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Chapter 0O

Introduction

Forcing is a powerful method for constructing models of Set Theory. It was invented by Paul Cohen,
who introduced it in his pivotal 1963 paper [5] to construct a model of ZFC + —CH. Since then it
has been employed to produce a staggering variety of models of extensions of ZF. By now it has
taken quite a central place in contemporary set theorists’ arsenal.

But how exhaustive is the method of forcing? How rich is the class of structures it can produce?
Would set theorists miss out on a lot if they don’t look for other methods for constructing models
of set theory and just used forcing?

This is obviously not a precise question. To move towards thinking about it more precisely, let’s
imagine the set-theoretic multiverse as an oriented multigraph whose vertices are models of set
theories we might be interested in, and whose arrows denote relations like ”is a substructure of”,
”is an elementary substructure of”, ”is a ground of’ﬂ etc. Then a question about the power of the
forcing method becomes a question about the prevalence of forcing arrows in this multigraph.

The formally strongest conceivable answers like “every two models are connected by a forcing
arrow” or “every substructure arrow is also a forcing arrow” are immediately seen to be impossible be-
cause of some obvious limitations of forcing — for example, forcing preserves the cardinality of models.

This suggests that the general question of how powerful forcing is will not have a single
formalization but a variety of formalizable aspects. One such aspect that has long been established
is contained in what we call the Intermediate Model Theorem EI, which states that a model of ZFC
which sits as a substructure between a model M of ZFC and a forcing extension of M is itself a
forcing extension of M. I.e. whenever we have the following situation
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ISaying that M is a ground of N is equivalent to saying that N\ is a forcing extension of M.
2Tt can be found for example in Jech’s [I0, Lemma 15.43] or Kanamori’s [IT}, Proposition 10.10]




then the thick substructure arrow is also a forcing arrow. In loose terms, forcing does not jump
over models of ZFC.

In this thesis we explore another specific aspect of the general question of how powerful the
forcing method is.

There are simple ways to construct models of ZFC. Ones which do not require elaborate methods
to be produced. For example, Vs for § inaccessible or some other worldly cardinal.

Our dream goal is to argue that a large class of set theoretic worlds are accessible through
forcing from a class of easily accessible structures. So we want to identify two classes — V and W
— of models, such that every model in W is accessible through forcing from a model in V. And
we want W to be as versatile as possible and the models in V to be as simple to construct as possible.

Our choice of simple models that would comprise our V shall be standard structure&ﬂ of the form
(Hs, €), for 0 being a certain kind of large cardinals. We consider those fairly easy to construct
— they are separated from V by the simple property |trcl(x)| < §. The reason for this choice are
some remarkable properties of the stationary tower forcings and their elementary embeddings.

And the class W we want to be as diverse as possible. We’d be happy if we're able to include
each structure that has even a vague set-theoretic flavour. We set out to include in this class
all structures of the form (H), €) (with possible restrictions on A) and all possible elementary
extensions of them. In fact it turns out we’ll be able to extend it to all elementarily equivalent to
(H), €) superstructures of (Hj, €).

So our dream goal becomes to prove that for a wide variety of cardinals A, for any elementary
equivalent to (H), €) superstructure M of (Hy, €), there is some Hs which has a forcing extension
N which absorbs M elementarily. Or to visualize it in the following diagram, every time we have
the configuration in black, we have the configuration in grey as well.
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The wiggly contours represent possible ill-foundedness.

Finally we add an additional technical detail. Since we are including ill-founded and non-
transitive models in our considerations, we want to eliminate models which fail to interpret basic
concepts properly. For that reason we consider the above-mentioned sets as domains of structures for
a richer language — the language which has predicate symbols for all relations which are Ag-definable
in terms of membership; constants for all Ag-definable sets; and function symbols for the basic

3A structure for the language of set-theory is called standard iff the interpretation of the membership predicate is
the real membership relation €.



set-theoretic operations known as the Godel operationsﬂ That way when we take a substructure of
a standard structure, we know that it interprets basic concepts correctly, e.g. it agrees with the
standard structures which set is the empty set, which sets are functions, etc.

In the first chapter we present the algebraic background for our investigation. We start from
general basic preliminary facts about Boolean algebras, discuss the so-called iteration systems
used for iterated forcing, and finally concentrate on a particular kind of ultrafilters, called good
ultrafilters, which will make central use of later.

In the second chapter we present the semantical side of the background we need. We introduce
the general model-theoretic notion of Boolean-valued structures for first order formal systems,
then we discuss the crucial properties fullness and mizing of such structures. We extend the
classical notion of embedding between structures to include Boolean-valued ones. We then focus on
Boolean-valued models of Set Theory. We present the general construction of Boolean ultrapowers of
any structure and its forcing formalization in the case of Set Theory. We discuss the model-theoretic
applications of good ultrafilters for producing saturated structures.

In the third chapter we develop a method for transforming a certain kind of Boolean algebras
in a way such that:

(1) we make them algebraically more tame
(2) we preserve their forcing properties

This is the main original contribution of the thesis whose purpose is to address the following issue.

We wish to obtain a saturated structure by taking a quotient by a good ultrafilter of a particular
Boolean-valued structure Hs N VB, whose underlying Boolean algebra B is Woodin’s stationary
tower of inaccessible height . In order to argue for the saturation of the quotient, we need Hs N VB
to be full, and there’s no reason to expect that. The devised method transforms B into a different
Boolean algebra C, such that the corresponding structure Hs N V< is, on the one hand, full, and,
on the other hand, similar to Hy N VB.

The two features listed above as (1) and (2) are seen thanks to the fact that the devised method
provides a way to view the resultant algebra C in two different ways — as a quotient B/p = C of
the initial algebra B by a carefully constructed filter F', and as the direct limit liﬂ}" = C of an
iteration system F = {iaﬁ :Bo—Bg:a<g<d } of subalgebras B, of restrictions B [ ¢, of
the initial algebra B.

(1) The algebraic tameness properties of C are granted by Baumgartuner’s theorenﬂ We formalize
the construction of F as a two-player game. We specify a strategy for player I and let player II win
the game. The strategy of player I ensures that lim F 22 C' is <{§-disjointable, like B, and isomorphic
to B/r. The strategy of player II ensures that we can apply Baumgartner’s theorem to argue that
F is <6-cc. The existence of such a winning counterstrategy for player II remains only a conjecture.

(2) The preservation of forcing properties of C is granted by the fact that the filter F' is
< d-complete and can be extended to a good ultrafilter G O F. It turns out that this suffices to
show that the quotient (Hs NVB)/g we wish to work with can equivalently be constructed in two
steps, by taking two consecutive quotients — first forming the corresponding structure Hs NV (B/F)
and then taking the quotient of that structure with the filter G/r on B/r. Obviously in general we
don’t have such freedom. That’s in some sense the point of forcing — the quotient V8/g, when G is

4Introduced for the first time in Godel’s original paper [7] on the consistency of the Continuum Hypothesis.
5The one stated as m



an ultrafilter, is nontrivially different from V(B/c) =~ y2 >~y

In the fourth chapter we outline the application of our convergence theorem from chapter 3 to
Woodin’s stationary tower to argue that a large class of structures can be constructed by forcing.
More precisely, elementary equivalent superstructures of a large class of structures of the form H),
can be elementarily embedded into forcing extensions of structures of the form Hs.



Chapter 1

Boolean Algebras

1.1 Preliminaries

Here we briefly present basic facts about Boolean algebras which we will directly use. For a
systematic and comprehensive treatment of the subject, we refer the reader to classic texts like the
Handbook of Boolean algebras [I7] and Sikorski’s and Halmos’ classic books on Boolean algebras
[22] and [6].

Definition 1.1.1. Let P = (P, <) be poset, B = (B, —,V, A, 0g, 15, <) be a Boolean algebra, and
k be a cardinal.

(1)

(2)

3)

(4)

For the sake of clarity, let us make the convention that every time v and v are sets, the phrase
"u contains v” will be used to express u 3 v, i.e. u contains v as an element. We shall express
u D v as "u extends v”.

We call the sets P and B the domains or carriers of P and B respectively. We shall sometimes
conflate in our notation a structure, like a poset, with its domain, e.g. we shall feel free to write
a € B instead of a € B. We shall call elements of P or B conditions of P or B, respectively. A
condition of P which is not a least element (bottom element) of P is called positive. We denote
the set of positive conditions of P by PT.

The least upper bound and the greatest lower bound of a subset H of a Boolean algebra, if
they exists, are called respectively the join and the meet of H.

We say that a condition g refines a condition p iff ¢ < p. They are called comparable iff one of
them refines the other. Two conditions are called compatible iff they have a common refinement;
if they are conditions in a Boolean algebra, we can further say that they are incompatible iff
their meet is zero. A set of incompatible conditions of P is called an antichain on P. A is called
a maximal antichain on P iff no antichain on P properly extends A.

A condition p € P is called an atom of P iff it doesn’t have incompatible refinements. P is
called atomless iff it has no atoms. B is called atomless iff BT is atomless.

By A we shall denote the binary operation on B called symmetric difference, defined as

(a,b) — (aA=b)V(bA—a)

For any subset H of P, by | H we denote the set {p eP:(3geH)(¢g< p)} called the
downward closure of H, and by 1T H we denote its upward closure {p €P:(3ge H)(qg>p) }
If p is a condition of P and is not a subsets of P, we feel free to write | p and 1p, instead of

4{p} and 1{p}, respectively.
Let H and H' be subsets of P. H is called:

o dense in H' iff below every condition in H’ there is a condition in H; when we say just
dense we mean dense in P;



9)

(10)

(11)

(13)

(15)

o

predense iff its downward closure is dense;

e}

upward/downward closed iff it coincides with its upward/downward closure;

o

downward directed iff every finite subset of H has a common refinement in H;

e}

upward directed iff every finite subset of H has a common upper bound in H;

o

a prefilter iff every finite subset has a positive common refinement (possibly not in H);

[¢]

a filter iff it’s upward closed and downward directed.

We say that an antichain A’ refines an antichain A iff
o for each a’ € A’ there is (an unique) a € A such that o’ < a
o JA'N]Ais dense in A and in A’

Given H C B, the set {ﬂa lac€ H} is called the dual of H and is denoted by H; H is:
o an ultrafilter iff it is a filter and for each condition a, either a or —a belongs to it;

o a (prime) ideal iff its dual is an (ultra)filter.
B is called:

o k-complete iff every subset of B which has size at most x has a join in B
o <k-complete iff every subset of B which has size strictly less than x has a join in B

o complete iff each of its subsets has a join in B; we abbreviate the term "complete Boolean
algebra” as ”cba”.

A prefilter G on B is called k-incomplete iff there is a subset D of G of size at most x such that
GU{A D} is not a prefilter. It’s called <x-incomplete iff it fails to be A-incomplete for some
A < k. Or, equivalently, G is (<)k-incomplete iff there is a subset of G of size (<)x whose meet
is zero. An ideal is called (<)k-incomplete iff its dual is a (<)k-incomplete filter.

Let a be a condition in B, J be an ideal on B and G be the dual filter of J. We shall denote
the equivalence class {b€ B : aAb € J} by either [a]; or [a],. When the ideal in question
is clear from the context, we could omit the subscript altogether and write simply [a]. Also,
we shall denote the quotient algebra { [a]; : a € B} by either B/; or B/q.

Let a be a condition in B. By B [a we shall denote the Boolean algebra with domain
{a Ab:be B} and operations inherited from B in the obvious way. It’s easy to check that
the maps b — [b]m is an isomorphism of B [a onto B/t,. We call B|a the restriction of B to
a.

A function ¢ : P — @ is called a complete embedding of P into Q iff i is order-preserving,
incompatibility-preserving, and for every condition ¢ in Q there is a condition in P all of whose
refinements are mapped by i to compatible with ¢ conditions. It’s called a dense embedding of
P into Q iff it is order-and-incompatibility-preserving and each condition g € @ is refined by
some value i(p) of i. To spell it out more formally, ¢ is a complete embedding iff it satisfies (1),
(2) and (3), and is a dense embedding iff it satisfies (1), (2) and (4), where:

(1) (Vp.q € P)(p<q — i(p) <i(q))
(2) (Vp.aeQ)(pLa < ilp) Li(g)
(3) (Vg € Q)(3p € P)(¥r €] p)(i(r) is compatible with ¢)
(3) (Vg € Q)(Fp € P)(i(p) < q)
A partial order is called an upper/lower semilattice iff every two conditions have a join/meet.

It is called a lattice iff it is an upper semilattice and it is a lower semilattice. Upper and lower
semilattices are sometimes called join semilattices and meet semilattices, respectively.



(17) Every partial order P embeds densely into a unique (up to isomorphism) complete Boolean

algebra, called the Boolean completion of P, which we denote by RO(P). This dense embedding
ip : P — RO(P)* can be explicitly described as follows: the order topology on P considers
as open sets the downward closed subsets of P, RO(P) is the complete Boolean algebra that
consists of the regular open setsE| of this topology, ip is defined by p — Reg (| p) where Reg (X)
is the interior of the closure of X C P. RO(P) is the unique cba B (up to isomorphism) into
which P embeds densely. For a detailed proof see the Handbook of Boolean algebras [17]
Theorems 4.13 and 4.14]. When we feel no confusion can arise, we shall conflate a condition a
in P with ip(a). In other words, for the sake of technical simplicity, we may pretend the dense
embedding ip is the identity. Yet another way to frame this, by RO(P) we shall denote an
isomorphic copy of the algebra defined above into which Idp embeds P densely, instead of ip.

(18) A function ¢ : B — C is called a homomorphism iff it preserves the Boolean operations, i.e. iff

(20)

(21)

i(mga) = —ci(a) and i(a V, b) = i(a) V, i(b) for each a,b € B.
Note that this ensures that i(0g) = O¢ and i(1g) = 1c.

The homomorphism e is further called k-complete iff it preserves joins of size up to k, i.e.
iff e(V, X) = V_e[X] for each subset X of B of size at most « that has a join in B. A
homomorphism is called <k-complete iff it is A-complete for every A < k; and it is called
complete iff it is |B|-complete. If there is a complete injective homomorphism of B into C, we
say that C absorbs B.

Let C again be a Boolean algebra as well and e : B — C be a complete homomorphism. We
define the kernel and co-kernel of e respectively as follows:

ker(i) = \/{beB :i(b)=0c}
coker(i) = —ker(7)

A subalgebra C of B is called a ((<)A-)complete subalgebra of B iff for every subset X of C (of
size (less than) \), C agrees with B on the existence and value of a join of X.

Let X be a subset of B and A be a cardinal not greater than | X|T. There exists a smallest
< A-complete subalgebra of B that extend&ﬂ X. We denote it by B(X, \) and call it generated
by X < A-complete subalgebra of B. For reference see for example the Handbook of Boolean
algebra [I7, Lemma and Definition 10.3].

Let B be a Boolean algebra and a € B. Then by Ult(B) we shall denote the set
{G C B : (G is an ultrafilter on B}

of ultrafilters on B. By N, we shall denote the set {G eUlt(B) : a € G} of ultrafilters on
B that contain a an element. By 75 we shall denote the topology on Ult(B) generated by
{N, : a € B}. By St(B) we shall denote the resultant topological space (Ult(B),7g), called
the Stone space of B. The following is true for the Stone space of any Boolean algebra B and
for any a,b € B:

o NyNN_g=10

o N,UN_, =UltB)

© Nanp = Nog NNy

o Ngvp = Ny U N,

o St(B) is Hausdorff, i.e. any two distinct points have disjoint neighbourhoods

o St(B) is zero-dimensional, i.e. has a base of clopen sets (the base {Na fac B}

o St(B) is compact, i.e. each of its covers has a finite subcover

LA subset of a topological space is called regular open iff it coincides with the interior of its closure.
AL.2.6/(1)
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Definition 1.1.2 (adjoint pairs; [26] Definition 1.2.1]). Let P, @ be partial orders and i : P — @,
7 : Q — P be order preserving maps between them. The pair (i, 7) is called an adjoint pair if
forall pe Pand g € Q

i(p) >q iff p>mn(q).

If (i, w) is an adjoint pair, then we call 7 the adjoint of i.
Here we summarize the basic properties of adjoint pairs which we’ll make use of:

Proposition 1.1.3. Leti: P — @ and w : Q@ —> P be maps between partial orders (P, <p),

(Q.<q) such that 7 is the adjoint of i. Then:
(1) iom(q) > q for all g € Q;

(2) m(g) = A{p : ilp) 2 ¢}
() i(p) =V {q : 7(e) <p}
(4)
(5)

4

iomoi=4, and Toiomw =m;
5) if i is injective, then o i is the identity map on P;

Assume moreover i is a complete injective homomorphism from P = B to Q = C for B and C
complete Boolean algebras. Then

(A) 7 is a surjective map with ker(m) = {0c};
(B) m(c) Ab=m (cAi(b)) for allbe B and c € C;

Proof. (1) Since (i, 7) is an adjoint pair we get that i(p) > ¢ iff p > 7(q), therefore for p = 7(q)
we get i(m(q)) > ¢ iff 7(q) < m(q), which is clearly the case.

(2) Observe that iom(q) > ¢ by (1), hence 7(q) is in the set {p : i(p) > ¢} on the right-hand
side. Moreover p > m(q) iff i(p) > ¢ by the defining property of adjoint pairs. Hence 7(q) is the
minimum of the set on the right-hand side.

(3) Observe that 7o i(p) < p since i(p) < i(p) trivially holds and (i, 7) is an adjoint pair, hence
i(p) is in the set on the right-hand side. Moreover p > 7(q) iff i(p) > ¢ since (4, ) is an adjoint
pair. Therefore i(p) is the maximum of the set on the right-hand side.

(4) 7(i(p)) < piff i(p) <i(p) since (i, ) is an adjoint pair. Therefore i o w0 i(p) < i(p) since 7 is
order preserving. i(m(i(p))) > i(p) iff 7(i(p)) > 7(i(p)) since (i, 7) is an adjoint pair. Hence
tomoi(p) =i(p). The other assertion is proved in exactly the same way.

(5) If ¢ is injective i o w0 i(p) = i(p) iff moi(p) =p for all p € P.

(A) The surjectivity of 7 is directly ensured by (5)). If 7(c) = Og for some c € C, then by (1)) and
the fact that ¢ is a homomorphism we have 0c = i(0g) = i(7(c)) > c.

(B) Notice that for any conditions a,b € B and ¢ € C such that (i(a) > ¢ or i(a) > i(b)), we have
i(a) > ¢ A i(b). Then we have

{aeB :i(a)>cni(b)} 2{aecB:i(a)>corila)>ib)},

and hence

/\{aEB: )>cni(b)} < /\{aEB a) > c or i(a) >i(b) }.

11



m(eNi(b /\{aEB a) > cNi(b)} (by(2))
< /\{ae B :i(a) >c or i(a)>i(b)} (by the above remark)
:/\({aEB : i(a)zc}u{aeB : i(a)zi(b)})
/\{aEB Di(a) > c} /\/\{aEB s i(a) >i(b) }
c)/\/\{aEB : aZb}

m(c) Ab

Now suppose towards a contradiction that the above inequality is strict, i.e.

m(enNi(b) <m(e)Ab  ie.  w(eAi(b))A=(m(c)AD) >0
ie.  w(eNi(b)) A (—m(c)V—b) >0
ie. (m(cAi(b))A-m(c)) V (m(cAi(b)) A=b) >0

Since 7 is order-preserving we have that 7(c A i(b)) < 7(c) and therefore the first disjunct
(e AN i(b)) A —m(c) is zero, thus it is the second disjunct that is positive. So we have

0 < m(c Ad(b)) A —b
=A\{aeB:i(a)>cni)}A-b

<A{aeB:i(a) Zi(b)}/\—'b
=/A\{aeB:a>b}r-b
=bA-b

=0

O

Notation 1.1.4. Whenever 7, possibly with indices, denotes a complete injective homomorphism
between Boolean algebras, then by 7 with the same indices we’ll denote the adjoint of 7.

Definition 1.1.5 (Density of a partial order). Let P be a partial order. The smallest cardinality
of a dense in P set is called the density of P and is denoted by 9(P). If P has a least element, for
example if it’s a Boolean algebra, by 9(P) we actually mean d(P™).

Notice that the density of P is the same as the density of RO(P), since the composition of dense
embeddings is a dense embedding.

Definition 1.1.6 (The small completion property). A <x-complete Boolean algebra B of density
k has the small completion property iff for every strictly smaller that x subset X of B, the smallest
complete subalgebra of B containing X has size strictly below k.

Definition 1.1.7 (Chain conditions). Let x be a cardinal. A partial order is said to satisfy E| the
k-chain condition iff it has no antichain of size greater than k. We use the abbreviation k-cc. If all
antichains are strictly smaller than , we say that it is <k-cc. By cc(P) we shall denote the smallest
cardinal A, such that P has no antichain of size, i.e. the smallest A such that P is not <A-cc.

Proposition 1.1.8. Let P be a poset, B be a Boolean algebra and e be a dense embedding of P into
B. Then every positive condition of B is the join of the image e[A] under e of an antichain A on P.

Proof. Let b be a positive condition in B. Define

D=¢[P|N{b

3for convenience we sometimes use terms of the form s-cc like adjectives, e.g. saying "B is a <k-cc Boolean
algebra”

12



By Zorn’s lemma applied to the poset of antichains on D, ordered by inclusion, let A be a maximal
antichain on D. Obviously b is an upper bound of A. Suppose it is not the least one, i.e. assume
there is some condition a which is an upper bound of A but is not above b. Then b A —a is positive,
and since the embedding e is dense, pick some d € D below b A —~a. Then AU {d} is an antichain
on D properly extending A, which contradicts the maximality of A. O

Corollary 1.1.9. If a poset P is <k-cc, then RO(P) has size at most |P|<".
Definition 1.1.10 (disjointability). Let B be a Boolean algebra.
o A function f: X — BT is said to be disjoint if it is injective and its range is an antichain.

e A function g is called a refinement of f iff they have the same domain and for each u €
dom(g) = dom(f) we have g(u) <g f(u).

o B is called weakly x-disjointable iff below each positive condition there is an antichain of size k
e B is called s-disjointable iff every function f : K — BT has a disjoint refinement.

o Bis called (weakly) <r-disjointable iff it is (weakly) A-disjointable for each A < k

Remark 1.1.11. Clearly (<)k-disjointability implies weak (<)k-disjointability. The converse is,
however, not the case, witnessed for example by the cha RO(R) of regular open subsets of the real
line, which is wealky countably disjointable but is not countably disjointable.

Le. RO(R). Each regular open subset of R extends (contains as a subset) an open interval, and
below each open interval (a,b) there is a countable antichain, say

b—a b—a
{<b on ,b2n+1> .n<w}.

However, consider a family C' = (¢, : n < w) that contains arbitrarily fine partitions of, say, (0,1),
for example the one obtained from iterated bisections, depicted in the following diagram:

1 1 3
0 i 3 1 1
Co
C1
C2
C3
Cq -
5
Ce
cr C
8 c
9
C10 c11 P -
13 Cl4
C15 c16 B

Notice that every open subinterval (a, b) of (0,1) completely covers some element of C. So fixing
any prospective refinement dy of ¢y would make it impossible to pick a disjoint from dy refinement
d,, of some ¢,. So C has no disjoint refinement, so RO(R) is not countably disjointable.

Proposition 1.1.12. If B is a <k-cc <k-complete Boolean algebra, then B is a complete Boolean
algebra.

Proof. Let X be any subset of B. By Zorn’s lemma, let A be a maximal antichain in the downward
closure of X. Since B is < k-cc, A is strictly smaller than k, and since B is < k-complete, let a be
the join of A. Now clearly a is the join of X as well. If we assume some = € X is not below a, then
we’d obtain that A is not maximal, witnessed by AU {x A —a}. And any upper bound of X is an
upper bound of A. O

13



1.2 TIteration Systems

Iteration systems are a tool to study chainﬂ of Boolean algebras without a greatest element, and
construct ”limit” Boolean algebras, which absorb all algebras in the chain. The reference for this
topic is Viale’s [26].

Definition 1.2.1 (iteration system). F = {iag :Bo—Bg:a<g< )\} is an iteration system
of Boolean algebras iff for all a < 8 < vy < A:

1. B, is a Boolean algebraﬂ and i, is the identity on it;
2. i4p is a complete injective homomorphism with an associated adjoint m,g;
3. Z'gfy o iag = ia,y.

iap iy

Ba Bs

~__

Gay

B,

If v < A, we denote the restriction {ia,@ tTa<<p< 7} of the iteration system F by F [~.
Definition 1.2.2. Let F = {iag :Bo —Bg i a<pg< )\} be an iteration system.

» An element f of [[,.,. Bq is called a thread iff each of its values f(a) can be computed from
any of its succeeding values f(8) for f > « via the projection m,g. Le. iff

(Vo < ) (VB = ) (f(@) = map o f(P))

Notice that a thread is determined by any of its tails. Or by its restriction to any unbounded
subset of its domain.

o A thread f is called constant iff for some « < &, the succeeding values f(8) of f for 8 > «
can be computed from f(a) via ing. Le. iff

(B < K)(VE > a)(f(B) = iap o f(a))

The minimal such « is called the support of f and is denoted by supp(f). Notice that a
constant thread f is determined by its restriction f [{Supp( ) }

e The collection of threads, endowed with the order given by pointwise comparison, is called
the inverse limit of F and is denoted by h&lf.

e The substructure of lim F consisting of the constant threads only, is called the direct limit of
F and is denoted by lig]:.

Notation 1.2.3. Given an iteration system {iq3 : B, — Bg : a < 8 <k}, by & we shall denote
the constant thread

{(Bmsa(@) : B<a}u{(Bins@): a<p<n}
that has value a at o and has the greatest possible support not greater than a.

Note that the support of ¢% is surely at most o but is not necessarily exactly . With this piece
of notation we can think of the direct limit as

U {te :aeBy}.
a<k

The direct limit of an iteration system inherits a natural Boolean structure from the operations
on its constituent algebras. For any o < 8 < K, a € B, and b € Bg:

4ordered by the relation "is (completely) embeddable in”
5Note that we allow the Boolean algebras to not be complete.
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. ﬁtg = t;‘a
b iag(a)\/b
o tavith =ty
It is trivial but tedious to check that these are the operations induced by the pointwise ordering.

Definition 1.2.4. Let F = {iag Ta<fg< )\} be an iteration system. For all o < A\, we define
1ax and 7w,y as follows:

Tax : Bo, — lig]-"
a — to

T - l'gl]-" — B,
[o— fla)

Fact 1.2.5. Let H_n}l]: cQC @}'. Then igy and wax | Q form an adjoint pair between B, and

Q.

Proof. Indeed for any a € B, and f € @, we have mo)(f) < a iff f(«) < a, by the definition of 74,
and f(a) < aiff f <t% =iyux(a) by the definition of the order on lim F. O

Lemma 1.2.6. Let F = {iag :Ba—Bg i a<g< )\} be an iteration system of inaccessible
length X. Let By denote the direct limit of F, and Gy be an ultrafilter on By. For each oo < A, let
G, denote the set o) [G] = {f(a) : feGa } Then the following hold for each o < B < A, each
a € By, and each constant thread f € By:

(1) If f(a) = a, then f < t2.

(2) If a € G, then t& € Gy

(3) G, is an ultrafilter on B,,.

Proof.

(1) Fix f(a) =a and a < § < A. Then

f(B) < dapomap (f(B)) = iap (f()) = iap(a) = iap (ta()) = ta(B).
The restrictions of f and t% to a+ 1 obviously coincide.
(2) Fix f € Gy such that f(a) = a. By (1) and since G, is upward closed, t% € G.
(3) G, is upward closed: Let G, > a < b€ B,. By (2), t2 € G. Then ¢, >, t4, and since G is
upward closed, t2 € Gy. Then b= % (a) € G,.

G, is downward directed: Let a,b € G,. Then by (2), t2,t% € Gy. G is downward directed,

) Yo Yo

thus 3 Ay t € Gy. Then G, > (tg Ne, tl&> () =t2(a) At (a) =aAb.

«

G, is ultra: If B, 3 a ¢ G,, then t% ¢ G. But G, is prime, thus g, t& =1, € Gy, thus
-a € Gg.
O

Theorem 1.2.7 (Baumgartner; [2, Theorem 2.2]; [26] Theorem 7.2.2]). Let A be a reqular cardinal
and F = {iag Ta<fg< /\} be an iteration system such that B, is <A-cc for all « and S =

{a : Bo & RO(@(? [a))} is stationary. Then hgl(]—") is <A-cc. O
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1.3 Good ultrafilters

Definition 1.3.1 (good ultrafilter). Let P be an upper semilattice and Q be a lower semilattice.
o A function f: P — Q is monotonically decreasing iff for all p < g € P we have f(q) < f(p).
o A function f: P — Q is multiplicative iff for all p,q € P we have f(pV q) = f(p) A f(q).

e A filter G on P is <k-good iff for every A < x and every monotonically decreasing function
f:Pu(N) — G from the ideal of finite subsets of A to G has a multiplicative reﬁnementﬂ
with range again in G

o A filter on P is good iff it is <sat(P)-good, where sat(P) is the smallest cardinal A such that
P has no antichain of size A, called the saturatedness of P.

Lemma 1.3.2. [19, Theorem 3.2.1]. Let k be a regular cardinal such that k<" = k. Let B be a
<k-disjointable and <k-complete Boolean algebra of density k. Let F' be a smaller than k prefilter
on B, and f : P, () — F be monotonically decreasing with A\ < k. Then F can be extended to a
smaller than k prefilter F' such that there is a multiplicative refinement of f with range in F'.

Proof. WLoG assume that F' is closed under finite meets.

Define the auxiliary function

I+ Po(AM)xF — BT
(8,d) — f(S)Ad

and using the <k-disjointability of B, take a disjoint refinement h of .

We claim that all the desired properties are possessed by the function

g : P,(\) — BT
S — V{nT,d): T2SdeF}

First of all, g obviously refines f. Indeed,
g9(8) = \/{n(T,d) : T2 S,de F}
< \VA{uT,d) : T2SdeF}
< VA1) : T2} = f(9).
g is multiplicative. Fix any Sp, S € P,,(A\). We have
g(S1) Ag(S2) = \/{n(T,d) : T2S,de F} A\/{MT,d) : T2 SydeF}
= \/{ (T, d)) ATy d2) : Ty 2 81, T2 2 Sy,dy € Fdy € F}
=\ {uT,d : T2 US,deF}
where the last equality follows from the fact that h is a disjoint function.

Since ran(h) is an antichain and h is injective, we have
h(Tl,dl) A h(TQ,dg) >0p iff T1 =T and d; = d»

therefore h(Tl,dl) A h(TQ,dg) > OB with T1 :_> Sl and T2 :_> SQ if and only if dl = d2 and
T, =15 O S1US3. We conclude that

SWe say that a function g refines a function f iff they have the same domain X and at each argument x € X we
have g(z) < f(x) (where the order < is clear from the context).
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9(S1) Ag(Sa) =\/{M(T,d) : T2 S USydeF}=g(SUS).

Finally we show that F'Uran(g) is a prefilter: Fix dy,...,d, € F and Si,..., S, € Pu,(A). Then
since ¢ is multiplicative and F' is closed under finite conjunctions, we have

9(S1) A Ag(Sm) Adi A+ Adm = g(S) Ad > h(S,d) > Og,

where S = S1U---US,, and d = dy A--- Ady,. Clearly the prefilter F/ = F Uran(g) has the
properties stated in the Lemma. O

Theorem 1.3.3. [19, Theorem 3.2.2]. Assume & is a regqular cardinal such that k<" = k. Let B be
a <k-disjointable <r-complete Boolean algebra of cardinality k. Then every prefilter F' on B of size
less than k can be extended to a k-good ultrafilter.

Proof. First of all, we fix an enumeration {ba ta< n} of B. Since k< = k, we can also fix an
enumeration { fa i a< n} of all the monotonically decreasing partial functions P, (\) — BT,
where A is any ordinal less then x. We will recursively construct an increasing chain {Fa ta< /<;}
of smaller than x downward directed prefilters on BT extending F and also satisfying the following
properties:

e For all @ < & there exists a multiplicative refinement g of f, with range in some Fg;
e For all @ < & there is some S < & such that exactly one of b, and —b, belongs to Fj.

We proceed by recursion on « as follows:

e As base Fj we take the closure of F' under finite meets.
o If ais limit, we let Fyy, = Ug_, Fp -

¢ On even successor stages we make sure the filter we construct is ultra. If « is an even successor
ordinal, we let ¢ be the least ordinal such that neither b nor —b¢ belong to F,, and we let
Fo41 be the closure under finite meets of F,, and exactly one of bg or —b¢, so that Fiy; is a
prefilter.

e On odd successor stages we ensure disjointability. If « is odd, we let £ be the least ordinal
such that fe has no multiplicative refinement with range in F,,. Then by the previous lemma
let Fy11 be a downward directed prefilter extending F,,, with the property that some
multiplicative g with range in F,,1 refines fe.

F), is an ultrafilter by construction, since we included one of each pair b and —bs on the even
successor stages of the construction. Also Fj is k-good. Indeed, assume £ is the least ordinal such
that fe : P,(A) — F is monotonically decreasing for some A < &, but no g : P,,(A\) — Fj; refines
fe . For each n < ¢, let g, : P, (X) — F. be a multiplicative refinement of f,, . By the regularity
of k there exists a least limit 3 such that ran(g,) C Fj for all n < £. Then at stage 5+ 1, fe must
be chosen to define Fjz4q , which gives that some multiplicative g : P, (A) — Fgq1 C F); refines
fe, a contradiction. O

Lemma 1.3.4. Let B be a <k-complete Boolean algebra and F' be a <k-complete filter on B. Let
H be a good ultrafilter on B/p. Then UH is a good ultrafilter on B.

Proof. Fix some A < x and some monotonically decreasing function & : P,(\) — UH. Then the
function

K : P,A\) — H
S — [Kk(S)] r
is monotonically decreasing too. Indeed, for any S, T € P, (\) we have

K(S) < K(T) iff k(S)<k(T) iff SDT.

Since H is good, let L be a multiplicative refinement of K. Let [ : P,(A) — UH be such that
1(S) € L(S), for each S € P,()\). Then for each S, T € P, (\) we have
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L(SUT)=L(S)ANL(T) ie. [U(SUT)],=[lS (T)]F
Le. 1(SUT) A (I(S)AUT)) € F
ie. JacF : (SUT) (I(S)ANI(T)) < —a
ie. JaeF : I(SUT)Aa=1S)NIUT)Na

So for each pair S, T € P, (\) pick some a,, € F such that [(SUT)Aa,, = I(S)ANI(T)Aag,. Since
F is <r-complete, then a = A\ {ag, : S,T € Py(\)} € F. Then clearly we have [(SUT) Aa =
I(S)ANUT) Aa for each S, T € P, (A). Define

U : P,(\) — UH
S — I(S)Na

Then clearly I’ is a multiplicative refinement of k. O

Lemma 1.3.5. Let B be a countably complete Boolean algebra and F be a countably complete filter
on B. Let H be a countably incomplete filter on B/r. Then UH is a countably incomplete filter on
B.

Proof. Let D = {[dn]p : n<w} C H have meet zero. Denote {d, : n <w} by D’ By the
countable completeness of F we have [A D], = A D = [0g], i.e. F>0pAAND=AD. O

Lemma 1.3.6. Let B be a countably disjointable Boolean algebra and F' be a prefilter on B which
is not ultra. Then F can be extended to a countably incomplete prefilter of size at most |F| 4+ Rg.

Proof. Let A be a countable maximal antichain disjoint from 1 F. Such indeed exists because
otherwise 1 F, being upward closed, would meet every two-element maximal antichain {a, —-a}, i.e.
would be ultra. Then F U A is clearly a countably incomplete prefilter. O
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Chapter 2

Boolean-valued semantics

2.1 Preliminaries

Model-theoretic preliminaries

Notation 2.1.1. Let £ be a first order language, M be a structure for £ and X be a subset of the
universe M of M. By Lx we denote the first order language obtained from £ by adding a constant
symbol ¢, for each individual o in X. By M x we denote the structure for Lx obtained from £ by
further setting the interpretation of each new constant symbol ¢, to be o itself. In situations we
feel no confusion can arise, we shall conflate the notations and write simply ¢ instead of ¢, and M
instead of M.

Definition 2.1.2 (Elementary maps and embeddings). Let M and N be structures for a first
order language £, n be a natural number, and f be a (partial) function from M to N. We say that
Jj is a (partial) n-elementary map iff for any 3,-formula ¢(Z) in £ and every m € dom(j), we have

ME@m) i NE(m)f

We say that j is elementary iff it is n-elementary for each natural number n. If there is a(n
n-)elementary map from M to N, then we say that M embeds (n-)elementarily into N, or,
equivalently, that N (n-)elementarily absorbs M, which we denote by M =, N'. If the empty set
is an elementary map from M to A, we say that M is elementarily equivalent to A, which we
denote by M =N

Theorem 2.1.3 (Downward Lowenheim-Skolem; [16, Theorem 2.3.7]; [4, Corollary 2.4.1]). Let
N be an infinite structure for a first order language L. Any subset A of N can be extended to an
elementary substructure of N with cardinality at most |L| + |A| + Ry. O

Definition 2.1.4 (type, [15, Definition 5.3.1]). Let M be a structure for a first order language L,
X be a subset of M and n be a positive integer.

e A (consistent) n-type over X in Th(Mx) is a set T of Lx formulas ¢(z1,...,2,) such that
every finite conjunction of formulas of I' is satisfied in M - more precisely in M x - by some
tuple @ = (u1,...,u,) € M™.

o A complete n-type over X in Th(Mx) is a consistent n-type maximal with respect to inclusion.

Definition 2.1.5 (Saturated and universal structures). Let x be an infinite cardinal. A first order
structure is called

o r-saturated iff it realizes every type with at most k parameters;

o r-universal iff it absorbs elementarily every elementarily equivalent to it structure of cardinality
smaller than k;

IMore precisely: Mx F () iff Njix) F ¢(4 (1)), using notation m

19



e <k saturated iff it is A-saturated for each A below k;
o <r-universal iff it is A-universal for each \ below «. E|

Theorem 2.1.6. [4, Theorem 5.1.12]. <x-saturated structures are r-universal. O

Set-theoretic preliminaries

Definition 2.1.7 (Hierarchy). A hierarchy is a class ( Z, : o € Ord ) of sets ordered by the
ordinals such that o« < 8 — Z, C Zg and Z, =J { Zg : B< a} for all limit a.

Theorem 2.1.8 (Reflection scheme;[12, Chapter IV, Theorem 7.5]). Let ( Z, : a € Ord ) be a
hierarchy, Z = \J{Zs : a € Ord }, and ¢(z1,...,2,) be a formula in the language {€}. Then
above each ordinal o there is some ordinal B such that for each ai,...,a, € Z, we have Zg F
plat,...,an) iff ZFE p(ay,...,a,). O

Remark 2.1.9. The theorem can be immediately generalized to arbitrary finite sets of formulas, not
just a single formula ¢, by considering the conjunction of those formulas. The generalization to
formulas in €4, is also straightforward.

Definition 2.1.10 (Extensional and well-founded relations). A binary relation E on a set M is
extensional if distinct members of M have distinct immediate E-predecessors and well-founded if
every non-empty subset of M has an F-minimal element.

Theorem 2.1.11 (Mostowski collapse, transitive collapse; [I0], Theorem 6.15). If E is an exten-
stonal well-founded relation on a set M, then there is a unique transitive set N and an isomorphism
of (M,E) onto (N, €). The structure (N, € ) is called the transitive collapse of (M, E).

We adopt the list of Godel operations as in Jech’s classic book [10, Definition 13.6], though we’ll
never need their explicit form. We shall make use of the following fact.

Proposition 2.1.12. [I0, Lemma 13.7]. For each Gddel operation G there is a bounded formula
wa(Z,y) which expresses that y is the result of the Gidel operation G on the input . We shall call
this formula the defining formula of G.

We shall consider transitive models of Set Theory. We deal with the usual caveat about them in
a classical way by assuming the existence of large cardinals.

The right language for Set Theory

We formalize the complexity of formulas in any first order language by forming the hierarchy 3,
IL,,: the quantifier-free formulas are considered to be both ¥y and Iy, and a formula is 3,1 /T, 41
iff it can be obtained from a II, /3, formula by prefixing it with some finite amount of existen-
tial/universal quantifiers.

We often then mod out by logical equivalence under some theory 7', by saying that a property
is 32, modulo T (or is X1 iff the formula expressing it is equivalent under 7' to some ¥,, formula;
analogically for ITX. A property is AT if it is both X" and ITZ.

Although, to emphasize, this is a general scheme applicable to any first order language and
theory, what one finds to be used in Set Theory appears to be a modified version of it, called the
Lévy hierarchy.

In Set Theory we treat what’s called bounded quantifiers in a special way, different from what
the above definition of ¥,, implies. If a formula ¢ is of the form Jz(z € y & ), we abbreviate it
as (3x € y)y and we say that the outermost quantifier is bounded by y. Bounded quantifiers make
formal sense for any language with a (binary) predicate symbol, but in Set Theory in particular

2Be aware that what we’ve just defined as <k-saturation and <rk-universal are in some books and papers called
k-saturation and k-universality.
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they get a special treatment because their contribution to the complexity of a formula, in terms of,
say, computing it’s truth, is decisively smaller than that of an unbounded quantifier.

To compute the truth value of an existential formula Jzp(z) one needs to take into account the
truth values of all instances p(a) of the quantified formula p(z). And those instances are in general
class-many. In contrast, to account for a bounded quantifier when computing the truth value of a
formula (3 € b)p(z, b, €) we only need to compute the truth values of set-many instances ¢(a, b, €)
of the quantified formula - one for each a € b.

That’s why in Set Theory we regard as simple — and place at the base level ¥y = I1j of the hier-
archy of complexity — not only the quantifier-free formulas but all formulas which have only bounded
quantifiers. The collection of those formulas is customarily referred to as Ag, rather than g or IIj.
But strictly speaking they are not ¥ in the language for set theory whose only nonlogical symbol is
the binary membership predicate. In order to be extremely clear we shall call these bounded formulas.

The formal way to have these formulas indeed sit at the base level Xg = 1y = Ay without Set
Theory being an exception of the general definition of the ¥,, complexity hierarchy is to enrich the
language of Set Theory by adding new nonlogical symbols, e.g. a predicate p,, for for each bounded
formula ¢ together with the defining axiom ¢(Z) <+ p,(Z). This makes ¢ equivalent to an atomic
formula.

Notation 2.1.13 (Languages for set theory and their interpretations).

e Core. We shall refer to the first order language whose only nonlogical symbol is the binary
membership predicate symbol € as the core language of set theory. This language is often
(sloppily) denoted as {€}.

o Basic. By €a, we shall denote the first order language obtained from the core language {€}
by adding an n-ary predicate symbol p,, for each bounded formula ¢(z1,...,z,) in the core
language {€} with free variables exactly z1, ..., 2.

o Extended. By € AF we shall denote the language obtained from €a, by adding:

o a constant symbol ¢, for each set definable in ZFC — P by a bounded formula, i.e. for
each bounded formula ¢(x) in the core language {€} such that ZFC — P F Jlzp(x),

o a function symbol fg (unary or binary) for each Godel operation G.

We shall call €5, and € N respectively the basic language of set theory and the extended
language of set theory.

o If M = (M, E) is a model of ZFC — P in the core language, by Eﬁ’(‘) and Eg’i we shall denote
0
the intended interpretations respectively of the basic language €, and the extended language
€af in M, namely:
o for each bounded formula ¢(z) in {€} such that ZFC—P F 3lzp(x), we set the
interpretation of the constant ¢, to be the unique set u € M such that M F p(u)

o for each bounded formula ¢(x1,...,z,) in {€} with free variables exactly z1, ..., 2z,
we set the interpretation of the predicate symbol p, to be such that for all u,...,u, € M

MEpy(ur,. .. up) iff ME p(ug, ... up,)

o for each Godel operation G, we set the interpretation of the function symbol fg to
be such that for each & € M the value f&'(Z) is the unique y € M such that M F ¢g(Z,y),
where ¢ is, as in proposition 2.1.12] a bounded formula in the core language which expresses
that y is the value of the Godel operation on input Z.

We shall denote (V, €), (V,€a,) and (V, EA(T) respectively by Ve, Va, and V.
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e Let ST be a first order set theory in the core language extending ZFC — P.

o By STa, we shall denote the set theory in €, obtained from ST by adding the defining
axiom p,(Z) <+ ¢(Z) of each new predicate symbol p,, i.e. for each bounded formula ¢(Z) in
the core language.

o By ST, we shall denote the first order set theory obtained from ST, by adding

- the defining axiom ¢(c,) for each new constant symbol c,, i.e. for each bounded
formula ¢ in the core language such that ZFC — P F Slxp(z).

- the defining axiom @g (&, f(Z)) of the function symbol for each Gédel operation G,
where p¢ is as in

Remark 2.1.14. Notice that there is a well-founded relation, a well-order in fact, of the formulas
in € Ab such that any formula in which there is an occurrence of some of the additional symbols

Dy, Cp OF [y, is preceded by ¢ E| We shall use this well-order when arguing inductively about all
formulas in the basic language € INE

We will present our inductive proofs on this well-order in the following way. Let’s say that
we want to prove that each term ¢ and each formula ¢ in the extended language, possibly with
parameters, have a property P (which, for simplicity’s sake, let’s say is read as "is nice”) holds, we
prove that:

¢ atomic formulas in the core language are nice

¢ negations and disjunctions of nice formulas are nice

o bounded quantifications (3z € 7)1 of nice formulas are nice

 the constants c, are nice

¢ a term obtained as a function symbol applied to nice terms is nice

o an atomic formula p, (t), where £ is a list of nice terms, is nice

« a quantification 3z1)(z,t) of formula whose instances (o, ) are nice, is nice

Notation 2.1.15 (translation [2I] 4.6]). For each formula ¢ in the extended language € N there
is a formula ¢* in the core language, called the translation of ¢ into {€}, such that

(ZFC—=P); F o < "
(ZFC—P)y ko iff ZFC—PF ¢

Theorem 2.1.16 (Levy’s Absoluteness; [25], Lemma 3.1];[24, Theorem 5.1]). Let & be an uncountable
cardinal. Then (Hy, EASr) embeds X1 -elementarily into (V, EASr). O

Proof. We prove it for the basic language €a,. Given that, the generalization to the extended
language is trivial since the interpretations of the additional symbols is determined by the truth
values of bounded formulas.

Given any ¥; formula ¢ = 3z ¥(z,p1,...,pn) in €a, with parameters p1,...,p, in Hyg, if
V E =y also H,, F —p since H, C V and v is bounded and hence absolute for transitive models.

Suppose now that V' E ¢, so there exists a ¢ such that V E ¥(q,p1,...,pn). Let A be large
enough so that ¢ € Hy. By the downward Lowenheim-Skolem Theorem {q}UlJ,_,, trcl({p;}) can be
extended to an elementary substructure M of H) of size strictly below . Let N be the Mostowski
collapse of M. Let 7 denote the isomorphism of M onto . Notice that 7(p;) = p; for all i < n.
Since Hy E 9¥(q,p1,...,pn), the same holds for M. Then N E v¥(m(q),p1,...,pn). Since N is
transitive of cardinality less than x, N C H,,, so 7(q) € H, thus H, E . O

3Recall
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Corollary 2.1.17. Every X1 definable set is hereditarily countable.

Proof. Let 1(x) be a ¥; formula and assume lat)(z). Then Jz)(z) and by the above theorem
we have Hy, F Jzip(x). Fix some u € Hy, such that Hy, F ¢(a). By upward absoluteness of ¥,
formulas for transitive classes we have ¥ (a) (in V). But Jlzp(a). O

2.2 Boolean-valued structures

Boolean-valued structures are a generalization of the standard Tarski structures for first order
languages, in which statements’ truth take value not necessarily in the two-element Boolean algebra,
but in any Boolean algebra. Reference for the material in this section are Bell’s [3], Jech’s [10] and
Viale’s [26].

Definition 2.2.1 (Boolean-valued structure). Let £ be a first order language and B be a Boolean

algebra. A B-valued structure M for L consists of:

1. A non-empty set M ﬂ called the domain, carrier or universe of M. The elements of M are
called names.

2. An interpretation of the equality symbol, i.e. a function =M
M? —B
(r,0) — [ =0 ]M
3. Interpretations of the nonlogical symbols in £. That is:
o for each n-ary predicate symbol p of £, a function p™
M" — B
(1, ey Tn) — [[p(Tl,...,Tn)ﬂM
« for each n-ary function symbol f of £, a function f™
MM — M
« for each constant symbol ¢ of £, a name ¢™ € M.
We require that the following conditions are satisfied:

1. For all 7,0,p € M,

[[T:T]]M = 1z, (2.1)
[[Tza]]M:[[a:TﬂM, (2.2)
[r=0] " Alo=p]" <[r=p]". (2.3)

2. If p is an n-ary predicate symbol in L, for all (71,...,7,),(01,...,0,) € M",
\ M M
/\ [ 7 :01']]/8\/[ A [[p(Tl,...,Tn)]]B < [p(al,...,an)ﬂ . (2.4)
i=1

3. If f is an m-ary function symbol, for all u,v € M and {(71,...,7),{01,...,0n) € M™,

[[uzu]]M/\ </\[[Ti=Ui]]/B\/l> /\[[f(Tl,...,Tn):,u]]Mg [[f(al,...,an):u]M. (2.5)

4We adopt the standard practice to denote the domain of a structure denoted by a calligraphic capital Latin
letter by the same letter but not calligraphic.
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Definition 2.2.2. A B-valued structure M is called eztensional iff [o =7 ]]M = 1p entails that
o=r,forallo, 7€ M

The interpretation of more complicated terms is defined recursively in the expected way. If
Ui, ..., Uy, are terms in Ly, and their interpretations u{v‘, .. ,unM have already been defined, then
we set the interpretation (f(ul, R un)) M of the term f(uq,...,u,) to be fAM(uM, ... ulM).

n

Definition 2.2.3 (Boolean truth value). Let £ be a first order language, B be a Boolean algebra

and M be a B-valued structure for £. We define the M-truth value [ ¢ ]]M € RO(B) of each closed
formula in £ recursively as follows:

. [[p(u1,...,un)]]M :pM<u{V‘,...,u£/l)
o [-elM =-le]™

e [evel™ =Tel™ v

. [[HI(,O]]M:\/RO(B){[[SO(CU)HM : UGM}

We say that a formula ¢ holds in M with probability or certainty [ ¢].

Remark 2.2.4. Note that the set defining the truth value of an existential formula may not have a
least upper bound in B. For that reason we generally consider the truth values of formulas in the
language of a B-valued model to be conditions in the completion RO(B) of B, and not just in B.
Recall our convention from that we take RO(B) to be a complete Boolean algebra into which
the identity embeds B densely.

When we feel no confusion can arise we shall omit the superscript M in the notation of Boolean
truth values.

Definition 2.2.5. Let £ be a first order language, B be a Boolean algebra and M be a B-valued
structure for £. A sentence ¢ in £ is valid in M iff [¢ ] = 1g. M is a model of a first order theory
T, iff every axiom of T is valid in M. A formula ¢(Z) is said to be valid in M iff its universal
closure VZp(Z) is valid in M. We shall say that a formula ¢ in £ is valid in the theory T iff ¢
is valid in each Boolean-valued model of T', i.e. iff for each Boolean algebra B, ¢ is valid in each
B-valued model of T

We’ve just redefined the classical notion of a formula being valid in a theory, which refers to
two-valued models only. This redefinition is justified by the soundness and completeness theorem
for Boolean-valued semantics, which we present next:

Theorem 2.2.6 (Soundness and Completeness). First order logic is sound and complete with
respect to Boolean-valued semantics. More precisely, for any first order theory T and sentence ¢ in
the language of T, ¢ is a theorem of T iff v is valid in T.

Proof. WLoG, let’s consider a first order theory as a formal system as in the classic book by
Shoenfield [2I] with the following rules of inference.

o The expansion rule: Infer ¢ V ¢ from ¢

o The contraction rule: Infer ¢ from ¢ V ¢

o The association rule: Infer (¢ V)V 0 from ¢ V (b V 6)
e The cut rule: Infer ¢V 6 from ¢ V ¢ and —¢ V 6

e The J-introduction rule: If x is not free in ¢, infer Jxp(x) — ¢ from ¢ —
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It is more than obvious that the first three rules of inference preserve Boolean validity, as defined
above in [2.2.5] For the cut rule, suppose ¢ V ¢ and —¢ V 6 are valid in M. Then, =[] V[6] =1,

so[0]>[¢]. Then we have [ VO] =[v]V[0]=[elVIv]=[¢eVve]=1s.

For the J-introduction rule, suppose @(z) — ¢ is valid in M. Le. [Va(p(z)—¢)]
1g. So for each ¢ € M we have [¢(0) > ¢ ] = 1, ie. [¢(o)] < [¢]. Then [¢]

\/{ [[90(0)]} : UEM} = [[chap(x)]]7thus [[ﬂxw(x)%w]] =1.

AVANI

Completeness of first order logic with respect to Boolean-valued semantics is a trivial consequence
of the classical completeness theorem for first order logic and two-valued semantics. Indeed, if a
formula in £ is valid in all Boolean-valued models of a theory T" in £, then it is valid, in particular,
in all 2-valued models of T', which, by the classical completeness theorem grants that 7" proves that
formula. O

Definition 2.2.7. Let £ be a first order language, B be a cba and M be a B-valued structure for
L. Let F be a filter on B. The quotient model M/p is the B/p-valued model defined as follows:

o its domain M/p is the set {[o]p 1 o€ M},
Where[o]F:{TEM : HU:THMEF};

M/F

¢ the interpretation p of each n-ary predicate symbol p in £ has values

[[p([al]Fv"'a[an]F)]]M/F = [[[p(01,-~-a0n)]]M} ;

F

o« MIF = {CM} for every constant symbol ¢ in L.
F

o the interpretation fM/F of each n-ary function symbol f is the function

fM/F : (M/F)n — M/F

([o1)pr s lon]p) — [fM(al,...,an)}F

Note that (2.4) and (2.5) guarantee that the interpretations pM/F and fM/F are well-defined,

M/F

i.e. that the values [[p([al]F, cel [on]F) ]] and fM/c ([01]F ey [Un]F) do not depend on

our choice of representatives o1 € [01]r,...,0n € [0y ] for computing [ [[p(al, ey On) ]]M]

and [ Moy, ... ,an)] . In particular (for p being the equality symbol), for any Boolean-valued
F

structure M, the quotient M/;1y with the trivial ideal {1} is extensional.

Clearly such a quotient M/ satisfies all the conditions for being a B/p-valued model.

Note that having defined the domain M/ and the interpretations pM/F MIF and fM/F of the
nonlogical symbols and equality, specifies the whole structure M/p. In particular, the truth values
of non-atomic formulas, are determined by the general semantics rules stated in definition [2:2.3]

If F is an ultrafilter, the quotient B/p is the two-element Boolean algebra and the structure
M/F is a two-valued Tarskﬂ structure for £. In this case we say that M/p is the Tarski quotient
of M by F.

One might expect that that [ ¢(7) ]M/F = [ [ e([rlr) ]]M } . for any formula ¢ in the language
of M. We indeed have

5We call classical two-valued structures for first order formal systems Tarsk: structures.
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[ ]]M/F = [y ]]M/F (by the semantics of negation in M/r)
= - |:[[sp ™ ] B (by the induction hypothesis)
= [—' [¢ ]]M ] . (by simple algebraic properties of quotents of ba’s)
= [[[—‘(p ]]M ] B (by the semantics of negation in M)

[ove]™ = [l vv]™" (by the semantics in M/r)
= [ [ ]]M } B v [ [ ]]M } . ( by the induction hypothesis)
= [ﬂcp ]]M VY ]]M ] - (by operations in quotients of ba’s)
= [ [eve] M ] B (by the semantics of disjunction in M)

However, for existential formulas we have

[[39590(95) ]]M/F = \/ { [[QD(U) ]]M/F t o€ M/ } (by the semantics in M/F)
B/r

= \/ { [[‘P([U]F) HM/F coeM } (by the definition of M/F)
B/r

= \/ { “[90(0) ]]M}F roeM } (by the induction hypothesis)
B/r

But the join does not necessarily commute with taking the quotient. L.e. the F-equivalence class
[\/B A] 7 of the join of a set A in the big algebra B does not necessarily equal the corresponding
join Vg (A/F) in the quotient algebra B/p. That would be guaranteed if F' were |A|-complete. So
we do not necessarily have

[[H:mp(x) HM/F = [ [[Hmp(x) ]]M}

and hence more generally we don’t have

Lo 1M = [1e1™] .

F

In words — quotients do not necessarily preserve truth. This is a special property which not all
Boolean-valued structures have. One particular weakening of this property — its restriction to
ultrafilters only — is commonly referred to as fullness. Noticing that when G is an ultrafilter we
have the following equivalences

MigEe iff [o]™ =1
[e1Mec it [[e1™] =1
we arrive at the common form of the definition of fullness:

Definition 2.2.8 (Fullness). We say that a B-valued structure M is full iff for each ultrafilter G
on B, each formula ¢(Z) in the language of M and all & € M, we have

Miake(dle) it [e@]"ea

Theorem 2.2.9. [20, Theorem 4.11]. The following are equivalent for a Boolean-valued structure

M:
(1) M is full
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(2) the truth value | 3xp(x) | of each existential formula coincides with the join \/ { [ele)] i< m}
of the truth values of finitely many instances ¢(o;) of p(x).

Proof. Assume first that M is a full B-valued structure. Fix some existential formula Jzp(z, 7).
Simply by the semantics of existential formulas in classical two-valued structures, we have that: for
each ultrafilter G on B such that M/ models Jzp(z,[7]g), there is some witness o such that
M|/e models ¢([o¢]a, [T]a). By fullness of M, this amounts to saying that each ultrafilter G in
N[[ (e, | belongs to some Nﬂ oloam) | Then, if we collect all these witnesses o¢ into a set T,
we’ll have

N3z ] & UFN[[ pocm] & L}WN[[WG,T)]]
[4S [24S]

But the Stone space of B is compact, so the open cover on the right-hand side has a finite subcover
Uz’<m N[[ o(o,7) H Then
[Fze(e, )] <\ [¢loi7)]
i<m
The converse inequality holds simply by the definition of Boolean truth-values of existential formulas.
This concludes the proof of this direction of the claim.

Now assume (2). We prove M is full by induction on the construction of the formulas but we
present only the nontrivial case when the formula is existential.

If an ultrafilter G contains the truth-value [[ngo(x, T) ﬂ of an existential formula, and this value
can be represented as [[Elarcp(a:,T)]] =Viem [[go(ai, T) ]], then since G is downward directed, we
obtain that there is some i < m such that [ ¢(c;,7)] € G. Then we have M/g F ¢([oi]a, [T]a)
by induction hypothesis.

Conversely, if M/ models Jxp(z, [T]q) and [o]g is a witness for it, then by the induction
hypothesis and the upward closedness of G we have [ ¢(0,7) ] < [Jzp(z,7)] € G. O

Fullness is often difficult to prove directly. A more tangible concept often used to infer fullness
is the strictly stronger mixing property

Definition 2.2.10 (Mixing). Let M be a B-valued structure for £ and  be a cardinal.

o We say that M has the k-mizing property iff for every antichain A C B of size at most x, and
for every subset {Ta ta€ A} C M, there exists a name 7 € M such that a < [7 =7, ] for
every a € A.

o We say that M has the <k-mizing property iff it has the Ad-mixing property for each A < k.
o We say that M has the mizing property iff M has the <cc(B)-mixing property.

And yet another natural property we often need in practice is the following strengthening of
fullness, whose strength sits between fullness and mixing.

Definition 2.2.11. We shall say that a Boolean-valued structure golden iff the truth value
[ 3zp(z) ] of each existential formula coincides with the truth value [ (o) | of a single instance
(o) of the quantified formula p(z).

Theorem 2.2.12 (Lo$ theorem; the maximality principle). Boolean-valued structures with the
mizing property are golden, and hence full.

Proof. Let B be a Boolean algebra and M be a B-valued model with the mixing property. Fix an
existential formula Jz¢(x, 7) in the language of M, where 7 is a finite sequence of names.

By definition, the Boolean value b = [ Jz¢p(x, 7) ] is the join of the set S = { [o(0.?)] : ceM }
of the truth values of all instances of ¢(x, 7). Let A be a maximal antichain below b contained in
the downward closure of S, so that every element of A is below an element of S and \/A = b. For
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each a € A choose o, such that a < [[cp(aa,%') ]]

Using the mixing property of M, find a name o such that a < [0 =0, ] for all a € A. Then we
have

a < [[U:Ua]]/\ H@(Uaﬂ?):” < [[@(0'77?)]

for eacha € A, andsob = \/ A < [ ¢(0,7)]. Since [ ¢(0,7) ] € S, we must also have [ (0, 7) ] <
\/ S = b, and so [[ Jzp(x, T) ﬂ = [[ (o, T) ﬂ By the previous theorem the proof is completed.
O

Remark 2.2.13. Obviously a finitely-mixing full Boolean-valued structure is golden.

The Boolean notion of uniqueness for has a very tangible meaning in golden structures.

Proposition 2.2.14 (Boolean uniqueness). Let M be a golden B-valued structure, o(x,¥) be a
formula in L and p be a list of names in M. Assume [[ zp(z, p) ]]M = 1g. Then there exists a name
o € M such that [[go(a,ﬁ)]]M = 1g and for each name T € M we have [[(p(r,ﬁ)]]M <[r= 0]]M.

Proof. We have “
[Fo(e@.p) & Wylown) »y=o)]" =16

Since M is golden, fix some o € M such that
. _, M
[e(0,0) & Vy(ply.p) = y=0)]" =18

Then we have [ (o, §) ]]M =1 and

/\{ﬁ[[%’(ﬂﬁ)]]M\/[[T:a]]M ; TEM}:IB

Which happens only if for each name 7 in M we have that

[e(r5) ] <[r=0]

2.3 Boolean-valued morphisms

We now extend the classical definition of elementarity between two-valued Tarski structures for
Boolean-valued structures. In the case of Tarski structures we have the simplification that the truth
values of sentences in the language of any structure are conditions in the same Boolean algebra -
the trivial Boolean algebra 2. A map which relates truth between Boolean-valued structures has to
presuppose some relationship between the Boolean algebras in which sentences take their truth
value.

Definition 2.3.1. An ordered pair (B, M) is called a Boolean couple if its first component B is a
Boolean algebra, and its second component M is a B-valued model.

Definition 2.3.2. [I| Definition 3.3.1]. Let M and A be respectively a B-valued and a C-valued
structures for a language £. Let e be a homomorphism from B and C, and & C M x N be a binary
relation. The couple (e, ®) is a morphism from (B, M) to (C, N') iff:

(1) dom(®) = M;
(2) for each m-ary function symbol f and each (o;, 7;),{u, v) € ®, we have
]]N

e([1@=n]™) < [17) =v (2:6)
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(3) in particular, for each constant symbol ¢, for each (u,v) € ® we have
e(le=nl") <le=v]"
(4) for each n-ary predicate symbol p and (o;,7;) € ®, we have

6([[p(5)]]M) < [p®1", (2.7)

(5) in particular we have
e(ﬂalzagﬂM)S[[lergﬂN. (2.8)
e An injective morphism is a morphism such that in (2.6) and (2.8)) equality holds.

e An embedding of Boolean valued models is an injective morphism such that in (2.7)) equality
holds.

e Let I"be ¥ or II. An embedding (e, ®) is called (weakly) T, -elementary iff for any T'),-formula
¢(Z) in £ and any (o;, ;) € ®, we have

M TN
(L@ 1) < [em] (29)
It is called T',-elementary (without "weakly”) iff in (2.9) we have equality. It is called simply
an elementary embedding iff it is X, -elementary for all n < w.

e A Boolean embedding is called A,-elementary iff for every formula ¢(Z), for which there exist
a X, formula ¢(Z) and a II,, formula 6(Z) such that the formula

Vi ((9(@) « v(@) & (p(@) < 0@))
is validﬂ both in M and N, then for each (o;, ;) € ® we have
e([e@ ™) =[eA]"

o An embedding (e, ®) from M to N is called an isomorphism of Boolean valued models if e
is an isomorphism of Boolean algebras ® is surjective up to Boolean equality, i.e. for every

7 € N there is a (o, 7') € ® such that [[T:T’]]N: 1.
Remark 2.3.3. Notice that

o (not-weakly) %, -elementarity, IT,-elementarity and A,, elementarity coincide, and we shall
refer to is simply as n-elementarity;

o an elementary embedding cannot be properly weak because a weakly (n+ 1)-elementary
embedding is an n-elementary embedding.

Indeed, if ¢ is ¥,, then —¢ is II,, and hence —p is ¥,y1, and hence ﬂe([gp]]M) =
N N N
e(=Le1™) = e(I-¢1") < [T = = [¢]", and hence e[ 1*) = [V

o weak I'), elementarity clearly implies A, elementarity. More precisely, if I" is ¥ or IT and
(e, ®) is a weakly I'j,-elementary embedding of (B, M) into (C, N'), then (e, ®) is also a
(not-weakly) A,,-elemenary embedding of (B, M) into (C, N').

6Recall definition m
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Remark 2.3.4. (e, ®) is a morphism between the Boolean couples (B, M) and (C, ') iff letting
H be the trivial filter {1c} the map @ defined by o +— [7], for (0,7) € ® is a function and is
also a well defined morphism of the Boolean couple (B, M) with the Boolean couple { C, N/x ):
observe that if ® is a morphism, then @' is a function. Indeed, given (o, 1), (0,72) € P,

lc = e(lg) = e([[a - a]]M) <[n=n]"
hence [71], = [72]y, since N/ is extensional. The rest of the claim is trivial to check.

In particular morphisms between extensional Boolean valued models are maps and not just
binary relations.

Proposition 2.3.5. Let (B, M) and (C,N') be Boolean couples for L and (e, ®) be a Boolean
morphism from the former to the latter. Let u(Z) be a term in L and (o;,7;) € ®. Then ® can

relate u(&) only to elements of {UN(F)} o In other words, for each v € N we have
C

<uM(5),1/>€<I> = Ju@® =v]Y =1c

Proof. Induction on the length of terms. If u is a parameter 7, then the witness v is 7 itself. If it
is a constant ¢, then [ ¢ = u]]N = e([[c = c]]M) = e(1g) = 1c. Now assume the claim is true for

UL, -y Uy If <fM(6’), V> € ¢, then by 1} we have

[0 =01 2 e [56) = 1@ ]™) = ette) = 1c
O
Corollary 2.3.6. If N is extensional, then for every function symbol f and (c;,7;) € ® we have
(M@, V(7)) e o.

Definition 2.3.7 (Boolean extension). Let M be a B-valued structure and N be a C-valued
structure for a first order language £, such that B is a complete subalgebra of C, M C N, and for
any o; € M we have

M= (2.10)
Mo, on) = Now,... o0) (2.11)
[p(o1,....on) ] = [plon,....o0) " (2.12)

for all predicate symbols p, function symbols f and constant symbols ¢ in £. Then (Idg, Ids)
is an embedding of (B, M) into {C, A') and A is said to be a Boolean extension of M.

Definition 2.3.8. Let £ be a first order language, B be a Boolean algebra, M be a B-valued
structure for £ and N C M be closed under the interpretations f™ in M of the function symbols
fin L. Then we define the induced by N substructure of M, as the B-valued structure M [N with
domain N and interpretations of the predicate symbols directly inherited from M — namely, for

each n-ary symbol k in £ (be it predicate or function) we define its interpretation &MV in M| N
as KM N.

Obviously (Idg, Idy ) is a Boolean embedding of (B, M [N ) into (B, M ).

Lemma 2.3.9 (Intermediate quotient). Let M be a B-valued model and F C G be filters on B.
Then the union function

U : B/rFler — B/F

AF /) — [G]G
U« M/ — Mia
Tlel e — [T]q
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provides an isomorphism from (M/r)/(c/n) onto M/q. More precisely, the tuple

< UT®/m e Ut M) e >

is an isomorphism from the Boolean couple <(B/F)/(G/F) s (MUF) /ey > to (B/a, M/a ).

Proof. Let f be any function symbol (including a constant) in the language of M and let 7, € M.
Then using the quotient semantics [2.2.7 and the fact that F' C G we have:

U ﬂf([[F]F](G/F)) - [[N]F](G/F) U l[[f([?]F) _ [M]F:H(M/F)‘|

]| (M/r)/(c/)

(G/r)

I I I
~n [ | C
—~ ~ —
EIC)
Q ~
~ Il o)

I = N2
= £ =
Q [m—

g
B!
| I

H (M/c)

[ (U7 ) = U]

Let p be a predicate symbol in the language of M and let 7, € M. Then

(M/F)G/r) M/
U ﬂp([[?}p](g/p))ﬂ = U lﬂp([f']p)ﬂ F} by the quotient semantics [2.2.7]
(G/r)
- U [ [ [p(7) ]]M } F} by the quotient semantics
(G/F)
— [[[p(q‘—’)ﬂM}G since F C G
M/a
= [[P([F]G) ]] by the quotient semantics

I
—
ks
—
—
.
=
S
N
~—
——
<
Q

O

Proposition 2.3.10. Let M be a B-valued structure and N be a C-valued structure for the same
relational language L. Assume (e, ®) is an isomorphism of (B, M) onto (C, N'). Then for each

term u(xy,...,2,) and formula p(21,...,2,) in L and each (o1, T1),...,{0n, Tn) € ®, we have
M N
e ([[go(ol,...,an)]] ) = [[(p(Tl,...7Tn)]]
Proof. Induction on the length of ¢. Let ¢ be an atomic formula p(us,...,u,) where p is an n-ary
predicate symbol (including =) and w;(x1,...,2;) are any terms. Fix (o1,71),...,{0k, Tx) €

®. By proposition [2.3.5[ fix some names p1,...,pr € N such that <uM(E),pZ—> € ¢ and

[uz(?) = p; ]]N = 1c. Then we have

= [plprs- o) I

= [ p(pr, ’Pn)]]N/\lc

= [[p(ﬂh ’Pn)]]N/\ /\ [[Ui(F) = PiﬂN
= [P (@), un@) ] = [ 1Y



If v is a negation or disjunction, then the result follows easily from the induction hypothesis. Now
suppose @ is dz1p. Since P is surjective and has domain M, for each name m € M choose a name
pr in N such that (7, pr) € ® and, conversely, for each name p € N choose a name 7, in M such
that <7Tp, p> € ®. For the sake of notational simplicity, assume WLoG that e is the identity. Then

[e@® ] = [F0m]"
= \/ { [v(p.7) ]]N i pé€ N} (by the semantics)
\/{[[w(np,&)]]’” : pEN} (by ih.)
§\/{[[¢(7T,6’)]]M:7TEM} (since {m, : pE N} C M)
= [ 3ay(x,7) ]M = [ () ]]M (by the semantics)

[e@]™ = [3zv(z,) ]

:\/{[[w(ﬂ,a)]]/” : WeM} (by the semantics)
:\/{[[w(p,r,i")ﬂjv : weM} (by ih.)
<\/{[[w(p,7:’)ﬂN:p€N} (since {pr : T€ M} C N)

(by the semantics)

Morphisms of Boolean valued models are preserved by quotients.

Proposition 2.3.11. Let (B, M) and (C, N') be two Boolean couples for a relational language L.
Let F be a filter on B, G be a filter on C and e : B — C be a homomorphism such that G D e[F].
Assume now ® C M x N is such that (e, ®) is a morphism from (B, M) to (C, N'). Define

e/F’G : B/F — C/G
[b]F — [e(b)]g

and

Ofpc = {([O]F,[T]G> : (o, 7) e@} (2.13)

Then <6/Fvg, @/p,g> is a morphism between the extensional Boolean valued models M/r and
N/g. Moreover, if (e, ®) is an injective morphism, embedding, or isomorphism of Boolean valued
models, and e/p ¢ is injective, then < e/ra, @/p,g> 1s respectively an injective morphism, embedding,
or isomorphism of Boolean valued models.

Proof. Given (o,7) € ®/p ¢, we let m, € M and p, € N be two elements such that (7., p;) €
and 0 = [7,]p, 7= [prlg-

1. Since dom(®) = M, it follows that ®/p ¢ is everywhere defined.

2. Let f be an n-ary function symbol in £ and (o;,7; ), (p,v) € Pr . Then
o M/p _ M .. .
e/r.a ( [ =u] ) = e/p)g< [ [f2) =m.] }F) (by the semantics in quotients)

= [e( [[f(f;) =, HM )] (by the defining property of e/rq)
(since (e, @) is a Boolean morphism)

(by the semantics in quotients)



3.

Let p be an n-ary predicate symbol in £ and (o;,7;),{(u,v) € ®/pg. Then by an exactly

analogous reasoning we have

{1 1]
= [e(tm1)]

<[ [pe)]"]

= [p®) ]

G

It can be easily checked that whenever equality holds in (2.7) and [4] of Definition equality
holds as well in the above equations, which completes the proof. O

2.4 Boolean ultrapowers

Ultrapowers are a general method for constructing elementary extensions of first order structures.
The classic construction which uses ultrafilters on powerset algebras has been generalized for
arbitrary completdﬂ Boolean algebras by Mansfield in [14].

Definition 2.4.1 (Solid sets, tops and coherent functions). Let P be a poset.

If a subset of P is the downward closure of a (maximal) antichain on P, we shall call it a
(mazimal) solid set on P.
Notice that there is a natural one-to-one correspondence between antichains and solid sets —

each antichain determines a unique solid set (its downward closure) and every solid set is the
downward closure of a unique antichain — the set of its maximal elements.

We shall call the set A of maximal elements of a solid set | A the top of the solid set.

We shall call a partial function on P a coherent function on P iff its values at comparable
conditions are equal.

Notice that a coherent function o : | A — W on a solid set is determined by its restriction
o[ A to the top of its domain.

If o is a coherent function on a solid set, by A, we shall denote the top of dom(o). If & is
a finite list 01,...,0,, of coherent functions on solid sets on a Boolean algebra B, then by Az
or Ag,..s, we shall denote the set {a1 A---Aan : a1 € As,,...,an € Ao, } \ {08}. Notice
that this set is a common refinement of 4,,,...,A,, .

Definition 2.4.2. Let £ be a first order language and W be a two-valued (class) structure for it.
We define the B-power of W as the B-valued structure with:

o domain the set W*B of coherent functions on maximal solid sets on Bt with ranges in W.

o for each m-ary function symbol f, an n-ary operation fWLB on W+B

PV wEBy — wiB
i o— )
such that .
PEE) LAt — W
a s  fY(5(a))

7Just as in the general construction of Boolean-valued models in the previous section, full completeness of the
algebra is not always necessary. The sets whose joins need to be computed are given by the truth values of instances
of existential formulas.
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e in particular, for each constant symbol ¢

1B
dd Bt — W
a — MW

o for each n-ary predicate symbol p (including equality):

[[p(&')]]vwB :\/{aeAg : Whp(&(a))}

The interpretation of more complicated terms and formulas is as it is defined for all Boolean
valued structures in definition [2.2.1] It is immediate to see inductively that the domain of the
interpretation of each term of the form f(uq,...,u,) is

(f (ua, m’u”))ww = fww (uil/vw’ ~~»UZV¢B> PolA e uW¢B+ — W
1 [ARRE Rt 0}
a — f(ul (@) (@)
Proposition 2.4.3. Let ¢(Z) be a formula in £ and o4,...,0, € W¥B. Then:
S\ QB .
[e@ 1" =\/{ecas : WEp(F@) }. (2.14)
Proof. Induction on the complexity of . If ¢ is an atomic formula it is immediate.

Let ¢ = ). Notice that if Ay, Ay is a partition of a maximal antichain, then \/ 41 = =/ A,.
Using this we get

[e@] =-[v@] (by general Boolean semantics)
= \/ { a€ Az : WE(3(a)) } (by induction hypothesis)
= \/ { ac€ Az 1 WE —(5(a)) } (by the above remark)

:\/{aeAg : thp(&’(a))}
If o = V0, then:

[¢(@]=T[¢@)]v0]

€Az wmp(&(a))}v\/{a As WH(&(@))}
WE

{o €
{a€A~ : WE(G(a)) or (
{aeAﬂ : W (v(3(0) \/0(5((1)))}.
{

ac Az : ngp(&'(a))}.

V
V
V
V

Finally, if o(Z) = 3y (y, Z). Denote [ Iy (y, 7) ]]Ww bymand\/ {a € Az : WE Jyu(y,d(a)) }
by n.

It is easy to see that m > n. Indeed, pick some a € Az such that W E Jyi(y, 6(a)) (if there is
no such a, the inequality is trivially true, because the right-hand term equals Og. Fix a witness
u € W such that W E ¢ (u,5(a)). Let 7 = JAz" x {u}. Then W Ey(r(a),d(a)) and Az = A5,
so by induction hypothesis, we have a < [[1/1(7, 7) ﬂ [[Eyw Y, 0 ] = m. By taking a join over all
such a, we obtain n < m.

Now we prove the converse inequality, i.e. that m < n. Suppose the contrary. Then
Og <mA-n=b.
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Pick @’ € A, such that W F -3y (y,d(a’)) and o’ Ab > 0g. Denote a’ Ab by a”’. Now, 0g £
a"=bAd <b<m,s0od' <m= \/{ [[1#(7',5')]] T TE WiB}. Then there is some 7 € WiB such

that 0 £ a” A [¢(7,3) | = a””. By the induction hypothesis \/ {a € A;5 : WE (7 a))} =
[¥(r,3)] = a"”. Then there exists some o/ € A,z such that 0g % a”’ A a"” = a. Then
W E ¢(7(a),d(a)). But 7 and & are coherent function and a < a/, so 7(a) = 7(a’) and o(a) = o(a’),
so WE 9(7(a),d(a’)). A contradiction. O

Proposition 2.4.4. [T4, Theorem 1.3]. If B is a complete Boolean algebra, the B-power W+B
satisfies the mizing property and hence is full by[2.2.13

Proof. Let A’ be an antichain on B and let {0, : a € A’} € W'B be a family of names. We'll
construct a new name ¢ witnessing the mixing property.

Let A be a maximal antichain on B extending A’ and extend (in any way) the family of names
to a new one {aa ta€ A} indexed by A. For a € A, we define the following auxiliary functions

re ={({aAb,a) 1 be A, } | BY
r:U{’/‘a : aeA}

The domain of r is the refinement of A which looks like A,, below each a € A. To phrase the last
statement more formally, for each a € A, {a Ac i c€ dom(r } is a refinement of { alhc:c€A,, }
And for each ¢ € dom(r), r(c) is the unique a € A above c.

Let o be the name with domain | dom(r) and values o(c) = o,()(c) for each ¢ € dom(r). We
want to prove that, for every a € A’, we have a < [0 = 0, ], so fix some a € A’ C A.

Notice that for each a € A and each ¢ € A, , such that ¢ < a, we have

o(c) = opey(c) = aq(c)
And hence

[o=0. """ =\/{c€ A, : WEO(c) = 0ulc)}
ZV{CGA%U[Q : WEo(c) =a4(c) }

\V 4ol a

O

Lemma 2.4.5. The 2-valued structure YW embeds elementarily into its B-power WB. More
precisely, if e = {(0, 0),(1, 1>} is the unique homomorphism from the trivial Boolean algebra 2
into B, and
g W o — WiB
U —> Cy

where ¢, : B — {u}, then (e, j) is an elementary embedding of (2, W) into <B, WHB >

Proof. dom(j) = W by definition. If f is an n-ary function symbol and # in an n-tuple of elements
of W, then we do have j(fV(Z)) = s (cz), ie. 1) in the case where ® = j is a function.
Indeed

dom (fV*(@2)) =14z =B

and its value is f"V(¥) everywhere, thus fWLB coincides with

SV @) = e
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In light of proposition [2.4.3] for any formula ¢(Z) in £ and parameters @ in W we have

[eG@N " = [e@n]”"
:\/{aEB CWE () }
1 if WE (@)

0 otherwise

O

Definition 2.4.6. Let W be a first order structure, B be a complete Boolean algebra, and GG be an
ultrafilter on B. Then the Tarski quotient W*B/; by G of the B-power of W is called the (Tarski)
ultrapower of W by G.

Corollary 2.4.7. In view of lemma |2.4.5, Every structure is isomorphic to any of its Tarski
ultrapowers.

2.5 Boolean-valued models of Set Theory

We'll now describe the standard way to construct Boolean-valued models of set theories such as
ZFC. A name in such a model is a function on a set of (previously constructed) names which takes
values in the underlying Boolean algebra. The intuition behind this is that the set whose name is
the name ¢ € dom(7) is an element of the set whose name is 7 "with probability” at least 7(o).
Meaning that if an ultrafilter G on the underlying Boolean algebra contains the condition 7(c),
then in the quotient structure we’ll have [7], €M< [o],,.

We first define the standard Boolean-valued structure VGB = (VB, EVB,:VB) for the core

language {€}, which we shall later extend to a structure V_E for the extended language € INE

Definition 2.5.1 (VB; [3, (1.6)]; [10, (14.15)]). Let V model some set theory ST extending ZFC
and B € V' be a complete Boolean algebra in V. The B-eztension of V is the B-valued structure
VeB with

e domain:
VB = U{VaB : aEOrd}: {0’ : EIa(aEVaB)} , where
Ve = {a : (38 < a)(o is a partial function from VﬂB to B) }
o equality function =B:

B B
[ocr] A [oD7]Ye , where

[ocr1% = A{~oviperl® : pedomio) }

[[cr:TﬂVeB

« membership €B:
[[O'ETHVGB :\/{[[pzo]]VEB/\T(p) : pEdom(T)}

The elements of VB are called B-names.

Remark 2.5.2. What appear as circular definitions above are in fact recursive definition: the
interpretations of the predicate symbols are defined by recursion on the so called square order <>
on Ord?, which is defined as follows: (ay, Bo) <2 (ay,B1) iff max{ag,Bo} < max{ai, i} or
max{ao, fo} = max{ay, 1} and (ag, Bo) is lexicographically below (a1, 51 ).
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When working with this kind of structure it is customary to denote truth values in it as [ ¢ |,

B
instead of [ ¢ }]VE . Or, in situations we feel no confusion can arise, simply by [ ¢ ].

Note that, indeed, whenever o € dom(7), we have that the "probability” [ o € 7] that (the set
named by) o belongs to (the set named by) 7 is at least 7(0). At the same time the value [o € 7]
may be strictly positive even if ¢ is not in the domain of 7. This seems to raise an issue about
bounded quantifiers.

In a classical two-valued Tarski structure, to compute the truth value of a formula (Jz €
uw)(z, u,v) starting with a bounded quantifier, we need to consider only the truth values of those
instances ¢(w, u,v) of v(x,u,v) where w € u, i.e. "few” ones, set-many ones. In Boolean-valued
structures, this restriction amounts to those instances (o, 7, p) of ¢(z, T, p) such that [o € 7] is
positive. However, there may very well be class-many names o € VB such that [o € 7] > 0g. But,
as intuition would suggest, it turns out we can further restrict the computation not only to those o
that belong to 7 with positive probability, but to just the elements of the domain of 7. In other
words, we have:

Proposition 2.5.3. [3| Corollary 1.18] .

[[(H.xET)(p(l‘,T,p)]]B Z\/{T(O')/\ [[go(o,r,p)]]B : O’GdOIn(T)}

Theorem 2.5.4 ([3, Theorem 1.33], [10, Theorem 14.24]). VB is a B-valued model of ZFC, for any
complete Boolean algebra B € V. ]

Definition 2.5.5 (Mixtures). Let A be an antichain on B and (7, : a € A ) be an A-indexed
family of B-names. We define the mizture ) ., a- 74 of < T P a€A > with respect to A to be the
B-name 7 with domain {J { dom(7,) : a € A} and values

T(U):\/{a/\[[aeTa]] cacA}

Remark 2.5.6. Mixtures are absolute between transitive models of ZFC. More precisely, the sentence
stating that 7 is the mixture of the function f = { (a, 7,) : a € A}, where the underlying Boolean
algebra is B, is a A sentence with parameters 7, f and B.

Remark 2.5.7 (Redundancy for mixtures). Notice that if A’ is a refinement of A and we have two
families <oa/ a e A > and <Ta a€ A> indexed by A’ and A respectively, such that for each
A’ 3 d’ <ae A we have 0, = 7,, then we have

E a-o, = E a7, || = 1
acA’ a€cA
In loose terms, non-injectivities of mixing families are redundant.

Theorem 2.5.8 (Mixing and fullness for VB; [3] Mixing Lemma 1.25]; [T0, Lemma 14.18]). If
B €V is a cba, then VeB has the mixing property, witnessed by the miztures defined above in

and hence is golden by[2.2.13 OJ
Remark 2.5.9. VEB has the finite mixing property (<No-mixing property) for any Boolean algebra B.

Definition 2.5.10 (Canonical names). Let B be a Boolean algebra. For each set x in the ground
model V', by & we denote the canonical B-name for x defined recursively as:

iz{(@,lg) : yex}.
B . ..
We now extend V¢ to a structure for € INE Recall definition [2.1.13

Definition 2.5.11. Let B be a Boolean algebra and M = (M, E) be a golden B-valued model of
ZFC—P. We extend M to the structures Ma, and M respectively for the basic and extended
languages for Set Theory by defining the interpretations of the additional symbols as follows:
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o Predicates. For each bounded formula ¢(z1,...,z,) in the core language {€}, define the
interpretation of the predicate symbol p, to be

[po(or,....on)] = [e(o1,....00)]

« Constants. Let ¢(x) be a bounded formula in the core language { €} such that ZFC F Jlzp(x).
Appealing to the properties of Boolean uniqueness [2.2.14] we let the interpretation cf;/l+

of ¢, in M, be a name such that [[Lp(cﬁ/br)]] = 1 and for each name o € M we have
[olo)] < [[a:cﬁ/”]].

Let CZB be the canonical name @ of the unique set uw in V' that has the property ¢ (according
to V).

B
In VB for example, using [2.5.15] we can choose cZ* to be the canonical B-name u of the set

w in V that has the property . And when in the place of M we have W*EB, we can choose
1B

+

¢y~ to be c,.

e Functions. Similarly for the the function symbols of positive arity. Let G be a Godel
operation (unary or binary) and ¢ (Z,y) be a Ag formula in the core language which states
that y is the result of the operation G on Z. Then ZFC — P + Vy 3z (#,y). But then since
VB E ZFC, we have

1g = [VZ3lypa(Z,y) |4

_ /\ /\ [[H!y(pg(O'l,.--,O'my)]]B

o1€VE on€VE

Again by proposition[2:2.174]on the meaning of Boolean uniqueness, for all names 71, ..., 7, € M
we have a name o such that for each name p € VB we have [[gp(p, 7"’)]] <[p=oc]. Pick one
such name of minimal rank and denote it by O 7

Collect those and set the interpretation f&* of fg to be

My n
Mo M — M
T +— U‘P@ﬂf

Notation 2.5.12. We shall denote the structures for the basic language €, and for the extended
language € N obtained from (VB, EVB) in the way described above respectively by VEO and Vf.

Lemma 2.5.13. Let f, be an n-ary function symbol with interpretation in VB defined as above for
a bounded formula o in the core language (like the described above constants and Gédel functions).
Then for every o;, u € VB it holds that

[£.@) =n]" = [0 w]"

Proof. The direction > we have from the definition [2.5.11] of the interpretation f;/ ® of fin VB,
Moreover we have

ﬂﬂ?a=umf=ﬂﬁ?a=uﬂ

B

Nlg = Hfgf(g):uHVEA H@(a’fﬁ@)ﬂ " [ m]"

O

B
vy

Corollary 2.5.14. In particular, for each constant c, in the extended language and every name
p € VB we have

[eo=u]" = [ow]*
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Lemma 2.5.15. (V,€a,) embeds weakly 31-elementarily into VEO via the Boolean embedding
(e, j) where e = {(02, Og), {1z, 1B>} is the only homomorphism of the trivial Boolean algebra 2
into B, j is the map which sends each set uw € V' to its canonical B-name .

Proof. The claim is proved by induction on the construction of ¢, according to the well-order
mentioned in remark |2.1.14] The atomic case, negation and disjunction are trivial, so consider a
bounded formula ¢ be (Jy € x)p(y,, 21, ..., 2,) and u,v1...,v, € V in the core language. Then

by proposition we have
H(Ely € ﬁ)(p(y,a,ﬁ)ﬂ = \/{ﬁ(a) A ng(a,a,ﬁ)ﬂB o€ dom(ﬂ)}

B

- {[[(p(w,u,ﬁ)]]v : wEu} (by ih)

=[Gy € wely,u,9)]"

We now consider the additional nonlogical symbols in the extended language:

[re@]" = [o@]* = [o@ 179 = [0 ]"

[eo=u]"" = [o)]V = [e@]" = [c=a]"F
VB

[fa(@ =v]" = [ea@n]V = [ec@o)] ~ = [fo@) =]

Finally, for unbounded existential quantifiers we have
L Ve L Ve
Hﬂxcp(x,a)]] i :\/{ [[go(a,a)]] T ioe VB}

> {[M@,ﬁ)]]vf : vEV}
\/{ng(v,u)ﬂw' : vGV}

B
V+

O
Corollary 2.5.16. By remark and we have that Vi embeds Ag-elementarily into V+B.

2.5.1 Genericity and Ill-foundedness
Definition 2.5.17. Let M = (M, €,=) be a transitive model of ZFC. Let B € M be a complete
Boolean algebra according to M. By M® we shall denote the relativization (V)M of VB to M;
and by M® — the structure (MB, (eByM, (:B)M>.

Theorem 2.5.18 (Cohen-Solovay-Scott-Vopenka [3, Theorem 4.1]). Let M = (M, €,=) be a
transitive standard model of ZFC and B € M be a complete Boolean algebra according to M. Let
MEB denote the Boolean-valued structure that M thinks is VB. Let G be any ultrafilter on B. Then
the quotient M®/q defined as znm is a Tarski model of ZFC. ]
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Remark 2.5.19. A model MPB of the kind mentioned above is full according to V' as well, despite
the fact that the mixing property is not absolute. Indeed, with antichains that belong to V' \ M
we can build in V mixtures of names in M® that do not belong to M®B. However, the mixtures
relevant to the issue of fullness are induced by the truth values of existential formulas 3z (z) and
their instances ¢(o), as in which makes those mixtures definable in M.

There is a way to ensure that certain quotients of Boolean-valued models of set theory of the
form VB are well-founded and hence isomorphic to transitive e-structures. This is achieved by
using a special kind of ultrafilters, called generic ultrafilters.

Definition 2.5.20. Let M be a model of ZFC and P € M be a partial order. A filter G on P is
called M-generic on P iff it meets |§| every dense subset of P, which is an element of M.

Remark 2.5.21. We could equivalently define genericity by requiring that the filter meet every
mazximal antichain. This is due to a natural correspondence between maximal antichains and dense
sets: the downward closure of a maximal antichain is dense, and every dense set has, by Zorn’s
lemma, a subset which is a maximal antichain.

Lemma 2.5.22. Let M be a countable standardﬂ model of ZFC and P = (P, <) € M be a partial
order in M. Then for each condition p of P, there exists an M -generic filter G on P that contains
p. Moreover, if P is atomless, then such a filter is guaranteed to not belong to M. Moreover, if
P = BT for some Boolean algebra B, then G is an ultrafilter on B. O

Proof. Fix some condition p. Since M is countable, only countably many dense subsets of P
belong to M. We can enumerate them as {Dn Tn<w } Then construct recursively a decreas-
ing w-sequence p = qop > q1 > g2 > ... such that for each n < w we have ¢, € D,,. Then the
upward closure of this sequence is a filter on P that meets every dense subset of P that belongs to M.

Notice that since all conditions of a filter G on P are mutually compatible, if P is atomless, then
the complement {p eP:pé¢d } of G to P is dense in P. If G belongs to M, then D belongs to
M. But if G is M-generic over P, then G meets D, which is an obvious contradiction.

Suppose some filter G on a Boolean algebra B € M is not an ultrafilter, hence does not meet
{a,—a} for some a € BT. Take any dense in B set F. Then the set D = F N | {a,—a} is dense,
and @, being upward closed, misses it. Thus G is not M-generic. O

Corollary 2.5.23. For a countable transitive model M, the set of M-generic ultrafilters for
B = ROM(P) are dense in St(B).

Definition 2.5.24. Let M be a transitive model of set theory, B € M be a cba according to M

and G be an ultrafilter on B. We define by recursion on the rank of names o € M:

TG:{UG : (EIaEG)(<U7a>ET)}
and
M[G] = {7, : Te M}

Theorem 2.5.25. [3, Lemma 4.7]. Assume M = (M,€,=) is a transitive model of ZFC.
Let B € M be a complete Boolean algebra in M and G be an M-generic filter for B. Then:

MBJg = (VEBYM) /g = <MB/G, eMe M >, defined as in|2.2.7, is a well-founded structure
isomorphic to the transitive model ( M|G], €, =), via the map [o]g — 0. O

Theorem 2.5.26 (Cohen’s forcing theorem; [3, Lemma 4.11], [I0, Theorem 14.6, Theorem 14.29]).
Assume (M, €,=,C) models ZFC and M is transitive. Let B be a complete Boolean algebra in
(M,e,=,C), G be a M-generic ultrafilter on B. Then:

8We say that a set meets a set iff they have a nonempty intersection
9A model of set theory ( M, E) is called standard if its membership relation E is the real membership relation €
of the ambient set-theoretic universe V, restricted to M.
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1. (M|G],€,C,=) is isomorphic to <MB/G, eMla, M, ZMB/G> via the map 7¢ — [7]a-

2. M[G] = ¢(7e) iff [¢(P]€a.
S MEbL<g[e(P)] iff M[G] ¢(7a), for all M-generic filters G on B such that b € G.

Conversely, forcing with a non-generic ultrafilter yields an ill-founded model. In fact, all we
need is an infinite antichain, not necessarily maximal, not met by the ultrafilter, to have in the
forcing extension an infinite decreasing sequence.

Theorem 2.5.27. Let B be a Boolean algebra, A be an infinite antichain and G be an ultrafilter
disjoint from A but contaz’m’n its join \| A. Then V8/q is ill-founded.

Proof. Let (a, : n <w) be an enumeratiorﬂ in type w of countably many elements of A. For
each n < w, denote \/ {an, : m <n} by 4,, VA by a, and A, Aa by A%. G is upward directed,
so it contains each A,,. Then G 5 -4, and G 3 A}.

Now we want to define a name 7,, for each n < w such that each

am < [Tn = (m—n)"] (2.15)
where m — n equals 0 whenever n > m.

By [2:2.10] this is satisfied if we define each 7, to be the mixture

T = Za;«(k‘—n)v

k<w

Let’s calculate the values of 7, explicitly using the definition of mixtures:

(1) = \/{ak/\ [mek-—n)] : k< w}
Z\/{ak tm<k-—n}
Z\/{ak+n : k>m}
= \/ {aernJrlv Qm4n42;-- - }
= A:n—i—n
Let’s now present in a more convenient form our defining forcing conditions for 7,
amgﬂ:Tn:(m_n)vﬂ IH am+n§[|:7'n:((m+n)_n)v:|]
iff Am+n § [[Tn :mﬂ

iff Am+4n41 < [[TnJrl = Thﬂ

[rsiem] =\ {m@n[o=m] : oedomin)}
~VA{mtmA[r=m] :m<w}
Z\/{Afn+n, A Qmtntr - m<w}
=V A{amin i m<w}

—\/ {ans1, sz, -}

=Ared

10Convention [1.1.1 1)

11 An enumeration is understood to be injective.

41



Notice that for every 1, m < w we have

[i€mm] :v{[aziﬂATm(a) : UEdom(Tm)}
ZV{[jziﬂATm(ﬁ) : JSW}
=T1m(1) = A

m-+1

Now, for any n < m we have A}, < A% and
HTn:Tm]]S[[TnngH:/\{—‘Tn(’l)\/[[’ZETmH i1<w}
:/\{—\A;H\/A:H_z : z<w}
=0 ¢G

thus indeed all [7,,]; are distinct and form an infinite decreasing €%/¢-chain. O

2.5.2 Boolean morphisms for VB

Notation 2.5.28. Let B and C be Boolean algebras such that VB and V¢ are full. Let e: B — C
be a complete homomorphism. By é we shall denote the map:

e : VB — V€
o {<é(a), V{e(r(e) : o € dom(r) & é(c”) = é(o) }> Loc dom(T)}
If e is injective, then the above definition can be presented by the more readable:
e - VB — vc©
T — {(é(a),e(a)> : (0,a) € 7'}

Lemma 2.5.29. [20, Proposition 4.1.12]. Let e : B — C be a complete homomorphism. Then (e, é)
is a weakly X1 -elementary from (B,VE) to (C, Vf) Moreover, if e is onto C and Vf is golden,
then (e, é) is X1-elementary.

Proof. Induction on the construction of ¢. For atomic formulas we proceed by further induction on
the rank of o, 7.
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[é(0) € é(m) ] Vo E@@n[r=e0)].
wedom(é(r))
=V @mEp)nep) =eéo)].
pEdom(T)

( )A[[é(p)=é(0)}]c ,
pedom(T)

where by p’ ~ p we've denoted p’ € dom(7) & é(p") = é(p)

A
v (v

Edom(‘r)

= e(r(p)) A [ élp) =é(0) ]
pEdom(T)

=V et Alp=0lg (by ih)
pedom(r)

=[oer]g

and similarly for equality. For ¢ a negation or disjunction the proof is immediate since e is a
homomorphism and hence preserves negation and join. Now we prove the induction step for
bounded quantifiers utilizing [2.5.3}

[ Gz eémp(@.em).e@)]c= NV @) A [emér),e@)) ]

medom(é(T))

= \/ @)@ A [elp),em) ],

pedom(T)

( 6 ) A [{‘p(é(p)aé(TLé(E))]]C’

pedom(T)

where by p' ~ p we've denoted p’ € dom(7) & é(p’) = é(p)

) A [[go(é(pxé(ﬂ,é(&))]]c)

pEdom(‘r

Il
AA
<
@

p€dom(‘r

Vel p>) A [e(e(p), é(r),é@)) ]

pedom(T)

\V e 0) A [elo,mé(8) ] g (by ih)
pedom(T)
= [[ (Fz € T)p(z,T,5) ]]B

The clause for the constants and other function symbols is directly granted by the induction
hypothesis and [2.5.13| (and [2.5.14)).

If 3zp(x,T) is a ¥y formula, by |2 there exists some o € VB such that [[Elaxp x,T) ]]B =
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[ (o, 7) ﬂ hence

Now assume that e is also onto C. Then clearly é is onto V. Let ¢ be ¥; and let ¢(z) be
a AO formula such that Jzep(x) is equivalent to . Since V¢ is golden, let ¢’ € V¢ be such that
[[ o' ¢ 7'1 ,é(Th) ﬂc [[3x¢(x é(r1),...,é(m) ]]c Since é is onto VE, let o € VB such that
é(o)=0'. Then by what we already proved for Ay formulas we obtain

e([[cp(Tl,...,Tn)ﬂB> :e([[ﬂxw(x,Th...,Tn)]]B)
([[1/} Oy Tls-v s Th )]]B)
Jooesélra) |

[+
[[ o, e(m), ,é(Tn))]]
[[
[+

\%

@

C
Jatp (z,é(m1) é(Tn))]]

<m>> ]

C

C
O

Theorem 2.5.30 (X; forcing absoluteness). Forcing cannot change the ¥y theory of V in the
language for set theory with parameters for all subsets of w. More precisely, let T be any theory
extending ZFC, and ¢ be any 31 formula with parameters r1,...,ry, such that T - r; Cw. Then
TFAE:

(1) T+ 38 ([[w(f)]]vs > oB>

(2) T+ 3B <[@(f)ﬂv8 - 1B>
(3) T+ p(r)

W e (o] =10

(5) T+ VB ([@(f)ﬂvB > oB>

Proof. We will prove the equivalence following the loop of implications (1) — (2) — (3) — (4) —
(5) — (1). Suppose that V models T'.

(1) — (2) : Fix one such cba B € V. Let b, F', C and e denote respectively the truth value
[¢(7) ] g = b, the filter T b = F, the quotient B/p = C and the map e : a — [a]p from B to C. Then
e is a complete homomorphism from B onto C. Now, €, defined as in [2.5.29] maps the canonical
B-name for r to the canonical C-name for r, so by we have

VC

[o)] =e([[so<f>]]vB)=e<b>=[b1F=[131F=1c

12For the sake of notational convenience here we are writing just one parameter, instead of a finite list, and
we are using B as a special syntactic variable for a complete Boolean algebra. I.e. in (1), for example, we mean

TFHB(Bisacba & [[go(r],...,r}l)]]leB)
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(2) — (3) : Using the reflection theorem [2.1.8 find # > w such that Vj, satisfies a finite
fragment of T' large enough to prove basic ZFC facts, and reflects 3B (lg =[e@] B). By the
downward Lowenheim-Skolem theorem [2.1.3] let M be a countable elementary substructure of
Vp that extends trcl({r}). Let N = w[M] be the transitive collapse of M. Then 7(r) = r and

NE3B (13 = [[cp(i’)]]B). Let B € N be such that N |= (13 = [(7) ]]B>. By [2.5.22] since N is

countable, let G be N-generic for B. Then N[G] F ¢(r). But since ¢ is ¥4, ¢ is upward absolute
for transitive classes, hence V F ¢(r).

(3) = (4) : Let B be any cba in V. Now, ¢ is 31 so let ¢(x,r) be a Ay formula such
that o(r) is equivalent to Jz(x,r) modulo T. Pick a witness u € V such that V' | ¢(u,r).
Then by lemma [2.5.29] taking e to be the unique homomorphism from 2 into B, we have

[¢ s = [Bev(@) g = [v@ ] = ¢ ([v@],) =1

(4) — (5) : trivial

(5) = (1) : trivial

Since we took V' to be an arbitrary model of T, the claim follows from the completeness of first
order logic. O

Remark 2.5.31. The above theorem also holds for II; formulas. That follows from the theorem,
using trivial Boolean computation.

2.5.3 Canonical Substructures of VB
Substructures of the kind H, N VB

Definition gives us a general way to define substructures of V& . Such substructures are always
well-defined for relational languages, like €5,. Notice, however, that in general, if M C VB we
may very well have

[2a(M]"5™ 2 [o(7) ] %™

because the former is directly inherited from VB, as computed there, and the latter is determined
by the general semantics in Boolean-valued structures.

B
Moreover, [[ P () ]}VAOTM may not be computable in VEO [ M. For example if M is not Boolean-

transitive, i.e. if some element o of the domain of a name 7 in M does not belong to M, then to
compute [ p € 7] we need the value of the interpretation of € at ( p, o), which is not in the domain

B
of €2 However:

Proposition 2.5.32. If a Boolean-valued model M is Boolean-transitive, then for each bounded
formula (%) and each 7, € M we have

[o(A]"5 = [om)]"

Proof. Induction on the construction of ¢. The atomic case, negation and disjunction are trivial,
so let ¢ be of the form (3z € 7)¢(z, 7, 7). Then
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[@(Ta ﬁ)]]VABOrM = [[ (Hl‘ (S T)w(x’q-’ p")]]VABorM

= [[330(:567’ & w(x;Taﬁ))]]VABorM
\/ [[7767' & w(ﬂyTyﬁ))ﬂVABOTM

TeM

=\ Trer %™ A [m ) ] o
TeEM

VoV @ Alr=olA[wlmn ] >

TEM ocedom(T)

— \/ \/ T(O’)/\[[’/T:g']]/\II,l/)(ﬂ.’T,ﬁ)]]VABOr

o€dom(r) meM

\/ (o) A \/ [[Wza]]A[[w(w,T,ﬁ)]]vABorM

M

M

oc€dom(T) TeM
= \/ 7(o) A \/ [r=0 & 7/1(7T,T,/7)]]VABUrM
oc€dom(T) TeM
= \/ o)A [Tz =0 & Y(,T, ﬁ)]]VAB"[M
oedom(T)
=V r@n[enn] ™™
oedom(T)
Ve .
= \/ (o) A [ (o, 7, 0) ] (by ih)
ocedom(T)

=[Gz e @] (by
=[etn]"
O

For the extended language € Abs however, we have to make sure we pick a subclass of VB closed

under the interpretations of the function symbols. We’ll be interested in substructures of VEB, VEO
and V_E with domain H,, N VB, where B C H,,. We now show that with the interpretations of all
symbols in the extended language we specified in[2.5.11] definition [2.3.8| gives well-defined structures
for the extended language € NS

Constants. By corollary to Levy’s absoluteness, the interpretations of all constant
symbols in the extended language € A can be taken, in accordance with definition [2.5.11} to be

canonical names of hereditarily countable sets. So if x is uncountable, the induced from (V°, 620)
to H, N VB interpretations of the constant symbols are well-defined.

Functions. To see that the symbols for the Godel operations can be interpreted such that

H,.N VB is closed under their interpretations, we provide explicit definitions for them and see they
don’t change hereditary cardinality of hereditarily infinite names.

o f4 (0,7 =uplo,7) ={(0,18),(7,18)};
. fg; (o,7) = {<0p(7r,p), o(m)AT(p)) : m € dom(c),p € dom(7) },
where op(r, p) = { (up(, ), 1), (up(r,p), 1) }

. fg:(O’,T):{<Op(7T,p),U(?T)/\T(p)/\[[ﬂ'Epﬂ> : WEdOm(O’),deOm(T)};
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) ={(p.or-lper]) : pedomo)};
. fGSO'T { /\[[pET]]>Ip€dOm(O’)};
-{{

p,V{lpeo]: aGdom(7)}> : pedom[dom(T)]};

. f¥ (0T {< [op(p,0) € 7] iaefé/:(fcvf(ﬂ)}> : pEfgf(fX:(T)) ;
. <0p [opﬂ o) ET]]> : p,WEfg:(fg:(T))};

. fg:(U‘,T) = {<otr(7r,p,a), [[otr(w,a,p) € 7']] > D W, p,0 € fg: (fg:(T)) };
where otp(m, p, o) = op(op(w, p), o).

. fgfo(a, T) = { <otr(7r,p, o), [[otr(p, o,m) € T]] > D m,p,0 € f(‘;/: (fg:(ﬂ) }

It is painstakingly tedious to check that those interpretations of the function symbols for the
Godel operations satisfy the requirements spelled out in definition [2.5.11

It is evident that if & is infinite, then H, NV is closed under all ng Thus VE[(H. NVEB) is
well defined. We shall denote it also by (H NVEB. e A+) or VEBIH,

Remark 2.5.33. Notice that, although completeness of B grants the mixing property for VB, H,, NVB
may not have the mixing property, even if B is a complete Boolean algebra. If B has an antichain of
size k, then a mixture of a family <Ta la€ A> C H,, N VB of names indexed by such an antichain
may have hereditary size £ and thus be outside of H,, N VE.

Substructures of the kind W8 and W8

Now we turn our attention to two other kinds of substructures of VB. If we have a class W in the
ground model, then we can introduce a predicate for belonging to that class, which behaves like a
canonical name for the class and describes the way the class W sits inside the Boolean extension.
IfW = { (a,1g) : a € W} were a B-name, then B-valued membership to it would look like this:

B

.V .
[[TEW]] :\/{[[Tza]]/\W(U):aedom(W)}:\/{[[T:i‘ﬂ:xGW}
We can take this as the definition of the interpretation of a predicate symbol W.

Notice that Boolean truth values of existential formulas relativised to W are computed in a
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simple way:
[[(Hw(x))w]]vB — ﬂﬂx(m eW & w(m)) ﬂv

= \/ [[UGW]]VB/\[[@(J)]]V

oceVE

VoV le=al" Ale@)]"

occVBueW

VoV [e@]"

ceVBueW

\ [e@]"

ueW

B

IA

The converse inequality is immediate by the semantics of existential quantifier, so we have

[Geean™] =V [e@]" (216)

ueW

Definition 2.5.34. If B is a Boolean algebra in V and W C V is a class defined by a formula
Yw (x, @), we define:

« W8 as the collection of those B-names o € VB which in VB have the property 1 with
probability 1g, i.e.

e
we={osecvVB: Hw(oﬁ)ﬂ — 1

« W8 as the collection gf those B-names o € VB which with probability 1g belong to W (i.e.
satisfy the predicate W). More precisely:

WB:{JEVB \/ [[a:a]]Vleg}

ueWw

Remark 2.5.35. Notice that each element of W is equal with probability one to a mixture of
canonical names. Indeed, o € W® means that \/ {[oc=u] : u€ W} = 1g. Obviously the
canonical names of distinct sets equal each other with probability zero, thus for each name o € W8,
we have that A = {[o=a] : ue W} = {a eEBT : (FueW)(a= [[0:12]])} is an antichain.
For each element a of that antichain A% pick some u, € W such that a = [ o =1, ]. Let 7 be the
mixture ) ., a-uq. Then by the defining property of mixtures we have

lg = \/ aha < \/ [o=u JA][T=1u] = \/ [o=7] = [o=7]

WEB and W8 are subclasses of VB but we are interested in substructures of V® in the languages
we choose study VB with. Definition already provides a way to define substructures of VB
with such domains. And [2.5.32] points to a way to do so.

Lemma 2.5.36. If the class W is defined by a ¥, formula with parameters in 'V, then W8 is a
substructure of WB in the basic language €, .

Proof. Let ow (x,y) be a 3y formula in the basic language €, and let u be any set in V. Denote
the class {a : Yw(a,u)} by W. Then by lemma [2.5.15 we have that for each a € W we have

B ~
[@W(d,ﬁ)]]v = 1g. Then for any 7 € W& we have

=\ [r=a]"" = ([[TZQHVB/\[[ww(d,ﬂ)]]VB) < [ewimi)]”

acW aeW
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Theorem 2.5.37. If VB has the r-mizing property, then W8 has the k-mizing property.

Proof. Let A be an antichain in B of cardinality « and let, for every a € A, 7, € WB. By further
extending A, we can assume A to be maximal. VB satisfies the mixing property, so let 7 € VB be
such that [7=17,] > a for every a € A. We only have to check that 7 € WE. Since, for every
a € A we have 7, € WB, we have that [[(pw(Ta) ﬂ = 1g. Therefore
a<[r=n]=[r=n]rlew)] < [ew@)].
Then,
[ew@] =\ A=1s

by maximality of A. O

The proof of the following results can be found in Parente’s thesis [I8, Theorem 2.5.3, Proposition
2.5.4], else see Theorem [2.5.42| below.

Theorem 2.5.38. If VB has the k-mizing property, then W8 has the k-mizing property.

Proof. The proof is similar to the previous one. We use the same mixture 7 after extending the
desired antichain to a maximal one. Then for each condition a of the antichain A and for each
xeW wehave [T=2]>[7=7,] N[ 7« = ] and hence

\/ [r=2] > \/ \/ [T=1a]A][7a=2]

zeW zeW a€cA
= \/ [Ta=7T]A \/ [1a =%]
a€cA zeW
= \/ [Ta=7]A1lg
a€A
:\/[[Ta:T]]z\/Azlg O
a€A

Theorem 2.5.39. [I8| Proposition 2.5.4]. If W is a class, p(21,...,2,) is a formula in €a, and
ai,...,an, € W, then

oWlay, ... an) iff [[@(dl,...,a}l)]WB:1B_

Proof. Induction on the construction of .
If ¢ is an atomic formula, then

(x=y) < [2=9]=1s, and (xcy) < [Fe€g]=1s

are clear from the definition of canonical names. The inductive step for = and A is straightforward.
Suppose the claim is true for ¢(x1,...,x,,y). If

(Ey € W)(QDW(G’M <oy an, y))a

then there exists b € W such that ¢V (ay,...,a,,b). By the inductive hypothesis, this implies

. oWt . . 7B
[[(p(dl, e, O, b)ﬂ = 1g. Since b € W8, we can conclude that [[Elygo(a'l, c a'n,y)]]w =1, as
desired. Conversely, assume
WB

Hayw(dla"'aavnay)]] :]-B-

For every 7 € W, we have

[[np(dl,...,a'n,T)]WB: [[go(a'h...,dn,T)]]WB/\ \/ [[7'26]] < \/ [[(p(dl,...,avn,l})]]WB,

beWw bew
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hence

. < B .o We
1o = [t .. ann)]” = V [etinn]” < V [ola..ab)]" .
TEWSB bew

.o M®
As a consequence, there is b € W such that [[go(dh ey ln,b) ]] > 0. By inductive hypothesis,
oWt
it cannot happen that —¢" (ay,...,a,,b), otherwise we would have I[(p(a'l, O, b)ﬂ = 0.
Therefore, " (ay, ..., a,,b), which means that 3yp(ai,...,a,,y), as desired. O

Corollary 2.5.40. If the class W C V is closed under a definable class-function f,, then we
can interpret a function symbol for it in the intended way, i.e. as described in[2.1.13 Indeed, if
B

W EVZ3lyp(F,y), then for all ; € W8 there exists a name o € W8 such that [[90(7_",0) ]]W =1p
B
and for each p € W8 we have [[ga(?,p)]]w <[p= o]]WB.

Another immediate consequence of proposition [2.5.39]is:

Corollary 2.5.41. If G is an ultrafilter on B, the map

i - W o — WB/G
z — [Z]g

is an elementary embedding.

Theorem 2.5.42. [8, Theorem 30]. Let Hy, CW CV be a transitive class. Then WHB and TWB
are isomorphiﬂ B-valued structures for the language SINE

Proof. For the sake of notational elegance of canonical names, for any element o : | A, ™ — W of
the ultrapower W*B we shall denote the value of o at a by a,, rather than o(a). Denote

joowe e
o — ZaeAawda

We claim that (Idg, 7) is an isomorphism of <B, WJ'B> onto <B, W8 >

We prove the claim by induction on the well-order mentioned in and further induction on
the square order mentioned in Let 0,7 € W¥B and denote ran(7) by T. Note that

dom(j(r)) = | J dom(fa)_v[ U :V[Uran(T)} —~[UT] (2.17)

ac€A, a€A,

G =\ anliern]=\{acA tuer}=[c,er]” (2.18)

a€A,
jle) = (2.19)

13Recall from the definition of Boolean-valued structures being isomorphic.
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Lito) <31 =V { o)) A [ =i(@)]"" : p € domiitr) | (boy E5T)
~V{ur@ A [a=ie)]"" s weur} (by @T7)
\/{[[cuef]]w A [d(ea) = j(0)] uEUT} by [2:18) and (2-19)
:\/{[[cuef]]WwA[[cuza]}W” :uEUT} (by ih)
:\/{[[cueT & eo=o]”" uEUT}

= \/{\/{aeAUT D0, :uETa} Tu € UT} (by B-power semantics)
:\/{aeAUT : (EUEUT)(aa:ueTa)}
:\/{aeAUT D Ju(u e UT & aa:ueTa)}

z\/{aeAM : HU(O’a:UETa>} (since 7, C UT)
z\/{aeAM:aaeTa}
:[[UGT]]VWB

The induction step for negation and disjunction is trivial. For bounded quantifiers we have the
very similar:

WB

[ 3z €j(m)e(z,i(r)] :\/{(j(t) A e PjT))]]WB : PEdom(j(T))}
(N uGUT}

7B

[ cu ET]] /\[[go ](T))]W :uGUT}

V{oo
-V
{[[ e A (cu,r)]}wUs : uEUT}
V{1
-V

B

v
c €7 & plew, T )]]W :uGUT}

V{acd : Wr@er, & plum)}:ueur)
:\/{aeAT D (GueUuT)WEueT, & o(u,7.))}

=\ {acA : (ueU(uern & o(u))}

=\ {acA  uuer, & our)}

=\ {ac A : (Fuer)(o(ur))}

=\ {ac A : (Fuer)p(ur)}

=\ {acA - WE (Quer)e(u,m)}

The proof for the additional symbols in the basic and extended language is trivial using the defining
formula ¢ of the symbol in question (p,, ¢, or f, = foo = fc) and the equalities above. We spell
out just the case for function symbols.

1B WwiB
)1 =u]

[£aG@) =i ]" = [ai@), i) ] = [¢a@m ] =[fe(@
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What remains is to prove that j is surjective. Fix any 7 € WB. By the definition of W8 we have
Veew [T=12] = 1. By we have that A = {[7=u] : w€ W} is an antichain. For
each a € A choose some u, such that [7 =1, ] = a. Now it’s obvious that 7 equals the mixture
Zae 4 @ - U, with probability 1g. And that mixture is the value of j at the name o such that

c : A — W

a — ug
O
Corollary 2.5.43. For any ultrafilter G on B, by|2.3.11f we have W'B/q = W8/4. O

2.6 Saturation by Goodness

We describe how to obtain saturated two-valued Tarski structures as Boolean quotients by good
ultrafilters. For reference see Ulrich’s thesis [23], Pierobon’s thesis [I9] or Parente’s thesis [I8].

Theorem 2.6.1. [I9, Theorem 3.1.2]. Let B be a <x-complete Boolean algebra and M be a golden
B-valued structure for a first order language L satisfying the <k-mixing property for some cardinal
K such that N + | L] < k. Assume G is countably incomplete <k-good ultrafilter on B. Then M/q
is <k-saturated.

Proof. Let A C M/ be a subset of size A < k and fix a complete 1-type p(z) over A every finite
part of which is realized in M/g. We'll show that p(x) is realized in M/s. Our assumptions grant
that |p(z)| = A + |£| = X. Therefore we can fix an enumeration p(z) = { pa(z) : @ <A} of p(z).
Since p(z) is finitely satisfied in M/g, and M is full, for every S € P, (\) we have

Jx /\ va(z) || € G

a€esS

Now, by the countable incompleteness of G, there exists {a, : n <w} C G such that A _  a, =
b ¢ G, refining each a,, to =b A \,.,, a; , we may further assume that A an =0 and a; > a; if
i < j. Define the monotonically decreasing map

nw

f o Po(N) — G
S — a|s|/\ﬂﬂx/\aes<pa(x)]]

By assumption G is k-good, hence there exists a multiplicative refinement g : P,(A) — G of f.
Consider the map

h : P,(\) — B
S — g(S)AN{~9(T) : |T| > S|}

We will prove later that h is not the constant map S — Og. The following observation is crucial
in what follows:

Claim 1. For all S,T € P,,(N), if g(S) ANR(T) > 0g , then S CT.
Proof. Suppose not. Then |T'| < |T' U S|; hence (since g is multiplicative)
g(S) NR(T) < g(S) Ag(T) A=~g(SUT) = g(S) Ag(T) A= (g(S) Ag(T)) = 0,
against our assumption. O

We get the following:
Claim 2. ran(h) \ {Og} is an antichain.
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Proof. Assume that for some S,T € P, (\) we have h(S) A h(T) > 0g. We must show that S =T .
By the definition of h, we immediately observe that h(S) A g(T') > 0 and g(S) A h(T) > 0. Now
apply the previous claim to conclude that S =T . O

By the fullness of M, we can find a subset {og : S € P,(\) } € M such that

ﬁﬂm A wa(fc)m = ﬁ A %(as)m
aeS a€esS

for every S € P,,(A). Since M has the <x-mixing property, we can find 7 € M such that
h(S) < [T =0s]
for every S € P, ()A). This means that, for every fixed S € P,,(\) and P, (\) 2T 2 5, we have

ﬁ /\ QPa(T)N /\ S"a(T)ﬂ
aesS __aGT
/\ @Q(UT)

acT

Y

Y

AN[T=o0r]

Y

N @alor) | A R(T)

acT

acT

WY
LLJ
5
>
5
Q
B

N a|r| A h(T)

Il
=

v v
> >

The above holds for arbitrary 7' 2 S in P, (), so by taking a join over all of them we have

N A %(T)N >\/ {h(T) ;T2 S} (2.20)

a€eS

If we can prove that, for every S € P, (\) we have that the right-hand side of is in G, then
also the left- hand side is in G; this means that [7], realizes the type p(z) in M/q, as desired.

Claim 3. \/{h(T) : P,(A\)>T 25} € G for every S € P,(\). In particular, h is not identically
Og.

Proof. Fix S and denote b = g(S) A A{~h(T) : T 2 S}. We notice that
bv \/{n(T) : T2S}
- (g(S)/\/\{—'h(T) : TQS})\/\/{h(T) . TDS)
(g(S)\/\/{h(T) : TQS})/\(/\{ﬂh(T) T2 S}V {h(T) : TQS})
9(S

v\ {A(T) T;S})/\(ﬁ\/{h(T) 728} v\ {h(T) : T;S})
>g(S) A 1g =g(5) € G.
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Since G is an ultrafilter, either b € G or \/ { h(T) : T 2 S} € G. Suppose towards a contradiction
that b € G . For each n < w, let us define ¢, = \/{g(T) : |T|=n}. Clearly, since g is
monotonically decreasing, for every n < w we have ¢, 41 < ¢, and b < ¢|g). Since g(T') < ap| for
every T', by taking a join over all T of size n, we get that ¢, < a,, for all n < w. This gives that

b & /\cn

n<w
since b € GG, while
/\ cp < /\ a,=0¢G.
n<w n<w

Hence there exists m < w such that bA ¢, A—¢p41 > 0g. Notice that m > |S], since b < ¢g(S) <
cis- This gives that for some R of cardinality m, since b < ¢|g) and ¢,, =\ {g(T) : [T| =m}

Og <bA g(R) N Cm1-
Now observe that g(R) A =¢pm4+1 = h(R), since

h(R)

g(R) A \{=g(T) : |T| > |R]}
9B A=\ {g(T) + IT] > |RI} = g(BR) A= ] e

n>|R)|

and, since |R| = m and c¢,y1 < ¢, for every n < w, we obtain that \/n>|R Cn = C|R|+1 = Cm41-
We conclude that Og < b A h(R). Since b < ¢g(S) we can apply again Claim to get that R D S.
Therefore

0 < bAR(R) = g(S) A N\{-h(T) : T2S}AIR) = O,

a contradiction. O]
This completes the proof. O]

Lemma 2.6.2. Let B be a <r-complete <k-disjointable Boolean algebra of inaccessible size k with
the small completion property. Let F' be a <k-complete filter on B and H be a countably incomplete
good ultrafilter on B/p. Then G = UH is a countably incomplete good ultrafilter on B.

Proof. G is clearly an ultrafilter on B. The countable incompleteness of G follows directly from
the countable completeness of F. Notice that since H is a filter on the quotient B/, then
F= Ig/m € UH.

To show that G is good, fix some A < x and a monotonically decreasing function f : P,(\) — G.
Since H is good, let g be a multiplicative refinement of fr : S+ [f(S)],. Let ' : P,(A\) — G
be such that h'(S) € g(5) for each S € P,(A). Let h: S — h'(S) A f(S) for S € P,()A). Clearly
for each S € P, (A) we have h(S) ~p h'(S).

Let S,T € P,(\). Clearly h(SUT) ~r h(S) A h(T), i.e. there exists some a,, € F such
that A(SUT) A ag. = h(S) A W(T) A a,,.. Since F is <k-complete we have that F' > a =

/\{aST : S,TGPW()\)}

Clearly the function S —— h(S) Aa for S € P, () is a multiplicative refinement of f with range
in G. O
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Chapter 3

The Convergence theorem

Definition 3.0.1 (iteration game). Let x be a regular cardinal and B be a Boolean algebra of
density k. The iteration game Gg for B is the two-player game of length « defined as follows:

Player I plays at odd stages, and player II plays at even stagesﬂ
At each stage 8 < k, a valid move is a Boolean algebra Bg such that
1. Bg is a subalgebra of B [ ¢4 for some condition ¢z € BT. Note that this implies that a
move Bg determines a unique such cg, which is the top element of the played algebra Bg
2. B has density strictly smaller than x.
3. For each a < 8, the map i,5 : @ — a A cg is an injective homomorphism from B, into

Bg admitting an adjoint map m.g : Bg — B,.

The game is considered to start at stage 0 with player II playing the trivial move {0g, 15}
Notice that on successor stages there is always at least one valid move - copying the opponent’s
last move. In particular, player I always has a valid move.

Player I wins by leaving player II with no valid move to play; equivalently, player II wins iff
the game lasts k-many moves.

Note that whenever < By, i a <7y >, for some v < k, is a valid partial run of the game, the above

rules force that the sequence (¢, @ a <~v) = < lg, 1 a <y > formed by the top elements of the
played algebras is a decreasing sequence of positive elements of B.

Definition 3.0.2 (game iterations, filters and quotients). Let B be a Boolean algebra of density «
and < Bo : <y > be a partial run of Gg, with v < k.

We identify with it the uniquely associated iteration system F = {z’ag :Ba—Bg :a<p<y },
where iq8 : @ — a A cg for all o < 8 and a € B,. We shall call such an iteration system a a
(partial) game iteration of B (we remove partial if v = k).

the set { g, 1 a< KJ} is clearly a prefilter on B, so its upward closure F' =1g { g, : a< m}
is a filter on B. We shall refer to F' and B/p respectively as the game filter and game quotient
associated to F.

Remark 3.0.3. Note that if 7 has length v and B is <|v|-complete, then F is <|v|-complete.

Definition 3.0.4. Let B, again, be a Boolean algebra of density x. We shall call a strategy for
player I for Gg

disjointing iff for every won by player II run of Gg in which player I has used such a strategy,
the direct limit of the resultant game iteration is <k-disjointable.

ILimit ordinals are even
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o exhaustive iff for every won by player II run of Gg in which player I has used such a strategy,
we have that for each condition a of B there is some stage o < x such that a A ¢, € B,. In
loose terms, a current projection of every condition of B has been added at some stage — B
has been exhausted.

Definition 3.0.5. A Boolean algebra B is called iterable iff player II has a winning counterstratgy
against some exhaustive disjointing strategy for player I

Lemma 3.0.6. Let k be a strong limit cardinal, B be a <k-complete <k-disjointable Boolean
algebra of size k with the small completion property. Then player I has a disjointing erhaustive
strategy for Gg.

Proof. Note that whenever C is a complete subalgebra of B | ¢ of size less than k, the identity
Idc : C — B [ con Cis a complete injective homomorphism with an adjoint: for each d € B¢, we
have that c(d) = Ac {b€ C : b>d} exists in C. Hence the map nc is the adjoint of Idc.

Now we’ll describe a strategy which is simultaneously exhaustive and disjointing. First we
enumerate B = {ba Ta€eEkRN Even} in type x using only the even ordinals. Then on each odd
stage a + 1, if B, is what player II has played on stage « for some partial play of Gg of length
a + 1, player I replies by doing the following:

e First of all WLoG we may assume B, is complete, otherwise player I just takes the smallest
complete subalgebra of B[c, = B[ 1pg, containing B, and replies assuming B,, is this complete
superalgebr

o Sets cot1 = 8,78, (ba A ca) V (ba A cq) (we will see below that 7, (cat1) = ¢o and
bAcas1 > 0g for all b e BY).

« Considers the set F,, = @B} of all functions from |a| to B}; for each f € F,, finds a
disjoint refinement hy of f with range in Blcq41 (these exist since B is <k-disjointable and
f(&) Acas1 > 0g for all ¢ < ). Then lets Do, = {J{ran(hy) : f € F, }. Since  is strong
limit we have that F, is strictly smaller than s and hence D, is as well.

e Defines B, 1 to be the complete subalgebra of B [c,41 generated by the strictly smaller than
K set
{b/\ca+1 1be BQ}UD(,U{ba/\CO,_i_l}

By the small completion property of B, we have that B, is strictly smaller than .

This completes the description of the strategy. Now we shall prove that the map iqq41 : @ — aAcat1
is indeed a complete injective homomorphism of the cba B, into the cba By11.

laa+1 Preserves arbitrary joins: obvious.

laat1l Preserves negation:
TBat1 (ianrl(a)) = Cat1 A (Cat1 A a)
= Cat1 A (Cat1 V —a)
=0g V (Cax1 A —a)
= cat1 N (Ca N )
= Ca+1 N\ T, (a)

= laa+1 (_|Ba a).

Ta(Cat1) = Cot We have

Cat1 = (Ta(ba Aca)) V (Ca Aba).

2Note that the rules of the game grant that IT has played B, so that Idg,, : B« — B | ca has an adjoint; this
adjoint has to be the restriction of the adjoint of the identity map on the smallest complete subalgebra of B | cq
containing Bg.
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Hence:

Ta(Cat1) = T8, (TB. T8, (ba A Ca) V (ba A €a))
=mg, (8,78, (ba ACa)) VB, (ca ANby) (since mp, is suprema preserving)
= -, 7B, (ba A Ca) V B, (Ca A bo) (since g, (bo A o) € Ba)

=c, (since ¢ = 1g,).

laa+1 1S injective First, notice that the only condition in B, that is strictly above c,41 is cq: if
we assume that c,1 < a € B, then

lg, = ¢ca = B, (Cat1) = /\{beBa : b20a+1} < /\{a} =aq.
Ba Ba

Hence for all a € B, we have
Cat+1 < a implies ¢4, =a (3.1)

Therefore if iqq41(a) = O, ., then inai1(-B,a) = 1B, ; = Cat1; hence -, a = c,, giving
that a = Op,, .

The adjoint of i4q41 clearly can be defined appealing to the completeness of B,,. It is clear that
the described strategy is exhaustive. To show that it is disjointing, fix some A < k and a family

{th a< )\} of constant threads in a game iteration of B of length x in which player I has used

the strategy described above. Let ¢ be the smallest even ordinal above A and all (, for a < A.
Consider the function
g : A — B¢
a — i claq).

Then g is the restriction to A of some function f in F¢, so there is a disjoint refinement A of f
whose range player I added to D¢ and thus to B¢y on step ¢ + 1. Then clearly the function

E A — ligrl]:
h(a)

a +—> tCJrl

is a disjoint refinement of f. This completes the proof of the lemma. O

Theorem 3.0.7 (Convergence). Let B be a <k-complete <rk-disjointable Boolean algebra of
inaccessible density k with the small completion property. The direct limit of an erhaustive game
iteration of B is isomorphic to its respective game quotient.

Proof. We’ll show that the map j: f — [f(supp(f))} is an isomorphism of H_H)l]: onto B/p.
F

j is injective: Fix two distinct constant threads f =t% and g = t% in lim F. Let v be the least
ordinal at which their values differ. Suppose towards a contradiction that a ~z b. By the
structure of F, this occurs if and only if there is some § < k such that a A ¢s = b A ¢s. Fix
one such §.

Notice that the defining properties of v and § persist, namely f(v') # g(v') for each " > ~,
and a A cs: = bAcs for each ¢’ > §: the latter is a trivial consequence of the antimonotonicity
of <c§ (< n>, and the former is the case because any condition in B,/ determines a unique
~'-initial segment of a thread, thus a common value at 7' > v would imply a common value
at .

Fix any ( larger than all of a, 8, v and §. Then
F(Q) =iac (f(@)) = cc Na=cc Ab=rigc (9(8)) = 9(C),

which is a contradiction.
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j is onto B/p: Fix any [a]p € B/p. Since F is exhaustive, let 5 be such that aAcg € Bg. Consider
the constant thread f = tgl\cﬁ. Denote its support by o. Then a A cg = f(5) = iap (f(a)) =

cg A f (supp(f)). Thus a ~p f (supp(f)), so [a]p = j(f)-
J preserves negation: Fix some ¢ € B,,. Then t = t% for some a € B and j(t) = [a]r. Hence

“Bn @

j (meat) = (ta*") = "Bl = [ca A ]y = [~alp =~/ la] = =eni(h)

j preserves meets: Given constant threads f =t% and g = tv with a and 3 their exact supports,
WLoG suppose a < 3. Then

I
.
T N 7T N 7 N N
=
™
X
S
O
>
o
N———

O

What converges in the theorem above, giving its name, are the two sequences of Boolean algebras
< By, i a< /<e> and < B/rp, : a<k >, where F,, = 1 ¢o. They start from the smallest and biggest
algebras in the construction - By and B respectively - and they both converge to the same algebra
lim = B/r, which is depicted in the following diagram

Bo ‘
0«
Ba )
iag
Bs .
18k
Id Id lim F
Id %l
ps
B[%—»B/p
y lu/
ag
Brca B/Fg
lg qap
PO« B/Fa
Qo
B
where igr is defined as in @, and
dap - [a]Fa — [a’]F57
a : lalp, — la]p,
Pas a —  acg,
pg a — [a]p.
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Definition 3.0.8. Let B be a Boolean algebra of density x. We call a strategy for player II
for Gg regular iff, in short, it involves playing stationarily often the direct limit of the already
constructed game iteration. More precisely, a strategy for player II for Gg is called regular, iff it is
a winning strategy and using it guarantees that the resultant game iteration F is such that the
set {a <k :By= hén(]: la) } is a stationary subset of k. We shall call a game iteration F which
can be constructed by a run of the game in which player II uses a regular strategy a regular game
iteration. B is called regularly iterable iff in Gg player II has a regular counterstrategy to some
exhaustive disjointing strategy for player I.

Remark 3.0.9. Baumgartner’s theorem [1.2.7] makes the usefulness of regular strategies clear. If B is
a <k-complete Boolean algebra of density x and F is a regular game iteration of B, then its direct
limit ligrl]: is <k-cc and complete.
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Chapter 4

Applications to Forcing

4.1 The Levy Collapse

We now introduce a particular Boolean algebra called the Levy collapse, to illustrate that the
assumptions on Boolean algebras we’ve considered in the previous chapter can be realized. For
reference we suggest Jech’s [10] and [9], Pierobon’s thesis [I9] or Parente’s thesis [18].

For the rest of this section, fix an inaccessible cardinal k. For every a < k, define the poset P,
with domain
P, = {p Cw X «a : pis a finite partial function} ,

and ordering: p < ¢ iff p D q.

Ifp=(pa : @« <k)€[lye, Pa,define the support supp(p) of p to be the set {a <K paFED }
Now define the Levy Collapse poset

Lv, = {p € [[ P : supp(p) is finite }; (4.1)

a<k

with the order p < g iff p, < ¢, for all a < k.

Remark 4.1.1. Clearly Lv, has size . Indeed, for each a < k we have
|[Pa] < [Pu(w x a)] = Ro + |[Pu(a)] < Ro + |af
And then Lv, < [],..

elements, so we have Lv, ~ k.

P,

o S

K-k = k. On the other hand, Lv, obviously has at least « distinct

Lemma 4.1.2. [T9] Theorem 3.2.9]. Lv,; is <k-cc.

Proof. Let W C Lv,, be an antichain. We construct by recursion a sequence (A4, : n < w) such that
A, C A1 Ck for all n < w, and another sequence (W, : n < w) such that W,, C W,,.1 C W for
all n < w. Let Ag = Wy = 0. Suppose A, and W,, are constructed. For every p € P such that
supp(p) € A,, choose g, € W such that ¢, [ A, = p, whenever it existsE] Then define

Wn+1 :WnU{q;):pe Lv,, SUPP(P) gAn}a An+1 :U{Supp(Q) 1q€Wn+1}a A= U A
n<w

We now prove that W = J,, ., Wn. Let ¢ € W since supp(q) is finite, we can choose n < w such
that supp(q) N A = supp(q) N 4,,. By construction, there is ¢’ € W, 11 such that ¢’ [ A, =¢q | A,.
But supp(q’) C A, hence

supp(q) Nsupp(q’) = supp(q) Nsupp(q’) N A = supp(q) Nsupp(¢’) N A, C A,,

IRecall that every p € Lv,; is a function (pe : @ < k), so it makes sense to consider the restriction of p to a subset
of k.
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therefore we have proved that g and ¢’ are compatible. Since W is an antichain, we conclude that
q=q and g € Wy 1.

We finish the proof by showing that |, | < by induction on n < w. Suppose that |W,| < k.
First, note that

|An| = ‘U {supp(q) : ¢ € Wy }

§N0|Wn‘ < K.

It follows easily that ’{p € Lv,, : supp(p) C 4, }

< k and so |Wy41] < k. O

Corollary 4.1.3. Combining the above result with we conclude that RO(Lv,;) has size k.

Notation 4.1.4. Since RO(Lv,;) has size &, there is an isomorphic copy of RO(Lv,) which is a
subsetﬂ of H,. We fix one such and denote it by Coll(w,<x). Both Lv, and Coll(w, <k) are
commonly referred to as the Levy collapse (for any k). The idea behind the name is that forcing
with this algebra makes all ordinals below s countable.

Proposition 4.1.5. Coll(w,<k) has density k.

Proof. Let e be a dense embedding of Lv, into Coll(w, <k) and X be a subset of Coll(w, <k) of
size A < k. Let Y denote e~ [X]. Since e is injective, Y has size A as well. Each condition in
Y has finite support, thus there is some ordinal « below x which belongs to the support of no
condition in Y. Fix some condition p with support {«}. Clearly no condition in Y refines p. Then
no condition in X refines e(p), thus X is not dense in Coll(w, <k). O

Proposition 4.1.6. Coll(w,<k) is < k-disjointable.

Proof. Tt suffices to prove that Lv, is < k-disjointable. Fix some A < xk and some function
f: A — Coll(w, <r)T.

By definition, supp(f(«)) is finite for every o < A, hence

| supp(f())

<A< K.

Thus we can find a cardinal p, with A < p < &, such that f(«), =0 for all @« < A\. Now define a
function h: A — Lv,; as follows: for every a < &,

{(0,a)} ,forB=p

(h(@)(®) =4 § i

Observe that ran(h) is an antichain. By construction, for all o < A, f(«) and h(a) are compatible,
hence we can find g(a) € Lv, such that g(a) < f(«) and g(«) < h(a). The function g: A — Lv,
has the desired properties. O

Proposition 4.1.7. Coll(w,<k) has the small completion property.

Proof. Let X be a smaller than s subset of Coll(w, <k). Let e be a dense embedding of Lv, into
Coll(w, <k). For each z € X choose some p* € Lv,, such that e(p”) is below z. Denote the set
{ ptixeX } by Y. The cardinal k is regular, so the supremum « of the supports of all conditions
in Y is strictly below x and hence so do all of their meets and joins. Then all meets and joins of
elements of X have support strictly below x. Then clearly the generated by X complete subalgebra
of Coll(w, <k) is a subset of e [Lv, [a], where Lv, [ denotes Lv. N [[5_, Pa. Finally, using that
k is strong limit, each Pg has small size:

Pg = {p Cw X B : pis a finite partial function} CPlwxp)= pAUREL <K
Hence Lv, [a < || - |B] < &, which completes the proof. O

Corollary 4.1.8. Coll(w,<k) satisfies all the conditions of the convergence theorem .
Corollary 4.1.9. There are countably incomplete good ultrafilters on Coll(w, <k). E|

2More precise, whose domain is a subset of Hy.
3Recall lemma
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4.2 The Universality of Forcing

Lemma 4.2.1. Let B C Hy be a <k-complete Boolean algebra and F be a <k-complete filter on B.

Let
PFr B — B/F
a — [a]p

and p, be as defined as in|2.5.28. Let T be a choice function for VB/p . Then <Id(B/F) , D © F>

is an isomorphism of < B/, (VB fH,{)/F> onto <B/F, (VﬁB/F) [Hﬁ> >

Proof. Let [0;], € (VBN H,)/F and denote each I'([0;] ) by o; respectively. The for every atomic
formula p, (&) we have

. (VETH)/P VoiH
|[p¢ ( [U]F) ]] = [ [ps(3)] ’“] (by the general quotient semantics [2.2.7))
F
B
=P, ( [pe(®]" an> (by the definition of p,)

B
=p, ( [p,(5) ]]V+> (by the definition of induced substructure)

= [pe(p- (@) ] (by 2:5.29)

B (VEIHe)/r
[cp=[0] H(VﬂH”)/F V¥ _ [ ]Fﬂ (by the semantics for function symbols )
B (V+ [Hy )/F
= {c& FH”} =[o]p H (by the quotient semantics [2.2.7))
F
I B
= |[c¥+ e _ aﬂ ] (by the quotient semantics [2.2.7))
L F
[ B
=|[cp,=0] Vi FH”} (by the semantics for function symbols )
L F
I B
= ( [co=0] V*)] (by the definition of induced substructure)
L F
B
=, ( [co = a]]v+) (by the definition of p,.)
R B/p
= [[ctp 7pF(0-)]] *
VT 1 Hy

And analogically for the function symbols. Finally to prove that .o T is surjective (up to Boolean
equality), fix some name 7 € V(B/r) 0 H,. Fix any choice function ~ such that

Yoo B/F — B
lalp — a

Then H(T)]F € H,NVB/p, with 4 defined as in [2.5.28] is clearly mapped by p,oT to 7.

Corollary 4.2.2. Using the notation from the above lemma, by the intermediate quotient lemma
[2.3.9 and [2.3.11], for every filter G extending F we have that

(rim)fo = (veim)/r) /i = (#1m) fin

41.e. such that for each [7] in VB/r we have I'([7]x) € [T]p
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Proposition 4.2.3. Let M = (M, EM) and N' = (N, EN) be elementarily equivalent models of
ZFC—P. Then M, = (M, Eﬁi) = (N, Egg) = N,.
0 ]

Proof. Let 1 be any sentence in the extended language. Then

[o]™ = [v ™ (by RLTF)
= [v]™ (since M = M | {€})
= [v ] (by assumption)
= [ ] (since N = N, | {€})
= [v]™ (by B-LT5)

O

Proposition 4.2.4. [I3]. For each successor cardinal A and each Woodin cardinal k > X there is a
<k-complete Boolean algebra of size and density k with the small completion property, denoted by
T and called the stationary tower of height x and critical point A, such that the two-valued Tarski

A A
structure (Hy, €) is elementarily equivalent to the Tarski quotients (VET" an)/G of VET*‘ [H,.

Conjecture 4.2.5. The stationary towers of Woodin height k and with regular critical points are
reqularly iterable and <k-disjointable.

Conjecture 4.2.6 (weaker form). For every successor cardinal \ there is a Woodin cardinal x
above X\ such that the stationary tower of height k and critical point X is reqularly iterable and
<k-disjointable.

Theorem 4.2.7 (under conjecture or [4.2.6). Let A be a successor cardinal. Then every
elementary equivalent extension of ( Hy, Ent embeds elementarily into a forcing extension of

some H,.

Proof. Let M = (M, E) be an elementarily equivalent extension of { Hy, €). Let x be a Woodin
cardinal above A and |M|. Using conjecture let F be an exhaustive disjointing regular game
iteration of 7} and F be its associated game filter. By remark F' is <k-complete.

F is disjointing, so li_ng]: is <k-disjointable. By the convergence theorem we have
TNe = lim 7. Let A be a countable maximal antichain on 72/p. Then A is a countably

incomplete countable prefilter on 7,}/r with meet Og. By let H be a good ultrafilter on T,/r
extending A.

A
Since T,}/r is <k-c.c. and <k-complete, Vf—”” /r) | H, has the mixing property and by [2.2.12] is
golden. Then by and we have that

(verm)fe = ((vI1m) JF) Jile) = (VIT"11) [Gle)

is <k-saturated, where G/r = H.

A
By [1.2.4] we have (Hy,€) = (V" [Hy)/o. By [1.2.3 we have that (M, Ex+) = (Hy, €a,) =
(V] 1) /- But by .16 we have that (M, Exy) < (V] 1H,) e

O
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VE, 38

VE . 38
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B-valued model, 24
B-valued structure, 23
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Coll(w, <k), 61

Ay, 20

I1,,, 20
[o]" . 1], 24

Yin, 20

VB, 36

coker(e), 10

lig}', 14

@]—', 14

k-complete Boolean algebra, 9
k-complete homomorphism, 10

K-mixing property, 27
ker(e), 10
A-complete subalgebra, 10

<k-complete homomorphism, 10

Lx, 19
sat(P), 16

G, 20

T, Mo, TaB, 12
M/p, M/F, 25
supp(f), 14

n-elementary Boolean embedding, 29

ta, 14
(<)k-incomplete ideal, 9

<rk-complete Boolean algebra, 9

<k-mixing property, 27
VB H,, 47
cc(P), 12

absorb, 10
adjoint, 11
adjoint pair, 11
antichain, 8
atom, 8
atomless, 8

basic language of set theory, 21

Boolean couple, 28
Boolean extension, 30
Boolean extension

Boolean transitive, 45
Boolean-valued model, 24
Boolean-valued structure, 23
bounded formula, 21

carrier of a structure, 8

cba, 9

compatible conditions, 8
complete Boolean algebra, 9
complete homomorphism, 10
complete subalgebra, 10
complete type, 19

condition (of a poset or a Boolean algebra), 8

consistent type, 19
constant thread, 14
core language of set theory, 21

definig formula of a Gddel operation, 20
dense subset of a poset, 8
direct limit, 14

disjoint function, 13
disjointable function, 13
disjointing strategy, 55
domain of a structure, 8
downward closed set, 9
downward closure, 8, 9
downward directed set, 9
dual, 9

exhaustive strategy, 56

extended language of set theory, 21
extensional Boolean-valued structure, 24
extensional relation, 20

filter, 9
full Boolean-valued structure, 26

game filter, 55

game iteration, 55

game quotient, 55

generated complete subalgebra, 10
generic filter, 40

good ultrafilter, 16

hierarchy, 20
homomorphism, 10

ideal, 9



induced substructure, 30
inverse limit, 14

iteration game of a ba, 55
iteration system, 14

Loéwenhein-Skolem theorem, 19
Levy collapse, 61

Levy’s absoluteness, 22

lower semilattice, 9

maximal antichain, 8

meet (a set meeting a set), 40

mixing property, 27

mixture, 37

monotonically decreasing function, 16
morphism of Boolean-valued structures, 28
Mostowski collapse, 20

multiplicative function, 16

name (in a Boolean-valued structure), 23

partial game iteration, 55
predense subset of a poset, 9
prefilter, 9

prime ideal, 9

refinement (antichain), 9

refinement of a condition, 8
reflection, 20

regular game iteration, 59

regular strategy, 59

regularly iterable Boolean algebra, 59
restriction of a Boolean algebra, 9

saturatedness of a poset, 16
semilattice, 9

small completion property, 12
square order, 36

standard model of set theory, 40
support of a constant thread, 14
symmetric difference in a ba, 8

Tarski quotient, 25

Tarski structure, 25

Tarski ultrapower, 36

thread, 14

transitive collaps, 20

transitive collapse, Mostowski collapse, 20
type, 19

ultrafilter, 9

upper semilattice, 9
upward closed set, 9
upward directed set, 9

validity of a sentence in a Boolean-valued struc-
ture, 24

weakly I'-elementary embedding, 29
well-founded relation, 20
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