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Abstract

The Ewens-Pitman model refers to a distribution for random partitions of
[n] = {1, . . . , n}, which is indexed by a pair of parameters α ∈ [0, 1) and θ >
−α, with α = 0 corresponding to the Ewens model in population genetics.
The large n asymptotic properties of the Ewens-Pitman model have been
the subject of numerous studies, with the focus being on the number Kn of
partition sets and the number Kr,n of partition subsets of size r, for r =
1, . . . , n. While for α = 0 asymptotic results have been obtained in terms
of almost-sure convergence and Gaussian fluctuations, for α ∈ (0, 1) only
almost-sure convergences are available, with the proof for Kr,n being given
only as a sketch. In this paper, we make use of martingales to develop a
unified and comprehensive treatment of the large n asymptotic behaviours
of Kn and Kr,n for α ∈ (0, 1), providing alternative, and rigorous, proofs
of the almost-sure convergences of Kn and Kr,n, and covering the gap of
Gaussian fluctuations. We also obtain new laws of the iterated logarithm for
Kn and Kr,n.
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1. Introduction

The Ewens-Pitman (EP) model refers to a distribution for random parti-
tions, introduced by Pitman [20] as a generalization of the celebrated Ewens
model in population genetics [9]. For n ∈ N, consider a random partition of
[n] = {1, . . . , n} into Kn ∈ {1, . . . , n} partition subsets {A1, . . . , AKn} of cor-
responding sizes Nn = (N1,n, . . . , NKn,n), where Nk,n is the cardinal number
of set Ak, for k = 1, . . . , Kn, such that

n =
Kn∑
k=1

Nk,n.

For any real numbers α in [0, 1) and θ > −α, the EP model assigns to the
random vector (Kn,Nn) the probability

P(Kn = k,Nn = (n1, . . . , nk)) =
n!

k!

(
θ
α

)(k)
(θ)(n)

k∏
i=1

α(1− α)(ni−1)

ni!
(1)

where, for any a ∈ R, (a)(n) stands for the rising factorial of a of order n, that
is (a)(n) = a(a + 1) · · · (a + n − 1). Denote by Kr,n the number of partition
subsets of size r, given for all r = 1, . . . , n, by

Kr,n =
Kn∑
k=1

I{Nk,n=r}

where I is the indicator function. One can easily see that

n =
n∑

r=1

rKr,n and Kn =
n∑

r=1

Kr,n.

The distribution of Kn = (K1,n, . . . , Kn,n) is known as EP sampling formula
or frequency-of-frequencies distribution, and it follows by means of a com-
binatorial rearrangement of (1). The Ewens model is recovered from (1) by
setting α = 0. We refer the reader to Pitman [20, 23] for more details. The
joint distribution (1) admits several constructions, with the most common
being a sequential or generative construction through the Chinese restau-
rant process [20, 14, 24] and a Poisson process construction through random
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sampling from the Pitman-Yor random probability measure [19, 22], see also
Dolera and Favaro [7] for a construction through a class of negative Binomial
compound Poisson sampling models [5]. The EP model plays a critical role
in a variety of research fields, such as population genetics, Bayesian non-
parametric statistics, excursion theory, combinatorics, machine learning and
statistical physics. We refer to the monograph by Pitman [23, Chapter 3 and
Chapter 4] for a comprehensive account on the EP model and generalizations
thereof.

Under the EP model, there have been several studies on the large n
asymptotic behaviour of Kn and the Kr,n’s; see Pitman [23, Chapter 3]. In
particular, for α = 0, Korwar and Hollander [17, Theorem 2.3] exploited
the fact that Kn is a sum of n independent Bernoulli random variables, and
showed that

lim
n→+∞

Kn

log n
= θ a.s. (2)

Furthermore, it follows directly from Lindeberg-Lévy central limit theorem
that

Kn − θ log n√
log n

L−→
n→+∞

√
θN (0, 1), (3)

with N (0, 1) being a standard Gaussian random variable. See Feng and
Hoppe [14] and references therein for some functional versions of both (2)
and (3). As regard to the Kr,n’s, from Arratia et al. [1, Theorem 1] it follows
that

Kr,n
L−→

n→+∞
Zr (4)

and
(K1,n, K2,n, . . .)

L−→
n→+∞

(Z1, Z2, . . .), (5)

where the Zr’s are independent Poisson random variables with E[Zr] = θ/r,
for all r ≥ 1. We refer to Arratia et al. [2] for various generalizations and
refinements of these asymptotic results, and their interplay with combina-
torics.

For any α ∈ (0, 1), Kn is no longer a sum of independent Bernoulli ran-
dom variables. However, Pitman [23, Theorem 3.8] made use of a martingale
construction for Kn, based on a likelihood ratio defined through the distri-
bution (1), and applied the strong law of large numbers for martingales to
prove that

lim
n→+∞

Kn

nα
= Sα,θ a.s., (6)

3



where Sα,θ is a positive and almost surely finite random variable. If fα is the
positive α-Stable density function, then the distribution of Sα,θ has density
function

fSα,θ
(s) =

Γ(θ + 1)

αΓ(θ/α + 1)
s

θ−1
α

−1fα(s
−1/α), (7)

where Γ stands for the Euler Gamma function. Precisely, (7) is a general-
ization of the Mittag-Leffler density function, which is recovered by setting
θ = 0 [25]. As regard to the Kr,n’s, from Pitman [23, Lemma 3.11] it follows
that

lim
n→+∞

Kr,n

nα
= pα(r)Sα,θ a.s., (8)

where

pα(r) =
α(1− α)(r−1)

r!
.

The almost-sure convergences (6) and (8) are the natural counterparts of (2)
and (4), respectively, though at different scales. Instead, it is still an open
problem of obtaining a counterpart of (3), as well as Gaussian fluctuations
for Kr,n.

1.1. Our contributions

For α ∈ (0, 1) and θ > −α, we make use of martingales to develop a
unified and comprehensive treatment of the large n asymptotic behaviours
of Kn and Kr,n, providing alternative, and rigorous, proofs of the almost-
sure limits (6) and (8), and covering the gap of Gaussian fluctuations. In
particular, we propose a new martingale construction for Kn, simpler than
that applied in Pitman [23, Theorem 3.8], which leads to an alternative
proof of (6), still relying on the strong law of large numbers for martingales.
Further, by exploiting our martingale construction, as well as (6), we show
that

√
nα

(
Kn

nα
− Sα,θ

)
L−→

n→+∞

√
S ′
α,θ N (0, 1), (9)

where S ′
α,θ is random variable independent of N (0, 1) and sharing the same

distribution as Sα,θ. We also prove the law of the iterated logarithm for Kn,
i.e.,

lim sup
n→∞

(
Kn − nαSα,θ

)2
2nα log log n

= Sα,θ a.s. (10)
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Then, we extend our analysis to the Kr,n’s, for which only a sketch of the
proof of (8) is given in Pitman [23, Lemma 3.11]. In particular, we introduce
a martingale construction forKr,n, providing a rigorous proof of (8) by means
of the strong law of large numbers for martingales. Further, by exploiting
our martingale construction and (8), we establish a Gaussian fluctuation as
well as the law of iterated logarithm for Kr,n. Critical for our study is the
work of Heyde [16], which provides sufficient conditions to achieve Gaussian
fluctuations and laws of iterated logarithm from the martingale convergence
theorem.

1.2. Organization of the paper

The paper is structured as follows. In Section 2, we present the martingale
construction for Kn and the proofs of the almost-sure convergence, as well
as the Lp convergence, the Gaussian fluctuation, and the law of iterated
logarithm. Section 3 contains an analogous asymptotic analysis for Kr,n. In
Section 4, we discuss some directions of future research. The appendices are
devoted to the sequential construction of the EP model and an alternative
proof, without relying on martingales, of the L2 convergence of Kn and Kr,n.

2. Asymptotic results for the number of partition sets

We start by introducing the keystone martingale construction for Kn.
This is a critical tool at the basis of all the results in this section. From the
sequential construction of the EP model [20, Proposition 9], for all n ≥ 1,

P(Kn+1 = Kn + k |Kn) =


αKn + θ

n+ θ
if k = 1,

n− αKn

n+ θ
if k = 0.

(11)

We refer the reader to Appendix A for more details on (11). Equation (11)
simply means that

Kn+1 = Kn + ξn+1 (12)

where the conditional distribution of the random variable ξn+1, given the
σ-algebra Fn = σ(K1, . . . , Kn), is the Bernoulli B(pn) distribution with pa-
rameter

pn =
αKn + θ

n+ θ
. (13)
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According to the above definition of the sequence (ξn), as E[ξn+1 | Fn] = pn,
we have almost surely

E[Kn+1 | Fn] = E[Kn + ξn+1 | Fn] = Kn + pn = βnKn +
θ

n+ θ
(14)

where
βn = 1 +

α

n+ θ
. (15)

Consequently, we obtain from (14) that almost surely

E
[
Kn+1 +

θ

α

∣∣∣Fn

]
= βnKn +

θ

n+ θ
+

θ

α
= βn

(
Kn +

θ

α

)
. (16)

Let (bn) be the sequence defined by b1 = 1 and for all n ≥ 2,

bn=
n−1∏
k=1

β−1
k =

n−1∏
k=1

(
k + θ

k + α + θ

)
=


(α + θ

θ

) (θ)(n)

(α + θ)(n)
if θ ̸= 0,

α(n− 1)!

(α)(n)
if θ = 0.

(17)

Denote by (Mn) the sequence of random variables defined, for all n ≥ 1, by

Mn = bnKn +

(
α + θ

α

)
(θ)(n)

(α + θ)(n)
= bn

(
Kn +

θ

α

)
. (18)

Since bn = βnbn+1, (16) immediately implies that for all n ≥ 1,

E[Mn+1 | Fn] = bn+1βn

(
Kn +

θ

α

)
= bn

(
Kn +

θ

α

)
= Mn

almost surely. Moreover, (Mn) is square integrable asKn ≤ n. Consequently,
(Mn) is a locally square integrable martingale. Moreover, noting that

Mn+1 −Mn = bn+1

(
ξn+1 − E[ξn+1 | Fn]

)
,

we have almost surely

E
[
(Mn+1−Mn)

2 | Fn

]
=b2n+1

(
E
[
ξ2n+1 | Fn

]
−E2[ξn+1 | Fn]

)
=b2n+1pn(1− pn),

which leads, via (13), to

E
[
(Mn+1 −Mn)

2 | Fn

]
= b2n+1

(
(θ + αKn)(n− αKn)

(n+ θ)2

)
a.s. (19)
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2.1. An alternative approach for the almost-sure convergence

Based on the above martingale construction, we present an alternative
proof of (2), by relying on the strong law of large numbers for martingale. Our
proof is more natural and intuitive than that of Pitman [23, Theorem 3.8],
which makes use of the exchangeable partition probability function induced
by the EP model.

Theorem 2.1. Let Kn be the number of partition sets in a random partition
of [n] distributed according to the EP model with α ∈ (0, 1) and θ > −α.
Then,

lim
n→+∞

Kn

nα
= Sα,θ a.s. (20)

where Sα,θ is a positive and almost surely finite random variable whose dis-
tribution has probability density function (7). This convergence holds in Lp

for any integer p ≥ 1,

lim
n→+∞

E
[∣∣∣∣Kn

nα
− Sα,θ

∣∣∣∣p] = 0. (21)

Proof. We already saw that (Mn) is a locally square integrable martingale.
Denote by ⟨M⟩n its predictable quadratic variation,

⟨M⟩n =
n−1∑
k=0

E[(Mk+1 −Mk)
2 | Fk].

We have from (19) that

⟨M⟩n =

(
α + θ

α

)2

+
n−1∑
k=1

b2k+1

(
(θ + αKk)(k − αKk)

(k + θ)2

)
a.s. (22)

Taking the expectation on both sides of (22), we obtain that

E
[
⟨M⟩n

]
=

(
α + θ

α

)2

+
n−1∑
k=1

b2k+1

(
θk + α(k − θ)E[Kk]− α2E[K2

k ]

(k + θ)2

)
.

Hence, it exists some constant C > 0 such that for n large enough,

E
[
⟨M⟩n

]
≤ C

n∑
k=1

b2kE[Kk]

k
. (23)
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Moreover, we have from (14) and (17) that if θ ̸= 0,

E[Kn] = b−1
n

n−1∑
k=0

(θ)(k)

(α + θ + 1)(k)
=

θ

α

(
(α + θ)(n) − (θ)(n)

(θ)(n)

)
, (24)

whereas if θ = 0,

E[Kn] =
n−1∏
k=1

(
1 +

α

k

)
=

(α)(n)

α(n− 1)!
. (25)

In addition, it follows from standard results on the asymptotic behavior of
the Euler Gamma function that for θ ̸= 0,

lim
n→+∞

1

nα

(α + θ)(n)

(θ)(n)
= lim

n→+∞

Γ(θ + 1)Γ(n+ α + θ)

nαθΓ(α + θ)Γ(n+ θ)
=

Γ(θ + 1)

θΓ(α + θ)
. (26)

Hence, we obtain from (24), (25) and (26) that whatever the value of θ > −α,

lim
n→+∞

1

nα
E[Kn] =

Γ(θ + 1)

αΓ(α + θ)
.

Consequently, we deduce from (23), (17) and (26) that

sup
n≥1

E
[
⟨M⟩n

]
< +∞. (27)

Therefore, we deduce from (27) that (Mn) is bounded in L2. Then, it fol-
lows from Doob’s martingale convergence theorem [15, Corollary 2.2], that
the sequence (Mn) converges a.s. and in L2 to a square integrable random
variable Mα,θ. In fact, we shall prove below that (Mn) is bounded in Lp for
any integer p ≥ 1 which means that (Mn) converges a.s. and in Lp to Mα,θ

for any integer p ≥ 1. Hereafter, we obtain from (18) and (26) that

lim
n→+∞

Kn

nα
= Sα,θ a.s.,

where the random variables Mα,θ and Sα,θ are tightly related by means of
the identity, which follows from (42) below,

Mα,θ =
(Γ(α + θ + 1)

Γ(θ + 1)

)
Sα,θ,
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completing the proof of (20). We shall now proceed to the proof of the
convergence in Lp for any integer p ≥ 1. In particular, we are going to
compute the falling factorial moments E[(Kn)(p)] of Kn where, for any a ∈
R, (a)(p) = a(a − 1) · · · (a − p + 1) with (a)(0) = 1. By an application of
Vandermonde identity for the falling factorial together with (12), for any
integer p ≥ 1,

(Kn+1)(p) = (Kn + ξn+1)(p) =

p∑
k=0

(
p

k

)
(Kn)(k)(ξn+1)(p−k).

By taking the conditional expectation on both sides of this identity, we obtain
that

E[(Kn+1)(p) | Fn] =

p∑
k=0

(
p

k

)
(Kn)(k)E[(ξn+1)(p−k) | Fn] a.s., (28)

where E[(ξn+1)(1) | Fn] = E[ξn+1 | Fn] = pn, and E[(ξn+1)(k) | Fn] = 0 for all
k ≥ 2. Accordingly, we can deduce from (13) and (28) that for any integer
p ≥ 1,

E[(Kn+1)(p) | Fn] = (Kn)(p) + p(Kn)(p−1)

(αKn + θ

n+ θ

)
a.s.

= (Kn)(p) +
αp

n+ θ
(Kn)(p−1)(Kn − p+ 1) + Ln(p) a.s.

=
(
1 +

αp

n+ θ

)
(Kn)(p) + Ln(p) a.s. (29)

where

Ln(p) =
(p(α(p− 1) + θ)

n+ θ

)
(Kn)(p−1).

Denote b1(p) = 1 and for all n ≥ 2,

bn(p) =
n−1∏
k=1

(
k + αp+ θ

k + θ

)
=


( θ

αp+ θ

)(αp+ θ)(n)

(θ)(n)
if θ ̸= 0,

(αp)(n)

αp(n− 1)!
if θ = 0.

(30)

It follows from (29) and (30) that for all n ≥ 2 and for any integer p ≥ 2,

E[(Kn)(p)] = bn(p)
n−1∑
k=1

(
bk+1(p)

)−1E[Lk(p)]
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leading, for θ ̸= 0, to

E[(Kn)(p)]=
(p(α(p− 1) + θ)

αp+ θ

)((αp+ θ)(n)

(θ)(n)

) n−1∑
k=1

((θ)(k)E[(Kk)(p−1)]

(αp+ θ + 1)(k)

)
(31)

while, for θ = 0, to

E[(Kn)(p)] =
((p− 1)(αp)(n)

(n− 1)!

) n−1∑
k=1

((k − 1)!E[(Kk)(p−1)]

(αp+ 1)(k)

)
. (32)

We deduce from (24) and (31) that for θ ̸= 0,

E[(Kn)(1)] =
θ

α(θ)(n)
(
(α + θ)(n) − (θ)(n)

)
,

E[(Kn)(2)] =
θ(θ + α)

α2(θ)(n)
(
(2α + θ)(n) − 2(α + θ)(n) + (θ)(n)

)
,

and more generally, for all n ≥ 1 and for any integer p ≥ 1,

E[(Kn)(p)] =

∏p−1
k=0(kα + θ)

αp(θ)(n)

p∑
k=0

(−1)p−k

(
p

k

)
(kα+ θ)(n),

=

(
θ
α

)(p)
(θ)(n)

p∑
k=0

(−1)p−k

(
p

k

)
(kα + θ)(n). (33)

In addition, we have from (25) and (32) that for θ = 0,

E[(Kn)(1)] =
(α)(n)

α(n− 1)!
,

E[(Kn)(2)] =
1

α(n− 1)!

(
(2α)(n) − 2(α)(n)

)
,

and more generally, for all n ≥ 1 and for any integer p ≥ 1,

E[(Kn)(p)] =
(p− 1)!

α(n− 1)!

p∑
k=1

(−1)p−k

(
p

k

)
(kα)(n). (34)

We obtain from (30) together with (33) and (34) that it exists a positive
constant C(p, α, θ) such that for all n ≥ 1 and p ≥ 1,

E[(Kn)(p)] ≤ C(p, α, θ)bn(p). (35)
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Moreover, we also have the elementary inequality

E[Kp
n] ≤ pp + p!E[(Kn)(p)IKn≥p]. (36)

Consequently, we find from (18), (35) and (36) that it exists a positive con-
stant D(p, α, θ) such that for all n ≥ 1 and p ≥ 1,

E[Mp
n] ≤ D(p, α, θ)bn(p)b

p
n. (37)

Furthermore, it is easy to see from (17) and (30) that

bn(p)b
p
n =

n−1∏
k=1

(
1 +

αp

k + θ

)(
1 +

α

k + θ

)−p

≤ 1. (38)

Hence, we deduce from (37) and (38) that

sup
n≥1

E[Mp
n] < +∞,

which means that the martingale (Mn) is bounded in Lp for any p ≥ 1. There-
fore, it follows from Doob’s martingale convergence theorem [15, Corollary
2.2], the sequence (Mn) converges almost surely and in Lp to a finite random
variable Mα,θ. Our goal is now to compute all the moments of Mα,θ. We shall
only carry out the proof for θ ̸= 0 inasmuch as the proof for θ = 0 follows
exactly the same arguments. First of all, as in (26),

lim
n→+∞

(αp+ θ)(n)

nαp(θ)(n)
=

Γ(θ + 1)

θΓ(αp+ θ)
.

Hence, we obtain once again from (33) that for any integer p ≥ 1,

lim
n→+∞

1

nαp
E[(Kn)(p)] =

Γ(θ + 1)

θΓ(αp+ θ)

( θ
α

)(p)
. (39)

However, we have for all p ≥ 1,

E[Kp
n] =

p∑
k=0

{
p
k

}
E[(Kn)(k)], (40)

where the curly brackets are the Stirling numbers of the second kind given
by {

p
k

}
=

1

k!

k∑
i=0

(−1)k−i

(
k

i

)
ip.
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Since,
{p
p

}
= 1, we obtain from (39) and (40) that for all p ≥ 1,

lim
n→+∞

1

nαp
E[Kp

n] =
Γ(θ + 1)

θΓ(αp+ θ)

( θ
α

)(p)
. (41)

We also recall from (17) that

lim
n→+∞

nαbn = lim
n→+∞

nα(θ + 1)(n)
(α + θ + 1)(n)

=
Γ(α + θ + 1)

Γ(θ + 1)
. (42)

Consequently, it follows from the conjunction of (18), (41) and (42) that

lim
n→+∞

E[Mp
n] = lim

n→+∞
b pnE

[(
Kn +

θ

α

)p]
= lim

n→+∞
b pn

p∑
k=0

(
p

k

)
E[Kk

n]

(
θ

α

)p−k

,

which drastically reduces to

lim
n→+∞

E[Mp
n] = lim

n→+∞
b pnE[Kp

n]=

(
Γ(α + θ + 1)

Γ(θ + 1)

)p
Γ(θ + 1)

θΓ(αp+ θ)

(
θ

α

)(p)

. (43)

It immediately leads, for all p ≥ 1, to

E[Mp
α,θ] =

(
Γ(α + θ + 1)

Γ(θ + 1)

)p
Γ(θ + 1)

θΓ(αp+ θ)

(
θ

α

)(p)

,

as well as

E[Sp
α,θ] =

Γ(θ + 1)

θΓ(αp+ θ)

(
θ

α

)(p)

.

The distribution of the random variable Sα,θ has probability density function
given by (7). Finally, (21) follows from (20) and (41) together with Riesz-
Scheffé theorem, which completes the proof of Theorem 2.1.

Remark 2.2. An alternative proof of the convergence in L2 given by (21),
which follows directly from the Poisson process construction of the EP model
[21, Proposition 9] can be found in Appendix B. See also Pitman [23, Chapter
4].
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2.2. The Gaussian fluctuation

Our martingale approach for Kn suggests that, in addition to the almost-
sure convergence, it is possible to establish a Gaussian fluctuations of Kn,
properly normalized, around its almost-sure limit Sα,θ.

Theorem 2.3. Let Kn be the number of partition sets in a random partition
of [n] distributed according to the EP model with α ∈ (0, 1) and θ > −α.
Then,

Kn − nαSα,θ√
Kn

L−→
n→+∞

N (0, 1), (44)

where N (0, 1) denotes a standard Gaussian random variable. Moreover, we
also have

√
nα

(
Kn

nα
− Sα,θ

)
L−→

n→+∞

√
S ′
α,θ N (0, 1), (45)

where S ′
α,θ is a random variable independent of N (0, 1) and sharing the same

distribution as Sα,θ.

Proof. The proof relies on a beautiful result due to [16] concerning with
Gaussian fluctuations for martingales. For all n ≥ 1, denote ∆Mn+1 =
Mn+1 −Mn and

Λn =
∞∑
k=n

E
[
∆M2

k+1|Fk

]
.

We immediately have from (19) that

Λn =
∞∑
k=n

b2k+1

(
(θ + αKk)(k − αKk)

(k + θ)2

)
. (46)

On the one hand, we know from (20) that

lim
n→+∞

Kn

nα
= Sα,θ a.s. (47)

On the other hand, we already saw from (42) that

lim
n→+∞

nαbn =
Γ(α + θ + 1)

Γ(θ + 1)
. (48)

Consequently, we deduce from (46), (47) and (48) that

lim
n→+∞

nαΛn =
(Γ(α + θ + 1)

Γ(θ + 1)

)2
Sα,θ a.s. (49)

13



By the same token, if

s2n = E[Λn] =
∞∑
k=n

E
[
∆M2

k+1

]
,

we also have

s2n =
∞∑
k=n

b2k+1

(
θk + α(k − θ)E[Kk]− α2E[K2

k ]

(k + θ)2

)
.

However, we already saw from (41) that

lim
n→+∞

1

nα
E[Kn] =

Γ(θ + 1)

αΓ(α + θ)
(50)

and

lim
n→+∞

1

n2α
E[K2

n] =
(α + θ)Γ(θ + 1)

α2Γ(2α + θ)
. (51)

It ensures that

lim
n→+∞

nαs2n =
(α + θ

α

)Γ(α + θ + 1)

Γ(θ + 1)
.

Hereafter, we claim that for any η > 0,

lim
n→+∞

nα

∞∑
k=n

E
[
∆M2

k+1I{|∆Mk+1|>η
√
n−α}

]
= 0. (52)

As a matter of fact, we clearly have for any η > 0,

nα

∞∑
k=n

E
[
∆M2

k+1I{|∆Mk+1|>η
√
n−α}

]
≤ n2α

η2

∞∑
k=n

E
[
∆M4

k+1

]
.

Moreover, it follows from tedious but straightforward calculations that for
all n ≥ 1,

E
[
∆M4

n+1|Fn

]
= b4n+1

4∑
p=0

en(p)K
p
n (53)

where

en(0) =
nθ

(n+ θ)4
(n2 − nθ + θ2),

14



en(1) =
α(n− θ)

(n+ θ)4
(n2 − 4nθ + θ2),

en(2) =
−2α2(2n− θ)(n− 2θ)

(n+ θ)4
,

en(3) =
6α3(n− θ)

(n+ θ)4
,

en(4) = −3α4

n4
.

Taking the expectation on both sides of (53), we obtain that for all n ≥ 1,

E
[
∆M4

n+1

]
= b4n+1

4∑
p=0

en(p)E[Kp
n] (54)

Furthermore, we already saw from (41) that

lim
n→+∞

1

n3α
E[K3

n] =
(α + θ)(2α + θ)Γ(θ + 1)

α3Γ(3α + θ)
(55)

and

lim
n→+∞

1

n4α
E[K4

n] =
(α + θ)(2α + θ)(3α + θ)Γ(θ + 1)

α4Γ(4α + θ)
. (56)

Hence, we deduce from (48) and (54) together with (50), (51), (55) and (56)
that

lim
n→+∞

n1+3αE
[
∆M4

n+1

]
= (α + θ)

(Γ(α + θ + 1)

Γ(θ + 1)

)3
. (57)

Consequently, we obtain from (57) that

lim
n→+∞

n3α

∞∑
k=n

E
[
∆M4

k+1

]
= (α + θ)

(Γ(α + θ + 1)

Γ(θ + 1)

)3
which clearly leads to (52). Finally, let (Pn) be the martingale defined by

Pn+1 =
n∑

k=1

kα
(
∆M2

k+1 − E[∆M2
k+1 | Fk]

)
. (58)

Its predictable quadratic variation is given by

⟨P ⟩n+1 =
n∑

k=1

k2α
(
E[∆M4

k+1 | Fk]− (E[∆M2
k+1 | Fk])

2
)
.
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Therefore, we find from (53) that

⟨P ⟩n+1 ≤
4∑

p=0

n∑
k=1

k2αb4k+1ek(p)K
p
k .

One can observe that we always have en(4) < 0. For n large enough, en(2) <
0. Furthermore, it exists some constant C > 0 such that for n large enough,
en(0) ≤ C/n, en(1) ≤ C/n and en(3) ≤ C/n3. Consequently, we get that for
n large enough,

⟨P ⟩n ≤ C

(
n∑

k=1

k2αb4k
k

+
n∑

k=1

k2αb4kKk

k
+

n∑
k=1

k2αb4kK
3
k

k3

)
. (59)

Hence, we obtain from (47), (48) and (59) that ⟨P ⟩n converges a.s. to a finite
random variable. Then, we deduce from the strong law of large numbers for
martingales given by the first part of [8, Theorem 1.3.15] that (Pn) converges
a.s. to a finite random variable. All the conditions of the second part of
Theorem 1 and Corollaries 1 and 2 in [16] are satisfied, which leads to

Mn −Mα,θ√
Λn

L−→
n→+∞

N (0, 1) (60)

as well as to

√
nα(Mn −Mα,θ)

L−→
n→+∞

Γ(α + θ + 1)

Γ(θ + 1)

√
S ′
α,θN (0, 1), (61)

where Mα,θ is the almost-sure limit of the martingale (Mn) and S ′
α,θ is inde-

pendent of the Gaussian N (0, 1) random variable and S ′
α,θ shares the same

distribution as Sα,θ. However, the random variables Mα,θ and Sα,θ are tightly
related through

Mα,θ =
(Γ(α + θ + 1)

Γ(θ + 1)

)
Sα,θ.

In addition, we obtain from the asymptotic behavior of the ratio of two
Gamma functions that

bn =
Γ(α + θ + 1)

Γ(θ + 1)nα

(
1− α(2θ + α− 1)

2n
+O

( 1

n2

))
. (62)

Finally, the Gaussian fluctuations (44) and (45) follow from (60) and (61)
together with the almost-sure convergences (20), (49), (62) and Slutsky’s
lemma, which achieves the proof of Theorem 2.3.
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2.3. The law of the iterated logarithm

We conclude our asymptotic analysis of Kn by establishing the law of
iterated logarithm.

Theorem 2.4. Let Kn be the number of partition sets in a random partition
of [n] distributed according to the EP model with α ∈ (0, 1) and θ > −α.
Then,

lim sup
n→∞

(
Kn − nαSα,θ√
2Kn log log n

)
= − lim inf

n→∞

(
Kn − nαSα,θ√
2Kn log log n

)
= 1 a.s. (63)

Moreover, we also have

lim sup
n→∞

(
Kn − nαSα,θ√
2nα log log n

)
= − lim inf

n→∞

(
Kn − nαSα,θ√
2nα log log n

)
=
√
Sα,θ a.s.

In particular,

lim sup
n→∞

(
Kn − nαSα,θ

)2
2nα log log n

= Sα,θ a.s.

Proof. The proof is a direct application of [16]. Using the same notation as
in the proof of Theorem 2.3, we have for any η > 0,

∞∑
n=1

nα/2E
[
|∆Mn|I{|∆Mn|>η

√
n−α}

]
≤ 1

η3

∞∑
n=1

n2αE
[
∆M4

n

]
. (64)

Hence, we deduce from (57) and (64) that it exists some constant C > 0 such
that

∞∑
n=1

nα/2E
[
|∆Mn|I{|∆Mn|>η

√
n−α}

]
≤ C

∞∑
n=1

1

n1+α
< ∞.

Moreover, we also have for any δ > 0,

∞∑
n=1

n2αE
[
∆M4

nI{|∆Mn|≤δ
√
n−α}

]
≤

∞∑
n=1

n2αE
[
∆M4

n

]
< ∞.

Furthermore, we already saw that the martingale (Pn), defined by (58), con-
verges a.s. to a finite random variable. Consequently, all the conditions of
the second part of Theorem 1 and Corollary 2 in [16] are satisfied, which
ensures that

lim sup
n→∞

(
Mn −Mα,θ√
2Λn log log n

)
= − lim inf

n→∞

(
Mn −Mα,θ√
2Λn log log n

)
= 1 a.s. (65)
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where Mα,θ is the almost-sure limit of the martingale (Mn). Finally, the law
of iterated logarithm (63) follows from (65) together with the almost-sure
convergences (20) and (49), which completes the proof of Theorem 2.4.

3. Asymptotic results for the partition subsets of size r

We start by introducing the keystone martingale construction for Kr,n.
In particular, our approach is different from that developed in Section 2,
since we are going to build a martingale that will not converge almost surely
to a finite random variable. First, we consider the case r = 1. From the
sequential construction of the EP model [20, Proposition 9], we have for all
n ≥ 1,

K1,n+1 = K1,n + ξ1,n+1 (66)

where the conditional distribution of the random variable ξ1,n+1, given the
σ-algebra Fn = σ(K1, . . . , Kn, K1,1, . . . , K1,n), is such that

P(ξ1,n+1 = k | Fn) =


p1,n if k = 1,

q1,n if k = −1,

1− p1,n − q1,n if k = 0,

(67)

where

p1,n =
αKn + θ

n+ θ
and q1,n =

(1− α)K1,n

n+ θ
. (68)

We refer the reader to Appendix A for more details on (67). From definition of
the sequence (ξ1,n), we clearly have E[ξ1,n+1 | Fn] = p1,n− q1,n. Consequently,
we obtain from (66) that

E[K1,n+1 | Fn] = E[K1,n + ξ1,n+1 | Fn] = K1,n + p1,n − q1,n a.s,

which leads to

E[K1,n+1 | Fn] = β1,nK1,n + p1,n a.s., (69)

where

β1,n = 1− 1− α

n+ θ
=

n− 1 + θ + α

n+ θ
. (70)
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Let (b1,n) be the sequence defined by b1,1 = 1 and for all n ≥ 2,

b1,n =
n−1∏
k=1

β−1
1,k =

n−1∏
k=1

(
k + θ

k − 1 + θ + α

)
=

(θ + 1)(n−1)

(α + θ)(n−1)
. (71)

Now, we introduce the sequence of random variables (M1,n) that is defined,
for all n ≥ 1, by

M1,n = b1,nK1,n − A1,n, (72)

where

A1,n =
n−1∑
k=1

b1,k+1

(
αKk + θ

k + θ

)
. (73)

One can observe that A1,n+1 = A1,n + p1,nb1,n+1 and b1,n = β1,nb1,n+1. Hence,
we have from (69) and (70) that for all n ≥ 1,

E[M1,n+1 | Fn] = b1,n+1E[K1,n+1 | Fn]− A1,n+1

= b1,n+1(β1,nK1,n + p1,n)− A1,n − p1,nb1,n+1

= β1,nb1,n+1K1,n − A1,n

= b1,nK1,n − A1,n

= M1,n

almost surely. Moreover, (M1,n) is square integrable as K1,n ≤ Kn ≤ n.
Consequently, (M1,n) is a locally square integrable martingale. Because of
(67), it is not hard to compute all the higher order conditional moments of
(M1,n). For example, as

∆M1,n+1 = M1,n+1 −M1,n = b1,n+1(K1,n+1 − E[K1,n+1 | Fn])

we clearly have from (66) and (69) that

E[(∆M1,n+1)
2 | Fn] = b21,n+1(E[K

2
1,n+1 | Fn]− (E[K1,n+1 | Fn])

2)

with
E[K2

1,n+1 | Fn] = K2
1,n + 2K1,n(p1,n − q1,n) + p1,n + q1,n

and
(E[K1,n+1 | Fn])

2 = (K1,n + p1,n − q1,n)
2

almost surely, which reduces to

E[(∆M1,n+1)
2 | Fn] = b21,n+1

(
p1,n + q1,n − (p1,n − q1,n)

2
)

a.s. (74)
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The above calculations extend easily to the case r ≥ 2. From the sequential
construction of the EP model [20, Proposition 9], we have for all n ≥ 1,

Kr,n+1 = Kr,n + ξr,n+1 (75)

where the conditional distribution of the random variable ξr,n+1, given the
σ-algebra Fn = σ(Kr−1,1, . . . , Kr−1,n, Kr,1, . . . , Kr,n), is such that

P(ξr,n+1 = k | Fn) =


pr,n if k = 1,

qr,n if k = −1,

1− pr,n − qr,n if k = 0,

(76)

where

pr,n =
(r − 1− α)Kr−1,n

n+ θ
and qr,n =

(r − α)Kr,n

n+ θ
. (77)

We refer the reader to Appendix A for more details on (76). As before,
E[ξr,n+1 | Fn] = pr,n − qr,n, which implies that

E[Kr,n+1 | Fn] = βr,nKr,n + pr,n a.s., (78)

where

βr,n = 1− r − α

n+ θ
=

n− r + θ + α

n+ θ
. (79)

Let (br,n) be the sequence defined by br,1 = 1 and for all n ≥ 2,

br,n =
n−1∏
k=r

β−1
r,k =

n−1∏
k=r

(
k + θ

k − r + θ + α

)
=

(θ + 1)(n−1)

(α + θ)(n−r)
. (80)

Hereafter, we introduce the sequence of random variables (Mr,n) that is de-
fined, for all n ≥ 1, by

Mr,n = br,nKr,n − Ar,n, (81)

where

Ar,n =
n−1∑
k=1

br,k+1

(
r − 1− α

k + θ

)
Kr−1,k. (82)
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Since Ar,n+1 = Ar,n + pr,nbr,n+1 and br,n = βr,nbr,n+1, we have from (78) and
(79) that for all n ≥ 1,

E[Mr,n+1 | Fn] = br,n+1E[Kr,n+1 | Fn]− Ar,n+1

= br,n+1(βr,nKr,n + pr,n)− Ar,n − pr,nbr,n+1

= βr,nbr,n+1Kr,n − Ar,n

= br,nKr,n − Ar,n

= Mr,n

almost surely. In addition, (Mr,n) is square integrable as Kr,n ≤ Kn ≤ n.
Consequently, (Mr,n) is a locally square integrable martingale. Because of
(76), it is not hard to compute all the higher order conditional moments of
(Mr,n), as it was previously done for r = 1.

3.1. An alternative approach for the almost-sure convergence

Based on the above martingale construction, we present an alternative
proof of (8), relying on the strong law of large numbers for martingale. Our
proof is more rigorous than Pitman [23, Lemma 3.11], which contains only a
sketch for the proof of (8).

Theorem 3.1. Let Kr,n be the number of partition subsets of size r in a
random partition of [n] distributed according to the EP model with α ∈ (0, 1)
and θ > −α. Then, for all r ≥ 1

lim
n→+∞

Kr,n

nα
= pα(r)Sα,θ a.s. (83)

where

pα(r) =
α(1− α)(r−1)

r!

and Sα,θ is a positive and almost surely finite random variable whose distri-
bution has probability density function (7). This convergence holds in Lp for
any integer p ≥ 1,

lim
n→+∞

E
[∣∣∣∣Kr,n

nα
− pα(r)Sα,θ

∣∣∣∣p] = 0. (84)

Proof. The proof is by induction on r ≥ 1. In particular, we start by con-
sidering the case r = 1. We already saw that (M1,n) is a locally square
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integrable martingale. We deduce from (74) that its predictable quadratic
variation is given by

⟨M1⟩n =
n−1∑
k=1

b21,k+1

(
p1,k + q1,k − (p1,k − q1,k)

2
)
.

Consequently,

⟨M1⟩n ≤
n−1∑
k=1

b21,k+1

(
p1,k + q1,k

)
.

On the one hand, it follows directly from the definition of p1,n in (68) together
with the almost-sure convergence (20) that

lim
n→+∞

n1−αp1,n = αSα,θ a.s. (85)

On the other hand, we have from (71) that

lim
n→+∞

b1,n
n1−α

=
Γ(α + θ)

Γ(θ + 1)
. (86)

Accordingly, as (n + θ)q1,n ≤ Kn, we deduce from (85) and (86) through a
direct application of Toeplitz lemma that

⟨M1⟩n = O

(
n∑

k=1

k1−α

)
= O(n2−α) a.s.

Therefore, it follows from the strong law of large numbers for martingales
given by [8, Theorem 1.3.24] that

(M1,n)
2 = O(n2−α log n) a.s.,

which leads to

(b1,nK1,n − A1,n)
2 = O(n2−α log n) a.s.

It clearly implies that

lim
n→+∞

b1,nK1,n − A1,n

n
= 0 a.s. (87)
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Furthermore, by combining (85) and (86) together with (73), we find that

lim
n→+∞

A1,n

n
=

αΓ(α + θ)

Γ(θ + 1)
Sα,θ a.s. (88)

Consequently, we obtain from (87) and (88) that

lim
n→+∞

b1,nK1,n

n
= lim

n→+∞

A1,n

n
=

αΓ(α + θ)

Γ(θ + 1)
Sα,θ a.s.

Then, we deduce from (86) that

lim
n→+∞

K1,n

nα
= αSα,θ a.s.

This completes the proof for r = 1. For r ≥ 2, we shall proceed by induction,
assuming that

lim
n→+∞

Kr−1,n

nα
=

α(1− α)(r−2)

(r − 1)!
Sα,θ a.s. (89)

We already saw that (Mr,n) is a locally square integrable martingale. As in
the case r = 1, one can easily see that its predictable quadratic variation is
given by

⟨Mr⟩n =
n−1∑
k=1

b2r,k+1

(
pr,k + qr,k − (pr,k − qr,k)

2
)
. (90)

On the one hand, it follows from the definition of pr,n in (77) together with
the induction hypothesis (89) that

lim
n→+∞

n1−αpr,n =
(r − 1− α)α(1− α)(r−2)

(r − 1)!
Sα,θ a.s.

=
α(1− α)(r−1)

(r − 1)!
Sα,θ a.s. (91)

On the other hand, we have from (80) that

lim
n→+∞

br,n
nr−α

=
Γ(α + θ)

Γ(θ + 1)
. (92)
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Accordingly, as (n+θ)qr,n ≤ rKn, we deduce from (90), (91) and (92) together
with Toeplitz lemma that

⟨Mr⟩n = O

(
n∑

k=1

k2r−1−α

)
= O(n2r−α) a.s.

Therefore, it follows from the strong law of large numbers for martingales
that

(Mr,n)
2 = O(n2r−α log n) a.s.,

which leads to

(br,nKr,n − Ar,n)
2 = O(n2r−α log n) a.s.

As before, it implies that

lim
n→+∞

br,nKr,n − Ar,n

nr
= 0 a.s. (93)

Hereafter, by combining (91) and (92) together with (82), we obtain that

lim
n→+∞

Ar,n

nr
=

Γ(α + θ)

Γ(θ + 1)

α(1− α)(r−1)

r!
Sα,θ a.s. (94)

Finally, we find from (93) and (94) that

lim
n→+∞

br,nKr,n

nr
= lim

n→+∞

Ar,n

nr
=

Γ(α + θ)

Γ(θ + 1)

α(1− α)(r−1)

r!
Sα,θ a.s.

which ensures via (86) that

lim
n→+∞

Kr,n

nα
=

α(1− α)(r−1)

r!
Sα,θ a.s.

It only remains to prove the convergence in Lp given by (84). We have from
Favaro et al. [12, Proposition 1] that for any integer p ≥ 1,

E[(Kr,n)(p)] = (pr(α))
p n!

(n− rp)!

n−pr∑
k=0

(
θ
α

)(k+p)

(θ)(n)
C (n− pr, k;α) (95)

= (pr(α))
p n!

(n− rp)!

(
θ

α

)(p) n−pr∑
k=0

(
θ
α
+ p
)(k)

(θ)(n)
C (n− pr, k;α)
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where C (n, k;α) is the generalized factorial coefficient [5, Chapter 2],

C (n, k;α) =
1

k!

k∑
j=1

(−1)j
(
k

j

)
(−jα)(n).

An application of [5, Equation 2.46] allows to solve the summation over k in
(95). More precisely,

E[(Kr,n)(p)] = (pr(α))
p n!

(n− rp)!

(
θ

α

)(p)
(θ + αp)(n−rp)

(θ)(n)
.

Consequently,

lim
n→+∞

1

nαp
E[(Kr,n)(p)] =

(
pr(α)

)p( θ
α

)(p) Γ(θ + 1)

θΓ(αp+ θ)

( θ
α

)(p)
(96)

However, as in identity (40), we have

E[Kp
r,n] =

p∑
k=0

{
p
k

}
E[(Kr,n)(k)]. (97)

Then, we deduce from (96) and (97) that

lim
n→+∞

1

nαp
E[Kp

r,n] =
(
pr(α)

)p Γ(θ + 1)

θΓ(αp+ θ)

( θ
α

)(p)
= E

[(
pr(α)Sα,θ

)p]
. (98)

Finally, (84) follows from (83) and (98) together with Riesz-Scheffé theorem,
which completes the proof of Theorem 3.1.

Remark 3.2. An alternative proof of the convergence in L2 given by (3.1),
which follows directly from the Poisson process construction of the EP model
[21, Proposition 9] can be found in Appendix B. See also Pitman [23, Chapter
4].

3.2. The Gaussian fluctuation

We shall now focus on a Gaussian fluctuation of Kr,n, properly normal-
ized, around an estimator of its almost-sure limit pα(r)Sα,θ.
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Theorem 3.3. Let Kr,n be the number of partition subsets of size r in a
random partition of [n] distributed according to the EP model with α ∈ (0, 1)
and θ > −α. Then, for all r ≥ 1

1√
Kr,n

(
Kr,n −

Ar,n

br,n

)
L−→

n→+∞
N (0, 1), (99)

where N (0, 1) denotes a standard Gaussian random variable. Moreover, we
also have for all r ≥ 1

√
nα

(
Kr,n

nα
− Ar,n

br,nnα

)
L−→

n→+∞

√
pα(r)S ′

α,θ N (0, 1), (100)

where S ′
α,θ is a random variable independent of N (0, 1) and sharing the same

distribution as Sα,θ.

Proof. We are going to carry out the proof for any r ≥ 1. It follows from
(83), (90), (91) and (92) together with Toeplitz lemma that the predictable
quadratic variation ⟨Mr⟩n satisfies

lim
n→+∞

⟨Mr⟩n
n2r−α

= pα(r)

(
Γ(α + θ)

Γ(θ + 1)

)2

Sα,θ a.s. (101)

Moreover, we have from (84) with p = 1 and p = 2 that

lim
n→+∞

n1−αE[pr,n] = (r − 1− α)pα(r − 1)E[Sα,θ] (102)

and
lim

n→+∞
n2−2αE[p2r,n] = (r − 1− α)2p2α(r − 1)E[S2

α,θ]. (103)

In addition, we also have from (84) with p = 1 and p = 2 that

lim
n→+∞

n1−αE[qr,n] = (r − α)pα(r)E[Sα,θ] (104)

and
lim

n→+∞
n2−2αE[q2r,n] = (r − α)2p2α(r)E[S2

α,θ]. (105)

Therefore, denote s2r,n = E[⟨Mr⟩n]. We deduce from (90) and (92) together
with (102), (103), (104) and (105) that

lim
n→+∞

s2r,n
n2r−α

= lim
n→+∞

1

n2r−α

n−1∑
k=1

b2r,k+1

(
E[pr,k] + E[qr,k]

)
,
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=
pα(r)

α

(
Γ(α + θ)

Γ(θ + 1)

)
. (106)

Hence, we obtain from (101) and (106) that

lim
n→+∞

⟨Mr⟩n
s2r,n

= α

(
Γ(α + θ)

Γ(θ + 1)

)
Sα,θ a.s. (107)

We are now going to show that for any η > 0,

lim
n→+∞

1

n2r−α

n∑
k=1

E
[
∆M2

r,kI{|∆Mr,k|>ηsr,n}
]
= 0. (108)

We clearly have for any η > 0,

n∑
k=1

E
[
∆M2

r,kI{|∆Mr,k|>ηsr,n}
]
≤ 1

η2s2r,n

n∑
k=1

E
[
∆M4

r,k

]
.

According to (106), in order to prove (108), it is only necessary to show that

lim
n→+∞

1

n4r−2α

n∑
k=1

E
[
∆M4

r,k

]
= 0. (109)

As in the proof of (53), it follows from tedious but straightforward calcula-
tions that for all n ≥ 1,

E
[
∆M4

r,n+1|Fn

]
= b4r,n+1

4∑
ℓ=1

er,n(ℓ) (110)

where

er,n(1) = (pr,n + qr,n),

er,n(2) = −4(pr,n − qr,n)
2,

er,n(3) = 6(pr,n + qr,n)(pr,n − qr,n)
2,

er,n(4) = −3(pr,n − qr,n)
4.

Then, it follows from (110) that it exists some constant C > 0 such that for
n large enough,

E
[
∆M4

r,n+1|Fn

]
≤ Cb4r,n+1

(
pr,n + qr,n

)
. (111)
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Taking the expectation on both sides of (111), we obtain that for n large
enough,

E
[
∆M4

r,n+1

]
≤ Cb4r,n+1

(
E[pr,n] + E[qr,n]

)
. (112)

Consequently, we deduce from (92), (102), (104) and (112) that

n∑
k=1

E
[
∆M4

r,k

]
= O

(
n∑

k=1

k4r−1−3α

)
= O(n4r−3α)

which leads to (109). Hence, we find from Corollary 1 in [16] that

Mr,n√
⟨Mr⟩n

L−→ N (0, 1), (113)

and

Mr,n

sr,n

L−→
n→+∞

√
αΓ(α + θ)

Γ(θ + 1)

√
S ′
α,θN (0, 1) (114)

where S ′
α,θ stands for a random variable independent of N (0, 1) and sharing

the same distribution as Sα,θ. Finally, as Mr,n = br,nKr,n−Ar,n, the Gaussian
fluctuations (99) and (100) follow from (92), (113) and (114) together with
the almost-sure convergences (83), (101), (107) and Slutsky’s lemma, which
achieves the proof of Theorem 3.3.

3.3. The law of the iterated logarithm

We conclude our asymptotic analysis of Kr,n by establishing the law of
the iterated logarithm.

Theorem 3.4. Let Kr,n be the number of partition subsets of size r in a
random partition of [n] distributed according to the EP model with α ∈ (0, 1)
and θ > −α. Then, for all r ≥ 1

lim sup
n→∞

√
nα

2 log log n

(
Kr,n

nα
− Ar,n

br,nnα

)
(115)

= − lim inf
n→∞

√
nα

2 log log n

(
Kr,n

nα
− Ar,n

br,nnα

)
=

√
pα(r)Sα,θ a.s.

In particular,

lim sup
n→∞

nα

2 log log n

(
Kr,n

nα
− Ar,n

br,nnα

)2

= pα(r)Sα,θ a.s.
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Proof. As in Section 2, the proof is a direct application of [16]. We have for
any η > 0,

∞∑
n=1

nα/2

nr
E
[
|∆Mr,n|I{√nα|∆Mr,n|>ηnr}

]
≤ 1

η3

∞∑
n=1

n2α

n4r
E
[
∆M4

r,n

]
. (116)

Hence, we deduce from (112) and (116) together with (92), (102) and (104)
that it exists some constant C > 0 such that

∞∑
n=1

nα/2

nr
E
[
|∆Mr,n|I{√nα|∆Mr,n|>ηnr}

]
≤ C

∞∑
n=1

1

n1+α
< ∞.

Moreover, we also have for any δ > 0,
∞∑
n=1

n2α

n4r
E
[
∆M4

r,nI{
√
nα|∆Mr,n|≤δnr}

]
≤

∞∑
n=1

n2α

n4r
E
[
∆M4

r,n

]
< ∞.

Hereafter, let (Pr,n) be the martingale defined by

Pr,n+1 =
n∑

k=1

kα

k2r

(
∆M2

r,k+1 − E[∆M2
r,k+1 | Fk]

)
. (117)

Its predictable quadratic variation is given by

⟨Pr⟩n+1 =
n∑

k=1

k2α

k4r

(
E[∆M4

k+1 | Fk]− (E[∆M2
k+1 | Fk])

2
)
.

Hence, we obtain from (111) that it exists some constant C > 0 such that
for n large enough,

⟨Pr⟩n ≤ C
n∑

k=1

k2α

k4r
b4r,k+1

(
pr,k + qr,k

)
. (118)

Consequently, we deduce from (90), (91) and (118) that ⟨Pr⟩n converges
a.s. to a finite random variable. Then, it follows from the strong law of
large numbers for martingales that (Pr,n) converges a.s. to a finite random
variable. Therefore, all the conditions of the second part of Theorem 1 and
Corollary 2 in [16] are satisfied, which ensures that

lim sup
n→∞

Mr,n√
2⟨Mr⟩n log log n

= − lim inf
n→∞

Mr,n√
2⟨Mr⟩n log log n

= 1 a.s. (119)

Finally, as Mr,n = br,nKr,n −Ar,n, the law of iterated logarithm (115) follows
from (92) together with the almost-sure convergence (101) and (119), which
completes the proof of Theorem 3.4.
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4. Discussion

In this paper, we presented a unified and comprehensive treatment of the
large n asymptotic behaviour ofKn andKr,m in the EP model with α ∈ (0, 1)
and θ > −α. By means of a novel martingale construction for Kn and Kr,m,
we obtained alternative, and rigorous, proofs of the almost-sure convergence
of Kn and Kr,n, and also covered the gap of Gaussian fluctuations. We argue
that our martingale approach may be further investigated to refine Theorem
2.1 and Theorem 3.1 in terms of Berry–Esseen theorems, as well as sharp large
deviations and concentration inequalities for Kn and Kr,n. We refer to Feng
and Hoppe [14], Favaro et al. [10], Favaro et al. [11], Dolera and Favaro [6] and
Oliveira et al. [18] for early results along these lines of research. Investigating
the large n asymptotic behaviour of functions that involve both Kn and the
Kr,n’s is also a promising direction for future research. Our almost-sure limits
imply

lim
n→+∞

K1,n

Kn

= α a.s.,

meaning that K1,n/Kn is a consistent estimator for the parameter α. Estab-
lishing a Gaussian fluctuation for K1,n/Kn is an interesting open problem,
with potential applications in the context of Bayesian nonparametric statis-
tics [3, 13]. A further problem of interest is to establish an almost-sure limit
and a Gaussian fluctuation for (K1,n, K2,n, . . .), thus providing a counterpart
of (5).

Appendix A. Sequential or generative construction of the EP model

The purpose of this appendix is to recall the sequential construction of the
EP model given in the seminal work of Pitman [20, Proposition 9]. For any
α ∈ [0, 1), θ > −α, an exchangeable random partition of [n] = {1, . . . , n} can
be recursively constructed as follows: conditionally on the total size Kn = k
of the partition and on the partition subsets {A1, . . . , Ak} of corresponding
sizes (n1, . . . , nk), the partition [n + 1] is an extension of [n] such that the
element n+ 1 is attached to subset Ai for 1 ≤ i ≤ k, with probability

ni − α

n+ θ
,

or forms a new subset with probability

αk + θ

n+ θ
.
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Since n = n1 + · · ·+ nk, we clearly have

1

n+ θ

k∑
i=1

(ni − α) +
αk + θ

n+ θ
=

n− αk + αk + θ

n+ θ
= 1.

Hereafter, for Kn ∈ {1, . . . , n}, denote by Nn = (N1,n, . . . , NKn,n) the sizes
of the partition subsets {A1, . . . , AKn}. Pitman [20, Proposition 9] shows
that the above construction leads to the joint distribution (1) of the random
vector (Kn,Nn). This is the reason with the above construction is referred
to as the sequential or generative construction of the EP model. Equation
(11) clearly follows from the above construction since

P(Kn+1 = Kn + 1 |Kn) =
αKn + θ

n+ θ
.

Equation (67) also follows from the above construction as

P(ξ1,n+1 = 1 | Fn) =
αKn + θ

n+ θ
,

while for n1 = 1,

P(ξ1,n+1 = −1 | Fn) =
(1− α)K1,n

n+ θ
.

Moreover, we also deduce Equation (76) from the above construction since
for all r ≥ 2 and for ni = r − 1,

P(ξr,n+1 = 1 | Fn) =
(r − 1− α)Kr−1,n

n+ θ
,

whereas for ni = r

P(ξr,n+1 = −1 | Fn) =
(r − α)Kr,n

n+ θ
.

Finally, it shows that Equations (11), (67) and (76) follow from the sequential
or generative construction of the EP model.
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Appendix B. Alternative proofs of the convergence in L2

B.1. L2 convergence of the number of partition sets

We propose an alternative proof, without martingale, of the L2 conver-
gence of Kn,

lim
n→+∞

E

[(
Kn

nα
− Sα,θ

)2
]
= 0. (B.1)

The proof follows from the Poisson process construction of the EP model [21,
Proposition 9]. See also Pitman [23, Chapter 4]. From Pitman [23, Equation
3.11],

P(Kn = k) =

(
θ
α

)(k)
(θ)(n)

C (n, k;α). (B.2)

Denote Tα,θ = S
−1/α
α,θ . By combining Pitman [21, Equation 66] with Char-

alambides [4, Equation 2.61],

P(Kn = k |Tα,θ = t) = Vn,k(t)
C (n, k;α)

αk
, (B.3)

where

Vn,k(t) =
1

Γ(n− kα)

( α
tα

)k ∫ 1

0

vn−1−kαfα((1− v)t)

fα(t)
dv

with fα being the positive α-Stable density function. Then, it follows from
(7) and (B.3), as well as the tower property of the conditional expectation,
that

E[KnSα,θ] =

∫ ∞

0

E[KnSα,θ|Sα,θ = s]fSα,θ
(s)ds,

=
Γ(θ + 1)

Γ (θ/α + 1)

∫ +∞

0

E[Kn|Tα,θ = t]t−α−θfα(t)dt,

=
Γ(θ + 1)

Γ (θ/α + 1)

n∑
k=1

k

∫ +∞

0

P(Kn = k |Tα,θ = t)t−α−θfα(t)dt,

=
Γ(θ + 1)

Γ (θ/α + 1)

n∑
k=1

kC (n, k;α)

Γ(n− kα)
In,k(t), (B.4)

where

In,k(t) =

∫ +∞

0

t−kα−α−θ

∫ 1

0

vn−1−kαfα((1− v)t)dvdt,
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=

∫ +∞

0

z−kα−α−θ

∫ 1

0

vn−1−kα(1− v)kα+α+θ−1fα(z)dvdz.

Since ∫ +∞

0

z−kα−α−θfα(z)dz =
Γ (θ/α + k + 2)

Γ(α + θ + kα+ 1)
,

and ∫ 1

0

vn−kα−1(1− v)kα+α+θ−1dv =
Γ(n− kα)Γ(kα + α + θ)

Γ(n+ α + θ)
,

the expectation (B.4) reduces to

E[KnSα,θ] =
Γ(θ + 1)

Γ (θ/α + 1)Γ(n+ α + θ)

n∑
k=1

kC (n, k;α)

(α + θ + kα)
Γ (θ/α + k + 2) ,

=
Γ(θ + n)

Γ(n+ α + θ)

n∑
k=1

k

(
θ

α
+ k

) ( θ
α

)(k)
(θ)(n)

C (n, k;α). (B.5)

Hence, it follows from (B.2) and (B.5) that

E[KnSα,θ] =
Γ(θ + n)

Γ(n+ α + θ)

(
θ

α
E[Kn] + E[K

2
n]

)
. (B.6)

We are now in the position to prove (B.1). We get from (41) with p = 1 and
p = 2 that

lim
n→+∞

1

nα
E[Kn] = E[Sα,θ] and lim

n→+∞

1

n2α
E[K2

n] = E[S
2
α,θ], (B.7)

leading to

lim
n→+∞

1

nα
E[KnSα,θ] = E[S

2
α,θ]. (B.8)

Therefore, we deduce from (B.7) and (B.8) that

lim
n→+∞

E

[(
Kn

nα
− Sα,θ

)2
]
= lim

n→+∞

1

n2α
E[K2

n]−
2

nα
E[KnSα,θ] + E[S

2
α,θ],

= E[S2
α,θ]− 2E[S2

α,θ] + E[S
2
α,θ] = 0.

Similar arguments can be applied in order to show the convergence in Lp of
n−αKn to Sα,θ, for any integer p ≥ 1, thus providing an alternative proof of
(21).
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B.2. L2 convergence of the number of partition subsets of size r

We still rely on the Poisson process construction of the EP model [21,
Proposition 9] to propose an alternative proof of the L2 convergence of Kr,n,

lim
n→+∞

E

[(
Kr,n

nα
− pα(r)Sα,θ

)2
]
= 0. (B.9)

Denote Tα,θ = S
−1/α
α,θ . By combining Pitman [21, Equation 66] with Favaro

et al. [12, Proposition 1],

E[Kr,n |Tα,θ = t] = pα(r)(n)(r)

n∑
k=1

Vn,k(t)
C (n− r, k − 1;α)

αk
(B.10)

where

Vn,k(t) =
1

Γ(n− kα)

( α
tα

)k ∫ 1

0

vn−1−kαfα((1− v)t)

fα(t)
dv

with fα being the positive α-Stable density function. Consequently, we can
write that

E[Kr,nSα,θ] =
Γ(θ + 1)

Γ (θ/α + 1)

∫ +∞

0

E[Kr,n|Tα,θ = t]t−α−θfα(t)dt,

thus obtaining, along lines similar to the computation of E[KnSα,θ] in (B.5),
that

E[Kr,nSα,θ] =
Γ(θ + 1)

αΓ(n+ α + θ)
pα(r)(n)(r)

n∑
k=1

(
θ

α
+ 1

)(k)

C (n− r, k − 1;α)

=
Γ(θ + 1)

αΓ(n+ α + θ)
pα(r)(n)(r)

Γ (θ/α + 2)

Γ (θ/α + 1)

n−r∑
k=0

(
θ

α
+ 2

)(k)

C (n− r, k;α),

which leads to

E[Kr,nSα,θ] =
Γ(θ + 1)

Γ(n+ α + θ)
pα(r)(n)(r)

(
α + θ

α2

)
(θ + 2α)(n−r). (B.11)

We are now in position to prove (B.9). We find from (98) with p = 2 that

lim
n→+∞

1

n2α
E[K2

r,n] =
(
pr(α)

)2
E[
(
Sα,θ

)2
]. (B.12)
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In addition, we deduce from (B.11) that

lim
n→+∞

1

nα
E[Kr,nSα,θ] = pr(α)

(
α + θ

α2

)
Γ(θ + 1)

Γ(2α + θ)
= pr(α)E[S

2
α,θ]. (B.13)

Therefore, it follows from (B.12) and (B.13) that

lim
n→+∞

E

[(
Kr,n

nα
− pr(α)Sα,θ

)2
]

= lim
n→+∞

1

n2α
E[K2

r,n]−
2pr(α)

nα
E[Kr,nSα,θ] +

(
pr(α)

)2
E[
(
Sα,θ

)2
],

=
(
pr(α)

)2
E[S2

α,θ]− 2
(
pr(α)

)2
E[S2

α,θ] +
(
pr(α)

)2
E[
(
Sα,θ

)2
] = 0.

Similar arguments can be applied to show the convergence in Lp of n−αKr,n

to pα(r)Sα,θ, for any integer p ≥ 1, thus leading to an alternative proof of
(84).
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