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Abstract

Dirichlet process mixtures are flexible non-parametric models, particularly suited to den-
sity estimation and probabilistic clustering. In this work we study the posterior distribution
induced by Dirichlet process mixtures as the sample size increases, and more specifically
focus on consistency for the unknown number of clusters when the observed data are gen-
erated from a finite mixture. Crucially, we consider the situation where a prior is placed
on the concentration parameter of the underlying Dirichlet process. Previous findings in
the literature suggest that Dirichlet process mixtures are typically not consistent for the
number of clusters if the concentration parameter is held fixed and data come from a finite
mixture. Here we show that consistency for the number of clusters can be achieved if the
concentration parameter is adapted in a fully Bayesian way, as commonly done in practice.
Our results are derived for data coming from a class of finite mixtures, with mild assump-
tions on the prior for the concentration parameter and for a variety of choices of likelihood

kernels for the mixture.

Key Words: Asymptotic; Bayesian nonparametric; Consistency; Clustering; Dirichlet pro-

cess mixture; Number of components.

Short/Running Title: Clustering consistency with DPM




1 Introduction

Bayesian nonparametric methods have experienced a huge development in the last two
decades, often standing out for their flexibility and coherent probabilistic foundations; see
the monographs by |Miller et al.| (2017) and |Ghosal and Van Der Vaart (2017)) for recent
stimulating accounts. The cornerstone of Bayesian nonparametrics is the model based on
the Dirichlet process (Ferguson, 1973)), which can be expressed as X; | P Pand P ~
DP(a, Qq), where a > 0 is the concentration parameter and Qg is the baseline distribution
over the sample space (X, X'). The success of the Dirichlet process in actual implementations
of the Bayesian approach to nonparametric problems is mostly due to its mathematical
tractability, which is highlighted by conjugacy, and flexibility, which is assessed in terms of
its large topological support.

Since P is almost surely discrete, if one wishes to model continuous data one may
convolve it with a density kernel k parametrized by a latent variable 6 that is drawn from
a Dirichlet process. This yields the popular Dirichlet process mixture (Lo, [1984)), which
exhibits appealing asymptotic properties in the context of density estimation: in several
relevant cases, the posterior distribution concentrates at the true data-generating density
at the minimax-optimal rate, up to a logarithmic factor, as the sample size increases (Ghosal
et al. {1999; (Ghosal and Van der Vaart} 2007). Such a model and mevery of its variants
are widely used across scientific areas, thanks also to the availability of a wide variety of
efficient computational methods to perform inference, see for instance |[Escobar and West
(1995, 1998)); MacEachern and Miiller| (1998]); Neal (2000); |Blei and Jordan| (2006]).

Thanks to the discreteness of the Dirichlet process, the latent parameters 6;’s exhibit ties
with positive probability. Hence, the Dirichlet process mixture model is also routinely used
to perform clustering since it partitions observations into groups based on whether their
corresponding latent parameters 6; coincide or not. The ubiquitous use of Dirichlet process
mixtures for clustering motivates the interest in the asymptotic behaviour of the posterior
distribution of the underlying partition, and in particular in the inferred number of clus-
ters (i.e. subpopulations), as the number of observations increases. Nguyen| (2013) showed
posterior consistency of the mixing distribution P under general conditions. However, this
does not imply consistency for the number of clusters, due to the use of the Wasserstein
distance. Indeed, Miller and Harrison (2013) proved that Dirichlet process mixtures are

not consistent for the number of components when data are generated from a mixture with



a single standard normal component. See also Miller and Harrison| (2014) for extensions.
These results, however, are derived under the assumption that the concentration parameter
« is known and fixed. This is crucial because the clustering behaviour of Dirichlet process
mixtures is governed by the choice of a.. Indeed, under the Dirichlet process mixture model,
the prior probability of observing ties is a function solely of a, since pr(6; = 6;) = 1/(a+1).

In order to have a more flexible distribution on the clustering of the data, in most
implementations of the Dirichlet process mixture a prior 7 for « is specified, leading to a
mixing measure that is itself a mixture in the sense of Antoniak| (1974). Here we show that
introducing such a prior has a major impact on the asymptotic behaviour of the number
of clusters, as Dirichlet process mixtures can be consistent for the number of clusters. We
provide consistency results under fairly general conditions on 7 and for a moderately large
class of kernels k, including uniform and truncated normal distributions. Following Miller
and Harrison (2013), we focus on data-generating mixtures with a single component. Our
results also extend to the more general case of finite mixtures with multiple components,
when a suitable separation assumption between the elements of the mixtures is fulfilled.
Crucially, we prove consistency for cases where using a non-random « yields inconsistency,
thus suggesting that a hyperprior may be beneficial even beyond the cases considered here.
We stress that the framework we study is arguably closer to the way Dirichlet process
mixtures are used in practice, compared to holding « fixed.

We note that studying an asymptotic regime where the data-generating truth is a mix-
ture with a finite and fixed number of components entails some degree of model misspec-
ification. Indeed, Dirichlet process mixtures are nonparametric models with an infinite
number of components or, in other words, a number of clusters growing with the size of the
dataset. Thus, our results can be interpreted as a form of robustness of the prior: if the
number of components of the data-generating is finite, it can still be recovered by adapting
appropriately the value of «, despite the prior is concentrated on mixtures with infinitely
mevery components. In particular we show that, under all the data generation mechanisms
we consider in the next sections, the posterior distribution of o converges to a point mass at
0 at a specific rate, which is crucial to ensure consistency. See Section [5| for more discussion

and some related literature.



2 Dirichlet process mixtures and random partitions

Henceforth, we will be focusing on Dirichlet process mixture models with a prior on the

concentration parameter, namely

X0 % k(16;), 6, | PP, Pla~DP(a,Qo), a~m, (1)
where k(- |0) is some density function, for every 6. Since we are interested in the distribution
of the number of clusters, it is reasonable to rewrite in terms of the distribution on
partitions, related to the so-called Chinese restaurant process. For every pair of natural
numbers (n, s) such that s < n, denote with 75(n) the set of partitions of {1,...,n} into s
non empty subsets. Conditionally on «, the sequence (6;);>1 induces a prior distribution

on the space of partitions of IN that, for every n > 2, is characterized by

o
pr(4 | a) = o H(aj_l)!7 (A={Ay,..., A5} € 75(n), s < n), (2)
j=1
where o™ = a---(a +n — 1) is the ascending factorial and a; = |A;| stands for the

cardinality of set A;. Conditionally on the partition A, the probability distributions of the
data Xi., = (X1,...,X},) and of the cluster-specific parameters 0.5 = (él, e 95) are

pr(Xim | 016, A) = [T TT B(Xi 165),  pr(f1s | A @) = pr(bu.s | A) qu 65 (3)
j=1i€A,;
The number of clusters in a sample of size n is denoted by K, and under it has the

following prior distribution

/ > pr(A]a)r(da).

A€eTs(n)
Since we are concerned with the large sample properties of pr(K,, = s | X1.,), we focus on
the joint distribution of the vector (X1i.,, K,,) which, for every x1.,, = (z1,...,2,) € X", is
given by

S

pr(Xim = 1, Ky = 8) = Z pr(A) H m(za;), (4)

AeTg(n) Jj=1



where pr(4) = [pr(Ala)7w(da) and m(za;) = ineAj k(x; | 0)qo(0)dd is the marginal
likelihood for the subset of observations identified by Aj;, given that they are clustered
together. We study the asymptotic behaviour of the posterior induced by model when
the observations are independent and identically distributed samples from a finite mixture,

that is we assume the following data generation mechanism

¢
X, P=Y"pR;, (i=12...), (5)
j=1

where, for every ¢ > 1, the R;’s are distinct probability measures on X and the p;’s are
probability weights, i.e. p; € (0,1) for every j and Zj pj = 1. We will let P®) and P()
be the product probability measures induced on X" and X* respectively, and denote (5]
by X1.00 ~ P() In the following, we will consider each R; to be dominated by a suitable
measure and denote the resulting density by f;(-) := f(- | 67). We say that model in (1]
is well-specified for P if k(-|0) = f(- | #), that is if the data-generating distribution is a

mixture of kernels belonging to the same parametric family that defines .
We say that posterior consistency for the number of clusters holds if pr(K,, =t | X1.,) —
1 as n — oo in P(®)-probability. Note that the conditional probability pr(K, =t | Xin)
is defined with respect to the model in , while the convergence in probability is with
respect to the data-generating process Xi.oo ~ P(). Since pr(K, =t | Xi.,) lies between
0 and 1, convergence in P(°)-probability is equivalent to convergence in L' with respect to

P(>) and thus we could equivalently define consistency in terms of L' convergence.

3 Main consistency results

The investigation of the asymptotics of the number of clusters K,,, induced by the model

in , will rely on the following assumptions on the prior 7 of «

Al. Absolute continuity: m is absolutely continuous with respect to the Lebesgue measure

and its density is still denoted as ;

A2. Polynomial behaviour around the origin: Je, §, f such that Va € (0,¢) it holds

ja¥ <m(a) < da;

A3. Subfactorial moments: 3D, v, p > 0 such that [a’m(a)da < Dp~*T'(v + s + 1) for

every s > 1.



The first two assumptions are sufficient to study the posterior moments of «, conditional to
the number of groups K, as will be clarified in Proposition [3| Assumption A3, instead, will
be useful specifically for consistency purposes: the minimum value of p required to achieve
consistency depends on the problem at hand, that is on the specific choice of P in and k
in (1), as will be stated in Theorems [2] and [3] Assumptions A1-A3 are satisfied by common

families of distributions, as displayed in the next lemma.

Lemma 1. The following choices of m satisfy assumptions Al, A2 and A3 (for a fized
p>0)

(1) every distribution with bounded support that satisfies assumptions Al and A2, such

as the uniform distribution over (0,c), with ¢ > 0;

o \P
(2) The Generalized Gamma distribution with density proportional to adile_(i) , pro-

vided that p > 1;
(3) The Gamma distribution with shape v and rate p.

Note that the rate parameter of the Gamma distribution corresponds to the quantity p

in assumption A3.

3.1 General consistency result for location families
with bounded support

For our general result we consider kernels of the form
k(z]0) =gz —0) (zeR), (6)
where ¢ > 0 and 8 € R is a location parameter. Here g is a density function on the real line
satisfying the following assumptions
B1. g is strictly positive on some interval [a,b] and 0 elsewhere;
B2. g is differentiable with bounded derivative in (a, b);

B3. The base measure (g is absolutely continuous with respect to the Lebesgue measure,

and its density qg is bounded.



The above assumptions essentially require that the kernel is a location-family distribution
with positive density on a bounded support. The class is fairly general and it includes, as
relevant special cases, the uniform distribution and the truncated Gaussian distribution,
among others.

When considering a mixture of the kernels in @ as data generation mechanism satisfying
B1-B3, with true parameters 0* = (07,...,0;), we say that 6* is completely separated if
]9; — 0| > b—a, for every j # k. This assumption is somewhat restrictive, but sufficient to
prove that the addition of a prior on « may solve the inconsistency issue. Indeed, we have

the following general consistency result.

Theorem 1. Suppose k and qy satisfy assumptions B1-B3. If m satisfies assumptions Al—
A3 with p high enough then, for every P as in with t € {1,2,...}, f;j = k(:[07), 6"

completely separated and 0% belonging to the interior support of Qo for every j, we have
p Y sep g ging PP YJ,

pr(Ky, =t| X1n) — 1

as n — oo in P()-probability. On the contrary, if m(a) = 64+ (a), with a* > 0, then
limsup pr(K, =t | X1.,) <1

as n — oo in P _probability.

As discussed above, the minimum value of p needed depends on the specific function g
and prior distribution 9. Therefore, a prior on the concentration parameter yields consis-
tency when the true data generating distribution meets a condition of complete separability,
that informally amounts to having cluster locations sufficiently distinct. Note that this con-
dition is automatically satisfied when t = 1. We additionally show that, even under such
an assumption, the Dirichlet process mixture model with fixed « still fails to be consistent
at the number of clusters. Hence, a prior on « is crucial to overcome issues with learning
the true number of clusters as the sample size increases.

Moreover, the posterior mass on a smaller number of clusters than the truth vanishes, as
explained in the next proposition. The latter holds under mild assumptions on model ,

satisfied either by bounded distributions as above or for instance by the Gaussian kernel.



Proposition 1. Let P be as in (B)), with true parameters 07,...,0f. Let 0% belong to the
support of Qo for every j =1,...,t and let k satisfy assumptions B1-B3 above or H1-H4

in the supplementary material. Then
pr(K, <t|Xin) —0 (7)

in P _probability as n — .

3.2 Consistency on specific examples

Theorem [l] requires p in assumption A3 to be high enough, depending on the specific
formulation of the model. In order to provide an example, we focus on the case of uniform

kernel and ¢ = 1, that is
f=TUnif(0" —c,0" +¢), k(-|0) = Unif(d —c,0 +c¢), qo=Unif(6* —c, 0" +¢), (8)

where 6% € R is a fixed location parameter and ¢ > 0. In this setting the marginal dis-
tribution is available and with a suitable application of Holder’s inequality one can prove

consistency for specific values of p.

Theorem 2. Consider f, k and qp as in , and assume T satisfies A1-A3 (with p > 38).
Then
pr(Ky,=1] X1) — 1

as n — oo in P _probability.

As a second example, we move beyond bounded kernels and consider a simple, yet
interesting, case. More precisely, we specialize model to Gaussian kernels and assume

constant data, equal to some fixed real number 6%, setting
f=20d¢, Kk(:|0)=N(6,1), qo=N(0,1). 9)

Unlike the other examples, this case is not well-specified, as k(-|0) # f(-) for every 6.
This makes the definition of true or data-generating number of clusters more delicate.
Nonetheless, being an example with constant data, one would hope the posterior of the

number of clusters to concentrate on one cluster. However, even in such a limiting case,

7



Miller and Harrison| (2013) show that under (1)) with fixed concentration parameter pr(K, =
1|X74.,) does not converge to 1 as n diverges.
Once again, placing a prior on « impacts the posterior asymptotic behaviour of K,, and

one achieves consistency, as detailed in the next theorem.

Theorem 3. Consider (f,k,qo) as in (9) and assume 7 satisfies A1-A3 (with p > 16).
Then
pr(Kp,=1]|X1,) — 1

P _glmost surely as n — co.

Finally, note that the previous consistency results are related to another property of
general interest, namely the posterior distribution of the concentration parameter converges

to a point mass at 0, if posterior consistency for the number of clusters holds.

Proposition 2. Let the data be generated as in with t € N and assume 7 satisfies Al
and A2. Then if pr(K, =t | X1.n) — 1 we have

7r(a | Xl:n) — (50

weakly, as n — 00, in p(e0) -probability.

Hence, under the conditions that ensure consistency for the number of clusters, the
posterior distribution of the concentration parameter converges to a degenerate distribution
at 0. This is not surprising since the Dirichlet process mixture model is concentrated on
mixtures with infinitely mevery components and one way to achieve consistency is to let «

tend to zero, which entails that the prior is swamped by the data.

4 Methodology and proof technique

4.1 The role of the prior on the concentration parameter

Our proofs of consistency in Theorems and [3| rely on the following lemma.

Lemma 2. The convergence pr(K, =t | X1.,,) = 1 as n — oo in P -probability holds



true if and only if one has, in P°°) -probability,

pr(K, =s| Xin)
—0 asn— 0. 10
; pr(K, =t| X1n) (10)

Working with the ratios of conditional probabilities in is beneficial, as the marginal
distribution of Xj., involved in the definition of pr(K, = t | Xj.,) cancels. Also, it is

convenient to write such ratios of probabilities as follows: first, recall from and that

pr(Xim = T1m, K = 8) = /:([Z)ﬂ(a)da Z H(aj — )Im(za;)

A€Ts(n) j=1

for every s > 1, which implies that

S

pr(K, =s| Xin) _ J %W(Q) der ZAETS(n) H;:l(aj - 1! H;:1 m(XAj) ‘ (11)

pr(K, =t| Xi.p) [ (Zt)ﬂ(a) o Zsenn 15— (b; — D=y m(X5,)
al\™ ~~
R(n,t,s
C(n,t,s) ( :

The decomposition of into the factors C'(n,t,s) and R(n,t,s) is useful to understand
the role of the prior distribution over «, and to compare our results with the one of [Miller
and Harrison| (2013] |2014). In particular, the term R(n,t,s) does not depend on « and,
hence, on the choice of 7. This is indeed the key term studied in Miller and Harrison| (2014),
where it is shown that, under some assumptions, liminf R(n,t,s) > 0 as n — oo in p(oo).
probability, for ¢ < s. On the contrary, C(n,t,s) incorporates information about « and
its prior distribution. In the fixed « case, which can be thought of as having a degenerate
prior 7™ = 4, for some « > 0, the term C(n,t,s) boils down to a®~* which is constant with
respect to n. This is sufficient for Miller and Harrison (2014)) to deduce lack of consistency

for fixed «, which means that
limsup pr(K, =t | X1, ) <1 (12)

as n — oo in P(®)-probability for every a > 0.
However, once a non-degenerate prior 7 is employed, C'(n,t, s) depends on n and, as we
show in the next section, converges to 0 as n — oo under mild assumptions on 7. Thus,

liminf R(n,t,s) > 0 is not everymore sufficient to establish whether consistency holds true



or not. Instead, one needs to compare the rate at which C(n,t,s) converges to 0 with the
behaviour of R(n,t,s), as done in the following sections. Note that further lower bounds for
R(n,t,s) for general values of s are given in |Miller and Harrison| (2014)); [Yang et al.| (2019).
However, once combined with C(n,t,s), these are too loose to deduce either consistency
or lack thereof. Therefore, we need to exploit different techniques to determine the rate
of R(n,t,s). Since pr(K, =t | X1.,,) = [pr(K, =t | Xim,@)7(a | X1) da, by we
deduce limsup pr(K,, =t | X1.n,«) < 1 for every o > 0. This, however, does not imply
that limsup pr(K,, =t | X1.,) < 1, as one first needs to ascertain whether limit and integral
can be interchanged. The main reason is that, in the asymptotic regime we are considering,
the posterior distribution m(« | Xi.,) concentrates around 0 as n — oo, see Proposition

above.

4.2 Asymptotic behaviour of the concentration parameter

We are now concerned with studying C(n,t,s) in (11)). We prove that for priors 7 satisfying
assumptions A1-A3 C(n,t,s) converges to 0 at a logarithmic rate in n. The asymptotic
behaviour of C(n,t,s) is not specific to some kernel k& and data generating distribution f
and thus can be useful to prove consistency, or lack thereof, for arbitrary Dirichlet process
mixture models with random concentration parameter. In order to facilitate the intuition,
the term C(n,t,s) can be interpreted as a moment of «, conditional on the n observations

being clustered in ¢ groups. Indeed, under it holds
m(a| Ky =1t) x —

and thus C(n,t,t + s) = [a’n(a | K, = t)da = E(a® | K, = t). Next proposition shows

its asymptotic behaviour.

Proposition 3. Suppose 7 satisfies A1-A2. Then there exist F,G > 0 such that for every

0<s<n-—t

Vit 5+ B, clogln)} Gs a2+ 5+ B log(n)
(g1 = COnbid ) < B ) g iy

where y(x,y) is the lower incomplete Gamma function and E(a®) = [ o®r(a)da.

Thus, for a fixed s that does not depend on n, C(n,t,t + s) decreases logarithmically

10



as a function of n since y(x,y) < 7(z) for every z and y. Thus, by looking at the ratios
in , the addition of a prior favours a smaller number of clusters when n — oo, with s
fixed.

The consistency results of the previous section are established by combining Proposi-

tion [3| with suitable upper bounds on R(n,t,s) to prove the convergence in , so that

n—t
pr(K,=t+s| Xi.n) 1
< h
{; (K, =t|X10) - lognsz_: (5),

where h(s) is a function that depends on the specific kernel k£ and is such that lim sup
> 1 h(s) < oo for every s. Indeed, instead of proving directly convergence in probability
of , we show the stronger L' convergence. In this way we will avoid the study of the
specific partition at hand. The following lemma shows how the problem simplifies in this

case, when t = 1.

Lemma 3. Assume (X1, X2,...) is an exchangeable sequence. Then for every n

[[oi(a; — DTG m(Xa,) [[i=1 m(Xaa)
E Z (n—1)! m(X1.n) Z H] 1 @ { m(X1.n) ’

where the sum runs over Fs(n) = {a € {1,...,n}*: 372, a; = n} and A® is an arbitrary
partition in 75(n) such that |Af| = a; for j=1,...,s

5 Discussion

There are mevery avenues to extend our results and some of the tools we introduced here
may prove useful to accomplish such tasks. First of all, the separability assumption given
in Theorem [I| could be relaxed to prove consistency in the setting with a general number of
components. The main issue is that R(n,t,s) in is harder to study, since it becomes the
ratio of sums over the space of partitions: in particular Lemma [3| is not easy to generalize
and this explains why the case ¢ = 1 is simpler to address. Different mixture kernels present
similar difficulties, since they require to study R(n,t,s) for each specific case. Summarising,
the impact of the prior is fully understood, by Proposition [3|above, but a more general pos-
itive result would require finer bounds on the likelihood component than the ones available

here and in the literature.
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Another interesting question worth studying is whether consistency can also be attained
by estimating the concentration parameter through maximization of the marginal likelihood,
in an empirical Bayes fashion (Liu, [1996; McAuliffe et al., 2006)). In this paper we preferred
to focus on the fully Bayesian approach because it is arguably the one most commonly
employed by practitioners using Dirichlet process mixtures. Moreover, the empirical Bayes
estimator of & may not be well defined on (0, 00) because the marginal likelihood can easily
have its maximum at both 0 or infinity, thus raising theoretical and practical issues.

It is also worth noticing that our consistency results require the kernel to be perfectly
specified: even a small amount of misspecification will probably lead the number of clusters
to diverge. Indeed, recovering the true density will require an increasing number of compo-
nents. This phenomenon has been formally studied in |Cai et al.| (2021)) for finite mixture
models, when a prior on the number of components is placed.

We note that the asymptotic analysis of the posterior distribution of the number of
clusters for Dirichlet process mixtures has recently attracted considerable theoretical in-
terest (Yang et al.l 2019; |Ohn and Lin, 2022; |Cai et al) 2021), and has motivated various
methodological developments (Miller and Harrison, [2018; |Zeng and Duan, 2020). |Ohn and
Lin| (2022) showed that, if « is sent deterministically to 0 at appropriate rates as n — oo,
the posterior distribution of the number of clusters concentrates on finite values when data
are generated from a finite mixture, which is a necessary condition for consistency. Such
results are similar in spirit to ours, although we consider the substantially different setting
where « is learned through a prior, which is arguably more natural in a Bayesian framework.
Finally, our results also provide an answer, at least partially, to the question of [Yang et al.
(2019): “there exists a natural way to correct the problem instead of truncating the number

of clusters?”, by showing that placing a prior on « can be sufficient to recover consistency.

Supplementary material

Supplementary material includes all the proofs of the theoretical results.
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Summary

This document contains the proofs of all the results in the main document. In order to
follow the logical lines of the arguments, we present the proofs of Sections 4] and [3] in this

order.

S.1 Proof of Lemma [2

Proof. The result immediately follows upon noting that

-1

pr(Kn =S | Xl:n)
r(K,=1t| X1, =<1+ E
P ( " ‘ ! N) ” pl"(Kn =t ‘ Xl:n)

S.1



S.2 Proof of Proposition

By assumptions A1 and A2 there exist €, 6, 3 > 0 such that

t+s+8 t+s
1 fo€ aa(m da < foe Ooi(n) 7"(04) da

€ otts+8
fo oo da

2
52 € atts do = [F o da = ol B 1 (S.1)
0 o da 0 a(nﬂT(O‘) o o ONS

Notice that, if assumption A2 holds for € > 1, it holds also for € < 1. Thus, without loss of

generality, we will assume € < 1 and the main object of interest will be

Bu(at) = | " a*pu(e)da,

where E, denotes the expected value with respect to the probability distribution with

density

fn(a) Praye)

pn(a) = ma fu(z) = gy

where 14 stands for the indicator function of set A. We now provide three lemmas that

L) (), (S.2)

will be useful to prove Proposition 1.

Lemma S.1. Let f and g be two pdf’s on R such that g(z)/f(x) is non-decreasing in x.
Then [ h(z)f(z)dz < [ h(z)g(z)dz for every non-decreasing h : R — R.

Proof. Let X ~ f and Y ~ g. Since g(x)/f(z) is non-decreasing we have g(zg)f(z1) <

g(x1) f(xo) for every xy < x1. Thus we have

1 1

Fy (1) f (1) = / 9(0) f 1) darg < / 9(a1) f(zo)dzo = Fy (1)g(x1)

and
{1~ Fx(x0)}g(wo) = / " glao) flan)dm < / " gla) f(zo)dar = {1 — Fy (20)} f (o).

zo zo

It follows
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for every € R, which implies

Fy(z) < Fx(x)
1 —Fy($) - 1—Fx(x) '

Thus, Y stochastically dominates X, i.e. the corresponding cdf’s satisfy Fy(x) < Fx(z)
for every x € R, which implies that E{h(X)} < E{h(Y)} for every non-decreasing h. [

Lemma S.2. Under assumptions Al and A2, for everyn —t > s > 1 it holds

V[t + s+ 8, eflog(n) + 1}]{log(n)+1}_s < 5 2(a) da < 0t + s+ B, elog(n)

} s
(52’}/[t + ﬁ, 6{109(71) -+ 1}] 06 ao(é:L) 7[‘(04) da — ")/{t i 67 elog(n)} {log(n)/(1+€)} )

where y(x,y) is the lower incomplete Gamma function and we recall that €,0,8 > 0 are

such that for every a € (0,€) it holds $o° < m(a) < 6.

Proof. By (S.1)) it suffices to find suitable bounds of E,(a®). For the upper inequality
we apply Lemma with f = pp, g(a) x (cn)*aa”ﬁ*lﬂ(ae[o’d) with ¢ = (1 +¢)~! and

h(a) = o®. To verify that g(a)/pn(a) is non-decreasing for a € (0, €] we compute

n—1
d g(a) n 1
4 — 1 3
da Og{pn(a)} Og(l—l—e> +i:1 a4+
n—1
n+e 1
> -1 >0
= Og<1+6>+zi+e_ ’

i=1

where the last inequality follows from
k k—1
1 1
/ dxr < E -
1 T+e = + €

for every k > 1. Thus, since h(a) = o is non-decreasing in « it follows by Lemma that

En(af) < foe at+s+6—1(cn)—ada {log(cn)}—* foelog(m) Sts+B—1p,-2,
n «o — € =
fO at+571(cn)*a da foelog(cn) PR NS PR

_ {log(cn)} ~*+{t + s + 3, elog(cn)}
v{t + B, elog(cn)} '

The lower bound again follows from Lemma with f(a) o (en) ®attA-1 Liagjo,g), 9(a) =
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pn(a) and h(a) = o®. To verify that p,(«)/f(a) is non-decreasing for a € (0, €] we compute

d pu(a) | Gt
dalog{f(a)}——;a+i+log(n)+l

i
Z;S +1

for every k > 1. Thus, since h(a) = o is non-decreasing in «, we have

E ( 3) > foe Ozt+s+ﬁfl(en)fada {log(en»ﬁg fglog(en) s A1,z 4.,
n o — € =
fo atth=1(en)—>da foelog(en) +B—1p—2 s

_ {log(en)}—*+{t + s + 3, elog(en) }
Y{t + B, elog(en)} '

The proof is completed by combining the bounds with (S.1)). O

Lemma S.3. For every € > 0, there exists M > 0 such that, for every n > 1, it holds

00 at
M a)da > — 7(a) dav.
¢ a(”)

Proof. Define p = m. Then
J? atr(a)da

e .t oo .t € .t = t
/ a—w(a) da — / a—w(a) da :/ a () da — /Qpa () da
0 a(n) € a(n) 0 a(n) 0 6(”)

[V
h
N}

Q

B

o,

Q

|
O\T
[ 1Y

m’E
==

A

L

o,

Q

™) < E(;n), which is always possible because {e(m)}_l (%)(m) —0

Choose m such that (%)(

as m — oo. Thus

€ t 00 t
/Ooj.(émw(a)dQZ/ %W(Q)da, n>m
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and it suffices to set M = max(P, 1) with

"
2 (o) da
P = max {fe ol (@) }

1<i<m

Proof of Proposition[3. We first prove the upper bound. We have

t+s t+s t+s t+s
(n, ’ +8)_ € ot d € at € ot EaH‘ d .
0 am (@ ) @ f am (@) d f amT(@)da [y omrm(a)da

Moreover, it holds

t+s
J& g @) da  [FaTin(a)da _ [F o in(a)da 5 B(at+s—1 s+ 8
fOE it(:) a) do foe atts=lr(a)da ~ foﬁ atts+8-1da — et+s+p

where the first inequality follows since a(™ > €™ for a € (e,00) and a® < €™ for
€ (0,¢), while the second one follows from assumption A2. Moreover, E stands for the

expected value with respect to 7. Thus from Lemma, it holds

52 {1 + Batt ) ?ftg } v{t + 5+ j3, elog(n)}
{t + B, log(n)}

C(n,t,t+s) < {log(n)/(1 +¢€)}°.

- 48 :
Then choose G = By (14 B,el0g2) to obtain the upper bound. For the lower bound, apply

Lemma and Lemma to get

t+s
Is Som(@) 0‘> L ~[t+s+ 5, e{log(n) + 1}]

M+1 [~ 0(4;) (@)dae — M +1 629[t + B, e{log(n) + 1}]

C(n,t, t+s) >

{log(n) +1}7°.

1
Then choose F' = m O

The following corollary of Proposition [3] will be useful.

Corollary S.1. Suppose 7 satisfies assumptions Al and A2. Then G > 0 as in Proposition

[3 is such that for every 0 < s <n and n > 4 it holds

GI'(t+ 4+ 1)2°s
€

Cln,t,t+s) < E(a"™ ) log{n/(1 +¢)} "
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Proof. By Proposition [3| we have

Gs . 151Vt + 5+ B, €elog(n)}
Clnstit+s) < B ) e+ op

Note that
elog(n)
e+ . dogln)) = [t e 0 logo)) T+ B+ 1),
0

that implies

v{t+ s+ B,elog(n)} T({t+pB+1) log(n) s—1 " -
e’log™{n/(1+€)} = € [log{n/(l + e)}] log{n/(1+€)} .

Moreover, since € < 1, we have log{n/(1 + €)} > 1log(n) for every n > 4. Combining the

inequalities above we obtain the desired result. U

S.3 Proof of Lemma [3

Proof. We need to study R(n,1,s) as in . Taking the expectation with respect to the

data generating distribution we have

°_1(a; — 1) j=1 (X
B{R(n.1,5)} = Z Hg&(_]l)! )E{H];;(Xl(m)Aj)}

A€eTs(n)

n Hjﬂ(%‘ - 1)! H;:l m(XA;-l)
- Z <a1 . --a,j> sl(n —1)! E{ m(X1.n) }

acFs(n)
SR |\ SUCTNY
s! Hj‘:l a; m(Xl:n)

acFs(n)

S.4 Proof of Lemma 1]

Proof. Assumptions Al and A2 are immediately satisfied in all three cases discussed in the
statement of the lemma. We thus focus on proving that A3 is satisfied, considering each of

the three cases separately. Suppose first that the support of the density 7 is contained in
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[0, ¢] with ¢ > 0. Then
/ a’rm(a)da < .
0

Thus in this case assumption A3 is satisfied for every p > 0 because ¢®* < Dp~*T'(s+ 1) with

(cp)®
D = aXTG+D

distribution, so that

/ a’r(a)da = p/ at+s1e=(8)" da.
0 alT (g) 0

The condition p > 1 implies that, for every fixed p > 0 and a > 0, there exists k > 0 such

for every p > 0. Suppose now the prior is given by a Generalized Gamma

that pa < (%)p for every a > k. Thus

< kerd 1 —(%) + d SF(S—I—d)
Also,
00 ks—i—d 1 —(7)1)
/ a’m(a)da < P (s+4d) +p i b <
0 adf( ) (s+d)
< Dp~°T(s+d)
with D = max adF Fi {kﬂrd ls+d v + p_d}7 so that also in this case assumption A3 is
p
satisfied for every p > 0. Finally, in the case of Gamma distribution we get

> s _F(V+S) —s
/0 aw(a)da—ir(y) p

and assumption A3 holds. O

S.5 Proof of Theorem [

Through a linear rescaling, we may assume [a,b] = [—c, c] without loss of generality. We

rewrite the assumptions on g and Qg as

T1. 3m, M such that 0 <m < g(z) < M < oo for every z € [—c, c];

T2. g is differentiable on (—¢,¢) and 3 R such that ]%/((;)” < R < oo for every z € (—¢,c¢);

S.7



T3. 3U > 0 such that h(y) = qo(y) + qo(—y) < U for every y € [0, 2¢];
T4. 3L > 0 such that go(¢) > L for every ¢ in a neighborhood of 07, for every j.

Denote with f(z) = Z§:1 pjk(z | 07) the density of the data generating P = Z;’:lijjv
with t € N, p; € (0,1) and Z;:1 pj = 1. Since 6* = (07,...,60;) is completely separated
and
X ~ P(®) each point z has non-null density for at most one component of the mixture,
ie.

ze[0 +a, 07 +b = f(z)=pik(z|0])=piglx —0]).
Therefore we can define
Ci={ie{l,....,n} : a; € [0;-‘+a,¢9;f+b]}, n; = |Cjl.

Notice that C; N Cj = 0 for every i # j and {1,...,n} = U§:1 Cj, so that 2321 nj = n.
Moreover, defining

C™ = {n; > 0 for every j},

for every 1., € C™ it holds

Z H f[m(:rAj) =0 forevery s <t,
7=1

A€eTs(n) j=
. . (S.3)
Z H (bj — 1) 'Hm T, —H(nj—l)!Hm(a:c)
Bert(n) j=1 j=1 j=1
Since p; > 0 for every j = 1,...,s, we have P(”)(C(”)) — 1 asn — oco. We need a technical

lemma.

Lemma S.4. Let (), be a sequence of sets depending on X1.,, and let Z,, be random variables

on the same probability space such that P()(Q,) — 1 and
Zn]lgn —0

in P -probability as n — oo. Then Zn — 0 in P°)-probability as n — cc.
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Proof. By assumption P(*®) (1q, Z, > €) — 0 as n — co. Thus, we have
P (Z, > €) < P {(Z, > €) N} + P (Q) = 0

as n — 00. O

Thus by Lemma [S.4] it suffices to study

S

@ d S S
J oy dass O TT (@ — DT m(Xa,)

J (t)w(oz) da Zpenm =1 (0; = Doy m(X ;)
a n

pr( n—S©S ‘ Xl n)
Lo =
pr(K, =t | X1.n)

lc(n) .

(S.4)

By (S.3)), we have
pr(Kn =S ’ Xl:n)
pr(Kn =t ‘ Xl:n)

for every s < t. Let us now consider the case s > t. Again by complete separability, A €
Ts(n) yields positive marginal density only if A is a refinement of the partition {C1, ..., Cy},

ie. if
AeTin)={Aern): Vi=1,...,s there exists j € {1,...,t} such that A; C C}}.

Therefore, if A € 74(n), we write the j-the element as A; = (A{, e ,Agj) with ai, = |Ai|,

so that

ERTD RS w1 W ol s (CTE 1 G

Ac7s(n) Jj= seS j=1 Ajers;(n;) k=

where S = {(81, co81) 1 1< s; <ny, ¥y, and Z;Zl 55 = s}. By the above and (S.3) we
can rewrite (S.4) as

pl"(Kn =S ’ Xl:n) 1 —C ZAE’FS(n) H;:l(aj - 1! Hj’:l m(‘XAj)
(Kn =t| X1.2) cm =C(nt,s) t C_1)ITTE X cm
Prifin Ln Hj—l(n M= m(Xey)
(ai - 1)! szfl m(X )

cin 11 Z Hk(nlj—n mlde) e

S .7 IA ETS

(S.5)
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where

m(Xe,) = [ T] Y10, Qu(a@0)) = [ T ¥ 0 Qo(a))

1€C 1€l

and

X0 = [ TT k5 n @utatn) = [ TT a(Xi = 01) Qo).

i€ A i€ Al

with h =1,...,s;. We divide and multiply by

[Trx HHp] xilen) =TI TI TT pikxi165),
=1

j=1ieC; j=1h=1 iGA{L
so that the sum on the right hand side of ([S.5]) becomes

ZH Z L, (al, 1) 'Hk VeIl icAl Mxxiezl)Qo(dek)
(n; _1) Jr zecjﬁ%(d@)

s j= 1A€Ts (nj)

]lC(")> for s > t. (86)

We start with the denominator. The next lemma specifies the behaviour of the maximum

for each group, where X (jr) denotes the r-th order statistic of X¢;.

Lemma S.5. For every j=1,...,t it holds

Y, :=min [1,nj(109(n))2t{c+ 0; — Xgnj)} —1

in P _probability as n — .

Proof. First, notice that n; — oo P(®)_almost surely as n — oo. By definition Y,fj <1, so

we have to prove that Ve > 0
p() (1—Ynj_ >e) =0
J

as nj — oo, where pr is evaluated with respect to P(>)_ Without loss of generality assume

S5.10



0; = 0. Thus, by definition we have

P11 —Y] > €)= P [nj(log(n))%{c — X(jn)} <1- e} = p) Xgn) >c— 1;61
’ n;(log(n))2

n

c
=1-q1— / g(z)dx
c— 1—e¢
n;dogn) 2

Thus, by T'1 we have that [T 1. g(z)da < M(1—¢)

< ———+ so that
n;dog(my) 2 n; (log(n)) 2

M 1 n _ ]w<176>1 +nj0< 1 . )
Py sa<1—41-ME=9 Ly dogm ndogmne/ g
’ n;(log(n))2

as n — 00, by the Taylor expansion of the logarithmic function. U
Lemma S.6. For ecvery j =1,...,t it holds
g(xl — 9]) —R * *
= >e M, 1410, — 03, j 0, —07).
igj g(xl) [Omj](‘ J JD [xgnﬁfc,lefrc]( J J)
with R defined in T2 and 2’ . denotes the r-th order statistic of zc;.

(r)
Proof. Without loss of generality assume 67 = 0. Define p(z) := logg(z), with = € [—¢,c],

so that p/(x) = 9@ By T2 and the Fundamental Theorem of Integral Calculus

g(x)
/:p’(t) dt' < /:

g'(t)
g(t)

Ip(y) — p(z)| =

‘dtﬁR]y—mL —c<z<y<ec

Thus, we have

9@ =05) _ po-0)-p0) _ o~ (@) -pa-0)} > Bl 4 e [ ],
g9(z)

Finally, we get

. . —Rnl6;] . v , .
n]_)—c,xfl)—i-c} (03) ze ’ ]1[0,,%],](|93D]l[zfnj)—c,x{l)-‘rc](ej

H g($1 B ej) Z e_anlng]lxj
iECj g(xl) (

> e M1 0;)1, L a(05).
> e [o,nij}(’ il) [Ifnj)*cvxfn“]( )
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Lemma S.7. For every j = 1,...,t there ewists K > 0 and N; € N such that for all

n; > Nj it holds
_y
g(X; — 0, K?Yr{.
/ 11 M%(%)d% > — ',
Rjeq, 9\ = 0; nj(log(n))2t

with Y,{j defined in Lemma .

Proof. Without loss of generality assume 7 = 0. Notice that, by T4, there exists N; € N
such that go(8) > L for every 6 € {—N%,O]. Thus, applying Lemma and considering
n; > N;, we get

g _
LI (000, > e [ 1o D1 s (65 a0(6) 06,

zeC’ R

B 0 _ . 1 i
>e R/ {XJ <9 i+c} qo(ej)dej > Le len{nj7c_X(]nj)}7

n;

<.

with L defined in T4. Thus, multiplying both the numerator and the denominator by
nj(log(n))%, with n > N, we have

9(Xi — ) R { 1 j }
————2qo(0;)df; > 2Le " min —,c— X,
/Rigj o) )4 n )

K7 min [1, nj(log(n))i{c — X(n)}} K»Y
> = n ,
- n;(log(n)) n;(log(n))
with K = (2Le~f)t. a
Define the event
Q, = {for every j =1,...,t it holds: n; > Nj,ng € [1/2, 1]}, (S.7)

such that P(™(Q,) — 1 thanks to Lemma and Lemma Thus, an upper bound of
(S.6) with €, in place of C(™ is given by

o, 2 log ZH > ”JHk(nl—l H/Hg _9* Qo(dby)1q,,

s j= 1AETS (n;

(S.8)
for s > t. Now we apply the expected value with respect to the values of each group, as

shown in the next lemma.
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Lemma S.8. Under X1., ~ P", for every j =1,...,t, s; > 1 and (01,...,05;) € R%, we

have

s

H/S Hg S aon g < (2) [

het O T 1

with m and U defined in T1 and T'3.

Proof. Without loss of generality assume 7 = 0. Taking the expectation under P™) we

have

/HHg q0(6n) dbh —// HHQ i = 0n)qo(0n) dz; dOp,
R®j R%F J[—c,c]™

Ad h=1 J
h EAL

(S.9)

By the change of variables z = x — 6}, we have

c c—bp,
| s =01, cog@do= [ oo () d

—c —c—0p

If 6, > 0, then

c—6p c—0p
/ 9(2) 1 (2) dz = T2 (6h) / g(2) dz

—C—0h —C

= tas(0n) (1= [ 0(2)45) < Boag941) (1 = mion).

Similarly, if 6, < 0 we get

c—0y, c
/ 9(2) 1 (2) dz = 1oy (Bh) / g(2) dz

_c_gh —C—ah

—c—0y,
1 g (6n) (1 - [ dz) < Lo (10n]) (1 — m]6n])

—C

Thus

/ 9(x =)L, —c0,+q(x) dz < L2 (|0n]) (1 —mlOp]), h=1,....s;,

—C
which implies
8j
H H/ (2 = 01) L9, e (@) do < T Lio2q(16n]) (1 — ml64]).
h=1icai *~ h=1
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Considering h defined as in T3, we have

2c
/RH[O,ZC](whD (1 — m\@h]) qo(ﬁh) d@h = /0 (1 — m[0h|) h(0h> dﬁh, h = 1, . .,Sj.

Combining the above with (S.9) we get

/S H H 9(Xi — 0n) qo(0) dfp, / /[_CC] g(zi — 04)qo(0r,) da; Aoy,

h= 1€AJ

< H / (1 —m|Bg|) h(0y) dbp,.

(S.10)
With U defined as in T'3, we have
2c j 2c j
| a=myrinyay <o [T - myehay
0 0
Now consider the change of variables ©u = 1 — my and compute
2c . 1 . _ _ al +1
/ (1 — my)® dy = 1 uh du = 1- .ch) " < 1 :
0 m J1—2me m(aj, + 1) m(aj +1)
Finally, through (S.10)), we have
g Sj 2c
B H H (@) oy ¢ < T [ mlonl) n(on) a0,
h=1"0
Sj Sj
< <U) II—
m)an 1
as desired. 0

S.5.1 Proof of Theorem [1

We have the next two technical lemmas.

Lemma S.9. Let p* = minjcqy,. ¢y pj € (0,1). It holds

ZHF'”, = (,, ) =

scS S Ty

S.14



where S = {(31,...,3t) 55 <nj and 2221 $j = s}.

Proof. The result follows immediately from

t
S > o S i
> <002 (0 )
- J
scs <81,...,$t ses S1y...,St i=1
t
_ S ; _
<)Y (31 St) 15 =0,
) 1

seR;

where R; = {(51, ceySE) Z;:l 8j = s}, since the sum on the right-hand side is the sum of
the probabilities over all the possible values of a multinomial distribution with parameters

($,P15- - Dt)- O

Lemma S.10. For every p > 1 and for every integers s > 2 and n > s it holds

n P
— | <C5
> (H) :

acFs (TL)

where Fg(n) = {a e{l,...,n}*: 30 ja;= n} and C, = 2P((p), with ((p) = > o0, &

Q.

Proof. We prove the result by induction. Consider the base case s = 2. By the strict

convexity of x — xP for p > 1 we have

P n—1 P n—1 P n—1
n n 11 1 1 1
= — =2 e <2y —<C
Z <a1a2> Z{a(na)} ;<2a+2na> azz:lap b

G,E]:Q(’n) a=1

for every n > 2. For the induction step, assume that for some s > 3 we have

2
n s—2
Z s—1 < CP
acFs_1(n) <Hj1 aj)

for all n > s — 1. Then

p n—s+1 p
Z ) <H§1 aj) B Z Z (n—as) (Hjl aj)

acFs(n as=1 (ay,...,as—1)EFs—1

as=1 (a1,..s05-1)EFs—1(n—as)
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) n—s+1 n P )
< S— S—
<C, E {(n — as)as} <Gy

as=1
and thus the thesis follows by induction. O

In the following we will drop the subscript in C}, when the value of p is clear from the

context, thus denoting C' = C),.

Lemma S.11. Consider the setting of with (f,k,qo0) as in Theorem . Moreover,

assume () satisfies assumptions Al, A2, and A3. Then, under Xi.oo ~ P() we have

pr(Ky, =t+s|Xi.p)
1 — 0
{ an p?“ n_t‘Xln

s=1

as n — oo, with 0, as in (S.7).

Proof. Applying Lemma we can upper bound the expected value of T in (S.8) as

follows

}E{T(n)}S \/10g < )ZS:JI—{AE;(H)( _1)'1_7[%' D

SRV T ()

sgljae]:s k=1 %%

where the last inequality follows from Lemma 3| Moreover, from Lemma we have

2
> (n]]> <0,

ajeFs; (ny) \Hlr=1%

with constant C < 7. Thus
2t\/log(n) (UC\* 17 1
(n) SV (Y -
E{T } < 7 < = ) ES jlzll sj!' (S.11)

Moreover, from Corollary [S.I] and A3 we have

GI'(t+ 8 +1)2%s

Cln,t,t+5) < k B(a' )log{n/(1 + )}
_ DGI(t+5+1)2%s

p—(t+sfl)r(y +t+s)log{n/(1+e)} ', n>4.
€

(S.12)
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By (S.11)), combined with Lemma and (S.12) we finally have

_ HX n—t
{ Zpr n=s+| 1"} ZCn,t,t—f—s E{lq,R(n,t,t+s)}
s=1 n_t|X1n s=1

1

< 2Lp =t (U /m)! DGT (t + B + 1)/log(n) <

s2CUp*/m)°p~*T'(v +t+ s)

- Kelog{n/(1+¢€)} (s+1)!

@
Il
—

~
<o

as n — 0o, where finiteness follows by taking p sufficiently large.

— 0,

O

Proof of Theorem[1 First of all, assume 7(-) satisfies A1 — A3. By Lemma it holds

—0

Zpr n—t+3|X1n)
s—1 n—t|X1:n)

in P(>)_probability as n — co. The desired result then follows from Lemma with

- Kn=t X n 3
Zp=3""1 % and €, as in (S.7)).
Assume instead m(a) = 04+ () with a* > 0. By (S.5) we have

—1)! Hk 1m(

p(Kn—t"i‘l‘Xln H (
Py =t | X1:n) ZH 2 (nj —1) m(ch)

s€S j=1 A €ers; (ny)

Notice that, with n high enough, n; > 1 almost surely. Then, denoting ¢ € C, we consider

the special case

8= (27 I..., 1)7 A% = {i}vA% = AC1\{i}v

and A; = {Ac,} for every j > 2. Thus we can write

> )
p(Kn:t ’Xlzn> =« Z ny—1 m(ch)

i€Cy
By T'1 we have

m (Xc,) /Hg i —0)ao(6)do

3601

<M/ H X; —0)qo(0)d0 = Mm (Xcp\;) -
]601\1

S.17
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Moreover, by T4 there exists € > 0 such that

0% +e
m(X;) = /IR o(Xi— 00> m [ q(®)d8 > 2mLe.

.
07 —e

Therefore, (S.13]) becomes

p(Kp=t+1]| X1.) > 2a*mLe Z 1 2a"mLe ny

p(Kn:t‘Xlzn) ey ny—1 N M TL1—1,
and
K, =s| Xj. K,=t+1]|X;. *mL
lim infzp( n=81 K)o g PER =L X)) o atmLe
n—aoo sEt p(Kn =1 | Xl:n) n—o0 p(Kn =1 | Xl:n) M
Then 1
i : pr(K, = s | Xin)
lim sup pr(K, =t | Xi.,) = lim su 1+
= L >0
- : : Kn=s|X n ’
1+ liminf,, oo Zs# ppigl(n:ﬂxllm))
which completes the proof. O

S.6 Proof of Proposition

We adapt the proof of Theorem 2.1 in |Cai et al.|(2021). Denote by
U=A{k(-|0):0c 0 CR}

the family of kernels, dominated by pu, either Lebesgue or counting measure, and with
common domain X C R?. Denote with B, (e) the closed ball of center z € X and radius

€ > 0. Let © be the closure of © and define the set

B:= {é €6\0 : éim{supk(x | 0)} = oo}.

—0 T

Let G; be the set of mixtures of exactly s elements in ¥, that is

fE€Gy & f=) qik(-]6;),

Jj=1

S.18



with ¢; > 0 for every j, 25:1 q; = 1 and 6; # 0y, for every i # h. Let P(G) be the set
of probability measures on a generic space G; with a slight abuse of notation we will say
f € P(G) when f is the density of a probability measure P € P(G). Therefore, given

P ¢ Gy, with weights {pj}t 1 and parameters {0* we define the Kullback-Leibler

Jj=b
neighborhoods of P as

KL(P) = {h e P(X) : /log{ Zzlﬁigx 5é }P(dx) < e}, (S.14)

for € > 0. We make the following assumptions:

H1. For every § € ©\B, for p-almost every x € X there exists A := A(f,r) C O\B
neighborhood of 6 so that the mapping § € A — k(x | ) is continuous. Moreover B

is closed;

H2. Let {6;}° 1C@ If ||6;]| — oo as @ — oo, then for every compact set K C X,
[ k(x| 0;) p(dz) — 0, as i — oo. If 6; — 6 € B, then there exists 2* € X such that

k(- |6;) — x*() weakly as i — 0o;

H3. If f € Gy, then there exist no f' € G, with s < ¢, such that f(z) = f'(z) p-almost

surely;

H4. For every P € Gy, t > 1, with 07,...,0; belonging to the support of )y, we have
pr(h € K.(P)) > 0 for every € > 0, where h follows the prior distribution in ({1)).

Assumption H2 says that, when 6 diverges or converges to elements in B, the kernel k de-
generates: it is satisfied for instance when the elements of 6 are location or scale parameters.
H3 instead implies that the clustering problem is not ill-posed, in the sense that different
numbers of components always lead to different distribution. H4 finally requires that the
finite mixtures of the kernel k(- | #) belongs to the Kullback-Leibler support of the prior.
They are all weak requirements, satisfied by the most common kernels. Next Lemma shows

that they are satisfied under assumptions B1 — B3.

Lemma S.12. Suppose the kernel k(x| 0) satisfies assumptions B1 — B3. Then H1 — H4
are fulfilled.

Proof. Assumption H3 can be easily deduced from Bl and @ As regards H1, since
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SUDgeo pex k(x| 0) < 0o, we have B = . Moreover, fix § € R. If 2 > 0 + b, choose

A(b,z) = <e—$_§_b,9+$_§_b>,

so that z > 6 + b that implies k(x | 8) = 0 for every 6 € A(f,x). Similarly, if z < 6 + a,

choose

Al z) = (9‘—9+‘2”_””,9‘+9+‘2”_””>.

Finally, if € (6 4+ a,0 + b), denoting d = min{f + b — x,2 — 6 — a}, choose

- ~ d - d
A0, z) = (9— 5,9—1— 2) .

Then k(x | 0) = g(x —0) for every § € A(f,z) and g is continuous on (a, b), by B2. Thus we
can find the required neighborhood A(6, z) for every x & {8 +a, 0 + b}, that is for u-almost
every x, since u is the Lebesgue measure. Therefore H1 is satisfied.

H?2 follows since 6 is a location parameter and © = ©. We are left to show that H4 is
satisfied: we prove the case t = 1 and the general setting follows similarly.

Recall that assumptions B1 — B3 can be rewritten as 171 — T4 in the proof of Theorem
and let f(x) = k(z | 6*) be the density function of P. Fix § > 0, € > 0 and denote
r =1 — exp(e/4). Define the set

F(o,r) = {p(x) = quk(a: 1 0;) :q1 € [1—r,1],¢2 € [r/2,1],
J=1 (S.15)

0§9*—01§5,0§02—9*§5}.

We denote [a;j,b;] := [a + 0;,b+ 6;], with j > 1, and similarly [a*,b*] := [a + 6*,b + 0*].

Then we can choose § small enough such that
a1, b1] U [ag, b] 2 [a®, 7],

for every 0; and 65 as in (S.15)). Moreover, for every = € Sy := [a1,b1] N [a*, b*] we have

log{(M} = —log(q1) +10g{§g:23} < 6/4+log{M}

< ¢/4+ RO — 0]
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with R > 0 as in T'2. Therefore we can choose § small enough so that

log {M} < % (S.16)

q9(x — 6

for every x € S7. Similarly, we can choose d small enough so that for every x € Sy :=

[a*,b*] \ [a1,b1] we have

* g(l‘ - 9*) } €
x—0%)logd ——— rdr < —. S.17
/52 91 ) g{ a29(x — 02) 2 (5.17)
Indeed, since g(z — 6*) < M and m < g(xz — 63) for every = in Sy, with m and M as in T'1,
we have
x — 0%)logs ——= > < Mlog{2M /(mr)},
gt~ 07og{ SEZE) 4 < artog211/(nr))

and Sy has arbitrarily small length with § small enough. For every p € F(d, ), by applying

(S.16) and (S.17]), we have

/ab g(z — 9*)10g{ Z;ﬁl(;;(z*z » }dx =
el 2 o oo 2
/S1 g(z — 9*)1%{%}@ + /52 gz — 9*)10g{qgéig__09)2)}d$ <.

Thus, F(4,r) C K.(P) for § small enough. Moreover, since §* belongs to the support of Qg

and the Dirichlet process prior has full weak support on the space of probability weights
{gj};, we have that
pr{h € K(P)} > pr{h € F(6,7)} > 0,

as desired. O
The proof of Proposition [1] will rely on the following Lemma.

Lemma S.13. Let assumption H4 be satisfied and let P € G; with parameters 07,...,0;
belonging to the support of Qo. Assume there exists U weak neighborhood of P such that
UNGs =0 for every s <t. Then

pr(K, <t|Xi,) —0,
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in P() _probability as n — oc.

Proof. By assumption H4, the posterior distribution is consistent at P under the weak
topology, in virtue of Schwartz theorem (see e.g.Theorem 6.16 and Example 6.20 in Ghosal
and Van Der Vaart| (2017)), so that

pr(h € U° | X1.n) — 0, (S.18)
in P(®)_probability as n — co. Moreover, we have
pr(h € U° | X1m) > pr(h € U | Xy, Ky < t)pr (K, <t | Xim) -

Notice that, conditional on K, < ¢, the domain of the posterior distribution is a subset of

Us<tGs. Thus we have pr(h € U¢ | X1, K,y < t) =1 and
pr(h € U | X1.n) > pr (K, <t ] X1m) -

The result follows from (|S.18]). O

We need two technical Lemmas.

Lemma S.14. Assume a sequence {fi}:2, C Us<tGy is such that f; — f € P(X) weakly as
i — 00. Then there exist s <t and a sequence {f]}32, C Gy such that f! — f weakly as

17— 00.

Proof. Define
as:=sup{i >1: f; € Gs}

with s < ¢. By construction, there exists s’ such that ay = co and {f/} is the subsequence

of elements of {f;} that belong to Gy . O

Lemma S.15. Let {fi =3 5-1 k(- | vai)}:; C Gs be such that f; — f € P(X) weakly
as i — 0o. Then there exist ' < s and a sequence {f!}5°, C Gy such that f| — f weakly
as

i — 0o and

lim iI}f q}-’i >0
for every j=1,...,5.
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Proof. If liminf; ¢;; = 0 for every j = 1,...,s, the statement is true by taking s := s’ and
f] == fi for every i > 1. Then assume there exists [ such that liminf; ¢;; = 0. Consider a
subsequence { f; ., with weights {q;;}; and parameters {éjz}z, such that lim; ¢ ; = 0 and
define

where ZT# Gri — 1, by construction. Let A C X, then

f(x x) — "z x)| = 7(jj’i —Gi; x| 0;; T
[ damtan - [ fiwu ;(ZT#% q) | ke ulao)

~ q ~
+QZ,Z'/]€<1"9“ dl‘ <Z< gt qj’>+qu—>0,
A

Gl 7-75[ qrz

as i — oco. Therefore, since A is arbitrary and {f;} converges to f, also { f1} converges
weakly to f and {f/}?°, € Gs_1. The result follows by applying recursively the above

procedure for every [ satisfying liminf; ¢;; = 0. O

Proof of Proposition [l By Lemma we can assume H1 — H4 and by Lemma it
suffices to prove the existence of a weak neighborhood U of P such that 4 NG, = (), for
every s < t. Assume by contradiction that no such U exists. Then, there exists a sequence
{fi} € Ns<tGs such that f; — f weakly, as i — oo, where f is the density of P. By Lemmas
and we can assume without loss of generality that {f;} € Gy, with s < ¢, and
liminf; g;; > 0 for every j = 1,...,s. We will consider three scenarios, of which at least one
must hold: (i) there exists [ € {1,..., s} such that limsup; ||0; ;|| = oo, (ii) the sequences
{0;:}2,, with j = 1,...,s, belong to a compact set C' C ©\B for i large enough, (iii) the
sequences {6;,;}>°,, with j = 1,...,s, belong to a compact set C' C O and there exists
le{1,...,s} such that liminf; infoep ||6;; — 0] = 0.

First consider case (i) and assume there exists 1 < [ < s such that [|0;, ;|| — oo as
i — oo for a suitable subsequence (7). Fix 0 < e < liminf; ¢;; and choose K C X compact

set such that P(K) > 1 —¢/4. By assumption H2 we have

€

frpy (@) p(dr) > QZ,r(i)/ k(@ | O1ry)n(de) > o,
KC KC

for i large enough, which contradicts the weak convergence of {f;}7°, to f.
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Second, assume to be in case (ii) and there exists a compact set C' C ©\B such that

0;; € C for every i > 1 and j = 1,...,s. Define the set

S S
Dy =S v(df) = q;69,(d6) : ;€ C,q; >0,> g5 =1p CP(O).
j=1 j=1
Since C'is compact, we have that D is tight. By Prokhorov’s Theorem Dy is also relatively

compact, so that there exists a subsequence r(i) such that

s
Vrti) = D 41106, 0 = ¥ € P(O)
j=1
weakly as ¢ — co. By Lemma 4.1 in|Cai et al.[(2021]) we have v € Dy, so that v = ijl (jjégj
for some g; € (0,1), >27_;¢; =1and 0; € C, for j = 1,...,s. By Hl and C C ©\B, for
p-almost every x € X, we can find C; := Cj(«, éj), with j = 1,..., s, closed neighborhood of
0;, so that k(z | 0) is continuous as a function of §, with 6 € C;. Define D := {U;:1 C']}HC
compact set: notice that D # (), since éj € CNndCj, with j = 1,...,5. Moreover, by
construction, the mapping 6 € D — k(x | 0) is continuous and therefore bounded, since D

is compact. Since v; — v weakly, as ¢ — oo, there exists I such that for every ¢ > I we

have 0; ;) € D, for every j =1,...,s. Thus, by definition of weak convergence we have

> gk ] 05,4) = /k(ﬂﬂ | )y (dO) — /k(ﬂﬂ | 0)v(df) = " Gk(x | 6;),
j=1 J=1
as ¢ — 00. Since almost sure pointwise convergence of densities implies weak convergence,

we have

foy = £ = aik(- | 6;)
j=1

weakly as i — co. By uniqueness of the weak limit, f(x) = f(z) for p-almost every x, that
contradicts H3.

Third, consider case (iii). Since #;;, € C' C © compact set, for every j = 1,...,s and
i > 1, there exists a suitable subsequence (i) such that 01.r(i) — 6. Since B is closed by H1,
we have that # € B. By definition of B, this is not possible if x is the counting measure,

since k(x| 0) <1, for every z € X and 6 € ©. Thus, let u be the Lebesgue measure. Then
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we can fix € > 0 such that
liminf;: qr
P(By(€)) < =1,
with z* as in H2. Then by H2 we have

lim inf; ¢; 4
[ F@nn) > a [ k|0 > TR

Bx* (6)

T

for i large enough, that again contradicts the weak convergence of {f;}22; to f. O

S.7 Proof of Theorem 2
The marginal distribution is available and given by the following lemma.
Lemma S.16. Consider k and qy as in . Then it holds

2¢ — {max(x1.,, ) — min(zq.,, 0* . . n
m(xliﬂ) = { ( : (QC)BL+1 ( - )}7 (xlzn € [9 - 079 +C] )

Proof. Note that x; € (0 —c¢,0 +¢) for all i € {1,...,n} if and only if § € (max(xi.,) —

¢, min(x1.,) + ¢). Thus

1 n
20)n+1 /621;11]]- 0—c,0+c) :U’L 1(9*—c9*+c)(0)d9

m(x1.,) =

1
2C)n+1/@l(max (z1:n) c,min(xlm)+c)(6)1(9*70,9*+6)(6)d0

_ 2 — {max(@10,0) — min(@10,0*)}
- (2c)n+1 '

O

Define Range(X 4) = max;e4 (X;) — min;e 4 (X;). Lemma has an important corol-

lary, that is stated after a technical lemma.
Lemma S.17. Let A C {1,...,n} such that |A| = a, Then it holds:

2¢ — {max(X4, %) — min(X4,0")} < 2¢ — Range(X4)
(2c)aH1 = (2c)atT

Proof. The result follows immediately from max(X4,0*) > max(X4) and min(Xy4, 6*) <
min(X4). O
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Corollary S.2. In the setting of with (f,k,qo) as in , define

Q, ={z € X : max(x1.,) > 0* and min(xy1.,) < 6*}. Then

s+1 s+1
Mﬂgn (X1i00) < [TjZ1{2c — Range(X4,)}

m(X1o) = (20)°{2¢ — Range(X1m)}’ (8.19)

for every A € T441(n) .

Proof. As regards the numerator, apply firstly Lemma and then Lemma to get

2¢ — {max(X4,,0*) —min(X4.,0")}  2c— Range(X4,) .
m(XAj> = €2c)a]~+1 J < (2C)aj+1 J , = 17 e, 8+ 1.

Apply Lemma to m(x1.,) for every z € Q,, to get

2¢ — {max(X1.p, 0*) — min(Xy.,, 0%)}

m(Xlzn)ﬂQn(Xlzoo> = (2C)n+1 ILQ"(XLOO)
2¢ — {max(X1.,) — min(X1.,)}
= ]]- X Hooynl
2oy 0 (X1:00)
as desired. -

The lemma below shows that, in order to prove Theorem [2| it is sufficient to show

1o, (X1.00) 22;11 % — 0 in P(*™)-probability.

Lemma S.18. Consider f as in (8) and define Q, = {x € X*° : max(z1.,) > 0* and min(z1.,) < 0*}.
Let {Y,} be a sequence of positive random variables. Thus, Ynlq, (X1.00) — 0 in P(>)-

probability implies Y,, — 0 in P(m)—pmbability.

Proof. First of all, by definition of f we have
max(Xi.,) = 0" +¢, min(Xy,) = 0" —c

almost surely with respect to P(>) as n — co. Then P(*)(Q,) — 1, as n — oo, by

definition of €,. Thus, fix € > 0 and notice that
P (Y, > €) = PO {(V, > )N} + PO {(V, > ) NQC}.

The first term on the right-hand side goes to 0, since Y, 1q,, (X1.00) — 0 in P(m)-probability,

while the second vanishes because P(>)(Q¢) — 0, both as n — oc. O
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Combining Corollary and Lemma we are ready to prove Theorem

Proof of Theorem[9 For every s > 1 and A € 75(n), from Corollary we have

[[;=1{2c — Range(X4,)}
(2¢)51{2c — Range(X1:)}

Hj‘:l m(XAj )

m<X1:n) ]lQn (Xl:oo) S

Note that {2c — Range(X4,)}/(2¢c) ~ Beta(2,a; — 1) independently for j =1,...,s. More-

over, recall that if Z ~ Beta(a, 8) then for p > —«

Ia+p)T(a+pB)
Ma+p+ B (a)

E(zP) =

Thus, by Hélder’s inequality with exponents 3 and 3/2 we get

1/3

R e KL

J

By the recursive definition of the Gamma function and recalling that I'(1/2) = x!/2, the

upper bound above becomes
E{szl m<XAj)} < 24s/37T1/3{ ﬁ I'(1+a ) }1/3{ I'(1+n) }2/3
m(Xi.m) - i I'(a; +4) I'(n—1/2)

_ oys/3.1/3 : 1 Y3 (n—1/2)0(1 +n)*?
> {H(aj+3)(aj+2)(aj+1)} { I'(n+1/2) } '

i=1

Moreover, exploiting again the recursive definition of the Gamma function, Gautschi’s In-

equality, i.e. i) < (n+1)Y2, and (n +1)/(a; + 1) < n/a;, we have

T(n+1/2)
s s 3y1/3 3 1/3

E{Hﬂzlm(XA])} §248/3K{H(n+1)} §24S/3K< Sn > — osBK Sn .
m(Xlzn) j=1 (a’j =+ 1)3 Hj:l a? Hj:l aj;

Thus, applying Lemma 3| and Lemma with p =2 and C' = 4¢(2) < 7 we get

248/3K 2 571245/3}'(
E{R(n,1,5)} < > (gta) <o

! . |
S. 1 Q S
acFs(n) J=1"
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where R(n, 1, s) is defined as in . From Corollary we have

GIr'(2+ ﬂ)2SsE

C(n,1,s4+1) <
€

(a)log{n/(1+e)} ', n>4.

Thus, combining the inequalities above with and assumption A3 we have

n—1

— s . n—1
E{]lgn (X100) Y pr;ﬁ%::;;('ﬁ)-”) } =" C(n, 1,5+ 1)E{lq, (X1.00)R(n, 1,5 + 1)}

s=1 s=1

n—1

2413DGKT (2 + ) <= 5(2C24Y3)5p=*T (v + s + 1)
elog{n/(1+¢€)} f (s+ 1)!

S

—0 as n — oo,

<oo

where finiteness follows from p > 38 > 241/3 x 2C. This implies that

—1
nZ: pr(K, =s+1|X1.n)
s—1 pr(Kn = 1’X1:n)

in L' and thus in P(®)-probability as n — co. Lemma|S.18{with ¥, = 22;11 %

concludes the proof. O

S.8 Proof of Theorem [3

We first need the following result.

Lemma S.19. Let k and gy be as in @]) and r1 =+ =z, = 0" for some 0* € R. Then

s 1/2 s 1/2
Hjom@a) | n+1 exp{g*Q(_ it +> . >}< :
m(azlm) Hj‘:l(aj + 1) 2 n+1 = a; + 1 szl aj )

for every s = 1,...,n and every partition A = {A1,...,As} € 75(n).

Proof. Since the marginal likelihood can be rewritten as

1/2 . 0* df
ma) = oy + 1) a0y exp { 5
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the first equality is obtained. The inequality follows from

n? u a? n? ° aj? n ° a;

j=1
and
n+1 n
S S S )
Hj:l(aj +1) Hj:l aj
which easily follows from a; < n, for every j =1,...,s. ([

Proof of Theorem[3 First, we study R(n, 1, s) as defined in (11]). Since all the observations

are almost surely equal, we have

n Hs‘zlm(XA?)
R(n,1,s) = Z S'TT, a; jm(le) ’

where A% is an arbitrary partition in 74(n) such that |A;‘| = aj for j = 1,...,s. By
application of Lemma and Lemma with p = 3/2, it turns out that the constant
C= Z%C (%) < 8 is such that

1 3/2 0871
n
R(TL, ].,S) < g Z ) (1_[51]> < T

’ aEFs( ‘7: ¢
From Corollary we have

GT(2+ 8)2°s

Cn,1,s+1) <
€

E(a®)log{n/(1+e)}7t, n>4. (S.20)

Thus, combining the inequalities above with and assumption A3 we have

n—1

n—1
pr(K, = s+ 1|X1.,)
= Cn,1,s4+1)R(n,1,s+1

DGT(2+8) 13203 “T(v+s+1)
~ eog{n/(1+¢€)} = (s + 1)!

—0 as n — oo,

TV
<o

(S.21)

where the finiteness follows from p > 16 > 2C. Then we conclude applying a variation of
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Lemma [2| with equalities and limits in probability replaced by almost sure equalities and

limits (the proof of Lemma [2 extends trivially to that case). g

S.9 Proof of Proposition

Proof. Under (1)), for every e > 0 we have

n
pria <e| Xip) = Zpr(a <e|Ky,=s) pr(K,=s|X1n) =
s=1

>pra<e| K,=t) pr(K, =t | X1.n)-

By assumption, pr(K, = t | X1.,,) — 1 in P(®)-probability as n — co. Moreover, by
Proposition [3] with s = 1 we get

Ela|K,=t)=C(n,t,t+1)—0,

as n — oo. It follows pr(a < e | K,, =t) — 1 in P(>)-probability as n — oo, as desired. [
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