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1. Introduction
1.1. The Boltzmann-Fermi-Dirac equation

The scope of the present paper is to derive the first explicit rate of convergence to equi-
librium for solutions to the spatially homogeneous Boltzmann-Fermi-Dirac equation (1.1)
for hard potentials under the Grad cutoff assumption. The Boltzmann-Fermi-Dirac equa-
tion ((BFD Eq.) in the rest of the paper) is a modification of the classical Boltzmann
equation and describes the interactions between quantum particles satisfying Pauli’s ex-
clusion principle (fermions). In the spatially homogeneous setting we are considering
here, it takes the form

Of = QEB(fa f)v f(oa ) = fin’ (11)

where f = f(t,v) > 0 represents a density of fermions (quantum particles of half-integer
spin, e.g. electrons), depending on time ¢ > 0 and velocity v € R3 while the initial datum
fi™ is a given nonnegative distribution density. The Boltzmann-Fermi-Dirac collision
operator Q% is modelling the interactions between particles and is given, for ¢ > 0 and
a suitably integrable f > 0 such that 1 —ef > 0, by
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(1.0 = [ [Fr=en@-er) - FR.0 -0 - ef)]x
R3xS2
X B(v,vx,0)dodv,, (1.2)

where we used the standard shorthands f = f(v), f« = f(vs), [/ = f(V), fl. = f(v))
and
, vFue v —o p_UFue v

2
= = . 1.
v 5 + 5 O vy, 5 5 O oges (1.3)

The collision kernel B(v,v., o) is providing the rate at which a given combination of
in-going velocities results in a given set of outgoing velocities. In the classical case (for
which all quantum effects are neglected), the exact form of the collision kernel can
be derived explicitly in the case of interaction driven by inverse power laws repulsive
forces and hard-spheres particles [10]. For Fermi-Dirac particles, the situation is much
more involved and several models co-exist. In particular, for semi-conductor applications,
the velocity range is restricted to a subset of R? (periodically repeated Brillouin zones)
whereas, in the so-called “parabolic band” approximation in semi-conductor, the velocity
range is indeed R3. For the sake of simplicity, we choose to present our results in the
present form for collision kernels B which assumes the same form for both classical
and quantum particles. Considering hard-potential interactions, this corresponds to the

choice
B(v,vs,0) = b(cosb) |v — v,|7, for (v,v.) € R®* xR® and o € S?, (1.4a)
with cosf = o - |v — v*| and the mapping b : (—1,1) — RT is assumed to satisfy the
v — v,

cutoff assumption

T 1
1Bl o= 118l s o= 27T/b(cos 0) sin 0o — 27r/b(s)ds <oo.  (1.4D)
0 —1

With a slight abuse of notation, in the above (1.4b), we identify the function b (defined
over (—1,1)) to a function defined over the sphere S? through the identification o — cos 6
here above. We consider hard potential interactions for which

v € (0,1]. (1.4c)
For collision kernel B of the form (1.4a), we will use the shorthand notation

Qrsy,b(fa f) = QEB(fv f)

We are aware that restricting ourselves to the case of collision kernel B defined by (1.4a)
(valid for both classical and quantum particles) is an important restriction of our analysis
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and we are confident that most of the results of the present paper can be extended to
more physically relevant collision kernels of the form described in [13,22]. We refer to
Appendix A for more details about this.

As readily seen, the main difference between the classical Boltzmann equation and its
quantum counterpart (BFD Eq.) lies in the presence of the quantum parameter

€= w >0
m?

which depends on the reduced Planck constant % ~ 1.054 x 10~3*m? kgs™", the mass m
and the statistical weight 8 of the particles species, see [10, Chapter 17]. For instance,
in the case of electrons € =~ 1.93 x 10719 « 1. The parameter ¢ quantifies the quantum
effects of the model and more precisely ensures the Pauli exclusion principle from which
solution f = f(t,v) to (BFD Eq.) satisfies the a priori bound

1—¢f(t,v) =0.

Formally choosing e = 0 in (1.2) yields the classical Boltzmann operator

Qu(f.5) = 4(r.N0) = [[ 7o f1]BO 0o dode, 15)
R3x§2

with the same shorthands as in (1.2). In particular, for collision kernel of the form (1.4a),
we will use for classical Boltzmann operator the shorthand notation

Q’Y,b(fa f) = Qg7b(f7 f) = Q%(f7 f)

We refer the reader to [16] for results about the Cauchy problem associated to (1.1)
for hard potentials with cutoff, as well as [10,11] for more results the Cauchy problem
associated with (BFD Eq.). We briefly recall in Appendix B the results about the Cauchy
problem we use in this paper.

1.2. Notations

In the following, we define, for p > 1 and k € R, the Lebesgue space LY = LF(R?)
through the norm

P

1y = (R/ FOI @ av) . BR®RY = {f RS RS < oof, (16)

where (v) := /14 [v]?, v € R3. For k = 0, we simply denote | - ||, the LP-norm. For
p =09, || - |loo Will denote the usual essential supremum of a given measurable function.
We also define, for k € R, the Orlicz space L} log L(R?) as
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Llog L&Y = {f B 5 R /(v)k @) log* | £(v)] dv < oo},
R3
as well as the quantity
17 egess = [ @17 o5 0} do,
R3

which we highlight is not a norm on the Orlicz space, but is finite as soon as there is
an s > 0 such that f € L}, (R®) N L log L(R?). As usual, for k = 0, we simply write
| - HLlogL =|- ||L510gL and LlOgL(RS) = Lé 10gL(R3)-

1.3. Relazation to equilibrium
In contrast to what occurs for classical gases, quantum gases of fermions exhibit two
distinct families of steady states. First, Q3 (M,.) = 0 when M, is the following Fermi-

Dirac statistics:

Definition 1 (Fermi-Dirac statistics). Given ¢ > 0,u € R?, E > 0 and ¢ > 0 satisfying

Wl

5E > <:%Q> , (1.7)

we denote by M, the unique Fermi-Dirac statistics

M. (v) = exp(ae + be|v — ul?) _ M.(v)

= =: 1.8
1+ e explaec +be|v —ul?) "~ 1+4+eM.(v)’ (18)

with a. € R and b. < 0 defined in such a way that

1 0
/ME(’U) v dv = ou
R3 v — ul? 3oFE

The existence and uniqueness of Fermi-Dirac statistics satisfying (1.7) has been es-
tablished in [16, Proposition 3]. Note that M, is here a suitable Maxwellian distribution
that allows to recover in the classical limit € — 0 the Maxwellian equilibrium.

Besides the Fermi-Dirac statistics (1.8), the distribution

3o¢
—1 .f _ < =t
€ if  |v—ul ( o ) ,

3o¢ g
i B 30¢
0 it |Juv—u|> ( in ) ,

ol
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can also be a stationary state, as Q% (F:) = 0. Such a degenerate state, referred to as a
saturated Fermi-Dirac stationary state, can occur for very cold gases (with an explicit
condition on the gas temperature). More precisely, for any € > 0, one can define the
Fermi temperature associated to o > 0, ¢ > 0, as

2
1 [/3e0)\?
T(Q,c‘:) = 5 (E) .

Then, given 0 < f € L3(R3)\ {0} with

1 0
/f(v)( v ) dv = ( ou > (1.10)
s v[? 30E + olul?

and € > 0, the ratio rg between the actual temperature of f and its Fermi temperature
defined as

is an a-dimensional number which plays a crucial role in the dynamic of (BFD Egq.).
Indeed, it has been shown in [16] that, given € > 0, the following holds

l—ef20 = rg 2>

| Do

with moreover the following dichotomy:

(1) 1—ef > 0and rp = £ if and only if f = F. as defined in (1.9);
(2) 1—ef > 0and rg > 2 if and only if there exists a unique Fermi-Dirac statistics

M. = M{ with same mass, momentum and energy that f.

Observe here that

3

TE:§ — szssat:$ (1.11)

whereas the inequality (1.7) exactly means that & € (0, qat). In all the sequel, for given
0, E > 0, we will always implicitly assume that € € (0, £gat).

As we will see in the next section, the fact that an initial distribution close to such
degenerate state makes 1 — e f arbitrarily small in non negligible sets affects drastically
the speed of convergence and one of the crucial points of our analysis will be to show
that, for suitable initial datum f™, there exist ¢ € (0,1) and k¢ (depending on c) such
that solutions f¢ to (BFD Eq.) satisfy

1—efe(t,v) = Ko, Ve € (0, cesat)-
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In all the sequel, we will always consider solutions to (1.1) associated to the operator

B = Q 4, i-e. considering kernels B of the form (1.4). We also always consider nonneg-
ative initial datum f* € LL(R®) and (conservative) solutions f¢ to (BFD Eq.) associated
to f™ whose existence and uniqueness are recalled in Appendiz B. In particular,

1 1 Qin
/fg(t, v) v dv = /fin(v) v dv=| o"u" Vt >0
RS ‘v_uin‘Z RS |,U_uin|2 3QinEin

with o™ > 0, u'™ € R? and E™ > 0. We will also, unless otherwise stated, consider the
associated Fermi-Dirac statistics M. = Mg‘“ sharing the same mass, momentum and
kinetic energy as f°, i.e.

. 1 gin
/Mg (v) v dv=1| o"u™
R3 |’U _ uin|2 ggin Ein

For such solutions, non quantitative results about the long-time behaviour of solutions
to (BFD Eq.) have been already obtained in the literature. In particular, we have the
following recent result from [15]:

Theorem 1 (Liu & Lu (2023)). Assume that the collision kernel B = B(v,v.,0) satis-
fies (1.4) with moreover

b(cos ) > Zan cos®™(0), 0 €(0,m), an =0 Vn € N. (1.12)

n=0

For any initial datum f® € LI(R3) with 0 < f < &1, the unique conservative (mild)
solution f¢ = f¢(t,v) to (BFD Eq.) with initial datum f™ is such that

li e(t) — =

e [[f5(8) = Me|[y =0
where M. is the unique Fermi-Dirac statistics with same mass, momentum and kinetic
energy as fin.

Remark 1. The additional assumption (1.12) on the angular kernel b = b(cosf) in the
above theorem means that, as a function of cos?(#), b(cos 6) is completely positive. It is of
course satisfied for instance if b(cos ) is bounded by below away from zero (corresponding
to ag = infg b(cos#) and a,, = 0 for n > 1) which is the simplified setting in which our
main result (see Theorem 4) will hold true.

As mentioned earlier, up to our knowledge, no quantitative estimates for the rate of
convergence towards M. exist in the literature and it is the purpose of our work to fill
this blank.
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1.4. The role of relative entropy

As very well documented, the main tool to provide quantitative rate of relaxation
to equilibrium is related to entropy/entropy production. For ¢ > 0, we introduce the
Fermi-Dirac entropy:

Holf) = [ [Flog s+ (1= =) log(1 — =) . (1.13)

R3

well-defined for any 0 < f < e~!. One can then show that H.(f) is a Lyapunov function
for (1.1), i.e.

SH(T(0) = ~2.((1) <0

for any suitable solution to (1.1) where the entropy production is defined, assuming
1 —ef > 0 almost everywhere, by

2.00=1 [ [wa(f’)soa(fi)—wa(f)%(f*)}log(

R3xR3xS2

sos(f’)sos(fi)) .

x(1—ef) (1 —cf )X —ef Y1 —efl) B(v,vs,0)dvdv, do, (1.14)

where

xT

pel0) == w€ [0,e71). (1.15)

In particular, introducing the relative entropy
He (f |Me) = Ha(f) - HE(ME)

which is nonnegative if f and M, share the same mass, momentum and kinetic energy,
one has, for any suitable solution to (BFD Eq.),

d

SH (F(OM) = —2.(£(1) < 0. (1.16)

According to Csiszar-Kullback-Pinsker inequality (see Appendix B), the relative entropy
controls the L,lc—norm of the difference f(¢) — M. and this is what makes entropy/entropy
production estimate a powerful tool for proving the convergence towards equilibrium.
Indeed, if one is able to prove a functional inequality of the form

2:(f) > © (H: (f|M:)), VfecC
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where C is a suitable class of functions 0 < f € L%(R?’) with 0 < f < ¢! and a
superlinear mapping ©® : RT — RT Eq. (1.16) implies

d

(M) < -0 (. (1110)

provided solutions to (BFD Eq.) belong to the class C. Then, a Gronwall-type argument
provides a rate of convergence to equilibrium of the relative entropy. For instance, if
the entropy production controls the relative entropy in a linear way, corresponding to
O(u) = Au, for some A > 0 and any u > 0, then one would get the exponential relaxation
to equilibrium

He (F(t)|M.) < exp(=At) He (f(0)|M.), vt >0,

provided one is able to show that solutions to (BFD Eq.) belong to the class C. Such
a decay, combined with Csiszar-Kullback-Pinsker inequality, yields an explicit rate of
convergence of f(t) towards M. in L} (or even L?, p > 1) topology. Other kinds of
functional ® can of course be considered and such a strategy has been efficiently applied
to the study of the long-time behaviour for classical gases, corresponding to € = 0, for
which suitable functional inequalities linking the Boltzmann relative entropy

Ho (f|Mo) z/flogfdv—/./\/lolog/\/lodv
R3 R3

and the entropy production

a(n=7 [ Us-sre (i) B(v, 0., 0)dvdv.do,

R3xR3xS2 ff*

have been obtained, starting with the pioneering works [9,8,20] and culminating with
a celebrated result in [21]. An improvement of the result of [21] (reducing the required
regularity of f, up to the mere LP or even Llog L estimate) has been derived in [6] and
can be formulated as

Theorem 2. Assume the existence of by > 0 and S+ > 0 such that

B(v,vs,0) = bymin (v — v, |+, v — v*\_ﬁ‘) , B(v,v,0) = B(Jv — vs],cos6) .

Given Ko > 0, Ag > 0, qo = 2, we consider the class of functions
Co = {g € L3(R3) such that g(v) = Kqexp (—Ao|v|®), Vv e Rg} .

Then, given 1 < p < oo and § > 0, defining s =2+ %, for any
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g€ LP(R*) N Lilog L(R*) N Co N LY, (R?),

it holds
Zo(9) = Asp(9)Ho (9| M§)" (1.17)

where o = (1+8)(1+ %) and As ,(f) depend on the parameters Ko, qo, Ao, B+, p, up-
per and lower bounds to ||g||1 and |||y, as well as upper bounds for | g]

g1

Lllog L(R3)s Hg”P?

1 .
Ls+qo

Remark 2. Notice that the above assumption on B is satisfied for collision kernel of the
form (1.4) with 84 = v, 8- = 0 provided that b(cosf) > by. We wish also to point out
that we will apply the above result to

ft)

g=v:(f(t) = T )

f(t) solution to (1.1),

and we can check easily that, in such a case, if 1 —ef(t) > ko, then As,(p=(f(¢)) can
be bounded away from zero uniformly with respect to time (and €). See the proof of
Theorem 4.

Such a result has been recently adapted by the first author in [7] to the case of the
Fermi-Dirac entropy thanks to a suitable link between the Boltzmann relative entropy
Ho(we(f)[My.(r)) and the Fermi-Dirac relative entropy He(f|M.). Typically,

Proposition 1. Given kg € (0,1), there is a positive constant C (ko) > 0, that could be
made explicit, such that, for any € > 0 and nonnegative f € L3(R3)\ {0} such that

1 —ef = ko,
it holds
Ho(f[ M) < Ho (p=(HME) < Clro)M(F] M)
and

Ko 2o (0=(f)) < 2:(f) < 2o (9:(f))

where we recall that we defined p.(z) = %= for x € [0,e71) in (1.15).

l—ex

The comparison provided in Proposition 1 is the key point of our analysis as it allows
to deduce suitable entropy/entropy production estimates in the Fermi-Dirac case. To
that purpose, for any € > 0, and kg > 0, Ko >0, A9 >0, q =2, E > 0,0> 0, u € R3,
we introduce the class
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Ce = {f € L3(R?) satisfying (1.10) and such that

fw) = Koexp (—Ap|v|™) and 1—¢ f(v) = ko, Wv € RS} . (1.18)

One can easily deduce from Theorem 2 that, for any €,§ > 0 and 1 < p < 0o, an estimate
of the type

De(f) = Asp(f) He (fIM)" VfelC.nLP(R®) N LLlog L(R?)

where /L;,p(f) depends explicitly on ko, Ko, Ao, qo, 0, £ and upper bounds on || f||£110g L.,
|| fll, with s defined in Theorem 2. As in the classical case, the key point to apply such a
functional inequality to solutions to (BFD Eq.) is then to determine suitable conditions
on the initial distribution fi ensuring that the unique solution f¢ = f(¢,v) to (1.1)
satisfies

fet,)eC.nP(R*) N LLlog L(R?) V¥t >0.

The main technical difficulty, which explains as already mentioned why quantitative
rate of convergence for (BFD Eq.) has not been obtained yet, is of course to create or
propagate the lower bound

1—efé(t,v) =Ko V>0, veR (1.19)

In the study of the Landau-Fermi-Dirac equation, such pointwise lower bounds have
been obtained by improving the mere L> bounds thanks to the regularisation mechanism
induced by the diffusive nature of the collision operator. This allows to prove the appear-
ance of some L bound, independent of € for the solution to the Landau-Fermi-Dirac
equation and, up to reducing slightly the parameter ¢, to obtain the lower bound (1.19).

When trying to adapt such a strategy to (BFD Eq.), the major difficulty lies in the
fact that, for cut-off interactions (see (1.4b)), no smoothing effect of the solution is
expected and a new route has to be followed to deduce the non saturation estimate.!
We insist on the fact that, as already observed in [17,15], such non saturation estimate
is the crucial argument to provide quantitative rate of convergence to equilibrium for
quantum Boltzmann equation.

We now describe in more detail our main results in the next subsection.

! We mention that a result of uniform-in-time L° bound was already proposed in [22] (with ¢ = 1
and different kinds of collision kernels), however it seems to us that counter-examples to that result can
be constructed. In particular, choosing a = b,8 = 0 in [22, Theorem 1.7], one could consider an initial
distribution fo with L® norm equal to 1, and [22, Theorem 1.7] would imply that solutions f(t) to (BFD
Eq.) are such that || f(t)||e < § for all time ¢ > 0.
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1.5. Main results

Recall that we are dealing with solutions to (BFD Eq.) as constructed in Theorem 6
in Appendix B. As mentioned earlier, one of the main aspects of our strategy is to
derive L* bounds for solutions to (BFD Eq.) which are independent of €. Besides its
fundamental role in the long-time behaviour of solutions to (BFD Eq.), such a result has
its own independent interest and is one of the main results of our contribution

Theorem 3 (Uniform-in-e L™ bound). Let v € (0,1] and an angular kernel b satisfying
the cutoff assumption (1.4b). Let 0 < fin € LI(R3) N L®(R3). Then there exists an
explicit Coo > 0, depending only on v, b and fi* only through o™, E™ and upper-
bounds on its L™ and L} norms, such that for any € € (0, || f"||2), the unique solution
f¢ to (1.1) associated to e, the collision kernel defined by (1.4) and initial datum f™
satisfies

sup || f*(t)[|oc < Coc- (1.20)
t>0

Remark 3. The assumption of f belonging to L} in Theorem 3 could be actually recast
into f* belonging to L! for some arbitrary s such that s > 2 and s > 3v. In this case,
C, would also depend on s.

The peculiarity of the result presented in Theorem 3 lies in the fact that the bound is
independent of €. This is one of the main points of the strategy we adopt here, reminiscent
of a similar one in [2] (see also [1]). The clear advantage of such a bound is that, for
a given fired f™ € L*°(R3), one can always choose a small enough & such that the
non-saturation condition (1.19) holds for any time ¢ > 0:

Corollary 2. Consider the assumptions of Theorem 3 along with the same notations.
Then for any ko € (0,1) and £ € (0, (1 — ko)CLl], the mentioned solution f to (1.1) is
such that

1 —efe(t,v) > ko, Y (t,v) € Ry x R3. (1.21)

This non-saturation property allows to greatly simplify various studies on the equa-
tion: in this event, and especially in the cutoff case (that is, when (1.4b) holds), very large
parts of the study of solutions to the Boltzmann-Fermi-Dirac equation can be recast into
the study of the classical Boltzmann equation thanks to a suitable comparison argument
(see Proposition 1). To name two examples particularly important for our analysis, this
allows to transfer the entropy inequalities from the classical to the Fermi-Dirac case
thanks to Proposition 1 and also to deduce in a straightforward way a Maxwellian lower
bound on the solutions to (BFD Eq.) by simply resuming the proof of [19] valid in the
classical case (see Subsection 3.1).



T. Borsoni, B. Lods / Journal of Functional Analysis 287 (2024) 110599 13

We insist here on the fact that our approach consists in choosing first an initial datum
i and subsequently pick €™ > 0 small enough for the rest of our analysis to apply
uniformly with respect to e € (0,™]. It seems possible to adopt a similar viewpoint by
choosing first € > 0 and then determining the class of all initial data for which the results
of the paper do hold. We did not pursue this line of investigation.

With this at hand, we can easily deduce the main result for the long-time behaviour
of the solutions, where we recall that we consider solutions to (1.1) as constructed in [16]
(see Appendix B):

Theorem 4 (Ezplicit rate of convergence to equilibrium). Let B be a collision kernel of the
form (1.4) with v € (0,1] and an angular kernel b satisfying the cutoff assumption (1.4Db)
and such that b > by for some by > 0. Let 0 < fi € L3(R3) N L>(R3). Then there exist
some explicit Cy > 0 and €™ > 0, depending only on v, b, o™, u'®, E™, ||finHL% and
/™00, such that for any & € (0,&™], the unique solution f¢ to (1.1) associated to ¢ and
the initial datum f™™ satisfies, for all t >0,

Ho(f5(t) ML) < Co (14 1)77. (1.22)

In particular, for any p > 1 and k > 0, there exist Cy p 1, > 0, with the same properties
as Cy, such that for allt > 0,

Remark 4. Notice that (1.22) holds true with the choice

£ = ML

L, <G (L+ )57, (1.23)
k

e = (1-ko)CL,
and the same choice applies to (1.23) in the case p = 1,k = 0. In the case k > 0 or
p > 1, additional smallness restriction is required on the parameter ¢ since an additional
control of || MI" ||, or ML
actually depend on u™ only in the case of the L? norm with & > 0. We refer to Section 3

L3, is actually needed. For the same reason, the constants
for more details.

Remark 5. We point out right away that the rate of convergence to equilibrium estab-
lished in Theorem 4 is clearly not the optimal rate of convergence. As well-known for
kinetic equations associated with hard potentials (recall here v € (0,1]), such a rate of
convergence can be upgraded into an exponential relaxation governed by the spectral
gap of the linearized collision operator. To implement such an upgrade, one would need
to adopt the following strategy

a) Show a quantitative exponential rate of convergence to M. for close-to-equilibrium
initial state. This means that one can construct A > 0 and an explicit § > 0 such that
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| fm— Ml

1p <0 = | f7(t) - M|y < Cexp(—M1)
for some k > 0 large enough and some explicit C' > 0 (depending on fin).

b) Second, using Theorem 4, one can explicit the time T' > 0 needed for general solu-
tions f€ to enter the neighbourhood of /\/lg determined by d. Then, restarting the
evolution from time 7" > 0, we get that the rate of convergence to equilibrium is
exponential.

A full analysis of the close-to-equilibrium solutions to (BFD Eq.) (i.e. full proof of the
above point (a)) is still missing and is based upon a careful spectral analysis of the
linearized operator associated with Q% around Mgin. We are confident that it can be
implemented, deriving first a spectral gap estimate in a Hilbert setting and extending
then this spectral analysis to the L by factorization and enlargement techniques follow-
ing the line of [12,18]. Notice that such an approach has been successfully applied in the

3

study of the Landau-Fermi-Dirac equation in [2].

As mentioned already, such a Theorem is, to our knowledge, the first result providing
an explicit and quantitative rate of convergence to equilibrium for solutions to (BFD
Eq.) whereas several qualitative results were available in the literature. As said before,
the crucial ideas of our strategy are the following:

o First, thanks to the L°°-bound independent of the quantum parameter ¢, one can, for
a given initial datum f™, determine a whole family of e for which the non-saturation
estimate (1.19) holds true uniformly in time.

e Second, taking profit of this non saturation condition, we can exploit several new
and insightful comparison arguments — specially tailored for our analysis and with
their own independent interest — which allow to deduce results regarding (BFD Eq.)
from the analogue ones already obtained in the classical case as exposed in the
comprehensive survey [5] (see also [6]).

Not only does such an approach allow, in some sense, to treat in the same formalism the
quantum and classical Boltzmann equations, but it also appears quite straightforward
and elegant, fully exploiting the tools developed in [5] for the study of kinetic equations
with hard potentials and cut-off assumptions. As mentioned in the last remark, we de-
cided to focus on the main mathematical challenge for the rate of convergence, which
is the control of the relative entropy, discarding in our analysis the optimality of the
rate of convergence which should be easy to deduce from our result thanks to the recent
methods developed in [12].

1.6. Organization of the paper

The paper is organized as follows: after this Introduction, we present in Section 2
the full proof of the main estimates for solutions to (1.1) culminating with the proof
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of Theorem 3. It is obtained from the representation of solutions to (BFD Eq.) as suit-
able “sub-solutions” (in the sense of (2.7)) to an equation very similar to the classical
Boltzmann equation. We first describe such a representation in Subsection 2.1, then
deduce suitable Young’s type estimates for the collision operator associated with such
an equation, in the spirit of the fundamental results in [3,4] (following the more recent
exposition in [6,5]). In particular, L2 bounds for solutions to (BFD Eq.) are deduced,
uniformly with respect to € > 0 and time, in Proposition 16 and, as in [5], this allows us
to derive the full proof of Theorem 3. We then provide, in Section 3, the complete proof
of our main convergence result, Theorem 4. It is deduced from the results of Section 2
combined with suitable pointwise lower bounds, well-known for the classical Boltzmann
equation [19] and easily adapted to (BFD Eq.) in Proposition 17. In Appendix A, we
present examples of physically relevant collision kernels for quantum kinetic equations
and describe how the results of the paper could be adapted to such general collision
models. In Appendix B, we briefly recall results regarding existence and uniqueness of
solutions to (1.1) as well as several important properties (moments estimates and en-
tropy dissipation). The results of this Appendix are extracted from [15-17]. In a final
Appendix C, we provide explicit and uniform-in-e upper-bounds on quantities related to
the Fermi-Dirac statistics relevant to our study.
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2. Uniform-in-¢ L*° bound: proof of Theorem 3

This section is devoted to the derivation of L*°-bounds for solutions to (BFD Eq.)
which are uniform in time and independent of e, proving Theorem 3. Our study is
largely inspired from [5] in which very similar bounds are obtained in the context of the
classical Boltzmann equation. The strategy we employ in this paper is to use the fact
that a solution to the Boltzmann-Fermi-Dirac equation (1.1) for some parameter ¢ is a
“sub-solution” (in the sense of (2.7)) to an equation very much resembling the Boltzmann
equation (with a modified gain operator), and in particular, free of any dependence in
€. This observation allows to completely transpose the estimates and techniques present
in [5] to our problem and obtain without much trouble an L bound on the solution
to (1.1) which is independent of .
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2.1. A link between the Fermi-Dirac and the classical cases

We present in this section the crucial simplification that allows us to pass from a study
on the Boltzmann-Fermi-Dirac operator to a study on the classical Boltzmann operator.
This is made possible thanks to the Grad cutoff assumption (1.4b). Recall that, under
such an assumption, the classical Boltzmann operator Q. ; can be split into two parts

Qp=9%, -9, (2.1a)

where

o (f9)w) = / 4. B(o — v, 0)dvydo,
R3xS2
(2.1b)

Q190 =10) [ 9B -0
R3xS2

A similar splitting can be made for Q.. Indeed, for any ¢ > 0 and 0 < f € L(R?) such
that 1 —ef > 0, defining

Q) = // Ff(—ef)(1 —cf.) Bdv, do

R3xS2
(2.2a)
(1.5 =1 [[ 20 -ef)a-er) B do,
R3xS2
the cutoff assumption (1.4b) imply that Qz’;(f, f) < oo, QU4 (f, f) < o0 and
Sl f) = QU (£, 0) = Q54 (£, ) - (2.2b)

Moreover, for any measurable and nonngegative g, h : R®> — R, and f € L>®(R3), we
define

Loalg:h)@)i= [ guH + 1) Blo = va, ) do. do (2.3)

R3xS2

and
57, [1)(g:h) = Q7 (0, 1) + wjﬂm T olg.h). (2.4)

Under the hypothesis that g, h are such that Q;’b(g, h) < 0o, we can then define
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Q,u[f1(g. k) == QF [f1(g, h) — Q7 (9. h). (2.5)

One then has the fundamental proposition where we recall that, in all the paper, as-
sumption (1.4b) is in force:

Proposition 3. Let ¢ > 0 and 0 < f € L3(R3) such that 1 —ef > 0. Then

So(f ) < QualfIf ). (2.6)

Remark 6. Proposition 3 implies that any suitable solution to (1.1) is such that

Of < Oy ulf1(f, f)- (2.7)

Equation (2.7) is close to the classical Boltzmann equation, with the difference that the
gain part of the collision operator is now é;r » in place of Qj, »> and that it is an inequation.
Interestingly, the arguments and techniques present in [5], where the classical Boltzmann
equation is studied, work even with the differences we mentioned, which will allow us
to conclude. The most notable point is of course that (2.7) is free from any dependence
on €.

Proof. Let ¢ > 0 and 0 < f € L}(R?) such that 1 —ef > 0. We use the splitting (2.2b)
and also set

T, = // f1.f £ Bdv.do

R3xS2

where we notice that Y. appears in both Q’Ey,j)_ and Q,Ey:;. Namely, expanding the term
(I1—ef)(1 —e€f) in Qz’g(f, f) one has, using that f > 0so that 1 —ef —ef, <1,

(= // PR —ef —ef.) Bdv,do + T < Q7 (f, f) + Te

R3xS2
whereas

Q ()= // ff*de*dU—E/ Ff(f 4+ f)) Bdv, do + Y.

R3xS2 R3xS2

=Q ;) —ef Tyu(f f) + Te.

Taking the difference and noticing that ¢ f < W yields the result. O

The crucial property on which our estimates will rely is the fact that the operator I,
defined in (2.3) is adjoint to the (symmetrized version) of Q;"b in the following sense:
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Lemma 4. For any measurable nonnegative functions f,g,h on R3, we have

[ rratemao= [0]0f,.0)+ Q3 0.0 o
R3

R3

Proof. Using first the micro-reversibility property of B and then its symmetry property,
we get

/ffv,b(g,h) dv = /// fg«(hW + k) Bdvdv,do
R3 R3 xR3 xS2

= /// f'g..(h+ h,) Bdvdou, do
R3xR3xS2

= /// f'g.h Bdvdv, do + /// 'g'h Bdvdv, do
R3xR3x 52 R3 xR3 x§?

- /h |:Q’—y~_,b(fa g) =+ Q,—;b(g, f):| dU,

R3

which is the desired result. 0O

Lemma 4 allows to transfer well-known estimates on Q,JYr , directly to I'y ; and hence to

éfyr »- Lhe reader may now see how the combination of Proposition 3 and Lemma 4 allows
to easily transfer techniques on the classical Boltzmann operator to the Boltzmann-
Fermi-Dirac operator.

2.2. General estimates on Q;b

In this subsection, we recall the already known estimates on Q«Tb that we later use
in our study. First comes the following proposition, extracted from [3, Theorem 2| (see
also [5, Theorem 28]) which deals with collision kernel only depending on b(cos#), i.e.

associated to v = 0.

Proposition 5 (Young’s type inequality). Consider an angular kernel b satisfying (1.4b).
Let r € [1,400] and p,q € [1,7] such that

Then

|tsta. ) < Coma) llly 11 (2.8)
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where, with p',q’,r'" respectively the conjugates to p,q and r and e; = (1 0 0)7,

/

‘ﬂ

»’ 3 q

Ci(p,q) = /(#) v ble1-o)do /(#) v bley - 0)do

2
(2.9)
In the case p = q =r =1, the constant Cyp(1,1) is understood as

Cb(l, 1) = /b(el -O’) do = ||bHLl(§2)7
S2

! !

and in the cases that p =1 or ¢ = 1, one interprets (-)» =1 and (-)7 = 1 respectively.
As a consequence, for any p € [1,+00] and f € L*(R®) N LP(R?), we have

|5t <23 Wl 170171 (2.10)

Remark 7. Inequality (2.10) has been derived in [5, Equation (6.11)] (we point out a
misprint in [5, Eq. (6.11)] where the parameter s should be replaced with s).

One deduces easily the following estimate from Proposition 5:

Corollary 6. Consider a bounded angular kernel b € L*((—1,1)). Then for (f,g) €
L' (R3) x L?(R3), we have

|Qtus.9)|, < 81Blc 15111 = (2.11)

Proof. We use Young’s inequality (2.8) with p = 1, ¢ = 2 to obtain, for any f €
L'(R3),g € L?(R3)

|tur9), < 2 1A1lgl

Since

1

1-s -3
00,2 < Pl [ (152)  ds =8[bl

-1

we obtain (2.11). O

The last crucial estimate on Q;b is the following “gain of integrability” property,
mostly extracted from [5, Equation (6.19)] and adapted to hard potentials.
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Proposition 7. (Gain of integrability). Consider v € (0,1], a bounded angular kernel
be L*°((—1,1)), f € LY(R?) and g € L*(R?) N L*(R3). Then

2y 1—2y
max ([[QF,00. 9|, - [ Q55 0)]|,) <1610k 171 gl gl 212)
Proof. Let § > 0, notice that for any u € R3,
] = [l parog + " Dics < = 0o 467 1105 < 421 50
|ul>d6 [ul<6 > 51— lul>d [ul<é X 51— )
so that
Q;{‘r’b(f7 g) < 5771Q1":b(f7g) + 6"/93‘)17('](" g)
Applying [5, Equation (6.19)] (in dimension 3), we have
197, (f,9)ll2 < Cs [Iblls [ fll1 llglle. (2.13)

where C3 comes from a Hardy-Littlewood-Sobolev inequality (see the last lines of the
proof of [5, Proposition 30]). Using [14, Theorem 3.1, Equation (3.2)] with here C5 =
N ) 3, we have in fact

14l _2 5
T\ T (TGP 48
=T =
I() (%) \T@) 3t
where, only in the above equation, I' stands for the Gamma function. In particular, it
holds that C3 < 3. Moreover, by interpolation,

2 1
lglle < gl llglls

therefore (2.13) implies

19745 9)ll2 < 3118l 1112 g1 g3 (2.14)
On the other hand, it comes from Equation (2.11) in Corollary 6 that
|2gut.9)], <818l 1111 =
All in all, we obtain, for any § > 0,
|ezutr0||, <o ||ettr o], + 67|20

1 _ 2 2
< lbllocll f11 lgll3 (6773 1gl? + 67 8lIgll3 ) -
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3H9||1

8lgll3
| Q;b(f, 9)|l2 in place of the left-hand-side. Let us show now the bound for ||Q,y (9, F)ll2-

The change of variable 0 — —o directly proves that

Choosing § = and noting that 37 x 8177 < 8 for any v € (0,1] yields (2.12) with

Q::/_’b(gv f) = Q:;g(fa g)

with b(cos ) = b(— cos ). Since [|b]|os = ||b]|oc, We deduce the estimate for ||Q;b(g, D2
from the first part of the proof. O

2.3. Key estimates on Qw pr Dy and Q7

2.53.1. Estimates on Qib
Relying on the general estimates on Q;r , stated above, we provide here two useful

bounds that we later use in order to obtain L2 bounds on the solutions to (1.1).

Proposition 8. Consider a bounded angular kernel b € L>((—1,1)) and v € (0,1]. Then
for any f € L3 (R®) N L>(R?), we have

[ et ns@ @ v <ol [0 T I0FAF. @)
R3

Proof. First, by Cauchy-Schwarz inequality, we have
QL (£, 1) F(0) () dv < [[() % fllz || ()2 Q5,1 D)), -
~v,b\J X 2 ~v,b\J 9
R3

Now notice that for any (v, v,,0) € R x R x S? we have (v)2 < (v/)2 (v.) 2, where we

recall the notation (1.3) for v’ and v,. From this we deduce that for any v € R?, we have

(V) QXL (£, )(0) S QL (()F, ()F ().

Lastly, we use the gain of integrability property (2.12) to obtain that

1__

|et s, <'>%f)H2<16||b||oo||<> AR I

Since [[()2 flla < ()% fll2 and 1 — 2 > 0, we indeed obtain (2.15). O

We consider in the next result an estimate for Qj/'b, similar to Young’s convolution
inequality, under the mere cutoff assumption (1.4b):
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Proposition 9. Consider an angular kernel b satisfying the cutoff assumption (1.4b) and
€ (0,1]. Then for any f € Ly (R*) N L>°(R?), we have

/Qib(ﬁf)f(vﬂ )27 dv < 28 Bl 1167 Fll 1) 7 £13. (2.16)
R3

Proof. We follow the same steps as in the proof of the previous Proposition 8 and recall
that

[ @ niw P a < 191k [0 et 0]
J

Second, notice that for any (v,v.,0) € R3 x R3 x S? it holds that
[v =" = = o [" < (V)7 (v))7,

and (v)2 < (/)2 (v))3, where we recall the notation (1.3) for v’ and v.. Then, for any
v € R3,

(W) QT (f, H)(v) < )2 QL () f ()T Hw) < Q5 (VT £ ()T Hlw).
Since (2.10) in Proposition 5 gives
| Q5o (% £0F R, <2 W I F A1 £l
we can conclude to (2.16). O

Finally, we provide the following proposition, which is a straightforward consequence
of [5, Corollary 35].

Proposition 10. Consider angular kernels bs and bg satisfying the cutoff assump-

tion (1.4b) and such that bs vanishes in the vicinity of {—1,1}. Then for any v € (0, 1]
and f € Ly (R*) N L>(R?), we have

|tuctr. || < o210 115, (2.17)
where Cyg(2,2) is defined by (2.9), and for any v € R3,

Qb (F: 1)) < AllorlL £l 1flloo (0} (2.18)

Proof. The only difference with [5, Corollary 35] is that we explicit the constant 4 ||bg/||1
in (2.18) and that we have added up the two last equations of [5, Corollary 35, (7.29)].
The 4 is not explicitly given in [5, Corollary 35] but can be obtained by noting that
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the constant is there given by 23 (Cbg(oo, 1)+ Cb,;(L o0)) (where b}, and by, are defined
there), that one can obtain from (2.9), with

3 3, _
Cyy(o0 1) <2Ebfll, €y (1,00) < 23[lb s
hence allowing to bound the constant by 273" ||bR||1 We then conclude as vy < 1. O
2.5.2. Estimates on I'y
In this subsection, we make use of the estimates on Q,tb obtained in the previous

subsection as well as Lemma 4 to simply obtain crucial estimates on I, 5.
Propositions 11-12 and 13-14 are the analogues to Propositions 8-9 and 10 for I'y 4.

Proposition 11. Consider a bounded angular kernel b € L ((—1,1)). Then for any v €
(0,1] and 0 < f € L3, (R?) N L>(R?), we have

[ B s 00 0 a0 < s2 il 100ATF NOF AT 210
R3
Proof. First, notice that applying the Cauchy-Schwarz inequality yields
Jw) " s s
T Daa (DI @) v < IAI IO F Al [0F DD, @20
R3

Clearly, by Riesz representation theorem,

|03 rrsn )], = swp [ o) Tsulr. 050 @)F do

lgll2=1J
Applying Lemma 4, this gives
[SERESEs] I /f )3 fg. 1)+ Q5,(f () fo) } o
llgll2=1

<N £ 2 supl{HQ )2 fg, f) H +HQ'yb £.()2 f9) H }

llgll==

where we used Cauchy-Schwarz inequality for the last estimate. Using the gain of inte-
grability property (2.12) in Proposition 7, we deduce that

[0 s, < s {52l [0 50], 107 117}

Using again Cauchy-Schwarz inequality, we obtain
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622 10suts. 0, <l sp {32000 (€23, Dol 11,7 1517}

gll2=1

.
= 32|blle 11117

|OF], nss

Recalling (2.20), we then conclude that

/

The result comes after noticing that

||J;<Uo)o Ty F)F(0) )% do < 320bll £ [0 £ 107

|OF ], e

Iflla < IFIZIANZ, 103 Flla < Y12 1£11%,
while [/l < ()7 flly and 7], < [|[¢() 5 7] ©

For b satisfying the cutoff assumption (1.4b), we have the following version of Young’s
convolution inequality

Proposition 12. Consider v € (0,1], an angular kernel b satisfying the cutoff assump-
tion (1.4b) and f € L3(R3) N L>®(R3). Then

/ ﬁ Ly a(f £)F () () do < 20[pl 17 F Il 16) 7 13- (2.21)
R3

Proof. We first note that, since |[v — v.|? < (v)7(v,)?, where we recall that (v) = (1 +

[v]2)2, we have
/ﬁr%b(ﬂf)f(v) (0)* do < [|£II" /Fo,b<<->”f, NI W) (0)*7 dv
B R? (2.22)
< NI IToa(CY F Dl I16) 7 111

As before, thanks to Riesz representation theorem together with Lemma 4, we have

ICos(() £, F)ll. = sup / 9(v) Do ()£, £) dv

lolh=14,

= sup [ ) (0. 07 + QL (0 1.9))
R3

llglli=1

Clearly, this implies that

IT0s(()F, Do < Iflloo sup (195509, )7 1)l + Q56 () £, 9l ) -

llgll=1
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We apply Young’s inequality (2.8) from Proposition 5 with (p,¢,7) = (1,1,1) to deduce
that

Lo ()7 fs Plloe < M flloe sup l0Nlgll 1G)7Fll1) = 20001 F oo 1) fl1-

llglli=1

Combining this estimate with (2.22) yields (2.21). O

Proposition 13. Consider an angular kernel b satisfying the cutoff assumption (1.4b)
and such that b vanishes in the vicinity of {—1,1}. Then for any v € (0,1] and f €
L2(R?) N L>®(R?), we have for any v € R?,

flo)
[1flloo

where Cy(1,2) and Cyp(2,1) are defined in (2.9).

Ly u(f; F)(0) < (Co(1,2) + Cp(2,1)) 167 fll2 [[f]]2 ()7, (2.23)

Proof. For g € L?(R?), writing the L> norm in weak form yields

ITos(g: Nlle = sup /h )Tos(g, £)(v) dv.

\11

Applying Lemma 4, the above right-hand-side becomes

sup [ £0){Q5,0.9)(0) + Q5 (0. 1))} o

llAlli=1
R3

which, by a Cauchy-Schwarz argument, is lower than

112 sup (195 9)l + 105 (o: Wlz) -

We apply Young’s inequality (2.8) from Proposition 5 respectively with (p, ¢, ) = (1,2, 2)
and (p,q,r) = (2,1,2) to obtain that the above term is lower than

[1f1l2 o (Cp(1,2) + Cp(2,1)) llgll2 [,

so that
1To,6(g, fllee < (Co(1,2) + Cp(2,1)) llgll2 || f1]2-

Finally, we recall that, for any (v,v,,0) € R3 x R3 x §%, we have |v — v.|7 < (v)7{v.)7,
so that

Lyw(g, )(0) <Top(()7 g, f)(v) ()7,
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ending the proof, after noticing that H];(Ii\)) <1l. O

Proposition 14. Consider an angular kernel b satisfying the cutoff assumption (1.4b).
Then for any v € (0,1] and f € L} (R?*) N L>(R?), we have for any v € R?,

f)
[1flloo

Lo (f, ) (0) < 2blly [1f ]2y f(0) (v)7 (2.24)

Proof. For g € L'(R3), we showed in the first lines of the proof of the previous proposi-
tion that

ITosto: Dll < sup [ £ { Q4,0 9)(0) + Q0. h) )} o

[IR]l1=1J
]R3

Therefore,

ITos(g: Ol < Wflloe sup (19T, (19}l + 19T,(0:))-

We apply Young’s inequality (2.8) from Proposition 5 with (p,q,r) = (1,1,1) to obtain
that

ITo.6(g, Hlloe < 210ll1 [lgll2 [1f]]oo-

Finally, we recall that, for any (v,v,,0) € R3 x R3 x S2, we have |v — v,|7 < (v)"{(v,)"?,
so that

T6(9, F)(0) <Top(()7 9, )(v) (0)7,

ending the proof. 0O

2.3.8. Estimate on Q;b
Lastly, we use a standard lower-bound estimate on the loss operator Q;b.

Proposition 15. Consider v € (0, 1] and an angular kernel b satisfying the cutoff assump-
tion (1.4b). Then for any 0 < f € Li(R3), there exists an explicit constant c. ; > 0
depending on vy and on f only through its L* and LY norms and an upper-bound on its
L3 norm, such that

/Q;b(fvf) F@) (0)77 dv > e 1 8] 1) % £13- (2.25)

R3

Proof. First note that the loss operator may be written as, for any v € R3,

Q) (s () = fo) [[blly (f [ - [V)(v).
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Then [5, Lemma 8] provides the existence of an explicit ¢, y > 0 depending on v and on
f only through || f|l1, || fllz; and an upper bound on || f| 3 such that for any v € R,

(fx]- 1)) Z ey ()7 (2.26)

Combining those two fact, it then comes that
/Q’;,b(fv F) ) (0)* dv = ey z [Iblla /f(”U)2 (0)*7 dv,
R3 R3

concluding the proof. 0O
2.4. Derivation of Lff bounds

In this subsection, we provide, in Proposition 16, a uniform-in-time and uniform-in-¢
L% bound on the solutions to (1.1). We only recall that, according to the results in
Appendix B, assuming that fi* € Li(R?) N L>®(R3), for any 0 < & < [ f|<}, the
unique solution f¢ to (BFD Eq.) is such that

sup || f*(¢,)lly < Cugs, (2.27)
£20

with Cy 3 > 0 explicit and depending only on 7, b, ¢, v, E'™ and an upper-bound on
HfinHLg; - in particular, not on .
We now have all the tools we need to obtain the following proposition.

Proposition 16. (L2 bound.) Consider a collision kernel B of the form (1.4) with v €
(0,1]. Given an initial datum 0 < f™ € LI(R3) N L®(R3), there exists an explicit
constant Csy~, depending only on vy, b, o™, u™, E™ and upper-bounds on ||fi“||L§ and
| f™|oo such that for any e € (0, || f™||}], the unique solution f¢ to (1.1) satisfies

sup [|f*(t)llrz < Cz2py. (2.28)
t>0

Proof. For the sake of clarity, since we are working here with fixed ¢ and fixed initial
datum, we simply denote in the following f(t) = f°(¢,-) for any t > 0 as the unique
solution to

Opf(t)(v) = Q5 p(f (1), f(1))(v), fle=0)=fm

Using Proposition 2.6 we get, as pointed out in Remark 6 together with the definition
of Q. (see Eq. (2.5)), we deduce that, for any t > 0,

Q)

Ouf () < Qu(F (). £()) = Q54 (F(0) F(B) + ry—T v

(f(8), £(1)) = Q11 (F(1), F(1)).
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Multiplying both sides by f(¢)(v) (v)?Y and integrating on v € R?, it comes that

. W) ,
551012 < [ (0. s + FE T 0, 50y

R3

- 0L FO))) 1(O0) 1) o
In the rest of the proof, we follow the ideas developed in [5, Section 7] (see also [6]) and
split the kernel b into b = b> + bt with 6> € L>°((—1,1)). Since b Q«tb and b— T4
are linear applications, we can split the above right-hand-side as

55101 < / QF 4 (F(1). F(0)(0) F(1) (v) (v} dv (2.29)
/ O (F(8), £(1))(0) FE)(0) (0) dv (2.30)
i H.f(t)”oo ~,b%° (f(t), f(t))(v) f(t)(v) <U> 7 dv (2.31)
70T P YOS O@ 1 @3
- / Q1 (f(1). F(1)(v) f(£)(v) (v)" dv. (2.33)
R3

All of these terms have been studied and bounded from above in Subsection 2.3. Namely:

J

6) in Proposition 9 allows to bound from above (2.30)

15) in Proposition 8 allows to bound from above (2.29)
16)
19) in Proposition 11 allows to bound from above (2.31)
21)
25)

o Equation (2.
o Equation (2.

c

1) in Proposition 12 allows to bound from above (2.32)
in Proposition 15 allows to bound from above (2.33).

(
(
« Equation (2.
« Equation (2.

(2.

¢ Equation
Putting everything together, (2.29)- (2.33) implies

277

F @2 + o 1001160 F FOIF < 16167 16)F FOIT 160 £@13
+ 25 || 1) F L@l 1) T T @)1
+32 6%l 17 FOITT 102 FOIT
+ 2B [ 1O 1Y F F@)13

N —
Q—-|Q_,
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We observe now that 24 < 2 and, since ~ € (0,1],

162 F@ I < TG FOI < ICYZ FOI < UF@) ey = 17z

since mass and energy are conserved during the evolution, we deduce that

277

1F@135 + 00 1011 16) % FOIF < 4815 2115 10 % 0115

+ Al 1l gl E £ (2:34)

NN
Q—-|Q_,

We now recall that c, f(;), coming from Proposition 15 only depends on f(t) through
[ £[l1, Iflzy and an upper bound on [[f[|z1. Using now (2.27), we conclude to the ex-
istence of a constant €, sin > 0 that depends only on v and f'", which is explicit and
independent of e, such that for any ¢ > 0, we have ¢, ;) = €, yin. Therefore, (2.34) may
be recast into

2__

Bl 1) % FOIB < 48161 | £ 3 ¥ 16)F £ (03

N PSR OL R

Q-|Q

£ (0135 + Sy o

DN | =

We can choose b>* € L>°((—1,1)) such that

Cy,fin ||b]|1
161 = [lb = 6% < e
81/ 2y

For such a choice of 6>, we set 1 A4; = 48 Hfi’“ g [|6°°|loc and deduce that

Iz

S SO &, Il 1O E FOIB < 5410 T PO +28, o0 Il 10 E £0)IB,

that is
%Ilf(t)IIQLg SAGT RIS =242 1007 F)I3, (2.35)

where we denoted Aj := 1€, pin ||b]|1. Notice that A; > 0 and Ay > 0 do not depend on
time, nor on e. A study of X +— A; X%~ 3 Ay X? leads to, for any X > 0,

A?

2y
A1X2_2_31—A2X2< 3 X
2= o4

2

The term inside the parentheses in the right-hand side is actually increasing in ~, thus
can be bounded by its value at v = 1, and we conclude that for any X > 0,
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3
2 4 A7

A X - AXP L < 57 % S = A
Ay

Noticing that H()STVf(t)Hg 2 [|f(#)]l 2, this leads us to

d 3y
Ellf(t)llig <Az = Ao|() 2 FONE < As — Aol f D)2, VE=0.

A straightforward ODE integration and the fact that f(t = 0) = f® then yields, for any
t>0,

- A
100 < masx (1771, 52 )

We conclude by taking the supremum in time. Finally, note that || f||%. is bounded by

vy
[Nyl oo, and ‘2—2 is explicit and depends only on 7, b and f* through its L' and
L3 norms and an upper-bound on its L3 norm - in particular, not on e. 0O

2.5. Conclusion to the proof of Theorem 3

We assume that the assumptions of Theorem 3 are in force and adopt the notations
introduced therein. We provide in this subsection the conclusion of the proof of this
Theorem. As in the proof of Proposition 16, we denote in the following f(t) = f°(¢,-)
for any ¢ > 0 to avoid ambiguity and for clarity, and we have for any v € R3,

f#)(v)
1 B)lloc™ "

Following the ideas of [5, Subsection 7.3], we split b = bg + bg with bg vanishing in the

Ouf (£)(v) < QT (f (1), F(#))(v)+77mr= L (f(2), F(1))(0)=QF 4 (f(1), F())(v), t=0.

vicinity of {—1,1}. Since Q,Jyrb and I'y ; depend linearly on the kernel b, we observe that,
for any (¢t,v) € Ry x R3,

0 f(t)(v) + Q7 (f(1), F(1)(v) < Q7 (F (), F(D)(v) + Q7. (£ (), F(£)(v)

LOW 10,500 230
1)
O™

Here again, all the above terms have been studied and estimated in Subsection 2.3.

_|_

+ iz Lros (F(0), £(1)(0) -

Namely, Equation (2.17) in Proposition 10 allows to bound Q;bs from above, Equa-
tion (2.18) in Proposition 10 allows to estimate Q;bR while (2.23) and (2.24) provide
the estimates for I'y 5 and T, , respectively. Finally, Q_, is bounded from below thanks
0 (2.26). With all these estimates, (2.36) becomes
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0cf (1) (v) + ¢y Bl FO ) ()7 < Cos(2,2) 1 F (D122

+A4[brll [1F @Ol ®)lloo (0)7
+ (Cos(1,2) + Cos (2,1)) ()7 [F (O] 2 [1F ()]
+ 2[brll [IF )2y f(#)(0) (0)7

As already explained in the lines following (2.34), there exists an explicit €, s > 0
depending only on v and f™™ such that for any ¢ > 0, C.,f(t) = Cv,pin. Moreover, we have
for any t > 0 that

IF @O < IFOllzy < NF @Oy = 1] s-

Moreover remarking that [|f(t)[l2 < [[f(¢)[z, f(t)(v) < [[f ()]l and 1 < (v)7, we then
obtain

0uf(t.0) < (Cos(2,2) + Crs(1,2) + Cog (2, 1)) [ F (D122 (0)7

+ 6l0all 1 ey 1Bl (v)7 = €, pin

[bl]1 f(#)(v) (v)™.

We now apply Proposition 16, providing the uniform-in-time L?Y bound
sup [| £(1) 172 < C3
sup L2 S oy
>0

We choose the kernel bg close enough (in the L! sense) to b, to ensure that

ol < See ol

© 120y

In this event, we obtain that for any (¢,v) € Ry x R3 we have

Ouf (t,v) < AL (V)7 + Az [[£(B)]loo ()Y — 242 f(£)(v) ()7,

where

1_
Al = (Cps(2,2) + Cyg(1,2) + Cps(2,1)) C5 ., and Ay = 5% [0l
are explicit and depend only on 7, b and f through its L' and L} norms and upper-
bounds on its L} and L* norms - in particular, neither on time ¢ nor on e. Fixing t > 0,

we then have for any s € [0,¢] that, at fixed v € R3,
Osf(s,v) + 245 f(5,0) ()" < (4] + A, ,sup LF )Mo ) (v)7
</t

—2A5 (v)7s

Multiplying the above inequation by e and integrating for s € [0,¢], while

keeping v fixed, yields, as the right-hand-side does not depend on s,
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e < P e (T g s O ) (e 20

\

In particular,

) < max (17l 5+ 5 sup 1))

Asa consequence

A’ 1
sup |f<t’>||w\max(||fm|oo, +3 sw |G >||oo),

o<t <t 2 o<t

and, since supgcy < [|f(#')lloo < 7' < +00, we easily deduce the bound

A/
sup 17 (E)]loe < max(nfmnoo, —).

o<t/ <t

Theorem 3 follows as the right-hand side does not depend on time ¢, and ‘:—; is explicit
and depends only on v, b and f through its L' and L3 norms and upper-bounds on its
L} and L norms - in particular, not on e.

3. Explicit rate of convergence to equilibrium: proof of Theorem 4

To deduce from the above result the proof of Theorem 4, it remains to obtain some
suitable conditions on the initial datum f ensuring that the solution f€ to (1.1) belongs
to the class C. as described in the introduction. In particular, we first need to prove
the existence of pointwise lower bounds of exponential type. This is the object of the
next section which, once again, fully exploits known results for the classical Boltzmann
equation as well as a comparison principle between Q% and QOp,

3.1. Mazwellian pointwise lower bound

The following Proposition 17 is the equivalent to [19, Theorem 1.1] for the fermionic
case, the latter being stated for the classical Boltzmann equation.

Proposition 17. Consider the assumptions of Theorem 3 along with the same notations.
Then for any ko € (0,1), € € (0 (1 —-ko)C ] and positive time tg > 0, there exist two
positive constants Ko and Ag depending only on tg, ko, v, b and f™ only through its L'
and L} norms and an upper bound on its entropy, such that the solution f€ to (1.1) is
such that, for all t > tg,

fe(t,v) > Kge o lol*, veR3 (3.1)
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Remark 8. We insist on the fact that, as in the previous results, the positive constants
Ky, A in (3.1) do not depend on e.

Proof. We do not provide a full proof of this result since it is, actually, exactly the same
proof as the one valid for the classical Boltzmann equation. Indeed, the key point here
is that the solution f¢ satisfies

Ocf*(t,v) = kg Q7 (f5(1), f2 () (v) = Q,(f°(1), f(1)(v)  V(t,v) Ry xR?. (3.2)

This is easily seen recalling the splittings (2.1a)—(2.2b) and observing that, under the
assumption kg < 1 —¢ef < 1, it holds

QH ) = w31, (£ 1), QL (F ) <Q,(f )

Since O f¢ = Qi’;(f, f)— Qi’,;(f, f), we deduce readily from Corollary 2 that f€ sat-
isfies (3.2). With this, one sees that f€ is a “supersolution” (in the sense of (3.2)) of
an equation very similar to the classical Boltzmann equation, the only difference be-
ing that the th operator is multiplied by 3. This allows to resume the whole proof
of [19, Theorem 1.1] (the fact that we are dealing with “supersolution” and not solution
to (3.2) plays no role since we consider lower bounds for f¢). We notice that, although
the conservation of mass and energy and the decrease of the entropy are not embedded
n (3.2), they do hold as f¢ solves (1.1) and this allows to copycat the proof of [19,
Theorem 1.1]. O

3.2. Conclusion to the proof of Theorem /

In this last Subsection, we provide the core of the proof of Theorem 4 and conclude.
We recall that we assume here that B is a collision kernel of the form (1.4) with v € (0, 1]
and an angular kernel b satisfying the cutoff assumption (1.4b). We fix an initial datum
0 < fi* e LI(R3) N L= (R3).

According to Theorem 3 (more precisely Corollary 2), there is an explicit Co > 0
such that for any xo € (0,1) and ¢ € (0, (1 — ko) Cxl], the associated solution £ to (1.1)
with f¢(t = 0) = f is such that

1—efé(t,v) > ko  (t,v) €Ry x R3, (3.3)

From now on, we fix ko and ¢ such that (3.3) holds true and denote for simplicity
f(t> = fs(t7 )

We arbitrarily choose a positive time ¢y > 0 (one could for instance take to = 1).
Using the result of [16, Theorem 2. (I)], we deduce that, for any s > 2, there exists an
explicit constant Cy s > 0 (depending on s, B, || f™[|1,[|f™ (|4 and to but not €) such
that
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sup [ £ ()]

t>to

L <Gy (3.4)

Moreover, a simple interpolation together with Theorem 3 yields

1
-3

iglg”f(ﬂ\\p <[/ Co vp > 1. (3-5)

Moreover, we recall the notation (it is not a norm), for any measurable h : R? s R
and s > 0,

Ihllz110g . = /(v)s h(v) |log h(v)| dv.
RS

When h € Ly, (R*) N L>®(R?), the above can be bounded as follows,

7]

Lrogz < log™ ([|hlleo) [|P]

rr + |7

L.1+1 +/6_<U> <U>S+1 dv.
R3

Therefore, combining the above (with h = f(t)) with (3.4) and the L*> bound on f, it
holds that

sup [|f(t)]lz110g2 < log™ (Coo) C1, 5 + Ci 41 + /e*<”> (v)s* dv. (3.6)

t=>to
R3

Equations (3.5) and (3.6) can be reformulated as the fact that, for all p > 1 and s > 0,
there exist explicit C, > 0 and C'°¢ > 0 such that

sup [|f(t)[l, < Cp,  and  sup |[f(2)]

2to t>tg

LllogL < CLOg~ (37)

In particular, both C,, and C°8 only depend on v, b and f through its L' and L} norms
and upper-bounds on its L} and L norms, and respectively on p and s. Moreover, from
Proposition 17, there exist Ky > 0 and Ay > 0 depending only on tg, Ko, v, b and f®
through its L! and L} norms and an upper bound on its entropy, such that for any
(t,v) € [to, +o0) x R3, we have

Ft,0) > Koe Aol (3.8)

Let us now define, for any ¢ > 0

0
<)

Since, forany t € R, 0 < f(t) € L3(R3) and 1—ef > ko, we also have 0 < g(t) € L3(R?),
as well as, from (3.3)—(3.7), that for any p > 1 and s > 0, it holds that

g(t) == @ (f(t))
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sup lg@®lp < ko' Cp, and sup gl 11052 < kg CY8 + kg ' log(kg ') Co .
t>to t2to

(3.9)
Moreover, since g > f, Equation (3.8) implies

g(t,v) = Ky e*A‘)l”IZ, Vt >ty, veR3.
We are now able to apply the functional inequality in Theorem 2 to the function g(¢),
for t > tg, which, with the choices

4
6_ =0, B+ =7, p=3, s=4+ —, and go=2 sothat a=1+7,
Y

provides the existence of a positive constant Ay > 0 such that

L4y
. (3.10)

Do(9(t)) > Ao Ho (90| M5")
We point out that the positive constant Ay can be defined as Ay = inf,>,, A(t) where,
according to Theorem 2, A(t) is depending on Ay, Ky, upper and lower bounds to ||g(t)|1
and [lg(t)[| Ly, and upper bounds to [|g(t)[[3, [|g(t)]

i, and [|g(t)[[ L1 10g - This shows in

particular that the positive constant Ay depends only on tg, o', u™, E™, ko, Ko, Ao,
Cg, Clsog and CLSJFQ.
We now apply Proposition 1 to get that

H(FOIMID) < Ho (90| MED)  and 2(7(1) > 5§ F0 (9(1)),
which, combined with (3.10) yields
P:(f(1)) = r Ao He(f ()| MDY (3.11)
Now notice that for any ¢ > 0, we have, since f solves (BFD Eq.),
MO = mS"
According to the entropy identity (B.1) (see Theorem 6), for all ¢ > 0, we have

d

in d
SHAFOMI) = SHAF0) = ~2-(/(0).

In particular, according to (3.11),

d

SHATOIME") <~ AgHFOIMET), e 1o

Integrating this inequality on the interval [tg, t] and using, as the entropy decreases with
time, that
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M"Y,

He (£lt0)| ML) < e (£

we easily deduce that

HAFOIME™) < (He(Fm I ME ) +amf Aot —t0)) 7, Ve to.

2=

Finally, using again that the mapping ¢ — H.(f (t)|./\/lfn) is nonincreasing, we deduce
that for all ¢ > 0, it holds that

2=

Ho ()| M) KB (14 (t—t0)1) 7, (3.12)
with
B = max (H, (vKo Ao)i%) ;

in

where H is an upper-bound on H.( fi“|/\/l£ ). We now set for the following

e = min ((1 — ko) CL, s;rat) ,
where s;rat is defined in Lemma 20 in Appendix C, is explicit and (as we apply the lemma
to f = ) depends only on o™ an E™ (it is approximately 0.06 £4,¢). Equation (3.12)

then implies (1.22) for all € € (0,&™], with Cy = (1 + to)% B, provided that H can be
chosen to be explicit and depending only on o', E™ || f*||.c and & (in particular, not

on ¢ < ). This is achieved by first applying Proposition 1, giving
fin
1—egfin

fin
1—cfin
M,
fin

fin ,f;nm jai“m
:/1_€finlogl_5findv— MTT™ log MI 7™ dv,
RS R3

Ho(f2 | ML) < Ho (

then remarking that the first integral can be explicitly upper-bounded independently

of ¢ < & by a quantity depending only on o*, E™, ||fi"||, and ¢, and that the
fin

which themselves are explicitly bounded by quantities depending only on o™, E'™ and

second integral can be explicitly expressed in terms of density and energy of

|| f|| for any e < ™.
We finally show (1.23) for all € € (0,&™]. We make use of the weighted LP Csiszar-
Kullback-Pinsker inequality recalled in Proposition 19 in Appendix B, with p = 1 and

in

w = (-)* for some k > 0, giving for any ¢ > 0, as Mf(t) = /\/lg ,

| £ - M

2
L

<z (MOl ) e (0"
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- f
Since € < eg,y,

depending only on o™ and E™ (in particular, not on £) such that ||MZ" 21, < Cat1,2%-
Then, letting

Lemma 20 in Appendix C provides the existence of Caq,1 2k, explicit and

Cuik= \/2 max (Cp, 1,25, Ci,2k) Coy, (3.13)

we obtain, using the proven (1.22),

£ = mL”

L < Crak(l+ £) 2. (3.14)
k
Finally, let p > 1. As

1-1 1
Mg < IF-Tloe ™ M -IEs, »

+

sat?

and since, as € < €g,, Lemma 20 in Appendix C provides the existence of C o0, explicit
and depending only on o™ and E™ (in particular, not on ) such that || M ||c < Cpt.00,

we deduce (1.23) from (3.14), with
1—-1 1
Crpr =max (Cautoo, Coo) 7 Cop1pr?,

where we used the fact that || f(¢) — MS"

as both f(t) and M/" are nonnegative.
Since every presented constant is explicit and depends only (at most) on 7, b, o',
u™, E™ and upper-bounds to [|f™||,1 and ||f™||e, in particular not on ¢, the proof of

s < max <||Mf"\|oo, ||f(t)|\oo), which holds

Theorem 4 is complete.
Data availability

No data was used for the research described in the article.
Appendix A. More physically relevant models

We briefly discuss here the possibility of recovering the results established in the core
of the text when dealing with more realistic collision kernels. We begin with briefly
recalling some facts about such physically relevant kernels.
A.1. Quantum collision kernels

While collision kernels B are fully explicit for classical particles, the situation is much
more involved for quantum (pseudo)-particles. In this case, (BFD Eq.) has been derived

from the Schrédinger equation in the weak-coupling regime and the derived kernel B
takes the form



38 T. Borsoni, B. Lods / Journal of Functional Analysis 287 (2024) 110599

@)@

2=V — Uy, cosﬂzm-a, (A.1)

B(v,vs,0) = |2| {5(

and where (/5 is the (generalized) Fourier transform of the particle interaction potential
¢ = ¢(|z]), z € R3. As in [15], we make the general assumption on B:

Assumptions 2. The collision kernel B(v,v.,0) = B(|Jv — vs|,0) = B(Jv — v«|, cos8) is
assumed to be such that

|2]Y @.(|2]) bu(cos @) < B(|z],cos80) = B(v,vs,0) < (1+ |z])7 b*(cos 6)

for v € (0,1] and some Borel even functions b.(-),b*(:) defined on (—1,1) and a Borel
function ®, : Ry — R such that

s

0 < by(cosf) < b*(cosh), 6€ (—mm); /b*(cos 0) sin #df < oo (A.2)
0
and
D.(r)>0 Yr > 0, 1r>1f1 O,.(r) =21, sup®.(r) < oco. (A.3)
Tz r=0

Example 9. It has been observed in [15, Appendix A] that, for potential interactions of
the type

o(z) = |z|7 7, 0<a<3
the kernel B defined by (A.1) is such that
B(z,0) = |2]"b(cos §), vy=2a—-5

with

3—«
2

b(cosd) = Cy ((1 — cosf) P — (1 —i—cos@)B)Q, B =

for some positive constant C,. One can check that b actually meets the cutoff assump-
tion (1.4b). In particular, it satisfies Assumption 2 as soon as « € (%,3). Notice that
such a kernel is of the form of kernels studied in the core of our work here.

Example 10. Choosing a potential of the form

¢<|x|>:ﬁ@/ct<|ww—lexp(-g)dt, reR, 0<A<s,
0
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where I'(+) is the Gamma function and G(|x|) is the heat kernel

|z

Gy(jal) = (2rt) 4 exp( a

), zeR3t>0,

one can check that B defined by (A.1) is such that

4]

arppype ((-alaheoso) — ra(eeos))’ . a() = 2

B = S fod I
(2,0) 2+ 2|2

It has been then observed in [15] that B satisfies then Assumptions 2 with y =1—48 €
(0,1],

or2 \ 22
D.(r)= (m> , b.(cos @) = cgcos® 0, b*(cos ) = Cj cos® @ sin=45(9)

for some positive constants C'g, cg > 0.

Example 11. A general subclass of kernels B satisfying Assumptions 2 has been consid-
ered in [22] and corresponds to the choice ¥ = 1 and
e

q)*('l") = QH—T,B7

B =0,
and
1 *
bi(cos ) > §b0 > 0, b*(cos ) < by < 0.

This means in particular that

|v — v, |PHL < B )< bl |
—— = < B(v,v4,0 VU — Uyl
01+|v—v*|ﬁ\ kAR *

A.2. Main mathematical changes induced by quantum collision kernels

For simplicity of presentation, let us assume that the collision kernel is of a type
generalizing the above example and assume that there exist by > by > 0 and v, 8 € (0,1)
with v + § € (0, 1) such that

M<B(vv o) < br|v — v.|” v,0,,0 € R3 x R3 x §2 (A4)
01+\v—v*|ﬁ\ » Hy = *| y Usey . .
We briefly explain here what should be the main changes/obstacles for the derivation of
the results obtained in the core of the paper for kernels of the type (1.4).
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Notice that, for such collision kernels, as pointed out already in [15], the construction
and properties of solutions as described in the above Appendix B are easy to adapt (see
the discussion hereafter).

We can check without too much difficulty that the whole set of results in Section 2
are still valid under the above assumption (A.4) culminating in the following version of
Theorem 3

Theorem 5. Let v € (0,1] and 8 > 0 and let B be a collision kernel satisfying (A.4) with
by = by > 0. For any 0 < fi* € LA(R3) N L>=(R3), there exists an explicit Coo(B) > 0,
depending only on B and f™ only through its L* and L norms and upper-bounds on its
L>® and L} norms, such that for any e € (0, | f||2], the unique solution f¢ to (1.1)
associated to €, the collision kernel defined by (1.4) and initial datum f™ satisfies

sup || f<(t)[lso < Coo(B).
t>0

Indeed, the representation formula for QF allows again to define I'p as in (2.3) and,
as in Section 2, we can define

GH1f)(g.h) == Qh(g, 1) + ”fioo T (g.h),

and Op[f](g,h) == fQVE[f](g7 h) — Q5(g, h). With this, Proposition 3 and Lemma 4 still
hold with obvious change of notations. Since the results in Section 2 are obtained through
estimates involving somehow the weak form of Qg, one checks easily that Proposition 7
(with ||b]|sc replaced with by) can be deduced from Proposition 5. All the results, up
to Proposition 14 remain then valid. The only change to be made lies in the proof of
Proposition 15 but the proof of [6, Lemma 4] can be adapted to deduce the same result.
All these results would yield Theorem 5.

Of course, the results recalled in the Introduction regarding the entropy production
and entropy estimates remain valid for this class of collision kernel. The only result that
does not seem to be directly deduced from existing results is the one in Section 3.1.
Typically, it would be very interesting to check whether Proposition 17 (or a variant of
it) still holds for collision kernels satisfying (A.4). Notice that the obstacle has nothing
to do here with the quantum nature of the Boltzmann operator and one should rather
check if the classical Boltzmann operator QJEF; is satisfying the estimates derived in the
original proof of [19]. It seems to us that the key point to be checked is the spreading

lv—v, |/3+“r

m, namely, can we

properties of the collision operator QE when B(v,vs,0) = by
still prove that there exist n > 0,7 > 1 such that

QE(HB(UOJSO)? 115(110750)) 1 ]IB(UD; 700)

holds true for any 9 > 0, vg € R3? Here above, B(v,d) denotes the closed ball of
R3 centered at v € R3 with radius 6 > 0. Such a result, obtained usually through



T. Borsoni, B. Lods / Journal of Functional Analysis 287 (2024) 110599 41

the Carleman representation of the gain part operator, allows to initiate the iterative
procedure yielding the derivation of pointwise bounds. To keep the paper simple enough,
we did not elaborate on this point but are confident that Proposition 17 is still true for
general kernels B of the form (A.4). If this were the case, which is highly expected as, on
a finite ball, the kernel B behaves like |v — v,|Y#, for which we know the result holds,
it would be straightforward then to resume the proof derived in Section 3.2 and obtain
an analogue of Theorem 4.

Appendix B. Known results about (BFD Eq.) and the Fermi-Dirac entropy

We collect in this section some known facts about (BFD Eq.) obtained in [16,17] as
well as some recent results regarding the relative Fermi-Dirac entropy obtained by the
first author.

B.1. Cauchy problem and moment estimates

We briefly recall here the notion of solutions we consider in the present paper, the
Cauchy result established in [16] as well as moments estimates.

We adopt the following framework and recall here that we always assume B to be a
collision kernel satisfying (1.4).

Definition 3. Let ¢ > 0 and 0 < fi* € LI(R3) satisfying 1 — ef™ > 0. We say that a
Lebesgue measurable function

fe 1 0,00) x R* — [0,e71)

such that sup,s || f(t)] 1y < oo is a weak solution to (BFD Eq.) if there is A € R? with
zero Lebesgue measure such that

T
/dt / B(v,v,,0)GE(t,v,v,,0)dv,do < oo, V0 < T < oo, Yo e R3\ A,

0 R3xS2

where

G+(t,v,v*,0) = [f/f;(]- 75.](.)(1 - €f*)], Gi(tavﬂ)*ag) = [ff*(]- - Sfl)(l - gfﬂi)] ’
and

t

Fo(tv) = fn(0) + / Q5(f5, f)(rv)dr, ¢

0

WV
o
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For that class of solutions, existence has been established in [11, Theorem 1] and
uniqueness, stability as well as the entropy identity have been established in [16,17]:

Theorem 6. Given ¢ > 0 and 0 < fi* € LY(R3) satisfying 1 — ef™ > 0, there ewists
a unique solution f€ = fe(t,v) to (1.1) in the sense of Definition 3. Moreover, such a
solution satisfies the entropy identity

Ho(F5 (1) = Ha(F) / 9. (fo(r)ydr, V0. (B.1)
0

We also recall that moments are created for solutions to (1.1) associated to a collision
kernel of the form (1.4) where we recall that v € (0, 1]:

Proposition 18. Given ¢ > 0 and 0 < f* € Li(R3) satisfying 1 — ef™ > 0, let f¢ =
fe(t,v) be the unique conservative solution to (1.1) in the sense of Definition 3. For any
s> 2, one has

s—2

} T wtso,

ai

1)l

< |l
% | e

where a; > 0,az > 0 are constants depending only on B, || f™ |1, | /™1y and not on e.
Moreover, given s > 2, there exists Cp(f™) > 0 depending only on B, || f™[l1, [|f™ 11
and || f™|| 1 but not on e such that

sup [| /5(8)||z: < Cr(f™). (B.2)
t>0

Remark 12. Such a result is a simple consequence of [16, Theorem 2. (I)] where the
creation of an L! bound has been derived. We point out that, if one assumes the initial
datum f € LL(R3), then the uniform-in-time bound provided in (B.2) can be easily
deduced from the equation just preceding [16, proof of Thorem 2, Equation (3.8)], which
has a similar form as (2.35), and easily provides a short-time bound that satisfies the
above mentioned properties.

Remark 13. As explained in the Introduction of [15], the above properties (existence,
uniqueness, moments estimates and entropy dissipation) of solutions to (1.1), obtained
for collision kernel of the form (1.4) are easily extended to more general — and physically
relevant — interaction kernels of the form described in Section A. We refer to [15] as well
as [13] for more details about this question.
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B.2. Csiszdr-Kullback-Pinsker inequalities

We here state a recent improvement of the usual Csiszar-Kullback-Pinsker inequality
(CKP inequality). We only recall here that the usual, original CKP inequality asserts
that

7= M| < 215070 (71248) 1,

for any f € L1(R?) where M{; is the Maxwellian state with same mass, momentum and
energy as f.

Such a result has been extended recently by the first author and generalized to Fermi-
Dirac relative entropy yielding the following weighted LP-version of the CKP inequality
(see [7])

Proposition 19. For any e >0 and 0 < f € L3(R3)\ {0} satisfying (1.10) and such that
l—ef>0andrg > %, we have

= Mg”?L% < 8| Mel[ 11 He (f|M5) ’

and, for any weight function @ : R® — R, and any p € [1,2], it holds
= (F = M) < 2mae (|| ML, 12 £l 2, ) He (F]MD),

where M is the Fermi-Dirac distribution associated to f.

Remark 14. Recall that, as observed in the Introduction, the assumption rg > % is
equivalent to & < eq5p Where g, is defined in (1.11) and this implies that f # F. where
F. is the saturated steady state defined in (1.9), and the existence of M. Of course, in
the above result, for p = 2, we adopt the convention || - ”ﬁ =1 loo-

Appendix C. Explicit and uniform-in-¢ bounds for Fermi-Dirac statistics

In this last Appendix section, we provide, in the following Lemma 20, explicit uniform-
in-e bounds on the L> and L}, k > 0, norms of the Fermi-Dirac Statistics.

Lemma 20. Consider a nonnegative f € L3(R3), which density, average velocity and
temperature we denote respectively by o, u and E. We let
el =23.35.573 .13 g E3.

Then there exist Cp,00 > 0 and, Cpaq1,x > 0, for any k = 0, which are explicit and
depend only on o, u and E, such that for any e € (0 el ], we have

» “sat
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and, for any k >0,

MLy < Canae- (C.2)

wlot

Notice in particular that E;rat =25.33 .54 .13 Eeat ~ 0.06 £gat-

Proof. For the sake of simplicity, we prove the lemma with the extra assumption v = 0
and briefly discuss the case u # 0 at the end of the proof. Let us recall the notation, for

any v € R3,
ac+be|v|?
f _ e
Ms (U) - 14+ 5ea5+b€‘v|27
as well as
E 1 (3:0\?
€0
= T = — .
"B T (o,e) (0.6) =3 <47r)

It is proven in [7, Proposition 18] that for any e € (0, &gt ), as soon as

rg =1, rt= (i) (Z) ) (C.3)

we have

The above can be reformulated as

which, by direct computation, gives in particular
e < pE75. (C4)
We notice that, letting

el =25.32.575 .03 1 B3, (C.5)

sat

the condition (C.3) is equivalent to assuming ¢ € (0,&/,,]. In this event, we have

proven (C.1) with Cpaq,00 = oE~3, since
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1M ]loo < €.

Moving on to the proof of (C.2), and still assuming ¢ € (0, EIM}, we have by definition,

for any k£ > 0,
My = [ ML) ) do,
R3
so that
MLy < e [ (o) do, (C.6)
R3
Passing to spherical coordinates v € R*\ {0} = (r,0) € R% x S? and then performing

the change of variables r € RY +— x = /—b.r € R} (recall that b. is negative), we get

3 -1 2 ;
My < e 1821 (b Fmin(t, )R [ e et e ()
Ry

2
where we used the fact that 1+ ( ) < min(1, |bo]) 71 (1 + 22). Letting

T
—b.

C,(/)\/l,l,k =oE 24n / e (1 —|—x2)% dz,
Ry

which is explicit and has the same properties as Caq,00, Equation (C.7) yields, as we
just proved e < QE_%,

3 . -1
IME Ny < Chae (1ol min(L, p)*) (C3)

Let us now provide an explicit lower bound for |b.|. We follow a similar reasoning to the
one of [7, proof of Proposition 18] It is proven in [16, proof of Proposition 3] that, letting

(o)
s s B
Is(T) ::/de P(T) = 14(7')[2(7') g, T€R+,
0

the function P is increasing from R* to (33 ,+oo), and we have

2
1 E 4 1 3
P< )39 b5<7r12( >> . (C.9)
cede 03 €0 egele

/~
| o
~——
)

47
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3

As by definition of P, Iy(1) = (%)g for any 7 > 0, we deduce that, using both

equations in (C.9),

by = 47 s 1 (s)% 03
S eo )t \ens dr/) 3oFE ’

which, raised to the power 2, rewrites

27

5 47T 1
= () 1 (). 10

As it holds for any 7 > 0 and 7 > 0 that

1 e "’

> ;
14+7e” 7 1471

we have for any 7 > 0 that

o0
1 . 1 3
I > Yo dr = ——
1(7) 1+T/re "T1v7 87
0

where the constant on the right-hand-side was computed from %F (%), with I" standing
(here only) for the Gamma function. It thus comes that

7 1 S 3 eels
\eew ) 7 8/ 1+ e
Since € < el

at, We can again make use of the result of [7, Proposition 18] (as, with their
notation, v/y' > 1) to obtain that

a
ce’s K

)

[V )

implying 1 4 ee% < % < %, so that, also recalling (C.10), we have

5 47 9
bod () T e, C.11
] <3QE)8~5\/E N (C.11)

The last part of the proof consists in proving a lower bound for e®. We use a similar
reasoning as previously. As it holds for any » > 0 and 7 > 0 that

2 2
e " 1 e "
>

T T l47e? T 147
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we deduce that, for any 7 > 0,

5 1
T3 3-23
P = . )
(T) 1+ 71%

_s
where the constant on the right-hand-side comes from %F (g) (%I‘ (%)) 3. Setting 7 =
(ee®)~1! in the previous inequality, and using (C.9), we obtain

2 _2 1
30F [4m\?® < (ee?)~s 3.23
0% \ e 1+ gea x5
Again, since 1 4 ee% < %, we thus have obtained, for any ¢ € (0, slat],
3 \? 3
ac > — E~ 2
<107r> ¢
Defining finally
0 2 . A 3 -1
Catak = Chaye (BF min(l, b)) b=—" B,
" o 1073

this concludes the proof of (C.2). O
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