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Abstract

In modern deep learning, there is a recent and growing literature on the interplay between
large-width asymptotic properties of deep Gaussian neural networks (NNs), i.e. deep NNs
with Gaussian-distributed weights, and Gaussian stochastic processes (SPs). Such an interplay
has proved to be critical in Bayesian inference under Gaussian SP priors, kernel regression
for infinitely wide deep NNs trained via gradient descent, and information propagation within
infinitely wide NNs. Motivated by empirical analyses that show the potential of replacing
Gaussian distributions with Stable distributions for the NN’s weights, in this paper we present
a rigorous analysis of the large-width asymptotic behaviour of (fully connected) feed-forward
deep Stable NNs, i.e. deep NNs with Stable-distributed weights. We show that as the width goes
to infinity jointly over the NN’s layers, i.e. the “joint growth” setting, a rescaled deep Stable NN
converges weakly to a Stable SP whose distribution is characterized recursively through the NN’s
layers. Because of the non-triangular structure of the NN, this is a non-standard asymptotic
problem, to which we propose an inductive approach of independent interest. Then, we establish
sup-norm convergence rates of the rescaled deep Stable NN to the Stable SP, under the “joint
growth” and a “sequential growth” of the width over the NN’s layers. Such a result provides the
difference between the “joint growth” and the “sequential growth” settings, showing that the
former leads to a slower rate than the latter, depending on the depth of the layer and the number
of inputs of the NN. Our work extends some recent results on infinitely wide limits for deep
Gaussian NNs to the more general deep Stable NNs, providing the first result on convergence
rates in the “joint growth” setting.
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1 Introduction

Modern neural networks (NNs) feature a large number of layers (depth) and units per layer (width), and
they have achieved a remarkable performance across numerous domains of practical interest (LeCun et al,
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2015). In such a context, there is a recent and growing literature that investigates the interplay between the
large-width asymptotic behaviour of deep Gaussian NNs, i.e. deep NNs with Gaussian-distributed weights,
and Gaussian stochastic processes (SPs). See Neal (1996); Williams (1997); Der and Lee (2006); Hazan
and Jaakkola (2015); Garriga-Alonso et al. (2018); Lee et al. (2018); Matthews et al. (2018); Novak et al.
(2018); Antognini (2019); Arora et al. (2019); Yang (2019,a); Aitken and Gur-Ari (2020); Andreassen and
Dyer (2020); Eldan et al. (2021); Klukowski (2021); Basteri and Trevisan (2022), and references therein, for
a comprehensive account on large-width asymptotic properties of deep Gaussian NNs, and generalizations
thereof. Intuitively, the prototypical interplay between deep Gaussian NNs and Gaussian SPs may be stated
as follows: as the NN’s width goes to infinity jointly over the NN’s layers, a suitable rescaled deep Gaussian
NN converges weakly to a Gaussian SP whose characteristic (covariance) kernel is defined recursively through
the NN’s layers. To be more rigorous, we consider the popular class of (fully connected) feed-forward Gaussian
NNs with depth D > 1, width n > 1 and k£ > 1 input-signals of dimension I > 1, though analogous results
hold true for more general architectures, such as the popular convolutional NNs. In particular, we denote by
N(p,0?) a Gaussian distribution with mean p € R and variance o € R, and by N (i, X) a k-dimensional
Gaussian distribution with mean vector y € R* and covariance matrix ¥ € R¥ x R, In the following theorem
we recall the main result of Matthews et al. (2018), which deals with the infinitely wide limit of a (fully
connected) feed-forward deep Gaussian NN. We refer to Yang (2019) and Yang (2019a) for analogous results
under more general architectures, e.g. convolutional NNs and their generalizations, and more general classes
of activation functions.

Theorem 1 (Deep Gaussian NNs Matthews et al. (2018)). For any I > 1 and k > 1 let X be a I X k
(input-signal) matriz, with x; being the j-th row vector of X, and for any D > 1 and n > 1 let: i)
(W W)Y be a collection of i.i.d. random (weight) matrices, such that W) = (w(l-))1<i<n 1<j<I
and WO = (w (;)1<Z<n 1<j<n for 2 <1 < D, where the w( )%s are i.i.d. as N(0,02) forl =1,...,D; i)

(bW, ..., b)) be a collection of i.i.d. random (bias) vectors, such that b() = (b(l) ,bg)) where the bgl) ’s
are i.i.d. as N(0,0%) forl=1,...,D; iii) (W . W(D)) be independent of (b(1 ..., b)), Moreover,
for some a,b >0, let ¢ : R — R be a continuous activation function such that

[¢(s)] < a+bls| (1)

for every s € R, and consider the NN (fi(l)(X,n))lgignﬁlngD of depth D and width n defined as follows

f(l Z w b(l

and

f(l) fzw(l) ¢ f(l 1)(X TL)) —I—b(l)lT

with fi(l)(X, n) = fi(l)(X), where 1 is the k-dimensional unit (column) vector, and o denotes the element-wise
application. For anyl=1,...,D, if (fi(l)(X, n))i>1 is the sequence obtained by extending (WO WD)
and (b(l), ceey b(D)) to infinite i.i.d. arrays, then as n — oo jointly over the first | layers

(FX,n))is1 2 (FP(X))is1,

where (fi(l)(X))izl is distributed as @;>1 Ni(0,%0), with the covariance matriz ©O having the (u,v)-th
entry

249,21 = Ul? + 0120<Xuaxv>
and

s, =07 + UiE(f’g%M((o) (gﬂ v sl 1))) [(f)o(9)]-

E(l 1) E(l 1)

Then, the limiting SP (fi(l)(X))izl, as a process indexed by X, is a Gaussian SP with parameter or kernel
X,



Theorem 1 generalizes an early result of Neal (1996), which provides the infinitely wide limit under the
assumption that the width n goes to infinity sequentially over the NN’s layers, i.e. n — 400 one layer at a
time. Under the “sequential growth” setting, the study of large-width asymptotics reduces to an application
of Lindeberg-Lévy central limit theorem. Instead, assuming a “joint growth” of the width over the NN’s
layers, i.e. n — +o0o simultaneously over the first [ > 1 layers, makes Theorem 1 a non-standard asymptotic
problem, whose solution is obtained by adapting a central limit theorem for triangular arrays to the non-
triangular structure of the NN (Blum et al., 1958). Theorem 1 has been exploited in many directions: i)
Bayesian inference for Gaussian SPs arising from infinitely wide NNs (Lee et al., 2018; Garriga-Alonso et al.,
2018); ii) kernel regression for infinitely wide NNs trained with gradient descent through the neural tangent
kernel (Jacot et al., 2018; Lee et al., 2019; Arora et al., 2019); iii) statistical analysis of infinitely wide NNs
as functions of the depth via information propagation (Poole et al., 2016; Schoenholz et al., 2017; Hayou et
al., 2019). It has been shown a substantial gap, in terms of empirical performance, between deep NNs and
their corresponding infinitely wide Gaussian SPs, at least on some benchmarks applications. Such a gap is
prominent in the case of convolutional NNs, while for the fully-connected NNs object of this study infinitely
wide Gaussian SPs prove competitive (Lee et al., 2020). Moreover, it is known to be a difficult task to avoid
undesirable empirical properties arising in deep NNs. Given that, there is an increasing interest in extending
the class of Gaussian SPs arising as infinitely wide limits of deep NNs, as a way forward to reduce such a
performance gap and to avoid, or slow down, common pathological behaviors.

1.1 Owur contributions

In this paper, we study SPs arising as infinitely wide limits of deep Stable NNs, i.e. deep NNs with Stable-
distributed weights (Samoradnitsky and Taqqu, 1994). Stable distributions form a broad class of heavy tails
or infinite variance distributions indexed by a parameter a € (0,2], and they are arguably the most natural
generalization of the Gaussian distribution. The works Neal (1996) and Der and Lee (2006) first discussed
the use of the Stable distribution for initializing deep NNs, leaving as an open problem the rigorous study of
large-width asymptotic properties of deep Stable NNs. Empirical analyses in Neal (1996) show the following
large-width phenomenon: while the contribution of Gaussian weights vanishes in the infinitely wide limit,
Stable weights retain a non-negligible contribution, allowing them to represent “hidden features”. This
phenomenon suggests a more flexible behaviour of NN’s weights with heavy tails, which results in infinitely
wide SPs with a different behaviour than Gaussian SPs. In a classification setting, deep NNs trained with
stochastic gradient descent result in heavy-tailed distributions for the weights, as a consequence of the
training dynamics (Favaro et al., 2020; Fortuin et al., 2019; Hodgkinson and Mahoney, 2021). In such
a setting, empirical analyses in Fortuin et al. (2019) show that the use of NN’s weights that are Stable-
distributed leads to a higher classification accuracy, as it results in different path properties. See Figure 1 for
(function) samples realized by wide fully-connected NNs whose weights are distributed as Stable distributions
with decreasing «, i.e. distributions with increasingly heavy tails. Recently, Li et al. (2021b) investigated the
use of deep Stable NNs for image inverse problems when images contain sharp edges. Within this setting,
the abrupt jumps allowed by the NN function mapping for lower values of a result in a better matching prior
for the problem of interest, and in superior performance in terms of inference.

Motivated by the recent interest in deep Stable NNs, we present a rigorous analysis of the large-width
asymptotic behaviour of (fully connected) feed-forward deep Stable NNs, with depth D > 1, width n > 1 and
k > 1 input-signals of dimension I > 1. We denote by St(a, o) the symmetric centered Stable distribution
with stability parameter a € (0,2) and scale parameter o, and by Sti(a,T') the symmetric centered k-
dimensional Stable distribution with stability parameter o € (0,2) and scale (finite) spectral measure T’
on the unit sphere S¥=! in R*. We refer to (Samoradnitsky and Taqqu, 1994, Chapter 1,2) for a detailed
account of Stable distributions. The case @ = 2 is the Gaussian distribution, which is excluded from our
analysis. The next theorem states our first main result, which extends Theorem 1 to deep Stable NNs. A
preliminary version of the theorem appeared in (Favaro et al., 2020), though with a non-rigorous statement
and proof.

Theorem 2 (Deep Stable NNs). For any I > 1 and k > 1 let X be a I x k (input-signal) matriz, with
x; being the j-th row of X, and for any D > 1 and n > 1 let: i) (WO WD) be a collection of

i.i.d. random (weight) matrices, such that W) = (wg,lj))lgign,lgjgl and WO = (wl()lj)‘)lgign,lﬁjgn for



Figure 1: Samples of a fully-connected Stable NN mapping [0,1]? to R, with a tanh activation
function and D = 2 hidden layers of width n = 1024, for different values of the parameter a: i)
a = 2.0 (Gaussian distribution) top-left; ii) e = 1.5 top-right; iii) @ = 1.0 (Cauchy distribution)
bottom-left; iv) a = 0.5 (Lévy distribution) bottom-right.

2 <1 < D, where the w(l]) s are i.i.d. as St(a, o) forl=1,...,D; ii) (bM ... bP)) be a collection of i.i.d.

random (bias) vectors, such that bl = (b(l 7bg)) where the bl(-l) ’s are i.i.d. as St(a,op) forl=1,...,D;
iii) (W W(D)) be independent of (b(1 .., b)) Moreover, for some a,b,5 > 0, with f < 1, let
¢ : R — R be a continuous activation function such that

6(s)| < a+ b|s|® (2)

for every s € R, and consider the NN (f(l)( n))i<i<ni<i<p of depth D and width n defined as follows

f(1 Zw x]—i—b(1

and

[PXn) = — /a Zw(l) o f7V(X,n)) + 17

with fi(l)(X, n) = fi(l)(X), where 1 is the k-dimensional unit (column) vector, and o denotes the element-wise
application. For anyl=1,...,D, if (fi(l)(X, n))i>1 is the sequence obtained by extending (WO WD)
and (b(l), . ,b(D)) to infinite i.i.d. arrays, then as n — 400 jointly over the first | layers

(FP(X,n))iz1 = (F(X))iz1,

where (f-(l)(X))izl is distributed as @;>15t,(a, TW), with o € (0,2), with the spectral measure TV being

K2

defined as

I
= HablT”aCﬁ o Z ijHaCijH
1 X x5
Jj=1



and

PO = llowd7|°¢ gz + / (0 FIC_sor_a®=D(df), (3)

[¢ofll

with || - || being the Buclidean norm in R*, where Cp)jn = 27 (1) + 6—n/(ny)) L ([R]] > 0) with § being the

Dirac measure and I being the indicator function, where ¢~Y) denotes the distribution of fi(l_l)(X). Then,

the limiting SP (fi(l)(X))izl, as a process indexed by X, is a Stable SP with parameter (o, T).

Critical to Theorem 2 is the assumption (2), which being stronger than (1) restricts the class of activation
functions that lead to nontrivial infinitely wide limits. Such a restricted class, however, still includes popular
activation functions, e.g. logistic, hyperbolic tangent and Gaussian. See Bordino et al. (2022) and Favaro et
al. (2022) for infinitely wide limits of shallow Stable NNs with linear activation functions. As for Theorem
1, the non-triangular structure of the NN and the “joint growth” of the width over the NN’s layers make
Theorem 2 a non-standard asymptotic problem, with the additional challenge of dealing with heavy tails
distributions. The proof of Theorem 2 relies on the exchangeability of ( fi(l) (X,n))i>1 and, through de Finetti
representation theorem, it exploits an inductive argument for the de Finetti measures over the NN’s layers;
this is a novel approach of independent interest. Under the “sequential growth” of the width over the NN’s
layers, the proof of Theorem 2 reduces to an application of a generalized central limit theorem Gnedenko
and Kolmogorov (1954), which leads to the same limiting SP. Consistency or compatibility of the finite-
dimensional distributions of the limiting Stable SP is also proved. As a refinement of Theorem 2, our second
main result establishes sup-norm convergence rates of the rescaled deep Stable NN fi(l)(X7 n) to the Stable
SP, in both the “joint growth” setting and the “sequential growth” setting. In particular, such a result shows
that the “joint growth” leads to a slower rate than the “sequential growth”, depending on the depth of the
layer and k. This is the first result on converge rates in the “joint growth” setting, providing the difference
between the “sequential growth” and the “joint growth” settings.

1.2 Organization of the paper

The paper is structured as follows. In Section 2 we prove Theorem 2 and show consistency or compatibility
of the finite-dimensional distributions of the limiting Stable SP, whereas in Section 3 we establish sup-norm
convergence of the deep Stable NNs to the Stable SP under the “joint growth” and the “sequential growth”
of the width over the NN’s layers. Section 4 contains a discussion of our results with respect to Bayesian
inference, neural tangent kernel analysis via gradient descent and large-depth limits.

2 Proof of Theorem 2

Random variables are defined on a probability space (2, G,P), and we denote expectation by E; inequalities
between conditional probabilities and between expectations must be interpreted as P-a.s. For every [ > 1
and n > 1 we denote by G, ; the sigma algebra generated by {(fi(l/)(X,m))izl :m<nandl <}, by G,o
the trivial sigma algebra. Let E,,; and IP,,; be the conditional expectation and the conditional distribution,
respectively, given G, ;. For fixed n, G, ;s C G, whenever I’ < [. For fixed I, (G i)n>0 is a filtration. We
denote by Goo,; the limit sigma-algebra, that is the sigma-algebra generated by U,,>0G,,. The conditional
expectation, given G, is denoted by Eo ;. If S ~ St(e, o) then for ¢ > 0

E(exp{itS}) = exp {—c|t|*}.

If S is a k-dimensional (row) random vector such that S ~ Stj(a,TI'), then for a k-dimensional (column)
vector t

- |st|ar(ds)} .

If 1, is a k-dimensional (column) vector with all zeroes except a 1 at the r-th component, then the (1-
dimensional) r-th element of S is distributed as an a-Stable distribution with stability « € (0,2) and scale

o= (/S |slr|“1"(ds)>l/a.

5

E(exp{iSt}) = exp {— /

Sk



Throughout this section, we most deal with k-dimensional a-Stable distributions with discrete spectral
measure, that is T'(-) = 3", .., 7i6s, withn € N, v; € Rand s; € S¥71, for i = 1,...,n (Samoradnitsky and
Taqqu, 1994, Chapter 2).

We start the proof by determining the distributions of the k-dimensional (row) random vectors fi(l)(X)
and fi(l)(X,n) | {f;lil)(X,n)}j:Lm,n for I = 2,...,D. We denote by fi(’lr)(X,n) the r-th component of
fi(l)(X,n), that is fi()lr) (X,n) = fi(l)(X,n)l,i. If t is a k-dimensional (column) vector, then

(1)
Spf(l)(x)() E[ ifi (X)t]

I
=FE |exp<i ng’lj)xj—kbgl)lT t
j=1

t

=exp{ op T

X «
J t’
[

17
|17
= exp{ — k Istl® (IU 17 Car +Z|I0wxg\| Gz | (ds)

Ie I
H }exp o S g I
j=1

Therefore, fi(l)(X) ~ St (o, TM), where

I

r® = |jo,17||%¢ s +Z||o—wxj|\ gx . (4)

=1

If fi(’lr) (X) is the r-th component of the random vector f{*(X), then fi(’lr) (X) ~ St(a, M (1)) with o (r) =

(Jop—s |slr|aF(1)(ds))1/a (Samoradnitsky and Taqqu, 1994, Chapter 2). Along similar lines, for each [
2,...,D we write

PrO Koy | (70D K)o (B)
DX _
= Bl O {7 )Yyl

DR - -
=E [exp i | —mo w6 o £7VXm) + 6017 | o [ (Xom)} e

j=1
T o oo (" 1) bo f(l 1)( ) ¢
=exp{—U?I1Tll°“ _— } 73 g £ (X, ) -
[127]] n o= oo £ (X \
N 1 & I
= exp —/ st [ [lool"11°C_ax_+ =D llow(@o S X m)IC p0-0 00,
Sk— [ES ”J 1 —
H<1>Of (X,n)||
Therefore f(l)(X n)| {f(lfl)(X n)}; St '), wh
s Ji P j 5 j=1,...,n ~ k(ay n)aW e€re
« 1 - l_ (o3
I =||o17| CﬁjLEZH%@Of; DX, n))||*¢ pes0D ey - (5)
=1 RN

Then, (X, n) [{/!(X,n)}jz1,..m ~ Stla, ol (r) with o) () = ( S \slr|afg)(ds))l/a (Samorad-
nitsky and Taqqu, 1994, Chapter 2).

Hereafter, we establish the infinitely wide limit of the ( fi(l)(X, n))i>1. The proof exploits the exchange-
ability of ( fi(l)(X,n))izl and an inductive argument, over the NN’s layers, for the directing (de Finetti)



random probability measure of (fi(l)(X7 n));>1. For [ =1, by definition, the random vectors (fi(l)(X, n))i>1
are i.i.d. according to the probability measure pﬁf) = St(o, TM), where T is defined in (4). Then, as

n — +00, p%)

converges weakly to ¢(1) = St;(a,T™). For [ > 1, the random vectors (f(l)(X n));>1 are
conditionally i.i.d. given (f](l_l)(X, n))j=1,....n, with (random) probability measure ) = 5ty (o, I )) ‘where
' is deﬁned in (5). Given (f](lfl)(X7 n));=1,...n, the sequence (fz-( )(X, n));>1 is conditionally independent
of {(f)(X,m))jz1: m <yl <1—1,(j,0',m) & {1,...,n} x {I =1} x {n}}. It follows that (f{"(X,n))i>1

are conditionally i.i.d., given G, ;_1, with (random) probability measure pgf). Before stating the induction

hypothesis, we give a preliminary result.

Lemma 3. Let € > 0 be such that a+¢€ < 2 and (a+¢€)B < . Then, for eachl=1,...,D and everyn > 1

/ 60 Fll+pD(df) < +oo.

Proof. Since o < 2 and 8 < 1, then there exists ¢ > 0 that satisfies the conditions in the statement.
Moreover, since p4’ is an a-stable distribution and since (a +€)B < a, then f|f1r|(a+5)ﬁp§f)(df) < +o0.
The thesis follows by noticing that, since a + € < 2, then there exist ¢,d € Ry such that it holds true

k k
@0 fI1*T < D 1o(f1,)]% < Z (a+0blf1,]7)e < CerE:Ifl R

r=1 r=1

O

Now, we present the induction hypothesis over the NN’s layers, which is critical to prove Theorem 2. In
particular, it is assumed that, for every index I’ < [ and for € as specified in Lemma 3, as n — 400

pg ) 25 o) in the weak topology, (6)
[loe st o@n =% [lioe s+ as) 7

and
/| do He[op(df) 25 /\ do )t|*¢")(df) for every t € R¥, (8)

with q(l/) being the Sty («, r )) and with I'(1") being specified by the recurrence relation (3), with ') being
defined in (4). Note that the both the integrals that appear in Equation (7) and Equation (8) are finite

by Lemma 3 and since |(¢ o f)t| < |[t]| ||¢ o f||. The induction hypothesis is trivially true for I’ = 1 since

(1) = q(l) Note that, according to the induction hypothesis, as n — +o0, pgl ) has a deterministic limit at

Stk(oz, @), for every I < I. The proof of Theorem 2 is presented in three steps. First, it is shown that (6),
(7) and (8) hold true for I’ = I. Then for each ¢ > 1 we show that

P X,n) % 1P(x) 9)

as n — +oo, where fi(l)(X) is distributed as Sty (o, T®), with T() being defined in (3). Then, as n — 400,
the weak convergence of (f(l) (X,n))i>1 to (f(l)( X))i>1 follows directly by combining (9) with some standard
arguments that exploit the finite-dimensional projections of (f, (l)(X n))i>1 (Billingsley, 1999).

2.1 Induction step

We start by proving the induction hypothesis given by the combination of Equation (6), Equation (7) and
Equation (8). In particular, let t be a k-dimensional (column) vector, then we can write the following:

E7l,l_2[eif7§l)(x,n)t] (10)



~Eua [ = [ s )
~ B o= [ st (o7l ) (as) ]

« 1 . l_ «
X Bz |€xp — /S st | =D llow(@o £V XD i v, | (d8)
. 2

—esp{= [ Istr (oI g ) (a9}
<(Jool= [ st (Rowto nlivc g ) @9 baltDan)

Then (6), with I’ = [, follows by combining the conditional characteristic function (10) with the following
lemma.

Lemma 4. If (6), (7) and (8) hold for every ' <1—1, then

1
[lige s [H"p{‘/gm stl*® (n'“w<¢°f>'“<|zz§

as n — +00.

)@ }|st-an =50

Proof. Let € > 0 be as specified in (7), i.e. as specified in Lemma 3, and also let p = (o + €)/a and
g = (o + €)/e. Then, it holds that 1/p+ 1/¢ = 1. Accordingly, by means of Holder inequality we can write

that
Sl s fr=exo{= [ st (Lllawtoo NI sy ) @)} 1)

< ([ niemt-vian)
([ [ (Glratoo nioc sy ) )] wvian) ™

Note that we defined p = (o +€)/a and ¢ = (a + €) /¢, i.e. we set ¢ > 1. Accordingly, we can write that

([ siemi-van)”
([ oo [ st (Routoo piiv s ) )] o)™
< ([ 1o sinivian)
([ e {- [ s (Rowtoe i ey ) @} sivan)
<(/ |I¢of|““p5f”(df)>l/p
([ [ e (Rioatoo niic o Y tao)] st-vian) ™

l/p « 1/q
< ([1oesimattvan) (1 / louoo NI0@n) =50,

as n — +oo, by (7).




We prove Equation (6) by combining the conditional characteristic function (10) with (6), (7) and (8)
for I’ =1—1, and then by Lemma 3 and Lemma 4. By combining (10) with Lemma 3, we write

En.l_Q[eiffl)(x,n)t]

R R (e R N
<(Joo{= [ st (Rowtoo nlivc g ) @9 balt D)

Now, by means of a direct application of Lagrange theorem, there exists a random variable 6,, € [0, 1] such

that
1
P {_/skl [st|* (nHUw((bof)”aClﬁg;l) (ds)}

=1 —/Sk_1 |st]“ (Tll||gw(¢of)|ac ot ) (ds)

[éo fI1

1
cexp {0 [ st (Llloutoo NI ey ) ()}

=1- \/Sk—l |st|™ <;L||o'w(¢of)|a< or > (ds)

[Tdo fTI

* /Skfl [st[” (i'law((ﬁofﬂac bof ) (ds)

[Téofll

[e3% 1 «@
< (1o {0, [ st (Llnuoo NIt g ) @)} ).
Now, since by Lemma 4,

0< [ [ st (lloutoo DITC sy ) (a8

oo [ st (Lioue NI g ) @)} Vi)
: “t'l“ff%/l\sboflla [1 —exp{—/gk_l st (il%(@f)l“( ) (ds>}] P (df) =5 0,

[[do fI1

as n — 0o, then

E, lfz[eif"(l)(x’n)t]

—ew{= [l (o717 g ) (@)} (1 1 [ouloo i) +(i)>
R R (A <ds>}exp{— / as,|<¢of>t|ap£f”<df>},

as n — oo, by (8), Lemma 4, and since e™* = lim,, 400 (1 — 2,/n)", as z,, — x € (0,+00). By (Blackwell
and Dubins , 1962, Theorem 2),

Enio1fe ] = B,y [Epgoafe s 5mH)

R L (I )
X exp{//Sk1 |st|* (||crw(¢0f)|\aCH$g}‘H> (ds)q(ll)(df)}]




zexp{—/gk Ist|” <||g,,1T|| ¢ 1T> (ds)}

cexp{= [ [ st (low(oo IIC ar
(1)

as n — 400, where the last equality holds true since ¢"~1) is deterministic. Therefore, n — oo, py,’ converges
a.s. in the weak topology to ¢V = Sty (o, TW), thus proving the induction step for (6), where we set

) @) an} ()

DO = o717 g+ [ llou(6 0 NIC g 0" a1

Now, we prove that Equation (7) holds true for I’ = [. The proof is based on a uniform integrability

argument. Since p%l) converges a.s. to ¢(¥), with respect to the weak topology, then, for every r =1,...,k,
1/« ] 1/«
( / |s1,|ar§j>(ds)> =o(r) 2 6W(r) = ( / |s1,|ar<l)(ds)> .
Sk—1 sk—1
Denoting by S,,1 a random variable distributed according to St(«, 1), we can write, for every r =1,...,k,

/ |1+ 98pD(df) = E[SLTP) (0O (r)) @498 22 BISLFI ) (6D (1)) @98 < yoo.

It follows that, for every r = 1,...,k, the functional |f1,|(®*9# is a.s. uniformly integrable with respect to
pg), that is
SUP/ |£1,]F98pW (df) L5 0 as a — oo.

{1f1,](a+98 >a)

n

To prove it, fix w € Q such that psf)(w) converges weakly to ¢!, as n — 400, and let (fflw))nzl and f) be

random vectors defined on a probability space (Q, F, ]f”) with distribution (p%l)(w))nzl and ¢V, respectively.

Then, under P, the sequence (|f7(lw)1r|(o‘+€)5)n21 converges in distribution, as n — +oo, to |f()1,|@+)8
and also

B(|f)1,|(+08) = / |F1, @980 (0) (d f)
- / FL[@+084D(df) = E(|f)1, @) < too,

By uniform integrability,

sup / |f1 PP (W) (df) = supE || £ 1, F T (g 00y (| f5)1,0F9%) | — 0,
{1/ (45 >a} n

n
as a — oo. Thus, |f1,](®t98 is a.s. uniformly integrable with respect to pg), for r = 1,...,k. Since for
some ¢,d € Ry

k k k
g0 fIl*T < Y lo(f1,)|* < Z (a+0|f1P)F < et dy [ f1,|FP,
r=1 r=1

then ||¢ o f]|*"¢ is a.s. uniformly integrable with respect to pgf). Since p() converges a.s.to ¢V, then

Jll¢o FlletepP(df) converges a.s. to [1lp o fl|*+egD(df). This proves the induction step for (7). Finally,
we prove that Equation (8) holds true for I’ = {. In particular, we observe that |(¢ o f)t| < [|t]| ||¢ o f]l-
Then, |(¢ o f)t|* is also a.s. uniformly integrable with respect to p. Equation (8) with I’ = follows from

this and (6) with I’ = [. This completes the proof of the induction hypothesis.
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2.2 Weak convergence of fi(l)(X,n)

We prove Equation (9). In particular, by means of (11) and dominated convergence theorem, which is

applied to the sequence (E,, ;_o[e’/ fl’(x,n)t])n21 of uniformly bounded random variables, we can write

E[eifi(”(x,n)t]

exp{= [ st (oIl ) @)oo {- Ui‘él(¢of)t|“q<"”(df)}]

—ew{- [ st|a(|ob1T|<iTl)<ds>}
cexp{= [ [t (lou(@o ¢ sy ) t@s)a™Dan |

That is, fi(l)(X, n) converges weakly, as n — +00, to fi(l)(X) distributed as Sty (c, T®), for each i > 1, where

— E

MO = 1717 gr + [Nl 0 DIPC g oD (a),
with ¢U~—1 being the distribution of fi(l_l)(X), for 1 =2,...,D. This result completes the proof of (9).

2.3 Weak convergence of (fi(l)(X, n))i>1

By Cramér-Wold theorem (Billingsley, 1999) the convergence of (f; ¢ )(X n))i>1 to some limit is equivalent

to convergence on all possible linear projections of (f; ¢ )(X n));>1 to the corresponding real-valued random
variable. Let £ C N and let {p;}icc such that p; € (0,1) and } ;.. p; = 1. Then, we consider the linear
projection

TOL,p,X,n) = pilfP(X,n) — V17
€L

A STUICRY Cle 3%

€L Jj=1

:nl/a ZZPZ ¢Of(l 1)( = 1/az (l) (L, p, X, n),

j=1lieLl

where we set 'y (E p,X,n) =3 i, plwl(lj) (po f§l_1)(X,n)) for j =1,...,n. Then, we can write that

Pro(LpXn) {70 (X)) 51 (t)

— R TV € Xt | {f;l_l)(X, n)}i>1]

=E |exp WZZ}% wi)(@o £V X m) | Gt) o 11V (X))

j=1l1ieLl

Fapal(oo 1m0 {0 (K e1 }]

—HHE{exp{

j=1lieL

n pdol -1
- H H o= T (o ff T (Xm))tl

j=lieL

1 « _ N
= exp _/Sk,l Ist[* ﬁZZHpiwaof;l 1)(X7”))|| ¢ 5051 k) (ds)

j=lieL Hoos =D (x|

11



That is,

TOL,p,Xn) [ {17 Xm)}yz1 £, poo

where S_ ) is a random vector with symmetric a-stable distribution and spectral measure of the form

1 1O -1 o
r, = EZZHpiaw(d)of; (X, n))||¢ T

j=lieLl

Hoor{ =D x,n)l|

Along lines similar to the proof of the large n asymptotics for the i-th coordinate f;(X,n), we can show that

]E[eT<l)(L’p’X7")(it)] — exp {_// |St|“ (Z Hpiaw(QSof)HaC
Sk—1

i€l

bof
[Téofll

) (dS)q”‘”(df)}

as n — +o0o. That is, the linear projection T (L, p, X, n) converges weakly, as n — 400, to TV (L, p, X) =

Yier pi[fi(l)(X) — bgl)lT] where the fi(l)(X) are i.i.d. according to Sty (a, TW), where we set

[¢ofll

rt = ||0’171T||"‘CH17;H +/H0w(¢0f)||“4 sor ¢V (df),

with ¢~ being the distribution of fi(l_l)(X), for any I = 2,..., D. Therefore, by means of Cramér-Wold

theorem, (fi(l)(X7 n))i>1 converges weakly, as n — —+00, to the Stable SP (fi(l) (X,n))i>1, as a process indexed

by X, whose distribution is ®;>1Stx(a, I'D). This completes the proof of Theorem 2
As a complement to the proof of Theorem 2, we show the consistency or compatibility of the finite-

dimensional distributions of the Stable SP ( fi(l)(X))izl. In particular, proceeding by induction, we write

T
Jte)", and )

- df).

I
gof@)(x)(t) =exp{ —oP[1Tt]™ — Zag’\xjﬂo‘
j=1
and, for [ > 1,
P50 (x) () = exp {—Uz?|1Tt|a - /U$|(¢O f)t|aq(l_1)(df)} :
Now, we define X¢ = [®1, ..., Tr1, Tpi1,-- s Tl tp = [t1, oy tr1, Erg1, - - -
Moreover, for every [ = 1,..., D, we define a measure qg) as follows
O (df - dfea,d, dfiy) = D(d
Qp 1y--- r—1, r4+ly- -y k) — q (f17~
freR

Then

Sof’_(l)(x)(tlw"7t’r‘71707t’r‘+17"~7tk)

I
= exp —0’?|1th|& — ZO’%lXjftAa = SOfi(l)(Xf)(tf).

j=1

[lea vy Ljr—1,Tjrtly .-y Lkl

Therefore, the consistency of the finite-dimensional distributions holds for [ = 1. Now suppose that the

consistency holds true for every I’ < I. In particular, fi(lil)(Xf) has distribution ¢

that

Lpf_(L)(X)(tl, ey tr—1,0, 8041, .. ,tk)

(-1

T

= exp {—omlTw - / oul(@o f>tf|aq£l—”<df>} =20 x,) (t2)

. Then, we can write

which proves consistency or compatibility of the finite dimensional distributions for I’ = [ of the Stable SP

(fP(X))iz1-

12



3 Sup-norm convergence rates

In this section, we refine Theorem 2 by establishing sup-norm convergence rates of the deep Stable NN
(fi(l)(X,n))i21 to the Stable SP (f.(l)(X))izl, under both the setting of “sequential growth” and “joint

(2
growth” of the width over the NN’s layers. Throughout this section we make the following assumptions:

¢ is continuous, strictly monotone and bounded (12)

and
{1,x1,...,x7} spans R, (13)

3.1 The “joint growth” setting
The “joint growth” setting consists in assuming that, for any [ = 1, ..., D, the width n — 400 simultaneously
over the first [ > 1 layers. We recall from Section 2 that fi(l)(X) ~ Sty(a, TM) and fi(l)(X,n) [Gri—1 ~

St(a,I‘g)) for any | = 2,..., D, where ') and I‘g) are defined in (4) and (5), respectively. In particular,
'™ and T'® are finite random measures with (random) total masses given by

I
LS = ok 05 D [l
j=1

and

- x 1. O—’?lt) = -1 [e3%
IR = opk/2 4223 oo £V (Xl
j=1

for I =2,...,D, respectively. We recall from Theorem 2 that fi(l)(X) ~ Stg(a,T'®) for I = 1,..., D, where
I'® is a finite measure displayed in (3). Under the assumption (12), it holds that

¢ := sup |¢(s)| < +o0
and -
max (TP (8571), TO(SF1) < 5 = ok + 00" k*/? (14)

for I = 2,...,D. Such a condition, together with the following lemma, allows to give an explicit uniform
bound for the tails of the Stable distributions that are involved in the definition of the deep Stable NN.

Lemma 5 (Byczkowski et al. (1993)). Let S be a k-dimensional random vector distributed as a symmetric
centered a-stable distribution with spectral measure I'. If

/2 fOJrOO u~1=a/2gin? udu

29/2=121/2 () tan?(rar/2)) /4 cos(ra/4) 1
() = “7
23/2=1/2 a=1,

then P[|S| > R] < € for every e > 0 whenever R is such that R*/? > c¢(a)kT(SF=1)1/* /e.

To establish sup-norm convergence rates, it is useful to consider linear transformations of the random
vectors fi(l)(X,n) and fi(l)(X) (Samoradnitsky and Taqqu, 1994, Chapter 2). In particular, if u is a k-
dimensional (column) vector then

i) Y (X)u ~ St(a, (v (u))/*), where
I

YD () = o [1Tul* + 05 > [xul*;
j=1

i) fOX, n)u|Gpi1 ~ St(a, (v ())1/*), where

« a T -1 a
AP () = o 1Tu* + =23 (@ o £V (X, n))ul

1

n

n “

J
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i) £9(X)u ~ St(a, (Y (u))1/*), where

7

~D(u) = o |17u)* + oSE[ (¢ 0 17V (X))ul?).

We denote by Ax_; the Lebesgue measure on S¥~!. The next lemmas are critical to establish sup-norm
convergence rates, as they show that the distributions fi(l)(X, n) and fi(l)(X) are absolutely continuous with
respect to the Lebesgue measure. The next two lemmas deal with the distribution of fi(l)(X).

Lemma 6 (Nolan (2010)). Let Sy and Sa be k-dimensional random vectors distributed as symmetric a-stable
distributions with spectral measures I'y and I, satisfying

7 := min <Se'§1kf_1 m(s), _inf ‘72(5)) > 0.

respectively. Then, the corresponding density functions g1 and go exist and are such that

S [ ) = )

g1 — g2l|oc <

Lemma 7. Under (12) and (13), for everyl=1,...,D,

inf ~®(u) >0, 15
ot 7 (u) (15)

and the distribution of fi(l)(X) 1s absolutely continuous with respect to the Lebesgue measure.

Proof. Tf infyeqn—1 v (w) > 0, then absolute continuity of the distribution of fi(l)(X) follows from Lemma
6. Since u + v (u) are continuous on S¥~!, the minimum is attained. Thus, it is sufficient to show that

~ W (u) # 0 for every u € S¥71, (16)

We prove (16) by induction on the NN’s layers. If there exists a vector u € S¥~! such that 4! (u) = 0, then
it holds that 17u = 0 and x;u = 0 for every i. On the other hand, since {17, x;,...,x;} spans R¥  then
there exists ag, ..., ar such that u? = agl” + Zle a;x;. Thus u”u = 0 which contradicts u € S*~1. Thus
(15) holds true for I = 1 and the distribution of fi(l)(X) is absolutely continuous. Now suppose that (15)
holds true so that the distribution of fi(l)(X) is absolutely continuous. Since ¢ is continuous and strictly
increasing, then the distribution of ¢ o fi(l)(X) is also absolutely continuous. Thus, for every u € SF~1,
P[(g o FO(X))u = 0] = 0, which implies that E[|(¢ o f(X))ul*] > 0. Thus, v*D(u) > 0 for every
uc S O

By Lemma 7, P[ fi(l)(X) € - ] is absolutely continuous with respect to the Lebesgue measure, for [ =
1,...,D, and we denote by ¢V its density function. The next three lemmas deal with the distribution of

!
17 (X, m).
Lemma 8. Under (12) and (13), for everyl =2,...,D and every u € S*~!, asn — +oo
Y () =5 O (w).

Proof. Under (12) the assumptions of Theorem 2 hold true. Its proof shows that, for every [, the conditional
distribution of fi(l)(X, n), given G, ;1 is Stx(a, FSP) and converges a.s. in the weak topology, to the law of
fi(l)(X), which is Stj(a, D). As a consequence, by ii) and iii) above, for every u € S¥~1,

(v P )V == (v O (w)) e,

Since the function z — = is continuous, the thesis follows. O
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Lemma 9. For everyl=2,...,D and every u € SF=1

)
< 0 7 (w)
Bglfgf% (u) > 5 a.s.
Proof. The proof is a direct consequence of Lemma 7 and Lemma 8. O

Lemma 10. Let vV = inf,cge-1 v (w). Then, under (12) and (13), for every | =2,...,D it holds that

L. . 0 7(l)

hmnlnf uéélkffl ¥ (u) > 5 oS
Proof. We start by defining r = min(1,y" /(4 max(a, 1)0$¢*k*/?)). Since S¥~! is compact, then there
exist m € N and uy,...,u,, in S¥7! such that: for every u € S¥=! there exists h € {1,...,m} such that
[[u — up, || < r. Now, let N, = {w € Q: liminf, 'yg)(uh) < 4O (uy)/2} for h = 1,...,m. Then,
P[UpNp] = 0 and for every w € (UpNp,)€ it holds that
~®
lim inf v () (w) > >

for every h = 1,...,m. Now, fix w € (UpN)¢ and let u € S¥~1. Moreover, let h be such that |[u —
uy,|[min(@D) < . Then, if a < 1, for every n, we can write

a,

© 5 (160 770 mul — (60 787V, m)unl)

n

P () (w) — P (an) (w)| <

=
O—g Y - o o a0 a
<23 N@e T (Xem)(u— )| < 056k fu— |

On the other hand, if & > 1 then by the Lagrange theorem there exists u(h,n) = 0(h,n)u+ (1 —6(h,n))uy,
with 8(h,n) € [0, 1], such that we can write

Y () (w) =¥ (an) ()]

[
Uw

n

IN

NE

(I £ Xmul = (@0 £ (X n)ual”)

1

al(@o £V X, n))u(h,n)[* (@0 £ (X, ) (u — up))|

INA
S ‘EQQ

j=1

®

_ - Y
allg o £~V (X m)l[*[u — wnll < 05ad"k ju — wl| < =

IA
S ‘ng

j=1

Thus

WORNG
lim inf v (w) > liminf 4 (uy) — R

O

We define the set N = {w € Q : liminf, infyege—1 v (u) < v /4}. Then, it holds that P[N] = 0 and
for every w € N°¢ there exists ng = ng(w) such that

inf ~O(u)(w) >~vY/4 for every n > ny.
ueSk—1 -
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From Lemma 6, for every w € N€¢, Pnyl,l[fi(l)(X,n) € - J(w) is absolutely continuous with respect to the
Lebesgue measure, for n > ng(w). We denote by ¢g(!)(n) a version of the (random) density function of

IP’ml,l[fi(l)(Xm) € - ], with respect to the Lebesgue measure. We can extend the definition of g(!)(n) to

every n and every w. The next theorem establishes the convergence rate of (fi(l)(X, n))i>1 to (fi(l)(X))izl.

Theorem 11 (The “joint growth” setting). Under the assumptions (12) and (13), we denote by g (n)

and gV the versions of the density functions of the distributions ]P’n’l,l[fi(l)(X,n) €. ] and P[f;(X) €- ],

respectively, with respect to the Lebesque measure. If 6o < 1/2 and for everyl =3,...,D
011

< Tk

(17)
then, as n — +oo,
nlg® (n) = g >0

Proof. We restrict to the set N® = {w € Q : liminf, inf, cgr— 'y,(ll)(u) > 4 /4}. Similarly to the proof of
Theorem 2, we consider induction over the NN’s layers [ = 1,..., D. In particular, by Lemma 6 it holds that

g ) = gl < ean® [ I ) = (O ),

with ¢; = kI'(k/a)/(c(2m)"y*T1). Since for n large enough, the measures 'yy(Ll)(u)du and v (u)du are
bounded by (14) and bounded away from zero by Lemma 7 and Lemma 10, proving that nd fskfl Wfll)( ))1/“—

(v (u))/|du converges in probability to zero is equivalent to proving that nd Jgi—s |'y,(,l)(u) —~yO(u)|du
converges in probability to zero. In particular, for [ = 2, we can write

n's / 7P () — ~® (u)|du < /
Sk—1 Sk—1

By means of (von Bahr and Esseen, 1965, Theorem 2),

5 > (100 V0l — Bl 0 £ (X))l

du.

. /S“nf@il(|<¢of;”<x>>u|a— El|(¢ o /5" (X))u[]) au
:/Sk B e Zn:( [CEF Dx )u|a—E[|(¢0f;1)(X))u|a]) i du

1

p=
1
SQM/S AE[\(qbof;l)(X))u\z“} du

ka(b?a)\k 1(Sk 1)

- nl— 252 —0

as n — +o0o. Now, recall that the convergence in L? in (2 x S¥71,.G ® B(S¥71),P x \y_1), with B(SF~1)
being the Borel sigma algebra of S¥=1, implies the convergence in L!. Therefore, we can write

1 n
e /S 5 1@ £ X))l — (60 £ (X))u[]|du| =0
j=1
as n — +oo, which implies
1 n
/S 5y 2 (@0 £V (X)ul* —E[(60 £V (X)u[*]|du 0 (18)
j=1



as n — +oo. This completes the proof for [ = 2. Now, as the main induction hypothesis, we assume that
n®=11g" D (n) — gV 0

as n — +o0, for some [ > 3. By (17), there exists ¢ such that 0 < § < 53 (d;—1 — &) — d;. Then, we write

o [ ) - 90w d (19)
Sk—1
<o, /S Sl £ )l = B all(@ 0 £ (X m))ul]|du
j=1

Eni—2((¢0 [V (X, n)ul*) —E[[(¢o £V (X, n))ul]|d

[
+nlgw/
Sk—1

We consider the two terms on the right-hand side of (19). With regards to the first term, by Theorem 2 in
von Bahr and Esseen (1965),

2

nl 5, Z( £V (X )l _]En,lfzﬂ(gﬁij(l_l)(X,n))uM)

2
1du
<2 B [ / Eni-a [[(60 £V (X, m)u 2] du]

n-— <o sk—1 ’ ¢

2¢2aka (Sk—l)
- nl 261

— 0,

as n — +oo. Since convergence in L? in (2 x S¥=1 G @ B(S¥~1),P x A\;_1) implies the convergence in L1,

1 _ _
- /S N 2o l@e £V Xn)ul® —Eniall(6 0 £ (X n))ul*)|du | o0,
: 2
as n — +oo, which implies
/Sk o S0 £V )l — B all(6 0 £ (X, m)ul]|du L 0 (20)
c—1 j:1

as n — +oo. For the second term on the right-hand side of (19), by Lemma 5 with R = R(!)(n) = n2(@+d)/e

n’ / Ewll@o £V Xn)ul*] ~Ell(@0 £ (X n))ul|du

S
< nél/[
- Sk—1
o / / (6o HHullg®D(f,n) — gD (f)ldfdu
SE=L J||f|I<RM (n)
i / / (60 F)ul*g@=D(f,n)dfdu
Sk=1 J|1£]I1>R® (n)
o / / ($0 ful*gt=D(f)dfdu
Sk=1 S| £]|>R® (n)
i / / ke /21D (n) — g=1)|| ,d fdu
Sk=1 J||fIISRM (n)
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+n5l/ / ¢k 2"V (f)dfdu
skt JlIfII> RO (n)

+nd / / (5"/@“/2g(l*1)(f, n)dfdu
Sk= JIIfII>R® (n)

g nél )\kfl (Skfl)

mk/? - _ _ - c(a)kAyt/e
) kTaga/2),(1-1) _ (-1 ara/2
(T RO 8k 210D ) - gDl 257 T

<0 Aeo1 (SFT1) k2

k/2 = k
2h(514+8) fa—b61_1 T Sa (=1 (N (=1) ye(a) P
: (n S gy e e e 0
as n — 400, since we have 2k(§; + d)/a — §;—1 + 0; < 0. This completes the proof. O

Theorem 11 provides a refinement of Theorem 2 by establishing the sup-norm convergence rate of a deep
Stable NNs to a Stable SPs, in the “joint growth” setting. As in Theorem 2, the proof in the “joint growth”
setting requires the use of an induction argument or induction hypothesis over the NN’s layers [ = 1,..., D.
In particular, by means of such an induction argument, it is shown how the convergence rate n% is affected
by the depth of the layer, i.e. [, and by the dimension k& > 1 of the input That is,

1

52 < 5 (21)
and for [ =3,...,D
011
—_ 22
o< T 3k (22)

Then, according to (21) and (22), the assumption of the “sequential growth” setting implies two critical
effects on the convergence rates: i) for any [ = 3,..., D, the deeper the layer [ in the NN the slower the
convergence rate; ii) for each fixed [ = 3,..., D, the larger the dimension k > 1 of the inuput the slower
the convergence rate. Such a behaviour is completely determined by the assumption of the “joint growth”
setting, and a different behaviour is expected under the assumption of the “sequential growth” setting.

3.2 The “sequential growth” setting

The “sequential growth” setting consists in assuming that, for any [ = 1,..., D, the width n — 400 one
layer at a time. To deal with such a setting, we consider the deep Stable NN ( fi(l)(X,n))izl defined as
follows

I
FOX) =3 wl)x; +b1"

j=1
and
#( L & Fi—1 !
P (X,n) = ~T/a ngj)((/) ° fj( (X)) + 617,
j=1
where ( v;lfl)(X)) j>1 is a sequence of k-dimensional (row) random vectors such that, as n — 400, it holds
that

F X)) % (7 (X))izi-

The distribution of (fi(l_l) (X))i>1 coincides with the distribution of the Stable SP (fi(l_l) (X))i>1 in Theorem
2. Under the “sequential growth” setting, the study of convergence rates of (fi(l)(X,n))izl to (fi(l)(X))izl
reduces to the study of convergence rates of ( f;-(l)(X7 n))i>1, which is a simpler problem.

Let G; denote the sigma algebra generated by {(fi(l/)(X))izl : I <1}, for any [ > 1, and let Gy denote the
trivial sigma algebra. To establish sup-norm convergence rates, it is useful to consider linear transformations

of the random vectors fi(l)(X, n) and fi(l)(X). If u is a k-dimensional (column) vector then
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i) V,(l)(X)u ~ St(a, (V) (u))/*), where

I
YD () = o [1Tul* + 05 > [xul*;

Jj=1

i) f(X,n)u|Gioy ~ St (3 (u))/®), where
X « « 0'3/ . F(l— «@
3 () = op 1 Tul* + 2 3 (@0 TV (X))l
j=1

iii) £ (X)u ~ St(a, (50 (w)"/*), where
70 (u) = of [17u]* + o[ (¢ 0 f{' ™V (X))ul].
Under (12),
max(PQ (851, DO 1)) <7 (23)

for I = 2,...,D, with 7 defined as in (14). We denote by E; and P; the conditional expectation and the
conditional distribution, respectively, given G;, and by A\,_; the Lebesgue measure on S¥~1. Assuming that
(12) and (13) hold, along lines similar to that of Lemma 8, Lemma 9 and Lemma 10 we have

50 .= inf ¥O(u) >0, (24)
- ueSk-1
and
inf ¥ (u,w) >% /4 (25)
ueSk-1

for every I = 1,...,D, every w € N° with IE”[N] = 0, and every n > ng(w). By Lemma 6, the probability
measure P[f (l)(X) € -] is absolutely continuous with respect to the Lebesgue measure, and we denote by

g its density function. Moreover, for every w € N¢ P;_1[f; pl )(X n) € - J(w) is absolutely continuous with
respect to the Lebesgue measure, for n > ng(w). In partlcular we denote by §(V)(n) a version of the density

function of Pn,l_l[fi(l)(X, n) € -]. We can extend the definition of g (n) to every n and every w. The next
theorem establishes the convergence rate of (fi(l)(X, n))i>1 to (fi(l)(X))Z-Zl.

Theorem 12 (The “sequential growth” setting). Under the assumptions (12) and (13), we denote by

GO (n) and gV the versions of the random density functions of the distributions P;_ 1[f( )(X n) € -] and
P[fj( ) € -], respectively, with respect to the Lebesque measure. For everyl = 1,...,D and ¢ > 0, as
n — +o0o

n27g " (n) = g0 = 0.

Proof. We restrict to the set N¢ = {w € Q : liminf, inf,cgr1 77(1)( ) w) > j(l)/él}. Now, since lim inf,, inf, cge—1 ’yfll)(u) >
j(l)/él > 0 and infege1 ¥ (u) > 0, for { = 1,..., D, by Lemma 6, it is sufficient to show that

n1/276/ 13D @)V — (5D )V |du 25 0, (26)
Sk 1

as n — +00. The measures ’yn ( Jdu and 4 (u)du are bounded by (14); moreover, they are bounded away
from zero, as shown in (24) and (25). Accordingly, (26) is equivalent to the following

w2 [ 0 =50l Lo (27)

as n — +o00. By ii) and iii) above,

n! 250 () =50 ()] =

1/2+6i( (60 iV (X)u* —E[l(¢o fi Y (X))u |1)’.

Jj=1
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and by (von Bahr and Esseen, 1965, Theorem 2),

- 2
5| [, e 2 (100 £ 00t ~ Bl 100l an
L ¥ F1-1) o 2
- /gk—lE ’n1/2+€zl <|(¢ij (X))u| H((bof (X TL))U.| ]) du

1 Fl— [
<2 /S E[lgo f ] du
- 2$2aka>\k71(8k71)

n26

— 0,

as n — +oo. Now, the convergence in L? in (2 x S*~1, G@B(S*71), P x \y_1), with B(S*~1) being the Borel
sigma algebra of S¥=1, implies the convergence in L'. Accordingly, we can write the following

n
- o (- o
B [, S 00 £V 00l - Blwe £ 00| o

J:
as n — +oo, which implies that

- F0-1) (%) - 1) ol g

Lo S e £ ORI B0 £V Gx)aljdu o,
j=

as n — +o0o. This completes the proof. O

Theorem 12 provides an interesting complement to Theorem 11, as it highlights a critical difference
between the “joint growth” and the “sequential growth” settings. Differently from the “joint growth” setting,
the “sequential growth” setting does not require the use of an induction argument over the NN’s layers
l=1,...,D, as in the study of the convergence rate at layer [ it is assumed that the layer [ — 1 has already
reached its limit. In particular, Theorem 12 shows how in the “sequential growth” setting the convergence
rate n® is not affected by the the depth of the layer, i.e. I, or the dimension k > 1 of the input. That is,

) L 28

1 < 5 (28)

for every I = 1,...,D. According to (28), the assumption of the “sequential growth” setting implies that

the convergence rate is constant with respect to the depth of the layer [ = 1,..., D and the dimension k > 1

of the input. While at the level of the infinitely wide limit in Theorem 2 there are no difference between the

“Joint growth” and the “sequential growth” settings, as both settings lead to the same infinitely wide Stable

process, our results show how a difference between these settings appears at the refined level of convergence

rate. To the best of our knowledge, our work is the first to provide a quantitative result on the difference
between the “joint growth” setting and the “sequential growth” setting.

4 Discussion

We discuss the potential of our results with respect to to Bayesian inference, gradient descent via neural
tangent kernels and depth limits, and we present open challenges in large-width asymptotics for deep Stable
NNs.

4.1 Bayesian inference

From Theorem 1, we know that infinitely wide deep Gaussian NNs give rise to i.i.d. centered Gaussian SPs
at every layer 1 <[ < D. Now, assume that we are given a training dataset of k. distinct observations
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((x1,%1),- - - » (Xkys Yk, )) Where each x; € R is a I-dimensional input and y; its corresponding scalar output.
Then, we are interested in determining the conditional distributions of the limiting Gaussian SPs over a set
of ke test input values given the training dataset, that is the distribution of

P Ghprt)s s S0 TP x0) = y1s oo S0 (Rk) = Yk, (29)

where k = k¢ + kie and we indexed training observations from 1 to k-, test inputs from ki + 1 to k.
Theorem 1 establishes that the covariance matrices of the limiting Gaussian SPs over all k inputs, one for
each layer 1 <[ < D, can be computed via a recursion over such layers. Lee et al. (2018) proposes an efficient
quadrature solution that keeps the computational requirements manageable for an arbitrary activation ¢.
Once the covariance matrix over all k inputs for a given layer [ is available, standard results on multivariate
Guassian vectors establish that the distribution of (29) is multivariate Gaussian, whose mean vector and
covariance matrix is obtainable via simple (but potentially costly) algebraic manipulations (Rasmussen and
Williams, 2006).

In the context of deep Stable NNs, computing the distribution of (29) is a more challenging task with
respect to deep Gaussian NNs. Note that it is possible to approximately simulate from the distribution
of (fi(l)(xl)7 cey fi(l)(xk)). In particular, since I'") is a discrete measure then exact simulations algorithms
are available with a computational cost of O(IK) per sample (Nolan, 2008; Samoradnitsky and Taqqu,
1994). Therefore, we generate M samples J?i(l)7 i=1,...,M,in O(MIK), and use these to approximate
F® ~ Sty (o, T®@) with Sty (e, I®) where

I3

M

~ 1 ~1

T® = o |[L°¢ 1, + otz YIS g, -
j=1

7D
He(F5 )1

We can repeat this procedure by generating (approximate) random samples E2)7 with a cost of O(M?k),

that in turn are used to approximate I'®) and so on. The sequential discretization of the spectral measure
to perform approximate sampling is not advantageous. Such a procedure can be shown to be equivalent (in
distribution) to sequentially sampling over the layers of the finite NN of width n = M. In any case, we still
have the problem of computing a statistic of (29) or sampling from it, to perform prediction. In general,
performing inference with the Stable SPs of Theorem 2 remains an open problem.

4.2 Neural tangent kernel

In Section 4.1 we reviewed how the interplay between deep Gaussian NNs and Gaussian SPs allows to
perform Bayesian inference on the infinitely wide SP. This corresponds to a “weakly-trained” regime, in the
sense that the posterior mean predictions of (29) are equivalently obtained by assuming a quadratic loss
function, and then fitting only the final linear layer of the NN with gradient flow, i.e. gradient descent
with infinitesimal learning rate (Arora et al., 2019). This result thus establishes an equivalence between a
specific training setting for deep Gaussian NN and a kernel regression. Differently, the works Jacot et al.
(2018); Lee et al. (2019); Arora et al. (2019) consider “fully-trained” deep Gaussian NNs, in the sense that
all the layers are trained jointly, still under the same quadratic loss and gradient flow. It is shown that as
the width of the NN goes to infinity, the point predictions are still equivalent to that of a kernel regression,
though with respect to a different kernel, which is referred to as the neural tangent kernel. A key assumption
in the derivation of the neural tangent kernel is that the gradients are not computed with respect to the
standard model parameters, i.e. the weights and biases entering the affine transforms. Instead, they are
re-parametrized gradients which are computed with respect to weights distributed as standard Gaussian
distributions, with any scaling (standard deviation) applied as a further multiplication. Recently, Favaro et
al. (2022) introduced an analogous equivalence in the context of “fully-trained” shallow Stable NNs with a
ReLU activation function, showing that the underlying kernel regression is with respect to an («/2)-Stable
random kernel. We believe that it would be of interest to study whether the work of Favaro et al. (2022)
can be extended to the context of deep a-Stable NNs with a general activation function, i.e. linear and
sub-linear.
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4.3 Depth limits

In the context of deep Gaussian NNs, information propagation investigates the evolution over depth of the
covariance matrix recursion in Theorem 1 (Poole et al., 2016; Schoenholz et al., 2017; Hayou et al., 2019). In
particular, following the notation and the assumptions of Theorem 1, it is shown that the (o, 0}) positive
quadrant is divided into two regions: i) a stable phase; ii) a chaotic phase. Assuming for simplicity ¢ = tanh,
in the stable phase the limiting Gaussian SP correlation between any two distinct inputs tends to 1 as the
depth grows unbounded, and the limiting Gaussian SP concentrates on constant functions. Under the same
assumption ¢ = tanh, in the chaotic phase this correlation converges to a random variable, and the limiting
Gaussian SP is almost everywhere discontinuous. Hayou et al. (2019) investigates the case where (o, o) is
on the curve separating the stable phase from the chaotic phase, which is typically referred to as the edge
of chaos curve. On such a curve, it is shown that the behavior is qualitatively similar to that of the stable
phase, but with a lower rate of convergence with respect to depth. Thus, in all cases, the distribution of the
limiting Gaussian SP eventually collapse to degenerate and inexpressive distributions as the depth increases.

It would be interesting to investigate the role on the Stable distribution, with « € (0, 2], in the edge of
chaos phenomenon. It seems difficult to escape the curse of depth under i.i.d. distributions for the weights,
though it might be the case that Stable distributions, with their not-uniformly-vanishing relevance at unit
level Neal (1996), allow to slow down the rate of convergence to the limiting regime. For deep Gaussian
NNs of finite width, a way to avoid the curse of depth is to shrink the distribution of the NN’s weights as
the total number of layers D increases. This idea has been explored in Cohen et al. (2021), with the critical
result that as D goes to infinity the finite-width NN converges to the solution of a stochastic differential
equation (SDE). We conjecture that, under appropriate scaling, the same approach applied to a NN whose
weights are distributed as Stable distributions would result in converge to the solution of a Levy-driven
stochastic differential equation. A more recent line of research focuses on taking joint limits in width and
depth (Li et al., 2021). Here, the theory is less developed, and a formal result among the lines of Theorem
1 is lacking. However, the partial results that have been obtained so far hint at a class of limiting SPs that
might better capture the properties of finitely-sized NNs. Interestingly such limiting SPs are not Gaussian
SPs. Therefore, it would be of interest to investigate some extensions of Theorem 2 under the more flexible
scenario where both the width and depth are allowed to grow, possibly at different rates.
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