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Abstract

We prove existence and nonexistence results for annular type parametric surfaces with prescribed,
almost constant mean curvature, characterized as normal graphs of compact portions of unduloids or
nodoids in R®, and whose boundary consists of two coaxial circles of the same radius.
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1 Introduction

In this work, we deal with the existence of immersed surfaces in R?, of annular type, tethered to two
parallel planes along two coaxial circles of the same radius and with prescribed mean curvature, close to
a nonzero constant Hy (henceforth we assume Hy = 1).

In recent years, this issue has attracted quite an interest, especially in the case of constant mean
curvature (see, e.g., [I7, 18, 19, 22, 24] and related references therein). In fact, constant mean curvature
surfaces well approximate static equilibrium configurations of continua supported by surface tension,
neglecting external forces. However, the presence of external forces, like gravity or other fields, may
produce pressure differences which locally change, hence, according to the Young-Laplace equation, the
mean curvature along phase interfaces is no longer a constant (see [10} [11]). This motivates a study in
the case of prescribed, near constant but not necessarily constant mean curvature.

Actually, in this study, the main role is played by some classes of Delaunay surfaces, more precisely
by unduloids and nodoids. Let us recall that Delaunay surfaces are complete, axially symmetric surfaces
of constant mean curvature. They can be divided into five different types: planes, cathenoids, spheres,
unduloids (including cylinders) and nodoids. We focus our attention on the last two families, made by
noncompact surfaces with nonzero constant mean curvature. Unduloids and nodoids can be obtained by
rotating the roulette of an ellipse, called elliptic catenary, or the roulette of a hyperbola, called nodary,
respectively, about the revolution axis (see [7, @, [16] for more details). We also point out that unduloids
and nodoids play a very important role in the construction of complete, constant mean curvature surfaces,
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with prescribed genus and possibly with ends, in an intriguing line of research originated from some
breakthrough works by Kapouleas (see [14, [I5]) and pursued by many other authors (see [2}, 12} 13| 20} 21]
and the bibliography therein).

Here we investigate the following problem: let us fix two parallel planes II_ and Il in R® and
let us consider the families of sections of unduloids and nodoids with mean curvature one, whose axis
of revolution is orthogonal to the planes II_ and II;, which are symmetric with respect to reflection
around the plane half way between II_ and II, and whose boundaries are couples of circles of the
same radius lying on II_ and on II;. They form two real analytic 3-parameter families of compact
surfaces which can be properly parameterized as follows. Let us introduce a Cartesian system such that
Iy = {(z,y,2) € R® | 2 = £L}, for some L > 0. Then, let us consider Delaunay roulettes defined as
curves lying in the plane y = 0, parameterized by the solution (z,(t), z,(t)) to the initial problem

{f””—(1+2’ya)x—2x3 {x(o)—1+a, 2'(0) =0 (1.1)
2 0

2 (0)

2 =x? -,

where
Yo :=a(l + a)

and a € (—1,0) U (0,00) is a parameter, called Delaunay parameter. We point out that the function x,
is even, positive and periodic of some period 27, (see [3| Lemma 2.3]). Such mapping can be interpreted
as the speed of the parametrization, since the following identity holds:

Ta =V (75)% + (24)% . (1.2)

When a € (—1,0) the curve is simple and is an elliptic catenary; the corresponding surface of revolution

is embedded and is an unduloid. In particular, for a = f%

the curve has self-intersections and is a nodary; the corresponding surface of revolution is immersed but

such surface is a cylinder. Instead, when a > 0,

not embedded and is a nodoid. In both cases min{|a|, 1 4+ a} measures the neck-size, namely the distance
of the surface from the axis of revolution. See the figure below.

max{|al,1+ a}

min{l|a|,1+ a}

Fig. 1-a. Elliptic catenary (—1 < a < 0) Fig. 1-b. Nodary (a > 0)

Fixing (p,q) € R?, the symmetric unduloid or nodoid with Delaunay parameter a and whose revolution
axis is the vertical line passing through (p, ¢,0) is given by the image of X, + pe; + ges where e; and e
are the first two vectors of the canonical basis in R? and

2o (t) cosd
Xo(t,0) = | zo(t)sinb |, (t,0) e Rx [—m, 7). (1.3)
Za(t)

The triple (a,p,q) € ((—1,0) U (0,00)) x R x R parameterizes, with analytic dependence, the elements
of the family of symmetric vertical unduloids, when a € (—1,0), and those ones of the family of vertical
nodoids, when a € (0,00). In view of (L)), for every (a,p,q) € ((—1,0) U (0,00)) x R x R, the mean
curvature of X, + pe; + ges at every point is 1.

Now we fix a € (—1,0) U (0,00), we take T > 0 such that z,(T)) = L, and we consider the fam-
ily of compact surfaces ¥, 1, parameterized by X,(¢,0) + pe; + ges with (¢,60) € [-T,T] x [—=, 7.



The boundary of ¥, 7,4 consists of the couple of circles lying on the planes z = £2z,(T), centered at
(p,q, £24(T)), and with radius z,(T). Then we consider surfaces (of annular type) which are normal
graphs of Xq.1.p,q with fired boundary. More explicitly, we introduce the Gauss map associated to X,
defined by

o atXa(ta 0) A 89Xa(t’ 9)
Na(ta 9) T |atXa(ta 0) A ana(tv 0)|

and we consider surfaces with parametrization of the form
X(t,0) = X,(t,0) + pe1 + gea + ©(t,0) Ny (t,0), (t,0) € [-T,T] x [-7,7] (1.4)

with ¢: [-T,T] x S* — R regular enough and such that o(+7,-) = 0 on S!, with the identification
St = R/27Z.

Fixing a € (—1,0) U (0,00), T > 0, and (p,q) € R2, we investigate the stability of compact sections of
unduloids and nodoids ¥, 75,4 when we perturb the prescribed mean curvature function and we hold the
boundary of the surfaces ¥4 7 p 4. This problem can be phrased analytically as follows. Take a family of
regular mappings H.: R?® — R depending smoothly on the parameter ¢ € R and such that Hy = 1. Look
for a (continuous) path of mappings ¢ — . with ¢ € (=, ), such that ¢y = 0 and p.: [-T,7] x S' — R
solving the Dirichlet problem

{ M(X, + per + qez + - No) = Ho (X, + per + ez + ¢N,) in [T, T] x St

@ (£T,+) =0 (15)

for every e € (—£,€), where 9 is the mean curvature operator (defined in Section .

We will assume that the mappings H. are even with respect to the last variable. This hypothesis
turns out to be technically very useful since it helps to reduce degeneracy (see below) and it allows us
to set up problem in functional spaces of mappings ¢(t,6) which are even with respect to ¢. This
means that the surfaces parametrized by are symmetric with respect to the horizontal plane z = 0.

For future reference, it is convenient to introduce here the functional spaces we will be dealing with,
defined in this way:

Xr:={p e C*([-T,T] x S, R) | p(£T,-) =0 on S', ©(t,-) = p(—t,-) Vt € [-T,T]}

(with « € (0,1) fixed), and equipped with the standard C%“-Hélder norm.
Before stating our results, we introduce the concept of degeneracy/nondegeneracy for compact sections
of unduloids and nodoids. To this aim, we write down the linearized problem associated to (|1.5)), given

by

{ Lop=0in [-T,T] x S (1.6)

v € Xr

where £, is the Jacobi operator associated to the Delaunay surface X,, defined by

€0 = lim M(Xq + spN,) — M(X,) .

s—0 S

We say that a surface X, 1, 4 is degenerate (nondegenerate, respectively) if £, has a nontrivial kernel (a
null kernel, respectively) in Xr. As we will see, degeneracy or not of £, 7, 4 strongly affects the question
of existence of solutions to . In fact, this property is independent of (p,q) € R?, whereas, for fixed
a, the value of T' plays a fundamental role. For this reason, first of all, it is important to study the set

To :={T > 0] (1.6) admits a nontrivial solution} .



More precisely, it is known that for every integer j > 0 the equation £, = 0 on R x S' admits non null
solutions of the form
o(t,0) = w(t)cos(j0) with j €N (1.7)

where w is an even solution of a certain ODE depending also on the parameter a (see )

We need to understand the behavior of this kind of solutions and, in particular, the structure of the
nodal set of w(t), because zeros of w(t), if any, are elements of T, and correspond to the degeneracy case.
In order to achieve this goal, we use also the Floquet theory, and we attain the following result.

Theorem 1.1 For every a € (—1,0) U (0,00) and for every j € N let
Taj ={T>0|3p € C*R xS")\ {0} as in s.t. Lap=0o0onR xS and o(T,-) =0}. (1.8)
Then T, = U?io Ta;- Moreover:
(1) Tao ={Tur}i>, with T,y € (kTa, (k + %)Ta) for every k € N.

(13) If a <0, then T, ; = @ for every j > 1 and Ty = Ta.0-

)

)
(iii) If a >0, then Toy = {(k+ 3)7a},_, and Tao N Ty = 2.
(iv) If a € (0,3(v3—1)], then T, ; = @ for every j > 2 and Ty = Ta0 U Ta1.
)

(v) for every j > 2 there exists aj >0 such that To j # 0 for a > aj.

In the description of the set 7, stated by Theorem the most important subsets are 7,0 and 7, 1,
since they have a quite clear geometrical meaning. Indeed, if T € 7,0, then, considering the class of
surfaces Xo/ 7 .4 With fixed (p,q) € R?, and (a/,T") in a neighborhood of (a, T)), only the surface £, 7, 4
in this class has boundary consisting of the circles of radius z,(T), placed at a distance 2z,(T) (see
Remark . In other words, when T' € 7T, 9, the surface ¥, 1 4 is somehow less robust with respect to
perturbations.

Regarding the set 7,,1, when a > 0 and T' € 7,1, the surfaces X, 7, , are sections of nodoids which
at the boundary intersect the planes II_ and II; tangentially. A tangential contact with the end planes
may cause a loss of stability. In fact, as we will see, a perturbation of the mean curvature has some effect.
Note that tangent intersections cannot occur with unduloids, and in fact 7,1 is empty when a < 0.

Now, we go back to problem and we exhibit our main results about it. When T' ¢ T, (nonde-
generacy case) we can study with the aid of the implicit function theorem and we obtain:

Theorem 1.2 Leta € (—1,0)U(0,00) and let (¢,2,y,2) — H.(x,y, z) be a mapping in C*(R x R3) such
that:

(Hl) HO(xuyvz):l V(x,y,z) eRsv
(Hs) H.(z,y,2) = H.(x,y,—2) V(r,y,2) € R® Ve € R.
(i) If T € (0,00) \ Ta, then for every (p,q) € R? there exist £ = (a, T, p,q) > 0 and a mapping € — ¢,
in CY((—¢,8),Xr) with po = 0 and p. solving (L.5) for every e € (—¢,2).

(1) If, in addition, H. is independent of x and y, then the same result holds for every T € (0,00) \ Ta.0
with . depending just on t.

When T € 7, (degeneracy case), the implicit function theorem does not work anymore because the
operator £, has a non null kernel in Xr. In this case different kind of results hold. When T" € 7,0, in
general, no solution of ((1.5) exists. More precisely, recalling that 7,0 = {741} 7>, We have:



Theorem 1.3 Let a € (—1,0) U (0,0), (po,qo) € R? and let (¢,2,y,z) — H.(z,y,2) be a mapping in
CH(R x R3) satisfying (Hy).
(i) If T =T, and
OH.
Oe

then there cannot exist € > 0, a continuous mapping € — (pe,q-) € R? and a Ct-mapping € — . €
C?([~Ta0, Ta0) xSY) with |e] < &, such that (pe,q:)|._g = (Po,q0), o = 0 and for every e € (—¢,¢)
the triple (pe, ge, <) solves (1.5)).

(5) fT=Tox, k>1, and

(z,9,2) #0 V(z,y,2) € R3, (1.9)
e=0

_ 0H
/ $3wa,0 TE(Xa + poe1 + qoe2) dtdf # 0,
[Ta,k,Ta, k] X [—7,7] € e=0
where Wq 0 15 @ nontrivial even solution of (L.6) depending just on t, then the same conclusion as
in (i) holds true.

In particular holds true for H.(z,y,z) = 1 +eH(z,y, z), with H € C'(R?) never vanishing,

We notice that nonexistence is proved without asking for any symmetry condition on H. or on the
solutions of with respect to t. To show Theorem we use the information stated in part (7) of
Theorem Moreover, we consider a non null solution W, o of £, = 0 on R X St of the form with
7 = 0. Testing the equation in with W, o, writing down its expansion with respect to the smallness
parameter €, and analyzing carefully the different contributions coming from the right hand side and the
left one, we obtain the result.

We point out that for a € (—1,0) Theorems and essentially cover all the cases, because, by
Theorem |1.1| part (i7), either T ¢ T, or T' € T,0. When a € (0,00) the situation is different. In the
degenerate case (T € T,), besides when T' € 7, o, we can obtain some results only for T' € T, 1, provided
that a is not too large. In this case we have:

Theorem 1.4 Let a € (0,00), T € Ta1, (po,q0) € R?, and let H.(z,y,2) be a mapping in C*(R x R3)
satisfying (Hy). Let

O0H,
H(z,y,z) = 5% (z,y,2)

9
e=0

and define
xr - Yy .
Q)= g ([ Hprds, [ sz 5,0) Vi) e, (1.10)
0 0

and
M(p,q) := / Q(X, +per +qes) - 0 Xa N 0pX,dtdd Y (p,q) € R*. (1.11)
[T, T)x[—m,m]

(i) If there exist £ > 0, a C°-mapping € — (pe,q:) € R? and a Ct-mapping e — p. € Xr with || < &,
such that (pe,q:)|._o = (P0,q0), Yo =0, and for every e € (—¢,€) the triple (p:, g-, p<) solves (1.5),
then (po,qo) is a critical point of M.

(ii) If, in addition, a € (0,3(v3 —1)], H. satisfies also (Hs) and
(H3) He(z,y,2) =1+cH(z,y,2) V(z,,2) € R®
with H € C?(R?), and (po,qo) € R? is a nondegenerate critical point of M, then there exist & > 0,

Cl-mappings € — (pe,q:) € R%, ¢ — @. € Xr with |g| < &, such that o = 0, and for every
e € (—&,2) the triple (pe, qe, pe) solves (1.5)).



We point out that the mapping M in has the geometrical meaning of an algebraic, weighted volume
of the body enclosed between ¥, 1, , and the planes of equation z = £z, (T’), with a weight given by the
perturbative part of H., namely ﬁ(x, Y, 2).

The proof of Theorem is based on the Lyapunov-Schmidt reduction, a technique which allows us
to manage situations in which the linearized problem is defined by a Fredholm operator having a non
null kernel. This is our case, since, when a € (O7 %(\/3 — 1)] and T € Ty \ Ta,0, the Jacobi operator £,
turns out to have a two-dimensional kernel in Xp. By the Lyapunov-Schmidt method we can solve
for small || and for every (p,q) € R?, apart from a couple of Lagrange multipliers, say A1 «(p,q) and
A2.¢(p, q), which correspond exactly to a basis of ker(£,) in the space Xr.

In order to remove them, we exploit the variational nature of . In fact, one can recognize that
is the Euler-Lagrange equation of a suitable energy functional in the space of parametric surfaces
of annular type which are normal graphs of ¥, 1, , with fixed boundary, up to horizontal translations.

Roughly speaking, A o(p,¢) and A2 (p, ¢) can be eliminated by taking variations of the energy along
translations of ¥, 7,4 in the directions e; and ey, respectively. The gradient of the function M comes
out as leading term, with respect to &, of such variations. For this reason, solutions to can exist just
in correspondence of critical points of M. Viceversa, nondegeneracy of critical points of M is a sufficient
condition for existence of solutions of (L.5)).

We conclude with a couple of remarks: our results have some connections with those discussed in
[18] but with some differences: also in [I8], degeneracy/nondegeneracy of compact sections of symmetric
nodoids is studied, but in the context of bifurcation phenomena for surfaces with constant mean curvature
Hy. There, the value Hy is not fixed and can vary with T. Here, we fix Hy = 1 and add a possibly
variable perturbation on the prescribed mean curvature, and this makes the difference and arises new,
distinct results.

Finally, we observe that this study is part of a project which aims at constructing complete surfaces
with prescribed, almost constant curvature, which cannot be detected in case of costant mean curvature.
This kind of problem was first addressed in [4], looking for embedded compact surfaces with genus 1.
However some mistakes were detected (see [3 [5]) and a correct proof of the result stated in [4] is not
available, yet. The surfaces constructed in this work should be helping in this direction.

The paper is organized as follows: in Section 2] we introduce some notation and we study the Jacobi
operator £,. Each of the next sections contains the proof of each theorem stated before, in the order.
Finally, two appendices supplement this work: the first one about the Jacobi elliptic functions, the second
one concerning the volume functional.

2 Preliminaries
We start by listing some notations used throughout the paper.

e We denote by {e;, e, e3} the canonical basis and by A the exterior product in R3.

o If (p,q) € R? and R > 0, then Bg(p,q) is the ball of radius R around (p,q). If (p,q) = (0,0) we
simply write Bg.

e Given T > 0, we define Ry := [-T,T| x [—7, 7.

e By C we denote generic constants, whose value may change from line to line.



2.1 Surfaces of annular type and mean curvature

By a surface of annular type we mean a surface ¥ in R? parametrized by a sufficiently regular mapping
X:IxS'— R3 where I is an interval in R. We identify S' with R/27Z and we denote (t, ) the pair of
parameters. We always assume nice regularity, at least C?, and, writing X; and Xy the derivatives of X
with respect to ¢ and 6, respectively, we also assume that X; A Xy # 0 at every (¢,0) € I x [—m,n|. The
normal vector to X at a given point X € ¥ is

. XN\ Xy

o |Xt A X9| '
The mean curvature of ¥ at X € X, denoted by 9(X), is expressed in terms of the coefficients of the
first and second fundamental form, in Gaussian notation,

€:|Xt|2’ f:Xt‘Xev g:|X9‘2a
L::Xtt'N, M:XtG'N, N:XQQ'N,
as
EN —2FM+GL
2(6G — F?)
A surface of revolution ¥ in R? with axis of revolution given by the z-axis is the image of a mapping
X: I xSt — R3 of the form

m:

x(t) cos
X(t,0) = | x(t)sinf V(t,0) eI x [—m, ],
z(t)

where z: I — (0,00) and z: I — R are mappings of class C2. The curve t — (z(t),0, 2(t)), with ¢ € I,
defines the generatrix of the surface X.

2.2 The Jacobi operator

Fixing a € (—1,0) U (0, 00), the Jacobi operator £, corresponding to the Delaunay surface ¥, is defined
as the linearized mean curvature operator around the parameterization (1.3)) with respect to normal
variations. More precisely, for every ¢ € C%(R x S!) we set

) (Xa)t A (Xa)o
Lop = —[M(X N, h Ny i = —+—F"—. 2.1
CL()O 88[ ( a + S@ a)] a0 where a |(Xa)t A (Xa)9| ( )
We point out that the definition of £,¢ is well posed. Indeed, for every ¢ € C?(R x S'), we have
o2 ~2
(Xa + ©No)¢ A (Xa + ©No)g - N, = 22 [1 —2p+ ) <x§ - x;)] . (2.2)

Hence [(X, + s¢oNy)e A (X + spNy)ol(t,0) # 0 for |s| small enough, depending on a, ¢, (t,6), which
allows us to write MM(X, + spN,)(t, 0) for |s| small, and to compute its derivative at s = 0.

Proposition 2.1 It holds

Loo=—= (A 2pa9) ,
® 2x3( © + 2pap)
where
2 ’Yg
pa(t) _xa(t)+ x%(t)7 ,-Ya _a(a+1)’

and A = O + Ogg.



We refer to [4, Lemma 3.1] for a proof.

Remark 2.2 By definition, p, is even and 274-periodic. Moreover, by means of (1.1), (1.2) we see that
Da satisfies the equation
Py =2 [2(1+ 27a)pa — 3p% +472] -

Then, recalling that min{1 + a, |a|} < x,(t) < max{l + a, |a|} for everyt € R, where x,(0) =1+ a and
2o(74) = |al, by a standard argument on autonomous second order ODEs we infer that the fundamental
period of p, s actually 7, and that

_ _ Lo (Ta\ _
maxp, = Pa(0) =1+ 27,, MmN po = Pa ( 5 ) 2/Yal - (2.3)

2.3 Fundamental solutions of the linearized problem
Fix a € (—1,0) U (0,00) and T > 0. Let ¢ € C?([-T,T] x S') be such that
o(t,0) = w(t) cos(j0) for some j € N,
<P(iT7 ) = Oa @(ta ) = W(_ta ) :

Then £, = 0 if and only if w € C%([-T,T]) is even and solves

{W’ = (> = 2pa)w  in (=T.7T) (24)

w(£T) =0.

Our goal is to determine whether, for any fixed couple a,j, there exist some T' > 0 such that (2.4])
admits a nontrivial even solution. To this aim, it seems convenient to begin by studying the nodal set of
the solutions to the more general equation

w'=qu in R, (2.5)

without imposing any boundary condition. Here, we assume that ¢ € C°(R) is even and 7-periodic. By
well known results every solution to (2.5)) is a linear combination of the principal fundamental solutions

w,v € C%(R) which satisfy
w(0) =1 v(0) =0
w'(0) =0, v (0)=1.

Since ¢ is even, we have that w is even and v is odd.

Remark 2.3 Applying Floquet Theory to Hill’s equation (see e.g. [0, Section 2.4.2]) one obtains a partial
characterization of w and v. Indeed, there exist r,s : R = R, with r even and s odd, such that exactly
one of the following alternatives holds true:

(¢) r and s are both either T-periodic or 2T-periodic, and there exists p > 0 such that

w(t) = r(t) cosh(ut) + s(t) sinh(ut)
v(t) = r(t) sinh(ut) + s(t) cosh(ut) ;

(i) r and s are both either T-periodic or 27T-periodic, and there exists A € R such that

<
—~

~
N2

Il

s(t) + Atr(t) ;



(i41) r and s are both either T-periodic or 2T-periodic, and there exists A € R such that

w(t) = r(t) + Ats(t)
u(t) = s(t);

(iv) r and s are both T-periodic and there exists 0 < o < T such that

w(t) = r(t) cos(at) — s(t) sin(ot)
v(t) = r(t) sin(ot) + s(t) cos(at) .

Lemma 2.4 Let ¢ € C°(R) be a even T-periodic function, and let w be the even principal fundamental
solutions of v’ = qu in R.

(i) 11 .
7/ gdt <0, (2.6)
T Jo
then there exists T > 0 such that w(£T) = 0.
(i) If w(a) = w(B) =0 for some a, B € R with a < 3, then
g #0,

where ¢— = max{—q, 0} is the negative part of q. Moreover
1
2
ﬁ—aZw(maxq_(t)) .
tel0,7]

Proof. Let us prove (i). Assume that (2.6) holds, and suppose by contradiction that w # 0 for every
t € R, that is, w > 0 on R (because w(0) = 1). Fix s > 0. Since w > 0 and w’(0) = 0, from (2.5) we find

2

/0 9(€) dé = / w (€ (€) dé = w(s) " u! (s) + / (w (€' ())* de

Let ks € N be the integer part of 7715, so that s € [k,7, (ks + 1)7). Being ¢ 7-periodic, we get

ks—1 (i4+1)7 s
w(s)"tw'(s) < ; /Z_T q(§) d€ + /zw q(&) d€ < TIks + (s — ky7) s q(§),

where we set I := 77! foT q(§) d¢. Thus, using that s < (ks + 1)7, we obtain

w(s) tw'(s) < T(Iks + gm[gx] q(&)), for any s > 0. (2.7)
€|0,7

Let ¢ > 0. Integrating (2.7) over [0,¢] we find

et g a©)

0<w(t)§eT< for any t > 0,

where we used that w(0) = 1. Now, an explicit computation shows that

¢

I

I/ keds +t max q(€) = = (7k)*(1 + 0(1)) ast — oo,
0 £€(0,7] 2



thus, since by assumption I < 0, we infer that
w(t) -0 as t— oo. (2.8)

To complete the proof of (i) we argue by exhaustion. Consider the sequence a,, :== w(27n), n € N and
suppose that w is as in Remark (7). Since r and s are at least 27-periodic, s is odd, and w(0) = 1,
then a, = cosh(27pn), which implies that limsup,_, ., w = oo, contradicting (2.8)). Similarly, if w is as
in Remark (i1) — (i4i), we get that a,, = 1, again a contradiction. Finally, let w be as in Remark
(iv). Arguing as before, we have

an = 1r(27n) cos(2Ton) + s(2mn) sin(27on) = cos(2Ton) .

We now distinguish two cases: if 22 € Q, then we can extract a subsequence such that a, = 1, again
a contradiction. On the other hand if % € R\ Q then a,, is dense in [~1,1]. In particular there exists
some ng such that a,, = w(27ny) < 0. Hence, also in this case we obtain a contradiction, since we are
assuming w > 0. The proof of () is complete.

Let now prove (it). Testing (2.5)) with w and integrating by parts we obtain

B B
O:/ |w’|2dt+/ qlw|?dt.

By the one dimensional Poincaré inequality we have

B B
/ ' [2dt > ((ﬂ—a)*lnf/ lw[2dt

[

thus we find 5
0= (5= 0)')" +ina) [ uar
that is, ,
0< —a) 'r)" < —ming = maxq~,
((8—a)7'm)" < —ming = maxg
and (i7) easily follows. The Lemma is proved. O

We now focus on the equation (compare with ([2.4]))
u” = (5% - 2pa)u in R. (2.9)
As next Lemma shows, solutions to (2.9)) are completely known when j = 0, 1, see [4, Lemma 4.3].

Lemma 2.5 Let a € (—1,0) U (0, 0).

(i) Set
! / /
zh Ox xl, 0z x
a a a a : 1 a : 1
We,0 1= Te Oa  x, Oa Va0 =14 Za
. - 1 . . o 1
— cos(t) ifa=—35, —sin(t) ifa=—3.
Then every solution to u”’ = —2p,u in R is a linear combination of we o and vq,0. Moreover, wq g
is even and such that we0(0) = —1 while vq o is odd.
(#1) Set
/ / !/
2  Xa%, + ZaZ,
Wq,1 ‘= — Vg1 ' = —— -
Zq Zq

Then every solution to u” = (1 — 2pg)u in R is a linear combinations of wq,1 and ve1. Moreover,
Wg,1 45 even and such that wg,1(0) =1 while vy is odd.

10



In general, given j € N we denote by w, ; the unique solution to the Cauchy problem

w(’;j = (j% = 2py)w,,; in R
wa,;(0) = (—=1)7*1 (2.10)
wg’j(O) =0

Clearly, since j2 — 2p, is even, Wq,;j is even. Moreover, any even solution to (2.9) is proportional to wq_;.
As a straightforward consequence of Lemma [2.4] we obtain the following.

Corollary 2.6 Let a € (—1,0) U (0,00) and j > 2.

(1) If
> 201+ 20,), (2.11)
then wq, ;(t) # 0 for every t € R.
(i) If
72 < 4l

then there exists T > 0 such that wq ;j(£T) = 0.

Proof. Let us prove (i). Assume by contradiction that there exists T' > 0 such that w, ;(T') = 0. Since
Wq,; is even, we have w, ;(T) = w, ;(—T) = 0. Hence, by Lemma (ii), with ¢ = j2 — 2p, we infer
that j2 — 2p,(t.) < 0 for some t, € [0,7,]. On the other hand, by (2.3) and (2.11)) it holds

7%= 2pa 2 % = 2(1 + 274) 2 0,

a contradiction.
As for (it), again by Remark [2.2| we infer

1 [T .
— / (7% = 2pa) dt < j% — 4l7,] .
Ta 0

Applying Lemma (i) with ¢ = j2 — 2p, we get the result. O
Next Lemma provides an explicit formula for wg .
Lemma 2.7 Let a € (—1,0) U (0,00) \ {—3%}. For any t € R it holds

o ()

a,0(t) = 2
waolt) = 755, Zalt)
Proof. The result can be checked directly, by showing that both w, o and the right-hand side of (2.12))
solve u” = —2p,u in R with the initial conditions u(0) = —1, «/(0) = 0.

Nevertheless, we also provide a constructive proof. To this goal, it is useful to recall the relation

{1 + 27, — 222 (t) + (2z4(t) — 1) | - (2.12)

between x, and Jacobi elliptic functions. By using and adapting [3] Proof of Lemma 2.3], one can see
that for any ¢ € R it holds

(6= {(1+a)dn((1+a)t|ma), if a € (~1,0)U(0,00), (2.13)

la| dn(|a|(t — 7o) |ma) ifae (—1,—%) ,
where dn(s|m) is the Delta Amplitude function (see Appendix @ with parameter

2

a .
1—m 1fa€(—%,0)u(0700)7
My =
(1+a)* .
].—T 1fa€(—l,—%)

11



Moreover, we recall that

7\'/2 1
K(m) = 7'2119
0 VvV 1—msin® 6

/2
E(m):/ V1-—msin?0dd, melo,1),
0

are, respectively, the complete elliptic integrals of the first and second kind and that it holds (again, one

can argue as in [3, Proof of Lemma 2.3])

K(m,) .

T+ a 1fae(—%,0)u(0,oo),
Ta =

KT;””) ifae(-1,-1).

Finally, using (2.13]), (2.14) and (A.8)), we easily see that

/T" 24 {(Ha)E(ma) ifa€ (—1,0)U(0,00),
o la|E(myg) , ifae(-1,-3).

(2.14)

(2.15)

We are now in the position to compute the derivative of x, with respect to a. First we assume that

a € (—%, O) U (0,00), and use the first representation in (2.13)). Thus we get

0z, 0
() = dn((L+ a)tlma) + (1+a)t - [dn(s|m)]
a $ (s,m)=((1+a)t,mq)
a 0
— 2mg, —— [dn(s|m)] .
1+2 Im (s;m)=((1+a)t,ma)
From (2.13) we have
/
& fan(sim) -
S (s.m)=((14+a)t,ma) (L1 a)

Moreover, using (A.9), (2.17) and recalling that 1 — m, = (1 + a)~2a?, we find

_ma(t) l4a | zy(t)
(sm)=((I+ayms) LTa  @a(t) 1+a

CAC) AN :
e ), e

0
2my, I [dn(s/m)]

Now, from (|1.1)) we have that
t
zq(t) = / 22 (s) ds — vat .
0

As a consequence, using also the change of variables 7 = (1 4 a)s we get

(14a)t b, t s, 1 t -
/0 dn(7|mg)dr = (1—|—a)/0 (dn((1 4 a)slmg)*ds = /0 x5 (s)ds = ————

14+a

Putting together (2.16)—(2.18) and (2.20) we find

0xq,,\  xa(t) —a(t)
Oa (t) = 1+a+ 1+at

142 \14a 2.(t) 1+a  a2(1+a)za(t) a?(1+a)

12

a (a:a<t>_1+a w(t), ()’ xgu)(za(t)mt)).

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)



Exploiting (|1.1)) and (1.2)) we obtain the chain of equalities
(20)® =23 = (20)° = (L + 27a)a; — 2 — 72 = (L + 70 — 20)2% — 72 - (2.21)
Thus, using (2.21)) and performing some standard computations we get
Ox 1
—2(t) = ————— (1 + 2790)@a(t) + 2702, (1) t + 2}, (t)24(t) — 0 ()20 (¢ 2.22
5 ) %(1+2a)[( + 27a)Ta(t) + 27070 (0) t + 24(1)2a () — 2a(t) 24 (1)] , (2.22)

which conclude the computation of 2% when a € (—1,0) U (0, 00).

Let now a € (717 f%) Here we have to use the second representation in (2.13)). Nevertheless, we can
argue as before, with some obvious modifications and paying attention to the further technical issue due

to the presence of 7, in the representation of x,. We omit the details: we limit ourselves to point out
that, in order to overcome the additional difficulty, one needs to take (2.15) into account and use that

01a _ (L+a)K(mg) + ak(my,)
da B (]- + 2a)’7a ’

which can be obtained by direct computation by means of (2.14]) and, for instance, [8, Eq. 19.4.1]. In
the end, also in this case ([2.22)) holds.

Next we compute the derivative of z, with respect to a. To ease the notation, from now on we avoid to
explicitly state the variables when denoting a function. Differentiating (2.19)) with respect to a, exploiting

(2.21)), (2.22) and integrating by parts we get

¢
924 = 2/ za%dsf (14 2a)t
0

da da (2.23)
245,

¢ t
1
2 2 2 4
= x, ds + 2 axat—i—maza—?)/ z,ds | — (14 2a)t.
’Ya(1+2a)/o %(1+2a)<'y 0 ) ( )

To compute the integral of 2 we first notice that by (1.1]) it holds

t t ¢
/ xoxids = (1+ 2%)/ z2ds — 2/ zids.
0 0 0
On the other hand, integrating by parts and using (2.21)) we get

t t t t
/ Tl ds = wor!, — / (z!)%ds = zqz!, — (1 + 2’ya)/ z2ds + / zdds +42¢t.
0 0 0 0
Comparing these expressions we find
t t
3/ zhds =21+ 2%)/ r2ds — xaxl, —2t. (2.24)
0 0
Plugging (2.24) into (2.23)) we find
0z 1 ¢ 1
8; = m/o l'idS—F m (27aargt+xiza +$al'£l +’Y§t) — (1 +2a)t
Finally, using (2.19)) and (2.21]), after some elementary computations and we get
0zq 1
da a(l+2a)
We are in position to complete the proof. Putting (2.22)) and (2.25) in the expression of wg o (see
Lemma [2.5) and regrouping the terms we infer that

1 (22)2 + (20)% — (1 + 27,)2), !
0o = a a a —2(9 a_t
Wa,0 1+ 2a Ya +xa( # )

The conclusion easily follows by (1.1]) and (1.2)). O

(279020 + 2Yazh t — Yat + Toly + 2a2l] - (2.25)
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3 Proof of Theorem [1.1]

In this Section we prove Theorem We begin with a preliminary result. Recalling the definition of
W, ; (see Lemma and ([2.10))) we can rewrite the sets (1.8)) as

To;={t>0]|we;(t)=0}, jeN.
Concerning 70, 74,1 and their relationship, we have the following.
Lemma 3.1 Let a € (—1,0) U (0, c0).

(i) Ifa= —%, then To 0 = {(k + %) W};io. If a # —%, then Too = {Tuk}7, where

1
kre <Tyn < <k + 2) Tay,  for every k € N.

(ii) Ifa € (~1,0), then Toy = 0. If a € (0,00), then Toy = {(k+ 1) 7a}rey-
(4i7) TaoNTaq = .

Proof. We begin by proving (ii) and (iii). Using the definition of w, 1 (see Lemma [2.5) and (L), it is
easy to see that w,; > 0 when a € (—1,0). Therefore 7,1 = 0 and thus 7,0 N 7,1 = 0 is trivial in this
case.

Assume now that a > 0. Using Remark one can see that both w, 1(t) and —wg1(t + 74) solve
u” = (1 — 2p,)u in R with initial conditions u(0) = —1, «/(0) = 0. Therefore wg1(t) + we,1(t +74) =0

Ta

for every t € R. By taking t = —%+ and using the symmetry of w, 1 we get

Ta Ta
a o | = Wa -—) =0,
w’1(2) wvl( 2)

thus from the periodicity of wg,,; we infer that {(k; + %) Ta};ozo C Ta1- On the other hand, since

L) =) (14 L
wa,l() xa()( +.’I,‘3<t) )

we have that w, 1 is monotone decreasing in (0, 7,) and monotone increasing in (7,,27,). Hence, since
we,1(0) = 1, it follows that w, 1 has at most one zero in (0,7,), and at most one zero in (7,,27,).
Now, observiollg that we,1(%) = wa,l(%) = 0, and using the periodicity of w, 1 we infer that 7,1 C
{(k+1) Ta}k:() and (i7) follows.

Let us set ¢, := (k + %) Ta, k € N. Since wq,1 () = 0 and z,(t) > 0 for any t € R, we immediately get
that 2/ (t;) = 0 and 22(t;) = v,. Thus, by (1.2) we find that x,(tx) = |2/,(tx)|. Recalling that 2/ (t) < 0
whenever t € | J,,cn(2n74, (2n 4 1)7,), we infer that

Then, by Lemma and ([2.25)) we obtain

_ 1 Ta(te) 2l (tk) + 27aZa(tr) = Yate (=1 (2l (ty)
wao(tk) = (_1)k+ Ya(1l + 2a) T 14 2a (J;a(tk)

+ 224 () —tk> .

Let us define

ft) =22 4922, —t, teR.



By the previous discussion, we have that w, o(tx) = 0 if and only if f(¢;) = 0. Using (L.1)) and (1.2)) we
see that f(0) =0 and

f/(t) = pa(t) - (1 + 2")/(1) .
Hence, thanks to Remark we get that f/(t) < 0 for every ¢t € R, and f'(t) = 0 if and only if t = n7,

for some n € Z. As a consequence we have that f(¢) = 0 if and only if ¢ = 0. Therefore w, o(tx) # 0 for
any k € N and thus 7,0 N 7,1 = 0. The proof of (iii) is complete.

As for (i), if a = — 3 the conclusion follows immediately by Lemma Let then a € (—1,0)U(0, +00)
with a # —%. As a further consequence of the proof of (ii) we have that

o ((++3)) = boa(+2)

Moreover, by means of Lemma 2.7] we can compute

, forany ke N.

Wa,0(kTy) = [1+ 27, — 222 (k7,)] = (-1)*"',  for any k € N,

1+ 2a
where we used that x,(2n7,) =1+ a and x,((2n + 1)7,) = |a| for any n € Z. Thus we infer that

1
Wa,0(kTa)Wa,0 ((k + 2) Ta) <0 forany k € N.

As a consequence, there exists T, € (k‘Ta, (k + %) Ta) such that w, 0(Ts,) = 0 for any k € N.

Finally, let us recall that w, o and v, are two linearly independent solutions to with j = 0 (see
Lemma[2.5). We fix k € N and consider the interval [k7,, (k+1)7,] (whose endpoints are two consecutive
zeros of v, o). Then, by the Sturm separation theorem (see [23]) we infer that the point T, j is indeed the
unique zero of wq ¢ lying in [k7,, (k + 1)7,]. Hence (i) is proved and the proof of the Lemma is complete.
t

Remark 3.2

(i) Ifa € (—1,0)U(0,00) and T > 0 are such that T & Ta o, then the map F(a,T) = (z4(T), 24(T)) is
a diffeomorphism between a neighborhood of (a,T) and F(a,T). This fact can be obtained with the
inverse function theorem, since F' is smooth and its Jacobian is

855(1 aZa

Tr(a,T) = 2(T) 54 (T) — 2 (T) S (T) = ~wao(T)

2o(T)

(ii) Viceversa, if there exists a path a — Ty from (@ — d,a + 9) to (0,00) such that
2o(Ty) = 25(Ta) and  z,(T,) = za(Tz) VYa € (@a—6,a+9), (3.1)
then wa o(Tz) = 0. Indeed, differentiating the identities (3.1) with respect to a, we get that

% Oz, Ty, n 0z,
da da Oa Oa

We observe that x5 (Ts) # 0. Otherwise, Ty = k15 for some k € N. Then, by Lemma T & Tap
and we reach a contradiction thanks to part (i). We can also show that z5(Tz) # 0. Otherwise,
by , it would be z2(Ty;) = va. As a consequence, a > 0 and Ty = 5+ krg for some k € N.
Again, by Lemma Ta & Tao and we reach a contradiction thanks to part (i). Having proved
that 2 (Tz) # 0 and 25(T%) # 0, using (3.2), we obtain two different expressions for e
equating them, we readily deduce the assertion.

z (T,) (To) =0 and 2z,(T.)

(T,)=0 VYac(a—da+d). (3.2

_ and,

a=a
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In order to explain the geometrical meaning of the above sentences, let us denote Xy 1 = Xo([—T,T] xS*)
the bounded section of the Delaunay surface parameterized by X,, whose boundary is given by two coaxial
circles of radius x,(T), lying in the planes z = +2z,(T). Part (i) states that if wao(T) # 0, then there
exists a neighborhood U of (a,T) such that in the class of surfaces ¥, 1 with (a,T) € U, only the surface
EaT has its boundary consisting of the circles defined by x* +y*> = R? and » = +L, with R = x4(T) and
L = 2;3(T). Viceversa, part (ii) states that if there exists a path of surfaces X, 1, with a in a neighborhood
of a, having the same boundary, then Ty has to be a zero of wg 0. Hence, roughly speaking, when T' & T, o,

the surface Xo 1 has a certain rigidity (i.e., nondegeneracy), up to translation in the horizontal plane.

Proof of Theorem|[1.1] Let a € (—1,0) U (0, 00) be fixed. The inclusion
o0
UT
3=0

is trivial. Let us prove the opposite inclusion. Let T' € 7, and let ¢ € C?([-T,T] x S') be a nontrivial
even solution to £, = 0 with (£T,-) = 0 on S!. Since ¢ is periodic with respect to @, we can express

= 0;(t)&(0)

it via Fourier series

JEL
where
ﬁ if j =0 ﬂ
& (0) = # cos(j0) ifj>0 and p;(t) = / (t,0)&;(0)do . (3.3)
Lsin(jo) ifj <0 "

By definition, for every j € Z it holds that ¢; € C*([-T,T)), ¢;(£T) = 0, and ¢;(t) = p,;(—t) for any
€ [-T,T]. Moreover,
Lap =5 Z (5% = 2pa(t))¢; (1)) &(0)
@ jez

thus £, = 0 implies that for any j € Z, ¢; is an even classical solution to

{wzotmm% in (~T,7)
¢ (£T) =0.

We observe that for any j € N, since ¢; and ¢_; satisfy the same equation, we get that ¢p_; = n;¢;,
for some n; € R. Moreover, by linearity, for every j € N it holds ¢; = Ajw, ; for some \; € R, where
Wq,; are the functions defined in Lemma and . Thus, if T & 7,5, since ;(£T) = 0 the only
possibility is that A; = 0, hence we conclude that ¢; = 0. On the other hand, since ¢ is nontrivial there
exists jo € N such that ¢;, # 0, which implies that T" € 7, 4,. As a consequence T, C U;io Ta,j, and we
deduce that 7, = 72 7aj-

To prove (i) — (iv) we begin by observing that, if a € ( ( - } and j > 2 we have that
0.

j2 2( + 27(1) > 2(1 - 27@) >

Therefore, by Corollary (i) we get that 7,; = 0 for any j > 2. Now, (i) — (iv) are immediate
consequences of Lemma
Finally, (v) follows from Corollary (ii), and the proof is complete. O
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As a corollary of Theorem we provide the following characterization of ker(£,) in Xr.
Corollary 3.3 Let a € (—1,0) U (0,00). Then there holds
dim ker (£a|XT) < oo foreveryT >0
ker (£a|XT) = {0} for every T > 0 except for a countable set.
More precisely,

(1) if a € (—1,0), then ker (£a|XT) # 0 if and only if T € Tao. In such case,
ker (Ea}XT) = span{w, o(t)}.

(i1) if a € (0, %(\/g —1)], then ker (Sa’XT) # 0 if and only if T € TaoUTqa1. In such case,

ker (2“|XT) _ {Span{wa’o(t)} T e

span{wg 1(t) cosf,wy 1(t) sinf} if T € Tan

Proof. Let a € (—1,0) U (0,00) and let us define
J,i=max{j €N |2 <2(1+2v,)}.

Using Corollary , (i), we find that 7, ,; = 0 for any j > J,. Thus, by Theorem we have that T,
is a finite union of nonempty sets. Moreover 7, o, 74,1 are discrete sets (see Theorem (1), (#i1)) and,
by Lemma (ii) with ¢ = j2 — 2p, we infer that, if Taj, 7 > 2 is not empty, then it is a discrete set
too. Therefore, 7, is a finite union of discrete sets and it is countable. Hence ker (Qa’ XT) = {0} for any
T > 0 except for a countable set.

Next, let us fix T > 0. If T' & 7,, thanks to the previous discussion we have that ker (EG‘XT) = {0},
and thus it trivially holds that dim ker (Sa‘ XT) < 00. Hence, assume that T € T, and let us set

Wi = {waj (1)&(8), wa,;(1)6—;(0) | § < Ja, T € Taj},

where the functions ¢; are as in (3.3). Notice that, as proved before, WT is a finite set. As shown in the
proof of Theorem [1.1], we have that ¢ € C?([—T,T] x S') is a nontrivial even solution to £,¢ = 0 with
©(£T,-) = 0 on S* if and only if ¢ is a linear combination of the elements in W, that is,

ker (£a|XT) = span WT'|

and thus ker (£,| XT) has finite dimension. Finally, (i), (%) are now immediate consequences of Theorem
(1) — (iv). The proof is complete. O

4 Proof of Theorem [1.2]

In this Section we prove Theorem The proof is split in two parts: in the first one we deal with the
general case (Theorem (1.2 (i)) and, in the second one, we focus on curvatures which depend only on z

(Theorem (ii)).
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4.1 The general case

We fix a € (—1,0) U (0,00) and we consider surfaces of annular type which are normal graphs of a
compact section of an unduloid or a nodoid with vertical axis of revolution. More precisely, fixing 7' > 0
and « € (0,1), we consider parametric surfaces defined by maps X : [-T,T] x R/27Z — R? of the form

X(ta 0) = Xa (ta 0) + pe1 + qez + (,O(t, G)Na(t7 0) )

where X, and N, are defined in (1.3)-2.1), (p,q) € R? and ¢ € C**([-T,T] x R/27Z,R) with ||¢[|c2.a
small enough, so that X is a regular surface, too. Since we perturb with normal variations depending also
on 6, the resulting surface in not necessarily a surface of revolution. Moreover, we impose null boundary
conditions at t = +7T and, since we also assume that the mean curvature function is even with respect to

the vertical axis, we can impose the same condition also on ¢ with respect to t. We aim to find solutions
to problem ((1.5)). The unknown is the triple (p,q,¢) € R x R x C**([-T,T| x R/27Z,R).

It is convenient to introduce the Holder spaces

Xy = {QD S C2’a([*T7 T] X R/27TZ) | QD(j:Ta ) =0, 90(" 0) even V@}
Vr = {p € C™([-T,T] x R/27Z) | p(-,0) even VO} .

Clearly, X1 and Y are Banach spaces, equipped with their standard norms.

Lemma 4.1 Leta € (—1,0) U (0,00) and let T > 0. Then the operator £, defined in (2.1) is a bounded
linear operator from Xr into Yr. Moreover, £, is an isomorphism between X% and y%, where

X%— = {¢€XT ‘ / xzapvdtd(?:()for anyvéker(ﬂa’XT)} )
Rt

y% = {geyT‘ / xigvdthZOfOTanyveker(ﬂa}XT)},
RT

with the agreement that X = Xr and Y = Vr if ker (Sa’XT) = {0}.

Proof. The first statement of the Lemma is obvious. Let us prove that £, is an isomorphism. To this
end, we introduce the Hilbert space X obtained as the completion of X7 with respect to the standard
norm in W?(Rr). Consider the eigenvalue problem

—Au+2qu=>Mu, uecX, (4.1)

where ¢ > 0 is defined as
q:=(1+2v,) —pg € C([-T,T)).
For every u € Xp it holds

s T 2 2 T T
vu2dtd02/ / dt dGZL/ /
/’RT | | —m ( -T 472 -7 -T

Thus by density we get the Poincaré-type inequality

ou

ot

du
ot

2 772
dt | df = — 2dtde .
) 4T2 RT |u‘

2

/ Vul|2dt df > LQ/ lu[2dtd§  for any u € X.
Rt 4T Rt

Thanks to previous discussion and a standard argument, we infer that there exists a strictly positive
sequence of eigenvalues for problem (4.1)).
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Let now g € Yr, and consider the equation
Lau=g, (4.2)
which is equivalent to
—Au + qu = 2(1 4 2y,)u — x2g.

Once again, by a standard argument we get a Fredholm alternative-type result: if 2(1 + 27,) is not an
eigenvalue of (4.1), then there exists a unique solution v € X to (4.2]). Otherwise, if 2(1 + 2v,) is an
eigenvalue, denoting by E the associated eigenspace, (4.2]) admits a solution if and only if

/ z2gvdtdd =0 foranyv € E. (4.3)
Rr

In this case, if u € X is a solution, every other solution is in the form v = @+ v for some v € E. Moreover,
in both cases, by standard regularity theory, we get that u € Xp.

Next we notice that 2(1 + 2v,) is an eigenvalue of if and only if T € T,. If T ¢ T,, then
ker (£a|XT) = {0}, thus Xp = XTL and Yr = y%, hence the proof is complete. On the other hand, if

T € T, then E = ker (£a|XT) and (4.3) is equivalent to g € :))f:. Let @ be a solution to (4.2). It holds
that (see the proof of Corollary [3.3)),

ker (SQ‘XT) = Span{wa,j (t)fj (0)7 Wa,j (t)gfj(e) | J<Jo, T € E,j} )
where ; are as in (3.3), and we check that

T
/ T2w; qwj o€ai(0)€4;(0) = (/ xiwi7awj,adt> 0ij, foranyi,j € N,i < Jy,j<Ja,
Ro -7

where 0;; is the Kronecker delta. Therefore

a2 G wg,gEp dt dO
u(t,0) :=i(t,0) — Jrp Ta iwa e

T
€, ffT 7 (wiep,al?dt
161 Ta

wq, 1o (t)€e(0)

is also a solution to (4.2)), and it is the unique solution belonging to XTL. In conclusion, £, is an invertible
bounded operator between the Banach spaces X7 and Vi and thus it is an isomorphism. The Lemma
is proved. O

We are now in position to prove Theorem (7).

Proof of Theorem[1.4, (i). Fix a € (=1,0)U (0,00), T > 0 with T' ¢ 7, and (p, q) € R2. Set
Fle,p) =M(X, + per + qea + pN,) — H. (X, + per + gea + ©N,), (g,0) € Rx Xp.

By direct computation we see that ¢ — M(X, + pe; + gea + pN,) maps X7 to Yr and it is of class

C'. Moreover, using that H.(z,y,z) is of class C* in R x R? and since (Hz) holds, we find that ¢ +

H.(X,+pei+ges+¢N,) maps X7 to Yr and it is of class C'!. Thus we conclude that F € C*(Rx Xr; Vr).
Since M(X, + pe1 + ge2) = M(X,) = Hy = 1, we have

F(0,0)=0.
In addition, since VHy = 0, using also , we obtain
oF
%(0»0)[5,1/1]:2&% (§7¢)€R><XT.

Thanks to Lemma [4.1] we can apply the Implicit function theorem and conclude that there exist € =
Z(a,T,p,q) and a function & — . € X7 defined for |¢| < € of class C', such that ¢y = 0 and F(e,p.) = 0
for every € € (—,&). This means that ¢, solves (1.5)) and the proof is complete. O
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4.2 The case of mean curvature functions depending just on z

In this Subsection we consider mappings H. of the form

Hf(x7yﬁz):H5(Z> V(.T7y,2) GR?),
where H.: Rx R - R is a mapping in C*(R x R) such that

Ho(z)=1 VzeR

_ — (4.4)
H.(z) =H.(—2) VzeR, VeeR.

We fix a € (—1,0) U (0,00) and we consider surfaces of revolution of annular type which are normal
graphs of X,([~T,T] x S'). More precisely, fixing 7' > 0, we consider parametric surfaces defined by
maps X : [T, T] x St — R3 of the form

X(t,0) = X,(t,0) + o(t)Na(t,0)

where ¢ € C%([-T,T],R) =: C?*[—T,T]. Also in this case we aim to find solutions to the problem (L.5).
Here the unknown is the triple (p,q,¢) € R x R x C%[-T,T).

The fact that we take variations along the normal vector depending just on ¢ guarantees that X (¢, )
yields a parameterization of a surface of revolution. This choice is meaningful because we are studying
a problem of prescribed mean curvature in which the mean curvature function depends just on the z
variable. In this case, the problem simplifies a lot because is reduced to an ODE. Moreover, we impose
null boundary conditions and, since we also assume that the mean curvature function is even, we ask ¢
to satisfy the same symmetry. Hence we introduce the Banach spaces

Xp:={p e C?[-T,T| | p(£T) =0, ¢ even} and Yy :={p e C°[-T,T]| ¢ even}
equipped with their standard norms. We have that:

Lemma 4.2 Let a € (—1,0) U (0,00) and let T'> 0, T & Ta0. Then the operator £, defined in (2.1)) is
an isomorphism of Banach spaces between Xt and Yr.

Proof. Let us fix a € (—1,0) U (0,00) and T > 0 with w, o(T) # 0. By Proposition we have that

1 ~
SagO = ﬁ ((,OH + 2pa<p) V(p € Xr.
Then, we check that £, is a bounded linear operator from )?T into )NJT. By Lemma if p € )?T and
Lo = 0, then ¢ = cywg,o + c2v4,0 for some constants c¢;, co € R. Since ¢ is even, then, c; = 0 and
as o(£T) = 0, we also infer that ¢; = 0. Hence the operator £, has null kernel in Xr. Moreover, for

g € Yr, the function

2 t t
o(t) = %0 {(/ xi G Wa0 ds) Va,0(t) — (/ xigvmo ds) We,0(t)
0 0

1 /T 2 g 2
+ — x5 gWaods | vao(T) + / x5 §Vq,0ds | Wao(T)| wao(t)
Wa,o(T) < 0 ) 0
solves £, = g and belongs to )?T, and the conclusion plainly follows. O

20



Remark 4.3 With a view to studying problems involving the singular limit a — 0, it is important to
estimate the norm of the inverse of the operator L, : jT — /’?T with respect to small |a|. One can show
that

1LY =00 asa—0, (4.5)

if T is larger than the only positive zero Ty of the function wo(t) = —1 + ttanh(t). Indeed, one has that
Wa,0 — wo in CF(R), as a — 0 (see [4, Lemma 4.7], [3, Lemma 2.8]). In particular, wao(To) — 0, as
a — 0. Then, taking g € Y1, such that

To
/0 g(s)(1 — stanh(s))sech (s)?ds # 0,

since vq 0(t) — tanh(t) as a — 0, we have that

va,O(To) To )
wa,o(To)/O x5 () g(s) wa,0(s) ds| = o0

and then (4.5) easily follows. A similar reasoning holds true also for fixzed a € (—1,0) U (0,00) and T
varying in a neighborhood of some T, 1 € Tq0.

Proof of Theorem[1.3, (ii). It suffices to argue as in the proof of Theorem [I.2] (i), taking into account
Lemma O

5 Proof of Theorem 1.3

Proof of Theorem . Let a € (—1,0) U (0,00), (po,q0) € R? and let H. be as in the statement. Here
it is convenient to denote

H.(z,y,2) = H(e,z,y,2).

We prove (7). Let T = T, o, where T, o is as in Theorem u (7). We point out that, by Lemma
(1), Ty, is the first positive zero of w,,o where w, o is defined in Lemma

Assume by contradiction that there exist £ > 0, a C%-function & + (p.,¢.) and a C'-function & —
e € C*([~Tu0,Ta0] x S*), defined for || < &, such that (ps,q:)|._o = (Po;q0), po = 0 and for all
e € (—£,¢&) the triple (pe, ge, <) satisfies

(5.1)

m(Xa + p-€1 + g-e2 + QOENa) = H(&,Xa + pe€1 + g.e2 + SOsNa) in [_Ta,OvTa,O} x St
@E(iTa,07 ) =0.

Since M(X, + peer + geea + peNy) = M( Xy + e Ny), M(X,) = 1 and H(0,z,y,2) = 1, we can write
the equation in (5.1) as

Dﬁ(Xa + QOEN(I) - W(Xa) — Lape + Lape = H(é‘,Xa + p-€1 + g€z + QOENG) - H(O, X+ ‘PsNa)' (5'2)

Clearly, since £,wq,0 = 0, wq,0(£T4,0) = 0, ve(£T4s0,-) = 0 and since ¢ is 2m-periodic with respect to
the variable 6, integrating by parts it follows that

J.

xi Wq,0 Lape dt df = / 1;3 e Lqwq,0dtdd =0.
RTa,O

Ta,O
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Hence, multiplying each side of (5.2)) by 373111(1,0 and integrating on [—T4,0, T4,0] X S! we get that for all
€ € (—¢&,&) it holds

/ 22 w0 (M(Xa + 0eNa) — M(X,) — Laipe) dt db
R

T (5.3)
:/ xz Wa,0 (H(g, Xo + pe€1 + ge€2 + 0 Ny) — H(0, X + ¢ N,)) dt df.
R

Ta,O

As for the left-hand side of (5.3)), we first observe that since ¢ +— . is a C'-mapping and as ¢y = 0,
then it follows that

#elle2 (1~ Tu 0,70 0 x81) < Cilel; (5.4)
for all sufficiently small €, where C; is a positive constant independent of €. Now, since the map ¢ —
IM(Xo+©N,) is well defined and differentiable, as a function from {p € C*([~T4 0, Ta0] XSY) | |l¢llc2 <

8} to CO([—Tu,0,Tu0] x S'), where 6 > 0 is small number depending only on a, then, by definition of £,
and thanks to (5.4) we infer that for all sufficiently small &

|9 (Xa + ‘PsNa) - M(Xa) — SaSOEHCO([—Ta,,o,Ta,o]><Sl) = 0(H‘PsHC2([—T,,,,0,TG,,0]xSl))‘ (5~5)

Hence, combining (5.5)) and (5.4]) we conclude that, as ¢ — 0,

/ 22 w0 (M(Xa + 9. Na) — M(Xa) — La.) dtdh = ofc) . (5.6)
R

Ta,U

We now analyze the right-hand side of ([5.3). We begin observing that since the map € — H(e,-) is
differentiable, then, for any (z,y,z) € R3, ¢ € R we have

OH
H(s,x,y,z) - H(O,x,y,z) = g(faxvyvz)ev

for some & = £(e, z,y, 2) € R such that |[¢] < |e]. From this, and using again that H(0,-) = 1, we readily
infer that

xﬁ Wa,0 (H(e, Xo +pe€1 + g2+ @ Ny) — H(0, Xy + ©-Ng)) dt d

RTa,o

OH
= 8/ 22 Wa,0 —— (& Xo + pe€1 + g€2 + 0. N,) dt db.
RTa,o e

Now, since € — (pe, ¢-) is continuous and using (5.4)), we deduce that
X, + peer + g€z + 9N, — Xo +poe1 +qoez, ase— 0, uniformly on [~T,, T, 0] x S'.

Moreover, since £ = &(e, X, + pe€1 + g-€2 + ¢-N,) is such that |{] < |e], for all € € (—£,&) and
(t,0) € [~Tu0,Tao] x S', then, exploiting the continuity of the map (e, z,y, 2) — %—Ig(s,x,y,z) we infer
that

OH OH
S (&, Xo +peer + g€z + 9 Ny) — s (0, X4 + poer + qoez), ase — 0

uniformly on on [—T4 0, T4.0] X S!. As a consequence we obtain that, as ¢ — 0,

/ x2wa o (H(g, X, + pee1 + g€z + 9 No) — H(0, X, + ¢ N,)) dtdf
R
oo - (5.7)
= 5/ 22 wa 0 —=— (0, X4 + poe1 + qoes) dt df + o(e) .
R Oe

a,0

22



Plugging (5.6)), (5.7) in (5.3]), dividing by € and taking the limit as ¢ — 0 we get

OH,
/ zl Wa,0 —— (Xa + poe1 + qoez) dtdfd =0.
R Oe

Tq,0 e=0

Now, thanks to the assumption , since by construction the function w, has constant sign on
(=T4,0,T4,0), and since z, > 0 on R, the integral on the left hand side is non null. Thus we readily get a
contradiction and the proof of (%) is complete.

The proof of (i%) is the same, with slight adjustments. O

Remark 5.1 A sufficient condition for

Oe

k e=0

0H,
/ 22Wa0 ——(Xa + poe1 + qoes) dtdf # 0
RT{:,,

to hold is that %—g (0, X, + poer + qoez) has the same sign of weo in its first k nodal regions, i.e. if for
all (t,0) € (—Tap Tap) \ {Tu ;Y521 x St it holds

OH
wa,Og (O, X + poe€1 + q092) > 0.

Specularly, the same conclusion holds whenever %—Ig (0, Xo + poe1 + qoez2) has the opposite sign of wqo in
its first k nodal regions.

6 Proof of Theorem [1.4]

In this section we prove Theorem We begin with a preliminary result in which we compute the
partial derivatives of the Melnikov-type function defined in (1.11)).

Lemma 6.1 For any a € (—1,0) U (0,00) and T > 0 it holds M € C*(R?). In particular

oM ~
37])<p’ q) =— /72 22 H(X, + pe; + ges) wy,1 cosdtdf
T
OM ~
8—q(p, q) = —/ 22 H(X, + pei + qes) w,1sinf dtdo .
Rt

If in addition H € C*(R3) then M € C%(R2).

Proof. First we point out that the vector field @, defined in ([1.10)), is such that div Q) = H and Q-e3=0.
Moreover, the Melnikov-type function M satisfies

M(p,q) = Vr,g(Xa + pe1 + qez) , (6.1)

where Vr ¢ is the functional defined in (B.1) (see Appendix B|for further details).
Let us show the formula for 4. Fixing a € (—1,0) U (0, 00) and taking (6.1) into account, we apply

ap ’ . .
Lemma with the curve s — X(s) := X, + (s + p)e1 + ges. Hence, since X =e;, X - X4 A Xy =
2,2 cos = x2 Wa,1 cos 0 and Xy A X = —x, cos(f)es, it follows that
oM

—(p,q) = — / 22 H(X, + pe1 + qes) Wq,1 cos B dt df
op Rr

+ / (Q(X, + pe1 + ges) - e3 x4 cos0)(T,0)do

- / (Q(Xo + pey + gez) - €3 24 cos 6)(~T, ) do .

3
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and, as @) - e3 = 0, we readily get the desired result. Arguing in a similar way, we obtain the expression

for %—Aj. Finally, exploiting the Lebesgue dominated convergence Theorem, we obtain that both partial

derivatives are continuous, and thus M € C1(R?).
If we further assume that H € C!(R?), then by a standard argument involving the derivatives of
parameter-depending integrals we obtain that M € C?(R?), and the proof is complete. g

Proof of Theorem (7). Let e+ (pe,qe), € — e be as in the statement. Arguing exactly as in the
proof of Theorem (), where now we test

m(Xa + pe€1 + g-€2 + QOENa) = H(vaa + pe€1 + g.e2 + W&Na) in [—T, T] x St
we(£T,) =0

with, respectively, 22w, 1 cos# and x2 w, 1 sin @, we obtain
/ xz ﬁI(Xa + poe1 + qoez) wq,1 cosBdtdd =0,
Rt
/ xi ﬁ(Xa + poe1 + qoez) Wq 1 sinfdtdd = 0.
Rt

Then, applying Lemma[6.1] we get

oM oM
8719(170’%) = aiq(poa%) =0.

The proof is complete. O
We now prove Theorem (ii). We begin with a preliminary Lemma.

Lemma 6.2 Let a € (0,3(vV3—1)], T € Ton, let H. € C'(R x R®) satisfy (Hy), (Hz), (Hs), and fiz
>\is

’ 2
R > 0. Then there exist £ = &(a,T, R) and mappings (€,0,q) — Qepq € Xr, (€,0,9) = Xi(p,q) € R

(i =1,2), defined for |e| < & and (p,q) € Br, of class C*, such that po 4 =0, Xio(p,q) =0 (i =1,2),
and for every € € (—&,&) it holds

mt(Xa + pei + gez + Qos,p,qNa) - HE(XG +pe1 + gez + SDE,p,qNa)
= Ae(pyQwa,1 0080 + Az (P, @)wa,1 806

Proof. Let a, T, H. and R be as in the statement. Let (p,q) € Br be fixed. For simplicity, we set
Up,q = Xq+per +qey.
Let us consider the map F = (Fi,F2) : R x R? x Xp x Rx R — C%*([-T,T] x S') x R x R, defined by
Fi(e,p,q;0, A1, A2) == MUy g + ©Na) — H-(Up,g + ©Ng) — Mwg,1 cos0 — Aaw, 1 8in 6,

Falp) := (/R T2 Qw,,q cosdtdl, - T2 O wa sin9dtd9) .

We aim to apply the implicit function theorem to F. To this end, we first we point out that, as in the
proof of Theorem (1), we see that

FeC'RxR?*x Xp xRxR;Yr xR xR).
Moreover, since M(Up, 4) = M(X,) = 1, we have

F(0,p,q;0,0,0) = (M(X,) — Hy,0,0) = (0,0,0).
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Next, by direct computation, arguing as in the proof of Theorem [1.2} (i), and taking into account
that VHy = 0, we check that

__9F
8(807 A17 )‘2)

where & : Xr X R X R = Yr x R x R is the map given by

(Oap,%O,O;O)W,Hl,MQ] = 6(7/}’:“13/1’2) ) Vw € XT&,U'M,U'Q € Ra

&, 1, o) = (Qa¢ — [11Wq,1 COS O — tow, 18I0 0, a:Z Y wge 1 cosdtdd, a:Z Y wge 1 sinf dt d9> .
Rr RT
We claim that & is invertible.
To prove the claim, we first recall that, since a € (O, %(\/3 — 1)] and T € 7,.1, by Corollary and
Lemma [T we have that
ker (Ea |XT) = span{wg,1 cosf, we1sinb},

and that £,: X7 — Vi is an isomorphism, where

XTL = {(pe Xr ‘ / xitpwa)lcosﬁdtdez/ acigowml sin@dtd@zO} ,
RT RT

y% = {g € Vr ‘ / xigwaylcosﬁdtdﬁz/ xﬁgwml sin9dtd9=0} .
RT RT

Let us begin by showing that & is injective. Assume that there exists (¢, 1, u2) € Xr X R x R such
that & (1, p1, p2) = 0, that is

S,ﬂ/) = H1Wgq,1 COS 0 + H2Waq,1 sin 0 s (62)

/ miwwa’lcosedtdﬁzo, / xiqua,lsinedtdﬁzo. (6.3)
RT 7zT

In particular, implies that ¢ € XT{ and thus we have that £,9 € JJ%. Then, in view of (6.2), we
deduce that u; = us = 0. As a consequence, £, = 0 and Y € ker (Ea’XT). Hence, since 1) € X7, we
conclude that ¢» = 0 and & is injective.

Let us prove the surjectivity of &. Let us fix (g,v1,12) € Yr x R x R. We want to solve

(Y, 1, p2) = (g, v1,v2) -
First of all, we take 1, uo as

= fRT 22 gwg 1 cos O dt df = fRT 22 gwe,1 sin @ dt df
T 2 [war [P cos O dtdd T, 2 [war 7] sim O dt dB

Thanks to this choice, and using that fRT 22 |wg,1|? cos 6 sin 0 dt df = 0, we have
G =g+ p1Wa,1 €080 + fixwy 1 sin b € Vi .
Thus, by Lemma there exists a unique 1; € X%- such that Sazz = §. Then, defining
P 1= V1Wq,1 €08 0 + vowg 1 8in 0 + 1/3 ,
we see that (1, i1, o) is the solution to & (v, u1,u2) = (g,v1,v2). Hence & is also surjective, hence a

bijection.
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Applying the implicit function theorem to F, for any fixed (p,q) € Bg, and thanks to a standard
compactness argument, we infer that there exist &£ = (a, T, R) > 0 and uniquely determined C! functions

(—&,8) Xx Bp = Xr (—=&,) x BR = R (—=£,6) x Bg = R
Ar: Ag
(5,]3, q) = @E,p,q (5,]77 q) — )\1,5(?, Q) (eapa Q) = )\2,5(]37 Q)

such that for all (p,q) € Bg, € € (—£,8)
Copg =0,  Arop,@) =0,  Ao(pg) =0,  F(&p, ¢ ¢epg Ae(p, ), A2e(p,q) =0. (6.4)
In particular, implies that
M(Up.q + Pep.qNa) — He(Up.g + Ve p.gNa) = M (D, Q)wa,1 €080 4+ A2 o (p, 1)wg, 1806,

and the Lemma is proved. O

Proof of Theorem (i). Let a, (po,q0), T and H. be as in the statement. Let us fix R > 0 such
that (po,qo) € Br. Let &€ > 0 and A\i ¢, Ao, @epq be the mappings given by Lemma Once again,
for simplicity we denote U, ; = X, + pe; + gea.

By Lemma [6.2] it holds

EIn(Up,q + @a,p,qNa) - Ha(Up,q + ‘Ps,p,qNa) = /\1,5 (pa Q)wa,l cos 0 + /\2,5 (pa Q)wa,l sinf . (6-5)

Testing (6.5)), respectively, with 22w, 1 cosf and z2w, 1 sinf we obtain
CoMe(p,q) = / xi(m(Upyq + e pgNa) — He(Up g + @ep.qNa))wa1 cos 8 dt df,
Rt

Corac(p,q) = / zi(fm(Up,q + Ve pgNa) — Ho(Up g + @ p.gNao))Wa,18in 6 dt d
Rt

where Cpy = WfipT |w,1]? dt.

Let us now define F : [-£,2] x Br — R? as

‘F(sypv Q) = (6710(])\1,6(1)7 Q)aé‘ilOOAZ,E(pa q)) .

Our aim is to apply the implicit function theorem to F in (0, pg, qo)-
First of all, we notice that, by construction, it holds that F € C'([-£,2] \ {0} x Bg). Moreover,
arguing as in the proof of Theorem and Theorem [1.4] (7), we find that, for ¢ sufficiently small,

OM OM
Fle,p,q) = (ap(p, q), 87(](197 q)) +R.(e,p,9),

where R, : [-,2] x Bg — R? is of class C” and such that

sup Ri(e,p,q) >0 ase—0.
(p,9)EBR

Therefore F € CY([—%,2] x Bgr) and, since (po, qo) is a critical point of M, it holds

]:(07190,%) =0.
Let us compute ‘96“; L (g, p,q), where F is the first component of F. By definition we have
0F1 1 0
s Py = Coz=A e\P,q) - 6.6
ap &P @) =& Cogihic(pa) (6.6)
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Next, arguing again as in the proof of Theorem and Theorem (i), we find
CoAe1(p,q) = / 2(M(Xa + e pgNa) — 1w 1 cos 6 dt df
RT

- ~ oM
— 5/ xi(H(Upyq + Qe p.gNo) — H(Up,q))wq,1 cos @ dt do + sa—p(p, q).
Rt

Co=—M:(p,q) = / x? (aaﬂﬁ(Xa + Lpa,p,qNa)> Wg,1 cos 0 dt df
R (6.7)

5 0 = ~ 0?M
—€ - Lo (He(Up,g + epgNa) = He(Up,q) ) wa,1 cos 0 di df + 5872)2(177 q)-

Now, since H € C?(R3), by the mean value theorem we get

o - B
pr(HE(Up’q + @e p.gNa) — He(Up,q))

) oH
Peipa + vi(Xa + pe1 + ges + f@s,p,qNa) : NaSDs,p,q ,

= Vﬁ(Upyq + ‘Ps,p,qNa) * Na Bp o

for some £ € [0,1]. Thus

dp
H <C <H57P7q + e p.q CZ(RT)>
o) P lexmn)

where the constant C' > 0 is independent of (p, ¢) and . Moreover, since the map

(ﬁE(Up’q + @ep.gNa) — f[e(Up,q))

SIS

¢ :(e,p,q) € [-5,E] X BR+ ¢ pq € C**(Rr)
is of class C' and (g 4 is the null function for every (p,q) € Br, we have that

sup ||90£, , || 2 < C|5|7 (68)
(p,9)€BR PAICHRT)

where C' > 0 independent of ¢, and

0Pe p.q

dp

sup
(p,9)EBR

—0, ase—0. (6.9)
C*(Rr)

Therefore

sup (ﬁs(Up,q + @e,pgNa) — ﬁe(Up,q))

(p,9)EBR

—0, ase—0. (6.10)
CO(Rr)

0
op
Now, setting

SRl(‘ﬂa,p,q) = W(Xa + QOE,p,qNa) — 1= LaPepyqs

we have

0 dp 0
—M( KXo+ PepgNa) = LoD 1 R, (0epg) - 6.11
ap (Xa + Pepq )=2£ ap + ap (¢epq) ( )

Since ¢ p 4 € Xr for any e, p, ¢, then awgiz’f‘q(j:T, -) = 0 on S'. Therefore, integrating by parts we find

/ 228, (a%m) Wa.1 €080 dt df = / 2299200 0 (4 cos0) dtdd =0, (6.12)
Ry Ip Rr dp
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where we used that wg, 1 cosf € ker (£“|XT)' Hence, from (6.11)) and (6.12)) we obtain

/ xz <aim(Xa + ¢57p7qNa)) Wq,1 cos O dt df = / azzziﬁz(cpsvpvq)wa,l cos 8 dtdo . (6.13)
Ry dp Ry Op

A careful analysis of [3| Proposition B.1, B.2] shows that %, can be expressed, via Taylor expansion,
as a linear combination of monomials of degree greater of equal than two with respect to ¢, , , and its
derivatives with respect to ¢, up to the second order, having as coefficients smooth functions in [T, T
independent of €, p, q. Therefore, differentiating with respect to p we infer that

G, e
N e e T Y
Hap o CO(Rr) I Ne2re) SRR
where the constant C' > 0 is independent of ¢, p, . Then, using and we deduce that
0
et sup || 5 Ra(@ep) -0, ase—0. (6.14)
(pa)eBr || OP CO(R7)
Putting together 7 and ((6.10)—(6.14]), we find

0F 0*°M
Tp(ap, q) = sz(p, q) +R;5(e,p,9),

where 5 is a continuous function such that

sup R;(e,p,9) >0, ase—0.
(p,9)EBR

Using the same argument we can compute the whole Jacobian matrix of F, obtaining that

Jw.aF(€:p,q) = D*M(p,q) + R(e,p,q),

where D? denotes the Hessian matrix, and the matrix S8 = (R;;) is such that

sup R (e, p,q) =0 ase—0.
(p,a)EBR

From this we conclude that F € C!([—¢,¢] x Bg) and

J(p,q)]:(oap()a QO) = DzM(p()? qO) .

In fact, since (po, qo) is a nondegenerate critical point of M, then J, ;) F(0,po, qo) is invertible.
Applying the implicit function theorem to F, we get that there exist 0 < g9 < & and uniquely
determined C' functions

(—€0,€0) = Br . (—€0,€0) = Br

£ Pe, e qe
such that

p(0) =po, q(0)=qo, F(e,pe,q:) =0 for any e € (—eg,&0) -
In particular, by definition of F, it holds that
Ae1(Pes Ge) = Ae2(pe,qe) =0 for any [e] < &0,
and by (6.5)) we conclude that
M Up.q. + PepergeNa) = He(Up. q. + Pep..q.Na)  for any [e] < eo.

Finally, setting . := @ep..q., we have that the triple (pe, ¢c, ¢:) solves (L.5)) and Theorem [1.4] (i7) is
proved. O
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Appendix A: Jacobi elliptic functions

In this section we present some definitions and results regarding the Jacobi elliptic functions. For more
details, we refer to [I, Chapters 15,16].

The incomplete elliptic integrals of the first and second kind of parameter m are defined, respectively,
as

S 1 S
(s|m) :z/ ——df (slm) ::/ V1 —msin®6df, seR,me0,1). (A1)
0 V/1—msin®6 0

The Jacobi Amplitude function of parameter m, denoted by am(s|m), is defined as the inverse function
of F with respect to s, namely

s = F(am(s|m)|m), seR, me[0,1). (A.2)

The Delta Amplitude function of parameter m is defined as

dn(s|m) := %am(shn) , seR, mel0,1).

For convenience, we also recall the following alternative representation

dn(s|m) = \/1 — msin®(am(s|m)), seR, me|[0,1). (A.3)
Finally, the complete elliptic integrals of the first and second kind are defined, respectively, as
0 i
K(m) ::F(§‘m) E(m) ::E(g‘m) , m € [0,1).
Here we list some known properties of the Jacobi elliptic functions, see also [8, 22.13, 22.16].

m(0fm) =0, am(K(m)jm) = 7.

agdn(s\m) = —msin(am(s|m)) cos(am(s|m)) . (A.5)

/ dn(r|m)? E(am(s|m)|m), (A.6)

/S dr 1 Jodn(s|m)
o dn(tm)2  1-m '

E(am(s[m)[m) + 89
dn(s|m)
Notice that from (A.4), (A.5) and (A.7) it follows that

K(m) 9, Km) qr _ E(m)
/0 dn(r|m)*dr = E(m), /0 an = . (A.8)

n(rjm)2  1-—-m

In the next Lemma we compute the derivative of the Delta amplitude function with respect to m.

Lemma A.1 For any s € R, m € [0,1), it holds

%dn(slm) - o [dn(s|m) R dn(lm]

9 dn(s|m) o 5zdn(s|m)
9s — n(r|m .
M [S< A~ T '>]

29




Proof. Differentiating (A.1]) with respect to m and exploiting the following relations

2
0 1 1
S Wmsmm],

1 —msin?6 m 1—msin6 (A.10)
1 B \/1—msin29_ m 9 sin 6 cos 0
(1—msin20)3/2_ 1—m 1—mof 1— msin20 /)’
we get that
0 1 sin(s) cos(s) E(s|m)

(1 —m)y/1 — msin?(s)

Next, from (&.2), (A5), (A6) and (A11) we find

dn(s|m) Zdn(s|m)
T m)dn(slm) 1=m / dn(7|m)?d ] . (A.12)

2m
Finally, differentiating (A.3)) with respect to m and using (A.5)) we obtain

0 ~ sin®(am(s|m)) Ldn(sjm)
a—m[dn(s|m)]—— 2dn(s|m) ddn(5|m) am”

Combining (A.10), (A.12) and (A.13]) we deduce (A.9). The Lemma is proved. O

—am(slm) =

om

m(s|m) . (A.13)

Appendix B: Volume functional

Let St be the class of maps X = X (t,0): [-T,T] x R/27Z — R? of class C?, 2n-periodic with respect
to 0, with
Xe(t,0) AN Xg(t,0) #0 V(t,0) € [-T,T] xR
and such that X - e; and X - es are even with respect to t, whereas X - e3 is odd with respect to t.
We observe that for every a € (—1,0) U (0,00) the mapping X,|—r rxr belongs to Sy. Moreover,
when ¢ = ¢(t,0): [-T,T] x R/2nZ — R? is a function of class C2, 2r-periodic with respect to 6, even
with respect to ¢, and with [¢[/co(r,) small enough, then X, + N, € St, as it follows by definition and

by .

Let H: R® — R be a continuous function and let Q: R* — R3 be any vector field of class C’ ! and such
that div@Q = H in R®. We point out that such a vector field Q always exists (see for instance (1.10))) but,
in general, it is not uniquely determined. For any choice of @) we set

Vro(X)= [ Q(X)-X,AXgdtdd VX € Sr. (B.1)
RT

Remark B.1 We observe that when X = X, with a € (—1,0), the mapping X, is a parameterization of
an unduloid whose axis of revolution is the z-axis. Let

Ou1 = {(pra(t) cos b, pr,(t)sinb, z,(t)) € R® | p€ [0,1], |t| < T,0 € [-7, 7]}

be the region of R enclosed by the unduloid and the horizontal planes z = +2,(T). Then the H-weighted
volume of Oq 1 is given by

V01H<@ ) = —VTQ / Q3 do — / Q3 do (BQ)
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where ZiT = {(2,y,2) € R® | 2% +y? < 22(T), 2 = 2,(&T)}. Indeed, by the divergence theorem we
have

volg (©g,1) :/ H(z,y,z)dxdydz = / Q- -vdo
ea,T 8®a,T

where Q : R® — R? is any vector field such that divQ = H in R® and v is the outer normal to 00, 1.
Notice that 00,1 = X417 U Z;T UX, s where X, 7 = Xo(Rr). In addition v = —N, on X, v whereas
v = tes on EiT, Hence

Vol (Our) = — [ Q(Xa) - Nal(Xa)i A (Xa)ol dt cze+/+ Qsdo— [ Qsdo
Rr Ea,T E;,T

and (B.2) follows from (B.1) and from the definition of N,.

Fixing X € Sp, we call a variation of X a curve s — X(s) € St of class C? defined in an open

interval (—so, so) C R and such that X (0) = X. For convenience, we set X := 8);&5)

, and we observe

s=0

that X shares the same symmetries of X.

Lemma B.2 Let X € Sy and let s — X (s) € St be a variation of X. Then

0

50 Vro(X))| = H(X)X - X, A Xpdtdo

s=0 RT

- /w[(Q(X) - Xo AX)(T,0) — (Q(X) - Xo A X)(~T.0)] db.

—T

Proof. By direct computation we have that

0

o Vra(X(s))

:/ [JQ(X)X] - X, A Xgdt df
s=0 RT

+ [ QX) X;AXgdtdd+ | Q(X)- X, AXpdtdd,
RT RT

where JQ is the Jacobian matrix of Q. Then, applying the algebraic identity
(Ma)-bAc+a-(Mb)Ac+a-bA(Mc)=(trM)a-bAc, Va,b,ccR® VM ecR*>*?

witha= X, b= X;,¢c = Xy, M = JQ(X), we obtain

0 . .
s Vro(X(s))] = H(X)X - X; AN Xgdtdd — X [Xe AMQ(X))o + (Q(X))e A Xog] dtdb
s s=0 Rt Rt
+ [ Qx)- [XMXHXMXG} dtdo.
Rt
To conclude it is sufficient to use the identity
™ t=T
Y-[XtAZg—thAXg]dth:/ Z-[Yy A Xg + Xy A Y —/ [Z-X,,AY] A9 (B3)
Rt Rt —T t=—

with ¥ = X and Z = Q(X). It remains to prove (B.3). For this, integrating by parts we have

Y~[Xt/\Zg+Zt/\X9}dtd0=/

Z9~Y/\Xtdtd9+/ Zy - Xg NY dt df
Rr

RT RT

T O=m
:/ [Z-YAXt] dt—/ Z Yy ANX,+Y A Xy) dt df
T b=—m Ry

. t=T
+/ [Z-Xg/\YL A0 — | Z-[XgAY +XpAY)dtdo.
_ o

—T
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Then, since X, Y and Z are 2r-periodic with respect to 6, it follows that [Z-Y A X,] Zz:r =0 and (B.3)
readily follows. The proof of the Lemma is complete. O
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