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AN ANISOTROPIC MONOTONICITY FORMULA, WITH APPLICATIONS TO
SOME SEGREGATION PROBLEMS

NICOLA SOAVE AND SUSANNA TERRACINI

ABSTRACT. We prove an Alt-Caffarelli-Friedman montonicity formula for pairs of functions solving ellip-
tic equations driven by different ellipticity matrices in their positivity sets. As an application, we derive
Liouville-type theorems for subsolutions of some elliptic systems, and we analyze segregation phenomena
for systems of equations where the diffusion of each density is described by a different operator.

1. INTRODUCTION

The Alt-Caffarelli-Friedman (ACF) monotonicity formula is a cornerstone in the theory of free-boundary
problems with two or more phases. In its original formulation [1], it establishes that if u,v € H (Bg) N
C(Bgr) are non-negative, continuous, subharmonic functions with disjoint positivity sets, i.e.

u,v >0, —Au <0, —Av <0, uw-v=0 in B C R,

then the functional

2 2
(1.1) 7"»—>J(u,u,x07r):i/ ﬂdm/ ﬂdw
B B

% By (20) [T — w0V (o) |7 — @0V 72

is monotone non-decreasing for 0 < r < dist(zg,0Bgr). Here and in the rest of the paper B,(zo) (resp.
Sy(x0) = 0By (x0)) denotes the Euclidean ball (resp. sphere) of center zy and radius r > 0, and we simply
write B, and S, if g = 0.

The monotonicity formula was introduced in [1], as the key tool to prove the optimal Lipschitz reg-
ularity of solutions to a two-phase problem, and since then has been successfully applied in a number
of different contexts. Several generalizations of the ACF formula are now available, tailored to deal
with elliptic or parabolic equations with variable coefficients [4, 8], and also equations with right hand
side [6,20,24,39]; in this latter case, one obtains the so-called almost monotoncity formula. Moreover,
a counterpart of the ACF formula is available also for the fractional Laplacian [35-37] and for the p-
Laplacian [19]. A common feature of all these contributions is that different phases satisfy equations
driven by the same operator, as in the original ACF result.

In this paper we address the case when, on the contrary, u and v satisfy equations involving different
uniformly elliptic operators. Only recently some related free boundary problems have been investigated in
the literature. In [2], Andersson and Mikayelyan prove partial regularity of the zero set of weak solutions
to a quasilinear divergence problem at the jump. Kim, Lee and Shahgholian ( [21,22]), are concerned with
the regularity of the solutions and of the nodal set to equations with a jump of conductivity. Moreover,
in the paper [5], Caffarelli, De Silva and Savin deal with a two phase anisotropic problem in dimension 2,
and prove the Lipschitz regularity of the solutions; finally we quote [11], where the regularity of interfaces
of a Pucci type segregation problem is investigated.
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2 N. SOAVE AND S. TERRACINI

In [21], the authors focus on the problem
—div (a4 (x)Vu) <0, —div (a—(x)Vv) <0 in Bg

for different scalar positive functions a+. The fact that a4 are different scalar functions makes the problem
asymmetric, but essentially isotropic, and indeed the authors obtained a perturbed monotonicity formula
for the same functional J defined in (1.1). In contrast, we deal with a truly anisotropic two phases
problem, thus assuming that div(A;Vu) > 0 and div (A3Vwv) > 0 for two positive definite symmetric
N X N matrices Ay, A with constant coefficients. This makes our setting somehow similar to that of [2],
where the authors consider weak solutions to div (B(w)Vw) = 0, where B(w) = (A — Id)x{w>0} + Id.
As far as we know, the following is the first monotonicity formula of ACF type specifically tailored for
the anisotropic case. After some transformations, we can always assume that A; = A is diagonal, with
lowest eigenvalue equal to 1, and As is the identity (see the proof of Theorem 3.1 below for more details),
and we obtain the following result.

Theorem 1.1. Let N > 2, let A # Id be a N x N diagonal matriz with diagonal entries

l=a1<ax<---<ap,

and let
2—N
N :CQ 2
1.2 r = s
& w=(E3)
Let u,v € HL (BRr) be such that
u,v > 0, —div (AVu) <0, —Av <0, u-v=0 in B C RN,

There exists an exponent v4 n € (0,2) depending on A and on N such that the functional

1 2
= J(u,v,20,7) = 7/ (AVu, Vu)T' 4 (x — o) dx/ [Vl
Br(l‘o)

— = dx
T.QUA,N Br(-'l’f()) |$7Z0|N72

is monotone non-decreasing for 0 < r < dist(xo, dBr), o € Brg.

The exponent v n is explicitly given as the solution of an optimal partition problem, involving
eigenvalues of Dirichlet forms on the unit sphere S¥~! as in the original ACF formula. While in the
isotropic case A = Id the optimal value is known to be equal to 2, in the anisotropic case A # Id we
shall show that such a spectral optimal value v4 y is always smaller than 2 (Lemma 2.4). One may still
wonder whether or not it is possible to replace v,y with 2, in the monotonicity formula, with a strategy
different to ours, thus improving Theorem 1.1. It is worthwhile to note that the answer is negative in
general: the optimal exponent in the anisotropic monotonicity formula is strictly smaller than 2, at least
for suitable choices of A. This marks a striking difference with the symmetric-isotropic case, and we refer
to Remark 3.3 for a detailed discussion on this point.

One of the difficulties in the proof of Theorem 1.1 is that the natural domains of integration for integrals
involving I'4 are the ellipsoids &,(x¢) := {|A~Y?(x — x0)| < r} rather than Euclidean balls. However,
using different domains of integration for the two factors of J, prevents us from reducing the proof of the
monotonicity formula to an optimal partition problem, since 9&,.(z¢) and 9B, (zg) do not coincide. In
order to overcome this obstruction, we introduce suitable weights in the various integrations by parts, in
analogy with the approach used in [23] to prove an Almgren monotonicity formula for variable coefficients
operators by avoiding the use of radial deformations or Riemannian metric considerations.

Finally, we mention that the possibility of proving a monotonicity formula without assuming the
continuity of the phases was already considered in the literature (for instance in [39]).
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Remark 1.2. As already observed, the condition v < 2 is necessary to prove the monotonicity of the
functional J(u, v, xg,r) with respect to r, for general A. Still, in the present setting one may try to prove
the mere boundedness of

1 2
T T/ (AVu, Vu)T a(x — x0) dx/ [Vl
7 ) B,(x0)

———dx
B (z0) |z — x|V 72

for a larger range of v, in the spirit of the Caffarelli-Jerison-Kenig almost monotonicity formula [6]. It
is worth to remark that also such a weaker result cannot hold with the exponent v = 2 in general. A
counterexample to the boundedness for some choices of A is provided by the pair (u,v) in Proposition
3.7.

Applications to segregation problems. The asymptotic analysis of phase separation in reaction-
diffusion systems with multiple phases is a relevant field of application of the ACF monotonicity formula,
as highlighted in the recent literature, starting from [12,13]. In particular, the ACF monotonicity for-
mula can be applied to prove a priori bounds of the solutions, independent of the singular perturbation
parameter. Typical examples of such singularly perturbed systems fit under the comprehensive model

—Au; = fi(x,u;) — Bgi(ur, ..., ug) in Q c RY,

where the elliptic operator —A and the functions Sg; > 0 describe, respectively, the diffusion process
and the interaction between the densities, and can assume different shapes according to the underlying
phenomena. The parameter 8 > 0 describes the strength of the competition, and one is particularly inter-
ested in understanding the behavior of solutions in the singular limit 8 — +o0, which is the limit of strong
competition leading to total segregation. The following particular cases have been widely investigated in
light of their relevance both from the mathematical point of view, and from the physical/biological one:
(i) the Lotka-Volterra quadratic interaction g;(ui,...,ux) = u; Z#i biju;, see [7,13,15,32,34, 38]
and references therein.
(i1) the wvariational cubic interaction g;(uy,...,ur) = u; Zj# biju?, with b;; = bj; (it possesses a
gradient structure since g; = 9,,G, where G(uq,...,u;) = %Ziq biju?u?); see [9,12,14,16,25,
28,32-34] and references therein.

In addition, we mention [27,40] and [18,36,37] for analogue studies in fully nonlinear or nonlocal contexts;
[10,29] for long-range interaction models; and [41] for partial results involving a wider class of interaction
terms.

Most of these results concern doubly-symmetric settings, in the sense that there is a symmetry both
in the interaction terms (b;; = b;;) and in the diffusion processes governing the spread of the components
(all the equations are driven by the same operator). To our knowledge, asymmetric problems have been
studied only in [13,38] ( in the case of Lotka-Volterra interactions with b;; # bj;), and in [41] (very
general, possibly asymmetric, interaction in dimension N = 2). In particular, nothing was known if each
density u; is driven by a different operator L;, and in what follows we describe our main results in this
framework. We shall treat separately both the Lotka-Volterra quadratic interactions, and the variational
cubic ones.

Lotka-Volterra quadratic interactions. Let N,k > 2 be positive integers, and let O C RY be a
bounded smooth domain. We consider the system

(1.3) Liwi = Bu;i 3,4 bijuj, uip >0 inQ
. U; = Y5 on 69,

The operators L; are of type L; = div(A4;V(-)), where A;,..., Ay are positive definite symmetric
matrices with constant coefficients. The coeflicients b;; are positive, so that the system is competitive,
and not necessarily symmetric. Regarding the boundary data ¢;, we suppose that they are the restriction
on 9N of C17(Q) functions, for some « € (0, 1), with the property that ¢; - ¢; = 0 in Q.
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Theorem 1.3. Let ug = (u1,8,...,ur3) be a solution of (1.3) at fized 8 > 1. There exists v € (0,2)
depending only on Ay, ..., Ax and on N such that the following holds: for any o € (0,0/2), there ewists
C > 0 independent of 5 such that ||uﬁHCO,a(§) < C. Moreover, as  — +o0o, we have that up to a
subsequence

ug —u in C*(Q) and in HL (Q), for every a € (0,7/2),

and the limit u is a vector of nonnegative functions satisfying

Liu;=0 in{u;>0},i=1,...,k,
u-u; =0 in Q, for every i # j,

U = @; on 0.

Variational cubic interactions. Let N,k > 2 be positive integers, and let 2 C R be a bounded
smooth domain. We consider the system

{—Liui = fi’g(l‘,ui) — ﬂuz Ej;éi biju?, u; >0 in

(1.4)
u; g =0 on 012,

i=1,... k.

As in the Lotka-Volterra case, we assume that L; = div (4;V(-)), with A; positive definite, symmetric,
with constant coefficients. Moreover, we assume that the functions f; g3 : £ x R — R are continuous,
and that the coupling coefficients are positive and symmetric: b;; = bj; > 0, so that the system has a
variational structure.

Theorem 1.4. Letug = (u1,8,...,urg) be a solution of (1.3) at fired B > 1. Suppose that {ug: 5 > 1}
is uniformly bounded in L>(S2), and that f; 5 maps bounded sets of 2 xR in bounded sets of R, uniformly
with respect to B. Then there exists v € (0,2) depending only on Ay,...,Ar and on N such that the
following holds: for every o € (0,7/2) there exists C > 0 independent of B such that [[ugl|co.. @ < C-
Moreover, up to a subsequence, we have that

ug —u in C%*(Q) and in H (Q), for every a € (0,7/2).
If fi.p = fi locally uniformly as B — 400, then the limit function u satisfies

_Lzuz:fz(xvuz) in {u1>0}7 Z:].,,k,
u; - uj =0 in Q, for every i # j,
u; =0 on 082,

and the domain variation formula

(15 2 [ S UAYATu V)~ fiew) (Ve v) - |

divY > (4;Vu;, Vu;) = 0.
Q i

Theorems 1.3 and 1.4 can be considered as the perfect anisotropic counterpart of the main results in [13]
and [25]. The value  is given explicitly as the minimum of a finite number of optimal exponents appearing
in Theorem 1.1 for different choices of A. In particular, given Ay, ..., Ay, the value v is the same both
for Theorems 1.3 and 1.4. The proofs of these results follow the blow-up strategy developed in [13,25].
In these contexts, the ACF monotonicity formula is crucially employed to obtain some Liouville-type
theorems for the limit configuration in the blow-up.

The results here are not stated in the broader setting, and some extensions could be proved by com-
bining the method presented here with others already used in the literature. For instance, it would not
be difficult to add a nonlinear term f; 3 in system (1.3), or to obtain local interior estimates under no
regularity or boundedness assumptions on 2. We refer the interested reader to [28] for further generaliza-
tions. We preferred to treat the prototypical problems (1.3) and (1.4), in analogy with [13,25], in order
to emphasize the main differences and difficulties which one has to face when passing from the isotropic
setting to the anisotropic one, without inessential technicalities.
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Remark 1.5. In the setting of Theorem 1.3, the existence of ug can be proved by using Leray-Schauder
degree theory as in [13, Theorem 2.1], or fixed point arguments as in [10, Theorem 4.1]. Regarding
Theorem 1.4, the existence of ug can be proved by variational methods (minimization or min-max),
under different assumptions of f; g.

It is by now well known that the assumption that {ug} is uniformly bounded in L>°(§2) in Theorem 1.4
is natural and very mild. For instance, it is satisfied by a family of solutions sharing the same variational
characterization, at each 8 > 1 fixed. In Theorem 1.3, such an assumption is implicit, since it follows
from the sign of ug, the subharmonicity, and the boundary conditions.

Once that Theorems 1.3 and 1.4 are proven, it is natural to investigate the free-boundary problem
arising in the limit: that is, to understand the regularity of the limit configuration u and of the associated
nodal set I' = {u; = 0 for every i}. From this point of view, the local symmetric case is essentially
understood as a consequence of the results in [7,9,14,25,34]: u is Lipschitz continuous, and T is the
union of C**-hypersurfaces of dimension N — 1, up to a singular set of dimension N — 2. Moreover, in a
neighborhood of each point xg on the regular part of I" precisely two components of u are different from
0, and their difference is smooth (reflection law). The anisotropic case offers a number of challenges, and
will be the object of future investigations. Here we only address a simplified setting, and in particular a 2
components Lotka-Volterra system, in order to understand the type or result we shall look at. We recall
that for systems of two components it is always possible to suppose that As = Id, and that A; = A is a
diagonal matrix with lowest eigenvalue equal to 1. Thus, we define v4 y as in Theorem 1.1. Moreover, if
necessary replacing u; with ag;/ai2u1, we can assume symmetry of the coupling coefficients aja = as;.

Theorem 1.6. In the previous setting, let u = (u,v) be a limit profile for solutions to (1.3), given by
Theorem 1.3. Then w = u — v is a weak solution of the quasi-linear equation

(1.6) div (B(w)Vw) =0 in Q,
with B(w) = (A — Id)x{w>o0y + 1d. We have that w is a-Hélder continuous for every erponent a &
(0,v4,n/2). Moreover, n = Aw™ is a positive and locally finite measure with support in {w = 0}, and

has o-finite (N — 1)-dimensional Hausdorff measure. Furthermore for p-a.e. © € {w = 0} there exists
r > 0 such that {w =0} N B,.(z) is a CY* graph.

The theorem follows directly from the convergence in Theorem 1.3 and the main result in [2] concerning
the nodal set of solutions of equations like (1.6). The regularity theory both for the solutions to (1.6),
and for their nodal set, seems to be a difficult task. Up to our knowledge, it is only known that weak
solutions are Holder continuous for some exponent. Concerning the nodal set, the only available results
are those in [2].

Remark 1.7. From equation (1.6), it is not difficult to deduce that limits of the Lotka-Volterra system
(1.3) with 2 components satisfy the free-boundary condition

[Vul(Av, v) = |Vv|
on the regular part of {u =0 = v}; indeed, if w CC Q and vy = {u=0=v} Nwis C*, then

0= / (AVu, Vo) —/ (Vu, Vo) = / © ((AVu,v) — (Vo, 1)),
wN{u>0} wN{v>0} vy

for every ¢ € C°(w), with v = —vy = % = —%.
Instead, under mild additional assumptions on the nonlinear terms f; 3, limits of gradient-type systems

(1.4) with 2 components satisfy the free-boundary condition
|Vul?(Av,v) = |Vo|?
on the regular part of {u = 0 = v}. This follows directly from the domain variation formula (1.5), by

reasoning as in [16, Proposition 2.1]. Therefore, the limit classes for problems (1.3) and (1.4) do not
coincide. This is another interesting difference with respect to the analogue symmetric problems, where
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the limit profiles can be studied in a unified way, and in particular the free-boundary condition reads
|Vu| = |Vu| both for Lotka-Volterra and for variational interactions (we refer to [34, Section 8] for more
details).

Structure of the paper. In Section 2 we prove the anisotropic monotonicity formula and some vari-
ants concerning non-segregated solutions of some competitive systems. In Section 3 we deduce various
Liouville-type theorems. Such theorems will be used in Section 4 and 5, which contain the proofs of
Theorems 1.3, 1.6 and 1.4.

Acknowledgements. We are grateful to Daniela De Silva for useful discussions concerning the paper [5].

2. ANISOTROPIC ALT-CAFFARELLI-FRIEDMAN MONOTONICITY FORMULA

Let A be a positive definite N x N diagonal matrix with constant coefficients, with lowest eigenvalue
equal to 1:

(2.1) A :=diag(as,...,an), withl=a; <ag <---<ap.
We introduce at first the basic notation which will be used throughout this and the next sections.

e I'4 denotes the function defined in (1.2). Notice that 'y = 1 in dimension N = 2, while for
N > 3 it is (a multiple of) the fundamental solution of div (AV-) (for the explicit expression of
T4, we refer to [3, Chapter 5, pp. 214]).

o As in [23], we define

—) = 1<u<ap,
x

where (-,-) denotes the Euclidean scalar product.
e Let v be the outer unit vector on a sphere S,.(zo). We consider the tangential gradient (computed
with respect to the scalar product induced by A)

AV, v) (AVp,v)
2.3 Vip:=V —<7’1/:V - Ly,
( ) 0P P <AI/, l/> ¥ /J,(J? — 330)
In this way, the gradient can be split into its normal and tangential part as usual:
AV, v)?
2.4 AV, V) = (AVie, Vi +<7’;
(2.4) (AVp, Vo) = (AV5 e, Vi) (2 — 70)

notice that, in case A = Id, this identity boils down to |V|? = |Vep|? + (8,¢)>.
e For u € H'(SN1), we consider the optimal value
Jon 1 (AVG 0, Vi) do | o e HY(SV=1\ {0}) and
Jovos #2mdo | HY M ({p £ 0} n{u=0p) =0. [°
where do = do, and HY~! stands for the usual (N — 1)-dimensional Hausdorff measure. Notice
that, if w is also continuous, then A\(Id,u) is the first eigenvalue of the Laplace-Beltrami operator

with homogeneous Dirichlet boundary condition on the open set {¢ € SVN—1: u(¢) > 0}.
e For u € HY(S,(70)), we set ug, (&) = u(zo + 7€) € HY(S1) ~ HY(SN ).

e We define v : Rt — RT
o J(N22) N2
(t) = 5 5
e For N >3 and § > 0, we define ¢; : [0, +00) — (0, +00) and ®5 : RN — (0, +00) by

bs(r) = D62 N 4 25NNy if0<r <6
r2-N ifr >4,

AA,u) = inf{

(2.5) D5(x) = ¢s(|]).
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@5 is a C! positive superharmonic function in RY. Therefore, ® 4 5(z) = ®s5(A"2z) is in turn a
C* positive function in RY, with the properties that div(AV®,44) < 0, and ®45 = ['4 in the
set £§ = {|A=2z| > 6}. The set & := {|A~2z| < r} is an ellipsoid, and, since a; = 1,

B C (Sr C B 2.
" a}\f/
Remark 2.1. It iS COnVenient to Obser\/e lhal

/\VggdeU < /(Ave ©, Vo) dagaNaN,l/ |Voop|? do

for any ¢ € H*(w), for any w C SN, so that [ (AVj'p, Vi) is a semi-norm in H'(w), equivalent to
the standard one fw |Vae|?. The above inequality can be easily checked as follows:

[avievio = [aveve - <A<Z‘”>>

2
/Zaw z@xz z)
P, E i

2
/ a;a; 9096 Tj— Pg; & z) s
Z a;T z i<j

and similarly

/|Va</7|2 /Z o = P, Ti)

w 1<J

2.1. Monotonicity formula in dimension N > 3. For N > 3, we define
(2.6) Ta(u, o, 1) = / (AVu, Vu)T' 4 (x — o) dx.
By (z0)

Lemma 2.2. Let N > 3, and let u € HL _(Bg) be nonnegative, and such that div(AVu) > 0 in Bg.
Then, for almost every r > 0 such that B,(xg) CC Bgr, we have

N

agr
Ta(u,20,7) < / (AVu, Vu)T' o (x — x0) do.
2’7()‘(A7uwo,r)) Sr(z0)
Proof. In order to simplify the notation, we consider g = 0, and we often omit the dependence on xg
and A on most of the quantities.
Let u. be a mollification of u, which still satisfies div (AVu.) > 0 and u. > 0. By using the coarea
formula, it is not difficult to check that:

(i) for almost every r € (0, R) the restrictions of u and of d,,u (i =1,...,k) on S, are well defined,
are in L?(S,), and ul|g, € H'(S,);

(i4) for almost every r € (0, R) the restrictions of u. and of 9,,u. on S, strongly converge to those of
u and of 9,,u in L?(S,), as e — 0F.

We consider r € (0, R) such that both (¢) and (¢3) hold, and prove the lemma for these r. Let 6 > 0
be such that {|A*1/21’| < 0} CC B,. In this way, we have that ®4 5 = I'4 in a neighborhood of S,.. We
also recall that p = (Av,v) on S,. By testing the equation for u. with u.®4 s in B,, and recalling that
div (AV® 4 5) < 0, we obtain

1
/ <AVu5,VuE><I’A75§/ FAu8<AVu5,1/>—§/ (V(u2), AV® 4 5)
B, S, B,

1
g/ FAuE<AVuE,1/>—f/ u2(AVT 4, v).
s 2 Js,

T
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By taking the limit as ¢ — 0T at first, and afterwards as § — 07 (thanks to (i) and (i7)), we deduce that

u2
(2.7) I(u,r)g/s uFA<AVu,I/>f/S ?<AVFA, v).

Now, on S, we have

N
2 2

—(AVT4,0) = (N - 2) (Z ) o] < (N — 2)7;@1.

%

Thus, recalling also that u = |z|72>", a;2? > a1 = 1, we have

2

(2.8) —/S %(AVFA,W < <N2)2/5 u?p.

2rN-1

Similarly,

/ST T'au(AVu,v) <2 rN 2/ [ul[{AVu, V)|

aZ [a (AVu,v)?
< N —_ _ MY
- N2 {%/ u+2a w }’

with @ > 0 to be conveniently chosen later (in the last step, we used that ay > a; = 1). By combining
(2.7)-(2.9), we obtain

N
ag [N-2+a N 1 (AVu,v)?
I(U’T)—QTN—S{ 2 /Su‘u—|—a i #

aZf [N- 2+« 1 (AVu,v)?
i RO ETY

where we used the definition of A(A,u,). We choose now o > 0 in order to perfectly balance the
coefficients: that is, we impose

N—-2+a 1
A w)  a = a=70(4u)).

(2.9)

A

In this way we deduce that

I(u,) < 5o Aaii N3 [ /S <AV5‘W5‘“>+/ST W]

T

agr " / (AVu, Vu) < ar / (AVu, Vu)T
= 5\’ A N i = 5. /\/ A .\ ) A
2y(AM(A, ur)) Js, 2y(AM(A, ur)) Js,
where we used (2.4) and the fact that T'4(z) > (N 2) /2|33|2 N =p2=N on §,. O

Remark 2.3. Notice that the lemma is still valid for A = Id. Of course, in that case we have that
a; =ay =1, and Tx(z) = |z|>~V.

Motivated by Lemma 2.2, we study now the following asymmetric optimal partition problem:
. - HY(SN-!
(2.10) vy = infdan® v(A(Aw) + (A1, 0)) | LY €T g )L
Jon—1 uPv* =0.

with the convention that A\(A,u) = 400 if u = 0 on S¥~1 (this gives some continuity to (4, ) since, if
HN1({u, > 0}) — 0, then A\(A,u,) — +oo by the Sobolev inequality). The infimum is greater than
or equal to 0, since we are minimizing the sum of two non-negative quantities. We also recall that, in
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the symmetric case A = Id, it is known that viq y = 2 (Friedland-Hayman inequality'), and the optimal
value is reached if and only if v and v are 1-homogeneous functions supported on disjoint half-spherical
caps (see [26, Chapter 2] and references therein for more details). In contrast to the symmetric case, we
are not able to characterize v4 n or to classify the optimizers. We are only able to exclude that v4 y =0,
and to bound it from above.

Lemma 2.4. Let A # Id be a matriz as in (2.1). Then 0 <vany < 2.

Proof. We first prove that v4 x > 0. Suppose by contradiction that v4 x = 0, and let (u,,v,) be a
minimizing sequence. By definition of 7, this implies that there exist (u,,v,) € H*(S¥~1) x HY}(SVN~1)
such that

/ (AV§iu,, Viu,) — 0, / Vovn|? = 0,
SN-1 §N-1

2, 2 2,2 _
/S.N1U"M:1’ /SNIUH 1, /SNlunvn:O.

Recalling Remark 2.1, we deduce that up to a subsequence u,, — u, v, — v weakly in H*(SV~1), with
strong convergence in L?(SV~1), and almost everywhere in S¥~!. Therefore

/ (AV#u, Viu) =0, / |Vou|* =0,
SN—l SN—l

/ wp=1, / v? =1, / u?v? = 0.
SN-1 SN—1 SN-1

But then it is necessary that u and v are positive constants on SV 1, with disjoint positivity sets, which
is clearly a contradiction.

Now we show that v4 n < 2 for A # Id as in (2.1). To this purpose we choose u = z7 as a test
function for A(A,z]):

AVz,v)?
L, (4T3, V) = S5 ) do 1 / Yis T
fw+ 22 (Av,v) do fw+ (@40  aid)do J,, 2+ 300, ain}

where w, denotes the half-spherical cap {z; > 0} NSV~ (recall that a; = 1, and v = x on SV ~1). This
proves that

do,

(2]_]_) )\(A er) < fw+ TIHY 5 aix? do B (P(a27 . ~7GN)
. N fo@r 1’%(‘%% + Zi>1 a’bm?) dU ¢(a2, . '767']\7)7

and we aim to show that
(2.12) MA, 27) < N —1=X({1d,=])

for every matrix A # Id as in (2.1). This amounts to show that the right hand side in (2.11) is strictly
smaller than N — 1 if A # Id, which in turn is equivalent to proving that

(p(a27"'7aN) = ()O(G’Q?"'aaN)7(N71)¢(a’27"'7a1\/) <0

for every (as,...,an) € ([1,400))V =1, with at least one component a; > 1. Firstly, it is immediate to
check that ®(1,...,1) = 0. Moreover
0®(az,...,an) / zix} / 2,2 / 2,2
—_— = do— (N —1 rzixpdo < (2—N zizy do <0,
8ak W (l‘% + Zi>1 aixzz)z ( ) wy ok ( ) w L

IThe Friedland-Hayman inequality is usually stated in a slightly different form, involving partitions of the sphere in
disjoint open sets. However, in light of the condition fSNfl w202 = 0 in the definition of vA,N, it is not difficult to check
that the inequality is equivalent to the fact that viq y = 2.
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where the strict inequality follows from the fact that a; > 1 for some j. This means that ® is monotone
decreasing with respect to all its variables in ([1,+00))¥ 1, and hence ®(ay,...,ay) < ®(1,...,1) =0
for every (az,...,an) € ([1,+00))N =1, with at least one component a; > 1. Claim (2.12) follows.

At this point we proceed with the estimate for v4 n, by taking the admissible competitor (u,v) =
(x,27). Since A(Id,x7) = N — 1, by (2.12)

_N
van < ay?y(A(A z7)) +7v(A1d, 27)) < y(N = 1) +9(N 1) =2,
which is the desired upper bound. (]
We are now in position to proceed with the:

Proof of Theorem 1.1. We do not stress the dependence of the functionals on u, v and xg, to simplify
the notation. It is standard to check that I4 and I;q are absolutely continuous functions for 0 < r <
p = dist(zp,0Bg), and hence a.e. r € (0,p) is a Lebesgue point of J. Moreover, for a.e. r € (0,p)
the restrictions ulg, (z0), Oz, uls, (z0) a0 V[s, (20)s Oz, V|3, (z,) are functions in L?(S.(z0)). We compute
the derivative of J with respect to the radius, denoted by .J’, in any point r for which both the above
properties are satisfied and in addition Lemma 2.2 holds, and verify that J'(r) > 0.

We suppose that both I4(r) > 0 and I1q(r) > 0, otherwise the fact that J'(r) > 0 follows simply from
the non-negativity of J.

Let gy r(-) = u(xo + r-), and vy, () = v(xo + r-). By assumption [y, uZ, 02 , = 0 and, by
Lemma 2.2 (see also Remark 2.3), we have that

J) _ Ta0) L) 2an
J(r)  Ia(r)  Iu(r) r
B fsr(m0)<AVU,VU>FA fSr(zo) Vo[>~ _ 2vaN
B, o) AV V)T A [ o VU2~ T

2/ _N
> = (o YA, ) + YA, v,0)) = VA ) 20,
where the last inequality follows from the very same definition of v4 . O

Remark 2.5. We carried out the proof of the monotonicity formulas for solutions for disjointly supported
non-negative subsolutions of div(A4;Vu) > 0 and div(A2Vv) > 0 with 47 = A, Ay = Id, with A
diagonal. As already mentioned in the introduction, this is not restrictive since we can always reduce to
this case with a change of variables. However, one may also proceed directly with A; and As, defining
v(A1, As), and try to choose a change of coordinates in such a way to maximize the corresponding
exponent v(B*A; B, Bt A3 B). We stress that, in any case, the results in Section 3 imply that the optimal
value is again smaller than 2 in general (see in particular Remark 3.3). For this reason, we decided to
not pursue this strategy.

2.2. Monotonicity formula in dimension N = 2. The 2-dimensional case is easier than the higher
dimensional one, since it is not necessary to work with the fundamental solution I"4. As a consequence,
the optimal partition problem defining the exponent in the monotonicity formula is slightly different.

In dimension N = 2 we modify the definition of I4 as

(2.13) Ta(u,xg,r) :/ (AVu, Vu) dz.
Br(wO)

As a consequence, Lemma 2.2 is simplified as follows.

Lemma 2.6. Let N = 2, and let u € HL _(Bg) be nonnegative, and such that div(AVu) > 0 in Bg.
Then, for almost every r > 0 such that B,(xg) CC Bgr, we have

)= 2y )‘(Avuwo,r) /ST»(ZEO)<

I(u,zo,r AVu, Vu) do.
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Proof. Let xy = 0 to ease the notation. We test the inequality for u against u, and integrate by parts:
/ (AVu, Vu) < / div (uAVu) = / u(AVu, v)
B, B, s,
VAA u
( ) r) / u2,u
2T S,

AVu, v)?

WW/J r
SW{AT<AV9A1L,V§1U>+AT <AVZ’”>2] 2\/A_UT/ (AVu, V),

which is precisely the desired inequality. (I

We slightly modify the definition of v4 » according to the previous lemma.

(2.14) Va2 = inf{\//\(AUH\/A(Idv”) ﬁvleu}f(SNo.l) }

Exactly as in Lemma 2.4, it is possible to show that 0 < v49 < 2 whenever A # Id. At this point one
can proceed as in the higher dimensional case, and prove Theorem 1.1 with the value v4 2.

2.3. Perturbed monotonicity formula. In this subsection we generalize the previous monotonicity
formulae in order to deal with non-segregated subsolutions of a class of elliptic systems. In the symmetric
case A = Id, this kind of result is obtained in [13,25,30]. We focus only on N > 3 (as already observed,
the case N = 2 is a bit simpler) and consider systems of two inequalities such as

—div (AVu) + uig (z,v) <0
(2.15) —Av 4 vPgy(x,u) <0 in RN, with p,q > 1,
u,v >0

under the following assumptions on the continuous functions g1, g2 : RV x [0, +00) — [0, +-00):

(H1) g;(t) := inf,cgrn~ gi(z,t) is a continuous function of ¢ > 0, with the property that g;(¢) > 0 for
any t > 0, and g;(0) = 0. Even more, we suppose that g;(z,0) = 0 for every x € RV.
(H2) For every € RV, g;(z, -) is monotone non-decreasing on [0, +00).
A prototypical example is
m
gi(z,t) = ij(ﬂc)tpj7 with %Rr};f b; > 0 and p; > 0.

j=1

For (u,v) solving (2.15), 2o € RY and r > 0, we use the following notation

I(u,v, g, ) = / ((AVu, Vu) + ulg (z, v)) La(z — x0) da,

(2.16) Br(wo)

ILy(u,v,z9,7r) = / (|VU\2 + vp+1gg(x,u)) |z — 202N da.
By (o)

Theorem 2.7 (Perturbed montonicity formula). Let (u,v) € HL (RY) N C(RY) satisfy (2.15), with

91,92 : RN x [0, +00) = R continuous and satisfying (H1) and (H2). For any € > 0 there exist zo € RY

and T = 7(u,v,¢€) > 0 such that the function

1

(A ard U,V, 2o, 7) = ————~
J( s Uy L0y ) TQ(VA,N—‘i)

I (’LL, v, Xg, 7')[2(“7 v, Zo, 7“)

is monotone non-decreasing for r > 7.
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For the proof, we start with an estimate similar to the one in Lemma 2.2. We introduce
r? fS7-(:co) ((AV?U,V?M +u‘I+1gl(1',v)) do
Al(x()a T) = 2
fSr(mo) u?p do
2 fS7-(:co) (IVov|? + P ga(z,u)) do
fSr(:ro) v2do '

A2(x0a T) =

Lemma 2.8. In the above setting, for every xo € RN and r > 0

N
agr
2y(A1(zo,7))

Proof. Without loss of generality, we consider xg = 0, and omit the dependence on A of all the quantities.
Let 7 > 0 be such that (¢) in the proof of Lemma 2.2 holds; almost every r € (0, R) is admissible. Recalling
the definition of ® 45 (see (2.5)), we take & > 0 such that {|A~2z| < §} cC B,. By multiplying the
inequality for w with u® 4 5, and proceeding as in Lemma 2.2, we obtain

/BT ((AVu, Vu) +uith)) @5 < /

Sr

I (u,v,20,7) < / ((AVu, Vu) + uwitlg, (z, v)) Fa(z —x0)do,.
Sr(xo)

Ds5u(AVu,v) — %/ (V(u?), AVDs)

o [ (v~ Zaor).

By taking the limits as § — 0T, we infer that

2
/ ((AVu, Vu) + u?t gy (z,v)) T g/ (Fu(AVu,V> — “2<Avr,y>> .
B, S
At this point we proceed exactly as in Lemma 2.2, simply replacing A\(A, u,.) with Aq(0,r). O

We also need a suitable variant of the mean value inequality for A-subharmonic functions.

Lemma 2.9. Let u € C(RY) N HL (RY) be a nonnegative function such that div(AVu) > 0 in RY.
Then there exists C' > 0 depending on A and N such that

1
m/s w?p > Cu(0),

r

for almost every r > 0.

Proof. Let @(x) = u(A2x); we have A(@2) > 0 in RY, and then the mean value inequality yields

N N 1
2 2 det A" 2
u?(0) = @%(0) < aNN/ = N T 2/ o
|Bilr™N Jp |Bi|r (JA-1/22] </ ?r)
QN s

for every r > 0. Now the ellipsoid {|A~/22| < ax,l/Qr} is contained in the ball B, so that

N

a? det A2
2.17 u?(0 gNi/ u?, Vr > 0.
(2.17) (0) BNy

In order to obtain a similar estimate for the boundary integral, we observe that

(2.18) /B div (AV (u?)) (r2 — |x|2) = 2/ (udiv (AVu) + (AVu, Vu)) (r2 — \x|2) > 0.

B,
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On the other hand
i 2 2z = u?),x) = u?), Az
/B div (AV(u?)) (r* — |a]?) 2/3,,.<AV( ), ) 2/ (V(u?), Ax)

B,
:27"/ u?p —2 ai/ u?,
for almost every r > 0. The thesis follows directly from (2.17) and (2.18). O

Proof of Theorem 2.7. The proof is similar to the one of [30, Lemma 5.2] (see also [13, Lemma 7.3], [25,
Lemma 2.5]). If u-v = 0 in RY, then we directly apply Theorem 1.1. Thus, we can suppose that there
exists zop € R with both u(zg) > 0 and v(x) > 0. Without loss, we suppose that zo = 0. By continuity,
we deduce that u-v > 0 in a neighborhood of zp, and hence both I (u,v,zg,7) # 0 and I(u, v, xg,7) # 0
for every r > 0. Let now 7 > 0 be such that u|s, and 0,,uls, are in L?*(S,), and assume moreover r
is a Lebesgue point for J; almost every r > 0 is admissible. As in the proof of Theorem 1.1, thanks to
Lemma 2.8, we have

‘f,(()) > 2 (a3 1M1 0,7)) +1(82(0,1) ~ (vaw —2))

and the thesis follows if we show that the right hand side is non-negative for r sufficiently large. Suppose
by contradiction that this is not true: then there exists r, — +oo such that

N
(2.19) an® Y(A1(0, 7)) +7(A2(0,70)) <van —e,
and, in particular, {A;(0,7,)} (i = 1,2) are bounded sequences. Let

u(rpe v(rpx)
up(x) = (rn) T vp(x) = — T
(T;Yl—l fs,.n UQU) (T;Yl—l fs,.n ”2>
We have that
[ AV, Vi) < 220,12) Vovnl? < a0, 7).
S1 Sl

so that {u,} and {v,} are bounded in H*(S;), and moreover

1
2 2 +1
_ 1 2 Tn fST u? gl(xa U) 1
q+1 2 < n
Up 91 N_1 v Un | = 2 : -1
1 "'n Srn fsm v r2

A1(0, Tn)

g—1

- 5
% (= J, n)
as n — oo, where we used assumption (H1) and Lemma 2.9. Therefore, we deduce that up to a subse-
quence (up,v,) — (@, ) weakly in H'(S;), strongly in L?(S;), and almost everywhere, where @ -9 = 0
on Si: indeed, since v is subharmonic with v(0) > 0,

1

(er—l/ v2> > Cv(0) =: 9 >0,
S/rv"'

and hence by the Fatou lemma and the assumptions on ¢;

gt e . _ o _ 1
/ uq+1gl((5v) §hnn_1>1or01f/ U%+1g1(5vn) §117{r_1>1£f/ u%—?—lgl ( Nil/ 112> v, | =0,
Sl S] Sl rn Srn
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so that in each point of S; one between % and ¥ must vanish, that is w -9 = 0 on 5;.
Coming back to (2.19), we obtain by definitions of v4 y and =y

van < an? YA, @) +y(A\(1d, )

< lim inf (a]_\,j"’vfy (/ (AV‘;‘un,Vﬁun) +v (/ |V.9vn|2))
n—oo Sl Sl

< liminf (a5 * y(A1(0, 7)) +7(A2(0,70))) < van — &,

which is a contradiction. O

3. LIOUVILLE-TYPE THEOREMS

In analogy with the symmetric case A; = Id, the validity of an ACF monotonicity formula allows us to
obtain some nonexistence results, both for disjointly supported subsolutions of different linear equations,
and for solutions of certain elliptic systems.

3.1. Liouville theorem for disjointly supported functions. In this framework, our main achieve-
ment is the following.
Theorem 3.1. Let k,N > 2 be positive integers, and, fori = 1,....k, let u; € HL _(RY) N C(RY) be
nonnegative functions such that

wi-u; =0 inRY ifi#j, and — div(A;Vu) <0 in RY,

where A; are positive definite symmetric matrices with constant coefficients. There exists an exponent
€ (0,2) depending on N and on Ay,..., A such that the following hold: suppose that for every i =
1,...,k the functions u; grow at most like |x|%, namely

lu;(z)] < C(1+ |z|*) for every |z| € RY, for some C > 0,

with
(3.1) a; >0 foreveryi, and o+ a; <D for every i # j;

then k — 1 functions u; are identically 0.

v

In particular, condition (3.1) is satisfied if a; = «a € (O, 5) for every ¢ = 1,...,k, which gives the
counterpart of [13, Proposition 7.2] in the anisotropic framework.

Remark 3.2. We will prove the theorems with a value of ¥ explicitly given in terms of a finite number of
optimal partitions problems of type (2.10). In particular, if £ =2, A; = A and Ay =1d, then 7 = vy n.

Remark 3.3. Once that Theorem 3.1 is proven, it is possible to introduce the optimal exponent for
the Liouville theorem in the following way. First, given k > 2 and positive definite symmetric matrices
Aq,..., Ay, we define

(uq,...,u) satisfies all the assumptions of
Theorem 3.1, u; grows at most like |z|*i
with a; + a; < v for every i # j,

and at least two components are non-trivial

Sun =4 (ur,...,up) € H (RY) N C(RY)

and then we set
(32) VLiou,N ‘= inf {l/ >0: SV,N 7é (Z)} .
Theorem 3.1 implies that viiou,n > 7.
When A; = Id for every i, it follows from [13, Proposition 7.2] that viiou,n > 2; moreover, Viioun < 2

since (z],27,0,...,0) is a pair of nontrivial Lipschitz subharmonic functions with disjoint positivity set.
Hence in the isotropic case A; = Id there is a perfect matching between the optimal threshold in the
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Liouville theorem and the optimal exponent in the ACF monotonicity formula: both of them are equal
to 2.

In the asymmetric case, it is an open problem to establish whether the equality holds, or if it is possible
that viou,n > 7, at least for some choices of A; and N. In particular, even if 7 < 2 by Lemma 2.4, this
does not imply that vpioun < 2 as well. However, we shall directly prove that in general vpiou,n < 2.
To this purpose we construct two non-trivial homogeneous functions u,v of degree a; and as, with
a1 + ay < 2, satisfying all the assumptions of Theorem 3.1 for different matrices A; and A; = Id.
In dimension N > 3, the existence of such functions was already pointed out in [5, page 479], and it
is possible to take u and v with the same degree of homogeneity; instead, in dimension N = 2, it is
necessary that the degrees are different. We shall present the examples in details in Subsection 3.3 below.

The examples are relevant since, if Theorem 1.1 were valid with v4 y replaced by 2, then we would
have been able to prove non-existence as in Theorem 3.1 for all o; + a; < 2, deducing that vpiou,n > 2.
But, as discussed above, this is not true. Therefore, the fact that the optimal exponent in in Theorem
1.1 is smaller than 2 is a natural peculiarity of the anisotropic case, and not a limitation of our proof.

Proof. Let us consider the pair u; and us. Since A, is positive definite and symmetric, there exist an
orthogonal matrix O and a diagonal positive definite matrix D such that O'4,0 = D. By defining
t;(z) = u;(OD2x), it is not difficult to check that @ and iy grow at most like ||** and |#|*2 at infinity,
respectively, that @, - us = 0, and that

—div(A; Vi) <0 and  — Adp <0 in RY,

where A; is, again, a positive definite symmetric matrix. Since A; is positive definite and symmetric,
there exist an orthogonal matrix M and a diagonal positive definite matrix A such that M*A; M = A;.
Without loss of generality, we can suppose that the diagonal elements of A, are located in increasing
order on the diagonal, so that a := (A;)11 is the lowest eigenvalue of A;. Let now u(z) = @1(a2 Mz),
v(z) = uy(a2Mz), and A = (a~1)A;. Then u and v grow at most like |z|** and |z|*? at infinity,
respectively; u - v =0, and

(3.3) —div(AVu) <0 and —Av <0 inRY,

where A is a diagonal matrix as in (2.1). In particular, we notice that v1o := vany € (0,2) is a well
defined value given by the optimal partition problem (2.10).

The above procedure can be carried out for any pair (u;,u;) with ¢ # j (actually, by construction
vij = Vj;), obtaining a finite number of ACF exponents v;; € (0,2). We take

(3.4) vi=min{y;; 11 # j},

and prove the theorem for this exact choice of D.

Let us suppose by contradiction that two components, say w1 and usg, are both nontrivial and satisfy all
the assumptions of the theorem. The previous argument shows that there exist two nontrivial nonnegative
functions u,v € HL (RM) N C(RY) with disjoint positivity sets, growing at most like |z|®! and |z|*
respectively, satisfying (3.3). Notice that a; + ag < v12 = v, n. By using the asymmetric monotonicity
formula we show that this provides a contradiction, following the same strategy originally developed
in [13, Proposition 7.2].

The segregation condition u-v = 0 implies that there exists zg € RY and 7 > 0 sufficiently large such
that u(xzg) = v(zp) = 0, and both u and v are non-constant in By(zg). In particular, J(u,v,xq,7) > 0,
so that, by the monotonicity formula in Theorem 1.1,

(3.5) Ia(u, 2o, 7)I1q (v, zo,7) > Cr2van for r > 7.

Let now r > 7, and consider a radial smooth cutoff function 7 such that 0 < n < 1, n = 1 in B,(x),
n=0in RV \ By.(20), and |Vn| < C/r. Let also § > 0 be such that {|A2z| < §} CC B,. By testing the
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inequality satisfied by u with n?® 4 5(z — zo)u (with ® 4 5 defined in (2.5)), we obtain

/ 7]2<I)A)5($ — $0><AVU,VU>
Bar(z0)

A

< —/ (217u<I>A’5(x — x9)(AVu,Vn) + n2u<AVu, Vo, — xo))
Bar (o)

IN

1
/ - 57)2(I>A’5(x —29)(AVu, Vu) + 28 4 5(x — zo)u?(AVn, Vn)
Bay(x0

= [ ulAVe Vs - o))
Bar(z0)
In order to deal with the last term, we recall that div (AV®4 ) <0 in RY, whence it follows that
1
0< / —(AV® 4 5(x — 20), V(u*1?))
Bar(z0)
_ / (MU2(AVD 4 5(x — 20), V1)) + *u({ AV, VB 4 5(x — 20))) -
Bar(z0)
Hence (3.6) yields
/ (I)A’(;(.T — $0)<AVU, Vu>
Br(x())
< / (A0 4(z — mo)u?(AVn, Vi) + 2nu(AVn, VI 4 (z — 20)))
By (x0)\Br(x0)

where we used the fact that Vi = 0 in B,(z¢), and I'y = ® 4 5 outside B, (x). By taking the limit as
§ — 0T, thanks to the Fatou lemma and the growth condition on u, we infer that

C [P P N 12 pren 20
IA(u,xo,r)gT—Q/T pN_zp dp—|—;/r WP dp < Cr*ot,
In the same way, by testing the inequality satisfied by v with n?®1q 5(z — xo)v, one can show that
I (v, zg,7) < Cr?e2,
By combining the former inequalities with (3.5), we finally conclude that for r > 7
CLr#an < Ty (u, xo,7)I1a(v, zo,7) < Corl@ritaz)
which is a contradiction for large r since a1 + a2 < va N. O

3.2. Liouville theorem for subsolutions and solutions to certain elliptic systems. Our first goal
is to prove nonexistence of nontrivial nonnegative subsolutions for a system with 2 components.

Theorem 3.4. Let N > 2, and let u,v € HL (RY) N CRY) satisfy (2.15) in RN, under assumptions

(H1) and (H2) on the coupling terms g1 and ga. Assume moreover that u and v grow at most like |x|*
and |x|®2, respectively, with

ay,ap >0, and oy +az <van;

then at least one between u and v vanishes identically.

Proof. Suppose by contradiction that neither « nor v vanishes identically. Let 0 < & < vg n — (a1 + a2).
Then, by Theorem 2.7, there exist 2o € RY and C,7 > 0 such that

(3.7) I (u, v, zo, 7)o (u, v, x0,7) > Or2wva,n—e)
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for » > 7. On the other hand, let 1 be a cutoff function as in the proof of Theorem 3.1, and let ®4 5 be
defined in (2.5), with § > 0 such that {|Azz| < 6} C By. By testing the inequality satisfied by u (resp.
v) by n?® 4 s5(z — xo)u (resp n’®s(z — x9)v), we obtain

1
/ ((AVu, Vu) + u?t gy (z,v)) @a6(x — 20) < / 2@ 4 5(x — 20)(AVu, Vu)
Bz (z0) Bar(z0)

+ / 204 5(x — xo)u2<AV17, V) — n2u<AVu, V&4 s(x — x0))
B, (z0)

as in the proof of Theorem 3.1, it is not difficult to deduce that
I (u,v, 2, 7) < Cr2™
for r > 7. In the same way it is possible to estimate I(u,v,zo, ), obtaining a contradiction with (3.7)

since a1 + ap < Vg4 N — €. O

As an application, we present a general Liouville theorem for possibly sign-changing solutions of some
elliptic systems with arbitrarily many components. To state our results in full generality, we introduce
some notation. Let k, N > 2 be positive integers. For an arbitrary m < k, we say that a vector
b = (bg,...,bn) € Nt is an m-decomposition of k if

O0=byg<by < - <bm_1 <bpy =k

given a m-decomposition b of k, we set, for h=1,...,k,
I, = {’L € {1,...,d}:bh,1 <’i§bh},
(3.8) Ky :={(i,§) € I for some h =1,...,m, with i # j},

Ko :={(i,7) € In, x I, with hy # ha}.

Let now u = (ug,...,ux) € HL (RY) N C(RY) satisfy
k
3.9 —div (A;Vu;) = — wilui [P g () u; in RY, 1=1,...,d,
9ij J
j=1
J#i

under the following assumptions on the data:
(G1) A; are positive definite symmetric matrices with constant coefficients;
(G2) pi; > 0 for every ¢ # j, and p;; > 1 for every (4, ) € Ko;
(G3) gij = 0 for (4,7) € K1, and g;; satisfies assumptions (H1) and (H2) in Theorem 2.7 for every

(27]) S K:Q'
The term —u;|u;|Pii~1g;;(x, |u;|) describes the interaction between u; and u;. By introducing a m-
decomposition of k, we have divided the components of u into m groups: {w; : i € I}, ..., {u;: i € I, }.

Assumption (G3) means that u; and u; do not interact (g;; = 0) if (¢, j) € Ky, i.e. if u; and u; are in the
same group; instead, they interact in a competitive way (g;; > 0) if (¢,7) € Ko, i.e. if u; and u; are in
different groups.

Theorem 3.5. In the above setting, let v € (0,2) be given by Theorem 3.1. Suppose that each function
u; grows at most like |x|*, where

a; >0 foreveryi, and o;+o; < for every (i,7) € Ko.
Then there exists £ € {1,...,m} such that u; = 0 for every i € I, with h # £, and w; is constant for
1€ Iy.

Remark 3.6. A similar Liouville theorem was proved in [28], for a specific choice of g;;. The validity of
Theorem 3.5 allows us to extend the validity of Theorems 1.3 and 1.4 in cases when the competition takes
place among groups of components, as in [28]. We do not insist on this point for the sake of simplicity.
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Proof. We show that it is possible to apply Theorem 3.4 to any couple (u;,u;) where i € Iy, j € I, with

h # k. Then it is necessary that m — 1 groups of components vanish identically, and the components of

the last group are constants (by (G3), they are harmonic and globally Holder continuous in RY).
Suppose at first that u; and u; are also non-negative. Then

—div (4;Vu;) < —ul¥ gii(v,u;)  in RY
—div (4;Vuy) < —uf gji(z,u;)  in RN,

As in the proof of Theorem 3.1, it is possible to suppose that A; = Id and A; = A is diagonal as in (2.1).
Thus, it is well defined v4 ny as in (2.10), and, recalling the definition (3.4) of 7, we have that 2c0 < v4 .
Therefore, one between u; and u; must vanish identically by Theorem 3.4.

If instead the components can change sign, recalling the assumptions on g;; we have that

—div (A4;Vu)) < —(uj)p”gij(x,u;r) in RV
—div (AjVu;r) < —(uj)pf"gji(:c, uf) in RV,

and analogue systems are satisfied by (u;, uj_), (u;, u;“)7 (u;, uj_) In each case, it is possible to suppose
that A; =1Id and A; is diagonal as in (2.1). Thus, by applying Theorem 3.4 to all the possible pairs, we

deduce that at least one between u; and u; vanishes identically. ([

3.3. Upper estimate on vjou n. In this section we show that, at least for a suitable choice of A;
and Ag, the optimal value viiou,n defined in (3.2) is strictly less than 2. This follows directly from the
following:

Proposition 3.7. Let N > 2. There exists a positive definite diagonal matriz A with constant coefficients,
two disjoint open cones C1,Cq of RN, and two non-negative and non-trivial homogeneous functions u and
v in HE (RVN)NC(RN), of degree a; > 0 and az > 0, with a1 + ap < 2, such that

loc
div(AVu) =0 inC={u>0}, Av=0 inCy;={v>0}
Moreover, if N > 3 we can construct u and v with a1 = as.

Proof of Proposition 3.7 in dimension N = 2. Let ¢1,¢9 € (0,7/2), w1 = (—¢1,$1), and we = (¢g, 27 —
¢2). We consider the eigenvalue problems on the circle

" =Xp, >0 inw —" =, >0 inwy
©=0 on dws, =0 on Jws.

The problems can be explicitly solved, deducing in particular that A = (7/(261))%, i = (7/(2(7 — ¢2)))*.
Let ¢; and v; denote the corresponding normalized eigenfunctions, and let oy = VX and ap = Vi it
is well known that w = r*p; and v = r*21; are homogeneous harmonic functions in the cones Dy, Cs
generated by w; and ws, respectively. Notice that a; > 1 can be made arbitrarily close to 1 by taking ¢;
close to m/2. Similarly, as < 1 can be made close to 1/2 by taking ¢5 close to 0. In particular, for any
0 < e < 1/2 we can take ¢; and ¢y such that

3
ar >1, ay <1, a1+a2<§+6<2.

_(b 0 _p-1
po(40). ams

and u(z) = w(Bzz). Then div(AVu) =0in C; = {x € R2: B2z € D;} = B~Y/2Dy, u =0 on dC;, and
it is homogeneous of degree \. C; is a cone, generated by a set w’ C S', and it is not difficult to check
that, if b is sufficiently small, then w’ C S! \ wy. Therefore u and v provide the desired example. O

Now, for b € (0,1), let
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Remark 3.8. Notice that, up to exchanging the role of the variables z; and o, the matrix A satisfies
the structural assumptions (2.1), i.e. it is a diagonal matrix with lower entry equal to 1.

It is interesting that in the previous example u is superlinear and v is sublinear. This means in
particular that, even if we take b in a such a way that dw’ = Ows, then u and v cannot satisfy a
free-boundary condition of the type

d,u = G(d,v,v) on Ow', with G increasing with respect to its first variable.

This is in accordance with the main result in [5], which implies in particular that in dimension N = 2
one cannot construct an example where v and v have the same degree of homogeneity less than 1.

Now we consider the case N > 3. Of course, the two dimensional example can be considered also in
higher dimension. We think however that it is interesting to produce an example where u and v have the
same degree (which is not possible in dimension N = 2). The idea of the construction was suggested to
us by Daniela De Silva in a personal communication [17]. We start with a preliminary result concerning
an eigenvalue problem on the unit sphere S2. We parametrize the sphere with spherical coordinates
(p,0) € [0,7] x [—m, 7] (g is the polar angle, 6 is the azimuthal angle).

Lemma 3.9. For a € (w/2,m), B € (0,7/2), let

~{woe(5-85+8)x (a0},

There exist o and B such that the first eigenvalue of the problem

—Agru = Au  inw
u=20 on dw

18 strictly smaller than 2.

Proof. We separate variables by letting u(y, 8) = v(0)w(p), plug this ansatz in the differential equation
for u, and search for a positive solution. The differential equation reads

" " " "

sin (sin p w’) +asin? g = v

v

Hence there exists ¢ € R such that v" + cv = 0, which together with v > 0 and the boundary conditions
v(—a) = 0 = v(«) implies that ¢ = m2 = (7/(2a))? and v(8) = cos(mf) (up to a multiplicative constant).
At this point we come back to the boundary value problem for w; by changing variable s = cos p, we
obtain

(3.10) B(=p) = 0= (p),

where p = cos (5 — 8) € (0,1) and w(s) = w(p(s)). This is a typical Sturm-Liouville problem with
strictly positive potential m?/(1 — s2), and hence the existence of a first positive eigenvalue A, together
with a first positive normalized eigenfunction wi, is guaranteed. We need an upper bound on A, and

this can be obtained from the variational characterization

{ (1= s)a) + {250 = o in (~p.p)

P(1_ g2 <p’2+ m2r<p2

A= inf Qpmlp) = inf S )£ S ey
peHY(—p,p)\{0} et (—p.)\{0} JZ, ¢

By choosing the test function ¥ (s) = cos (2p) we infer that

2

1
™
Angp,m(l/}):@/ (1 — p*t?)sin® ( dt—l—m /1 1= 2t2 dt
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The right hand side is continuous with respect to (p, m) € (0,1] x RT. By taking o ~ 7 and 3 ~ 7/2, we
can make m arbitrarily close to 1/2, and p arbitrarily close to 1. This means that for such a choice of «
and S we have that

7T2

M < Qpm(¥) ~ Q11/2(Y) = T

which is the desired result. ]

0474 - 1222147 < 2,

Proof of Proposition 3.7 in dimension N > 3. The main idea is to show the existence of a domain w’
on the sphere S? that contains more than half of a great circle such that, for suitable x4 € (0,1) and a
positive definite symmetric constant matrices A, the solution of div (AVw) = 0 which vanishes on the
cone generated by dw’ has homogeneity p. If N = 3 we can take two complementary domains with this
property (for instance those separated by the white line of a typical tennis ball).

We now present the details. Let us consider the half great circle v, = {z € §? : #3 = 0,25 > 0}, and
let w = {(¢,0) € [7/2 — B,7/2+ B] X [-6,7 + ]}, where § € (0,7/2) is such that 7 + 2§ = 2«, with
«a and 8 given by Lemma 3.9. Then the first eigenvalue of the Laplace-Beltrami operator on w, with
homogeneous Dirichlet boundary condition, is smaller than 2, and this implies that the positive harmonic
function w in the cone D; generated by w, vanishing on dw, has homogeneity u < 1. Now, for b € (0,1),
we consider the diagonal matrices

2 0 0
B=| 0 b 0], A=B7%
0 0 1

and let u(z) = w(Bzz). Then div(AVu) = 0in C; = {z € R® : B2z € D1}, u = 0 on dC;, and
it is homogeneous of degree u. C; is a cone, generated by a set w’ C S?. It is not difficult to check
that the set w’ can be included in an arbitrarily small neighborhood of i, by taking b sufficiently
small. Now we consider a second band ws of the same type of w, but surrounding the half great circle
v ={r €S*: 2 =0, 13 < 0}. We fix b so small that wy Nw’ = @, and notice that by Lemma 3.9
the positive harmonic function v in the C generated by ws, vanishing on dws, is homogeneous of degree
@ < 1. Thus the pair (u,v) fulfills all the requirement of the theorem (with a matrix A satisfying the
structural assumptions (2.1), up to exchanging the coordinates). a

4. SPATIAL SEGREGATION OF COMPETITIVE SYSTEMS: LOTKA-VOLTERRA INTERACTION

In this section we prove Theorems 1.3 and 1.6, by following the blow-up method used in [13, Theorem
4]. Before entering the core of the proof, we observe that each ug is C! up to the boundary, and {ug} is
uniformly bounded in L*>(£2), since each w; g is L;-subharmonic and the boundary data are fixed. Notice
also that we can define 7 = 7(V, Ay,..., A;) € (0,1) as in Theorem 3.1.

Lemma 4.1. Let w € H*(Ba,) N C(Ba,) be a positive subsolution to
—div(AVw) < —Mw +§ in Bay,
with M > 0, § > 0, and A positive definite, symmetric, with constant coefficients. Then there exist

C,c > 0 such that
)
—CT\/M_"_

<C o0
Sup w(a) < Ol s, p0 =

Proof. Let xg € B,. The function w := w/||w|| 1 (B, (z,)) 15 a positive subsolution to

]

—div(AV®) < Mo+ ———
[wll L (B, (20))

w<1 in By(z9).
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Let A be the maximal eigenvalue of A. Then, as observed in [10, Lemma 5.2], the function

N
z(z) = Zcosh (qxﬁ

is a supersolution of div(AVz) < Mz in B,, and satisfy

z(z) > CeVMr for every z € S,

for suitable ¢, C > 0 depending on A and N. Let us consider

_ z(r — ) d
zZ(x) == .
CeeVMr — Mlwl| L (B, ()
We have 5
—div(AVzZ) > -Mz+ —— in B(zo),
[l Lo (B (20)
with Z > 1 on S,.(2zp). Then the comparison principle yields
—c r 5 —c r 5
w(wo) < Cllwll o= (s, (o) 2(0)e™ ™" + 17 < Ol e (rye™ ™ + 7,

and we obtain the thesis by taking the supremum over zg € B,.. O

Lemma 4.2. Let A be a positive definite symmetric matriz with constant coefficients. Suppose that w is
globally a-Hélder continuous in Q, for some a € (0,1).

(i) If div(AVw) =0 in Q = RN, then w is constant.

(i) If div(AVw) =0 in a half-space 2, and w is constant on the boundary, then it is constant.

Here and in what follows we say that a function w is globally a-Hélder continuous in §2 if its a-Holder
semi-norm [w]co.. ) is bounded; notice that we do not ask that w € L> ().

Proof. (i) After a rotation and a scaling, we obtain a harmonic function w in R¥ still globally a-Holder
continuous, thus constant by the Liouville theorem.

(#4) After a rotation and a scaling, we obtain a harmonic function @ in a half-space, constant on the
boundary of the half-space. We can then extend it in a symmetric way, to obtain a harmonic function in
the whole space R, still globally a-Holder continuous, and hence constant. O

We address now the proof of Theorem 1.3. Let @ € (0,7/2), and suppose by contradiction that {ug}
is not bounded in C%%(Q), namely there exists a sequence 3 — +oco such that

lui g(x) — ui p(y)|

Lg :=sup sup o — +00.
i xFy, |x - y‘
m,yeﬁ

Since, for each f fixed, ug is of class C% (Q) with o/ > «, we can assume w.l.o.g. that Lg is achieved
by w1, at the pair (zg,ys). The uniform boundedness in L>°(Q) yields

u1,8(2p) —urp(yp)l _ 2lursllr=(o)

xg —yg|* = — 0.
lzs — sl L < Ls
We consider the following blow-up of ug with center in x5, with rg — 07 to be chosen later:
1 2 —xp
vg(x) = ug(z r3T), T € Qg = .
8() Lors p(zp +rpr) 8 p

According to the behavior of dist(xg,9s), and by the regularity of 9, either Q5 exhausts RV as
B — 400, or {2z tends to a half-space. In both cases, we denote the limit domain by Q.



22 N. SOAVE AND S. TERRACINI

Plainly, vz is a positive solution to
Livig = Mgvig )4 bijvjp  in Qg
Vi, = Pi,B on 69[3,

where Mg = LBrZJraB, and ¢; g is defined by scaling the boundary datum ;. Furthermore, for all 3 > 1

() — [o1,5(0) — 05 (2222

max max |vz,5(gj) vl,ﬁ(y)‘ _ S T8 -1

ity |z — y| T5—yp
z,y€Q T8

The next lemma will be useful in order to deal with the case when the scaled domains converge to a
half-space.

Lemma 4.3. Suppose that Qg tends to a half-space Qss. Then it is possible to extend vg outside 2z in
a Lipschitz fashion, in such a way that:

(2) If {vs(0)} is bounded, then vg — v in Cloo’s/ (RN) for every 0 < o < «, up to a subsequence;
moreover, the limit function v attains a constant value on the boundary 0o, and at most one

component is different from 0 in RN,
(1) If {vp(0)} is unbounded, then vg(x) := vg(x) — vg(0) converges to v in C'IOO’CO‘ (RN) for every
0 < o < a, up to a subsequence; moreover, the limit function v attains a constant value on the

boundary 0.

Proof. (i) Let ¢; be the harmonic extension of ¢; in Q, which is C*7(Q). By the comparison principle
0 < u;p < ¢y, for every . Now, thanks to the Kirszbraun theorem, we can extend the functions ¢; in
the whole space RY in a Lipschitz fashion, preserving their Lipschitz constant. The extended function
will be still denoted by ¢;. We also extend ¢; and wu; g in RN, by letting them equal to ¢; in Q°¢. Let
vi,p and ¢; g be given by scaling ¢; and ¢; in the same way of u; g. We have that v; g, ¢; g and ¢; g are
defined everywhere, and ¢; 3 = ¢; 5 = v; g in f. Plainly:
(i) vi g islocally a-Hélder continuous in RY, with a-Hélder seminorm [v; g]co.« () uniformly bounded
with respect to 3, for any compact set K C RV.
(i1) ¢i,5 and ¢; 3 are locally Lipschitz continuous in RY, with Lipschitz seminorms [¢; g]co.1 (k) and
[#i,5]co.1 (k) uniformly bounded with respect to 3, for any compact set K C RY.

Thus, since {v; 5(0)} is bounded, up to a subsequence v; 5 — v; locally uniformly in RY. But v; 5 =
i3 = ¢4i,p in G, so that that v; 3 = ;o0 and ¢; 3 = ¢; oo locally uniformly in QS . In turn, by uniform
Lipschitz continuity, we infer that ; 3 — ©;.00 and @; 3 — ¢i oo locally uniformly in the whole of RV.
The local uniform convergence entails ¢; o - ¢j,00 = 0 in Qoo. Moreover 0 < v; < Gi00 N Qoo

Now we show that both ¢; o, and ¢; o are constant in RY . and, since they coincide in QS , they
actually coincide everywhere. This is a consequence of the fact that ¢; o and ¢; o, are obtained as limits
of scaling of a fixed Lipschitz continuous function, so that if x # y

-«
lpin(@) = 0ipW) _ loilws +rs2) — piws +ray)|l _ [Pilcoa@irs

= ‘LL' - y|1—0¢7
|z —yl* Lgrgle —yl* Lg

and the right hand side tends to 0 locally uniformly in RY. The very same argument proves that also
®i,00 1s constant.

To sum up, so far we showed that the extended functions v; g, ¢; g, ¢i g converge locally uniformly
in RY, coincide in QF, and @i o0 = ¢i oo are constants in RY. Recalling the segregation condition
Vioo * Yoo = 0 in o, and hence also in RY, we deduce that at most one component ®i o can be
different from 0. But then, since 0 < v; < ¢; o0 in Q, at most one component v; is different from 0 in
Q. And finally, since v; = @; o in Q25 , we have that v; is constant on 0€..

The proof of (i7) is analogue. U
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Lemma 4.4. Let 1z — 0" be such that
() there exists R' > 0 such that |xg —yg| < R'rg;
(i) Ms 0.
Then {v(0)} is bounded in 5.
Proof. The proof is analogue to the one of [13, Lemma 6.1] (see also [25, Lemma 3.4] for more details),

and hence we only sketch it. Suppose by contradiction that along a subsequence vy, g(0) — +o0 for some
index h, and let R > R’. By assumption (i7) and the global Holder bound, we have that

Ig:= Mg inf w3 — +oo.
B B porha, UhP +

Now we can argue as in [13, Lemma 6.1], by using Lemma 4.1 instead of [13, Lemma 4.4], to deduce that
for every R > R’

lvigllLe(Brnag) — 0 Vi#h, and ||Lyvig|reBrnas =0 Vi,

as f — 4o00. Let then vg(x) := vg(x)—vg(0). The above discussion shows that vz — v locally uniformly
in RN, where v is globally a-Holder continuous in Q.., and @; = 0 for i # h (in case Qo is a half-space,
we can use Lemma 4.3). The uniform convergence of the A;-Laplacians implies that actually vg — v
in CL (). We claim that 91 is not constant. To prove the claim, we recall that, by assumption (i),
(yp — x3)/rp converges to a limit z up to a subsequence. If z = 0, by boundedness in C.

o) —vip () | fos0) = s (B2 1y a0
1= — = — <C — 0,
|y/a zg |a |y/f zg |a T3
s T
a contradiction. Then z # 0, and |91(0) —¥1(2)| = |2|%, so that ¢ is a non-constant A;-harmonic function

in Q, globally a-Holder continuous. If Q. is a half-space, by Lemma 4.3 we can also say that v; is
constant on 0. Therefore Lemma 4.2 provides a contradiction both for Q. = RY, and for Q. equal
to a half-space. O

Lemma 4.5. It results that
limsup BLg|zs — ys|*T™ = 400
B—+oc0
Proof. By contradiction, let SLg|zs — ys|*>T® be bounded. Then, by choosing
1
s = (/BL,B) ey,
we have that Mg =1, and |zg —yg| < R'rg for a constant R’ > 0. Hence {v(0)} is bounded, by Lemma
4.4, and by uniform Hélder continuity vg — v locally uniformly in 2, up to a subsequence. In addition,
if Q0 is a half-space, we know by Lemma 4.3 that each component of v but possibly one vanishes, and
the remaining one is constant on 9. Moreover, since Mg = 1, we have that L;v; g converges locally
uniformly, and hence vg — v in C’lloc(Qoo), with v globally a-Hélder continuous in 24, and

—div (A1Vvl) = —; Z bijvja V; Z 0 in Qoo
J#i
In fact either v; > 0, or v; = 0 in Q,, by the strong maximum principle. Finally, as in the last part of
the proof of Lemma 4.4, we deduce also that vy is non-constant in ..

Let Qo = RY. Then, since 2a < 7, by Theorem 3.5% we have that v is constant, a contradiction.

If instead €, is a half-space, by Lemma 4.3 we know that at most one component v; does not vanish
identically. Since vy is non-constant, we infer that v; = 0 for every ¢ # 1, and v; is a non-constant
Aj-harmonic function in a half-space, globally a-Hélder continuous, which attains a constant boundary
datum on 0€Q,. This gives a contradiction with Lemma 4.2. O

In the present case, each Iy, is a singleton, and the assumptions on the coupling terms g;; are satisfied since b;; > 0.
Notice also that the a-Holder continuity implies that v1, ..., v, grow at most like |x|* at infinity
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At this point we fix the choice of rg and complete the contradiction argument.
Conclusion of the proof of Theorem 1.3. Let

rg = |zs —ysl.

By Lemma 4.5, we have that Mg — 4o00. Thus the assumptions of Lemma 4.4 are satisfied, and we
deduce that vg — v locally uniformly in RY, with v globally a-Hélder continuous (if Qo is a half-
space, we consider the extension of vg defined in Lemma 4.3; in this case, we have that v is constant on
00 and has at most one non-trivial component). Furthermore, there exists z € 9B; N Qo such that
|v1(z) — v1(0)| = 1, and hence v; is non-constant.

Now, let > 0 and xg be such that Ba,(z¢) CC o, and let 7 be a smooth cut-off function such that
0<n<1 n=1in B.(x9), and n = 0 in B,(z0)°. By testing the equation for v; g with 7, we deduce
that

(4.1) MB/ vig D bijuip < / div (A;Vn)vip < C,
By (z0) j#i Bar(z0)
since {v; g} is locally bounded in L*°. But Mgz — 400, so that v; - v; =0 in Q.
Moreover, by testing the equation for v; 3 with v; gn?, we obtain

/ (AiVv; g, Vv, g) < 4/ (AiVn, Vn)vi 5 + QMB/ vip Y bijvis
B (z0) Bar(20) Bar(zo) i

(4.2)

SHvislleeBareyy | €+ Mﬁ/ vip Y bijvis | <C,
Bar(z0) i

where we used (4.1). That is, {v} is locally bounded in H} (£2) and hence, up to a further subsequence,

v — v weakly in H! (Qs). Since —div (A4;Vv; 5) < 0 in Qg, if we take the weak limit we infer that
v;-v; =0 ifi#j, and — div(4;Vy;) <0 in Q.

If QO is a half-space, Lemma 4.3 also implies that each component of v but v; must vanish identically.

If instead ©Q = R, the same conclusion follows from Theorem 3.1, since 2« < 7. In any case, for every

k k
, Zbl‘ : Z Z b1,bjn .
—div (A1Vv175) + ﬁ div (AjV’Uj,B) = MB blj Vj,8Vh,B Z 0 in QB

J
=27 J=2 h#1,j 7

in weak sense. By passing to the weak limit, and recalling that v; = 0 in RY for j # 1, we deduce that
(4.3) —div(A; V) >0 in Qe

in weak sense. But then div(A;Vv;) = 0 in Q, and Lemma 4.2 gives a contradiction with the fact
that vy is a-Hélder continuous and non-constant in RY. This contradiction finally shows that {ug} is
bounded in C%%(€Q2), as desired. Now we proceed with the second part of the theorem.

Clearly, we have that up to a subsequence ug — u in C%%(Q), for every a € (0,7/2). As in (4.1) and
(4.2) it is possible to check that ug — u weakly in H} (£2), and that the limit function is segregated:
u; - uj = 0 for 4 # j. Moreover, by testing the equation for u; g with (u; g — w)n, where n € C2°(Q) is an
arbitrary cut-off function, we deduce that

/QU<A¢VW,;% V(uip —u)) = — / (uip — ui)(AiVuig, Vi) — ﬂ/{)ﬁuw > bijujp(uip —ujp)

@ i

< Cllui g — will L) | Vi gl L2 (suppn) +3/ wip Yy bijujg | =0
Q —
J#i
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as 8 — 00, by uniform convergence and local boundedness in H'. Therefore, by weak convergence

0= lim n{AiVui g, V(ui g — u))
B—+o00 [¢)

= 1l AiVui g, Vu; g) — (AiVug, Vug)),

Gl Q77(< uig, Vi) — (AiVui, Vui))
which gives the strong convergence ug — u in HL (). Finally, to show that u; is A;-harmonic in
{u; > 0}, we proceed as for (4.3), proving that div(AVw;) < 0 in {u; > 0}. But by weak convergence
div (A;Vu;) > 0 in ©Q, and the thesis follows. O

Proof of Theorem 1.6. Recall that k = 2, and we reduced to the case when A; = A is diagonal, with
lowest eigenvalue equal to 1, As = Id, and a2 = az1. We use the notation (u1,s,u2 8) = (ug,vg). Let us
consider wg = ug — vg. We know that, up to a subsequence, wg — w = u — v in C»*(Q) N HL () for

every 0 < o < § = “4% . On the other hand, since div (A4;Vug) = Avg, we have that

/<AVUB»V<P> —(Vug, V) =0
Q

for every p € C}(Q). By taking the limit, by weak convergence in H' we deduce that w = u — v is a
weak solution of the quasi-linear equation (1.6). The rest of the theorem follows directly from the main
result in [2]. O

5. SPATIAL SEGREGATION OF COMPETITIVE SYSTEMS: VARIATIONAL INTERACTION

In this section we prove Theorem 1.4. Notice that each ug is a vector of positive functions in 2, of
class C17(Q). Moreover, we can define 7 = (N, Ay, ..., Ag) € (0,2) as in Theorem 3.1.

Now, the first part of the proof of Theorem 1.4 rests upon the same contradiction argument used for
Theorem 1.3, with the obvious modifications related to the different structure for the system, and to the
different boundary conditions. We only give a sketchy summary referring, for the details, to the previous
section and to [25,28] (of course, we use Theorems 3.1, 3.5, and Lemma 4.2 instead of the corresponding
“symmetric results” when it is necessary).

Let a € (0,7/2), and suppose by contradiction that {ug} is not bounded in C%*(Q), namely there
exists a sequence 8 — +o0o such that

Lg :=sup sup o — 400
ity |z -yl
z,yeQ

We can assume that Mg is achieved by wi g at the pair (zg,yg), with |zg — yg| — 0. Then we introduce
the following blow-up of ug with center in zg, and rg — 07 to be chosen later:

Qfxg

va(z) = Lor ug(zg + rpx), x € Qg = p

The scaled domains Qg can either exhaust RY, or tend to a half-space. In both cases, we denote the
limit domain by Q.. The function vz is a positive solution to

—Livig = gip(x,vi,8) — Mavip Y, bijvi 5 inQp
/Uivﬁ = O on aQﬁ,

+2aﬁ
’

where Mg = L%ré and

2—a 2—a
T T
9i,p(w,vi5(z)) = ZTfi,B (zp +rpx, Lerguip(z)) = %fi,ﬁ (zp +rpw,uip(rp + 187)).
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Notice that [|g: s(-,vi(-))|lL>(s) — 0 as 8 — 400, thanks to the assumptions on f; s and the upper
bound on |lu; g|| = (q). Moreover, for every £

Yypg—x
usl@) = vip()l _ 1o v (B52)]

max max . «
i zAY, \x — y| Ts—Ys
z,yed Lre]

Lemma 5.1. Suppose that Qg tends to a half-space Qoe. Then it is possible to extend vg outside Qg in
a Lipschitz fashion, in such a way that:

(2) If {v5(0)} is bounded, then vg — v in o (RN) for every 0 < o < «, up to a subsequence;

loc
moreover, the limit function v attains the constant value 0 on 0.

(ii) If {v(0)} is unbounded, then Qs = RN,

Proof. (i) This is very similar to point (i) of Lemma 4.3, once that we extend ug as equal to 0 outside 2.
(73) Let R > 0 be arbitrarily chosen. If v; g(0) — 400 along a subsequence, then by uniform Hélder
estimates

i,—?}fvi’ﬁ > v;3(0) = CR® — 400.

But v; 5 = 0 in QF, and hence Br(0) C Qs eventually. O

With the help of this lemma, and by following [25, Section 3] (see also Section 4), it is not difficult to
prove that:

Lemma 5.2. Let 13 — 0" be such that
(i) there exists R' > 0 such that |zg — yg| < R'rg;
(ii) Mg 0.

Then {v(0)} is bounded in 5.

Lemma 5.3. It results that

‘2+2a

lim sup BL%|$5 —yg = 4o00.

B—~+o00
At this point we fix the choice of rg as in Section 4, and analyze the asymptotic behavior of vg.

Lemma 5.4. Let

rg = |zs —ysl.
There exist v, globally a-Hélder continuous with [V}CO,@(RN) = 1 such that, as B8 — +oo, the following
holds up to a subsequence:

(1) Qoo =RY, and vg — v in C’loof‘/ (RM);
(i7) fBr(zo) Mgv} gv2 5 = 0, for any v >0 and xo € RY;
(iii) vg — v in HL (RY).

For the proof, we refer to [25, Lemmas 3.6 and 3.7] (see also the conclusion of the proof of Theorem
1.3). The properties of the limit profile are collected in next statement.

Lemma 5.5. Let v be the limit function defined in Lemma 5.4. Then:
(i) v; =0 in RN for every i # 1;
(#9) vy is non-constant, and div (A1Vvy) =0 in {v; > 0};
(i7i) {v1 =0} # 0 and {vy > 0} is connected.

Proof. By Lemma 5.4 we have that v; - v; = 0 in RY. Moreover, by H]  convergence and recalling that
l9i,8(,vi,8(:))|| L (@) — 0, we deduce that v; is A;-subharmonic, for every i. Since v is a-Holder with
a < 7/2, Theorem 3.1 implies that only one component of v does not vanish identically. But by uniform
convergence max,egg, (o) |v1(x) —v1(0)| = 1, so that v; = 0 in RY for every i # 1, and v is non-constant.
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The fact that vy is harmonic in the open set {v1 > 0} can be checked as in [25, Lemma 3.7], by using
Lemma 4.1 instead of [25, Lemma 3.1]. This completes the proof of (i) and (i7).

Suppose now by contradiction that {v; = 0} is empty; then v; would be a positive globally a-Hdolder
Ai-harmonic non-constant function, in contradiction Lemma 4.2.

Finally, suppose by contradiction that {v; > 0} is disconnected, and let w; and wo two of its connected
components. Then the functions wy = v1x,, and wa = v1X.,, are non-trivial and satisfy the assumptions
of Theorem 3.1, a contradiction again. O

From now on we shall mainly focus on the component vy, the only one which survived in the limit
process. Therefore, in order to simplify some expressions below, we perform a change of coordinates as
in the proof of Theorem 3.1 in order to have A; = Id, and hence v; is harmonic in its positivity set.

Remark 5.6. In the conclusion of the proof of Theorem 1.3, we considered the difference among the
differential equations of the component v; g and the others, by taking the weak limit. This gave us
the inequality div(A4;Vwv;) > 0 in RV, leading to the Aj-harmonicity of vy, which finally provided a
contradiction. When we deal with system 1.4, this strategy fails, due to the lack of symmetry in the
exponents of the competition terms. By following [25], one may be tempted to consider an Almgren
frequency function Ng(vg, xo, r) associated with v, compute its derivative, and then pass to the limit in
B in order to derive a monotonicity formula for the frequency function of the limit problem (see [25, Section
3.2]). However, in the present setting this strategy fails, due to the lack of symmetry in the diffusion
operators. This lack of symmetry creates several complications in the derivation of a good expression
for the derivative of Ng(vg,zo,), complications which we could not overcome. We shall then argue in
a different way. First, by the variational structure of the problem (this requires b;; = bj;), we derive a
domain variation formula for vg. Then we pass to the limit in 5. The properties collected in Lemmas 5.4
and 5.5 at this level allow us to obtain the validity of a domain variation formula for the only non-trivial
component vy, in the whole of RV (and not only in the interior of its support). In this way, even if we
cannot establish a monotonicity formula for the Almgren frequency function associated with v, we can
still recover a monotonicity formula for the component v; of the limit profile. This is sufficient to our
purposes.

Lemma 5.7. Let Y € C®(RN RY). Then

2/9 Z(dYAiV’Uiﬁ, Vv, g) — Z 9i.3(x,v;.8) (Vv ,Y)
B

i i

(5.1)
— divY Z(Aivw,g, V’Ui,5> + BZ bijviﬂvzﬁ =0
Qp i i<j
for every B sufficiently large, and
(5.2) / 2(dY Vuy, Vop) — divY|Vou|? = 0.
RN

Proof. By multiplying the equation for v; g with (Vv; g,Y) and integrating, we deduce that

/ (AiVvi g, V((Vvip,Y))) + Bvig Y bijvl 5(Vvig, Y) = gip(x,0i5)(Vvig,Y) =0
s i

With lengthy but elementary computations, it is not difficult to check that

1
(AiVis, V((Vvig, Y))) = 5V, V((AiV0i 5, Vi 5))) + (Y AiVvi g, Vi g),



28 N. SOAVE AND S. TERRACINI

whence, by integrating by parts, we deduce that

/ <dYAiVU,’75, Vvi”g> —9i,p (x, Ui7ﬂ)<vvi”g, Y>
Qp

1
— / 5 divY (AVui 5, Vi g) — Bui g > by} (Vi p, Y) = 0.
Qp i
We sum over i from 1 to k and integrate by parts once again, to obtain (5.1).
Moreover, by taking the limit as 8 — +00, and recalling the properties listed in Lemmas 5.4 and 5.5,
and the fact that [|g; 5(-,vi,5(-))|| L (as) — 0, we also obtain (5.2). O

Conclusion of the proof of Theorem 1.4. From the second formula in Lemma 5.7, we infer that

N -2
/ |V1}1|2 = 7/ |V111|2 + 2/ (D,v1)?
Sy (o) r B, Sr(z0)

for every 2o € RY and almost every 7 > 0 (we refer to the second part of the proof of Lemma 2.11 in [31]
for the details). Furthermore, we have that

d N -1
— / v% = / v% + 2/ 10,01
dr \ Js, (zo) T JS, (o) S, (o)

(see [31, Lemma 2.8] for the details). Therefore, by introducing the Almgren frequency function
2
N(zo,7) = M,
Js, o) ¥
it is standard to prove that N(zg,-) is monotone non-decreasing, and it is constant equal to ¢ if and only
v1 is ¢ homogeneous. At this point we can proceed exactly as in [25, End of the proof of Theorem 1.3]
or [31, Conclusion of the proof of Proposition 2.1, page 278] to deduce that {v; = 0} is a linear subspace
of dimension at most N —2; and in particular has local capacity equal to 0. But then, since v € Hlloc(RN ),
we infer that vy is harmonic everywhere, is non-constant, and is globally a-Holder continuous for some
a € (0,1), in contradiction with the Liouville theorem. This completes the proof of the boundedness
of {ug} in C%*(Q). The rest of the thesis of Theorem 1.4 follows as in [25] (for the domain variation
formula (1.5), one can argue as in Lemma 5.7 with the functions ug, and then take the limit). O
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