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Abstract: In this work we develop an Almgren type monotonicity formula for a class of elliptic
equations in a domain with a crack, in the presence of potentials satisfying either a negligibility
condition with respect to the inverse-square weight or some suitable integrability properties. The study
of the Almgren frequency function around a point on the edge of the crack, where the domain is highly
non-smooth, requires the use of an approximation argument, based on the construction of a sequence
of regular sets which approximate the cracked domain. Once a finite limit of the Almgren frequency is
shown to exist, a blow-up analysis for scaled solutions allows us to prove asymptotic expansions and
strong unique continuation from the edge of the crack.
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1. Introduction and statement of the main results

This paper presents a monotonicity approach to the study of the asymptotic behavior and unique
continuation from the edge of a crack for solutions to the following class of elliptic equations

{—Au(x) = f(u(x) inQ\T, (1.1)

u=0 onTl,

where Q c RM*! is a bounded open domain, I' ¢ R¥ is a closed set, N > 2, and the potential f
satisfies either a negligibility condition with respect to the inverse-square weight, see assumptions
(H1-1)-(H1-3), or some suitable integrability properties, see assumptions (H2-1)—(H2-5) below.
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We recall that the strong unique continuation property is said to hold for a certain class of
equations if no solution, besides possibly the zero function, has a zero of infinite order. Unique
continuation principles for solutions to second order elliptic equations have been largely studied in the
literature since the pioneering contribution by Carleman [6], who derived unique continuation from
some weighted a priori inequalities. Garofalo and Lin in [20] studied unique continuation for elliptic
equations with variable coefficients introducing an approach based on the validity of doubling
conditions, which in turn depend on the monotonicity property of the Almgren type frequency
function, defined as the ratio of scaled local energy over mass of the solution near a fixed point,
see [4].

Once a strong unique continuation property is established and infinite vanishing order for
non-trivial solutions is excluded, the problem of estimating and possibly classifying all admissible
vanishing rates naturally arises. For quantitative uniqueness and bounds for the maximal order of
vanishing obtained by monotonicity methods we cite e.g., [23]; furthermore, a precise description of
the asymptotic behavior together with a classification of possible vanishing orders of solutions was
obtained for several classes of problems in [15-19], by combining monotonicity methods with
blow-up analysis for scaled solutions.

The problem of unique continuation from boundary points presents peculiar additional difficulties,
as the derivation of monotonicity formulas is made more delicate by the interference with the geometry
of the domain. Moreover the possible vanishing orders of solutions are affected by the regularity of
the boundary; e.g., in [15] the asymptotic behavior at conical singularities of the boundary has been
shown to depend of the opening of the vertex. We cite [2, 3, 15, 24, 29] for unique continuation from
the boundary for elliptic equations under homogeneous Dirichlet conditions. We also refer to [28]
for unique continuation and doubling properties at the boundary under zero Neumann conditions and
to [11] for a strong unique continuation result from the vertex of a cone under non-homogeneous
Neumann conditions.

The aforementioned papers concerning unique continuation from the boundary require the domain
to be at least of Dini type. With the aim of relaxing this kind of regularity assumptions, the present
paper investigates unique continuation and classification of the possible vanishing orders of solutions
at edge points of cracks breaking the domain, which are then highly irregular points of the boundary.

Elliptic problems in domains with cracks arise in elasticity theory, see e.g., [9,22,25]. The high
non-smoothness of domains with slits produces strong singularities of solutions to elliptic problems
at edges of cracks; the structure of such singularities has been widely studied in the literature, see
e.g., [7,8,12] and references therein. In particular, asymptotic expansions of solutions at edges play
a crucial role in crack problems, since the coeflicients of such expansions are related to the so called
stress intensity factor, see e.g., [9].

A further reason of interest in the study of problem (1.1) can be found in its relation with mixed
Dirichlet/Neumann boundary value problems. Indeed, if we consider an elliptic equation associated to
mixed boundary conditions on a flat portion of the boundary A = A; U A,, more precisely a
homogeneous Dirichlet boundary condition on A; and a homogeneous Neumann condition on A;, an
even reflection through the flat boundary A leads to an elliptic equation satisfied in the complement of
the Dirichlet region, which then plays the role of a crack, see Figure 1; the edge of the crack
corresponds to the Dirichlet-Neumann junction of the original problem. In [14] unique continuation
and asymptotic expansions of solutions for planar mixed boundary value problems at
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Dirichlet-Neumann junctions were obtained via monotonicity methods; the present paper is in part
motivated by the aim of extending to higher dimensions the monotonicity formula obtained in [14] in
the 2-dimensional case, together with its applications to unique continuation. For some regularity
results for second-order elliptic problems with mixed Dirichlet-Neumann type boundary conditions
we refer to [21,27] and references therein.

Neumann Dirichlet
As A

(@) Mixed Dirichlet/Neumann
boundary conditions on a flat portion (b) After an even reflection the

of the boundary. Dirichlet region becomes a crack.

Figure 1. A motivation from mixed Dirichlet/Neumann boundary value problems.

In the generalization of the Almgren type monotonicity formula of [14] to dimensions greater
than 2, some new additional difficulties arise, besides the highly non-smoothness of the domain: the
positive dimension of the edge, a stronger interference with the geometry of the domain, and some
further technical issues, related e.g., to the lack of conformal transformations straightening the edge.
In particular, the proof of the monotonicity formula is based on the differentiation of the Almgren
quotient defined in (4.9), which in turn requires a Pohozaev type identity formally obtained by testing
the equation with the function Vu - x; however our domain with crack doesn’t verify the exterior ball
condition (which ensures L-integrability of second order derivatives, see [1]) and Vu - x could be not
sufficiently regular to be an admissible test function.

In this article a new technique, based on an approximation argument, is developed to overcome the
aforementioned difficulty: we construct first a sequence of domains which approximate Q\T’, satisfying
the exterior ball condition and being star-shaped with respect to the origin, and then a sequence of
solutions of an approximating problem on such domains, converging to the solution of the original
problem with crack. For the approximating problems enough regularity is available to establish a
Pohozaev type identity, with some remainder terms due to interference with the boundary, whose
sign can nevertheless be recognized thanks to star-shapeness conditions. Then, passing to the limit
in Pohozaev identities for the approximating problems, we obtain inequality (3.11), which is enough
to estimate from below the derivative of the Almgren quotient and to prove that such quotient has
a finite limit at O (Lemma 4.7). Once a finite limit of the Almgren frequency is shown to exist, a
blow-up analysis for scaled solutions allows us to prove strong unique continuation and asymptotics of
solutions.

In order to state the main results of the present paper, we start by introducing our assumptions on
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the domain. For N > 2, we consider the set

= {(xlva) = (X1,. .. a-xN—la-xN) € RN - XN > g(x,)}’

where g: R¥! — R is a function such that

g(0)=0, Vg(0) =0, (1.2)

g e C*(RM™. (1.3)

Let us observe that assumption (1.2) is not a restriction but just a selection of our coordinate system
and, from (1.2) and (1.3), it follows that

8(xX) = O(x'P)  as |x'| — 0. (1.4)

Moreover we assume that
gx)—x"-Vg(x')=0 (1.5)

for any x” € B}? = {x’ € R¥"!: || < R}, for some R > 0. This condition says that RV \ T" is star-shaped
with respect to the origin in a neighbourood of 0. It is satisfied for instance if the function g is concave
in a neighborhood of the origin.

We are interested in studying the following boundary value problem

(1.6)

—Au = fu in By \T,
u=0 onl,

where By = {x € RV : |x]| < R}, for some function f: By = Rsuch that f is measurable and bounded
in B \ B; for every ¢ € (0, R). We consider two alternative sets of assumptions: we assume either that

lir(1)r1+ Er(r) =0, (H1-1)
ff() e L'(0,R), ; ff()d e L'(0,R), (H1-2)
0
where the function &/ is defined as
Ep(r) :=sup |x|2|f(x)| for any r € (0, R), (H1-3)
XE€B,
or that
lim+ n(r, ) =0, (H2-1)
"(r;f ) e L', R), - f 150D 45 e L0, R), (H2-2)
0
and
Vfe Ly (Bz \{0}), (H2-3)
WD e ok, f AL LD gse 0. R), (H2-4)
0
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where

[, 1hlu? dx
n(r,h) = sup — ,
ueH' (B)\{0} fBr |Vul? dx + 5= faB, lul?> ds

for every r € (0,R), h € LY (By \ {O}).
Conditions (H1-1)—(H1-3) are satisfied e.g., if | f(x)| = O(|x|7>*°) as |x| — O for some § > 0, whereas
assumptions (H2-1)—(H2-5) hold e.g., if f € WIL’;"’(B;e \ {0}) and £,V f € LP(By) for some p > NT“ We

also observe that condition (H2-1) is satisfied if f belongs to the Kato class K,,., see [13].
In order to give a weak formulation of problem (1.6), we introduce the space H.(Bg) for every
R > 0, defined as the closure in H'(By) of the subspace

(H2-5)

CS}(B_R) :={u € C*(Bg) : u = 0in a neighborhood of I'}.
We observe that actually
H{(Bg) = {u € H'(Bg) : r(u) = 0},

where 71 denotes the trace operator on I', as one can easily deduce from [5], taking into account that
the capacity of dI" in RV*! is zero, since I is contained in a 2-codimensional manifold.
Hence we say that u € H'(B}) is a weak solution to (1.6) if

u € H-(Bp),
f Vu(x) - Vv(x)dx — f f@ux)v(x)dx =0 foranyve Co(By \I).
Bi Bp

In the classification of the possible vanishing orders and blow-up profiles of solutions, the following
eigenvalue problem on the unit N-dimensional sphere with a half-equator cut plays a crucial role.
Letting SV = {(x, xn, Xy+1) : |X'[* + x5 + x%,, = 1} be the unit N-dimensional sphere and

2 = {(x, xy, xn+1) € St xyy = 0 and xy > 0},

we consider the eigenvalue problem

(1.7)

~Agvy = pyy on SM\ I,
=0 onZX.

We say that 4 € R is an eigenvalue of (1.7) if there exists an eigenfunction ¥ € Hé (SM\X), ¥ # 0, such
that

f VSNlﬁ . VSN¢dS =M l,b¢dS
SN SV

forall ¢ € H)(S¥\X). By classical spectral theory, (1.7) admits a diverging sequence of real eigenvalues
with finite multiplicity {u}i>1; moreover these eigenvalues are explicitly given by the formula

_ k(k+2N -2)
= 1 ,
see Appendix A. For all k € N\ {0}, let M, € N \ {0} be the multiplicity of the eigenvalue y; and

Hi k € N\ {0}, (1.8)

Yemtm=12...m, b€ Q L*(SM)-orthonormal basis of the eigenspace of (1.7) associated to . (1.9)

.....
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In particular {Yy,, : k € N\ {0},m = 1,2, ..., M} is an orthonormal basis of L*(SM).
The main result of this paper provides an evaluation of the behavior at 0 of weak solutions
u € H'(B}) to the boundary value problem (1.6).

Theorem 1.1. Let N > 2 and u € H'(By) \ {0} be a non-trivial weak solution to (1.6), with f
satisfying either assumptions (H1-1)-(H1-3) or (H2-1)—(H2-5). Then, there exist ky € N, ky > 1, and
an eigenfunction of problem (1.7) associated with the eigenvalue iy, such that

02y Ax) — |xfoPy(x/Ix])  as A — 0* (1.10)

in H'(B)).

We mention that a stronger version of Theorem 1.1 will be given in Theorem 6.7.
As a direct consequence of Theorem 1.1 and the boundedness of eigenfunctions of (1.7) (see
Appendix A), the following point-wise upper bound holds.

Corollary 1.2. Under the same assumptions as in Theorem 1.1, let u € H'(By) be a non-trivial weak
solution to (1.6). Then, there exists ky € N, ky > 1, such that

u(x) = O(|x*’?) as |x| - 0.

We observe that, due to the vanishing on the half-equator X of the angular profile s appearing in
(1.10), we cannot expect the reverse estimate |u(x)| > c|x|*/? to hold for x close to the origin.

A further relevant consequence of our asymptotic analysis is the following unique continuation
principle, whose proof follows straightforwardly from Theorem 1.1.

Corollary 1.3. Under the same assumptions as in Theorem 1.1, let u € H'(B}) be a weak solution to
(1.6) such that u(x) = O(|x*) as |x| — 0, for any k € N. Then u = 0 in B;.

Theorem 6.7 will actually give a more precise description on the limit angular profile y: if M, > 1
is the multiplicity of the eigenvalue py, and {Yy,; : 1 <i < M,,} is as in (1.9), then the eigenfunction ¢
in (1.10) can be written as

my,,

w(®) = > BiYis (1.11)
i=1

where the coeflicients §; are given by the integral Cauchy-type formula (6.40).

The paper is organized as follows. In Section 2 we construct a sequence of problems on smooth
sets approximating the cracked domain, with corresponding solutions converging to the solution of
problem (1.6). In Section 3 we derive a Pohozaev type identity for the approximating problems and
consequently inequality (3.11), which is then used in Section 4 to prove the existence of the limit for
the Almgren type quotient associated to problem (1.6). In Section 5 we perform a blow-up analysis
and prove that scaled solutions converge in some suitable sense to a homogeneous limit profile, whose
homogeneity order is related to the eigenvalues of problem (1.7) and whose angular component is
shown to be as in (1.11) in Section 6, where an auxiliary equivalent problem with a straightened crack
is constructed. Finally, in the appendix we derive the explicit formula (1.8) for the eigenvalues of
problem (1.7).

Notation. We list below some notation used throughout the paper.

Mathematics in Engineering Volume 3, Issue 3, 1-40.



7

- For all r > 0, B, denotes the open ball {x = (x’, xy, Xy+1) € R¥*! : |x| < r} in RM*! with radius r
and center at 0.

- Forallr >0, B, = {x = (X, xy, xy+1) € R¥*! : x| < r} denotes the closure of B,.

- For all r > 0, B, denotes the open ball {x = (x’, xy) € R : |x| < r} in R" with radius r and center
at 0.

- dS denotes the volume element on the spheres dB,, r > 0.

2. Approximation problem

We first prove a coercivity type result for the quadratic form associated to problem (1.6) in small
neighbourhoods of 0.

Lemma 2.1. Let f satisfy either (H1-1) or (H2-1). Then there exists ry € (0, R) such that, for any
r€(0,ry] and u € H'(B,),

1
f (Vul> = |flu*)dx > = f \Vul? dx — w(r) f u? ds 2.1)
B, 2 Js, 0B,
and .
N —
rw(r) < , (2.2)
4
where
2 .
_ff(r) , under assumption (H1-1),
N-1 r
“OZIN - L) -
Tﬂ ik , under assumption (H2-1).
r
Remark 2.2. For future reference, it is useful to rewrite (2.1) as
2 1 2 2
|flu"dx < < |[Vul” dx + w(r) u-ds 2.4)
B, 2 Js, 9B,

forallu € H'(B,) and r € (0, ry].

The proof of Lemma 2.1 under assumption (H1-1) is based on the following Hardy type inequality
with boundary terms, due to Wang and Zhu [30].

Lemma 2.3 ([30], Theorem 1.1). For every r > 0 and u € H'(B,),

N-1 N-1y 2
f Vu(oP dx + f ucords = (M) [ M ax 2.5)
B, 2r Jos, 2 Il

Proof of Lemma 2.1. Let us first prove the lemma under assumption (H1-1). To this purpose, let
ro € (0, R) be such that

(;ff (?)2 < % for all r € (0, ro]. (2.6)
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Using the definition of £4(r) (H1-3) and (2.5), we have that for any r € (0, R) and u € H'(B,)

uCoP | AE0) .. N-1[ ,
flflu dx<§f()fr el vt LrIVuI dx+ — fag,u dS]. 2.7)

Thus, for every 0 < r < ry, from (2.6) and (2.7), we obtain that

2
I e =gy = (1= ) f wir - 50

> —f \Vul? dx 2 ff(r) u* ds

0B,

and this completes the proof of (2.1) under assumption (H1-1).
Now let us prove the lemma under assumption (H2-1). Let ry € (0, R) be such that

1
n(r, f) < > for all r € (0, rp]. (2.8)
From the definition of n(r, f) (H2-5) it follows that for any r € (0, R) and u € H'(B,)

f |flu* dx < n(r, f)[ f \Vul* dx + N-1 f u’ ds]. (2.9)
B, B, 3B,

Thus, for every 0 < r < ry, from (2.8) and (2.9) we deduce that

- 1
f (VP = |fle)dx = (1 = (s, ) f Vul dx WL pas
OB,
N-1
> = f [Vul? dx — n(r f)
2 Js,
hence concluding the proof of (2.1) under assumption (H2-1).
We observe that estimate (2.2) follows from the definition of w in (2.3), (2.6), and (2.8). |

Now we are going to construct suitable regular sets which are star-shaped with respect to the origin
and which approximate our cracked domain. In order to do this, for any n € N\ {0} let f,: R — R be
defined as

220
£ = nlt| + en2m 2, if |t < 2/n?,
nlt, if | > 2/n?,

so that f, € C*(R), f,(¢) > nlt| and f, increases for all > 0 and decreases for all ¢ < 0; furthermore
fu(t)—tfi(t) >0 foreveryteR. (2.10)

For all r > 0 we define

B, = {(x', xy, Xn+1) € B, 1 xy < g(X) + fu(xns1))s (2.11)

see Figure 2.
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(a) The set B,.,,. (b) Section of B,,.

Figure 2. Approximating domains.

Let %,, C 0B,, be the subset of B, defined as

?r,n = {(-x,a-xNaxN+l) € Br L XN = g(-x’) + fn(xN+1)}

and S r» denote the set given by 63,,,1 \ ¥r.- We note that, for any fixed r > 0, the set ¥,, is not empty
and B,, # B, provided n is sufficiently large.

Lemma 2.4. Let 0 < r < R. Then, for all n € N\ {0}, the set Bm is star-shaped with respect to the
origin, i.e., x - v > 0 for a.e. x € OB,,, where v is the outward unit normal vector.

Proof. 1f ¥,, is empty, then Bm = B, and the conclusion is obvious. Let ¥,, be not empty.
The thesis is trivial if one considers a point x € S e
If x € ¥,,,, then x = (X', g(x") + f,(xn+1), Xy+1) and the outward unit normal vector at this point is
given by
o (=Vg(X), 1, = £, (xn+1))
v(x)

T+ Gna)P + V@R

hence we have that

_ 8(X) — VE(xX) - X'+ fulinar) = Xnet fuCovat)
VIE+ 1 Covn P+ Vg 0P -

since g(x') — Vg(x') - ¥ > 0 by assumption (1.5) and f,(xy1) — Xa1 £ (ons1) = 0 by (2.10). o

x - v(x) 0

From now on, we fix u € H'(Bp) \ {0}, a non-trivial weak solution to problem (1.6), with f
satisfying either (Hl—_l)—(H1—3) or (H2-1)-(H2-5). Since u € H}(B,@), there exists a sequence of
functions g, € Cg‘fr(B,;,) such that g, — u in H'(B). We can choose the functions g, in such a way
that .

) C
gn(-xl,~~-,-xN,xN+l):0 lf(-xb”' ’XN)Erand |-)CN+1|S ;’ (212)

C > 202+ M?), where M = max{|g(x')| : |x'| < ro). (2.13)

Remark 2.5. We observe that g, = 0 in B, \ I?,O,n. Indeed, if x = (X', Xy, Xn+1) € By, \ B,O,n, then

with

xy 2 g(x') + fulxni) > g(x'),
so that (X', xy) € I. Moreover
xn 2 fu(xne1) + (X)) = nlxy.| — M,
with M as in (2.13). Hence either |xy.| < % or rf > x3, > (nlxyal — M)* > n—22|XN+1|2 — M?. Thus

‘/ 7'2 2 ~ ~
|xni1] < w < %, if we choose C as in (2.13). Then g,(x) = 0 in view of (2.12).
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Now we construct a sequence of approximated solutions {u,},cn on the sets B, ,. For each fixed
n € N, we claim that there exists a unique weak solution u, to the boundary value problem

{—Aun = fu, in BW,, 2.14)

u, =g, on OBFO,H.
Letting
Vi 1= Uy — Gns

we have that u,, weakly solves (2.14) if and only if v, € H 1(fS,O,n) is a weak solution to the homogeneous
boundary value problem

{_AVn ~ fVu = f8n+ Agy in By, (2.15)

v, =0 on 0B, ,,

1.e.,
L
v € Hy(Byy ),

f (Vv - Vo — fvd)dx = f (fg. + Agn)¢dx forany ¢ € Hy(B,, ).
B, B

e o

Lemma 2.6. Let ry be as in Lemma 2.1. Then, for all n € N, problem (2.15) has one and only one
weak solution v, € Hé (Bro,n), where Bro,n is defined in (2.11).

Proof. Let us consider the bilinear form

alv,w) = f (Vv-Vw — fyw) dx,
B

TN

for every v,w € Hé(l?,o,n). Lemma 2.1 implies that a is coercive on Hé(f?ro,n). Furthermore, from
estimate (2.4) we easily deduce that a is continuous. The thesis then follows from the Lax-Milgram
Theorem. |

Proposition 2.7. Under the same assumptions of Lemma 2.6, there exists a positive constant C > 0
such that ”Vn”H(l)(B,O) < C for every n € N, where v, is extended trivially to zero in B, \ Bro,n.

Proof. Let us observe that fg, and —Ag, are bounded in H™'(B,,) as a consequence of the boundedness
of g, in H'(B,,): indeed, using (2.4), one has that, for any ¢ € H;(B,,),

<(f, v ([ o &)

1/1 3 7 2.16
< —(— f VelPdx+w(ro) | & ds)z( f |V¢|2dx)2 (2.16)
2\2 By, 9By, By,

< Cl||gn||H1(B,0)||¢||H(l)(3,0),

fenpdx

By,

for some ¢; > 0 independent on » and ¢, and

‘—f Ag,¢ dx f Vg, -Vodx
By, By,

Mathematics in Engineering Volume 3, Issue 3, 1-40.
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for some ¢, > 0 independent on n and ¢. Thus from (2.15)—(2.17) and Lemma 2.1, it follows that

Willgy s = | IVvaPdx<2 | (Vv = fypdx=2 | (fgu+Agnvadx
B~ By n 5,

<2 + Cz)||gn||H1(B,O)||Vn||H(§(B,O) = C3||vn||H(1)(B,O),
for some c¢; > 0 independent on n. This completes the proof. O

Proposition 2.8. Under the same assumptions of Lemma 2.6, we have that u,, — u weakly in H'(B,,),
where u,, is extended trivially to zero in B, \ By, ,.

Proof. We observe that the trivial extension to zero of u, in B, \BW, belongs to H' (B,,) since the trace
of u, on ¥,, , is null in view of Remark 2.5.

From Proposition 2.7 it follows that there exist ¥ € H(‘)(Bro) and a subsequence {v,,} of {v,} such
that v,, — ¥ weakly in H)(B,,). Then u,, = v, + g, — i weakly in H'(B,), where it := ¥ + u. Let
¢ € C2(B,, \T). Arguing as in Remark 2.5, we can prove that ¢ € H, (By,.,) for all sufficiently large k.
Hence, from (2.14) it follows that, for all sufficiently large «,

f Vunk-V¢>dx:f Sfun @ dx, (2.18)
By, By,

where u,, is extended trivially to zero in B,, \ B, ,,. Passing to the limit in (2.18), we obtain that

f Vﬁ-ngdx:f fupdx
B, By,

0

for every ¢ € C°(B,, \ I'). Furthermore & = u on dB,, in the trace sense: indeed, due to compactness
of the trace map y : H'(B,) — L*@B,), we have that y(u,) — 7y(ii) in L*(0B,,) and
Ytn) = ¥(gn) = ¥(w) in LX@B,,), since g, — uin H'(B,,).

Finally, we prove that it € H.(B,,). To this aim, let ['s = {(x’, xy) € RY : xy > g(x') + 6} for every
6 > 0. For every 6 > 0 we have thatI's N B,, C B, \ Bm,n provided n is sufficiently large. Hence, since
u, is extended trivially to zero in B, \ Ero,n, we have that, for every 6 > 0, u, € H}d(B,O) provided n
is sufficiently large. Since HY. (B,) is weakly closed in H'(B,,), it follows that iz € H}. (B,,) for every
§ > 0, and hence it € H\(B,,).

Thus &t weakly solves

—Aii = fii in B, \T,

it=u onodB,,
it=0 onl.
Now we consider the function U := it — u: it weakly solves the following problem

-AU = fU in B, \T,
U=0 on 0B,,, (2.19)
U=0 onl.

Testing Eq (2.19) with U itself and using Lemma 2.1, we obtain that

1
—f |VU|2dxsf (VU - fU* dx =0,
2 B’o Bro
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so that U = 0, hence u = #i. By Urysohn’s subsequence principle, we can conclude that u, — u weakly
in H'(B,,). |

Our next aim is to prove strong convergence of the sequence {u,},c to u in H 1(B,O).
Proposition 2.9. Under the same assumptions of Lemma 2.6, we have that u,, — u in H'(B,,).

Proof. From Proposition 2.8 we deduce that v, — 0in H I(Bro), hence testing (2.15) with v, itself, we
have that

f (Vv * = fv)dx = f (Vval* = fv) dx
B, B,

o rg:n

= f (fgwvn— Vg, Vv, dx = f (fgnvn— Vg, Vv,)dx — 0
Ero,n Bro

as n — oo. Thus, from Lemma 2.1, we deduce that ||Vn||Hé(BrO) — 0 asn — oo, hence v, — 0in Hl(BrO).
This yields that u, = g, + v, — uin H'(B,,). m]

3. Pohozaev identity

In this section we derive a Pohozaev type identity for u, in which we will pass to the limit using
Proposition 2.9. For every r € (0, 7,) and v € H'(B,), we define

f Fo(x- Vv)dx, if f satisfies (H1-1)—(H1-3),
B,
Rrv) =y 1
3 v ds - Ef (Vf-x+(N+1Df)w>dx, if f satisfies (H2-1)-(H2-5).
9B, B,

Lemma 3.1. Let O < r < ry. There exists ny = no(r) € N\ {0} such that, for all n > n,

N1
L[ wwbdrs S [ v as
2 Us, 2Js,,

1 2
——f x-vdS —rf
2 7~’r,n Sn,n

Proof. Since u, solves (2.14) in the domain Bm,n, which satisfies the exterior ball condition, and
fu, € L? (BW, \ {0}), by elliptic regularity theory (see [1]) we have that u, € Hz(Br,n \ B;s) for all

loc .
r € (0, rp), n sufficiently large and all ¢ < r,, where r, is such that B, C B,,. Since

ou,,
ov

ou,,

2
ds —R(r,u,) =0. (3.1)
ov

f [ (Vi + | f|u5)ds] dr = f (Vi + | fu2) dx < +oo,
o LJsn, B,
there exists a sequence {0y }xen C (0, r,,) such that lim;_,., 6; = 0 and

‘”‘f |Vu,|*dS — 0, 5kf IfluldS — 0 ask— . (3.2)
8Bs,

(')ng
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Testing (2.14) with x - Vu, and integrating over Bm \ Bs,, we obtain that

- f Au,(x - Vu,) dx = f fu,(x - Vu,) dx. (3.3)
Er,n\B()'k

Br,n\B(ﬁ'k
Integration by parts allows us to rewrite the first term in (3.3) as

ou,, |

- f Au,(x-Vu,) dx :f Vu, - V(x-Vu,)dx — rf das
Br,n\Bék Br,n\Bé Sr,n aV

ou, |* ou, |*
—f “ x-vdS+6kf “
)N’n,n aB(ik

v ov
where we used that x = rv on S, and that the tangential component of Vu, on ¥,, equals zero, thus

Vu, = ‘%v on ¥,,. Furthermore, by direct calculations, the first term in (3.4) can be rewritten as

(3.4)

ds,

Br,n\Bék

N-1
f Vu,-V(x-Vu,)dx = — ——
Br,n\Bﬁk 2
Ou,, | 1)
Yl xovas =X | (wu,l2ds.

21 f'y él 2 IB,
+ j—
~r,n (Fk

Taking into account (3.3)—(3.5), we obtain that
2
x-vdS —r f
gr,n

N-1 1
- —f Vi, dx + ff Vu, > dS — —f
2 Br,n \Bé'k 2 gr.n 2 :};r,n
2
das — f fu,(x-Vu,)dx =0. (3.6)
Br,n\Bék

Vi, 2 dx + ~ f Vi, 2 dS
2 gr,n
3.5)

2

ou,
“ ds

ov

ou,,
v

ou,
ov

5
_Zk \Vu,|>dS + ‘”‘f

2 ‘9Bék ﬁBo‘k

Under assumptions (H1-1)—(H1-3), the Hardy inequality (2.5) implies that f u,(x - Vu,) € L'(B,) and
hence
lim Su,(x-Vu,)dx = I}im fu,(x-Vu,)dx = f Su,(x - Vu,) dx. 3.7
B,

k=00 Br.n\BJk e Br\Bék
On the other hand, if (H2-1)-(H2-5) hold, we can use the Divergence Theorem to obtain that

f Su,(x - Vu,)dx
Er,n\Bﬁk

1 5
:ff fu,%ds-—f (Vf-x+ N+ D)f)uddx — = fu>ds
2 S nn 2 Br,n\Bék 2 8361(

1 5
L fu?dsS ——f (Vf-x+(N+Df)uddx— = fu>dsS. (3.8)
2 OB, 2 B\Bs, 2 9By

Since, under assumptions (H2-1)—-(H2-5), (Vf - x+ (N + 1) f)u,zl € L'(B,), we can pass to the limit as
k — oo in (3.8) taking into account also (3.2), thus obtaining that

1
lim fun(x - Vu,)dx = ff furds - —f (Vf-x+(N+1Df)u>dx. (3.9)
k—o0 Bnn\B(Sk 2 o8B, 2 B,

Letting k — +o00 in (3.6), by (3.2), (3.7), and (3.9), we obtain (3.1). O
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Combining Lemma 3.1 with the fact that the domains Bm (defined as in (2.11)) are star-shaped with
respect to the origin, we deduce the following inequality.

Corollary 3.2. Let 0 < r < ry. There exists ny = ny(r) € N\ {0} such that, for all n > ny,

2

ou,
Uil dS — R(ruy) = 0. (3.10)

N-1
——f |Vun|2dx+ff |Vun|2d5—rf
2 Jg, 2 Js,, Sl OV

Proof. In view of (3.1), the left-hand side of (3.10) is equal to % fy
non-negative, since x - v > 0 on ¥,,, by Lemma 2.4. Y |

2x - vdS, which is in fact

Ouy
v

Passing to the limit in (3.10) as n — oo, a similar inequality can be derived for u.

Proposition 3.3. Let u solve (1.6), with f satisfying either (H1-1)-(H1-3) or (H2-1)-(H2-5). Then, for
a.e. r € (0, ry), we have that

N-1
——f |vu|2dx+ff Vul dS —rf
2 B, 2 6Br aBr

P
f|vu|2dx:ffu2dx+f w2 ds. (3.12)
B, B, o, OV

Proof. In order to prove (3.11), we pass to the limit inside inequality (3.10). As regards the first term,
it is sufficient to observe that

f Vi, |>dx = f \Vu,|>dx — f VulPdx asn — oo,
Br,n Br B’

for each fixed r € (0, ry), as a consequence of Proposition 2.9. In order to deal with the second term,
we observe that, by strong H'-convergence of u,, to u,

oul?

ov

dS —R(r,u) >0 (3.11)

and

)
lim ( IV, — 1) dS)dr 0. (3.13)
0 OB,

n—+oo

Letting

Fy(r) = IV, — w)l dS,
0B,

(3.13) implies that F,, — 0 in L'(0, ry). Then there exists a subsequence F,, such that F, (r) — 0 for
a.e. r € (0, ry), hence

f \Vu, > dS = f \Vu,|*dS — f IVul*dS ask — oo
Sy 0B, OB,

for a.e. r € (0, rp). In a similar way, we obtain that

2
f dsS —>f
Sr,nk (9 r
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It remains to prove the convergence of R(r, u,). Under the set of assumptions (H1-1)-(H1-3), we first
write

| e i) = put- T = [ 1 = i) = fux V-
B, B,
(3.14)
< f |f(u, — u)(x - Vu,)ldx + f |[fux-V(u—u,)ldx.
B, B,

The Holder inequality, (2.5), and Proposition 2.9 imply that

e, — >\ 12
fB V= w0 Vi < gf(,»)( fB | u |x|2u dx) ( fB | |Vun|2dx)
1

2 N — 1/2 1/2
< —ffm( f 19y — u)Plx + I, u|2ds) ( f |Vu,,|2dx) 50
N-1 B, 5

r 4B,

and

2 1/2 1/2
f | fux - Vi, — wldx < gf(r)( '”l()g' f 1Vt - u)|2dx)
B, B,
N-

B,
1 12 12
_—gf(r) f VuPdx + = f |u|2ds) ( f |V(un—u)|2dx) 50
B,

as n — oo, for a.e. r € (0, ry), since &¢(r) is finite a.e. as a consequence of assumption (H1-2). Hence,
from (3.14) we deduce that

lim R(r, u,) = R(r, u) (3.15)

under assumptions (H1-1)—-(H1-3). To prove (3.15) under assumptions (H2-1)-(H2-5), we first use
Proposition 2.9 and the Holder inequality to observe that

f [Vf-x+ N+ Df1d — u?)dx

B,

< ( f (VS -3+ (N + DDty —u|2dx)2( f (VF -+ (N + DUfDlity + uf? dx)z
B, B,

<970+ O+ D0 ) [ 190 = ax 35 [ - s)

(f IVt + ) dx + Nz—‘f ua + P dS ) =0,
B, OB,

asn — oo, fora.e. r € (0, ry), since n(r, Vf-x) and n(r, f) are finite a.e. as a consequence of assumptions
(H2-4) and (H2-2) and {u, + u}, is bounded in H'(B,) for every r € (0, ry). Furthermore, by the fact
that f is bounded far from the origin and the compactness of the trace map from H'(B,) to L*(dB,), it
follows that
furdS — fu*ds,
0B, 0B,

for a.e. r € (0, rp). Hence, passing to the limit in R(r, u,) we conclude the first part of the proof.

Finally (3.12) follows by testing (2.14) with u, itself and passing to the limit arguing as above. O
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4. The Almgren type frequency function

Letue H}(B,@) be a non trivial solution to (1.6). For every r € (0, R) we define

D) =r'V f (IVul> - fu?)dx 4.1)
B,
and
Hr)=rN f u*ds. 4.2)
dB,

In the following lemma we compute the derivative of the function H.

Lemma 4.1. We have that H € W"'(0, R) and

loc

0
H'(r) = 27N f U ds (4.3)
0B, ov
in a distributional sense and for a.e. r € (0, R). Furthermore
2 N
H'(r) = =D(r) fora.e. re(0,R). 4.4)
r
Proof. First we observe that
Hr) = | |u@ro)*ds. (4.5)
SN

Let ¢ € C=(0, R). Since u, Vu € L*(Bj), we obtain that

R R
- f H () dr = — f ( f uz(rH)dS)¢’(r)dr
0 0 dB,

= —f XV 1P () Vv(x) - xdx = 2f V()™ uVu - xdx
By Bs

R

R
—2 f ¢(r)( f u(re)vu(re)-eds)dr,
0 0B

where we set v(x) = ¢(|x|). Thus we proved (4.3). Identity (4.4) follows from (4.3) and (3.12). O
We now observe that the function H is strictly positive in a neighbourhood of 0.
Lemma 4.2. For any r € (0, ry], we have that H(r) > 0.

Proof. Assume by contradiction that there exists r; € (0, ry] such that H(r) = 0, so that the trace of u
on dB,, is null and hence u € H(l)(B,l \ I'). Then, testing (1.6) with u, we obtain that

f \Vul* dx — f fu?dx = 0. (4.6)
By, By,

Thus, from Lemma 2.1 and (4.6) it follows that

1
0= f (IVul® = fu*ldx > = f \Vul? dx,
By 2 By
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which, together with Lemma 2.3, implies that # = 0 in B,,. From classical unique continuation
principles for second order elliptic equations with locally bounded coeflicients (see e.g., [31]), we can
conclude that u = 0 a.e. in Bp, a contradiction. m]

Let us now differentiate the function 9 and estimate from below its derivative.

Lemma 4.3. The function D defined in (4.1) belongs to Wlti (0,R) and

D'(r)y = 2r'N f

0B,

(9 2
> ds + (N - )rN f fu?dx + 2r VR(r,u) — r'™N f fu*ds 4.7)
B, 8B,

u
4

Jora.e. r € (0, ).

Proof. We have that

D'(r)y=1-Ny" f (\Vul* = fu*)ydx +r'"™ | (Vu* - fu*)dS (4.8)
B, 0B,

for a.e. r € (0, ry) and in the distributional sense. Combining (3.11) and (4.8), we obtain (4.7). O

Thanks to Lemma 4.2, the frequency function

D(r)
H(r)

N:(0,r] >R, N(r)= 4.9)

is well defined. Using Lemmas 4.1, 4.3, and 2.1 we can estimate from below N and its derivative.
Lemma 4.4. The function N defined in (4.9) belongs to Wllo’cl (0, ro]) and
N'(r) > vi(r) + va(r), (4.10)

for a.e. r € (0, ry), where

2
20[(fy, |21 dS)(J,, 1P dS) = ([, ule dS)’]
vi(r) = 2
([, 1l dS)
and
20 [ futdx+R(rouw) -5 [ fu?dS]
va(r) = : _ . (4.11)
faBr ul? dS
Furthermore,
N-1
N(r) > e for every r € (0, ry) 4.12)
and, for every &€ > 0, there exists r, > 0 such that
N(r) > —e foreveryre (0,r,), (4.13)

i.e., liminf,_ o+ N(r) > 0.
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Proof. From Lemmas 4.1, 4.2, and 4.3, it follows that N € wkh 1((0, r0]). From (4.4) we deduce that

loc
D(HE) - DYH' () D' (OH() = 3r(H (1)’

(H(r))? (H(r))?
and the proof of (4.10) easily follows from (4.3) and (4.7). To prove (4.12) and (4.13), we observe that
(4.1) and (4.2), together with Lemma 2.1, imply that

D(r) r(3 [, [VuPdx —w(r) [, |uPdS]

N'(r) =

N(r) = . . > —rw(r) (4.14)

H) ~ Sy, 1ul? dS
for every r € (0, ry), where w is defined in (2.3). Then (4.12) follows directly from (2.2). From either
assumption (H1-1) or (H2-1) it follows that lim,_,o+ rw(r) = 0; hence (4.14) implies (4.13). O

Lemma 4.5. Let v, be as in (4.11). There exists a positive constant C; > 0 such that

va(r)l < Cla(r)[N(r) $ = 1] 4.15)
for all r € (0, ry), where
() = {r‘lff(r), under assumptions (H1-1)-(H1-3), 4.16)
r (0, )+ 1(r. V£ - x)),  under assumptions (H2-1)~(H2-5).
Proof. From Lemma 2.1 we deduce that, for all » € (0, ry),
fB \Vul? dx < 2(r" "' D(r) + w(r)rV H (1)), 4.17)

where w(r) is defined in (2.3).
Let us first suppose to be under assumptions (H1-1)-(H1-3). Estimating the first term in the
numerator of v,(r) we obtain that
1
f u* dsS ]
0B,

2 |u(x)|2 2 N -
‘[Brfu dx sgf(r)fBr A 60 1)2[f Vul dx +

1
S SODO EEr GOHO) + g (4.18)
N D) + T H()
8 N-1
=N 1)zrw_lff(’”) (D(i’) + 7‘((1’)),

where we used (H1-3), Lemma 2.3, (4.17) and (2.6). Using Holder inequality, (4.18), (2.6), and (4.17),
the second term can be estimated as follows

2
ffux-Vudx S{-’f(r)(f |u(x)| fquIzdx
B, B, |x|?

‘ 2
W(r)) (z)(r) L Yo

£ (NH(r) (4.19)

4
< E (N Nl(@()+

' N-1 N-1
< ff(r)N 1r (Z)(r) + 7-((r)).

Mathematics in Engineering Volume 3, Issue 3, 1-40.



19

For the last term we have that

r

f fu? ds‘ < &) utds = E(r)r" ' H(r). (4.20)
4B,

r 0B,

Combining (4.18)—(4.20), we obtain that, for all r € (0, ry),

N-1
a9l < Cy ff(r>r-1[N(r> + ]

for some positive constant C; > 0 which does not depend on r.
Now let us suppose to be under assumptions (H2-1)—(H2-5). In this case, the definition of R(r, u)
allows us to rewrite v, as

2
Jp, @F + V[ - xpu dx
faB, u*ds

va(r) = —

From (H2-5), (4.17) and (2.8) it follows that

f(2f+Vf-x)u2dx < (217(r,f)+r;(r,Vf-x))(f \Vul? dx + N- 1f Iulzds)
B, B, 2 OB,

p
N-1 N-1
5 HH) + —
N-1
2

<220(r, f) + n(r, V.f - x)rV! (z)(r) + W(r))

<2200, f) + n(r Vf - x))rN-‘(z)(r) + 7{(;»)).

Therefore, we have that

va(r)] <

2000 )+ 0 VF D) (0 N1
: [+ =5-)

and estimate (4.15) is proved also under assumptions (H2-1)-(H2-5), with C; = 4. O

Lemma 4.6. Letting ro be as in Lemma 2.1 and N as in (4.9), there exists a positive constant C, > 0
such that
N(r) <G, (4.21)

forall r € (0, rp).
Proof. By Lemma 4.4, Schwarz’s inequality, and Lemma 4.5, we obtain

N-1

(N + ),(r) > () > ~Cra| NG + - 1] 4.22)

for a.e. r € (0,ry), where « is defined in (4.16). Taking into account that N(r) + % > 0 for all

r € (0, ry) in view of (4.12) and @ € L'(0, ry) thanks to assumptions (H1-2), (H2-2) and (H2-4), after
integration over (r, ry) it follows that

N-1 N-1 "0
N(r) < - + (N(ro) + )exp(Cl f a(s)ds)
2 2 0
for any r € (0, ry), thus proving estimate (4.21). O
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Lemma 4.7. The limit
v = lir(gl+ N(r)
exists and is finite. Moreover y > Q.

Proof. Since N'(r) = —Ca(r)[N(r) + NT‘I] in view of (4.22) and a € L'(0, ry) by assumptions (H1-2),
(H2-2) and (H2-4), we have that

d C fr a(s) ds( N-1 )]
- Lo >
r[e N(V) + 5 2 O,

therefore the limit of r > €1 b @ BIN(r) + %) as r — 0" exists; hence the function N has a limit as
r— 0%

From (4.21) and (4.13) it follows that C; > 7y := lim,_o+ N(r) = liminf,_+ N(r) > O; in particular
v is finite. O

A first consequence of the above analysis on the Almgren’s frequency function is the following
estimate of H(r).

Lemma 4.8. Let y be as in Lemma 4.7 and ry be as in Lemma 2.1. Then there exists a constant Ky > 0
such that
H(r) < Kir?  forallr € (0, ry). (4.23)

On the other hand, for any o > 0 there exists a constant K,(o) > 0 depending on o such that
H(r) > Ko ()™ forall r € (0, rp). (4.24)

Proof. By (4.22) and (4.21) we have that

N'(F) > —C, (c2 + )a/(r) ace. in (0, ro). (4.25)

Hence, from the fact that @ € L'(0, ry) and Lemma 4.7, it follows that N’ € L'(0, ry). Therefore from
(4.25) it follows that

N-1

N@r)—vy= fr N'(s)ds > —Cl(Cz + )fr a(s)ds = —CsrF(r), (4.26)
0 0

where C; = C,(C; + %51) and
1 7
F(r) = —f a(s)ds.
r Jo
We observe that, thanks to assumptions (H1-2), (H2-2) and (H2-4),
F e L0, rp). (4.27)

From (4.4) and (4.26) we deduce that, for a.e. r € (0, rp),

H'(r)  2N(r) _ 2y
Hoy =y 2 C2GF0.
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which, thanks to (4.27), after integration over the interval (r, ry), yields (4.23).
Let us prove (4.24). Since y := lim, o N(r), for any o > 0 there exists r, > 0 such that
N(r) < y + o/2 for any r € (0, r,) and hence

H@) 2N _2y+o
r

HD) - r for all r € (0, r,).

Integrating over the interval (r, r,-) and by continuity of H outside 0, we obtain (4.24) for some constant
K>(0) depending on o. O

S. The blow-up argument

In this section we develop a blow-up analysis for scaled solutions, with the aim of classifying
their possible vanishing orders. The presence of the crack produces several additional difficulties with
respect to the classical case, mainly relying in the persistence of the singularity even far from the
origin, all along the edge. These difficulties are here overcome by means of estimates of boundary
gradient integrals (Lemma 5.5) derived by some fine doubling properties, in the spirit of [19], where an
analogous lack of regularity far from the origin was instead produced by many-particle and cylindrical
potentials.

Throughout this section we let u be a non trivial weak H'(B)-solution to equation (1.6) with f
satisfying either (HI-1)—(H1-3) or (H2-1)—-(H2-5). Let D and H be the functions defined in (4.1) and
(4.2) and ry be as in Lemma 2.1. For A € (0, ry), we define the scaled function

u(Ax)

wl(x) = . (5.1)
VH()
We observe that w' € H. (B,-1z), where
/1 /
=42 T={xeRY: Axel} = {xz (X, xy) €RY : xy > g(/lx)}’
and
f Vw(x) - Vv(x) dx — /lzf FAW'(x)v(x)dx =0 forallve CX(Brip\ Ty,
B-1p Bi-1p
i.e., w! weakly solves
—Aw'(x) = 2f(Ax)wl(x) in B\ Ty,
2 (5.2)
w' =0 onl,.

Remark 5.1. From assumptions (1.2) and (1.3) we easily deduce that RN*' \ T, converges in the sense
of Mosco (see [10,26]) to the set RN*! \ T, where

[ ={(,xy)eR": xy >0} (5.3)

In particular, for every R > 0, the weak limit points in H'(Bg) as A — 0% of the family of functions
(w1 belong to H%(BR).
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Lemma 5.2. For A € (0, ry), let w' be defined in (5.1). Then {w’l}/le(o,,o) is bounded in H'(B,).

Proof. From (4.5) it follows that

f wi?dS = 1.
0B,

1 1
(— f IVul? dx — w(d) f u? dS) =— | Vw'(0)Pdx = 2().
2 B, dB, 2 B

By scaling and (2.1) we have that

/11 -N
H(A)

From (5.5), (4.21), and (2.2) it follows that

NQ) >

N-1

1
— | IVw'(x)Pdx < Cy +
2 Jg,

for every A € (0, ry). The conclusion follows from (5.6) and (5.4), taking into account (2.5).
In the next lemma we prove a doubling type result.

Lemma 5.3. There exists C4 > 0 such that

CLW(}) < H(RA) < C4H(A) forany A € (0,ry/2) and R € [1,2],
4

f IVw(x)|* dx < 2V 'Cy f VWY (x)*dx  for any A € (0,r9/2) and R € [1,2],
Bg B

and
f WX dx < 2V, f W (x> dx  for any A € (0,ry/2) and R € [1, 2],
Br B

where w' is defined in (5.1).
Proof. By (4.12), (4.21), and (4.4), it follows that

N-1 < H'(r)  2N(r) < 2C,

 SHO S s S, for any r € (0, ).

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

Let R € (1,2]. For any A < ry/R, integrating over (4, RA) the above inequality and recalling that R < 2,

we obtain
2UVEH(A) < HRA) < 4“H(A)  forany A € (0,r0/R).

The above estimates trivially hold also for R = 1, hence (5.7) with C; = max {4, 2N-D/2} jg

established.
For every 4 € (0,ry/2) and R € [1,2], (5.7) yields

1-N

A
Vw(x)|* dx = Vu(x)l*
fBR| wl ()P dx o BM| u(x)? dx

% j;l VR ()P dx < RV'Cy fBl Vw0l dx,

— RN—]

thus proving (5.8). A similar argument allows deducing (5.9) from (5.7).

O
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Lemma 5.4. For every A € (0, ry), let w! be as in (5.1). Then there exist M > 0 and Ay > 0 such that,
for any A € (0, Ay), there exists R, € [1,2] such that

f Vwi?dS < M IVw(x)]? dx.
()BR/I Bg,

Proof. From Lemma 5.2 we know that the family {w} 1€(0.r) 18 bounded in H '(B)). Moreover Lemma
5.3 implies that the set {w"},c(.,/2) is bounded in H'(B,) and hence

lim sup f IVw(x)]Pdx < +c0. (5.10)
A-0* B,

For every A € (0, ry/2), the function f,(r) = fB_ [VwA(x)[>dx is absolutely continuous in [0, 2] and its
distributional derivative is given by

fir) = IVw?dS  for a.e. r € (0,2).
0B,

We argue by contradiction and assume that for any M > 0 there exists a sequence 4, — 0* such that

[Vw2dS > M f IVwh (x)?dx forall r € [1,2] and n € N,
0B, B,

i.e.,
f/{n(r) > Mf, (r) fora.e. r€[l,2]and forevery n € N. (5.11)

Integration of (5.11) over [1,2] yields f; (2) > e" f, (1) for every n € N and consequently
limsup £, (1) < e™ -limsup £, (2).

n—+oo n—+0oo
It follows that
liﬂm(i)nffﬁ(l) <e™ . lim sup f,(2) forall M > 0.
—0* A0+

Therefore, letting M — +oco and taking into account (5.10), we obtain that lim inf,_+ f;(1) = O i.e.,

liminff IVw(x)dx = 0. (5.12)
-0t Jp

From (5.12) and boun(Niedness of {wA}AE(O,,O) in H'(B;) there exist a sequence A, — 0 and some
w € H'(B)) such that w* — win H'(B,) and

lim | [Vwh(x)dx = 0. (5.13)

n—+eo Jp

The compactness of the trace map from H'(B,) to L*(B;) and (5.4) imply that

f w[?dS = 1. (5.14)
0By

Moreover, by weak lower semicontinuity and (5.13),
f IVw(x)dx < lim f IVw (x)Pdx = 0.
B, no+eo Jp

Hence w = const in B;. On the other hand, in view of Remark 5.1, w € H%(Bl) so that w = 0 in B,
thus contradicting (5.14). O
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Lemma 5.5. Let w' be as in (5.1) and R, be as in Lemma 5.4. Then there exists M such that

f Vw2 ds < M forany 0 < A< min{/lo, @}-
dB; 2

Proof. Since

RN RTNH()
Vw12 ds = A IVu(Ax)>dS = 2+ —— IVw > dS,
LBI H(ARY) Jo, HARY)  Josy,

from (5.7), (5.8), Lemma 5.4, Lemma 5.2, and the fact that 1 < R, < 2, we deduce that, for every
0 < A < min{dy, 7},

f Vw2 dS < CyM f Vw0 dx < 2V 'CiM f VWi () dx < M < +oo,
4B, Br, B,

thus completing the proof. O

Lemma 5.6. Let u € H'(By) \ {0} be a non-trivial weak solution to (1.6) with f satisfying either
(HI-1)—(H1-3) or (H2-1)-(H2-5). Let y be as in Lemma 4.7. Then

(i) there exists kg € N\ {0} such that y = %;
(i) for every sequence A,, — OF, there exist a subsequence {A,, }ran and an eigenfunction y of problem
(1.7) associated with the eigenvalue i, such that |yl|2svy = 1 and

A,
X |x|w/(ﬁ) strongly in H'(B,). (5.15)
X

VH(A)

Proof. For A € (0, min{ry, p}), let w! be as in (5.1) and R, be as in Lemma 5.4. Let 4, — 0. By
Lemma 5.2, we have that the set {w'®* : A € (0, min{ry/2, Ap})} is bounded in H'(B,). Then there exists
a subsequence {4, }; such that whnRin sy, weakly in H'(B,) for some function w € H'(B;). The
compactness of the trace map from H'(B,) into L*(0B;) and (5.4) ensure that

f w|?dS =1 (5.16)
0B,

and, consequently, w # 0. Furthermore, in view of Remark 5.1 we have that w € H%(Bl), where T is
the set defined in (5.3).

Let ¢ € C2(B; \ D). Itis easy to verify that ¢ € C’(B; \ I'y) provided A is sufficiently small.
Therefore, since w'+" " weakly satisfies Eq (5.2) with 1 = A, R,, and, for sufficiently large &,
B, C B A Ray )R> WE have that

f VW/I"kRA”k . V¢ dx — (AnkR/lnk )2 f f(/lnkR/szx)vv/lnkR/lnkq5 dx=0 (517)
B B

for k sufficiently large.
Under the set of assumptions (H1-1)-(H1-3), from (2.5) it follows that

Mathematics in Engineering Volume 3, Issue 3, 1-40.



25

A 2 1/2 2 1/2
Faw () dx] < &) b ) ax) ( @dx)
B B || B |'x|
D ([ o D[ wora) =
S WoI f VP + ) (Bl VoPdx) =o(l) (5.18)

as A — 0*. Similarly, under assumptions (H2-1)—(H2-5), by scaling, we obtain that, as 4 — 07,

A2 f FAxX)W'(x)p(x) dx| < n(A, f)( IVwdx + N-
B B

1)1/2( |V¢|2dx)1/2 —o(l).  (5.19)
B

The weak convergence of wnRin to win H'(B;) and (5.18)—(5.19) allow passing to the limit in (5.17)
thus yielding that w € H.(B)) satisfies

f Vw(x) - Vé(x)dx =0 forall ¢ € C(B, \T),

By

i.e., w weakly solves

~Aw(x) =0 in By \T,
~ (5.20)
w=0 onl.
We observe that, by classical regularity theory, w is smooth in B; \ I.
From Lemma 5.5 and the density of C*(B; \ [)in H%(Bl), it follows that
An Ry 2 2 An Ry owfn
Vw™ S .V dx = /lnkRﬂnk f(/l,,kRﬂnkx)w e dx + 5 ¢dS (5.21)
Bi Bi 9B,

for every ¢ € H l(Bl) as well as for every ¢ € H (B;). From Lemma 5.5 it follows that, up to a

r/lR

subsequence still denoted as {4, }, there exists g € L2(8B1) such that

ow iR

ov
Passing to the limit in (5.21) and taking into account (5.18)—(5.19), we then obtain that

— g weakly in L*(0B,). (5.22)

f Vw-Vedx = f goddS forevery ¢ € H%(Bl).

By 0B

In particular, taking ¢ = w above, we have that

f IVw|* dx = f gwds. (5.23)
B 9B

On the other hand, from (5.21) with ¢ = whnRin - (5.18), (5.19) and (5.22), the weak convergence of
wh R to w in H'(B;) (which implies the strong convergence of the traces in L2(dB;) by compactness
of the trace map from H'(B;) into L*(0B,)), and (5.23) it follows that

lim f Vw2 dx = Jim (AﬁkRﬁnk f SRy, )lw5inc 2 dx + f
B —+00 B,

k—+0co 0B,

aw/lnkR/l”k

whiin 4§ )
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:f gwdS:f IVw|? dx
0B, B

whnRine 5y strongly in H'(B). (5.24)

which implies that

For every k € N and r € (0, 1], let
Di(r) = r'™" f (VWi P = 4 RS (A Ry, 0w (0 ) dx
B,

and
H(r)=r ™ | whfu P ds.

OB,
We also define, for all » € (0, 1],

D,(r)=rN f IVw]*dx and H,(r)=r" f lw|? ds.
B, OB,

A change of variables directly gives

D(r) DAy Ry, 1)

N = 500 " H(Ay Ry, 1)

= N(A,R;, ) forall r € (0, 1]. (5.25)

From (5.24), (5.18), (5.19) and compactness of the trace map from H'(B,) into L*(dB,), it follows that,
for every fixed r € (0, 1],
Di(r) = D, (r) and H(r) = H,(r). (5.26)

We observe that H,,(r) > 0 for all r € (0, 1]; indeed if, for some r € (0, 1], H,.(r) = 0, then w = 0

on 0B, and, testing (5.20) withw € H, 1(B \ I'), we would obtain f [Vw]> dx = 0 and hence w = 0 in

B,, thus contradicting classical unique continuation principles for second order elliptic equations (see
g., [31]). Therefore the function

D,(r)
Ho(r)

is well defined. Moreover (5.25), (5.26), and Lemma 4.7, imply that, for all r € (0, 1],

(0,11 >R, N,(r) =

N(r) = lim N4, Ry, 1) = . (5.27)

Therefore N,, is constant in (0, 1] and hence N; (r) = 0 for any r € (0,1). Hence, from (5.20) and
Lemma 4.4 with f = 0, we deduce that, for a.e. r € (0, 1),

2 24s o gs)’
0= N.(r) > v(r) = U 5 WEdS) = (py, w5 45T > 0

( f(,B, WP S )?

(')w

so that (ﬁB - wl2dS) - (fﬂB wo dS)> = 0. This implies that w and 2 have the same
direction as Vectors in L2(8B,) for a.e. r € (0, 1). Then there exists a function = £(r), defined a.e. in
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(0, 1), such that %—f(r@) = {(r)w(rf) for a.e. r € (0,1) and for all § € SV \ . Multiplying by w(r6) and
integrating over S" we obtain that

0
f —W(rG) w(rf)dS = {(r)f w?(r0) dS
SN (91/ SN
and hence, in view of (4.3) and (4.5), {(r) = 72
€ L! (0,1]. Moreover, after integration, we obtain

loc

for a.e r € (0,1). This in particular implies that

w(r) = eh {9(10) = (@) forall r € (0,1), 6 € SV \ 3,

where ¢(r) = el €94 and y = w| ov- The fact that w € HIJ,(Bl) implies that y € H)(SV \ Z); moreover
(5.16) yields that

y O)ds = 1. (5.28)
SN
Equation (5.20) rewritten in polar coordinates r, 8 becomes

N
(") - S )6 - LA =0 on s\ 3.

The above equation for a fixed r implies that ¢ is an eigenfunction of problem (1.7). Letting
Hiy = w be the corresponding eigenvalue, ¢ solves

124 N ’ ﬂk
—¢"(r) = —¢'(r) + = ¢(r) = 0.
r r
Integrating the above equation we obtain that there exist ¢y, ¢, € R such that
() = c1ro + a1,

where

and
_ N-1 N —1)?
S S SN (T
Since the function |x|(r’;0;0(ﬁ) ¢ L>(B;) (where 2* = 2(N + 1)/(N — 1)), we have that |x|cr’;0¢/(ﬁ) does
not belong to H'(B,); then necessarily ¢, = 0 and ¢(r) = ¢;7/2. Since ¢(1) = 1, we obtain that ¢; = 1
and then

w(rf) = %y (@), forallre(0,1)andd e SV \ X. (5.29)

Let us now consider the sequence {w'«}. Up to a further subsequence still denoted by w«, we may
suppose that w's — w weakly in H'(B,) for some w € H'(B,) and that R,, — R for some R € [1,2].

Strong convergence of whnRu in H! (B;) implies that, up to a subsequence, both winRin and |VW/I”"RA”’<|
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are dominated by a L?(B;)-function uniformly with respect to k. Furthermore, in view of (5.7), up to a
subsequence we can assume that the limit

7-{(/lnkR/lnk)
T kotoo H(A,,)

exists and is finite. The Dominated Convergence Theorem then implies

lim | wh(x)v(x)dx = Jim Rﬁl:l f wh(Ry, X)V(R,, x) dx
+00

k—+00 —
B Bl/Rﬂnk

= i R R)
k—+oo Ak H(A,,)

= I_QNH \/Ef )(B]/ﬁ(x)w(x)v(l_?x) dx = I_QNH \/Z’f
B B

f XBI/R}nk (X)W/lnkRA"k (X)V(R/lnk x) dx
B

w(x)V(Rx) dx = Ve w(x/R)v(x) dx
B

1/R

for any v € CZ(By). By density it is easy to verify that the previous convergence also holds for all
v € L*(B;). We conclude that wﬂ_k — Vew(-/R) weakly in L*(B;); as a consequence we have that
W= \/Z’W(E) and w' — VEw(-/R) weakly in H'(B,). Moreover

lim | |VwY(x)*dx= lim R*! [Vwh (R, x)|* dx
k—+00 B k—+o00 n B k
1 1/R4nk

_ i g1 R
/lnk 7_((/ll’l;‘) B

XBix (.X)lVW/l"kR/l”k (X)) dx
k—+0co0 Any
—N-1 —N-1
=R ¢ f Xp, ;(DIVw)Pdx =R { f
B B

IVw(x)? dx = f | VEV(w(x/R))|? dx.
B

1/R

Therefore we conclude that w' — W = \/Zw(-/ﬁ) strongly in H'(B,). Furthermore, by (5.29) and the
fact that [, [WI°dS = [, wl*dS = 1, we deduce that w = w.

It remains to prove part (i). From (5.29) and (5.28) it follows that H,,(r) = r*. Therefore (5.27) and
Lemma 4.1 applied to w imply that
r H(r) 1k ko1 _ ko

YE2HM 2 AR T

thus completing the proof. O

In order to make more explicit the blow-up result proved above, we are going to describe the
asymptotic behavior of H(r) as r — 0.

Lemma 5.7. Let y be as in Lemma 4.7. The limit lim,_,- r~2YH(r) exists and it is finite.

Proof. Thanks to estimate (4.23), it is enough to prove that the limit exists. By (4.4) and Lemma 4.7
we have

i H(r)

dr r¥

= 277 H(D(r) = yH(1) = 27 77 H () f Ny ds. (5.30)
0

Mathematics in Engineering Volume 3, Issue 3, 1-40.



29

Let us write N’ = @ + a», where, using the same notation as in Section 4,

N-1 N-1
2 2 )“(r)'

From (4.25) we have that a;(r) > 0 for a.e. r € (0,ry). Moreover (4.16) and assumptions (H1-2),
(H2-2) and (H2-4) ensure that @, € L'(0, ry) and

o (r) = N'(F) + C, (c2 + )a(r) and @, = —cl(c2 +

é f (1) dt € L0, ry). (5.31)
0

Integration of (5.30) over (7, ry) yields
Hr) _ HO) _ f "’ 2s_27_1?{(s)( f Sal(t)dt) ds + f "’ 2s_27_17{(s)( f az(t)dt)ds. (5.32)
r 0 r 0

0

Since a(1) 0 we have that lim, ~o- [ 257 H(){ ; a1(1)de) ds exists. On the other hand, (4.23)
and (5.31) imply that

s-”—‘?{(s)( f S ozz(t)dt) ds
0

<K;s™! f (1) dt € L0, ry)
0

for all s € (0, ry), thus proving that s=2~1H(s)( fos a,(1)dt) € L'(0, ry). Then we may conclude that both
terms in the right hand side of (5.32) admit a limit as r — 0* and at least one of such limits is finite,
thus completing the proof of the lemma. O

6. Straightening the domain

In order to detect the sharp vanishing order of the function H and to give a more explicit blow-up
result, in this section we construct an auxiliary equivalent problem by a diffeomorphic deformation of
the domain, inspired by [15], see also [2] and [29]. The purpose of such deformation is to straighten
the crack; the advantage of working in a domain with a straight crack will then rely in the possibility
of separating radial and angular coordinates in the Fourier expansion of solutions (see (6.30)).

Lemma 6.1. There exists 7 € (0, ry) such that the function
E: B; — By,
O yv =80, yn+1)
) =E0 ynsyne) = \/1 + W
0, ify =0,

is a C'-diffeomorphism. Furthermore, setting ® = Z7', we have that

, ify#0,

[1]

&B,\T)=B,\TI', & '(B\TI)=B.\T forallre(0,7), 6.1)
@(0B,) = 0B, forallre (0,7), (6.2)
D(x) =x+ O(x*) and TJac B(x) = Idy,; + O(x]) asl|x| = 0, (6.3)
o' =y+ 0 and Jac®'(y) =Idy. + O(y) aslyl — 0, (6.4)

detJac ®(x) = 1 + O(x) and detlac®'(y)=1+0(y) aslx—0 [y —>0. (6.5
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Proof. The proof follows from the local inversion theorem, (1.2)—(1.4), and direct calculations. O
Let u € H'(B;) be a weak solution to (1.6). Then
v=uode H(B) (6.6)
is a weak solution to

{—diV(A(X)VV(X)) = f()v(x) inB;\T, 6.7)

v=0 onTl,
i.e.,

v € Hi(By),

f A(x)Vv(x) - Vo(x) dx — f FOV(x)@(x)dx =0 forany ¢ € CZ(B; \ D).
By B;

T

where
A(x) = |det Jac ®(x)|Jac D(x))"(Jac D(x)T)™',  Ff(x) = |det Jac D(x)|f(D(x)). (6.8)

By Lemma 6.1 and direct calculations, we obtain that
A(x) = Idy, + O(lx]) as |x] — 0. (6.9)
Lemma 6.2. Letting H be as in (4.2) and v = u o @ as in (6.6), we have that

H) =1+ 0W) Vvi(A0)dS as A — 07, (6.10)
SN

and
Jp, IVV 0PPdx
H()
where w' is defined in (5.1) and $*(x) := v(1x).

Proof. From (6.1) and a change of variable it follows that

= (1+ ou))f VW ()Pdy = O(1) as A — 0%, 6.11)
B

f w(x)dx = f v(y)|det Jac d(y)|dy for all A € (0, 7).
By By
Differentiating the above identity with respect to 4 we obtain that
f u*dsS = f v’|detJac @|dS fora.e. A € (0,7).
0B, 9B,
Hence, by the continuity of H,

HQ) =27V f v2|detJac @|dS = f v (10)|det Jac D(10)|dS  for all A € (0, 7),
0B, SN

which yields (6.10) in view of (6.5).
From (6.1) and a change of variable it also follows that
Jp, IV (0)Pdx
H()

for all A € (0, 7). The above identity, together with (6.3)—(6.5) and the boundedness in H'(B;) of {w'}
established in Lemma 5.2, implies estimate (6.11). O

= f IVw(y) Jac &(D ' (1y))|*[det JTac &' (Ay)|dy
B
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Lemma 6.3. Let v = u o @ be as in (6.6) and let ky and y be as in Lemma 5.6 (i). Then, for every
sequence A, — O0F, there exist a subsequence {A, }ren and an eigenfunction  of problem (1.7)
associated with the eigenvalue i, such that |yl2svy = 1, the convergence (5.15) holds and

V(/lnk )

oy v3(4,6)dS

Proof. From Lemma 5.6, there exist a subsequence 4,, and an eigenfunction ¢ of problem (1.7)
associated with the eigenvalue i, such that |y/]|;2sv) = 1 and (5.15) holds. From (5.15) it follows that,
up to passing to a further subsequence, w/l"k| converges to ¢ in L2(SV) and almost everywhere on

— strongly in L*(SM).

0B,
SN, where w' is defined in (5.1). From Lemma 6.2 it follows that {?'/ \/H (1)}, is bounded in H'(B;)
and hence, in view of (6.10), there exists ¢ € L2(S") such that, up to a further subsequence,

V(Ap,-)

o (0, 0)dS

To conclude it is enough to show that i = . To this aim we observe that, for every ¢ € C=(S"), from
(6.6), (6.10), and a change of variable it follows that

— ¢ strongly in L*(S") and almost everywhere on S". (6.12)

[ v ds =+ 0 [ w0 dettac o @005, 6.1
= A, )dS

In view of (6.4) and (6.5) we have that, for all § € SV,

lim o (*222 ) | detJac &7 (1,0)] = ¢(),

k—o0

so that, by the Dominated Convergence Theorem, the right hand side of (6.13) converges to
fsN Y(0)p(@)dS. On the other hand (6.12) implies that the left hand side of (6.13) converges to

fsN Y(0)p() dS . Therefore, passing to the limit in (6.13), we obtain that

f W(O)p(0) dS = f J(0)p)dS  forall g € CZ(SV)
SN SN

thus implying that ¢ = . m
Lemma 6.4. Let ky be as in Lemma 5.6 and let Mko € N\ {0} be the multiplicity of u, as an

,,,,,

€{l,2,. Mko} such that
|fSN V(A"O)Yko,m(e) dS|
lim inf >0

n—+00 m

Proof. We argue by contradiction and assume that, along a sequence 4, — 07,

S | fox V(A40) Y, (6) dS | _
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forallm € {1,2,..., M,}. From Lemma 6.3 and (6.10) it follows that there exist a subsequence {A4,, }
and an eigenfunction ¢ of problem (1.7) associated to the eigenvalue p, such that |[/||2sv) = 1 and

A,.0 )
MO, W(6) strongly in L*(SM).
VH(A,)
Furthermore, from (6.14) we have that, for every m € {1, 2, ..., M, }, there exists a further subsequence
{/l,,zn} such that
V(A6)

lim | — "y, .(6)dS =0.
k—+oo Jon ’7_[(/1”2”)

Therefore fsN Y YimdS =0forallm e {1,2,..., My}, thus implying that » = 0 and giving rise to a
contradiction. O

Forallk e N\ {0}, m e {1,2,...,M,}, and A € (0, 7), we define

Piem(A) 1= f V(A0) Yy (6) dS (6.15)
SN

and

Ve Yy m(x/1x])
|x]

Tim(d) = — f (A = Idy+1)Vv(x) - dx+ f FV() Yim(x/|x]) dx
B, B,

. (6.16)
+ f (A = Idys DVV(X) - = Yim(x/|x)) dS,
B, |x]

where the functions {Y) }m=12...m, are introduced in (1.9).

Lemma 6.5. Let ky be as in Lemma 5.6. For allm € {1,2,..., My} and R € (0,7]
2N +ky -2 (%

Ptan( = (R gy (R) + 5t [ 509

2(N+ky—1) J, 6.17)

kO R—N+l —ko

T ds) +o(a?)
2N +ko— 1) Jo kom

as 1 — 0.

Proof. Forall k e N\ {0} and m € {1,2, ..., M}, we consider the distribution ¢, on (0, 7) defined as

05 Lo D107 = fo wu)( fs F0ma0Y., @) )da
0 (VA = L) V0, ™ ) i (/1)) 15

for all w € D(0, 7), where

H—](B;)<diV((A —Idy)VY), ¢>Hé(37) = f (A= Idys1)Vy - Vo dx
Br

Mathematics in Engineering Volume 3, Issue 3, 1-40.



33

for all ¢ € Hy(B;). Letting Y, be defined in (6.16), we observe that Y, € L|

100(07 7‘) and’ by direct
calculations,

T}, = V() in D0, 7). (6.18)

From the definition of ;,,, (6.7), and the fact that Y}, is an eigenfunction of (1.7) associated to the
eigenvalue py, it follows that, for all k € N \ {0} and m € {1,2,..., M}, the function ¢, defined in
(6.15) solves

144 N
DD — sokm(/l) + 290k m(A) = Lem(A)
in the sense of distributions in (0, 7), Wthh, in view of (1.8), can be also written as

— A ()Y = AV ()

in the sense of distributions in (0, 7). Integrating the right-hand side of the above equation by parts and
taking into account (6.18), we obtain that, for every k € N\ {0}, m € {1,2,..., M}, and R € (0, 7], there
exists ¢ ,»(R) € R such that

R
(/l_é‘,ok,m(/l)), _/l—N—i‘rkm(/l) —/l_N k(ckm(R)+f Sg_ltrk,m(s)ds)
b

in the sense of distributions in (0, 7). In particular, ¢, € W, (0 7) and, by a further integration,

loc

R
<pk,m(ﬂ>=ﬁ(R‘%<,ok,m(R>+ f s‘N—%‘rk,m(s)ds)
A

k k R —N—k : k1
w3t [ (ck,m(R)+ % ‘rk,m(z)dt)ds
A K

(6.19)

o & AN +k-2 (*® ‘ k cipm(R)R™N*1K

= /lf R_f m R B — —N—ifr - d _ 5
( v vy s L Y S
k/l_NH_% R k
+—— (e, ®+ | 277, tdt).
2(N—1+k)(ck’( ) fl k()
Let now &y be as in Lemma 5.6. We claim that

the function s > s V=% Y4,.m(s) belongs to L'(0, 7) for any m € {1,2,..., M} (6.20)

To this purpose, let us estimate each term in (6.16). By (6.9), (6.11), Lemma 5.2, the Holder inequality
and a change of variable we obtain that, for all s € (0, 7),

VSNYko m(|X|) SNYko,m(ﬁNd
—_—_— _—_—m x

|x] |x]

< const \/ J, oo \/ ], 1w P (621)

Vs 2
<consts' T s 7 \JH \/ V(0 dx < const s \JH(s).

dx

f (A(x) = Idy.)Vv(x) -

< const f | x| Vv(x)|

H(s)
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By the Holder inequality, (6.6), (6.1), and the definition of £ in (6.8) we have that,

\/ f If(x)lvz(x)dx\/ f FQIVE (&) dx
\/ f If(y)luz(y)dy\/ f FONZ, (ol dy.

From (H2-5), (4.17), (2.8), (4.21), and (4.18) it follows that

FOOV(X) Yy lxl) dx| <

f | flu® dx < constB(s, f)s" ' H(s)
Bs

where B(s, f) = n(s, f) under assumptions (H2-1)—-(H2-5) and (s, f) = &¢(s) under assumptions
(HI-1)—(H1-3). Moreover, by (H2-5), (2.7) and direct calculations we also have that

f FONYE (s :g;l)dy < const (s, f)s" .

Therefore we conclude that, for all s € (0, 7),

< constB(s, f)sV " VH(s). (6.22)

f FV)Yion(Fy) dix
B,
As regards the last term in (6.16), we observe that, for a.e. s € (0, 7),
X
vl Yko,m(ﬁ) ds

< const s f
|x] OB;

as a consequence of (6.9). Integrating by parts and using (6.11), Lemma 5.2, the Holder inequality and
a change of variable we have that, for every R € (0, 7],

f o f 91 (1S s = _N_Mf Pon ikt
0

+(N+%—1)f sN-2 f |VV||Yko,m(|_fC|) dx)ds (6.24)
SConst( A JHR + [ s ?((s)ds).

From (6.16), (6.21), (6.22), (6.23), and (6.24) we deduce that, for all m € {1,2,..., My} and R € (0, 7],

R ko ko K ko
f SN2 Ty m(8)|ds < constR™2 ! VH(R) + s NH(s) (1 +57B(s, f)) ds. (6.25)
0 0

Thus claim (6.20) follows from (6.25), (4.23) and assumptions (H1-2) and (H2-2).
From (6.20) we deduce that, for every fixed R € (0, 7],

(6.23)

|x|

f (A —Idy+1)V(x) -
9B,

2N +ky—2
2(N+ky—1)

= 0% = oA™Y as 1 — 0"

ko Crom(R)RN+17Ro )

g o (s)ds —
] 0 XN +k —1)

ko [ ko
A2 (R * Pron(R) + (6.26)
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On the other hand, (6.20) also implies that ¢ +— tkTO‘lTkO,m(t) € L'(0,7). We claim that, for every
R € (0,7],

R
Crom(R) + f 210, (Hdt = 0. 6.27)
0

Suppose by contradiction that (6.27) is not true for some R € (0, 7]. Then, from (6.19) and (6.26) we
infer that

kO /l—N+1—k70
2(N — 1+ ko)

Lemma 2.3 and the fact that v € H'(B;) imply that

’ N-2 2 ’ N-2 2 _ |V(?C)|2
A Prym (D7 dA < A [v(A0)|7dS |dA = ———dx < +o0,
0 0 SV B:

|x|?

R
Grom( ) ~ (cko,,,,(R)Jr f t'?-lfrko,m(t)dz) as A — 0. (6.28)
0

thus contradicting (6.28). Claim (6.27) is thereby proved.
From (6.20) and (6.27) it follows that, for every R € (0, 7],

A ko |
f 12 ‘rko,m(t)dt|
0 (6.29)

1 A
ko -1|,-n-%o &) -N-3 3
< /1_N+1— ! f lN+k0 l‘t N-= Tko,m(l)'dl <12 f 't N-= Tko,m(t)‘dt = O(/l 2 )
0 0

R :
‘A—N+1—"z°(cko,m(1e)+ f tkz"—l'rko,m(t)dt)':rN“—‘?
P

as 1 — 0",
The conclusion follows by combining (6.19), (6.29), and (6.27). O

Lemma 6.6. Let y be as in Lemma 4.7. Then lim,_,- r 2 H(r) > 0.

Proof. For any 1 € (0,7), we expand 6 — v(16) € L*(SM) in Fourier series with respect to the

.....

oo My

VA0 = > (DY@ in L(SY), (6.30)

k=1 m=1

where, for all k e N\ {0}, m € {1,2,..., M;}, and A € (0, 7), ¢rm(A) is defined in (6.15).
Letky € N, kg > 1, be as in Lemma 5.6, so that

k
y = lim N(r) = 30 6.31)

From (6.10) and the Parseval identity we deduce that

oo My

H() = (1 + 0(1)) fs VAA6)dS = (1+0() > @, (6.32)

k=1 m=1

for all 0 < A < 7. Let us assume by contradiction that lim,_+ A72*H (1) = 0. Then, (6.31) and (6.32)
imply that
lim A2 g (D) =0 foranym e {1,2,..., M} (6.33)
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From (6.17) and (6.33) we obtain that

ON +ko—2 (R
R 2 gmR) + ———0 = [ Ny, (s5)ds
: 2N+ ko —1) Jy ’
(6.34)
k() R—N+l—k0 R L_]T d O
—_ . -
N+ k=D Jy & Troml)ds

forall R € (0,7l and m € {1,2,..., My, }.
Since we are assuming by contradiction that lim,_q+ A72H(1) = 0, there exists a sequence
{R,},en C (0, 7) such that R, < R, lim,,_,., R, = 0 and

R\ H(R,) = rr[%)algi] (s_k"/2 \/W(s)) )
s€[0,R,
By Lemma 6.4 with 4, = R,, there exists my € {1,2,..., M} such that, up to a subsequence,

lim Zkomoitn) Do, mo( n)
e V?((R)

By (6.34), (6.25), (6.35), (4.23), (H1-2) and (H2-2), we have

(6.35)

i ko RN+~ Ry
R, GrymBR) + —— | 53y L (s)d
()Dk()a 0( ) 2(N+k()_ 1) S kOs O(S) S
IN+ko=2 *
= | TS [ N Ry L (9)d
'2(N+k0— DJy * toum ()5
IN+ko—2 (P
< T 0Ts Yt ()l
SNtk =Dy ©Tam(lds

< const (R A \/ (R, + s_k?0 \/7’((5‘)(1 + 5B, f)) ds) (6.36)
Ry,

< const (R; ? JHROR, + R, * HER,) f Bs.J )ds

VH(R,)

< COIlSt( Pro, ko 52 ) : ( Pk, ko =
‘iako,m() RnO (pk() m (R ) R 0

_ ono,mo (Rn)

=0 Rko/2

as n — +oo. On the other hand, by (6.36) we also have that

—N+1-kg R
kO Rn "

oy
127 Yy mp (Dt

—N+1-k
kORn T

= AN+ E-D (6.37)

f tN+k0 l - Tkomo(t)dt

kO R _N_ko Dhy,m (Rn)
<— V2 Yy (DIdE = (L)
XN+%—DL Hrom M1 =\ i
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as n — +oo. Combining (6.36) with (6.37) we obtain that

_ko _ko
Rn ’ QDko,mo(Rn) = O(Rn ’ SDko,mo(Rn)) as n — +oo,
which is a contradiction. O

Combining Lemma 5.6, Lemma 6.3 and Lemma 6.6, we can now prove the following theorem
which is a more precise and complete version of Theorem 1.1.

Theorem 6.7. Let N > 2 and u € H'(By) \ {0} be a non-trivial weak solution to (1.6), with f satisfying
either assumptions (H1-1)-(H1-3) or (H2-1)-(H2-5). Then, letting N(r) be as in (4.9), there exists
ko €N, ko > 1, such that

: ko
rll,r(l)l N(r) = 5 (6.38)

Furthermore, if My, € N \ {0} is the multiplicity of w, as an eigenvalue of problem (1.7) and
{Yko,m}m:I,Z,...,MkO is a L>(SM)-orthonormal basis of the eigenspace associated to Uk, then

My,

AR y(Ax) — |xffo/? ZﬂmYko m(l |) in H'(B)) as1— 0", (6.39)
where (81,2, . .. ,,BMkO) #(0,0,...,0) and

B = f Ru(d(RO)) Yy, m(0)dS
: 3 o (6.40)

1 R 1—N—7 ko s
Y m(s)d
+ I_N_k0£ ( SN+k70 2RN 1+k0) ko, (s)ds

forallR € (0,7) for some ¥ > 0, where Yy, is defined in (6.16) and ® is the diffeomorphism introduced
in Lemma 6.1.

Proof. Identity (6.38) follows immediately from Lemma 5.6.
In order to prove (6.39), let {1,},en C (0, 00) be such that 2, — 0" as n — +oo. By Lemmas 5.6,
5.7, 6.3, 6.6 and (6.10), there exist a subsequence {4,,}; and constants 3,5, ... ,,BMkO € R such that

(Bl’ﬁl’ cee aﬁMko) * (O’Ow .- 90)3

k Mg
U, x) > 32 ZﬁmYkom(l I) in H'(B)) as j — +oo 6.41)
and
k M
A7 V(A7) = Z BuYim inLXSY) as j— +oo. (6.42)

m=1
We will now prove that the 8,,’s depend neither on the sequence {4, },en nor on its subsequence {4, } jen-
Let us fix R € (0, 7), with 7 as in Lemma 6.1, and define ¢y, as in (6.15). From (6.42) it follows that,
foranym=1,2,..., My,
k My,

v(d,
lim 4,7 01, (A,,) = lim f T /2 Ykom(e)dS Z,B, f Yioi YimdS = B (6.43)

Jj—o+oo
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On the other hand, (6.17) implies that, for any m = 1,2, ..., My,

2N + ky—2

v (o)
XNtk =) Jy e

k
Fgr%%M@:R%wmmﬂ-

kO R—N+1—k() R K .
+— 2 Y m(s)ds,
AN+ k=D Jy © Vom0
with T, ,» as in (6.16), and therefore from (6.43) we deduce that
—N+1—k0 R

2N + ko — 1) Jy

2N +ko—2

by
- - @ 27 m d
2N+ ko - 1) Jo $7 Tigmls)ds

K R vk
B =R 2 ppym(R) + ST M m(S)ds +

forany m = 1,2,..., My,. In particular the §3,’s depend neither on the sequence {4,},ey nor on its
subsequence {A,, }ken, thus implying that the convergence in (6.41) actually holds as 4 — 0%, and
proving the theorem. O
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A. Eigenvalues of problem (1.7)

In this appendix, we derive the explicit formula (1.8) for the eigenvalues of problem (1.7).

Let us start by observing that, if i is an eigenvalue of (1.7) with an associated eigenfunction ¢, then,
letting o = —% + w/(%)z + u, the function W(p6) = p”¥(6) belongs to H%(Bl) and is harmonic in
B, \ I. From [8] it follows that there exists k € N \ {0} such that o = %, so that 4 = £(k + 2N - 2).
Moreover, from [8] we also deduce that W € L¥(B,), thus implying that ¢ € L*(SV).

Viceversa, let us prove that all numbers of the form u = %(k+2N —2) with k € N\ {0} are eigenvalues
of (1.7). Let us fix k € N\ {0} and consider the function W defined, in cylindrical coordinates, as

k
W(x', rcost, rsint) = r*/? sin(i t), X eRNV >0, te0,2n].

We have that W belongs to H%(Bl) and is harmonic in B, \ I'; furthermore W is homogeneous of degree
k/2, so that, letting ¢ := W|SN, we have that ¢ € Hg(SN \ ), ¥ #0, and

W(pb) = p"*y(0), p=>0, 6eS". (A.1)
Plugging (A.1) into the equation AW = 0 in B; \ ', we obtain that
p (A -1+ Nw(©®) + Aovp) =0, p>0, 9eSV\ 3,

so that £(k + 2N — 2) is an eigenvalue of (1.7).

We then conclude that the set of all eigenvalues of problem (1.7) is {w ke N\ {0}} and all
eigenfunctions belong to L¥(SV).
We observe in particular that the first eigenvalue i, = 2¥=L is simple and an associated eigenfunction

=21
is given by the function

DG, Oy, On+1) = \/ 02+ 0%, — Oy, (0,0y,0y.1) € SV
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