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We analyze the bootstrap percolation process on the stochastic block model (SBM), a natural extension of the
Erd6s—Rényi random graph that incorporates the community structure observed in many real systems. In the SBM,
nodes are partitioned into two subsets, which represent different communities, and pairs of nodes are independently
connected with a probability that depends on the communities they belong to. Under mild assumptions on the
system parameters, we prove the existence of a sharp phase transition for the final number of active nodes and
characterize the sub-critical and the super-critical regimes in terms of the number of initially active nodes, which
are selected uniformly at random in each community.
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1. Introduction

Bootstrap percolation on a graph is a simple activation process that starts with a given number of
initially active nodes (called seeds) and evolves as follows. Every inactive node that has at least r > 2
active neighbors is activated, and remains so forever. The process stops when no more nodes can be
activated. There are two main cases of interest: one in which the seeds are selected uniformly at random
among the nodes, and one in which the seeds are arbitrarily chosen. In both cases, the main question
concerns the final size of the set of active nodes. Bootstrap percolation was introduced in [16] on a
Bethe lattice, and successively investigated on regular grids and trees [9, 10]. More recently, bootstrap
percolation has been studied on random graphs and random trees [3, 5, 6, 7, 8, 11, 12, 14, 20, 24,
25, 34], motivated by the increasing interest in large-scale complex systems such as technological,
biological and social networks. For example, in the case of social networks, bootstrap percolation may
serve as a primitive model for the spread of ideas, rumors and trends among individuals. Indeed, in this
context one can assume that a person will adopt an idea after receiving sufficient influence by friends
who have already adopted it [27, 31, 35].

In more detail, bootstrap percolation has been studied on random regular graphs [11], on random
graphs with given vertex degrees [5], on Galton—Watson random trees [12], on random geometric
graphs [14], on Chung-Lu random graphs [6, 7, 20] (which notably permit considering the case of
power-law node degree distribution), on small-world random graphs [25, 34] and on Barabasi—Albert
random graphs [3]. Particularly relevant to our work is the paper by Janson et al. [24], where the
authors have provided a detailed analysis of the bootstrap percolation process on the Erd6s—Rényi
random graph. We emphasize that in [24] the seeds are chosen uniformly at random among the nodes,
however, as proved in [18], the critical number of seeds triggering percolation can be significantly
reduced if the selection of seeds is optimized.

Over the years, several variants of the bootstrap percolation have been considered. In majority boot-
strap percolation, a node becomes active if at least half of its neighbors are active. In jigsaw percolation,


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
mailto:giovanniluca.torrisi@cnr.it
mailto:michele.garetto@unito.it
mailto:emilio.leonardi@polito.it

2

introduced in [15], there are two types of edges, one representing “social links" and one representing
“compatibility of ideas". Two clusters of nodes merge together if there exists at least one edge of each
type between them. Majority and jigsaw bootstrap percolation have been analyzed on the Erd6s—Rényi
random graph in [23] and [13], respectively.

Community structure is an important characteristic of many real-world graphs. This feature, how-
ever, is not present in any of the graphs on which bootstrap percolation (or its variants) have been
studied so far. Informally, one says that a graph has a community structure if nodes are partitioned into
clusters in such a way that many edges join nodes of the same cluster and comparatively fewer edges
join nodes of different clusters [21]. Many methods have been proposed for community detection in
real networks (see the review article [19]).

Through the development of the theoretical foundations of community detection, the so-called
stochastic block model (SBM) has arisen naturally, and attracted considerable attention. The SBM
is essentially the superposition of Erd6s—Rényi graphs, and is perhaps the simplest interesting case of
a random graph with community structure. In particular, detection of two symmetric communities has
been studied in [28], while partial or exact recovery of the community membership has been investi-
gated in [1, 2].

In this paper we study classical bootstrap percolation on the SBM with two (in general asymmetric)
communities, assuming that seeds are selected uniformly at random within each community and al-
lowing a different number of seeds for different communities. We prove the existence of a sharp phase
transition for the number of eventually active nodes, identifying a sub-critical regime, in which the
evolution of the bootstrap percolation process is very limited (in the sense that the final size of active
nodes is of the same order as the number of seeds), and a super-critical regime, in which the activation
process percolates almost completely (in the sense that the vast majority of nodes will be activated).
Although our results generalize some of the main achievements in [24], we emphasize that our tech-
niques significantly differ from those employed in [24]. In particular, we devise a suitable extension of
the classical binomial chain construction originally proposed in [30] (and also used in [24]), adapting
it to the SBM. Furthermore, as opposed to [24], where Doob’s martingale inequality is employed, we
use deviation inequalities for the binomial distribution to prove that bootstrap percolation on the SBM
concentrates around its average. Our approach provides exponential bounds on the related tail proba-
bilities, which allow us to strengthen the convergence in probability for the final size of active nodes
(as obtained in [24]) to the level of almost sure convergence.

To better understand the main difficulties in the analysis of the bootstrap percolation process on the
SBM, we recall that in the classical binomial chain construction a (virtual) discrete time is introduced:
at each time step a single active node is explored by revealing its neighbors. Nodes become active as
soon as the number of their explored neighbors reaches the percolation threshold r. In the SBM the
stochastic properties of the set of active nodes at time step ¢ heavily depend on the number of nodes
that have been explored in each community up to time ¢, and this makes the analysis of the bootstrap
percolation process on the SBM significantly more complex. In particular, it requires the identification
of an appropriate strategy to select the community in which a new node is explored at every time step.

Although considerably flexible and mathematically tractable, the SBM does not accurately describe
most real-world networks. For instance, it does not allow for heterogeneity of nodes within communi-
ties. Different variants of the SBM have been proposed to better fit real network data, such as letting
nodes follow a given degree sequence [17, 26] or considering overlapping communities and mixed
membership models [4, 22]. We acknowledge that analyzing bootstrap percolation on the SBM is only
a first step towards a better understanding of this process on more sophisticated community-based
models.

The paper is organized as follows. In Section 2 we introduce the model and our assumptions on
its parameters. The main results of the paper are stated in Section 3, together with some numerical
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illustrations. In Section 4 we provide an overview of our analysis, by first introducing the extension to
the SBM of the classical binomial chain representation of the bootstrap percolation process, and then
by giving a high-level description of our proofs. The detailed proofs are reported in Section 5. Lastly,
in the Supplementary Material (SM), we report the proof of some ancillary results.

2. The stochastic block model

2.1. Model description

The SBM G = G(n1,n2,p1,p2,q), with number of nodes n = ny + no and parameters pi,ps,q €
[0,1), is a random graph formed by the union of two disjoint Erd6s—Rényi random graphs G; =
G(n;,p;), t = 1,2, called hereafter communities, where edges joining nodes in different communi-
ties G1 and G are independently added with probability ¢. In the following we will refer to edges
between nodes in the same community as “intra-community” edges and to edges joining nodes in
different communities as “inter-community"” edges.

Bootstrap percolation on the SBM is an activation process that obeys to the following rules:

* At the beginning, an arbitrary number a; (a; < n;) of nodes, called seeds, are chosen uniformly
at random among the nodes of G;. Seeds are declared to be active, while nodes not belonging to
the set of seeds are initially inactive.

* An inactive node becomes active as soon as at least > 2 of its neighbors are active, and then
remain active forever, so that the set of active nodes grows monotonically.

* The process stops when no more nodes can be activated.

The bootstrap percolation process naturally evolves through generations of nodes that are sequen-
tially activated. The initial generation Gg is the set of seeds; the first generation G is composed by
all those nodes that are neighbors of at least r seeds; the second generation G is composed by all the
nodes that are neighbors of at least » nodes in 9 U 91, and so on. The bootstrap percolation process
stops when either an empty generation is obtained or all the nodes are active. The final set of active

nodes is clearly given by
5= S

k>0

We conclude this subsection introducing some notation and terminology. Given two functions f;
and fo we write f1(m) < fa(m) (or equivalently f1(m) = o(f2(m))), f1(m) ~ fa(m), and f1(m) =
O(f2(m)) i, as m — o0, f1(m)/ f2(m) = 0, f1(m)/ f2(m) — L and Bmsup,, o |f1(m)/ f2(m)| <
oo. Letting | X| denote the cardinality of a set X, we say that the bootstrap percolation process percolates
whenever |G| =n — o(n), that is, whenever almost all the nodes are activated.

2.2. Model assumptions

In the following we consider a sequence of SBMs with a growing number of nodes n. We warn the
reader that, unless explicitly written, all the limits in this paper are taken as n — oco.

We assume that the communities (G1 and G2 have sizes that are asymptotically of the same order,
ie.,

ny ~vng, forsomer e Ry :=(0,00), (1



4

and that the inter-community and the intra-community edge probabilities are asymptotically of the
same order too, i.e.,

q~yp1, forsomeyecRy, p1~ pupy, forsomepeRy. 2)

Note that since v > 0 the communities are never isolated. Similarly to [24], we assume

1/r
%

1/nj<p;<1/(n"), i=1,2 3)

and we define the critical number of seeds, in correspondence of which the bootstrap percolation pro-
cess exhibits a phase transition in the Erd6s—Rényi random graph G(n;, p;), by

1
1 — 1\ 1
9i5:(1—><(r T)> , =12
r n;p;

As proved in [24], under (3), we have

gi =00, gi/n; =0, pigi—0, i=12. “4)

Note that by (1) and (2) it follows that g; and g2 are asymptotically comparable. Furthermore, similarly
to [24], we assume

a;/g; —a; >0, i=1,2, withmax{a,as}>0. (5)

Without loss of generality, we suppose

a1 > oy withag > 0. (6)

Inspired by some literature on the subject (see e.g. [29]) we say that the SBM is assortative if the
intra-community edge probabilities exceed the inter-community edge probability. Specifically, a SBM
is said assortative if > < p1pa. Since ¢2/(p1p2) — Y2 (see (2)), by setting

1 U
xi=1, i=1,2, xi2:=7(u")=1, x21:=~p) YD and X = (Xij )i j=1,2,

the assortative condition can be reformulated as detxy > 0. Therefore, in the following we will refer
to assortative SBM when detx > 0, dis-assortative SBM when detx < 0 and neutral SBM when
detx = 0. Although these notions do not play any role in our main results (i.e., Theorems 3.2 and 3.3),
they do have an impact on the definition of the critical curve for the system (see Proposition 3.5).

Finally, we remark once again that, within each community, the seeds must be selected uniformly at
random and in such a way that the number of seeds satisfies the constraint (5).

2.3. Bootstrap percolation on the Erdos—Rényi random graph: a quick review

To better position our results with respect to the existing literature, we briefly recall the main achieve-
ments in [24]. Note that the Erd6s—Rényi random graph corresponds to a SBM with a single commu-
nity, (i.e., i = 1). It has been proved in [24] (see Theorem 3.1(i%)). that:

(¢) If (3) and (5) hold (with ¢ = 1) and o1 < 1, then

rp(an)

m y in probablllty

1S1/91 —



Bootstrap percolation on the SBM 5

where ¢(aq) is the unique solution in [0,1] of equation rz — 2" = (r — 1)« with unknown z (see
Theorem 3.1(z) in [24]).
(44) If (3) and (5) hold (with i = 1) and o7 > 1, then

|S|/n— 1, in probability.

3. Main results

The bootstrap percolation process on the Erd6s—Rényi random graph exhibits a sharp phase transi-
tion, see [24]. The reader may be wondering whether more complex phenomena, such as selective
percolation of communities, can be observed on the SBM. We will show that this is not the case. In-
deed, under the assumptions described in Subsection 2.2, the bootstrap percolation process either stops
with high probability when O(g;) vertices have been activated (sub-critical case) or percolates (super-
critical case). A selective percolation of the communities may be instead observed when v =0 (i.e.,
q = o(p1)), where the bootstrap percolation process may behave in each community as if they were
isolated.

To state our main results we need some additional notation. For x = (z1,z2) € [0,00)2, we define
the following functions:

pi(X) =y —x; +7“_1(1 - T_l)r_l(mi +xijr;)", i#Fje{1,2}

and the following sets:

r
QZZ{XE[QT/(T—U]Q: r1+ x1222 < $2+X21$1<T_}7

1

r—1’
E1:={xeD: p1(x) <0}, Ea:={xeD: pa(x) <0},

& ={xeD: p1(x)=0}, &g = {x€D: pa(x)=0}.

(¢}
For a set { C D, we denote by  its interior (with respect to the Euclidean topology on R? restricted
to D). Throughout this paper, we consider the following three disjoint and exhaustive conditions:
(Sub): 1 NEy#D,  (Crit):&€1NEy=0,81NEy#£D,  (Sup): &1 NEy=0.
Hereafter, we refer to such conditions as sub-critical, critical and super-critical regimes, respectively. A
graphical representation of these regimes is given in Figures 1, 2 and 3, where the blue curves represent
El and Eg (additional notation appearing on the plots will be introduced later on).

Remark 3.1. Let i € {1,2} be fixed. A straightforward computation shows that if a; > 1, then

mingep pi(x) > 0, therefore £; = () and so (Sup) holds. Consequently, conditions (Sub) and (Crit)
imply o; < 1foranyi=1,2.

3.1. Phase transition on the SBM model

Next theorems provide the main results of the paper. Hereon, for ease of notation, we denote by (C)
the set of conditions: (1), (2), (3), (5) and (6).
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r=2 x12 = x21 = 06, x12=x21=006,01=06,a0= 7 = 2, x12 = x21 = 0.6,
a1 = 0.56, ag = 0.1. 0.175. a1 =0.6, ag = 0.4.

Theorem 3.2. Assume (C') and (Sub). Then, for any € > 0 there exists c¢(¢) € R4 such that

P(|9|—x*

g1

> e) = O(e—c(®)n), (7
where the explicit expression of the positive constant x« > 0 is given in (25).

Theorem 3.3. Assume (C) and (Sup). Then, for any € > 0 there exists c(¢) € Ry such that
g (‘2' -1> 5) =0(e=Em). ®)

Roughly speaking, the above results can be rephrased as follows:
(7) under (C) and (Sub), the bootstrap percolation process on the SBM reaches, as n — oo, a final
size of active nodes which is of the same order as a1 + a2 (indeed, by (2), the definition of g;, (5) and
(6), it easily follows that ay + ag ~ (a1 + ag(u;ﬂ)l/(r_l))gl),
(#4) under (C) and (Sup), the bootstrap percolation process on the SBM percolates, as n — co.

Remark 3.4. Replacing the assumption (3) with the (slightly) stronger condition:

L

1
For any i = 1,2, 1/n; < p; and either p; < 1/(n;)+ or p; ~ ¢/(n;)+ , for some ¢ > 0 and 7’ € (r, 00),

by a standard application of the Borel-Cantelli lemma, the claims (7) and (8) can be strengthened,
]

respectively, as ‘91 — x4 and % — 1 almost surely.

3.2. The critical curve and the sub-critical and super-critical regions

To complement the results of Theorems 3.2 and 3.3, in this subsection we determine the sub-critical
and the super-critical regions of the system, i.e., the set of & = (1, cvg) for which either the sub-critical
or the super-critical behavior is observed. We restrict our investigation to ¢ € [0, 1]2 since, as already

noticed in Remark 3.1, necessarily (Sup) holds whenever o1 > 1 and/or g > 1. We write &;(«;),
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Ei(ai) and &;(«;) in place of &;, gz and &;, respectively, to make the dependence on «; explicit. We
define the regions

o

Rsub = {Oé €[0,1)%: &1(e1) N 22(042) # 9} , Rsup = {04 €[0,1)%: &1(o1) NE(az) = 0}7
)

and the curve

o

Rewie = {a [0,12: &1(a1) N Es(a) =0, E1(a1) N Exlan) # @}, (10)

to which we refer as the sub-critical and the super-critical regions, and the critical curve, respectively.
By exploiting the convexity of the functions p;(-) and by imposing the tangency condition between

the curves & (a1) and & (a2), one can show the following Proposition 3.5, whose proof is elementary,
and therefore omitted. From here on, we denote by M the transpose of the matrix M.

Proposition 3.5. The following claims hold:
(¢) Under (C) and detx # 0, we have

Rerit = {(yl,yz)(x_l)t —r A= T L yh) € 10,107 0<yy <v/(r — 1),

(1 *1) 1—(1- 1"71)7*1%’—1 1/(r—1)
—(1—r |
Y2 1—(1—r=1)r=1y detx

(7) Under (C) and detx = 0, we have

Rerit = {(yl,yQ) —r N =Y N (1 +yaxan)”, (Wixer +y2)") € 0,17 0<y <7 /(r— 1),

1/(r—1)
r 1
2 = X21 PE—— —Y1| ¢
e 7“1<1+X§1‘1> y}

(#4i) Under (C), Rgup i the convex set delimited by the curve Rcyiy and the coordinate axes.

Note that R it depends only on the asymptotic properties of the SBM, which are expressed in terms
of the parameters 7, 7, ;1 and v. In other words, two (sequences of) SBMs with the same parameters
r, 7y, i and v lead to the same critical curve Rcypit, and therefore to the same sub-critical and super-
critical regions. Hereafter, we illustrate numerically Proposition 3.5, taking (sequences of) SBMs with
parameters r = 2, v = 0.25, and v = p =1 as baseline case.

We start by investigating the impact of the various parameters on the sub-critical and the super-
critical regions. To this aim, we vary a parameter at a time, keeping fixed all the others, and determine
the critical curve.

In Figure 4 we vary the parameter ~, which characterizes the strength of the inter-community con-
nectivity with respect to the intra-community connectivity. When v <1 (r =2, uy =v = 1) SBMs are
assortative, whereas when v > 1 SBMs are disassortative. Finally, in the special case when v =1 the
SBMs are neutral (i.e., dety = 0) and exhibit the same Ryt of Erd6s—Rényi random graphs. In this
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special case the critical curve corresponds to the segment where a1 + ao = 0.5, indeed a straightfor-

ward computation gives g1 = ﬁ. We further note that, as ~ | 0, the sub-critical region approaches
1P1

the whole square (because, as v — 0, the fraction of edges connecting the two communities tends to
vanish, and therefore the activation process spreads in the two communities as if they were isolated).
Finally, since the sub-critical region is convex for any ~, in a SBM with g = v =1 (i.e., symmet-
ric), we have that the critical number of seeds is minimized when all the seeds are placed in the same
community (i.e., either a1 = 0 or ag = 0). Instead, the critical number of seeds is maximized when the
seeds are equally partitioned between the communities (which approximately occurs, notably, when the
seeds are chosen uniformly at random among the nodes). Interestingly, in the latter case (i.e., when the
seeds are equally partitioned between the communities), a simple computation shows that the critical
threshold in a SBM with 1 = v = 1 is asymptotically equal to the critical threshold in an Erd6s—Rényi
random graph having the same average degree.

In Figure 5 we vary the threshold parameter 7. Note that, as r 1 co, the sub-critical region approaches
the domain

{(a1,02) €[0,1]*: a1 +7a2 <1, ag +ya1 <1}
(this property holds for any ~ in the symmetric SBM with y =v = 1).
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Next, we explore what happens in SBMs with p # v (i.e., asymmetric) by changing either v or .
In Figure 6 we fix r =2, v = 0.25, =1 and increase the parameter v, making the first community
increasingly larger than the second community. Interestingly, we observe a significant reduction in the
(normalized) critical value of aip for increasing values of v when we put all the seeds in the commu-
nity Gg (i.e., a1 = 0): this means that fewer and fewer seeds are needed in community G2 to trigger
percolation, as the community G| becomes larger and larger. This because the epidemic transfers into
the community 1, where it propagates more easily thanks to the larger number of available nodes.
However, note that, to minimize the (un-normalized) critical number of seeds, all the seeds must be
placed in the larger community G, as a consequence of the fact that g;, i = 1, 2, are different.

Finally, in Figure 7 we fix » = 2, v = 0.25, v = 1 and increase the parameter y, thus increasing the
intra-community probability in G;. For large values of p, considerations similar to Figure 6 apply.

4. Overview of the methodology

4.1. The extension of the binomial chain construction

We introduce a discrete time ¢ > 0 and we assign a marks counter M, (t), M, (0) := 0, to every node v
which is not a seed. Seeds are activated at time ¢ = 0. We set U;(0) := () and denote by A;(0) the set of
seeds in the community G;. The process, then, evolves according to the following recursive procedure.
Attime t € N:={1,2,...}:

* We arbitrarily select a community G'; provided that A;(t — 1) \ W;(t — 1) # 0.

* From the selected community Gj, we choose, uniformly at random, a node v € Aj(t -1\
uj' (t—1).

* We use the chosen node v, i.e., we explore the node v by revealing its neighbors and by adding
a mark to each of them.

» Weset Uj;(t) :=U;(t — 1) U{v} and U;(t) := U;(t — 1), for i # j. We also set A;(t) := A;(t —
1) U AA;(t), where AA;(¢) is the set of nodes in the community G; that become active exactly
at time t, i.e., the set of nodes in GG; that have received the r-th mark exactly at time ¢. Note that
AA;(t) =0 for t < r, since no other nodes are activated until at least 7 seeds are used.

* The process terminates as soon as there are no active and still unused nodes, i.e., at time step:

T:=min{t € N: A;(t) =U,(t), Vi=1,2}. (11)

Note that, since only one node is used at each time step, for any ¢ <7, |[U(t)| =t, where  U(t) :=
Up (1) UUa(t). Let A(t) := A1 (t) UA2(t) denote the set of active nodes at time ¢ < T'. We clearly have

veA()\A({t—1) ifandonlyif My(t)=r, 1<t<T (12)
where
Ust)
Mot) =35 1(s), VugA(t—1) (13)
i=1 s=1

U;(t) :=|U;(t)| and the random variables {Iéi) () }oga(t),1<i<2,1<s<7 are independent, with Ii(,i) (s)
distributed as Be(p;) ! if v is a node of the community G, and distributed as Be(q) if v is a node of
the community G, j # i.

Here Be(p) denotes a Bernoulli distributed random variable with mean p € [0,1].
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The next proposition guarantees that the order in which active nodes are used does not have any
impact on the final set of active vertices G.

Proposition 4.1. We have G = A(T).

Although Proposition 4.1 may appear rather obvious, it plays a crucial role in our proofs. Therefore,
for completeness, we report its proof in the SM.

Remark 4.2. In the description of the binomial chain representation of the bootstrap percolation
process, we did not fully specify the rule according to which a community is selected at every time
step ¢t € N. Indeed, we limited ourselves just to mention a general guideline for the selection of the
community: at time ¢ € N, we choose a community GG; which has active and unused nodes. Clearly,
this choice can be made in many different ways. Throughout this paper, we refer to such different ways
as “strategies". Remarkably, Proposition 4.1 applies to any strategy. It will become clear later on that
the opportunity to “arbitrarily" define the strategy for the community selection, provides a fundamental
degree of flexibility that comes in handy when we analyze the bootstrap percolation process on the
SBM (see the proofs of Theorems 3.2 and 3.3).

Hereon, we put [n] :={1,2,--- ,n} and let ¢ € {1,2} be fixed. We have defined the random marks
quz)(s) for v ¢ A(t) and 1 < s < T, but, similarly to [24], see Section 2 therein, it is possible to
introduce additional, redundant random marks, which are independent and Bernoulli distributed with
mean p; if v is a node of the community G; and with mean ¢ if v is a node of the community G/,

J #1, in such a way that Ii(,z) (s) is defined for all v € G and s € [n]. Such additional random marks
are added, for any 1 < s < T, to already active nodes and so they have no effect on the underlying
bootstrap percolation process. This corresponds to artificially extending the chain construction beyond
T, by selecting and exploring at every time 7' < ¢t < n a potentially non-active node. Clearly such
extension has no effect on the dynamics of the bootstrap percolation process up to time 7', and it is
just instrumental. Throughout this paper, we denote by Bin(u,p), u € N, p € [0, 1], a random variable
following the binomial distribution with parameters (u, p).

Note that, conditionally on U (t) and Ux(¢), the random variable M, (¢) is the sum of independent
random variables with the binomial distribution, i.e., for fixed ¢ € {1,2} and ¢ € [n] U {0} we have

My () [{U(8) = u(t)} = Bin(u; (), p;) + Bin(u;(t),q), v € G, j #i (14)

where U(t) := (U1 (t),Ua(t)), u(t) := (u1(¢),u2(t)), the symbol £ denotes the equality in law and
the random variables Bin(u;(t), p;) and Bin(u;(t),q) are independent. The number of active nodes in
the community G; at time ¢ € [n] U {0} is given by

Ai(t) == [Ai(t)] = a; + Si (1), (15)

where

Si(t):= Y 1{Y,<t}, Y,:=min{seN: My(s)>r}. (16)
’UEGi\Ai(O)

Since the random variables { M, (t) | {U(t) = u(t)} },cq, are independent and identically distributed
with law specified by (14), we have

Si(t) [{U() = u(t)} £ Bin(n; - a;, bi(u(?))), (17
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where
bi(u(t)) :== P (Bin(u;(t),p;) + Bin(u;(t),q) >r), i€{1,2},j#i. (18)

Hereafter, we denote by A(t) := |A(¢)| = 212:1 A;(t), the number of active nodes in the SBM at time
t. Note that |§| = A(T) =T — 1.

Remark 4.3. The analysis of the bootstrap percolation process is significantly more complex on the
SBM than on the Erdés—Rényi random graph. Indeed, on the SBM, for any ¢ < T', the random variables
{4;(t) }1<i<2 depend on the quantities {U;(¢) }1<;<2, and so on the chosen strategy. In turn, the choice
of a strategy is constrained by the availability of active and unused nodes in the different communities.
As a result, S;(t) is binomial only given the event {U(¢) = u(¢)}. In contrast, on the ErdGs—Rényi
random graph the number of used nodes at time ¢ is equal to ¢, and therefore the law of the number of
active and unused nodes at time ¢ is (unconditionally) binomial.

4.2. High level description of the proofs

In broad terms, the proofs of Theorems 3.2 and 3.3 adopt the following approach. First, note that since
T — 1 =G|, we can reduce the computation of the tail probabilities of |G| to the computation of the
tail probabilities of 7. Then, exploiting the definition of 7" given in (11), we aim to upper-bound the
tail probabilities of 7" with a combination of probabilities associated to the events {4;(t) — U;(t) <
0}, i € {1,2}, for different time instant ¢t. However, in doing so, the following difficulty arises. A (t)
depends on U(t), which itself depends on the selected strategy and on the past trajectory A (7) — U(7)
for 7 < t. This because, as already mentioned in Remark 4.3, whatever strategy is considered, we can
choose a node in the community G; at time 7 only if A;(7 — 1) — U;(7 — 1) > 0. We refer to this
constraint as feasibility constraint.

By (4.1), we can choose whatever strategy is convenient (among those that are feasible, i.e., satisfy
the feasibility constraint), indeed the choice of a strategy has no impact on the final number of active
nodes. A first crucial step in our proofs consists in identifying such a strategy. In the attempt to balance
the number of active and unused nodes in the two communities, a possible candidate is the max-
strategy, according to which, at time step 1 < ¢ < T, one chooses the community with the maximum
number of active and unused nodes A;(t — 1) — U;(¢ — 1). The main drawback of this strategy is that
the analysis of the corresponding processes A(t), U(t), t < T, appears prohibitive due to its complex
correlation structure. To circumvent this difficulty, we introduce a hybrid variant of the max-strategy
defined above, according to which, at time ¢, the community G is selected if and only if

f BA® =000 U0 =u()] | El4a(t) = Us(t) | U(t) = u(t)

n—00 g1 ~ n—oo g9 ’

i.e., at time ¢ we select the community with the largest asymptotic normalized expected number of
active and unused nodes.

We go on selecting communities according to this rule up to a random time 77, T’ < T, defined
as the first time at which the feasibility constraint prevents us from further using our deterministic
policy. For every time ¢ € (T”,T], instead, we select communities according to an arbitrary feasible
strategy, such as the max-strategy. The reason why the hybrid max-strategy simplifies the analysis of
the bootstrap percolation process is that up to time ¢ < 77, the process U(t) is deterministic, with the
mapping ¢t — (U1(t)/g1,Ua(t)/g2) describing a particular well determined curve in D. As a result,
the characterization of P(A;(t) — U;(t) < 0) becomes extremely simple, since it can be reduced to the
tail probability of binomial random variables. Then we can easily bound from above the probability



12

P(A;(t) — U;(t) < 0) by using the concentration inequalities reported in the SM, provided that we are
able to characterize the average asymptotic dynamics of F[A;(t) — U;(t)]. We emphasize that, by so
doing, we obtain exponential bounds. Moreover we wish to point out that the asymptotic analysis of
the average dynamics of the hybrid max-strategy permits us to identify three regimes, which are shown
to be equivalent to (Sub), (Sup) and (Crit).

At last we recall that the interested reader can find the extension to the case of SBMs with k > 2
communities in [33]. While the stochastic analysis can be carried out following the same lines as for
the case k = 2, the identification of a suitable deterministic strategy is not straightforward. We report
in the SM a brief discussion of the main issues arising in the case of k¥ > 2 communities.

5. Proofs

5.1. Preliminaries

We start by introducing the asymptotic normalized mean number of active and unused nodes. For
t€[n]U{0}andie€ {1,2}, we set

Ri(u(t)) := E[Ai(t) = U;(t) | U(t) = u(t)] = a; + (n; — a;)bi(u(t)) — uq(t). (19)
Hereon, for x := (21, 22) € [0,00)?, we set
[xg] == (lz191], [2292)),
where |z | denotes the greatest integer less than or equal to 2 € R. The following lemmas hold.
Lemma 5.1. Assume (1), (2), (3), (5) and let i € {1,2} be fixed. Then

. Ri(lxg]) 2
nll)néo Y pi(x), Vx€][0,00) (20)
Lemma 5.2. Assume (1), (2), (3), (5), and let W be a compact subset of (0,00)2. Then

’ Ri(|xg])
9i

sup
XEW

—pi(x)| =0, Vi=1,2

Lemma 5.3. Assume (1), (2) and (3). Then, for any x € [0,00)?, i € {1,2} and j € {1,2} \ {i},
bi(1xg)) = (140 (1{ai > 0} (Lwigilpi + (Lsgs)) ™) + 1y > 0}(Lwjg;Ja+ (L2j9) 7))
x (|l@igilpi + lzjg;]q)" /r.

We postpone the proofs of Lemmas 5.1, 5.2 and 5.3, which are technical, but conceptually rather
straightforward, to the SM.
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5.2. Equivalent formulations of (Sub), (Crit) and (Sup)
Throughout this subsection we assume (C) and (6) with or; < 1. We consider the curve

Dp={x€D: pi1(x) =p2(x)} 21

and the conditions:
(8ub): minkep, p1(x) <0, (Crit): mingep, p1(x) =0, (Sup): mingep , p1(x) > 0.

Note that D, is graphically represented by the purple curve in Figures 1, 2 and 3. The following
proposition holds.

Proposition 5.4.  Under the assumption (C) with a1 < 1, we have that the conditions (Sub), (Crit)
and (Sup) are equivalent to (Sub), (Crit) and (Sup), respectively.

The proof of this proposition exploits the following lemma.

Lemma 5.5. Assume (C) with o < 1. Then:
(0) (1)

(i) Dp is the graph of a strictly increasing function of class C1, say ¢(-), with domain [y 7,2y ],
(0)

where x| is the unique solution of the equation

p1(21,0) — p2(x1,0) =0, x1€(0,7/(r—1))

and xgl) is the unique point in (0,7 /(r — 1)) such that

(@M ¢y =D,
where

~ T
D= {X €D : max{x] + x12%2, T2 + X2171} = 7‘—1} .

) pl(x(o)) = p2(x0) >0, where x(0) .= (:r:go), 0).
(i41) &1 is the graph of a strictly increasing and strictly concave function of class C?, say (1(-),
with domain [y%o),ygl)] and (1 (yio) ) =0. Here y%o) is the smallest positive solution of the equation

a1 —xp+r (1=t =0, and ygl) is the unique point on (0,7 /(r — 1)) such that

(N, a@M)y=DnE,.

(iv) Eg is the graph of a strictly increasing and strictly convex function of class C2, say Ca(-), with

domain |0, y§2)] and (2(0) = yéo). Here yéo) is the smallest positive solution of the equation agp — x2 +

r= 1 —r~ =1l =0, and yEQ) is the unique point on (0,7 /(r — 1)) such that

2 2 ~
{(y§ ),Cz(y§ N =DneE,.
Having established the above lemma, we define

Z,::El ﬁgz,
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i.e., Z is the set of the zeros of both p1(:,-) and pa(-,-), which necessarily lie in D,. Under the
assumption (C'), by Lemma 5.5 (parts (éi7) and (iv)) we have that:

Z = El N Eg =0e (z) < o(x),Vze [ygo), ygl)] N[0, ygl)] =& N&=0<(Sup). (22)
Hence

(Sub)<:>§1ﬂ§2#®é81ﬂ82#®:>2,:glﬂgg3é@. 23)
Let
Zo = (24,((22)) € €1 N Ey (24)

denote the zero of p1(-,-) and pa(-,-) in D, with the smallest first coordinate (which is obviously
strictly positive), and set

T = 2+ ((2) (vp")V 7Y > 0. (25

Here, ((-) is the function whose graph is D, (see Lemma 5.5(7)).

For later purposes, it is important to note that, as immediate consequence of Lemma 5.5 (parts (7i7)
and (#v)) we have that, under the assumptions (C) and (Sub), there exists a right neighborhood of
z4 > 0, say I, such that (a(z1) > (1 (1) forany z1 € I, ie.,

p1(x1,¢(x1)) = pa(x1,{(21)) <0, Vayel]. (26)

The proofs of Lemma 5.5 and Proposition 5.4 are reported in the SM.

5.3. Proof of Theorem 3.2
By Remark 3.1 we necessarily have oy < 1. Let mgo) , xgl) be the extreme points of the domain of ¢(-)
(see Lemma 5.5(%)), consider the segment

$:={(21,0): z1 €[0,2"]}
and denote by ((-) the function whose graph is given by C:=8 U D p-1.e.,

Ca) =10 oy @)¢@r), o1 €f0,af"].

We recall that, in our terminology, a strategy is a rule according to which at every time step ¢ € [n] a
community is selected, see Remark 4.2.

We proceed by dividing the proof in four steps. Usually, throughout the proof, for ease of notation,
we denote by ¢ > 0 a generic positive constant, by ¢(¢) if it depends on & > 0.

Step 1: Identification of a suitable strategy

In this section we are going to formally define the hybrid variant of the max-strategy, which has been
introduced informally in Sect.ion 4.2. We start from its initial deterministic component, in correspon-
dence of which the trajectory of the normalized number of used nodes in each community follows
the curve (x1,((x1)), as it can be observed by combining (19), Lemma 5.1, (21) and Lemma 5.5 (i).
Therefore, our first goal is to define the corresponding un-normalized ‘trajectory’ (w1 (t), w2 (t)) of the
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actual number of nodes to be used by time ¢ in the community G;. With this in mind, we first establish
a map between the discrete parameter ¢ and the quantity =, that parametrizes the curve (z1,((z1)). In
particular, we set

v(ey) == |z1g ] + [Cla1)ga), @1 €0,2(V). @7

Note that v([O,xgl)]) is a subset of [n] U {0}, say v([O,xgl)]) = {to,t1,.--,tm+1}. Without loss of

generality, we assume tg :=v(0) =0 <1 < ... <ty <tpmy1 = v(zgl)). We consider the right-

continuous generalized inverse function of v:
v L(ts) ;== inf{z; € [O,wgl)] su(xy) >tsh, s=0,...,m+1 (28)
Finally, we set
wi(ts) = [0 (t)gr ), walts) = [C(7 (ts))g2), s=0,....m+1, (29)

Now, to conclude our construction, we extend the definition of w;(-), ¢ = 1,2, to the set (0, v(:cgl))) N

(NU{0}), by interpolating their values in v ([0, asgl)}) as follows. We note that by construction

wiltss1) —wi(ts) € (0,1}, i=1,2,5=0,...,m

and
2

> wilts)=ts, s=0,...,m+1.
=1

So, for any s =0,...,m + 1, t541 — ts € {1,2}. Consequently, for any ¢ € ((O,U(xgl))) NN)\

v([O,xgl)}), there exists t5 € v([O,zgl)]), for some s € {0,...,m},suchthatt =ts+ 1and ¢t + 1=
ts+1. For such a ¢, we define

wi(t):= v (ts)g1] +1 and  wa(t) = [C(v 1 (ts))g2l. (30)

Note that, by construction,

2
S wit)=t, Vie{0,...,va))
=1

Finally, we need to determine the conditions under which the deterministic strategy we are defining
can be successfully employed. To this purpose we define the stopping time

T =min{1 <t <wv(xiV): A;(t—1) <w;(t), forsome1<i<2}. 31)
At time step ¢ > 0, we choose the community G;, ¢ = 1,2, if and only if C;(t) = 1, where
Ci(0):=0, Ci(t):=wi(t) —wi(t—=1), 1<t<T’ (32)
and

Cr(t) =1{A1(t=1)=U1(t—1) > Aa(t—1)=Uz(t=1)}, Ca(t)=1-C1(2), T <t<T (33)



16

In words, the chosen strategy is deterministic and equal to (32) as long as possible. Indeed, T” is the
first time at which the deterministic strategy (32) can not be employed because of the lack of usable
and active nodes. Note that setting w(t) := (w1 (t), wa(t)), we have

Ult)=w(t), Vt<T (34)

The above strategy is well-defined, indeed, by construction, at each time step ¢ < 1", there exists only
one index i € {1,2} such that C;(t) = 1 (C;(t) = 0 for j # i), and by (34) we have T' > T" with
T — 1 =19|. As already mentioned, we extend the process for T' < ¢ < n by adopting an arbitrary
“unfeasible” strategy. The choice of the strategy employed for ¢ > 7" has no impact on T”.

Step 2: outline of the proof.

It can be easily seen that

lim lim v(ze £9)/v(24) = 1.

d—0n—o0

Therefore, for any € > 0, there exist . > 0 and n. € N such that for any n > n., it holds v(zx + d¢) <
(14 e)v(zx) and v(z4 — 0¢) > (1 — €)v(24). So, for an arbitrarily fixed € > 0 and any n > n,.

{IS1/v(z) =1 > e} ={IS] > (1 +€)v(2))} U{IS] < (1 =€) (z4)}
C{I9]> v(z +0e)} U{IS] <v(2x — 0c) S{IG] > v(2s +0e)} U{T" <v(zx — &)}

Since v(z«)/g1 — T«, the claim then follows if we prove that, for any § > 0 small enough there exists
a positive constant ¢(d) > 0 such that

P(T/S'U(Z* - 5)) = O(efc(é)gl) (35)
P(|S] > v(z« +0)) :O(e—0(5)g1). 36)

Step 3: proof of (35)
We divide the proof of (35) in three parts. In Step 3.1 we prove the inequality

P(T' <v(z — 6))< T +To, (37
where
v(:p(l()))—l
= Z P(Bin(n1 —a1,b1((w1(s),0))) <wi(s+1) —aq) (38)
s=0
v(zx—08) 2
Ty = Z ZP(Bin(ni —a;, bi(w(s))) <w;(s+1) —ay). (39)
s:v(xgm) =1
In Step 3.2 we prove
T, = O(e— ) (40)
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by applying the concentration inequalities reported in the SM to every addend in (38). In Step 3.3 we
prove

Ty = O(e~0)n) (41)

again by applying the concentration inequalities reported in the SM to every addend in (39).

Step 3.1: proof of (37).

Hereon, we set A(t) := (A1(t), A2(t)) and, for two vectors y = (y1,y2) and y' = (y],5), we write
y >y ify; >y}, i=1,2. From (31) and (34) we get

{T'>t}={A(s) >w(s+1)V0<s<t -1} C{U(s) =w(s) VO < s < t}, 42)
which yields
(T'=t}={A(t-1)<w(t), A(s) >w(s+1)V0<s<t—2} (43)
C{A(t-1) <w(t), U(s) =w(s) VO<s <t —1}. 44
Therefore

t
Pr'<ty=P| |J {T'=s}|=>_P(T' =
s=1

1<s<t
<ZP s) <w(s+1),U(h) =w(h) YO< h < s) (45)
t—1
< 3" P(A(s) < w(s + 1), U(s) = w(s)) (46)
s=0
Consequently,
v(zx—9)
P(T" <v(z = 0)< Y P(A(s)<w(s+1) | U(s) = w(s))
s=0
v(mgo))—l
= > <P(51(5) +ar —wi(s+1)<0] U(s) = (wl(s)vo))>
s=0
v(zx—8)—
o ZP tai—wi(s+1) <0 Us) =w(s), @)
s—v(acgo)) =1

where we used the fact that wo(s) =0 for s =1, ... ,v(xgo)). The inequality (37) follows from (47),
noticing that (17) yields

o(@?)—1

> P(Si(s) a1 —wi(s+1) <0 | U(s) = (wi(s),0)) =Ty
s=0
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and

v(ze—0)—1 2
> > P(Si(s) +ai —wi(s+1) <0 | Us) = w(s)) = Ta.

s=v (ng)) i=1

Step 3.2: proof of (40).
We first note that, since w2 (s) = 0 and therefore wq (s) = s for s < v(a:go)), we have

min(a1,v(z; ’))—1

T = Z P(Bin(n1—al,bl(s,O))<s+1—a1)
s=0
'U(:r(lo))fl
+ Z P(Bin(nl—al,bl(s,O))<s+1—a1),

s:min(al,v(x<10>))

with the convention that the second addend on the right hand side is null when min(a, v(xgo))) =

v(mgo)). Now, note that by construction

min(ahv(mgo)))—l

Z P(Bin(n1fal,bl(s,()))<s+1fa1>:0.
s=1

Therefore, 1 is not null only if a1 < v(argo)), and so

v(acgo))—l
T < Z P(Bin(nl —a1,b1(s5,0)) <s+1 —a1>.

s=ai

Now we are going to bound each addend of the sum in the right-hand side by using the inequality

(13) in the SM. For any s € {aq,... ,v(xgo)) — 1}, we have v~ 1(s) = s/g1 = w1(s)/g1. Moreover

observe that, since a1 /g1 — a1 < xgo), for n sufficiently large a1 /g1 € [a1/2, xgo)]. Similarly, since

v_l(v(:cgo)) -1)= (v(xgo)) —1)/g1 = (ngo)glj -1/g1 1 xgo), for sufficiently large n we have
vil(v(x(lo)) —1) €laq/2, xgo)]. Then, as an immediate consequence of the monotonicity of the in-
volved functions, for n sufficiently large, let us say n > n/, we have that v_l(s) € a1/ 2,90%0)]

(0)

any s € {ay,...,v(xy ') — 1}. Hence we can apply Lemma 5.2 and conclude that, for n > n” (n” not
depending on s and not smaller than n'):

R1((s,0)) = Ry ((w1(s),0)) = R1(([v~ " (s)g1],0)) = R1((v"'(s)91,0))

1 _ . 1 1
> @ ), 0a > b (o 0)gr = 5 (Vg
me[a1/2,z§0)]

for
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where for the latter equation we have used the property that p;(-,0) is strictly decreasing on
(0,7/(r —1)). In conclusion, we have, for all n. > n'":

. 1
Emmmn—ahad&m»y:Rﬁ@p»—al+szépﬂﬂ®w1+s—a1>s+1_aL
Therefore, we can apply inequality (13) in the SM. Note that, since the mapping = — z/(x + y), for

fixed y > 0, is strictly increasing on (0, c0), and the function H defined by (11) is decreasing on (0, 1),
for every n > n'/, we have

P<Bin(n1 —a1,b1((s,0)) <s+1— a1> = P(Bin(nl —a1,b1((s,0)) <s— a1>

<ex _L (x(O)) H S <ex .- (X(O)) H ¢
S expl 501 9 $mxMgr+s—a1 ) )~ T\ " %pl(x(o))ﬁgo) |

O

1
301 (Ot

In conclusion, defined ¢’ := % p1 (x(o))H ( ) and c = %C', for every n > n’ we have

T < wgo)gle_clgl =0(e” ),
which yields (40).

Step 3.3: proof of (41).

To prove (41) we follow the same lines as in the proof of (40). As first step we show that for a suf-
ficiently large n (independently from s) (w1(s)/g1,wa(s)/g2) is contained in a properly compact set
C.,—s,, satisfying the following property:

Coobeo C{XED: p1(x)>0,p2(x) >0}
Then we bound ¥5 as follows:

v(zx—0)—1 2

Toa< Y Y P(Bin(n; —a;,bi(w(s))/g1 < (wis) —ai +1)/g;)

s:v(mgo)) i=1
<o(zx = 6)(51(e) +52(9)), (48)
for any € > 0, where
si(e):==  sup P<Bin(nz‘ —a;,bi(|xg]))/gi < —a; + €>7 i=1,2. (49)

XECZ*_&EO

Then, exploiting Lemma 5.2 and the inequality (13) in the SM, we are going to show that there exists
e = ¢(d) such that

si((6)) =0(e~<D91) ;=12 (50)

Then (41) immediately follows.
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Step 3.3.1: Definition of €, _5 .
Let G, be the graph of the function ((-) restricted to [x(lo) , ], for an arbitrary z € (x(lo) xgl)]. Clearly,

)

for any z, @, is a compact set of R2. Using Lemma 5.5, it is easily seen that, for any &,
C..6 CCN{xED: p1(x)>0,p2(x) >0}
Fore >0, let €, _s . be the e-thickening of C,,__s, i.e.,
Ceosei=1x€ R?: dist(x,€,, _g) <&},
where, for B C R2,

dist(x, B) :=inf{|x —y||: y € B}

and | - || is the Euclidean norm. By the regularity properties of the functions p;, i = 1, 2, easily follows
that there exists £g > 0 small enough such that

ez*—é,eo - {X €D: Pl(X) > OyPQ(X) > O}

Step 3.3.2: proof of the relation (w1 (s)/g1,w2(s)/g2) € C;, _s.¢-
We are going to show that there exists a positive integer n., (not depending on s) such that

(w1(s)/g1,w2(s)/g2) € C,, _5.¢, for any n > ng, and v(xgo)) < s <v(z« —J) — 1. Indeed, given

an arbitrary n, for any v(xgo)) <s<w(z« — ) — 1, we have

o1 (s)g1] < wi(s) Lo (s)g1] +1

< <
91 g1 91
and
S0 (5)ga] _ wals) _ LS~ (5))go] +1
92 92 92
These relations imply
9 1| < 1/
g1
and
29) _Fo1(s))] < 1/
92

for any v(a:go)) < s <wv(zx — J) — 1. Therefore we can select n,, such that

(w1 (s)/g1,w2(s)/g2) = (v~} (5), {07 ()] < €0,

and since (v~1(s),{(v"1(s)) € C,, _s forany v(;vgo)) < s <wv(z4—3), we deduce that (w1 (s)/g1,w2(s)/g2) €
C.,—6,e0> fOr any n > ng,.
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Step 3.3.3: proof of (50).
We shall show (50) for ¢ = 1, indeed the case ¢ = 2 can be proved similarly. Setting €(d) :=
mingee, 5. p1(x) >0and e(9) := %6(5), we have

(n1 —a1)bi([xg]) .

N 1 1
— I @y + x12m2)" — ~€(6) = 21 — ay + p1(x) — ~€(6)
g1 4 4

1 3
>z —041+6((5) — 16(5) >x] — o] —&-16(5) for aHXEGZ*_&SO. 51

Therefore, by concentration inequality (13) in the SM for all n large enough, we have

sup P<Bin(n1 —a1,b1(|xg])) < <~’C1 —ay+ 16(5)> g1>

X€Czy—5,eq 4
1
3 xr1 — a1+ 5€(0
< sup exp|—(r1—a;+ Ze(d))ng ;é() (52)
XEC., —5,¢0 xr1 — a1+ 16(5)

= O(el€@))g1y = O(e—c(d)g1),
where in (52) we used (51) and the fact that H decreases on (0,1).

Step 4: proof of (36).
For § > 0, define the random time
Q(0) :==max{t: Ur(t) <31, U2(t) <32}
where 31 := | (2« +0)g1 ] and 32 := |((2« + d)g2|. Note that by construction
either U1(Q(0)) =31 and  U2(Q(9)) < 32,
or U1 (Q(0)) < 31 and Ua(Q(5)) =32 almost surely.

In other words, defining, for v € NQ, the sets

F, = 5P ug?,

! 2
T = {(wiwe) N?: wn = vr, wy < v}, T = {(wi,we) €N i wy =g, wy <1},
the random vector U(Q(d)) (whose components are U; (Q(9)), i = 1,2) almost surely satisfies
U(Q(0) €T (51,50) With |5, 500 =31 +52+ 1.

As immediate consequence, we have that almost surely

Q(6) =U1(Q(9)) + U2(Q(9)) <31 + 32 = v(2x +9).

Therefore

{191 =v(z+8)} )

2
( {Si(t) +a; — Ui(t) > 0}
1=1¢<v(z4+0)
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c

{S:(Q(9)) +a; — U;(Q(5)) > 0}

s.
Il ) ro
_

2
= U N{SiQ©) +ai — Ui(Q(5)) > 0,U(Q(6)) = u},

ued (g ;) =1

and so

2
P32 (e +6) < S P<m{si<Q<5>>+ai—Ui<Q<a>>20}\U<Q<6>>=u>
)

UET (5, 59 i=1

2
<@Giti2tl) g ex P (m {Si(u1 +u2) + a; —u; > 0} ‘ U(Q)) = u) (53)

(31a52) i=1

2
<(31+32+1) max max P ﬂ {Si(u1 + u2) + a; —u; > 0} ‘ UQ©)=u]. (4
1§]§2u63’§” o \imt
31,32 -

Note that, for fixed j € {1,2} and we 57 .

2
P (ﬂ [Silur +u2) +ai — w; > 0} | U(Q(9)) = u> < P(S5(ur +u2) + ;2 5| U(Q(8)) = u)
i=1

= P(Bin(nj —aj,bj(u)) = 3; — a;j) < P(Bin(n; —a;,b;((31,32)) > 35 — a;),

where the latter inequality follows from the stochastic ordering properties of the binomial distribution
with respect to its arguments. Note, indeed, that b;(u) (as defined in (18)) is increasing with respect to
the components of u. Combining this inequality with (54) we have

P(IS| > v(2x +9)) < (31 +32+ 1) 1@?§2P(Bin(nj —aj,bi(31,32) > 35 — aj).

Since
31+32+1~v(z +9)
the claim then follows if we prove that, for an arbitrarily fixed ¢ € {1, 2}, the quantity
P(Bin(n; — aj, bi(31,32)) = 3 — ai)

goes to zero exponentially fast with respect to g1 . For this we employ again the concentration inequality
(12) in the SM. Since ideas and computations are similar to those in the proof of (35), we skip some
details. By Lemma 5.1 we have

(n1 —a1)b1(31,32) ~ ((zx +6) — a1)g1 + p1 (2« + 6, (2 +6)) 1. (55)
and

(ng — a2)ba(31,32) ~ (C(2« +0) — a2)g2 + p2(zx + 6,((2+ + 6))g2. (56)
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Therefore
31— a1 . (24 +0) -1 57
(n1—a1)b1(31,32) 24 +6 — a1+ p1(zx +9,((24 +6))
and
32 — a2 C(ze+0) —ao 58)

— = — .
(n2 —a2)b2(31,32)  ((2¢ +6) — a2 + p2(z« +6,((24 +0))
By Lemma 5.5, we have that there exists dg > 0 such that

max_p;((z4 +6),((2x +0)) =€(5) <0, forany0<d < dp.
1<i<2

Therefore, by (12) in the SM, for all n large enough, we have

P(Bin(nl —a1,b1(31,32)) > 31 — a1> <exp <_(n1 —a1)b1(31,32)H ((nl _3;1;;)?231 52))>a

where H(z):=1—xz+xlogx, x>0, H(0)=1.The exponential decay of
P(Bin(ny — a1, b1(31,32)) 2 351 — a1)

easily follows combining this latter inequality with (55) and (57), and using that H increases on (1, c0).
Reasoning in the same way, but using (56) and (58) in place of (55) and (57), respectively, one proves

the exponential decay of P | Bin(ng — a2, b2(31,32)) > 32 — a2 |.

5.4. Proof of Theorem 3.3

We give the detailed proof in the case o1 < 1. The case o1 > 1 follows along similar computations and
itis briefly outlined in in the SM.
We denote by (o (+) the function whose graph is

Cext :=CU :RQO’

where C is defined at the beginning of the proof of Theorem 3.2 and Rg,, 6y > 0 arbitrarily fixed, is
the straight line

Ro, = {XER2 \D: x=(z1,00(x1 fxgl)) +Z(l‘gl))), 1 ngl)},

Coxw) =1y (@) + 10 (@) Blar = i) +Caf)).

Similarly to the proof of Theorem 3.2 (see (27)), we set

v(z1) := [2191] + [Coxt(€1)g2], 21>0
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and note that v([0,00)) = {ts}senufoy, for some 19 :=0 <t; <... <tpy <.... We define v (ts),

s € NU {0}, similarly to (28), with obvious changes (i.e., with [0,00) in place of [0,2{"] and with

N U {0} in place of {0,...,m + 1}), w;(ts), ¢ = 1,2, s € NU {0}, similarly to (29), and we ex-
tend the definition of w;(-) to any ¢t € N\ v([0,00)) similarly to (30). We define 7" as in (31) (with

{1,... ,v(xgl))} replaced by [n]) and, similarly to the proof of Theorem 3.2, for t < T”, the strategy
{C;(t)} defined by (32) is adopted. For 7" < t < T', we assume that the system switches to the strategy
defined by (33). However we wish to emphasize that the choice of the strategy employed when ¢ > T”
is completely irrelevant for the proof, as it will become clear in the next subsection.

We proceed by giving an outline of the proof and then by dividing the proof itself in five steps.
Hereon, for ease of notation, we denote by ¢ > 0 a generic positive constant, by c(¢) if it depends on
e>0.

QOutline of the proof
Lete € (0,1) be small. Since |G| > T”, we have

P(n—|G|>en) <1—P(T'>[(1—¢)n)),

where [x] denotes the smallest integer greater than or equal to x € R, and therefore it suffices to show
that

P(T'<[(1—¢)n]) > O(e~E)a),
for some positive constant c(¢) > 0. We have
P(T" < [(1=e)n]) = P(T’ < ko(e}))) +Plho(a”) < T < [y ) +P(lpr | < T < [(1=en])

for some constant k£ € N. Therefore the proof is completed if we show that every term on the right-hand
side vanishes exponentially fast for sufficiently large n. To this aim, as first step, we give a preliminary
bound on P(T" € [ta,tp)) for some tq,ty € [n] with t, < t.

Step 1: A useful preliminary bound
Note that by (44) we have
{T" € [ta,tp)} = U HA(E— 1) <w(t), A(s) 2 w(s +1) VO < s <t — 2}
CUPLHA(t—1) <w(t), U(s) =w(s) VO<s <t —1}.
Therefore
{T" € fta,ty)} C{U(ta — 1) =w(ta — 1)} (59)

Since the paths A; () and the functions wj;(-) are non-decreasing, we have

{A(ta —1) > w(ty), Uty — 1) =w(ty — 1)} N{T' € [ta,tp)} = 0. (60)
Combining (59) and (60), we have

P(A(ta—1) 2 w(t;), Ulta — 1) = w(ta — 1)) + P(T' € [ta, 1))

P(A(tg —1) > w(b), Ulta — 1) =w(ta — 1)) + P(T" € [ta,ty), Ulta — 1) = w(tq — 1))
P(U(ta — 1) =w(ts — 1)),

IN
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which yields

P(T' € [ta,tp)) < P(T' € [ta,tp) | Uty — 1) = w(tq — 1))

2
<1 P(A(ta—1) > w(ty) | Ulta — 1) =w(ta — 1)) < > P(Ai(ta — 1) <wi(ty) | Ulta — 1) = w(ta — 1))
i=1

(1 1
Step 2: Bounding P(T" < kv(zy"’))
By (46) we have
kv(xf))fl
P(T' <ku(@M)< > P(A(s) <w(s+1) | U(s) = w(s))
s=1
=%+ %o (62)
with
v(mgo))—l kv(acgl))—l
Tii= Y PA(s)<w(s+1) | U(s)=w(s)), Tp = Y  PA(s)<w(s+1)|U(s)=w(s)).
o=t s=v(a”)
Now, following the same lines as in the proof of (40), we can easily show that
v(@i”)
Ti= Y P(Sils)<s+1l-ar | U(s)=(50)=0(c ). 63)

s=min(a; ,v(x§0) )

(0)
RN | 0 il
w408 )

Instead, to prove that
To=0(e™91),
we can follow the same approach as in the proof of (41). Hereon, we skip many details and highlight

the main differences. Let C; be the graph of the function (. () restricted to (xgo) ,T), T > xgo), and,
for € > 0, let C; ¢ be the e-thickening of C,. As in the proof of Theorem 3.2, one has that there exists
€0 € (0,1) small enough so that

(‘Zkv(x(ll))ﬁo Cc{xeD: pi1(x)>0,p2(x) >0}

and it can be shown that there exists ne, (not depending on s) such that (wi(s)/g1,w2(s)/g2) €

CroeM),e
that minyce
k

for any n > ng, and any w(xgo)) <s< Iw(xgl)) — 1. By the assumption (Sup) it follows
0
o p1(x) =: € > 0. Then, proceeding exactly as in the proof of Theorem 3.2, we
v(zy),e0

can show that for n large enough %o < 50(6)91, where s is defined as in (49), with C . (x<1>) . in place
1 »€0

of GZ*,(g’EO.
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Step 3: Bounding P(kv(xgl)) <T' < |p;'))
For n so large that so that Lpl_lj —-1> kv(wgl)), define
li=min{l>k: pymy>1}, where my:= ké/kv(xgl))

Since my; > Lpl_lj, we have

-1
ko), 1o AN C | [mesmesr] NN
=k
Now
-1
P(ko{Y) <T' < [py ) <3 POmg < T <mygpy)
=k
2 -1
<D Y P(Ai(my = 1) <wi(mgy) | Ulmg — 1) = w(my — 1))
i=1/0=k

where in the latter inequality we have employed (61). Moreover

P(A;(mg — 1) <wi(myyq) | U(mg — 1) = w(my — 1)) = P (Bin(n; — a;, b(w(my — 1)) < wz‘(zzf)ﬂ) —aj)).
(

Therefore, choosing k large enough and arguing as in the proof of relation (59) in [32], for any
i€{1,2},any £ € {k,...,I — 1} and all n large enough, we get

P(Bin(n; — a;,bi(w(my +1))) <wi(meyq +1) — a;)
< P(Bin(n;, bi(w(mg +1))) < w;(mgyy +1)) <e 191 (= leheagn, (65)
for some positive constants c1, cg > 0. Finally, by (64), for all n large enough, we have

2 1-1
Plko(V) <T' < [p 1)) < >N P®Bin(ng — ag, bi(w(my — 1)) <wi(mgg1) — a;) < cze” 91,
i=10=[c]

for some positive constant c3 > 0.
Step 4: Bounding P(|p; '] < T’ < [(1—e€)n])

Let ¢ € (0,1) be a small positive constant such that, for all n large enough P (Bin( [pfl ,D1) >T) > 2¢
(see e.g. the proof of Lemma 8.2 Case 3 p. 26 in [24]). For all n large enough we have

P(lprH <T' <[ —en])=P(lpy ' <T' < [en]) + P([en] <T < [(1 —€e)n]).  (66)
From (61), we have

P(lpy '] <T" <[en]) <1=P(A(lpy '] = 1) 2 w([en]) [U(lpy '] = ) =w(lp; '] — 1))
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2
<> P(Bin(n; — ag, bi(w([py '] = 1)) <wi([en]) — a;). (67)
i=1

Similarly, we get

2
P(fen] T < [(1—e)n]) < 3 P(Bin(n; — az, bi(w([en] — 1)) < wy([(1 - )n]) — a;). (©68)
=1

The following inequalities are proved in the Step 4 of the proof of Proposition 4.1 in [32] and hold for
any i € {1,2} and all n large enough:

P(Bin (nl —a;, bi(w([pyt] = 1)) <wi([en]) — ai) <c1e” ", for some constants ¢y, cg > 0
P(Bin(ni —aj,bi(w([en] — 1)) <wi([(1—¢)n]) — ai> <e (91 for some constant ¢/(¢) > 0.

Therefore P(|py ] < T’ < [(1—e)n]) <e <91 4 ¢re—c2n,

Supplementary Material

Auxiliary results/discussion
SM contains: i) the proofs of Propositions 4.1, 5.4 and Lemmas 5.1, 5.2, 5.3, 5.5, ii) the description of
the generalization to the SBM with & communities, iii) concentration inequalities for the Bin(n, p).
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