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The s-polyharmonic extension problem

and higher-order fractional Laplacians

Gabriele Cora* and Roberta Musinal

Abstract. We provide a detailed description of the relationships between the fractional Laplacian of order 2s € (0,n)

on R™ and the s-polyharmonic extension operator.
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1 Introduction

The seminal paper [I] by Caffarelli and Silvestre marked a turning point in the study of the fractional
Laplacian (—A)* for s € (0,1). It was shown that for any sufficiently regular function u on R™, there

exists a unique solution E4[u] to the Dirichlet problem

~div(y""#VU)=0 inRY,  U(-,0)=u,
which satisfies
// Y12 |V E, [u][2 dz = d, / (CAfulde,  — lim y OE ] = dy (~A)u.
y—
Rn

n+1
RJr

Here z = (z,y) € R =R x (0,00) and d, = ﬁ 217257(1 — s). Further, the s-harmonic extension
Eg[u] of u can be expressed via convolution with a Poisson kernel,
F(% + S) Y%

(o) = (xBYe) . where PYe) =4t
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and can be easily characterized as the unique solution to the minimization problem

inf // Y% VY2 dz,
V€D1;172S(R1+1)

V(-,0)=u Rt

where Dl?l_zs(RﬁH) is a suitably defined energy space.

Attempts to fully extend the Caffarelli-Silvestre approach to higher orders have already been made,
via conformal geometry techniques, starting with [5] (see also the related papers [3] [6, 10, [12], T6] and
references therei ) For more recent and comprehensive results, we refer to [2]. We cite also [7],
where s € (1,2) is assumed and a different approach is used.

It has already been observed that for any s having integer part [s] € [1,s), the fractional Laplacian
(—AY’ can be recovered by solving a (possibly) degenerate elliptic boundary value problem of order
2(1+ [s]), and that the extension operator Eg can still be used to represent its solution. On the other
hand, as far as we know, a clean and complete description of the natural functional framework for the
extension (i.e. the higher-order counterpart of the space D1?1_2S(RTF1) above) is not available yet.

The main achievements of the present work is to fill this gap. We stress the fact that the under-
standing of the more appropriate functional framework constituted the most important and hardest
step in our investigation, since our point of view is in fact purely analytic.

Let us now describe our approach; we refer to the next section for preliminaries and notation.

In order to face certain severe technical obstructions (which do not occur when s < 1) we prefer

to extend the function Eg[u] to R**! by symmetry. More precisely, we put

(uxP)(z) ify#0

Eslul(z,y) =
! u(z) if y=0,

so that Eg[u] is even in the y-variable. Since D%(R") — Lis (R™) by Sobolev embedding theorem

and PY € C°(R") N L'(R") for any fixed y, then E,[u] is well defined and measurable on R"*! for
2n

any u € D5(R™), and moreover Eful(-,y) € C*°(R™) N L»-2s (R™) provided that y # 0.

In Section [l we introduce and study a large family of Hilbert spaces which includes

DU U = // WPV R gz

Rn+1

'the unpublished preprint [I8] (partially included also in [4]) contains several inaccuracies.



such that any U € Dé“s];b(R"*l) is even in the y variable. Here

1+4[s]

A,? if [s] is odd

bi=1-2(s—1s)), V= . Ay =A4byla,.

sl
VA; if [s] is even

Notice that b € (—1,1). If s+ 5 is an integer, then b = 0 and (=) coincides with the standard
polyharmonic operator of order 1+ 2s, which is the (% + s)-th power of the Laplacian —A. If s is not
an half integer, then the operator —A, = —A — by_lﬁy has a singularity at {y = 0}; nevertheless, it
works smoothly on functions on R"*! which are even in the y-variable, see Section 2

Differently from [5l 2], for instance, in our approach Hardy type inequalities play a crucial role
and constitute the first step in our investigation. As a consequence of the more general Theorem 3.5,
which might have an independent interest, one immediately obtains the next result (see Remark

for related references).

Theorem 1.1 Let s € (0,n/2) be not an integer. If U € Déﬂshb(R"*l), then

T(n=2s 41 2
// v, T2 dz > 22040 ( ?(iQS;[S]) / 1y [Pz ~20+ED |72 g
4

RnJrl RnJrl

Next, it turns out that any function U € D};Hs];b(R"H) has a trace Tr(U) = Ujyy—oy € D*(R")
and that the trace map
Tr : DLTERO(RHY) o D3(R™)
is continuous. This important and difficult result is proved in SubsectionBl (see also [7] for s € (1, 2)).

Moreover, the following facts hold,

T1) the norm operator of the trace map Tr is given by ||Tr||% = i, where

_ I ooty — (s — 16
d = b 221~ (5 - 5] (1)

T2) its adjoint Tr* : D*(R") — D}J[s];b(R”H) is proportional to the extension operator Eg, precisely

1
Tr* = —E;.
A
Properties T'1) and 72) readily follows from the next theorem, in which we summarize our results

about s-polyharmonic extensions.



Theorem 1.2 Assume that s € (0,1/2) is not an integer, and let w € D*(R™). Then
i) Eyu] € DETFY R and Tr(E,[u]) = u;

i1) The function Es[u] is the unique solution to the conver minimization problem

1 s s
it S YR de - 2 (- AT (V). (1.2)
VEDe (RN RnH1

In particular,
/ P B o] WY dz = 2d, (- AYu, TH(V)), for any V € DETEM®RAY),(13)
Rn+1
and therefore
P19, PRl e =24, [ |(-A)up da, (1.4)
R?’L

Rn+1

—div(|yPV (-2 IE ) =0 on R

iii) The function Eglu| is the unique solution to the convex minimization problem

inf // PSP a2 (1.5)

VeDéHs];b(wal)

Tr(V)=u Rn+1
iv) It holds that
iy Yy 2 (- A PEu] = dy (~A)u (1.6)
y—0 ay
in the dual space D~*(R™). If in addition s > 1, then for any integer m = 1,...,[s] we have that
10 m—

(=) " Es[u] = =2(1 + [s] —m) y 1a_y(_Ab) 'Es[u] on {y # 0} (L.7)
lim (—Ap)"Eg[u] = ds (—A)"u (1.8)

y—0 ds—m

) . 82771—1 ) 82m

for some explicit constant ks, (see Lemma [{4)). The above limits are taken in the sense of
traces if s > 2m and in the dual space DS~2™(R™) if s < 2m;



v) If u € CX(R™), then Eyu] € C2lbo(R™) for any o € (0,1), and the limits in iv) hold in the
uniform topology of R™.

Our proof of Theorem in Section [B] needs some preliminary work. Besides the already mentioned
Hardy type inequalities and trace theorems, a careful investigation of the family of Poisson kernels
{P% }a>0 and relative extension operators {E, } >0, together with the relations within them, are needed
as well (see Section Hl).
We stress the fact that Theorem is essentially known if s € (0,1), see [Il 8 @]; some of its
conclusions can be recovered by using the results in [2].
Few comments are in order. One can reformulate ii) in Theorem by saying that Es[u] is a weak
solution to
—div(Jy|'V(—2p)*IU) = 2d, 67y—0y (—AYu  on R™F!
U(-,0) =u,
see Subsection [B.1] for definitions and details.

Next, let u € C2°(R™). Thanks to v) in Theorem [[.2] we can write the Taylor expansion formula

(1.10)

Eslul(-,y) = Z (/;j;;r)'" y2™ (=A)™u 4 o(y**1)  uniformly on R", as y — 0.
m=0 ’

Finally, Theorem gives informations about polyharmonic extensions to the upper half space of
any sufficiently regular function v on R". In fact, if k£ > 1, by choosing s = k — % one has b =0 and
(—Ap)"HB = (=AY, Hence U := Ek_% [u] is the unique weak (i.e. in a suitable energy space) solution
to

k 1
(AU =0 on R} U(-,0) = u.

To introduce our last main result we recall the Hardy inequality by Herbst [I1],

s r n+2s)2
/| (—A)2ul?dr > 2% M

r(=2)’

/ |z|~%|u|?dz  for any u € D*(R™).
1

R™ Rn
In the next Theorem we generalize [I4], Lemma 2.1], [I5, Theorem 1] to higher orders, and give a

positive answer to a question raised in [I4, Remark 2.2] for n = 1, s € (0, %)
Theorem 1.3 Let s € (0,n/2). Then
[ e e D B ds < [ el FluP de for any u e DR,
Rn+1 R

where the positive constant v does not depend on wu.



Theorem is an immediate consequence of Lemma [£3] which provides similar estimates for the
extension operators E,, for any a > 0.

Differently from the arguments in [I4] [15], the proof of Theorem [[3]relies on the characterization of
Muckenhoupt weights via the Hardy-Littlewood maximal operator. We believe that it can be further
generalized in order to consider additional parameters, in the spirit of [I5]; nevertheless, this is beyond

the aim of the present work.

2 Notation and preliminaries

We start by listing some notations used throughout the paper.
R =R"xR={z=(2,9) | z€R", y € R}, RiﬂzR”x (0, 00);
o If ¢ € R? and r > 0, then B,(() is the ball of radius r about ¢ in R%;
e dz = dxdy is the volume element in R"+1;

e Let k£ > 0 be an integer or k = oco. We put
CER™) ={U e C*R"™) | U(z,") iseven }, CE(R™)=CEHR"™)NCEHR")

and regard at C’f;e(R"“) as a subspace of (C*(R"1),| - lex);
e We endow LP(R?) with the standard norm || - ||, . If w > 0 is a measurable function on R?, then
the weighted space L?(R%; wd() inherits an Hilbertian structure with respect to the norm |jw®/?ul|2;

e The 0-th power of any differential operator is the identity;
J

; 0
. : : :
® 0 = By for any integer j > 0;

e By ¢ we denote generic constants, whose value may change from line to line.

Muckenhoupt weights. We denote by A3(R%) the class of Muckenhoupt weights on R?, which are

nonnegative functions w € L{ (R?) such that
1 / 1 .
C, = sup —_— wdé )| —— / w dé) < 0. 2.1
R0 <|Br<<>|B | ) <|Br<<>|B | ) 21)

It is known that w € A3(R?) if and only if the Hardy-Littlewood maximal operator

Malul(©) = sup ey [ fu(©)] e (22
RERREN(S

is bounded L?(R% wd(¢) — L*(R% wd().



Fractional Laplacian and Fourier transform. The fractional Laplacian (—A) of a rapidly de-

caying function v on R"” is defined via the Fourier transform by
CAFu=lga, @ = o [ ) da.
R?’L
Let n > 2s > 0. Thanks to the Hardy inequality [11], the space
D*(R") = {u € LA(R"; |z|~*dzx) | (~A)u e LA(R")}
naturally inherits a Hilbertian structure from the scalar product
(u,v) = /(—A)Su(—A)SU dx = / €)% ao de .
R?’L R?’L

It is well known that smooth, compactly supported functions are dense in D*(R™).

Weighted polyharmonic operators. Given any integer j > 1 and any b € (—1,1), we formally

introduce the following differential operators for functions on R™*1,

j
- A if j is even
Ay=A+byla, vi={0,

VAy if jis odd.

If U € C2(R™1), then y~19,U(x,y) = 8§U(az, 0) +o(1) as y — 0, uniformly for 2 on compact sets
of R”. Thus, —A,U € C2(R™™!). More generally,

VgU € C.f_j(]R”“) if j is even,

, ' for any U € CHR"™ ), j=0,...,k. (2.3)
VU € Ck=(RM L if i is odd, ©

If in addition U € CZ (R"*!) has compact support, then [[AyUl]l < ¢(b,U)||U|c2 where ¢(b,U)

depends on the support of U. Using induction, it is easy to infer that
IV§U oo < c(b, U)|U|lcx , for any U € Cio(R™1). (2.4)
Let j,h > 1 be odd. With some abuse of notation, for ¢ € CL(R"*1), ¢ € CH(R™1), we put
h—1

. j—1 h—1
VWi = (VA2 @) - (VA2 ).

We point out a useful integration by parts formula.



Lemma 2.1 Letk>2,be (—1,1), W € C’g(k_l)(R"H). Then

/ [y (=AW (= AV dz = / y"VIW ViV dz  for any V € Cog(R™HH). (2.5)

RnJrl Rn+1

Proof. In this proof we neglect to write the volume integration form dz.
Fix V € Cg2(R™*). Notice that (—Ap)*'W and VFW are continuous functions on R™"*!. Since
ApV and VfV are smooth and compactly supported, the integrals in (23] are well defined and finite.
If k= 2m + 1 is odd, then W € C2™(R™!). We have to prove that

[ et s =~ [ wpvapw) - vapy). (2.6)

Rn+1 Rn+1

If W e CHR™1), then AW € C2(R™1) by [Z3). Since AV € C’é’;(R”H), we can use integration
by parts to obtain

// ly|PAZW AV = // div(|y|P VAW ) (AV) = / Y|PV AW - VAV .
Rn+1 Rn+1
We proved that
/ lylPAZW AV = — / Y|P VAW - VAV for any W e CHR"),V ¢ C’é’;(R"H). (2.7)
Rn+1 Rn+1

In particular, if m = 1 then (2.6]) follows.
Assume now that (2.6) holds for some integer m. If W € Cé‘(mﬂ)(]R”“) we have

/ [P A2 ALY = / WP AT (AZW) AV = — / PV (A7) - V(A7)

RnJrl RnJrl RnJrl

// ’y‘bAm+2WAm+1V // ‘y’bA2 AmW) Am-ﬁ-lv__/ ’y‘ v Am+1W) V(Ag"b—i-lv)

Rn+1 Rn+1
by 2.7), with A"W instead of W and A,V instead of V. The "odd” case is complete.

We now deal with the case kK = 2m, m > 1. We have to prove that

// P AT ALY — // YPATW APV for any W € C22mTI (R V € CRR™). (2.8)

RnJrl RnJrl



The case m = 11is trivial. Assume that (2.8]) holds for some integer m > 1 and let W € C’igmﬂ)(R"*l).
Since Az(mﬂ)_lW = Agm_l (AEW), using (2.8)) and then (Z7]) we obtain

// P A2 ALY = // Y[ AL (APW) APV = — // PV A v ATy
Rn+1

Rn+1 Rn+1

— // ’y‘bA?+1WA?+1V,
RnJrl

which concludes the proof. O

3 A class of homogeneous function spaces

k

We need to define a large class of spaces De;a’b(R"H) depending on the extra parameter a > 0.

In this section k > 0 is integer and the fixed exponents a, b satisfy

140
—1<b<l, 0§a<%—k‘. (3.1)
Remark 3.1 Under the above assumptions, the weights
bl ,|—2(a+k—j) lyl° .
w(z) = [y[’|2| = i=0,....k,

(2P + 75

belong to the Muckenhoupt class Ao(R™*1). In fact, the supremum c,, in (Z1) is estimated by

i y+r
1 .
w < cn —2(n+1) / by / - d / by / 2 2yatk—i g¢) < oo.
cw<ey sup ([ rlar [ e dd) ([ T [ (Pt < oo
r>0 y—r BT(Z') y—r BT(Z‘)

Recall that for any U € C23(R"!) we have |VZU| € YR 1Y) for any j = 0,...,k by (Z3). Thus

k
08 p =[] WP U < oo, 32)
Jj=0 Rn+1

Definition 3.2 The space
Dk;a,b(Rn-i-l)
e

is the completion of CSG(R" 1) in L*(R"+; |y|b|2|~2@Fk) dz) with respect to the norm || - ||ka.p-

One can show via standard arguments that Dg;a’b(R"H) is in fact an Hilbert space.



Remark 3.3 Let U € DY (R"1). Then VgU is defined by density for any j = 1,...,k, and
ViU | € L2(R™1; |y[b|2|~2@+k=0)dz). Moreover,

: k
AU € DE-2mab (R for any integer 1 < m < 3

Remark 3.4 It turns out that Cky(R™™) C DECY(RHY). For the proof, take U € CE(R™) and a
sequence (pp)hen C Cg‘é(]R”“) of radially symmetric mollifiers. Since

I3 (U % p) = V5 Ulloo < U % p, = Ull s
by (Z4), then U % py — U in DEC(RHY),

Actually, we will endow DE“P(R"1) with the more natural norm

U] = // 1?12 2 WEU 2 dz

RnJrl

which turns out to be equivalent to || - ||5.q,» thanks to the Hardy-type inequalities in the next result.

Theorem 3.5 (Hardy inequalities) Let k,a,b as in (31). Then ||-||k.qp is an equivalent Hilbertian

norm in DE“*(R"+1). Moreover,

// [Pz 2 VU P dz > HE o // ly[P|2| 2N U2 dz  for any U € DESR™MY), (3.3)

RnJrl RnJrl
where +1+b k k +14b k
Hlmbzzkr(" s[5 -5 P s+ )
= R [y r(EE Ay

Proof. In this proof we neglect to write the volume integration form dz.
Fix a nontrivial U € Cgg(R™"!). We will use induction to prove [B3) and the existence of a

constant C, j not depending on U, such that

C2 U2 < // IylP2 2 VA2 (3.4)

Rn+1

10



D —§+3) _ntl4b
a 1

Step 1. Let k = 1. Then Hy :=Hiqp =2 F(n—i—l—i—b____) 5 — (a+1) > 0. We have
1 272
to prove that
i [[ e er < ] e vop. (35)
Rn+1 Rn+1

We can assume that a > 0; the case a = 0 is easily recovered by taking the limit as a 0.
We have |y[®|z|72%, |y[°|z| 72D € L} (R"*1) and

— div(|y"V|27**) = daH:[y|"|z| 7>V on {y # 0} (3.6)

In fact, (B.6) holds true in the distributional sense, and thanks to a standard approximation argument

we can use integration by parts and Holder inequality to obtain

1 1
tatty [ Pl 2= // "Y1z VU < da // wPlel 2R [ [ e e

Rn+1 Rn+1

The conclusion readily follows, as ([B3) and (B4]) are equivalent in this case.

Step 2. Let k = 2. Then

y T2 - §) T2 45 4 1)

F(n-i—i-i—b + %) F(n+4l+b o % o 1)

7n+1+b+a).

H2,a,b = 2

= (H; - 1)(

Now the starting point is the equality (3.6]) with a replaced by a + 1, that is,
—div(|y "V |2["2*) = d(a+ 1) (H1 = D]y|’|2[ 7> on {y # 0}

Since U(x,-) is even, we can integrate by parts two times to obtain

Ao+ )(H, — 1) // gz "2+ TP = // div(Jy V|22 D) U2 = // |22 diy 1y PV U)

Rn+1 Rn+1
// P22 202 = 2 // 2 2D U AL 2 / P2 2D | U2
Rn+1 Rn+1

Thanks to Holder inequality we infer that

ly’|=| 72D IVU P + 2(a + 1) (Hy 1) // lyll=| 22U

Rn+l RnJrl

1 (3.7

1
< (] wieremwe) (] weawr)

Rn+1 Rn+1

11



Now we use ([3.5]) with a replaced by a + 1 to estimate
J[ bl U = -2 [ Pl (39
Rn+1 RnJrl
which, together with ([B.7), gives
Hoap [ 122 0p < ] 1l a0
Rn+1 Rn+1
as (Hy —1)>+2(a+1)(H; —1) = Haap. To conclude Step 2 notice that (7)) and B.8) trivially imply

(Hy —1)2 // P22 D VU < // 1212 AU

Rn+1 Rn+1

Step 3. It remains to consider the case k > 3. If kK = 2m + 1 is odd, then

// yl?12 "2 VAU = / P22V (APT) 2

Rn+1 Rn+1

=11} [[ Pl eriapur = a3 [ e e s o

Rn+1 Rn+1

If kK =2m > 4 is even we write two chain of inequalities,

// yl?)2 2 EU? = / P12 AT U2

Rn+1 RnJrl
> 1, / )22 AP = 92 / [Pz~ | w202,
Rn+1 Rn+1
// 7]z 2 VU2 = // 1yl?12 72| A (AT T 2
RnJrl Rn+1
> (- 0[] 2wy = - 02 ] e g,
RnJrl RnJrl

The above inequalities, together with the lower order cases k = 1 and k£ = 2 and induction easily lead

to the conclusion of the proof. We omit details. O

12



Remark 3.6 Ifb =0, then [3:3) reduces to the classical (weighted) Hardy (k = 1) and Rellich (k = 2)
inequalities. We cite also [13, Theorem 3.3] for more general sharp inequalities.

The case a =0, k=2, b€ (—1,1) has been already discussed in [7].

It would be of interest to prove that the explicit constant H%,a,b in (33) is sharp and not achieved

(this is well known in case b=0).

3.1 The space D¥*(R"*1) and trace theorems

We fix an integer k > 1, an exponent b € (—1,1) and focus our attention on the Hilbert space

DEO(R™ ) .= DEOY(R™1)  with norm HUHi;b://]y\bWéfU]zdz.
Rn+1

We start by pointing out an immediate consequence of Theorem

Corollary 3.7 Assume thatn+1+b>2k. IfU € Dlgb(R”“) then

n b
VkU 2d > 22k +i+ —2k U 2d
yPIEUR n+1+b Pl ds.

Rn+1 RnJrl

The main result in this section is Theorem below (compare with [7, Section 3] for s € (1,2)).

Theorem 3.8 If n+ 1+ b > 2k then the trace map U — Tr(U) := U(x,0), U € CE (R"™) can be

uniquely extended to a continuous operator
Tr - Dk b(RTH-l) — Dk (Rn)

Proof. Fix U € CE (R"*!). We will show that

s L4
[ westvpa: = o [1-afvEota. =m0 (39
Rn+1 Rn
where
)= inf /|t| (/% + |0[2)dt (3.10)
pecl(r)

P(0)=1 —o0

Let us first prove that ¢, > 0, which, together with ([8.9]), concludes the proof.
By contradiction, let ¢, = 0. For every € € (0,1) find ®. € CL(R) such that ®.(0) = 1 and

o0
/tb(|q>;|2 B R)dt << 1.
0

13



Let 6, > 0 be defined by 4(5;_1’ =1—1b. For any t € (0,9,) we have

t
61) 1 &9] 1 51—1) 1
>1_ Nar>1 b, \?2 o 2dr) 2 > 1) 2B 1
(0] = 1= [1@tar = 1= ([Vrtar)t ([ pelpar)” 21—y 2 -
0

5 1 1%
Theref t°® 2dt>—/ thdt = it
ereore€>/0 |D.| = K

In order to prove that (3.9]) holds true we use the Fourier transform U (,y) of U(-,y). We have

[ wrvukds= [ a / 1y (10,02 + | 210?) dy = / e / L1012 + [e[2) dt
R™

Rn+1

, which is a contradiction for € small enough.

where, for £ # 0, we put
() = U 6171, ¢¢ € CZ(R). (3.11)

Since / \t\b(lqﬁé\Q + |¢e|?) dt > ey |9 (0))* = ¢ U(£,0))? by BI0), we plainly infer
R

1+0

/\yrbrVUszzcb/\srl‘*’\ﬁ@,owds:cb/!(—A>%U<x,0>12da:, s=1-——.
Rn n

RnJrl

Thus ([B.9) holds true if & = 1.
To handle the higher order case, for any integer m > 1 we introduce the differential operator
L™ : C27(R) — C2.(R), which is the m-th power of

Lo =0" 45710 — @, L:C2(R) = Co(R).

If & € C2(R), then t*®()®'(t) = o(t'*) as t — 0", because [b| < 1. Thus we can compute

/\t\byL@\zdt = /tbyt—b(tbcb’)’— ®|2dt > /tb\cby?dt— 2/(tbc1>’)’c1> dt
0 0 0 0
::/#mwua/#WPaE/mWV+@mﬁ. (3.12)
0 0 0

If m>2and ® € CZ(R) we use (312 to obtain

[ee] o0 [ee] [ee]
/tb|Lmq>|2dt /tb|L (L™ 1) 2dt > /tb(|(Lm_1<I>)’|2 + L)) dt > /tb|Lm—1<1>|2dt,
0 0 0 0
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so that induction readily gives

o
inf /]t!b\Lm®\2dt2cb.
PeCZT (R)

P(0)=1 —00

We are in position to complete the proof. Using induction again one can see that

AJT(E,y) = €17 L™ () ([€]y),

where the functions U and ¢ are related by (3.I1)). If £ = 2m is even, then

JJ trstuR s - / ¢ / [yl BT dy = / jefimdg / yl? 117 (66) (1€ ) 2 dy

Rn+1
/ €201 e / L™ ()2 dit
if k=2m+11is odd,

// VU dz = // VAP dz > // IV (AT 2 d-

Rn+1 Rn+1 RnJrl
- / €[2Cm+ D g / WP L™ (o) (€ly) 2 dy = / €201 ¢ / 1L ()t
Rn —00 R —00

We see that, in any case,

// W VEU R dz > o / €250 g (0) 2 dE = ¢, / PR T (¢, 0)2 de =

Rn+1 R

e, / (~A* U (0 da,
R?’L

which concludes the proof of (3] and of the Theorem. O
Theorem together with Remark readily give the next result.

Corollary 3.9 Assume that n+ 14 b > 2k. If U € DE*(R™), then AP'U € DE2™YR™) has a
trace Tr(A'U) € Dk_zm_#(R”) for any integer m > 0 such that k —2m > 1. Moreover,

2(k 2m) (1+b)
// [ VEUP dz > o / & Te(ATU) (2, 0)]? da

Rn+1

where ¢ > 0 does not depend on U.
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Next we provide a further integration by parts formula, which gives some infos on the behavior of

normal derivatives on {y = 0} of functions in DEC(R™1), compare with [7, Section 3] for s € (1,2).
Lemma 3.10 Let k > 2 and U € DEP(R™1). Let m be an integer such that 1 < m < k/2. Then
. b m—1rr/. —
ling |y "9, A" U (- y) = 0
in a weak sense, that is,
// (AU ) pdz = — // YV(ATU) - Vodz  for any ¢ € Cée(R"H) . (3.13)
Ri+1 Ri+1

Proof. The Hardy inequalities in Theorem plainly imply that the integrals in (B.I3]) converge
and depend continuously on U € Dg;b(R"“) for any fixed ¢ € C’Cl;e(R"“). Thus we can assume that
U € Co(R™H1).

Let m = 1. Then the smoothness and the symmetry of U in the y-variable give ybayU (z,y) =
O(y'*?) uniformly on the support of ¢, as y — 07. Thus we can integrate by parts to get

/ (A ) pdz = — // yoVU - Vdz. (3.14)
Ri+1 R1+1

Thus [BI3) holds true in this case. If m > 2, it suffices to use [BI4]) with U replaced by AZ”_IU . O

4 Fractional Poisson kernels and extension operators

In order to prove Theorem we need to study the more general class of Poisson kernels

2a (20
Py(a:):cn,a(y— where ¢4 = ( 2 )

: ) +y2) T mil(a)

and associated extension operators

Eaul(zy) = § " TO@ VA0
u(x) ify =

16



4.1 The Poisson kernels P?

Clearly, ||P%\|L1(Rn) = 1 for any y # 0 and P% is smooth on R"*1\ {yy = 0}. In the next simple Lemma,

which will be used several times in a crucial way, we put A, = A — 85.

Lemma 4.1 Let a >0 and b € (—1,1). The following identities hold on R"*1\ {y = 0},
i) 0,P% =2ay (P4 —PY%,,) , APY=2a(b—1+2a)y *(PL—PY,);

1

s y _
it) 0,P% = 72@ Y

y A,PY | provided that o > 1;

I‘(ITH’ +a)l(a —m)
(4 4+ a—m)l(a)

iii) AY'PY = AMPY . for any positive integer m < .

Proof. The identities in i) follow by direct computation, use the identity (n + 2a)cp o = 2acy a41-

If & > 1 we calculate
Aglz|T"720%2 = (n 4 20 — 2) (2a|z|_"_20‘ —(n+ 2a)y2|z|_"_20‘_2) .
Since AgPY | = ¢ 19?2 A 2|72 and (n 4 20 — 2)cpa—1 = 2( — 1)¢n 0, we readily get

APY_ 1 =2(a — 1)y 2 (20n,0y? 2|72 = 200,041y T |2 T2 72)

= dafa — 1)y~ *(PY — P

(4.1)
a—l—l) ’

which concludes the proof of ii). If m = 1 then the identity in 7ii) follows from i) and (@I). To

conclude the proof of iii) use induction. O

The next result deals with the Fourier transform of the function x +— P4%(z) for y # 0. In fact,
P2(€) can be expressed via Bessel functions, see for instance the computations in [§]. We provide a

simple proof based on Lemma A1l

Lemma 4.2 Let o > 0 and y # 0. Then

-«
(2m) 2T ()
where K, is the (standard) modified Bessel function of the second kind of order c.

PY(¢) = €[ Kalyl¢]]),

Proof. We can assume that y > 0. Since PZ is a radial function on R”, [[P4[/1gny = 1 and
Pi(z) = y‘”P}x(g), then P4 (&) = P4(|€]) is radial as well, (27)"||P4||%, < 1 and

PY(p) = Phipy), p=1¢. (4.2)

17



Next, notice that AP% = (2a — 1)y 19, P4 by 4) in Lemma Il Hence, for p > 0 fixed we have that
the function y — P} = P4 (p) solves

(PB)" — (20 — 1)y~ (Ph)' — pPh =0 (43
on {y > 0}. We define K(p) := p‘aﬁg(p), so that

Pa(p) = (py)* K (py)
by (£2). Comparing with ([£3]), we see that K = K (t) solves
K" +tK' — (* + o*)K = 0.

It follows that K is proportional to K, the standard decreasing modified Bessel function of second
kind of order . Since P%(0) = (27r)™™2 and t*K,(t) = 2°~'T'(a) + o(1) as t — 0, the proportionality

constant is determined. O

4.2 Extension operators E,[u] = u x PY

The next Lemma immediately implies Theorem

Lemma 4.3 Let o > 0, and assume that the pair a,b € R satisfies —1 <b<1,0<2a <n+1+5b.

There exists a constant v = y(n,a,b) not depending on «, such that

[y1°12] 72 [Ea[u]|? dz < 7/ |72 u? dae - for any w € L*(R™; |x|~*da).

R+l R™

Proof. By Remark Bl we have that |y|’|z|72¢ € A(R"*'). Fix u € L2(R™;|z|~%dr). Since
u € L _(R"), then Eq[u] = u * P4 is well defined and measurable on R” for any y € R.

Recall that ||P4]l1 = 1. Using the radial symmetry of the function x + P%(z), one can easily
generalize [I7, Theorem II1.2.2.(a)] to estimate

|Eq[u](z,y)] = |uxPl(z)| < |Mylu|(z)], for almost every (x,y) € R

where M,, is the operator in ([ZZ). We identify u = u(z) with a function u = u(z,y) € L (R"™1)

which is constant in the last variable. Thus we can write

y+r
1 1
Mnux:suifud:sui/ah/ u| d€ < c(n) | Myq|ul(x,y)|,
My [u () T>E\Br<x>\3()"f p B()HS (n) [ Mg (2, )
r(x y—r r(x

18



for any (x,y) € R""! where c(n) depends only on the dimension. We infer that

/ P12~ Eaful]? d= < c(n) / 91?122 My ] dz < (n, a,b) / 21212 ()| d=

RnJrl Rn+1 RnJrl

by the characterization of the Muckenhoupt class As(R™*!). The proof is complete. O

Next, we fix u € C2°(R") and study the regularity of E,[u]. Firstly, notice that E,[u] € C27 (R

for any o € (0, min{2«,1}) and in particular
lim [[Eq[u](- y) — ullc = 0. (4.4)
y—0

We recall the argument. Since [Pl gn) = 1, we can write

[e’] - 2a 2 [ee) 2o
‘E(X[u] - U’ S Cn,a / ||VUH 9 |$ §|Z{L+2a df + Cn7a / H,;LH y 9 n+2a é.
_ 2 — 2
oLy (= € ) oty (=R 1)

The limit in (£4]) and the Holder continuity of E,[u] follow since

[Ealu](-y) = ullo = O(ly| + [y[**) if a #
[Eafu](-y) —ullo = O(lyllog ly|)  if o=

as y — 0.

NI—= N[

In fact, the regularity of E,[u] increases for larger values of the parameter c.

Lemma 4.4 Let a > 1 be not integer, u € C°(R™). Then

gy o D@ B N\ DT
bl = T 2 (V) i g BedAm (45)
—192m—1 _ (o + l) = (m—1 (=D T(a—0-1) Am

form =1,... [a] and y # 0. Therefore, E,[u] € CZ,[Q]"’(R"“) for any o € (0,min{2a,1}) and the

Taylor expansion formula



Proof. By i) (with b = 0) and ¢) in Lemma 1] we have

200 — 1

y _ Dy 2(PY PV, )= ST A pY
APY = 2020 — 1)y = (P}, — P_ 1) =1 APY .
Thus 5 )
2 _ _ _ e _ _
0, Eafu] = (AE4[u] — AzEq[u]) o= 1)Ea_1[ Au] 4+ Ey[—Au] (4.7)
for y # 0. One can use induction and (£7) to obtain (A5]). Then (L) follows, since
1 1
_ v _ y _ _
OyEq_¢lu] = ux0,P? _, = o= 1)y (u*xAPY_, ) Na—i— 1)yEa_g_1[ Aul

by i) in Lemma (.11
We already observed that E,[u] is smooth outside {y = 0} and that Eq_s[(—A)™u] € CI7(R™H)

for any m >0, £ =0,...,[a]. Thus E,[u] € C?l}7(R*1). The coefficients of Taylor formula for the
even function E,[u] can be computed thanks to ([£35]), (£6]), and taking ([£4]) into account (with «,u
replaced by a — ¢, (—A)™u, respectively). O

We conclude this section by studying the behaviour of E, acting on smooth functions and then on
the space D*(R"™). Recall that E,[u] € Cg[a}’U(R"H) for u € C°(R™) by Lemma

Lemma 4.5 Let a > [a] > [s] > 1, b=1—2(s — [s]). There exists a constant C,, depending only on

n,s and o, such that

/ |y|b|Vbl+[s}Ea[u]2 dz = C, / | (—A)%u|2 dx  for any u € CZ°(R").
RTL

Rn+1

Proof. Fix u € C°(R™). If [s] = 2m — 1 is odd, we have

Y, R u] = APEafu] = ws (AF'PY) = cus AIPY_,, = c (A"u) « P

a—m

by #i7) in Lemma [4.1] and since a > [s] > m. Thus, using also Lemma [£.2] we infer

/ "V IR ]2 de = e / €20+ g% de / YO KL (yl€D) dy

Rn+1 R 0
_ C/ ’5‘4m—b—1m‘2 df/tb+2(a_m)’Ka_m’2 dt . (48)
R" 0
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Recall that b =1 — 2(s — [s]) = —2s + (4m — 1), so that [ [¢[*" V=1 |a|2dé = [ |(—A)2ul? dz. Since
R R”
b> -1, t*""Kq_pm(t) = O(1) as t — 0 and K,—_p,(t) decays exponentially as ¢ — oo, then the last

integral in (L8] converges, and the "odd” case is over.

If [s] = 2m > 2 is even, then a > m + 1. With similar computations we find

/ PR fu)? dz = / WP IVo AP Eafu]? dz + / 191?10, AP Eqful]? dz

Rn+1 Rn+1 Rn+1

:c/ \y]blvx((Amu)*Pg_m)]2d2+c/ \y]b+2](Am+lu)*Pg_m_1\2dz

Rn+1 Rn+1

= [l afde [ €Ky oo P
Rn 0
The proof is concluded. U

Lemma 4.6 Let s > 1 be not an integer, o > [a] > [s] > 1, b=1—2(s — [s]). Then
. 1+[s];b n+1 S ny.
i) Eqlu] € De (R™4) for any u € D3(R™);
ii) Eq : DS(R") — Déﬂs];b(R"H) is, up to a constant, an isometry;

i11) Tr(Eq[u]) = u for any u € D3(R™).

Proof. The proof i) is quite technical and it is postponed to the Appendix. Claim i) is an immediate
consequence of LemmalLHl Since Tr(E,[u]) = u if u € C°(R™), then i) follows from ii), as CZ°(R™)
is dense in D*(R"). O

5 Proof of Theorem

If s € (0,1), then Theorem [[2 follows by adapting the proofs in [8] (see also [, Section 5]). Therefore,
from now on we assume that s > 1.
We start by writing 4i7) in Lemma [L1] with o = s and b =1 — 2(s — [s]). We have

(—A,)'PY_, = ([S][S_]!V)! P(l;(j)y) (—4y)"PY, v=1,...,[s. (5.1)

Clearly 4) follows from Lemma .6 with o = s.
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Thanks to the continuity of the map E4 : D*(R"™) — Dé“s];b(R"H), in order to prove ii) and 1)

we can assume that v € C2°(R"™). Then Lemma F7] gives
E[u] € C?E9(R™1)  for any o € (0,1).

We fix V € C’g‘é(R”“) and use (0. with v = [s] to compute

D) (=) 9PY) = 22 )l PY)

Aol « PV _ e,
(=A)"u) P ST (s — [s)) YT,

s—[s]

— s (AP ) =

We see that P
By l(-8)H] = 7 (-8) 8, [u] € DY RP)

because s — [s] € (0,1) and thanks to the results in [Tl [ 9]. Moreover,
2 (=AY u, Te(V)) = 2,1 ((—A)° P~ A)[s]u,Tr(V»

/ ‘y’ VES—[S )[S] ] VV—

Rn+1 Rn+1

B [u] - VV.

Thus integration by parts and Lemma 2] (with W = E4[u] and k£ = 1 + [s]) give

20, ((—AFu, Tr(V / 1P (= ) FIE [u] // 1y]0W, TR, [ v EY

Rn+1 Rn+1

Since Co(R™*1) is dense in Déﬂs};b(Rnﬂ), we have proved that Egfu| satisfies (I3]). In fact, the
variational problem
U € D P (R
/ 'V T WY dr = 2d, (AP u, Te(V)) for any Ve DETEIO (R

RnJrl

is equivalent to the minimization problem in (I2]), which evidently admits a unique solution. Thanks
to (L3]), we infer that Eg[u| achieves the minimum in (L2), which concludes the proof of ii).

Next, the convex minimization problem (5] has a unique solution Uy € DH[S] b(R"+1), which is
the minimal distance projection of 0 € Déﬂs] b(]R"H) on the closed, affine space Tr~'{u}. Thus, Uy
is the unique point in Tr~*{u} which is orthogonal to Tr=1{0}. Since (I3) implies

|y|bWb1+[s]Es[u] V;HS]V =0 for any V € Tr™ {0},

Rn+1
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we can conclude that Uy = Eg[u].

The proof of (L)) is an adaptation of [8, Proposition 3.5], where n = 1 and s € (0, 1) are assumed.
It suffices to study the behaviour of ybay(—Ab)[S]Es [u] as y — 0F. For any fixed y > 0 we compute

the Fourier transform of

1 — s
Lifu] :== (=A)u + d—lylb L0y (— Ap) B [u] .

By (510) we have 9,(—Ay)PE[u](-,y) = u * (9,(—A,)*IPY) = diu x (—A,)F9,PY_ ). Thus

s— 5] s—[s]

— o 27T % B —
L0l = lea (1+ %y@w 9P ).

Put « := s — [s], recall (ILT) and notice that b — 1 = —2«. Thanks to Lemma [L.2] we infer that

«

(WIED' 20" Ka (1)) ) = €20 Palylé]).
Using the known formulae for the modified Bessel functions, one can compute

20, (1Ko (1)) = ' (KL () + at T Ko (1) = =t K (1),
so that
.
I'l—a)
It follows that @, (y|¢|) — 0 almost everywhere and in the weak* topology of L>°(R"™) as y — 0 (recall

Do (t) =1— K _o(t) =o(1) ast— 0.

that K;_, decays exponentially at infinity). Thus, for any v € D*(R") we have

L, ) = | / rsPsaﬁ@a(y\sr)dsfg / €% [o[* de / €171 ®a (yl€])? dé
R’rl R’rl RTL

— || (~ A2 / €2 |2 a(yle])? de
Rn

which, together with [¢|?*|a|? € LY(R™), implies

el < [ €1 Balul€])? d = o(1).
Rn
The proof of ([I6]) is complete.
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To prove ([L7) we use ii) in Lemma BT to obtain A;PY_ = 2(s — m)y~'9,PY_ ;. Thus
(=A)™PY_,, = =2(s —m)y 0y (—Ay)™PY_ (m—1)- By applying (B.I) two times (with v =m — 1

and then v = m) we easily infer (—Ay)"PY = —2(1 + [s] —m) y~ 19, (—A,)" 'PY, and (7)) follows.
Now we prove (L8). If s > 2m then (—A)"™u € D*~2™(R"). Using (5.1)) as before, we obtain

ds s]—2m;
(BBl = B, (A" € LM ot
by Lemma Theorem B.8] applies and gives (L8], because
m dS m dS m
Tr((=20)"Es[u]) = 7Tt (Es—m[(=A)"u]) = 7= (=A)"u.

If s < 2m the proof can be obtained by repeating the argument for (L6). For y > 0 we formally
define the operator LZ[u] in the dual space D*~2"(R") = D*™~$(R") by

ds—m
ds

(=A)"Eslul(-,y) = (=A)"u = Esom[(=2)"u] (-, y)-

We have L/ZSJ[Z] = [¢PPma(1 - (27?)"/2?3;_7”(5)) = €124, @ (y|€]), where now o = s —m and
9l-a

- T(a)

The conclusion follows as for (LG). The limits in (L9]) can be checked in a similar way via (5],

([Z4), using Lemma and Theorem B.Rif s > 2m, and thanks to Lemma 1] Lemma 2] known

properties of Bessel’s functions if s < 2m.

Do (yle]) = WIED*Ka(ylé]) = 0 weakly” in L=(R"), as y — 07.

The last assertion in Theorem readily follows from Lemma [£.4] O

5.1 On the variational problem (I.10])

Here we assume that s € (0,7/2) is not an integer and put b =1 — 2(s — [s]), as in Theorem [[.2
Let U € CZ(R"1). Then —div(|y|PV (=AU = [y (—A)"FEIU € Ll (R™) can be regarded
as a distribution on R™*! which vanishes on functions that are odd in the y-variable.

In addition, for any ¢ € Cg‘;(R“H) we can integrate by parts to get

(—div(|y|"V (~ 2)HT), // PV (— )T - Vo d = // P~ AT - (—Ap)pd

RnJrl Rn+1

|y|bWbl+[3]UV1+[s} dz

Rn+1
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by Lemma Il Since CSQ(R™!) is dense in Déﬂs};b(R"*l), we see that for any U € Dé“s];b(R"*l) we
can look at —div(|y|*V(—A,)®1U) as the distribution in the dual space Déﬂs};b(R”“)’ which acts as

follows,

(—div(|y[*V (= A,) ), V) = // 'Y ov vz for any Ve DT R

Rn+1

Next, let u € DS(R"). The trace map Tr : D “(R"*+1) — D5(R") in Theorem can be
composed with (—A)*u, which is a linear form on D*(R™). Instead of writing ((—A)u) o Tr, we prefer

to use the more suggestive notation dgy—qy (—A)u. Thus
Sy=oy (—AYu € DI RMTLY, (51,mg) (~AYu, V) = (=AFu, Tr(V))  for any V € D" 1).

In conclusion, we gave a precise interpretation of the differential equation in (LI0]) as an equal-

1+[5}3b(Rn+l)l‘

ity in the dual space De Moreover, (LI0) gives the Euler-Lagrange equations for the

minimization problem (L2)).

Appendix: proof of i) in Lemma 4.6l

Thanks to Lemma [£5] we only need to show that E,[u] € Déﬂs};b(R"*l) for a fixed u € C°(R™).
The idea is quite simple. We take a cut-off function ¢ € C’g‘é(R"H) such that ¢ = 1 in a
neighbourhood of the origin and put ¢, (2) = @(A712), A > 0. Then

orEalu] € Cog® (R™Y) € D IF (R,

by Lemma &4 and Remark B4 Evidently, @xEq[u] — Eqo[u] in L2(R™H |y[®|2|~20+0D) and almost

everywhere as A\ — 0o. To conclude the proof we will show that

JoxEalullh o < clEalulllisige, (A1)
which implies that p)\E,[u] — E,[u] weakly in Déﬂs};b(R"H)H.

From now on we neglect to write the volume integration forms dz on R"*! and dz on R". Also,
accordingly with (3:2)) (for a = 0), we put
k
2 2 b |—2(k—35) 1\od 7712
01 = W0 Ros = >~ [ Il S0P,
Jj=0 Rn+1

We divide the remaining part of the proof in two steps.

%in fact, paEa[u] — Equ] in the Déﬂs];b(R"“)—norm. In order to skip quite long computations, we limit ourselves

to prove the weak convergence, which is enough for our purposes.
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Step 1: an estimate. First of all we prove the inequality
IEa [v]lli+s)p < clEalv]llifs)p,  for any v e CF(R™), (A.2)

(which, of course, can not be derived via Theorem B.5]). Thanks to Lemma 5] it is sufficient to prove
ly[*|2| 2D | B 0] < C/ [(—ApPu?, j=0,...[s].
Rn+1 Rn

We start by noticing that 47i) in Lemma [.T] implies
APEL[v] = cEqem[(—A) ] for any integer 0 < m < «, (A.3)

where the constant ¢ = ¢(s, o, m) does not depend on v.
If j = 2m is even, then V/Eq[v] = AJ'Eq[v]. Thus, Lemma B3l with s, o and u replaced by s —2m,

a —m and (—A)™u, respectively, gives
[ DI = [ Pl 202 (- A)m <c/| 22 Ay,
RnJrl RnJrl
Next we use the Hardy inequality for the fractional Laplacian (—A)*~2™ to infer
[ wPlel 0 P < / CayF = [ |-aj
Rn+1 R™

If j = 2m + 1 is odd, we write

VJEalt]]” = ¢ [Eacml(—A)"02,0]” + ¢|0yEa—ml(—A)™0] .

We use again Lemma (3] (for the exponents s —2m — 1, « —m) and then the Hardy inequality for the
fractional Laplacian (—A)*~2"~1 to get

Z ‘y’ ’Z‘ 2(14[s]—2m—1) ‘Ea m[( )maer]P SCZ /’x‘—2(8—2m—1)‘(_A)maerP
(=1 g’ =1 gn

<o [10m 5 o0l = e [ -8yl
R?’L

=1 gn
To handle the weighted L? norm of 9yEq—,[(—A)™v] we first use i) in Lemma EEl to get

10y Ea—m[(=A)" ]| = clyAEa—m[(—2)"v]] < clz] | ApEo—m[(—A)"]],
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and next the equality AyEq_,[(—A)™v] = cAP" T E,4[v] (compare with (A3)). Since 2m + 1 = j and
AP = §2m+2 = § | we find

/ ‘y’b’Z‘—2(1+[s}—2m—l)‘8yEa_m[(_A)mv”2 <ec / ‘y’b’Z‘—2(l+[8}—(1+j))’Vbl-i-an[U”2 ]

Rn+1 Rn+1

Let j < [s]. Since 1+ j is even and 1+ j < [s], we can argue as in the "even” case. We obtain

’y‘ ’Z‘ 2(14[s]—(147)) ‘VH_]E [ ‘2 <c/\x] 2(s—(147)) ‘( 1;11)’2<C/‘ 2?)‘2'
Rn+1 R

If j = [s] we have that

/ ’y‘ ‘Z’ 2(14[s]—(14y) ‘VH—]E ﬂ ‘y’ ‘VH—S]E —C/‘ 2’[)’2

Rnt+1 Rn+1 Rn

by Lemma The proof of [A.2]) is complete.

Step 2: proof of ([A.]). We introduce the sets
Ag:={¢¢€ C’g‘é(R"“) | ¢(z) = B in a neighbourhood of 0 } , S =0,1,

so that ¢ € A;, while the partial derivatives of ¢ of any order belong to Ag. For any ¢ € Ag, A > 0,
we put ¢x(z) = ¢(A"'2). By direct computation one gets, for any j,m > 0 integers,

Ouy AT o3 = NP0y, AT O)r YOy AT EN = AT (YA AT D) ; (A.4)
Wi pal < el Fdlloolel - (A.5)

Next we prove, by induction on k, the crucial estimate
IOAEalellskp < clEalollisre, ko= [s] 21, for any v € CE(R™), g€ Ag.  (AG)
Let £ = 1. We compute
Ap(rEav]) = orBpEa[v] + 2VEQ[v] - Vi + Eq[v] Ay -

Thus, using also (A5) and (A2) we obtain

IxEalv]l3, = // [y[°| Ap(@rEa[v]) <CZ // |2 72| WIEa ] * = cllEalv]I3y < clEafoll3,

Rn+1 Jj=0 Rn+1
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where the constants ¢ > 0 do not depend on A. Hence (A6 is proved in this case
Next, fix £ > 2 and assume that (A.6) holds true for every 1 < k¥’ < k — 1. Arguing by induction

one can prove the Leibniz-type formula

1+k . .
Vi (OaEalo]) = Y CinWiEa o]V 5700+ Y O, T TU (VB[] - Wign)
j,h odd

=0
2<j+h<k

where C; 1, C; x> 0 only depend on 4, j, k. Thus

1k
Ltk—(j+h)
[ACHTED [ S e S // [P ITEE O (G R o] W) 2.
R"+1 j,h odd
2<j+h<k R
Thanks to (AH) and (A2) we readily get
14k ‘ ‘
> y* VB [0] V) 001 < clEa V]34 5 < cllBalv]} 1 as -

i=0 Rn+1
To complete the inductive step and thus the proof of ([A6]), we show that for any couple of odd

integers j, h such that 2 < j + h <k, it holds

1+k—(j+h j
19, (W) Ealo] - W02 P < elEafe] 0 (A7)
RnJrl
for some ¢ > 0 which does not depend on A\. We start the proof of (A7) by noticing that
ViEa[v] - V)'dr = VA Eo[v] - VAT ¢x=> 05, A,7 Eo[v]05,A,% 6
/=1
RPNNEE! h—1
+ (y'0yA, 2 Eo[v]) (y0yA, 2 oa) -
Let us call «; = a— L. Since a > [s] =k >2,j,h>1and j+ h <k, we have
(A.8)

;] >k—j+1>1 and [a;—1]>k—j>1.

Thus we can use (A3) and i) in Lemma (1] to infer that there exist some constants ¢ > 0, not

depending on v, such that
Up = Oy, (—A jglv S C’CO " ,
¢ e( ) ( ) ( 9

ji—1
B2y, Eo[v] = cBo, [6]
i where b1
y 9,0, Eqlv] = cEo,_1[7], v=(-A)7veCXR").
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On the other hand, by (A4]) we get

h—1 h—1
O, A %y = A" by =0y, 2 ¢ Ag,
A2 D (¢0)r where b A2 o e Ag (A.10)

h=1 _ _ h—=1
Yoy A7 = A""Dg ¢ =ydyA,Z ¢ € Ag.

We point out that on the support of ¢y, ¢ € Ag it holds A~' < ¢|z|~!. Therefore

¥, U (W Ealo] - W0 )12 < e S (2729, U (69) 0, [64])
/=1

4 c\z]‘2<h_1) Wler’f—(jJrh) (5,\15%—1[5]) ‘2 .
Next we notice that, by (A.8]) and Lemma 4] (see also Remark [34]), we have
(&Z)AE% 0] € Ci[gtj](RnH) c Ccl;—é-k—j(Rn—H) c Dé+k—j;b(Rn+1)7
$Ea;1[F] € G (R € ChJI @) € DETH®).
As a consequence, we can use Theorem to obtain

1+k—j

// P72 9, U (BB, []) 1P < S // [y1°12] 72 9 T () B, [5])

Rn+1 1=0 Rn+1

= (@B, [0elli 11— < cll(PAEa; [Tl 1 —sip

f—
// MK E Rl Al N T ) LN // 11?1272 9 (331 [0]) 2

J
Rn+1 1=0

= [8xEa,~1[0117—jp < cllorEa,~1[0]17 00 -

Rn+1

Summing up, we proved that

[ 11 (8B ) WEon) P < (18,1 + D G, ol i)+ (ALD)

Rn+1 /=1

for a constant ¢ > 0 which does not depend on A.
Next, we show that

[EEa, 1 [@ll7—j0 + D 1(@0)xEay [l 1mjip < clBalolllF1as (A.12)
(=1
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Notice that 7,7, € C°(R™) and ¢, ¢y € Ay, see (AJ) and (AIQ), respectively. Moreover, (A.S)
holds, thus we are in the position to use the inductive assumption. Taking in (A0) v = 0y, ¢ = ¢y
first, and then v =T, ¢ = @, we get, respectively,

|’(<Z~5£)AEaj [ﬁ€]|’%+k—j;b < cf|Eq, [@Z]”%Jrk—j;b N PN T o)1k _jp S c||Ea;—1[0 ][ —jb-
Next, (A.3) and (A9) give Eq,[0¢] = ch “'Eq[0,,v] and Eo,-1[0] = ch R, [v]. Moreover,

Z [Eq[0x,v] Hk b — CZ/| 1arzv|2 - C/ | (_A)%UF = CHEa[U]H%—i-k;b’
R”

=15,
by Lemma Therefore
n
- _ - _ i+l g
@3B, 1[0l7—j + > 1(GABa, [BlllF 15 < c(IV] T Balolli—jp + Z IV ™ Ea 02,013 14— 5:0)
(=1

= (| Ealv)lli1rp + Z Ea[02,0]1%0) = clBalv]Tsp
(=1

which proves (A12). By (A1) and (AI2) we obtain (A7), and the proof of (A6) is complete.
By taking v = u and ¢ = ¢ in (A.6) we get (A.I)). This concludes the proof of i) in Lemma L6l [
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