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NOTES ON OVERDETERMINED SINGULAR PROBLEMS

FRANCESCO ESPOSITO*, BERARDINO SCIUNZI* AND NICOLA SOAVE+

Abstract. We obtain some rigidity results for overdetermined boundary value problems
for singular solutions in bounded domains.

1. Introduction

The aim of this paper is to study qualitative properties of singular solutions to the following
overdetermined problem

(O)



















−∆u = f(u) in Ω \ {0}

u > 0 in Ω \ {0}

u = 0 on ∂Ω

∂νu = α < 0 on ∂Ω,

where Ω is a bounded smooth domain of Rn with n ≥ 2 (in particular we assume that
∂Ω is of class C2), α is a negative constant, ν is the outward normal at any point of ∂Ω,
and f ∈ Liploc(R+). Moreover, here throughout the paper we assume that 0 ∈ Ω since, by
translation invariance, this actually cover the case where the solution has a generic single
singular point.

This kind of elliptic problems go back to the celebrated paper of J. Serrin [9], where the
author started to study elliptic equations under overdetermined boundary conditions. It is
well known that if u has a removable singularity in 0, i.e. u is a solution in the whole Ω,
then Ω is a ball and u is radial around the origin (u(x) = (R2−|x|2)/n, where R > 0 is the
radius of the ball), see [9] for more details. Serrin’s result was also obtained by Weinberger
in [11] in a simpler way, but Weinberger’s approach is less flexible and works with a smaller
class of problems.

The technique that we use in this paper is a refinement of the moving plane method in-
troduced by Serrin in the context of PDEs in [9]. This technique goes back to the seminal
paper of A. D. Alexandrov [4] in his study of mean curvature surfaces. In particular, in-
spired by previous results in [6, 8], we are able to treat the case of singular solutions in
punctured domains also in the case of overdetermined problems.
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The literature on the study of monotonicity, symmetry and rigidity properties of classical
solutions of elliptic problems via the moving planes method increased exponentially after the
celebrated paper by B. Gidas, W. M. Ni and L. Nirenberg [7], where the authors considered
semilinear Dirichlet problems in bounded domains.

For singular problems much less is known. The first contribution in this direction, regarding
solutions with finite energy, can be probably ascribed to S. Terracini in [10], who considered
a problem with a singular potential at a point, posed in the whole space Rn. The technique
was then adapted in [5] to deal with the Dirichlet problems with a point-wise singularity.
More recently, the cases of a smooth (n − 2)-dimensional singular set, and of a singular
set with zero capacity, have been considered in [8] and [6], respectively, without energy
assumptions on the solutions, namely considering non removable singularities. As far as
overdetermined problems with singularities is concerned, we refer the reader to [3], where
the authors considered problems of type











div(a(|∇u|)∇u) = 0 in Ω \ {0}

u = 0 on ∂Ω

∂νu = α on ∂Ω;

and to [1, 2], where the authors considered an overdetermined problem for the Green’s
function in the plane. In particular, up to now, there was no result for equations with
a rather general locally Lipschitz right-hand side, or with f ≡ 1, which is the natural
counterpart of Serrin’s problem. In this paper, by combining the original Serrin’s argument
[9] and the recent approach developed in [6], we provide such results in Theorem 1.1 and
Corollary 1.2 below.

Theorem 1.1. Let Ω ⊂ R
n be a bounded domain of class C2 with n ≥ 2. Let u ∈ C2(Ω\{0})

be a solution to (O) with a non-removable singularity at 01. Then, Ω is a ball centered at
the origin, and u is radially symmetric and decreasing.

As a consequence we deduce also the complete classification for the torsion problem:

Corollary 1.2. Let Ω ⊂ R
n be a bounded domain of class C2 with n ≥ 2. Let u ∈ C2(Ω\{0})

be a solution to (O) with a non-removable singularity at 0 and f ≡ 1. Then, Ω = BR(0)
for some R > 0, and

u = uR + uF ,

where uR(x) = (R2 − |x|2)/n is the unique radial solution to
{

−∆uR = 1 in Ω

uR = 0 on ∂Ω,

and uF is a fundamental solution given by

uF (x) = uF (|x|) :=







Ĉ

(

1

|x|n−2
−

1

Rn−2

)

if n ≥ 3,

−Ĉ(ln |x| − lnR) if n ≥ 3,

for some positive constant Ĉ depending on the boundary data.

1Here we mean that the solution u does not admit a smooth extension all over the domain Ω. Namely
it is not possible to find ũ ∈ H1(Ω) with u ≡ ũ in Ω.
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2. Notations and preliminary results

The aim of this section, is to recall some notations typical of the moving plane technique.
Since our problem (O) is invariant up to isometries, we fix the direction η = e1 and for any
real number λ we set

Ωλ = {x ∈ Ω : x1 < λ}

xλ = Rλ(x) = (2λ− x1, x2, . . . , xn)

which is the reflection through the hyperplane Tλ := {x1 = λ}. Moreover, we set

a = inf
x∈Ω

x1

Ω′
λ = Rλ(Ωλ)

0λ = (2λ, 0, . . . , 0)

γλ = ∂Ω′
λ ∩ {x1 > λ}.

Now, we observe as in [9] that the following fact holds:

Since Ω is of class C2, if λ ∈ (a, a+δ) (for δ > 0 sufficiently small), then Ω′
λ ⊂ Ω. Moreover,

the outward normal ν ′λ on γλ is such that 〈ν ′λ, e1〉 > 0, and 0 6∈ Ωλ.

These conditions remain true as λ < 0 increases, until λ reaches a value λ̄ for which one of
the following situations occur:

(i) Ω
′

λ̄ becomes internally tangent to ∂Ω at some point P 6∈ Tλ̄, and λ̄ < 0;
(ii) it happens that 〈ν ′

λ̄
, e1〉 = 0 at some point Q of γλ̄∩Tλ̄ with λ̄ < 0. This fact means

that Tλ̄ is orthogonal to ∂Ω at Q;
(iii) λ̄ = 0.

Recalling that our problems is invariant up to rotations and reflections, we will exploit the
fact that uλ(x) := u(xλ) is a solution to

(Oλ)



















−∆uλ = f(uλ) in Rλ(Ω) \ {0λ}

uλ > 0 in Rλ(Ω) \ {0λ}

uλ = 0 on ∂Rλ(Ω)

∂νλuλ = α < 0 on ∂Rλ(Ω),

where νλ is the outward normal at each point of ∂Rλ(Ω). Notice in particular that

(2.1)

∫

Ω

〈∇u,∇ϕ〉 dx =

∫

Ω

f(u) · ϕ dx, ∀ϕ ∈ C1
c (Ω \ {0}),

and

(2.2)

∫

Rλ(Ω)

〈∇uλ,∇ϕ〉 dx =

∫

Rλ(Ω)

f(uλ) · ϕ dx, ∀ϕ ∈ C1
c (Rλ(Ω) \ {0λ}).

Finally, for any a < λ < 0, we define

wλ := uλ − u,

which is well defined in Ω ∩Rλ(Ω). In particular, for every a < λ < λ̄, it is well defined in
Ωλ (the fact that Ω′

λ ⊂ Ω is equivalent to the fact that Ωλ ⊂ Rλ(Ω))

Now, it is well known that Cap2
Rn

({0}) = 0, and Cap2
Rn

({0λ}) = 0. Using the approach in [6],

thanks to the definition of 2-capacity, for any open neighborhood Bλ
ǫ of {0, 0λ}, chosen in
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such a way that {Bλ
ǫ } is increasing in ε > 0, and the diameter of any connected component

of Bλ
ǫ is proportional to ε, we can construct a cutoff function ψλ,ε ∈ C0,1(Rn, [0, 1]) such

that

(2.3)



















ψλ,ε = 0 in Bλ
δ ,

ψλ,ε = 1 in (Ω ∪ Ω′
λ) \ B

λ
ε ,

∫

Bλ
ǫ

|∇ψλ,ε|
2dx < ε,

for some neighborhood Bλ
δ ⊂ Bλ

ε of {0, 0λ}. Having in mind this construction, we recall two
technical lemmas whose proof is contained in [6].

Lemma 2.1 (Lemma 3.1, [6]). Let λ ∈ (a, λ̄) such that 0λ ∈ Ωλ, and consider the function

ϕλ,ε :=

{

w−
λ ψ

2
λ,ε in Ωλ,

0 in R
n \ Ωλ,

where ψλ,ε is the cutoff function introduced in (2.3). Then, ϕλ,ε ∈ H1
0 (Ωλ), and a.e. on

Ω ∩Rλ(Ω),

(2.4) ∇ϕλ,ε = ψ2
λ,ε(∇wλ1supp(w−

λ
)∩supp(ϕλ,ε)

) + 2(w−
λ 1supp(ϕλ,ε))ψλ,ε∇ψλ,ε.

Lemma 2.2 (Lemma 3.2, [6]). Under the assumptions of Theorem 1.1, let λ ∈ (a, λ̄). Then
w−

λ ∈ H1
0 (Ωλ) and

∫

Ωλ

|∇w−
λ |

2 dx ≤ c(f, |Ω|, ‖u‖L∞(Ωλ)),

where |Ω| denotes the n-dimensional Lebesgue measure of Ω.

Finally, we end this section recalling the celebrated corner’s lemma of J. Serrin stated and
proved in his famous paper [9].

Lemma 2.3 (Lemma 1, [9]). Let D∗ be a domain with C2 boundary and let T be a hyperplane
containing the normal to ∂D∗ at some point Q. Let D then denote the portion of D∗ lying
on some particular side of T .

Suppose that w is of class C2 in the closure of D and satisfies










∆w ≤ 0 in D

w ≥ 0 in D

w(Q) = 0.

Let ν be any direction at Q which enters D non-tangentially. Then

either
∂w

∂µ
(Q) > 0, or

∂2w

∂µ2
(Q) > 0,

unless w ≡ 0.

3. Proof of symmetry and classification results

The aim of this section is to prove Theorem 1.1 via a fine version of the moving plane
method.



NOTES ON OVERDETERMINED SINGULAR PROBLEMS 5

Proof of Theorem 1.1. First of all we recall that, since Ω is of class C2, then for λ > a
sufficiently close to a, we have that Ω′

λ ⊂ Ω and that the outward normal ν ′λ to γλ is such
that 〈ν ′λ, e1〉 > 0. Moreover, in this setting, 0 6∈ Ωλ. Hence, we can define the set

(3.1) Λ := {a < λ < λ̄ : wτ > 0 in Ωτ \ {0τ} for all τ ∈ (a, λ]}

and to start with the moving plane procedure, we have to prove that:

Step 1: Λ 6= ∅. Fix a σ̄ > 0 sufficiently small, such that 0λ 6∈ Ω for any a < λ < a + σ,
with σ ∈ (0, σ̄). For any λ in this range we have that both u and uλ are regular in Ωλ, and

{

−∆wλ + cλ(x)wλ = 0 in Ωλ

wλ ≥ 0 on ∂Ωλ,

where

cλ(x) :=







−
f(uλ(x))− f(u(x))

uλ(x)− u(x)
if u(x) 6= uλ(x)

0 if u(x) = uλ(x),

and cλ ∈ L∞(Ωλ) as f ∈ Liploc(R). Actually, we can say even more: there exists C(σ̄) > 0
such that

‖cλ‖L∞(Ωλ) ≤ C, for any λ ∈ (a, a+ σ̄).

Hence, up to fix σ̄ smaller, we are able to apply the weak comparison principle in small
domains in order to deduce that

wλ ≥ 0 in Ωλ

for any λ ∈ (a, a + σ̄). We point out that the same monotonicity result can be achieved
applying the Hopf boundary lemma to wλ in a tubular neighborhood I of ∂Ω intersected
with Ωλ. Moreover, since wλ > 0 in ∂Ωλ ∩ {x1 < λ}, by the strong maximum principle we
deduce that

wλ > 0 in Ωλ

for any λ ∈ (a, a+ σ̄). The last one immediately implies that Λ 6= ∅.

Since it is not empty, by its own definition (3.1) it follows that Λ is an interval, and we can
define

λ∗ := supΛ ∈ (a, λ̄].

Step 2: we claim that λ∗ = λ̄.

Let us assume by contradiction that λ∗ < λ̄. This fact obviously implies that λ∗ < 0. We
claim that there exists σ̄ > 0 such that u ≤ uλ∗+σ in Ωλ∗+σ \ {0λ∗+ν} for any 0 < σ < σ̄.
By continuity we know that wλ∗ ≥ 0 in Ωλ∗ \ {0λ∗}; by the strong maximum principle
we immediately get that wλ∗ > 0 in Ωλ∗ \ {0λ∗}. Let us consider any compact set K ⊂
Ωλ∗ \ {0λ∗}, to be properly chosen later; thanks to the uniform continuity, we can find
σ̄ = σ̄(K, λ∗) > 0 sufficiently small such that K ⊂ Ωλ∗+σ \ {0λ∗+σ}, and wλ∗+σ > 0 in K for
any 0 < σ < σ̄.

Let us consider the cutoff function given by Lemma 2.1,

ϕλ∗+σ,ε :=

{

w−
λ∗+σψ

2
λ∗+σ,ε in Ωλ∗+σ,

0 in R
n \ Ωλ∗+σ.
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We can plug ϕλ∗+σ,ε as test function in (2.1) and (2.2) so that, by subtracting, we get
∫

Ωλ∗+σ

〈∇wλ∗+σ,∇ϕλ∗+σ,ε〉 dx =

∫

Ωλ∗+σ

[f(uλ∗+σ)− f(u)] · ϕλ∗+σ,ε dx.

By (2.4), we obtain
∫

Ωλ∗+σ

|∇w−
λ∗+σ|

2ψ2
λ∗+σ,ε dx ≤ 2

∫

Ωλ∗+σ

w−
λ∗+σψλ∗+σ,ε|∇w

−
λ∗+σ||∇ψλ∗+σ,ε| dx

+

∫

Ωλ∗+σ

|f(uλ∗+σ)− f(u)|w−
λ∗+σψ

2
λ∗+σ,ε dx.

By using on the right hand side the weighted Young’s inequality, we deduce that
∫

Ωλ∗+σ

|∇w−
λ∗+σ|

2ψ2
λ∗+σ,ε dx

≤ 8

∫

Ωλ∗+σ

|∇ψλ∗+σ,ε|
2(w−

λ∗+σ)
2 dx+ 2Lf

∫

Ωλ∗+σ

(w−
λ∗+σ)

2ψ2
λ∗+σ,ε dx,

where Lf is the Lipschitz constant of f .

Now, we recall that wλ∗+σ > 0 in K (which means w−
λ∗+σ = 0 in K), hence the last inequality

becomes
∫

Ωλ∗+σ\K

|∇w−
λ∗+σ|

2ψ2
λ∗+σ,ε dx

≤ 8

∫

Ωλ∗+σ\K

|∇ψλ∗+σ,ε|
2(w−

λ∗+σ)
2 dx+ 2Lf

∫

Ωλ∗+σ\K

(w−
λ∗+σ)

2ψ2
λ∗+σ,ε dx.

By definition of ψε, see (2.3), and the fact that 0 ≤ uλ∗+ν ≤ u in Ωλ∗+σ ∩ supp(w−
λ∗+σ), this

gives
∫

Ωλ∗+σ\K

|∇w−
λ∗+σ|

2ψ2
λ∗+σ,ε dx ≤ 8‖u‖2L∞(Ωλ∗+σ)

ε+ 2Lf

∫

Ωλ∗+σ\K

(w−
λ∗+σ)

2ψ2
λ∗+σ,ε dx ;

Hence, thanks to Fatou’s lemma, we can pass to the limit as ε → 0+ in order to deduce
that

∫

Ωλ∗+σ\K

|∇w−
λ∗+σ|

2 dx ≤ 2Lf

∫

Ωλ∗+σ\K

(w−
λ∗+σ)

2 dx.

Finally, the Poincaré’s inequality on the right hand side gives
∫

Ωλ∗+σ\K

|∇w−
λ∗+σ|

2 dx ≤ 2LfC
2
p(|Ωλ∗+σ \ K|)

∫

Ωλ∗+σ\K

|∇w−
λ∗+σ|

2 dx,

where Cp(·) is the Poincaré’s constant. Now, we can fix K ⊂ Ωλ∗ \ {0λ∗} in such a way that
it occurs

2LfC
2
p (|Ωλ∗+σ \ K|) < 1

for every σ ∈ (0, σ̄) sufficiently small (it is sufficient to take |Ωλ∗ \ K| sufficiently small).
Hence, for any such σ we get

∫

Ωλ∗+σ\K

|∇w−
λ∗+σ|

2 dx ≤ 0,
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namely wλ∗+σ ≥ 0, in contradiction with the definition of λ∗. Hence, it is necessary that
λ∗ = λ̄.

Step 3: we prove that λ̄ = 0.

In Step 2 we proved that

wλ > 0 in Ωλ \ {0λ} for any λ ∈ (a, λ̄).

Arguing by contradiction, assume that λ̄ < 0. Notice at fist that wλ̄ ≥ 0 in Ωλ̄ \ {0λ}. If
wλ̄ ≡ 0, then, taking into account the fact that u > 0 in Ω, we have that Ω is symmetric
about Tλ̄. However, in this case 0λ̄ ∈ Ωλ̄, and this is not possible, since wλ̄ ≡ 0 implies that
u must be singular on both 0 and 0λ̄ (note that 0 6= 0λ̄, since λ̄ < 0). Therefore, assuming
λ̄ < 0 we have that wλ̄ 6≡ 0 in Ωλ̄ \ {0λ̄}, and either (i) or (ii) occurs in the definition of λ̄.

First of all we focus our attention on (i). In this case, if 0λ 6∈ Ωλ̄, then one can conclude as
in the paper by Serrin [9]; namely, since wλ̄ 6≡ 0, thanks to the strong maximum principle
we deduce that wλ̄ > 0 in Ωλ̄ (note that locally symmetric regions cannot occur since u > 0
in Ω, u = 0 on ∂Ω, and Ω is connected). Thus, on one side by the Hopf boundary lemma
we have that the outer normal ∂νwλ̄(Pλ̄) < 0; but on the other side, the overdetermined
Neumann condition gives ∂νwλ̄(Pλ̄) = 0, a contradiction.

If 0λ̄ ∈ Ωλ̄, we are still able to deduce that wλ̄ > 0 in Ωλ̄ \ {0λ̄}. To prove this fact, we
recall that wλ̄ is nonnegative and nontrivial in the open connected set Ωλ̄ \ {0λ}; thanks to
this and to the strong maximum principle, we deduce again that wλ̄ > 0 in Ωλ̄ \{0λ}. Since
moreover 0λ̄ 6= Pλ̄ (otherwise P = 0, with P ∈ ∂Ω, which is not the case), we obtain the
same contradiction as before, by using the Hopf boundary lemma in Pλ. Therefore, case
(i) in the definition of λ̄ cannot take place.

Now, let us analyze (ii). At the point Q we cannot apply the Hopf boundary lemma on
wλ̄, since in that point the direction e1 is orthogonal to ∂Ω. Moreover, we note that

wλ̄(Q) = uλ̄(Q)− u(Q) = 0,

and that there exist a neighborhood of Q which does not contain 0λ̄ or 0. Thus, in this case
the contradiction follows exactly as in Serrin’s paper [9] (pages 307-308). Essentially, on
one side it can be proved that wλ̄ has a zero of second order at Q. Then, thanks to Lemma
2.3 we reach a contradiction since at Q at least one first or second directional derivative
must be negative. Hence also case (ii) in the definition of λ̄ cannot take place.

In conclusion, we reached a contradiction with the fact that λ̄ < 0. That is, the only
possibility is that we are in case (iii), of the definition of λ̄: λ̄ = 0, 0λ̄ = 0, and wλ̄ ≥ 0 in
Ωλ̄.

Step 4: conclusion. Since the moving plane procedure can be performed in the same way
but in the opposite direction, then u(x1, x

′) = u(−x1, x
′), and the domain Ω is symmetric

about T0. Moreover, the solution is increasing in the x1-direction in {x1 < 0}, and by
the strong maximum principle for the linearized equation we also have that ∂x1

u > 0 in
{x1 < 0}. Now, we can repeat verbatim this argument replacing e1 with any direction
ν ∈ S

n−1, and hence we obtain the thesis of Theorem 1.1. �

Before proving the classification result, we need the following comparison argument.

Proposition 3.1. Let u ∈ C2(BR(0) \ {0}) be a solution to (O) with f ≡ 1. Then

u > uR in BR(0) \ {0},
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where uR is the same of Corollary 1.2.

Proof. To prove this result it is sufficient to take ϕ = (uR − u)+ · ψ2
0,ε as test function in

the weak formulation of u and uR, where ψ0,ε is defined in (2.3). By subtracting both the
weak formulations, arguing similarly as in the Step 2 of Theorem 1.1, and using the fact
that ∆U = ∆uR in Ω \ {0}, we get that u ≥ uR in BR(0) \ {0}. Finally, using the strong
maximum principle we get the thesis. �

Now, we are ready to prove Corollary 1.2.

Proof of Corollary 1.2. By Theorem 1.1 we have that if u is a solution to (O) in some
smooth domain Ω, then u(x) = u(|x|) and Ω = BR(0). Let

uC = uR + uCF ,

where we recall that where uR = (R2 − |x|2)/n is the unique radial solution to

uR(x) =
R2 − |x|2

n
and uCF (x) =







C

(

1

|x|n−2
−

1

Rn−2

)

if n ≥ 3,

−C(ln |x| − lnR) if n ≥ 3,

for any C ∈ R. We observe that uC solves the following problem
{

−∆uC = 1 in Ω \ {0}

uC = 0 on ∂Ω.

Thanks to Proposition 3.1, we observe that any solution u to (O) with f ≡ 1 satisfies

u > uR in BR(0) \ {0}.

Consequently,

∂−ηu > ∂−ηuR on ∂BR(0),

where −η is the inward pointing normal to ∂BR(0). Therefore there exists Ĉ ∈ R, such
that

∂ηu = ∂ηuĈ on ∂Ω.

Now, we deduce that

u ≡ uĈ .

This fact immediately follows by Cauchy’s Theorem for ODEs. In fact, we can see that
both u and uĈ solve the following Cauchy problem











−(u′rn−1)′ = rn−1 in (0, R]

u(R) = 0

u′(R) = −uη(R) = −α.

Hence, u ≡ uĈ in (0, R]. �
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