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Abstract

The Ewens-Pitman model refers to a distribution for random partitions of
n] = {1,...,n}, which is indexed by a pair of parameters « € [0,1) and 0 >
—a, with a = 0 corresponding to the Ewens model in population genetics.
The large n asymptotic properties of the Ewens-Pitman model have been
the subject of numerous studies, with the focus being on the number K, of
partition sets and the number K, of partition subsets of size r, for r =
1,...,n. While for a = 0 asymptotic results have been obtained in terms
of almost-sure convergence and Gaussian fluctuations, for v € (0,1) only
almost-sure convergences are available, with the proof for K, , being given
only as a sketch. In this paper, we make use of martingales to develop a
unified and comprehensive treatment of the large n asymptotic behaviours
of K,, and K., for o € (0,1), providing alternative, and rigorous, proofs
of the almost-sure convergences of K, and K,,, and covering the gap of
Gaussian fluctuations. We also obtain new laws of the iterated logarithm for
K, and K, ,,.
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1. Introduction

The Ewens-Pitman (EP) model refers to a distribution for random parti-
tions, introduced by Pitman [20] as a generalization of the celebrated Ewens
model in population genetics [9]. For n € N, consider a random partition of
n] ={1,...,n} into K,, € {1,...,n} partition subsets {A;,..., A, } of cor-
responding sizes N,, = (Ny,, ..., Nk, n), where Ny, is the cardinal number
of set Ay, for k =1,..., K, such that

For any real numbers « in [0,1) and § > —a«, the EP model assigns to the
random vector (K, N,,) the probability

9
'y ozl—oz("l b
P(K, =k N, =(ny,...,n;)) = — g H (1)

=1

where, for any a € R, (a)™ stands for the rising factorial of a of order n, that
is ()™ =a(a+1)---(a+n —1). Denote by K,, the number of partition
subsets of size r, given for all r =1,...,n, by

Kn
Kyn = Z Ling =}
k=1

where [ is the indicator function. One can easily see that

n= ier and K, = i K, .
r=1 r=1

The distribution of K,, = (K, ..., K, ,) is known as EP sampling formula
or frequency-of-frequencies distribution, and it follows by means of a com-
binatorial rearrangement of (1). The Ewens model is recovered from (1) by
setting o« = 0. We refer the reader to Pitman [20, 23] for more details. The
joint distribution (1) admits several constructions, with the most common
being a sequential or generative construction through the Chinese restau-
rant process [20, 14, 24] and a Poisson process construction through random
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sampling from the Pitman-Yor random probability measure [19, 22], see also
Dolera and Favaro [7] for a construction through a class of negative Binomial
compound Poisson sampling models [5]. The EP model plays a critical role
in a variety of research fields, such as population genetics, Bayesian non-
parametric statistics, excursion theory, combinatorics, machine learning and
statistical physics. We refer to the monograph by Pitman [23, Chapter 3 and
Chapter 4] for a comprehensive account on the EP model and generalizations
thereof.

Under the EP model, there have been several studies on the large n
asymptotic behaviour of K,, and the K, ,’s; see Pitman [23, Chapter 3|. In
particular, for @« = 0, Korwar and Hollander [17, Theorem 2.3] exploited
the fact that K, is a sum of n independent Bernoulli random variables, and
showed that

: K,
lim
n—+00 log n

=0 a.s. (2)

Furthermore, it follows directly from Lindeberg-Lévy central limit theorem
that

K, —0logn
Sn o 700 ON(0,1 3
Toan o VANOD), )

with N(0,1) being a standard Gaussian random variable. See Feng and
Hoppe [14] and references therein for some functional versions of both (2)
and (3). Asregard to the K, ,’s, from Arratia et al. [1, Theorem 1] it follows
that

Ky = 7, (4)
n—-+o00
and .
(Kl,TmKZ,n;---) njoo (Zl,ZQ,...), (5)

where the Z,’s are independent Poisson random variables with E[Z,] = 0/r,
for all 7 > 1. We refer to Arratia et al. [2] for various generalizations and
refinements of these asymptotic results, and their interplay with combina-
torics.

For any a € (0,1), K,, is no longer a sum of independent Bernoulli ran-
dom variables. However, Pitman [23, Theorem 3.8] made use of a martingale
construction for K, based on a likelihood ratio defined through the distri-
bution (1), and applied the strong law of large numbers for martingales to

prove that
Ky
n1—1>1:1i-100 n_a = Oa,0 a.s., (6)



where S, ¢ is a positive and almost surely finite random variable. If f,, is the
positive a-Stable density function, then the distribution of S, has density
function

. T(+1)
Pl = SR

where I' stands for the Euler Gamma function. Precisely, (7) is a general-
ization of the Mittag-Leffler density function, which is recovered by setting
6 =0 [25]. As regard to the K, ,’s, from Pitman [23, Lemma 3.11] it follows
that

s T a7V, (7)

. Kr,n o
nl—lgloo el Da(r)Sa0 a.s., (8)
where ( )( N
al(l —a)\"™
Palr) = =7

The almost-sure convergences (6) and (8) are the natural counterparts of (2)
and (4), respectively, though at different scales. Instead, it is still an open
problem of obtaining a counterpart of (3), as well as Gaussian fluctuations
for K,,,.

1.1. Our contributions

For a« € (0,1) and # > —a, we make use of martingales to develop a
unified and comprehensive treatment of the large n asymptotic behaviours
of K,, and K, ,, providing alternative, and rigorous, proofs of the almost-
sure limits (6) and (8), and covering the gap of Gaussian fluctuations. In
particular, we propose a new martingale construction for K,, simpler than
that applied in Pitman [23, Theorem 3.8], which leads to an alternative
proof of (6), still relying on the strong law of large numbers for martingales.
Further, by exploiting our martingale construction, as well as (6), we show

that "
\/n_a (_n - a,G) i> g,@ N(07 ]-)7 (9>

n¢ n—-+o0
where 57, 5 is random variable independent of A'(0,1) and sharing the same
distribution as S,. We also prove the law of the iterated logarithm for K,
i.e.,
(Kn - naSaﬂ)Q

li -5, s 10
1228;31) 2n%loglogn o s (10)




Then, we extend our analysis to the K, ,’s, for which only a sketch of the
proof of (8) is given in Pitman [23, Lemma 3.11]. In particular, we introduce
a martingale construction for K, ,, providing a rigorous proof of (8) by means
of the strong law of large numbers for martingales. Further, by exploiting
our martingale construction and (8), we establish a Gaussian fluctuation as
well as the law of iterated logarithm for K, ,. Critical for our study is the
work of Heyde [16], which provides sufficient conditions to achieve Gaussian
fluctuations and laws of iterated logarithm from the martingale convergence
theorem.

1.2. Organization of the paper

The paper is structured as follows. In Section 2, we present the martingale
construction for K, and the proofs of the almost-sure convergence, as well
as the IL? convergence, the Gaussian fluctuation, and the law of iterated
logarithm. Section 3 contains an analogous asymptotic analysis for K, ,. In
Section 4, we discuss some directions of future research. The appendices are
devoted to the sequential construction of the EP model and an alternative
proof, without relying on martingales, of the ? convergence of K,, and K, ,.

2. Asymptotic results for the number of partition sets

We start by introducing the keystone martingale construction for K.
This is a critical tool at the basis of all the results in this section. From the
sequential construction of the EP model [20, Proposition 9], for all n > 1,

aK, +6

if k=1,
n—+0
P(K,1 =K, +k|K,) = (11)
n—aok, .
—— if k=0.
n-+6

We refer the reader to Appendix A for more details on (11). Equation (11)
simply means that
Kn+1 = K, + 5n+1 (12>

where the conditional distribution of the random variable &,.1, given the
o-algebra F,, = 0(Ky,. .., K,), is the Bernoulli B(p,,) distribution with pa-
rameter

aK, +6

n+0 (13)

Pn =
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According to the above definition of the sequence (&,), as E[¢,11 | Fn] = pn,
we have almost surely

0
E[Kni1 | Fo] = E[Ky + &1 | Fu] = Ko+ pp = B + m (14)
where
Bu=1+— (15)
" n+0

Consequently, we obtain from (14) that almost surely

0 0 0 0
E{Knﬂ—i-—’]:n}:BnKn+—+—=ﬁn(Kn+—). (16)
«Q n+60 « «Q

Let (b,,) be the sequence defined by b; = 1 and for all n > 2,

a+6y\ (6™ it 0

- _ 70,
n—1 n-1 k+6 ( 0 )(a—l—@)(") !

=11 =11 (et ) - a7)

kHI ; kHl F+a+0 04((7;;(”)1)! o

Denote by (M,,) the sequence of random variables defined, for all n > 1, by

a+0 ()™ 0
M, = b, K =b, | K, +— ). 1

Since b, = Bpbus1, (16) immediately implies that for all n > 1,
0 0
E[Mn-‘rl |-/T'-n} = bn-l-lﬁn K, + a = bn K, + a = M,

almost surely. Moreover, (M, ) is square integrable as K,, < n. Consequently,
(M,,) is a locally square integrable martingale. Moreover, noting that

Mn+1 - Mn - bn+1 <€n+1 - E[£n+1 |fn])7
we have almost surely
E[(MnH_Mn)Q | "rn} :bi-i-l (E[ 721+1 | Fn} _Ez[fnﬂ |}—n]) :bi+1pn(1 — Pn);
which leads, via (13), to

0+ aK,)(n—aK,)
(n+0)?

E[(Mys1 — M,)* | Fo] =02, ( ) as.  (19)



2.1. An alternative approach for the almost-sure convergence

Based on the above martingale construction, we present an alternative
proof of (2), by relying on the strong law of large numbers for martingale. Our
proof is more natural and intuitive than that of Pitman [23, Theorem 3.8],
which makes use of the exchangeable partition probability function induced
by the EP model.

Theorem 2.1. Let K,, be the number of partition sets in a random partition
of [n] distributed according to the EP model with o € (0,1) and 6 > —a.

Then,
K,
lim — = S,y a.s. (20)

n—+oo N
where Sq9 15 a positive and almost surely finite random variable whose dis-
tribution has probability density function (7). This convergence holds in 1P
for any integer p > 1,

K,

a,f
ne

n—-+00

lim E[

p} —0. (21)

Proof. We already saw that (M,,) is a locally square integrable martingale.
Denote by (M), its predictable quadratic variation,

n—1

(M), = ZE[(MkH — M) | Fil.

k=0

We have from (19) that

(M), = (O‘ h 9) nzi by ( s O‘f;’”f’;; O‘Kk)) as. (22)

Taking the expectation on both sides of (22), we obtain that

£l = (a n @) Zl . (Gk: +alk— gﬁ[gﬁ - a2E[K£fi]) |

Hence, it exists some constant C' > 0 such that for n large enough,

E[(),) <o BERL (23)



Moreover, we have from (14) and (17) that if 6 # 0,

(o +6)™ — (9)<n>) e

_ O
EWM_%kO@+0+mM_E( (6)m)

n—1

whereas if § = 0,

E[K,] = ﬁ (1+2) = ()™ (25)

Pl k aln—1)I

In addition, it follows from standard results on the asymptotic behavior of
the Euler Gamma function that for 6 # 0,

1 (a+o)™ . PO+ (n+a+6) T@O+1)
A @ e el (@ + 0T+ 8) T r o) 2

Hence, we obtain from (24), (25) and (26) that whatever the value of § > —a,

lim iE[Kn] = M
n—-+oo N al'(a +6)

Consequently, we deduce from (23), (17) and (26) that

sup E[(M),] < +oc. (27)

n>1

Therefore, we deduce from (27) that (M,) is bounded in L2 Then, it fol-
lows from Doob’s martingale convergence theorem [15, Corollary 2.2], that
the sequence (M,,) converges a.s. and in IL? to a square integrable random
variable M, . In fact, we shall prove below that (1,) is bounded in L? for
any integer p > 1 which means that (M,) converges a.s. and in LP to M, g
for any integer p > 1. Hereafter, we obtain from (18) and (26) that

lim — =S, a.s.,
n—4oo0 N ’
where the random variables M,y and S,y are tightly related by means of

the identity, which follows from (42) below,

I'a+6+ 1))
T )P

Mao = ( r(6+1)
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completing the proof of (20). We shall now proceed to the proof of the
convergence in IL? for any integer p > 1. In particular, we are going to
compute the falling factorial moments E[(/,))] of K, where, for any a €
R, (a)p = ala —1)---(a —p + 1) with (a)) = 1. By an application of
Vandermonde identity for the falling factorial together with (12), for any
integer p > 1,

p

(Kn+1)(p) = (Kn + §n+1>(p) = Z (Z) (Kn)(k)<§n+1)(p—’f)‘

k=0
By taking the conditional expectation on both sides of this identity, we obtain

that
p

p

K 17 = 3 (0) (KBl | 7 ase (29
k=0

where E[(&n11) ) | Fn] = Eléns1 | Fa] = P, and E[(§41) k) | Fn] = 0 for all

k > 2. Accordingly, we can deduce from (13) and (28) that for any integer

p=1,

a.S.

ak, +«9>

E[(Kni1)@) [ Fal = (Kn)@) + p(K”)(p‘1>< n+0

= (Ky)p) + na—&(Kn)@_l)(Kn —p+1)+L.(p) as.

= (1+ ) (K + Lal®)  as. (29)
where

L) = (M=) (1),

Denote by(p) =1 and for all n > 2,

( 0 )(ap+9)(”) it 040

ﬁ (k+04p+9) o (30)
Pl k46 (ap)™ ‘ B

—_— it 6=0.

ap(n —1)!

It follows from (29) and (30) that for all n > 2 and for any integer p > 2,

E[(K) ) = ba(0) Y (br1(p) E[Li(p)]

1

e
Il

9



leading, for 6 # 0, to

plalp—1) + 9)) <(ap + 9)“”) S ((9)(’“’1@[(&)@ )]
ap +9 ()t (ap+0+1)®

._\

E[(Ka) o) = ( ) 1)

B
Il

1

while, for 8§ = 0, to

— Dap)™®\ 2L (k= DIE[(Kp)
E[(Kn)(p)]:<(p(1)( p) )Z((k DIE[(K%)( )])_ (32)

n— 1)! (ap—|— 1)(/“3)

We deduce from (24) and (31) that for 6 # 0,

E[(Kn)w] = a(g(n) ((a + Q)W — (9)(71))’
E[(K,) @) = 0(0 + «) ((2a + 9)(n) — 2o+ 9)(77,) i (9)(,1)),

a?(6)m)

and more generally, for all n > 1 and for any integer p > 1,

Pl (ka4 0) & . .
E[(K,) )] = W ;(_1) ’ (z) (ko + )

(g)(p) P p
_ \o _ 1)k (n)
D () tma+o (33)
In addition, we have from (25) and (32) that for 6 = 0,
(a)(")
El(Kn)m)) = —7——7
[(Kn) )] o =D
1

E[(Kn) @] = ((20)™ — 2(c)™),

a(n —1)!

and more generally, for all n > 1 and for any integer p > 1,

B[(Ka) ) = ,Z (1) (34)

We obtain from (30) together with (33) and (34) that it exists a positive
constant C(p, a, 0) such that for all n > 1 and p > 1,

E[(Kn)(P)] < C(p, a, Q)bn(p). (35)

10



Moreover, we also have the elementary inequality
EIKT] < PP+ pE[(Kn) )L, 2p]- (36)

Consequently, we find from (18), (35) and (36) that it exists a positive con-
stant D(p, o, ) such that for allm > 1 and p > 1,

E[MZ] < D(p, o, 0)b,(p)E. (37)

Furthermore, it is easy to see from (17) and (30) that

bg:]j(1+k—+9) (1+k—+9)p§1. (38)

Hence, we deduce from (37) and (38) that
sup E[M}] < +o0,

n>1
which means that the martingale (M,,) is bounded in L? for any p > 1. There-
fore, it follows from Doob’s martingale convergence theorem [15, Corollary
2.2], the sequence (M,,) converges almost surely and in L? to a finite random
variable M, y. Our goal is now to compute all the moments of M, y. We shall
only carry out the proof for # # 0 inasmuch as the proof for # = 0 follows
exactly the same arguments. First of all, as in (26),

. (ap+ O™ TO+1)
lim = .
n—too nP(9)™) AT (ap +0)

Hence, we obtain once again from (33) that for any integer p > 1,

Jim_ Bl = g () (39)

However, we have for all p > 1,

by



Since, {Z} = 1, we obtain from (39) and (40) that for all p > 1,

o1 T(O+1) 0\
lim —E[KP]l=—1——"-(—) . 41
ntbo 0P K] 0T (ap + 0) (a) (41)
We also recall from (17) that
O+ 1) r 1
lim n%b, = lim 0+ D = la+tf+1) (42)

Consequently, it follows from the conjunction of (18), (41) and (42) that

lim E[M?] = lim bﬁE[(Kn+g)p] = lim b? s (g)E[Kg] <Q>p_k,

n—-+oo n—-+oo n—-+oo =0 (0%

which drastically reduces to

. P . P o F(Oé—i—t9+1) pF(6+1) 0 (p)
L EWL] = T b"E[K”]_< 0@ +1) ) 0T (ap + 0) (5) )

It immediately leads, for all p > 1, to

=z = (MGt ot 10 (g)(m’

as well as )
re+1) [0\"
P 1 _ hd
ElSeol = oI (ap + 0) <a> ‘

The distribution of the random variable S, ¢ has probability density function
given by (7). Finally, (21) follows from (20) and (41) together with Riesz-
Scheffé theorem, which completes the proof of Theorem 2.1. n

Remark 2.2. An alternative proof of the convergence in IL? given by (21),
which follows directly from the Poisson process construction of the EP model
[21, Proposition 9] can be found in Appendixz B. See also Pitman [23, Chapter

4]
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2.2. The Gaussian fluctuation

Our martingale approach for K, suggests that, in addition to the almost-
sure convergence, it is possible to establish a Gaussian fluctuations of K,
properly normalized, around its almost-sure limit S, .

Theorem 2.3. Let K,, be the number of partition sets in a random partition
of [n] distributed according to the EP model with o € (0,1) and 0 > —a.

Then,
Kn - naSa 2] L
_— — 1 44
\/Kn n—+400 N(O’ )’ ( )

where N'(0,1) denotes a standard Gaussian random variable. Moreover, we
also have

K
ViEt (52 = 500) 5 \fSioAT0.), (45)

nOé

where Sy, o is a random variable independent of N(0,1) and sharing the same
distribution as Spp.

Proof. The proof relies on a beautiful result due to [16] concerning with
Gaussian fluctuations for martingales. For all n > 1, denote AM,,,, =
M1 — M, and

A=Y E[AM;,|F).
k=n
We immediately have from (19) that

g [0+ aKy)(k - akKy)
A, = ; bk+1 ( (/{: + 0)2 ) ) <46>

On the one hand, we know from (20) that

K,
lim — = S,y a.s. (47)
n—+oo N ’

On the other hand, we already saw from (42) that

: Fla+60+1)
1 Wy, = ———— 4
Consequently, we deduce from (46), (47) and (48) that
. Fla+60+1)\2
WY (LGRS} SR ;
n—1>I—I&-loon F(Q + 1) 5 o s ( 9>

13



By the same token, if

sp=E[N] =) E[AMZ,],
k=n

we also have

Ok + a(k — 0)E[Ky] — o’E[K?]
sy, —Zka( (k +0)? )

However, we already saw from (41) that

1 re+1)
lim —E[K _ 50
Jm Bl = Cr ) (50)
and 1 (a+ )00 +1)
o+ =+
lim —E[K?] = 51
nostoo n2a Ko a?’T'(2a + 0) (51)
It ensures that
’ <04+0>F(04+¢9+1)
im n%s’ =
n—+00 o F(9 -+ 1)
Hereafter, we claim that for any n > 0,
2 _
e 2 BIAME L aps o svimmy) = 0 (52)

As a matter of fact, we clearly have for any n > 0,

2a°°

n® ZE AM L ang s savisy) € =5 ZE [AM ]
k=n k=n

Moreover, it follows from tedious but straightforward calculations that for
alln > 1,

4
{AM4+1|]: } = bi-s—l Zen(p)Kﬁ (53>
p=0
where
no 9
2(0) = 0 (n® —nb + 0°)



a(n —0)

en(1) = o) (n® — 4nf + 6%),
en(2) — ‘2“2(2(7; ;Qe))(f %),
() = 2

ealt) = 22,

Taking the expectation on both sides of (53), we obtain that for all n > 1,

E[AM, ] = byp Z en(p (54)

Furthermore, we already saw from (41) that

(a+0)2a+0)I'(0+1)

Hm %E[KS] - T (3a + 0) (55)
and
lim LJE[K‘*] (a+6)(2a +0)(3a + O)['(0 + 1)' (56)

n——+oo nia

ol (da + 0)
Hence, we deduce from (48) and (54) together with (50), (51), (55) and (56)

that
Ia+60+1)\3
1+3a 4
lim n'PE[AM;, ] = (a—|—9)< T+ 1) >

n—-+4o0o

(57)
Consequently, we obtain from (57) that

oo+ 0+ 1))3

lim n* S E[AM,] = (a+0)( r@+1)

n—-+4o00
k=n

which clearly leads to (52). Finally, let (P,) be the martingale defined by
Pry1 = Z kK AM}?ﬂ E[AMI?H |-7:k]) (58>
k=1

Its predictable quadratic variation is given by
Plni1 = Z K (B[AM; o | Fil = (BIAME | Fi])?).

15



Therefore, we find from (53) that

4 n
(Phrn < 303 Kb (0 K.

p=0 k=1

One can observe that we always have e, (4) < 0. For n large enough, €,(2) <
0. Furthermore, it exists some constant C' > 0 such that for n large enough,
en(0) < C/n, e, (1) < C/n and e,(3) < C/n®. Consequently, we get that for
n large enough,

n

n ]{Z2ab4 n kQab4K k2ab4K3
<P>n§0< k’“+ZT’“’“+Z%> (59)

k=1 k=1 k=1

Hence, we obtain from (47), (48) and (59) that (P),, converges a.s. to a finite
random variable. Then, we deduce from the strong law of large numbers for
martingales given by the first part of [8, Theorem 1.3.15] that (P,) converges
a.s. to a finite random variable. All the conditions of the second part of
Theorem 1 and Corollaries 1 and 2 in [16] are satisfied, which leads to

Mn - Ma,@ L

T N (60)

as well as to

c Tla+0+1)

vVn (M, — M) njoo W

S(’I,QN(O, 1), (61)
where M, ¢ is the almost-sure limit of the martingale (M,,) and S, , is inde-
pendent of the Gaussian A/(0, 1) random variable and Sy, , shares the same
distribution as S, . However, the random variables M, ¢ and S, ¢ are tightly
related through
Fla+60+1)
r(0+1) > o0

In addition, we obtain from the asymptotic behavior of the ratio of two
Gamma functions that

bn—WG—Wﬁ)(%)). (62)

Finally, the Gaussian fluctuations (44) and (45) follow from (60) and (61)
together with the almost-sure convergences (20), (49), (62) and Slutsky’s
lemma, which achieves the proof of Theorem 2.3. ]

Ma,@ = <
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2.3. The law of the iterated logarithm
We conclude our asymptotic analysis of K, by establishing the law of
iterated logarithm.

Theorem 2.4. Let K,, be the number of partition sets in a random partition
of [n] distributed according to the EP model with o € (0,1) and 6 > —«a.
Then,

Kn - aSoz . . Kn - aSa
lim sup D 2ad ) — Yiminf LU a.s. (63)
n—soo  \ V2K, loglogn n—oo \ /2K, loglogn
Moreover, we also have
. Kn _nasae . Kn _naSaG
lim sup : = — lim inf : = /S0 a.s.
n—soo  \V2n%loglogn n—oo  \ 4/2n%loglogn ’

In particular,

. (Kn - naSa,O)z
lim sup =Su0 a.s.
n—00 2ne log lOg n ’

Proof. The proof is a direct application of [16]. Using the same notation as
in the proof of Theorem 2.3, we have for any n > 0,

oo 1 oo
Zna/QEUAM"H{\AMan/F}] S $ Z/]’I,2QE [AM;ﬂ (64)

n=1 n=1

Hence, we deduce from (57) and (64) that it exists some constant C' > 0 such
that

1
nlto < 0.

> PR AMT oy snvi=sy) SC D
n=1

n=1

Moreover, we also have for any § > 0,

anE[AMgI{'AMn' <svimy] < ZnQO‘E[AM,ﬂ < 0.
n=1 n=1

Furthermore, we already saw that the martingale (P,), defined by (58), con-
verges a.s. to a finite random variable. Consequently, all the conditions of
the second part of Theorem 1 and Corollary 2 in [16] are satisfied, which
ensures that

M, — M, M, — M,
lim sup = @ ) = —liminf = @’ ) =1 as. (65
n—oo  \V2A, loglogn n—oo \ \/2A, loglogn
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where M, ¢ is the almost-sure limit of the martingale (M,,). Finally, the law
of iterated logarithm (63) follows from (65) together with the almost-sure
convergences (20) and (49), which completes the proof of Theorem 2.4. [

3. Asymptotic results for the partition subsets of size r

We start by introducing the keystone martingale construction for K, ,.

In particular, our approach is different from that developed in Section 2,

since we are going to build a martingale that will not converge almost surely

to a finite random variable. First, we consider the case r = 1. From the

sequential construction of the EP model [20, Proposition 9], we have for all
n=>1,

Kipy1 = Ky 4+ &in (66)

where the conditional distribution of the random variable &; 11, given the

o-algebra F,, = 0(Ky, ..., K,, Ki1,...,K;,), is such that

pl,n if k= 1,
P& i1 = k| Fn) = din if k=-1, (67)

1- Pin — Q1n it k= Oa
where
. OéKn+9 (1—04)[(17”
P =056 nt
We refer the reader to Appendix A for more details on (67). From definition of

the sequence (& ,,), we clearly have E[&) 41| Fn] = p1n — qun. Consequently,
we obtain from (66) that

(68)

and Qin =

E[Kl,n—i—l |~Fn] = E[Kl,n + gl,n—l—l |-Fn] - Kl,n + Pin — q1,n a.s,

which leads to

E[Kl,n—i—l |-7:n] - ﬂl,nKl,n + pl,n a.S., (69>
where 1 1+6+
— X n — [0
L=1— = . 70
b n+0 n+0 (70)
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Let (b1,) be the sequence defined by by = 1 and for all n > 2,

n—1 n—1
- k+0 0+ 1)1
_ H 1_ I I =
bl,n - o Bl,k - (k —1 + 0 + Oé) - (a -+ 9)(1@—1) . (71>

k=1

Now, we introduce the sequence of random variables (M ,) that is defined,
for all n > 1, by

Ml,n = bl,nKl,n - Al,na (72>
where .
-— OéKk + 0
Ay =30 aRRTI 73
1, - 1,k+1< ) > (73)

One can observe that A; 11 = A1, + D1nb1 s and by, = B1,b1n41. Hence,
we have from (69) and (70) that for all n > 1,
E[MIJH-I |-Fn] = bl,n—i—lE[Kl,n—i-l |~Fn] - Al,n—f—l
= 011 (BrnK1n +D10) — Al — Prabins
= ﬁl,nbl,n+lKl,n - Al,n
= bl,nKl,n - Al,n
= Ml,n
almost surely. Moreover, (M;,) is square integrable as K;, < K, < n.
Consequently, (M;,,) is a locally square integrable martingale. Because of

(67), it is not hard to compute all the higher order conditional moments of
(M, ,,). For example, as

A]w’l,n+1 = Ml,n+1 - Ml,n = bl,n+1 (Kl,nJrl - E[Kl,nJrl ’fn])
we clearly have from (66) and (69) that
E[(AMIJH-I)Q | ]:n] - bin—;—l(E[Kin-s-l |]:n] - (E[Kl,n—f—l | ]:n])2)

with
E[KinJrl |‘Fn] = K12,n + 2K1,n(p1,n - q1,n) + pl,n + q1,n

and
(E[Kl,n+1 |fn])2 - (Kl,n +p1,n - q1,n>2

almost surely, which reduces to
E[(AM17n+1)2 | «Fn] = bin-ﬂ (pl,n + qin — (pl,n - q1,n)2) a.s. (74)
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The above calculations extend easily to the case r > 2. From the sequential
construction of the EP model [20, Proposition 9], we have for all n > 1,

Kr,nJrl = Kr,n + 5r,n+1 (75>

where the conditional distribution of the random variable &, 11, given the
o-algebra F,, = 0(K, 11, ..., K10, K1, ..., K.p), is such that

Drin if k=1,
]P)(gr,n—l-l =k | ]:n> = Qrn if k= _17 (76>

1-— Prin — Qrn if k= Oa

where

(7” —1- OZ)KT,Ln
n—+0

(r—oa)K,.,

n+6 (77)

Prin = and Qrim =
We refer the reader to Appendix A for more details on (76). As before,

El&n+1 | Fn] = Prn — Grn, which implies that

E[Kr,n+1 |Fn] = ﬁr,nKr,n + Prn a.8., (78>
where o
r—a m-—r o
n =1 — = ) 79
Br, n+0 n+0 (79)
Let (b,,) be the sequence defined by b,; = 1 and for all n > 2,
n—1 n—1
_ k+6 0+ 1)(”_1)
by = L = . 80
’ gﬁr’k kH:T(k—r—ir@—iroz) (a+ 0)n=7) (80)

Hereafter, we introduce the sequence of random variables (M, ,,) that is de-
fined, for all n > 1, by

Mr,n = b'r,nKr,n - Ar,na (81>
where )
— r—1—a
A, = b, — | K, 1. 82
v = Ytewss () Ko 2
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Since A, 11 = Arp + Prnbrngr and by, = Brnbrntr, we have from (78) and
(79) that for all n > 1,

]E[Mr,n+1 |Fn] = br,n-&-lE[Kr,n—I—l |~Fn] - Ar,n—f—l
= byt 1 (BrnKom + Drn) — Arn — Prnbrntt
= Brnbrn1 K — Ay
by Ky — Ary
— M,

almost surely. In addition, (M, ,) is square integrable as K, , < K,, < n.
Consequently, (M,,,) is a locally square integrable martingale. Because of
(76), it is not hard to compute all the higher order conditional moments of
(M,.,), as it was previously done for r = 1.

3.1. An alternative approach for the almost-sure convergence

Based on the above martingale construction, we present an alternative
proof of (8), relying on the strong law of large numbers for martingale. Our
proof is more rigorous than Pitman [23, Lemma 3.11], which contains only a
sketch for the proof of (8).

Theorem 3.1. Let K, , be the number of partition subsets of size r in a
random partition of [n] distributed according to the EP model with o € (0,1)
and 0 > —a. Then, for allr > 1

. Kr,n o
ngrfoo - = Do (1) S0 a.s. (83)
where ( )( B
a(l —a)\"™
palr) = =

and S 15 a positive and almost surely finite random variable whose distri-
bution has probability density function (7). This convergence holds in P for
any integer p > 1,

Kr,n

na

lim E

nosFoo |: - pa(r>sa,9

p} ~0. (84)

Proof. The proof is by induction on » > 1. In particular, we start by con-
sidering the case r = 1. We already saw that (M;,) is a locally square
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integrable martingale. We deduce from (74) that its predictable quadratic
variation is given by

n—1
(M), = Z bikJrl (Pre + @ — (Prx — qup)?)-
k=1
Consequently,
n—1
(My)n < Z 0% or (D1 + Q1k)-
k=1

On the one hand, it follows directly from the definition of p; ,, in (68) together
with the almost-sure convergence (20) that

l—«

lim n "*p1, = @Sayp a.s. (85)

n——+oo

On the other hand, we have from (71) that

. bl,n B F(Oz + 9)
ngrfoo nl-e  T(H+1) (86)

Accordingly, as (n + 6)q1,, < K,,, we deduce from (85) and (86) through a
direct application of Toeplitz lemma that

(My), = O (Z kl_o‘> = 0(n*™%) a.s.

Therefore, it follows from the strong law of large numbers for martingales
given by [8, Theorem 1.3.24] that

(M, ,,)* = O(n**logn) a.s.,
which leads to
(1K1 — A1) = O(n* *logn) a.s.

It clearly implies that

. bl,nKl,n - Al,n
lim

n—4o00o n

=0 a.s. (87)
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Furthermore, by combining (85) and (86) together with (73), we find that

. Ay, all(a+0)
lim — =
n—+oco N F(Q + 1)

Se0 a.s. (88)

Consequently, we obtain from (87) and (88) that

li bl,nKl,n 1; Al,n CYF(O( -+ 6) g
111 _— = 1m = a a.s.
n—too M ns4oo M O +1) 0

Then, we deduce from (86) that

. Kl,n
lim
n—+oo N

= aSag a.s.

This completes the proof for r = 1. For r» > 2, we shall proceed by induction,
assuming that

. Ko, ol —a)tr?
lim — =
n—+oo N (7“ — 1)!

Sa0 a.s. (89)

We already saw that (M, ,,) is a locally square integrable martingale. As in
the case r = 1, one can easily see that its predictable quadratic variation is
given by

n—1

<Mr>n = Z b?ﬂ,k-&—l (pr,k + qrk — (pr,k - QT,k)Z) . (90>

k=1

On the one hand, it follows from the definition of p,, in (77) together with
the induction hypothesis (89) that

(r—1—a)a(l —a)r=2

: -« _
nl_lﬁloon Drn = 1) Sa a.s.
a(l — )1
_oobma) g s. 1
1) Se0 a.s (91)
On the other hand, we have from (80) that
. byn I+ 0)
1 — = : 2
oo = T(0+ 1) (92)
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Accordingly, as (n+60)q,,, < rK,, we deduce from (90), (91) and (92) together
with Toeplitz lemma that

n

(M), = O <Z k’”l"‘> =0(n*™)  as.

k=1

Therefore, it follows from the strong law of large numbers for martingales
that
(M,,,)* = O(n* “logn) a.s.,

which leads to
bonKn — Arn)? = O(n**logn a.s.
( b 9 b

As before, it implies that

. brnKrn - Arn
lim ——— :

n——+00 n’

=0 a.s. (93)

Hereafter, by combining (91) and (92) together with (82), we obtain that

A, Tla+0)a(l —a)rb
1 — = o S. 94
n—1>I—iI-100 n’ F(e 4+ 1) r! S o a5 ( )

Finally, we find from (93) and (94) that

br nK'rn A'rn r 0 1— (r=1)
lim —— = lim — = (a+6)a(l —a) Sao a.s.
n—-+oo n’ n—+oco N’ F(@ + 1) r! ’

which ensures via (86) that

Krn 11— (r=1)
lim = = of @) Sa o a.s.
n—+oo N 7l ’

It only remains to prove the convergence in IL” given by (84). We have from
Favaro et al. [12, Proposition 1] that for any integer p > 1,

n—pr (g (k+p)
Bl = o) 2 3 0 k) 9
k=0

n (p)n—pr (@ (k)
~ (o) —— (Q) Z—(a(;ﬁ @ (n—pr.k;a)



where €' (n, k; «) is the generalized factorial coefficient [5, Chapter 2],

k
snkia) = 1 1 (4 gy

An application of [5, Equation 2.46] allows to solve the summation over k in
(95). More precisely,

n! (ﬁ) (p) (9 + Oép)(nfrp)

E[(Krn)p)] = (PTW))pm o (6))

Consequently,

O\@ T(0+1) <9><p>

lim LE[(Kr,n)@)] = ( r(a))p(—> (ap+0) (96)

n—+o0 NP « «

However, as in identity (40), we have

Ikt = 3 {1} Bl (o7)

k=0
Then, we deduce from (96) and (97) that

» T(O+1)

UANE2; ,
ot (5) = Ele@s.0)]. 09

«

lim iE[Kﬁn] = (pr(a))

n—4oo0 NP

Finally, (84) follows from (83) and (98) together with Riesz-Scheffé theorem,
which completes the proof of Theorem 3.1.
O

Remark 3.2. An alternative proof of the convergence in IL? given by (3.1),
which follows directly from the Poisson process construction of the EP model
[21, Proposition 9] can be found in Appendiz B. See also Pitman [23, Chapter

4]

3.2. The Gaussian fluctuation

We shall now focus on a Gaussian fluctuation of K, ,, properly normal-
ized, around an estimator of its almost-sure limit p,(r)Sq.0-
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Theorem 3.3. Let K,, be the number of partition subsets of size r in a
random partition of [n] distributed according to the EP model with o € (0,1)
and 0 > —a. Then, for allr > 1

1 Arn c
/—Knn (Kr,n - m) n:)oo N(Oa 1)7 (99)

where N'(0,1) denotes a standard Gaussian random variable. Moreover, we
also have for all r > 1

\/’[’L_O‘ (KT,TL . Ar,n ) i> pa(T)Sg’eN(()? 1)7 (100)

ne by nn® ) n—stoo

where S}, 4 is a random variable independent of N'(0,1) and sharing the same
distribution as Sa.

Proof. We are going to carry out the proof for any r» > 1. It follows from
(83), (90), (91) and (92) together with Toeplitz lemma that the predictable
quadratic variation (M,),, satisfies

i %ﬁs = pa(r) (%) S a.s. (101)

Moreover, we have from (84) with p = 1 and p = 2 that

lim n'"E[p,,] = (r — 1 — a)pa(r — 1)E[S4] (102)

n—+00

and

lim n® 2°E|
n—+o00

(r —1—a)’pa(r — DE[S o). (103)

T?‘L]

In addition, we also have from (84) with p =1 and p = 2 that

nl_lffoo 1 "Elgyn] = (r — @)pa(r)E[Sa] (104)
and
it L] = (7 - ) (1EIS? ) (105

Therefore, denote s?, = E[(M,),]. We deduce from (90) and (92) together
with (102), (103), (104) and (105) that

2

ST”VZ

Zbrk+1 prk +E[qu])

lim = lim
n—+oo n2r « n——+oo n2T o
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Pa(r) (T(a+0)
o (r(9+1)>' (106)

Hence, we obtain from (101) and (106) that

(My)n F(a+0)
nl_l}I_iI_loo 2, =« NCEY Sa0 a.s. (107)

We are now going to show that for any n > 0,

lim
n——+oo N2r—o

ZE[AM&IHAMT,MMST,@] = 0. (108)
=1

We clearly have for any n > 0,

ZE M Last, wisnsent] < 5 ZE [AM].

nsrnkl

According to (106), in order to prove (108), it is only necessary to show that

lim ZE [AME] = 0. (109)

n—-+oo n4r 2«

As in the proof of (53), it follows from tedious but straightforward calcula-
tions that for all n > 1,

4

E[AMimﬂfn} = bﬁ,n—‘—l Z ern(l) (110)
(=1

where

(pr n T qr, n)
_4(pr n QT,n)Za

ern(l) =
) =

3) (prn + qnn)(pr,n - QT,n)Qa
) =
)

(

ern(2

ernl
(

€rn 4 _3<prn QT,n)4-

Then, it follows from (110) that it exists some constant C' > 0 such that for
n large enough,

E [AM;l,n—i-lan] S Ob?",n—‘,-l (pr,n + qr,n) : (111)
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Taking the expectation on both sides of (111), we obtain that for n large
enough,
E[AMén+1] S Cbﬁ,nJrl (E[pr,n] + E[Qr,n]) (112>

Consequently, we deduce from (92), (102), (104) and (112) that

zn:]E[AM;{k] =0 (i k‘“‘l‘?"“) = O(n" %)

k=1 k=1
which leads to (109). Hence, we find from Corollary 1 in [16] that
M'rn
= £ N(0,1), (113)
(M)

and
Mr’n r aF(a + 9)
—> -
Spp Moo F(@ + 1)

Sa.eN(0,1) (114)

where S, , stands for a random variable independent of A'(0,1) and sharing
the same distribution as S, . Finally, as M, ,, = b, , K, , — A, ,,, the Gaussian
fluctuations (99) and (100) follow from (92), (113) and (114) together with
the almost-sure convergences (83), (101), (107) and Slutsky’s lemma, which
achieves the proof of Theorem 3.3. O

3.3. The law of the iterated logarithm
We conclude our asymptotic analysis of K, by establishing the law of
the iterated logarithm.

Theorem 3.4. Let K, , be the number of partition subsets of size r in a
random partition of [n] distributed according to the EP model with o € (0,1)
and 0 > —a. Then, for allr > 1

ne Krn Arn
li = — — 115
lﬂﬂsogp 2loglogn ( ne by nn® ) (115)

= —liminf n (Kr’" _ A >

n—oo \l 2loglogn \ n¢ by nn®

= Da(r)Sa0 a.s.

In particular,

n® K A 2
1. rno r,n = Da Sa 5
1{&1&" 2loglogn ( ne bmno‘) Pa(r)Sas o
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Proof. As in Section 2, the proof is a direct application of [16]. We have for
any 77 >0,

E[AM},]. (116)

1 o0
B ([AM;n L | an, o sunry] < ] Z
n=1

Hence, we deduce from (112) and (116) together with (92), (102) and (104)
that it exists some constant C' > 0 such that

Z |AMrn|I{\/7F|AMm|>nnr} ] < OZ n1+ =0

n=1 n=1

47‘
n
n=1

Moreover, we also have for any § > 0,

2« 2«
> REIAM T man,zonn] < D T E[AMY] < oo
n=1 n=1

Hereafter, let (P.,) be the martingale defined by

n ka
Pr,n+1 = Z L2r (AME,k—f—l [AM 41 |‘Fk]) (117)

k=1
Its predictable quadratic variation is given by

k,2a
(Pr)nir = Z o (BIAM, | Fi] = (B[AME, | Fil)°).
k=1
Hence, we obtain from (111) that it exists some constant C' > 0 such that
for n large enough,

n 2a
<Pr>n < C Z %b?«’]prl (pr,k + qr,k)- (118>

k=1
Consequently, we deduce from (90), (91) and (118) that (P,), converges
a.s. to a finite random variable. Then, it follows from the strong law of
large numbers for martingales that (F,,) converges a.s. to a finite random
variable. Therefore, all the conditions of the second part of Theorem 1 and
Corollary 2 in [16] are satisfied, which ensures that

MT n Mr n
lim sup = —liminf =1 as. (119)
n—oo \/2 )nloglogn n—00 \/2 Yo loglogn
Finally, as M, ,, = brﬁnKm — A,.p, the law of iterated logarithm (115) follows
from (92) together with the almost-sure convergence (101) and (119), which

completes the proof of Theorem 3.4. O
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4. Discussion

In this paper, we presented a unified and comprehensive treatment of the
large n asymptotic behaviour of K,, and K, ,, in the EP model with o € (0, 1)
and ¢ > —a. By means of a novel martingale construction for K, and K, ,,,
we obtained alternative, and rigorous, proofs of the almost-sure convergence
of K,, and K, ,, and also covered the gap of Gaussian fluctuations. We argue
that our martingale approach may be further investigated to refine Theorem
2.1 and Theorem 3.1 in terms of Berry—Esseen theorems, as well as sharp large
deviations and concentration inequalities for K, and K, ,. We refer to Feng
and Hoppe [14], Favaro et al. [10], Favaro et al. [11], Dolera and Favaro [6] and
Oliveira et al. [18] for early results along these lines of research. Investigating
the large n asymptotic behaviour of functions that involve both K,, and the
K, ,’s is also a promising direction for future research. Our almost-sure limits

imply

lim =« a.s.,

meaning that K, /K, is a consistent estimator for the parameter o. Estab-
lishing a Gaussian fluctuation for K, /K, is an interesting open problem,
with potential applications in the context of Bayesian nonparametric statis-
tics [3, 13]. A further problem of interest is to establish an almost-sure limit
and a Gaussian fluctuation for (K ,, Ks,,...), thus providing a counterpart

of (5).

Appendix A. Sequential or generative construction of the EP model

The purpose of this appendix is to recall the sequential construction of the
EP model given in the seminal work of Pitman [20, Proposition 9]. For any
a €[0,1), 0 > —a, an exchangeable random partition of [n] = {1,...,n} can
be recursively constructed as follows: conditionally on the total size K,, = k
of the partition and on the partition subsets {A1, ..., A} of corresponding
sizes (ny,...,ng), the partition [n + 1] is an extension of [n] such that the
element n + 1 is attached to subset A; for 1 < i < k, with probability

n, —«
n+6’
or forms a new subset with probability

ak + 6
n+6"
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Since n = nq + - - - + ng, we clearly have

1.

1 Xk:(ni—a)+ak+6 _ n— ok + ok +0 _
n+0 n+0 n+ 0
Hereafter, for K, € {1,...,n}, denote by N,, = (Ny,,..., Nk, ») the sizes
of the partition subsets {Ai,..., Ak, }. Pitman [20, Proposition 9] shows
that the above construction leads to the joint distribution (1) of the random
vector (K,,IN,). This is the reason with the above construction is referred
to as the sequential or generative construction of the EP model. Equation
(11) clearly follows from the above construction since

akK, +6

IP<Kn+1:Kn+1’Kn): n+6

Equation (67) also follows from the above construction as

oK, +0
P&y =11Fn) = ——,
(517 +1 |f> n+9
while for n, =1,
(1—&)[(1”
P& =—1|F) = —"—"—".
(§1ms1 | Fn) "

Moreover, we also deduce Equation (76) from the above construction since
for all » > 2 and for n; =r — 1,

(T’ -1 OC)KTfl,n
n—+0

P(&r,n-i—l =1 | Fn) -

9

whereas for n, = r

(r—a)K,,

P(gr,n-i-l :_1|Fn): n_'_e

Finally, it shows that Equations (11), (67) and (76) follow from the sequential
or generative construction of the EP model.
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Appendix B. Alternative proofs of the convergence in L2

B.1. 1.2 convergence of the number of partition sets
We propose an alternative proof, without martingale, of the L2 conver-

gence of K,
K, ?
(na o 0470) ] = 0. (B1>

The proof follows from the Poisson process construction of the EP model [21,
Proposition 9]. See also Pitman [23, Chapter 4]. From Pitman [23, Equation
3.11],

lim E

n—-4o00

(9)"
P(K,=k)= <g)(n) C(n,k;a). (B.2)

Denote T, 9 = S;},/ “. By combining Pitman [21, Equation 66] with Char-
alambides [4, Equation 2.61],

P(K, = k| Tay = t) = Vn,k(t)w, (B.3)
where
_ 1 a\k [ ke fa((L=0)E)
s = iy () "

with f, being the positive a-Stable density function. Then, it follows from
(7) and (B.3), as well as the tower property of the conditional expectation,
that

E[K S g] = / ElK S0l San = 515, (5)ds,
0

T +1) [*  —a—b

— s / (K| Tho = 6] fu(t)dt
9?;& - Z k/ P(K, = k|The = t)t = f,(t)dt
I +1) k€ (n, k; )

NCEE kz_; T(n — ka) Fua®) (B4)

“+o00 1
Lalt) = [ bt [tk (1 vt
0 0
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+o00 1
_ / Zkaae/ ,Unflfka(l . U)kaJraJrOflfa(Z)dvdZ.
0 0

Since

Hoo I'/a+k+2)
—ka—a—0
o dz = s
/0 : fa(z)dz T(o+ 0+ ka+1)
and

/1 Un—ka—1<1 . U)ka+a+0—1dv _ F(TL — ka)r(ka + o+ 0)
0 I'(n+a+6) ’

the expectation (B.4) reduces to

r@+1) & k (n, k; a)
E[K = 0 k+2
[ Sevo] L(@/a+1)T(n+a+0) & (a+0+ka) F@/a+k+2),
(k)
_ _T+n L) &) .
TR Zk( oG € (n, k; a). (B.5)
Hence, it follows from (B.2) and (B.5) that
'@ +n) 0 9
E|K = ——"—| —E|K EK]). B.
uSoal = g (L) + EIR2) (B.6)

We are now in the position to prove (B.1). We get from (41) with p = 1 and
p = 2 that

lim LE[K,|=E[S.] and  lim — EK=E[S2,], (B7)

n—+oo N n—-+oo N
leading to
1
lim —E[K,S.] = E[S] ). (B.8)

n—+4o0o N

Therefore, we deduce from (B.7) and (B.8) that

lim E (%— a79)2] = lim LIE[KZ]—EIE[K Sap) + E[S2 4,

n—+00 n n—s+o00 N2%

= E[Si,e] - QE[Si,e] + E[Si,e] =

Similar arguments can be applied in order to show the convergence in P of

n~ K, to S,p, for any integer p > 1, thus providing an alternative proof of
(21).
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B.2. 1.2 convergence of the number of partition subsets of size r

We still rely on the Poisson process construction of the EP model [21,
Proposition 9] to propose an alternative proof of the L? convergence of K.,

lim E

n—-+o0o

(Kj;" _ pa(r)saﬁ)Q] ~0. (B.9)

n

Denote T, 9 = S;},/ “. By combining Pitman [21, Equation 66] with Favaro
et al. [12, Proposition 1],

n—rk—1;a)
ok

E[K,n|Tag = t] = pal(r)(n) e Z Vn,k(t)cg( (B.10)

where

Va(t) = m (g)k/o Un—l—kade

with f, being the positive a-Stable density function. Consequently, we can
write that

_ F(0 + 1) e _ —a—0
E[Kr,nsaﬁ] - m/o E[Kr,n|Tcx,0 - t]t fa(t)dt)

thus obtaining, along lines similar to the computation of E[K,,S, ] in (B.5),
that

n (k)
E[Kr,nsaﬂ] - O{I‘(I;,Ee_l__‘_alj_ e)pa(r) (n)(r) Z (g + 1) Cg(n -, ]{? — ]_, Oé)
k=1
r+1) I(0/a+2) <«

/0 (k)
= aTmta+ oMo 0(5”) €(n —r,k;a),

e
Il

which leads to

r'e+1)
I'(n+a+0)

a+0
o2

E[Kr,nsaﬂ] -

pa) ey (250) 0+ 200 (B

We are now in position to prove (B.9). We find from (98) with p = 2 that

lim iE[Kfm] = (pr()) E[(Sa0)”]

n—+4oo0 N4

(B.12)
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In addition, we deduce from (B.11) that

_ 1 B a+0\ I'(O+1) 9
nl_lgloo EE[KT,TIS&,B] = pr(@) ( o2 ) ['(2a + 0) = pr()E[S; 4] (B.13)

Therefore, it follows from (B.12) and (B.13) that

. K,n ?
nEIJPoo]E < ne _pr(a)Saﬁ)
. 1 2p,(a
— i LB - VR 8]+ () Bl (S0)

= (pr())"BIS? 5] = 2(pr(@)) "E[S2 ] + (pr()) E[(Sas)’] = 0.

Similar arguments can be applied to show the convergence in L” of n™* K, ,
t0 pa(r)Sa0, for any integer p > 1, thus leading to an alternative proof of
(84).
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