated” Gaussian rule (20), this Lagrange polynomial is such that
L} (w, P) # P for arbitrary polynomials P € P,_;. Butif we consider the subspace
of Pm—l

{PePpn_1: Pla) =0, k> j},

ml_

it is easily seen that Ly (w, P) = P forany P € P;_, and L, (w, f) € Py _,

for any contlnuous functlon fin (-1, 1). So the operator L} (w) is a projector from

C%(—1, 1) into Moreover, in order to approximate functions belonging to L? —

the spaces 73* _; can replace P, 1, namely the union U 2 "_1 1s dense in the space
f’ as the next theorem shows.

ml

Theorem 4 Let 6 € (0, 1) and w(x) = e~ =)™ o > 0. For any f € L%/w we

have

En(Pywai= ,inf I =PIl = C{En(f) ma+eM I Vula)
m—1
(33)

where M = {(i) mJ ,B=2a/Qa+ 1) and C, c are positive constants indepen-

0+1
dent of m and f.
Proof Letq € Py, M = L(eeﬁ) mJ be the polynomial of best approximation of
fe L%f Since L}, (w, q) € Py _,, we get

» l;l)f I(f = P)Wwlz2 < ILf = Ly, (w, )W wll2

m—1

< ICf = vwl2 + lllg = Ly, (w, 91V w2

1/2

= Ev(fyma+ | D mwg* @) |

[k|>j
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having used the ordinary Gaussian rule (14). Then, by (2), we have

1/2
D gt | < € max [q(x)yw)l
|k|>] Om >
—eMB
< Ce™ Mg VWl oo, (34)

where 8 = 2« /(2 + 1). Finally, by the Nikolskii inequality (see [7, p. 295] and also
[16])

ol o+l
lgv/wlloo < CM 2T |lgv/wlla < CM 2% | f /w2,
and inequality (33) follows. O

The following theorem describes the behavior of the operator L (w) in different
function spaces.

Theorem 5 For any function f € C%([—1, 1]) we have
ILf = Ly, DIVl = € {En (oo +€ M flloo} (35)
and, for any f € C j; we get
ILf = Ly, DIVl < C{Eu(f) oo+ 1Vl 36)

Moreover, if f € L2ﬂ with QU (f. 1) 2t /% € LY((0, 1)), then

/M
AN .
ILf = Ly (w, f)]ﬂz<c‘m/ R+ M
0

(37

Here M = L(&%) mJ , B =2a/Qa + 1) and the constants C, ¢ are independent of
mand f.

Proof We are going prove (36), omitting the proof of (35). Let Py, be the polynomial
of best approximation of f* € C_s;, we have

ILf = Ly, (w, HWwlz < I(f = Pu)Vwlz + I[Py — Ly, (w, HIVwll

1 1

2 2

< En(f)ymoot | D2 M@ (Py— @) |+ [ D] )Py (xe)

lkl=<j k|>j
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<CEu(f) jwoo+C max |(Pyv/w) (x))]

= C{Eu () oo+ 1 Vil |

where 8 = 2o/(2c + 1), having used (34). Then we deduce (36).

In order to prove (37), we first note that the assumption on the modulus of smooth-
nhess Q;( f,t) Ji.2 implies the continuity of the function f in (—1, 1) (see [16]) and
then

172

1Ly (w, Vw2 = | D Me(w) f> ()

lkl=<j

/M
C Q(p(fvt)ﬂl
Sm/ AR Vel 6®)
0

For the proof of the latter inequality, taking into account that the knots x; are arcsin-
distributed, we can use the same argument in [14, p. 282]. Therefore, with P € ’P;;_l

the polynomial of best approximation of f € L? — by Theorem 4, we have

ILf = Ly (w, HWwl2 < Ep_(f) swo + 1Ly, (w, f— P)Vwl2

172
< CEq(f) yma+Ce M fwlloo + [ D Py — N0 |

lkl=<j

where 8 = 2o/ (2« + 1). For the third term at the right-hand side, by (38), we get

12
D )Py — )| < I = PVl
[k|<j
/M
C Qu(f — PM,t)ﬂ,zd
—i—m 372 t.
0
Now, since (see [14, p. 280])
MRy (f - Pun) Yar (fn)
) - M’t \/E’Z r(p ’t ﬂ,Z
/ 7 dr 56/ Tdr
0 0
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and, by (13),
Qo (fi1) yw2
If = PM)f||2<f/ 1372 dr,
we obtain
Q1) fa
2
l;'xk(w)(PM—ﬂ () | = / P
<j

Then inequality (37) follows. O

In particular, from Theorem 5, we deduce

C
ILf = Ly, HIVwll < 1 fllzzm) £ € Z}(Vw), s>1/2,

where C is independent of f and m.
If s > 1 is an integer, the Zygmund norm can be replaced by the Sobolev one.
Namely, in these function spaces, the “truncated” Lagrange process converges with
the order of the best polynomial approximation. This is false for the ordinary interpo-
lating polynomial.

5 Fredholm integral equations of the second kind in C ;

In this section we are going to show a further application of the results of Section 3.
Let us consider the following Fredholm integral equation of the second kind

1

fx) — )L/k(t,x)f(t)w(t)dt =gx), xe (=11, (39)

-1

where w(x) = e_(l_"z)fa, a > 0,1 € R, and k and g are known functions.

With u(x) = /w(x), we are going to study the Eq. (39) in the space C, defined
in Sect. 2. Then we assume that g € C,,. While, concerning the kernel k (¢, x), letting
Fi(x) = u(t)k(t, x) and F,(t) = u(x)k(t, x), we assume, essentially, F;, Fx € C,
uniformly with respect to ¢ and x, respectively. To be more precise, recalling the
definition of C,,, we assume that, for arbitrary a, b € (—1, 1),

lim sup Fy(x)u(x) =0
[x[=1 <1

lim sup |Fy(x +h) — F;(x)] =0, x €la,b] C (—1,1).

h—>0m<1

(40)
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We make analogous assumptions for Fy(?), i.e.,

lim sup Fy(t)u(t) =0
|I|—>]|x|51
lim sup |Fy(t +h) — F, ()] =0, te€la,b]C(—1,1).

h—)OleSl

(41)

Hence, under the previous conditions, the kernel k(z, x) and/or the right-hand side
g(x), for |x| — 1, can increase exponentially and, till now, for such cases, numerical
methods based on the polynomial interpolation are unknown in literature. Setting

1

(Kf)(x) = /\/k(t,X)f(t)w(t)dt, (42)

—1
Equation (39) can be rewritten as
I-Kf=¢g
and it is easy to verify that

IKllc,~c, =2IAl sup u(@)lk(, x)|ux) < C < +oo0.

x,te[—1,1]

In order to approximate the solution of (39) (when it exists), we are going to use a
Nystrom method. To this end, we introduce the sequence of operators { K, }m,

(K £)(x) =% D Me(w)k (i, ) f (x0) (43)

lkl=<j

which is obtained by applying the truncated Gaussian rule (20) to (K f)(x) given by
(42). Then we are going to solve in C, the equations

Jn(xX) = (K frn)(x) = g(x), m=1,2,.... (44)

Multiplying both sides of (44) by u(x), collocating at the quadrature knots and letting
ar = (fmu)(xx), by = (gu)(xx), |k| < j, we obtain the linear systems

a— 2 > S kG e = b i< m =12, (45)
u(xg)
kl<j
in the unknowns a;. If (45) is unisolvent and (ay, ..., a j)T is its solution, then (44)

together with (43) define the Nystrom interpolant

A
=23 e oa + g0) (46)

u(x,
ME R
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that we will compare with the solution of the system (39) (when it exists) in the norm
of C,. Notice that the matrix of coefficients of system (45) has dimension 2 instead
of m (if we had used the Gaussian rule (14)) and this produces a reduction of the
computational cost.

In order to show the stability and the convergence of the method we need the
following lemma.

Lemma 1 If the kernel k satisfies assumptions (40) and (41), then the sequence of
operators {K,}, strongly converges to K and is collectively compact.

Proof In order to prove the strong convergence of {K,,},, to K in C, we use (23).

Then, for every f € C,, with M = [(9%) mJ and 8 = %, we have

K F)(x) = (Ko £) GO Tu(x)]
< Cux)Ept (FkC, X))o + Cu(x)e™ M| £ (-, x)w] oo (47)

where C # C(m, f, k) and ¢ # c(m, f, k).

Letting G, (¢) := f(Hu(x)k(t,x) = f(t)Fx(t), if we prove that G, € Cy uni-
formly with respect to x, i.e.,

lim sup G,(H)w() =0

=1 x<1

lim sup |Gx(t+h) —G,()|=0, tela,b]C(-1,1),

h=01x)<1
then the right-hand side of (47) will tend to zero as m — oco. Now, we have

IGx@Ow@)] = | f@Ou@) Fx(Du(®)| < || fulloo sup Fx()u(r)

[x]=1
and, by virtue of the assumption (41), we deduce

lim sup G, (H)w(t) =0.

=1 <1

Moreover, letting —1 <a’ <a <b < b’ < 1andt € [a, b], we can choose i such
that r + h € [a’, b'] and we obtain

|G (t+h) — GO < | f@+MWINF(t+h) — Fx @]+ [Fx @I f &+ h) — f()]
and

sup |G (1 +h) — G (D] = | flleqa by sup |Fx(r +h) — Fe(1)]
|

[x|<1 x|<I1

+ sup || FxllLoeqa,opl f @ +h) — f(@)I.

[x[=1
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Therefore we get

lim sup [Gx(t+h) — G ()| =0, t€fa,b]C (=11,

h—)O‘x|§1

taking into account the assumptions on F) (see (41)) and since [ € C,,.
Now we prove the collective compactness of the set { K}, i.e., the relative com-
pactness of the set

S={Knfe€Cy:m=1 and |fulo =1}
in C, that is a complete space. This is equivalent to the limit condition

limsup sup En(Kum fu.co =0. (48)
N m fec,

On the other hand, as a consequence of Theorem 1 with7 = 1, w = u and p = +o0,
condition (48) is equivalent to say that the function (K, f)(x) belongs to C,, uniformly
with respect to the function f € C, and to the parameterm = 1,2, ..., i.e.,

‘llimlu(X)(Kmf)(X) =0

lim |(Kp )G+ 1)~ (K 0| =0, xelablc -1y &)

hold true uniformly with respect to f and m. But these last conditions are conse-
quence of the chosen quadrature rule and of the assumptions on F;. In fact, recalling
that Ar(w) ~ Axpw(xx) (see (11)), where the constants in “~”" are independent of m
and k, we have

() (K ) (x)] = Z u(x)k (x, x) f () A (w)

[k|=j
< C D7 Axgl(fu) ()l ek (g, ) | (x)
|kl=<j
< Clluflloo [ D Axk | u(x) sup |Fi(x)], (50)

Ik|<j lr=1

where C # C(m, f). Therefore, using (40), we have

lim sup sup [u(x)(Kp f)(x)| < C‘l}mlu(X) sup [F(x)] =0

=1 m ) fuleo=1 lt|<1

and then the first limit condition in (49) is fulfilled.
Moreover, in every interval [a, b] C (—1, 1), we have
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|(Kim ) (x + h) — (K f)(x)]

<C z Axpe| (uf) (i) lu Qi) |k (X, x 4 ) — k(xge, x) |
lkl<j

= Clluflloc sup |Fi(x +h) — Fi(x)l,

lt]=1

where C # C(m, f) and h is “small”. Hence, using again (40), we obtain

limsup sup |[[(Kn f)C+h) — (Kn f)llLo[a,b]
h=0 m || fulloc=1
< Clim sup || F;(- +h) — F/||z={ap =0
h_)OIZ\fl

and also the second limit condition in (49) is verified. m]

Now we can prove the stability and the convergence of the method.

Theorem 6 Let us assume that g € C,, and the functions F;(x) and Fy(t) satisfy (40)
and (41), respectively. Then, if Ker(I — K) = {0} in C,, for a sufficiently large m
(say m > myg), the systems (45) are unisolvent and the condition numbers of their
matrices Ayj, j = j(m), are independent of the dimension 2 j. Moreover, the Nystrom
interpolants f,, converge to the exact solution f, i.e.,

lim [[(f = fm)utlloc = 0. (51
In particular, if, for some 0 < s € R, g € Z°(u),

sup || Fxllzeoqu) < C < +oo and sup ||Fy | zooquy < C < +o0, (52)

lx|<1 l7]=<1

then the estimate

c
I1(f = fmulleo = %(”f””oo sup [ Fyllzeew) + I1f llzee )y sup ||Fx”oo)v(53)

lx|<1 lx|=<1

holds true, where C # C(m, f).

Note that, if s is a positive integer the Zygmund norm can be replaced by the Sobolev
norm.

Proof Under the assumptions (40) and (41), by virtue of Lemma 1, the sequence
{Kn f}m 1s collectively compact and strongly convergent to K. Then K is compact
and the Fredholm alternative holds true. Therefore, the assumption Ker (I — K) = {0}
implies that the Eq. (39) admits a unique solution in C,,. Moreover, by Lemma 1 and
inequality (50), we have

sup ||Km||Cu—>C,, <C<o (54)
m
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and

hr}zn ”(K - Km)Km ”Cu—>Cu =0.

Hence, using [1, Theorem 4.1.1] or [17, Theorem 2.1], for m > my, the operators
(I — K,»)~ ! exist and

- 1+ 1 = K) MeyoclKmlle,—c.
I = Kn) cuse, < — -
1= = K) Ve,oc, I(K = Kn)Knllc,—c,
< C < +o0. (55)

Consequently, for m > mg, both the equations (44) and the systems (45) are uni-
solvent. Moreover, proceeding as in [1, pp. 112-113], by (54) and (55), we deduce
that

cond(Az;) < cond({ — K;) <C < 400, C #C(m).
Now, using again Lemma 1, we deduce also (51), being (see [1, p. 108])

I(f = fmdutlloo ~ I(Kf = Kin fut]loo-

In order to prove (53), we note that the assumptions on g and Fx imply f € Z°(u).
Then, starting from (47), we use the inequality

u(X)Ep (fkCx)woo = EN(Fou,coll fitlloo + 21 Frttlloo En(f)u 00

where N = |[M/2] ~ m and F,(t) = u(x)k(t, x). Finally, recalling that for any
G € Zs(u), by Theorem 1, we have

Gl zyw) ~ IGulloc + supk® Ex(G)u. oo
k>1
making easy computations, we deduce (53). O

6 Numerical examples

In this section we show some numerical tests concerning the Gaussian rule and the
Nystrom method for some special Fredholm integral equations. All the computations
have been performed in the MATHEMATICA system, using double machine precision.

We note that w(x) = e’(l’xz)w, o > 0, is not a classical weight and the coeffi-
cients of the three-term recurrence relation of the corresponding orthonormal polyno-
mials are unknown. Then, we have built a suitable algorithm for the computation of
the zeros of the polynomials p,, (w) and of the Christoffel numbers. Essentially, such
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an algorithm consists in computing the moments

1

ukz/ka(x)dx, k=0,1,...,
-1

in extended arithmetic with high accuracy and, subsequently, in using the func-
tions aChebyshevAlgorithmand aGaussianNodesWeights of the software
package OrthogonalPolynomials (see [2]).

We want to emphasize that the Gaussian rule in Sect. 3 can be used to compute
integrals of the form

1

/f(X)w(X)dx,

-1

where fw is a Riemann integrable function, which means that f can increase expo-
nentially at the endpoints 4-1. But, as one of the referees has observed, if the function
f is bounded, the rule is useful in order to approximate integrals of functions decaying
exponentially at £1. Since this case has some interest in the applications, we will give
some examples in this regard.

At this point a brief discussion about the quantities a,, and j = j (m) is useful. The
Mhaskar—Rahmanov-Saff number a,, = a,, (/w) is implicitly defined as the positive
root of

1
Za/ axt? de
m=—
) (=@t T

a o 3 2
:EamZFl Ol+1,§,2,am ,

where 7 F1 denotes the hypergeometric function and, at the moment, a simple analytic
expression for a,, is not available. Then, for « > 0 fixed and for different values of
m, we use approximate values of a,,, obtained by the bisection method. Some of them
are shown in Table 1.

Moreover, as already mentioned in Sect. 2, the relation

1 1
Cim 172 <1 —ay ~ Com «H172
1 = m 2

holds with @ > 0 fixed, m sufficiently large and C, C; positive constants independent
of m. Accordingly, if we fix m the number a,, decreases as « increases, and viceversa

if we fix & we need to choose m sufficiently large to obtain a numerically appreciable
a+1/2
interval [—ay,, a,,]. For instance, if m > Ce » we havea,, > 1/pwithp > 1 a

@ Springer



458 M. C. De Bonis et al.

Table 1 Different values of the

number ay = (/i) m =16 m =128 m =512
1 0.9523 0.9877 0.9950
5 0.6547 0.7702 0.8241
50 0.2376 0.2992 0.3346
100 0.1694 0.2142 0.2403
500 0.0762 0.0968 0.1088
1000 0.0539 0.0685 0.0771

fixed integer number. Furthermore, we recall that the Mhaskar—Rahmanov—Saff num-

7,\’2 o .
ber a;, (0), related to the weight o (x) = e_e(1 k satisfies (see [7, p. 33])

1 — apm (o) ~ (logm)~ /<.

On the other hand, for any fixed «, the interval [—a,, an ], an = a,(/w) contains
the m zeros of p,, (w), which are not all arcsin distributed. While every subinterval
[—agm, asm], 0 < 6 < 1 fixed, contains only the zeros of p,, (w), which are arcsin

2,2
Ay — X

distributed w.r.t. the interval [—ap, am], i.€. Xk+1 — xp ~ ~—

Thus, the “truncation” consists essentially in omitting the terms related to the zeros
which are not arcsin distributed w.r.t. [—a,,, a;].

In conclusion, from the numerical point of view, the interval [—a,,, a,,] cannot be
too small. Then the parameter « has to be fixed such that m is not too large.

Concerning the truncation index j = j(m) defined in (6), we give here another
definition, equivalent to (6) but more suitable from the numerical point of view.
Since the Christoffel numbers A (w), satisfy the equivalence Ay (w) = Ay k(W) ~
w(xg)(Xk4+1 — xx), for every fixed m, we define the index j as follows:

= ()<kn§n|_rn11/2j{k D Amk(w) < toll}, (56)

being toll the precision to be achieved in the computations. Obviously, we can have
Jj = |m/2] if m is small. But, if m is sufficiently large, this definition is equivalent to
(6) in the sense that there exists a & € (0, 1) such that x; 1 < agm < x;j.

Now, we want to observe that the Gauss—Legendre quadrature rule is not very
efficient for computing integrals of the form

/ S ()w(x)dx.

The Gaussian rule proposed in Sect. 3 converges faster, as the following numerical
example shows.
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Table 2 The integral (57) with

o« = 1/2 approximated by the mn 1’5 1’%
rules [’711’ and I,I,; 4 0.129 0.1
8 0.1299289624 0.1
16 0.129928962481226 0.1299
32 — 0.12992
64 - 0.12992896
128 - 0.12992896248
256 - 0.129928962481226
Table 3 The i1'1tegral (57) with m P L
o« = 50 approximated by the m m
rules 7 and I, 4 0.07236909 0.0
8 0.072369091024665 0.0
16 - 0.07
32 - 0.07
64 - 0.07236
128 - 0.07236909
256 - 0.07236909102466
512 - 0.072369091024665

Example 1 We consider the following integral

1

/cos(nx)ef(lfxz)fadx.

-1

(57

Denoting by It and I the Gauss-Legendre formula and the Gauss—Pollaczeck-

type rule defined in Sect. 3, respectively, we obtain, for o

1/2 and @ = 50, the

results in Tables 2 and 3, respectively (the symbol “—” means that the machine precision
has been achieved). In particular we have chosen roll = 2.22¢ — 16 because all the
computations have been performed in double arithmetic. Since f(x) = cos(wx) is a
very smooth function, we obtain the machine precision with small values of m, and
then the truncation is not made.

Unlike the previous example, the next one deals with the case of less smooth func-
tions.

Example 2 Let us consider the following integral
1
/ | sin(rx)[¥2e= 1" dx. (58)
-1
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Table 4 The integral (58) P

approximated by the rule /, ,f mn T
5@2j =5) 0.19¢ —2
10 (25 = 10) 0.194e — 2
2525 = 25) 0.1946e — 2
50 (2 = 46) 0.1946e — 2
100 (2 = 82) 0.194642¢ — 2
200 (2 = 146) 0.1946424e¢ — 2
300 (2 = 204) 0.1946424e — 2
400 (2] = 262) 0.19464245¢ — 2

In Table 4 we show the approximate values of the integral obtained using the Gaussian
rule truncated at the index j as in (56) with roll = 2.22¢ — 16. We note that, since
the function | sin(x)|>/2 belongs to Z§72 c CO(—1, 1)), by (15) and the unweighted
Jackson theorem, the theoretical order of convergence of the rule is m=>/2,

It is interesting to show an effect of the “truncation” on the Lagrange interpolation.

Example 3 Let w(x) = e~1=*)7 and denote by

—— Z [k (w, x)]
Am 5 == — — _15 1 )
) = i=tmy2y VWO reehb

and

|l (w, x)|
A- ) = — — > S (_19 l )
S, ) = Vo |k§|§,~ T )

withm € N, the Lebesgue functions related to the Lagrange interpolation processes
{Ly(w, f,x)} and {L} (w, f, x)}m, respectively. The process {L} (w, f, x)}, is
truncated at the index j as in (56) with roll = 1073, In Fig. 1 we show the graphs
of Aj(w,x) and A, (w, x) form = 40 and x € (-1, 1). As one can see, the func-
tion A j(w, x), unlike the function A, (w, x), drastically decays for |x| > 0.5, since
Aj(w, x) = 0 for k| > j.

Let us now show some examples concerning Fredholm integral equations. First, we
consider the case in which the known function g has exponential singularities at &-1.

Example 4 Let the following Fredholm integral equation of the second kind
1

-3 +1 4 2\=50 _2\—1/4
f(x)—/(x—ZH2+1 f0e T dr = 17 (59)
—1
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0.5

I L

-1.0 -0.5 0.5 1.0 -1.0 -0.5

- 0.5 1.0

Fig. 1 The Lebesgue functions A j(w), truncated with j = 11 (toll = 1073 ) (left), and A, (w) without
truncation (right)

Table 5 Weighted Nystrom

interpolants ( fy,u)(x) at the m (fmu)(—0.2) (finu)(0.1)
points x = —0.2 and x = 0.1 42j=4) 0.0629433335 1.286396841
8 (2j = 8) 0.062943333593031 1.286396841945846
15+ 50F
4.5+
O+
4.0+
05F
35¢F
*;,0 *(‘).5 6.5 1‘40 *140 *(‘).5 6,5 1‘.0

Fig. 2 The weighted Nystrom interpolant fy,u (left) and the unweighted Nystrom interpolant f, (right)
form =4

be given. Since [|K |lc, ¢, < 1, withu(r) = e~ 2=

, the equation (59) admits a
unique solution in C,,, but it is unknown. The kernel g(x) = e(1=)7"* is unbounded
for |x| — 1, but the conditions (52) of Theorem 6 are fulfilled for an arbitrary large
s. Applying the numerical method (45)-(46) to the integral equation (59), we get an
approximation of the weighted solution in machine precision by solving a linear sys-
tem of order 8 (see Table 5). We have chosen toll = 2.22¢ — 16 and then j = |m /2],
since m is small.

In Fig. 2 we show the graph of the Nystrom interpolant obtained for m = 4.

The condition numbers in infinity norm of the matrices of the linear systems (45)
are less than 1.2.

Let us consider the case of Fredholm integral equations having a kernel with expo-
nential singularities at £1.
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Table 6 Weighted Nystrom

interpolants ( fy,u)(x) at the m (Jmi)(=0.9) Jm)(0-5)
points x = —0.9 and x = 0.5 52j=5) 0.02448 0.0417
10 (2j =10) 0.024480 0.0417
25 (2j =25) 0.02448075 0.041700
50 (2j =50) 0.024480756 0.04170018
100 (2j = 100) 0.024480756 0.041700182
200 (2§ =192) 0.02448075680 0.04170018227

-1.0 -0.5 0.5 1.0 -1.0 -0.5

Fig. 3 The weighted Nystrom interpolant f;,u (left) and the unweighted Nystrom interpolant f,, (right)
form =35

Example 5 Let the following Fredholm integral equation of the second kind

1
1 JR —
fx) - §/e4vl—x2 e f (eI dr = |arctan x |7/ (60)

-1

be given. Since | K ||c,—c, < 1, withu(t) = e_%(l—ﬂy1 ,the Eq. (60) admits a unique
1

solution in C,,, but it is unknown. The kernel k(x, t) = e4v1-x2 e¥*t g unbounded for
|x] — 1, but the conditions (52) of Theorem 6 are fulfilled for an arbitrary large s.
While the function at the right-hand side side of the equation belongs to 2372 (u). Then,
according to the theoretical expectation, we take m = 200 (2j = 192) to achieve an
approximation of the solution with 11 exact decimal digits (see Table 6). As one can
see, the truncation is less evident for small values of « (in this case « = 1), having
chosen toll = 2.22¢ — 16.
In Fig. 3 we show the graph of the Nystrom interpolant obtained for m = 5.

Let us consider the case in which the given functions are less smooth.

Example 6 The exact solution of the integral equation
1
1 3 —(1=1})73 3
f(X)—E (Ixl+1eD7 f(t)e dr = |x|
—1
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Table 7 Weighted Nystrom

interpolants ( f,u)(x) at the mn (fmu)(—0.4) (finu)(0.5)
points x = —0.4 and x = 0.5 502i=5) 0.01936230 0.01520048
10 2j = 10) 0.019362304 0.015200486
25 (2j = 25) 0.019362304 0.015200486
50 (2j = 42) 0.0193623047 0.0152004865
100 (2 = 70) 0.0193623047 0.01520048655
200 (2j = 118) 0.019362304780 0.015200486558
300 (2 = 164) 0.019362304780 0.0152004865582
0.020 - 1.0k
0.015 - 08¢
0.6l
0.010
041
.005 ozl
*l‘.O *(‘).5 0‘.5 l‘.O *‘1.0 *(‘).5 d.ﬁ l‘.O

Fig. 4 The weighted Nystrom interpolant f;,u (left) and the unweighted Nystrom interpolant f, (right)
form =35

__1__
exists in Cy,, withu = e 20-° since | K| c,—c, < 1, but is unknown. Since both

the kernel and the right-hand side are not very smooth functions, in fact they belong
to Z§’° (u), according to the theoretical expectation, we take m = 300 (2j = 164) to
achieve an approximate solution with 12 exact decimal digits (see Table 7). The index
Jj is given by (56) with toll = 2.22¢ — 16.

In Fig. 4 we show the graph of the Nystrom interpolant obtained for m = 5.

In this case the condition numbers of the matrices of the solved linear systems are
less than 1.003.

Finally, we remark that in all our numerical examples we have already obtained
several correct decimal digits for small values of m.
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