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Bayesian nonparametric inference for
“species-sampling” problems

Cecilia Balocchi, Stefano Favaro' and Zacharie Naulet

Abstract. Given an observed sample from a population of individuals belong-
ing to species, “species-sampling” problems (SSPs) call for estimating some
features of the unknown species composition of additional unobservable sam-
ples from the same population. Within SSPs, the problems of estimating cov-
erage probabilities, the number of unseen species and coverages of preva-
lences have emerged in the past three decades for being the subject of nu-
merous methodological and applied works, mostly in biological sciences but
also in statistical machine learning, electrical engineering, theoretical com-
puter science, information theory and forensic statistics. In this paper, we
focus on these popular SSPs, and present an overview of their Bayesian non-
parametric (BNP) analysis under the Pitman—Yor process (PYP) prior. While
reviewing the literature, we improve on computation and interpretability of
existing posterior inferences, typically expressed through complicated com-
binatorial numbers, by establishing novel posterior representations in terms
of simple compound Binomial and Hypergeometric distributions. We also
consider the problem of estimating the discount and scale parameters of the
PYP prior, showing a property of Bayesian consistency with respect to esti-
mation through the hierarchical Bayes and empirical Bayes approaches, that
is: the discount parameter can be estimated consistently, whereas the scale
parameter cannot be estimated consistently, thus advising caution in poste-
rior inference. We conclude our work by discussing some generalizations of
SSPs, mostly in the field of biological sciences, which deal with “feature-
sampling”, multiple populations of individuals sharing species and classes of
Markov chains.

Key words and phrases: Bayesian nonparametrics, Bayesian consistency,
coverage of prevalences, coverage probabilities, empirical Bayes, hierarchi-
cal Bayes, Pitman—Yor process prior, “species-sampling” problems, unseen
species.

1. INTRODUCTION

The estimation of the number of unseen species is a
classical problem in statistics, dating back to the seminal
work of Fisher et al. [1943]. Consider a generic popula-
tion of individuals, such that each individual takes a value
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in a (possibly infinite) space of species’ labels or symbols.
Assuming n > 1 observed individuals to be modeled as a
random sample (X,...,X,) from an unknown discrete
distribution p, the unseen-species problem calls for esti-
mating

)Xn-i-m} \ {Xl)"'aXnH?

namely the number of hitherto unseen (distinct) species
that would be observed if m > 1 additional samples
(Xn+t1,--+s Xntm) were collected from the same distri-
bution. The unseen-species problem may be viewed as
the m-step ahead generalization of the problem of esti-
mating the missing mass, namely the probability of dis-
covering at the (n + 1)-th draw a species not observed in
the sample (X7, ..., X,,) [Goodman, 1949; Good, 1953].
One may consider several refinements or generalizations

Lln’m = ‘{Xn-i-ly .
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of the unseen-species problem, by defining suitable dis-
crete functionals of the X;’s according to the features
of interest on the unknown species’ composition of un-
observed samples [Good and Toulmin, 1956; Efron and
Thisted, 1976]. We refer to these problems as “species-
sampling” problems (SSPs), though SSPs may also refer
to a broader class of statistical problems that deal with
sampling from generic populations of species. SSPs first
appeared in ecology for the estimation of the species rich-
ness or diversity of ecological populations, and their im-
portance has grown in the most recent years driven by
applications in biological and physical sciences, statisti-
cal machine learning, electrical engineering, theoretical
computer science, information theory and forensic statis-
tics.

Biological sciences are the field where SSPs have been
most investigated over the past three decades, raising sev-
eral challenges in both methods and applications. This is
testified by the work of Deng et al. [2019], which shows
how large scale genomic data provide a fertile ground for
SSPs. Although sequencing technologies have advanced
the understanding of genome biology, observed samples
may not be perfectly representative of the molecular het-
erogeneity or species composition of the underlying DNA
library, often providing a poor representation due to low-
abundance molecules that are hard to sample. Due to the
impossibility of sequencing DNA libraries up to complete
saturation, it is common to make use of the observed sam-
ples, typically collected under suitable budget constraints,
to infer the molecular heterogeneity of additional unob-
served samples from the library, as well as of the library
itself. Deng et al. [2019] identified three major questions
of interest:

Q1) what is the expected population frequency of a
species with frequency r > 1 in the sample?

Q2) how many previously unobserved species in the
sample will be observed in additional samples?

Q3) how many species with frequency r > 1 in the sam-
ple will be observed in additional samples?

These are popular examples of SSPs, with Q2) being the
unseen-species problem, and they all apply to statisti-
cal analysis related to the study of sequencing complex-
ity [Daley and Smith, 2013], design of sequencing ex-
periments [Sims et al., 2014] and estimation of genetic
diversity [Gao et al., 2007], immune receptor diversity
[Robins et al., 2009] and genetic variation [lonita-Laza
et al., 2009].

Although nonparametric estimation of the number of
unseen-species dates back to the 1950s, only recent works
have set forth a rigorous and comprehensive treatment
of such a problem [Orlitsky et al., 2016; Wu and Yang,
2019; Polyanskiy and Wu, 2020]. Besides providing es-
timators of u,, ,,, with provable (theoretical) guarantees,

these works have introduced novel tools that pave the way
to investigate other SSPs [Wu and Yang, 2021]. In gen-
eral, nonparametric estimation of SSPs does not rely on
any assumption on the underlying distribution p of the
X;’s, with provable guarantees that hold uniformly over
all discrete distributions. This assumption-free framework
has led to develop solid theories in their greatest gener-
ality, though worst case distributions may severely ham-
per the empirical performance of the proposed estimators,
leading to unreliable results in applications. It is therefore
useful to take into account any knowledge about the na-
ture of data, which typically results in placing assump-
tions on the tail behaviour of the distribution p. That is,
the assumption-free framework of SSPs may be usefully
complemented through suitable prior assumptions of reg-
ularity on the tail behaviour of p. A common and flexi-
ble tail assumption is that of regular variation, which al-
lows for p to range from a geometric tail to an heavy
power-law tail behaviour [Gnedin et al., 2007]. This is
well-motivated by the ubiquitous power-law type distri-
butions, which occur in many situations of scientific inter-
est, and nowadays have significant consequences for the
understanding of numerous natural and social phenomena
[Clauset et al., 2009].

A Bayesian nonparametric (BNP) approach to SSPs has
been set forth in Lijoi et al. [2007], and it relies on spec-
ifying a prior on the distribution p of the X;’s. This is
arguably the most natural approach to complement the
assumption-free framework of SSPs. In this respect, dis-
crete random probability measures in the form of species
sampling models [Pitman, 1996] provide a broad class
of nonparametric priors for p [Pitman, 2006, Chapter 3
and Chapter 4]. Among species sampling models, Lijoi
et al. [2007] focussed on the Pitman—Yor process (PYP)
prior [Perman et al., 1992; Pitman and Yor, 1997], whose
mathematical tractability and interpretability make it the
natural candidate in applications [Favaro et al., 2009,
2012]. The PYP prior is indexed by a discount parame-
ter o € [0, 1) and a scale parameter § > —a, such that for
a = 0 it reduces to the Dirichlet process (DP) of Fergu-
son [1973]. Of special interest is the parameter «, as it
admits a clear interpretation in terms of controlling the
tail behaviour of the PYP prior, which ranges from ge-
ometric tails to heavy power-law tails. In particular, the
larger « the heavier the tail of the PYP prior, and as a lim-
iting case for a — 0 one recovers the geometric tail be-
haviour of the DP prior [Pitman, 2006, Chapter 3]. Such a
peculiar parameterization makes the PYP a flexible prior
choice, which allows for tuning of the tail behaviour of
the prior with respect to the empirical distribution of the
data. Among species sampling models, the PYP prior is
certainly unique with respect to mathematical tractability,
flexibility and interpretability [De Blasi et al., 2015; Ba-
callado et al., 2017].
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1.1 Our contributions

In this paper, we present an overview of BNP inference
for SSPs under the PYP prior. We focus on SSPs cor-
responding to the aforementioned questions Q1, Q2 and
Q3. As for QI, we consider the problem of estimating
coverage probabilities, which include the missing mass
and the coverage probability of order » > 1, namely the
probability mass of species observed with frequency r in
the sample. As for Q2, we consider the unseen-species
problem and a generalization of it defined in terms of
the estimation of the number of hitherto unseen species
that would be observed with frequency r > 1 in m ad-
ditional samples, here referred to as the unseen species’
prevalences of order r. Finally, as for Q3, we consider the
problem of estimating the coverage of prevalence of or-
der » > 1, namely the number of species with frequency
r in the sample that would be observed in m additional
samples. We introduce each SSP in the assumption-free
framework, and then we present its analysis in the BNP
framework under the PYP prior. While reviewing pos-
terior analyses of SSPs from the recent BNP literature,
we establish some novel representations of posterior dis-
tributions. In particular, we show that posterior distribu-
tions that are typically expressed in terms of complicated
combinatorial numbers, which hamper both the computa-
tion and the interpretability of posterior inferences, admit
straightforward representations in terms of compound Bi-
nomial and Hypergeometric distributions. This is a step
forward in the BNP approach to SSPs, especially with re-
spect to its use in problems of practical interest, contribut-
ing to simplify and make more interpretable the posterior
inferences.

Critical in the BNP approach to SSPs under the PYP
prior is the estimation of the prior’s parameters («, ).
Two approaches for estimating («, ) are: i) the hierar-
chical Bayes or fully Bayes approach, which relies on
the posterior distribution of («,#) with respect to a suit-
able prior specification; ii) the empirical Bayes approach,
which relies on maximizing, with respect to («, ), the
(marginal) likelihood of the observed sample. The empir-
ical Bayes approach is the most used in practice [Lijoi
et al., 2007; Favaro et al., 2009; De Blasi et al., 2015],
though no provable guarantees have been established for
empirical Bayes estimates of («, #). The lack of a theoret-
ical understanding of the hierarchical Bayes approach and
the empirical Bayes approach has precluded clear guide-
lines for choosing among them. Here, we investigate their
properties of Bayesian consistency. Under moderate mis-
specification, we find that the empirical Bayes estimator
of («, ) converges to a limit that is interpretable in terms
of the “true” data generating mechanism. In particular,
when the model is correct, we find that: i) both the empir-
ical Bayes estimator and the hierarchical Bayes estimator
of « are consistent; ii) 6 can not be tested or estimated

consistently, because of a curious anti-concentration re-
sult. Under the hierarchical Bayes approach, we charac-
terize the large sample asymptotic behavior of the poste-
rior distribution of the parameter («,6); we find that the
limiting posterior distribution of § depends on the prior,
thus particular caution should be used. As for o, we prove
a weak form of the Bernstein-von Mises theorem, finding
its contraction rates.

1.2 Organization of the paper

The paper is structured as follows. In Section 2 we
introduce the BNP framework for SSPs under the PYP
prior, and review the PYP, with emphasis on the interpre-
tation of the prior’s parameters («, #). BNP inference for
SSPs is presented in Section 3 for the coverage probabil-
ities, in Section 4 for the number of unseen species, and
in Section 5 for the coverage of prevalences. In Section 6
we consider the estimation of («, 6), showing properties
of Bayesian consistency with respect to the hierarchical
Bayes and empirical Bayes approaches. In Section 7 we
present some numerical illustrations for the estimation of
(e, 0) and for the estimation of the unseen, using synthetic
data. Section 8 contains a discussion on some emerg-
ing generalizations of SSPs, mostly in the field of bio-
logical and physical sciences, which deal with “feature-
sampling” problems, multiple populations of individuals
sharing species and classes of Markov chains. Additional
material, technical results, and proofs of the main results
are deferred to the Supplementary Material [Balocchi et
al., 2024+].

2. THE BNP SPECIES SAMPLING FRAMEWORK

The assumption-free framework for SSPs, henceforth
referred to as the “classical framework™, assumes that
n > 1 observed samples from the population are mod-
eled as a random sample X,, = (X1,..., X,,) from an un-
known discrete distribution p,i.e.p=>_ i>1 p;0s, with p;
being the probability of species’ label s; for j > 1, such
that > j>1P; = 1. Here, following Lijoi et al. [2007], we
consider to endow p with the PYP prior, namely we as-
sume that

(1) x;|P 8 P i=1..n,

P~ PYP(,6),

with PYP(«, 6) being the law of the PYP process with pa-
rameter («,6). We refer to (1) as the “BNP framework”
for SSPs. A simple and intuitive definition of the PYP fol-
lows from its stick-breaking construction [Pitman, 1995].
For o € [0,1) and 6 > —a let: i) (V;);>1 be indepen-
dent r.v.s such that V; has Beta distribution with param-
eter (1 — o, 0 + ia), for i+ > 1; ii) let (S;);>1 be r.v.s,
independent of the V;’s, and i.i.d. as a non-atomic distri-
bution v on a measurable space S. If we set P, = V; and
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P;=V;jIli<icj1(1=V;) for j > 1, such that P; € (0,1)
for any j > 1 and 3 j>1 5 =1 almost surely, then the
random probability measure P = 3 i>1 Pjig, is a PYP
on S with base distribution v, discount « and scale 6.
The PYP generalizes the DP by means of the parameter
a € [0,1), which controls the tail behaviour of P. For any
o€ (O, 1) let P ~ PYP(Q,@) and let (P(j))j21 be the de-
creasingly ordered P;’s. Then, as j — +oo the P;’s fol-
low a power-law distribution of exponent ¢ = o' [Pit-
man and Yor, 1997]; that is, a € (0,1) controls the tail
behaviour of the PYP through the small P;)’s: the larger
« the heavier the tail of P. As a limiting case for o — 0,
the DP features geometric tails [Pitman, 2006, Chapter 3
and Chapter 4].

2.1 Sampling formulae for the PYP prior

The random sample X,, from P ~ PYP(«,0) is re-
garded as part of the exchangeable sequence (X, )n>1
satisfying (1), that is a sequence whose directing (de
Finetti) measure is the law of the PYP. Because of the
almost sure discreteness of P, X,, features K,, <n dis-
tinct species, labelled by {S7,...,5% }, with frequen-
cies Ny, = (Nip,..., Nk, ») such that N; > 1, for i =
1,...,k,and > ., ., N; = n. In other terms, X,, induces
arandom partition II,, of {1,...,n} whose blocks are the
classes induced by the equivalence relation ¢ ~ j <=
X; = X;. In particular, II,, is an exchangeable random
partition, meaning that its distribution is such that the
probability of any partition of {1,...,n} into k& blocks
with frequency n = (n1,...,ng) is a symmetric function
Dn,k of 0, i.e.

2 Pn(n) =

where (a)(y) is the u-th rising factorial of a, i.e. (a)(,) =
[To<i<y_1(a + i), for a > 0 and u € Ny. The function
P,k 18 referred to as the exchangeable partition probabil-
ity function of 1I,, [Kingman, 1978; Pitman, 1995]. The
sequence (II,,),>; defines an exchangeable random par-
tition IT of N, with exchangeability meaning that the dis-
tribution of II is invariant under finite permutations of its
elements, provided that 11, is the restriction of II,, to the
first m elements, almost surely for all m < n. This im-
plies that

k
3 Puk®) =purrr1 (1) + D puprr(n+1y),
i=1

for all n > 1, with 1; being a vector of length k£ with 1
in the position ¢ and 0 elsewhere [Hansen and Pitman,
2000; Nacu, 2006]. See Pitman [2006, Chapter 2] for de-
tails on exchangeable random partitions and generaliza-
tions thereof.

The construction of II, and in particular (3), implies
that its distribution is completely determined by the distri-
bution of (X;);>1 through the conditional probability of
Xn+1 given X, i.e. the predictive probability. If X, is a
random sample from P ~ PYP(«,#) as described above,
and Pr[X; € -] = v(-), then the predictive probabilities of
(Xi)i>1 are

“)

0+ k
Pr[Xpy € | X)) = L1 H2

0+n

n;, —«o
‘~ O+n
=1

v(-) + ds;: (),
determining the distribution of II,4; from that of II,,
for n > 1. The probability (4) is a linear combination be-
tween: i) the probability (6 + ka)/(6 + n) that X, is
a new species, i.e. the probability of creating a new block
in the random partition of {1,...,n}; ii) the probability
(n; —a)/(0+n) that X, takes value S7, i.e. the proba-
bility of increasing by 1 the size of the block S; in the ran-
dom partition of {1,...,n},fori =1,... k. Forf > 0, an
intuitive description of (4) was proposed in Zabell [2005,
Chapter 11]. Consider an urn containing a black ball and
colored (non-black) balls, where colored balls may be in-
terpreted as individuals with their associated species (col-
ors). Balls are drawn from the urn, and then returned to
the urn, in such a way that the probability of a ball being
drawn at any stage is proportional to its weight. Initially
the urn contains a black ball with weight 6 > 0, and at
the n-th draw: i) if we pick a colored ball then the ball is
returned to the urn together with a ball of the same color
with weight 1; ii) if we pick a black ball, then the weight
of the black ball is increased by o € [0,1) and a ball of a
new color with weight 1 — o, i.e. any color not present in
the urn, is inserted in the urn. If X, is the color of the ball
returned in the urn after the n-th draw, and such a color is
generated as v, then the conditional distribution of X, 41
given X, is (4).

Zabell [1992, 1997] provided a characterization of the
PYP through its predictive probability (4), referred to as
“sufficientness postulate” [Johnson, 1932; Bacallado et
al., 2017]. For a € (0,1) the PYP is characterized as
the sole species sampling model whose predictive prob-
ability is such that: i) the probability that X, is of a
new species depends on X,, only through n and K,; ii)
the probability that X, 1 belongs to S} depends on X,
only through n and N, ;. In particular, the DP is the sole
species sampling model whose predictive probability is
such that the probability that X, belongs is of a new
species depends on X, only through n [Regazzini, 1978;
Lo, 1991]. The “sufficientness postulate” and the Pdlya-
like urn scheme show how the parameter « drives a com-
bined effect in terms of a reinforcement mechanism and
the increase in the rate at which new species are generated
according to (4). A new species S* entering in the sample
produces two effects: 1) it is assigned a mass proportional
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to (1 — «) in the S* empirical component of (4); ii) it is
assigned a mass proportional to « in the probability of
generating a new species. That is, the mass assigned to
S* is less than proportional to its cluster size, i.e. 1, and
the remaining mass is added to the probability of generat-
ing new species. The first effect gives rise to the follow-
ing reinforcement mechanism: if S* is re-observed then
the mass of S* is increased by 1/(6 + n + 1), meaning
that the sampling procedure tends to reinforce observed
species with higher frequencies. The second effect im-
plies that the probability of generating yet another new
species, which overall still decreases in n, is increased by
a/(0 + n + 1). The larger o the stronger the reinforce-
ment mechanism, and the higher is the probability of gen-
erating new species. For o = 0 everything is proportional
to species’ frequencies, in such a way that the number of
distinct species does not alter the probability of generat-
ing new species.

We conclude by recalling the sampling formula or
frequency-of-frequency distribution induced by a ran-
dom sample X, from P ~ PYP(«,f), which follows
from (2) [Pitman, 2006, Chapter 2]. Let M,.,, be the
number of distinct species with frequency r in X,,, for
1<r<mn,ie Myn=7> 1cicg I(Nin=r), such that
Y oi<pen Mrn =Ky and >, ., "M, , = n. The distri-
bution of M,, = (M1, ..., Myy) is defined on M,, j, =

{kef{l,...;n}and (my,....,my) :m; >0, 3o mi =

k, Y 1<i<nim; = n}, and referred to as Ewens-Pitman
sampling formula (EPSF). For m = (my,...,m,) €

Mk
) (a(l—a)u—n >m1
[

Pr[M,, = m] =n! (g)( =3 ™)
QI

=1

We refer to Section S2 of the Supplementary Material
[Balocchi et al., 2024+] for a representation of the EPSF
in terms of a compound Poisson sampling model [Char-
alambides, 2005, Chapter 7]. The distribution of K, fol-
lows from (5) [Pitman, 2006, Chapter 3]. In particular, for
a>0,b>0 and u,v € Ny with v < u, let € (u,v;a,b)
be the (u,v)-th non-centered generalized factorial coeffi-
cient, i.e., € (u,v;a,b) = (V) 1>, (= 1) (Y) (—ia—
b)(u); see Section S1 of the Supplementary Material
[Balocchi et al., 2024+]. Then, for z € {1,...,n} it holds

that
0
(E) (z)

For o = 0, i.e. under the DP, the distribution of K, fol-
lows directly from (6) by letting o — 0. The resulting
distribution is expressed in terms of the (u,v)-th sign-
less Stirling number |s(u, v)|, which arises by means of
|s(u,v)| =limy—0a "% (u,v;a,0); see Section S1 of the

(6) Pr[K, =1] =

€ (n,z;a,0).

Supplementary Material [Balocchi et al., 2024+] for de-
tails.

At the sampling level, the power-law tail behaviour of
the PYP emerges naturally from the analysis of the large n
asymptotic behaviour of K, and M, ,,. For a € (0,1) we
denote by f, the density function of a positive a-stable
r.v., and for any 0 > —a let S, ¢ be a r.v. with density
function
) T OE T AC
that is a generalized Mittag-Leffler density function, such
that E[S], 4] = (6/a)»T'(0)/T'(0 + ra) for r > 1, from
which the mean and the variance of S, ¢ follows im-
mediately. Pitman [2006, Theorem 3.8] shows that, as
n — +o0o,

8) n “K, — Sqp almost surely,

and

a(l—a)

) n M, — ' 7”71)5049 almost surely.
7!

The r.v. S, ¢ is positive and finite (almost surely), and
it is typically referred to as Pitman’s a-diversity [Pit-
man, 2003; Dolera and Favaro, 2020a,b; Bercu and
Favaro, 2024]. For o« = 0, we recall that as n — 400,
K(n)/logn — 6 almost surely [Korwar and Hollander,
1973] and M, — Py /r almost surely [Ewens, 1972],
where P, is a Poisson r.v. with parameter /r. Equa-
tion (8) shows that K, for large n, grows as n®. This
is precisely the growth of the number of distinct species
in n > 1 random samples from a power-law distribution
of exponent ¢ = o~!. Moreover, by combining (8) and
(9), it holds that ps» = a(l — a)q_q)/r! is the large n
asymptotic proportion of the number of distinct species
with frequency r. Therefore, p, , ~ cqr~ 1 for large r,
for a constant c,,. This is precisely the distribution of the
number of distinct species with frequency r in n > 1 ran-
dom samples from a power-law distribution of exponent

c=a L

3. COVERAGE PROBABILITIES

The estimation of coverage probabilities, or rare proba-
bilities, dates back to the early work of Alan M. Turing
and Irving J. Good at Bletchley Park in 1940s [Good,
1953]. Let X,, be a random sample under the “classi-
cal framework” for SSPs, and denote by (Nj,n)j21 the
species’ frequencies in X,,. The coverage probability of
order r >0 1is

Prn = ijI(Nj,n = T)7
j=>1

namely the probability mass of species observed with fre-
quency r > 0 in the sample. Of special interest is po ,
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namely the coverage probability of order 0, which is re-
ferred to as the missing mass. The problem of estimating
prn first appeared in ecology [Fisher et al., 1943; Good,
1953; Chao and Lee, 1992; Bunge and Fitzpatrick, 1993],
and over the past three decades its importance has grown
in biological sciences [Kroes et al., 1999; Mao, 2004;
Gao et al., 2007]. Coverage probabilities arise in DNA
sequencing data in the form of sample coverage, or sat-
uration, and frequency estimation. Sample coverage, i.e.
the proportion of molecules in an (infinite) population that
are observed in the sample, is related to the estimation of
the population abundance of unobserved molecules (the
missing mass), as it is equal to 1 — po ,,. An accurate esti-
mation of the sample coverage allows to determine if the
sample is saturated, i.e. all species have been sampled.
Sequencing experiments with high sample coverage are
crucial to avoid sampling bias and to produce robust find-
ings. Given that high sample coverage is often an issue
in degraded DNA samples, in metagenomics, such as the
study of the microbiome, and in single-cell DNA sequenc-
ing, where sample coverage varies in each cell, a correct
sample coverage estimation remains critical [Deng et al.,
2019, Section 4].

REMARK 1. Besides biological and physical sci-
ences, the problem of estimating coverage probabilities,
and in particular the estimation of the missing mass,
has found application in many scientific fields: i) statis-
tical machine learning, e.g., estimation of node degrees
of networks based on source-destination data [Zhang,
2005], optimal discovery with probabilistic expert ad-
vice [Bubeck et al., 2013] and frequency recovery from
sketched data through random hashing [Cai et al., 2018];
ii) theoretical computer science, in the context of recover-
ing from sketches the number of distinct species through
probabilistic counting algorithms [Motwani and Vassil-
vitskii, 2006]; iii) information theory, in the context of
universal (lossless) compression of sequences over arbi-
trarily large alphabets [Orlitsky et al., 2004; Ben-Hamou
et al., 2018]; iv) empirical linguistics, e.g., estimation of
the size of a vocabulary [Gale and Sampson, 1995] and
m-gram language modeling in natural language process-
ing [Ohannessian and Dahleh, 2012]; v) forensic DNA
analysis, in the context of rare-type matching problem
[Anevski et al., 2017; Cereda, 2017; Favaro and Naulet,
2024].

3.1 A nonparametric estimator of p,. ,,

Under the “classical framework”, the Good-Turing es-
timator is the most popular estimator of p,. , [Good, 1953;
Good and Toulmin, 1956; Robbins, 1956, 1968]. Denot-
ing by M,.,, = m, the number of distinct species with fre-
quency r > 1 in X,,, the Good-Turing estimator is given

by
(10) Bron = (r+ )7L,

The Good-Turing estimator is a nonparametric estimator
of p;n, in the sense that it does not rely on any distribu-
tional assumption on the unknown p. It has a straightfor-
ward heuristic derivation, which relies on a comparison
between the expectations of p,., and M,. ,,, for r > 0, that
is

r+1

Elp,n = i

E[Mr—l—l,n—l—l]?

and then the approximation of (n + 1) 'E[M; 41 ,41]
with the observable n~!'m,., assuming n large enough
[Good, 1953; Robbins, 1968]. The estimator p,, also
admits a nonparametric empirical Bayes interpretation
[Robbins, 1956, 1964], that is p,, may be viewed as
a posterior expectation with respect to a nonparamet-
ric prior estimated from the sample [Efron and Thisted,
1976; Efron, 2003]. The Good-Turing estimator has been
the subject of numerous studies, e.g., central limit theo-
rems, local limit theorems and large deviation principles
[Esty, 1982, 1983; Zhang and Zhang, 2009; Gao, 2013;
Grabchak and Zhang, 2017], admissibility and concentra-
tion properties [Robbins, 1968; McAllester and Schapire,
2000; Ohannessian and Dahleh, 2012; Ben-Hamou et al.,
2017; Skorski, 2020], consistency and convergence rates
[McAllester and Ortiz, 2003; Mossel and Ohannessian,
2019; Ayed et al., 2018], and optimality through minimax
lower bounds [Orlitsky et al., 2003; Acharya et al., 2018;
Ayed et al., 2018].

3.2 BNP inference for coverage probabilities

In the “BNP framework™ (1), Arbel et al. [2017] com-
puted the posterior distribution of p,. ,, given X,,. In par-
ticular, assume that the random sample X,, features K,, =
k distinct species with frequencies N, = (n1,...,nx),
such that M, ,, = m, for r > 1, and let Beta(a, b) be
the Beta distribution with parameter (a, b), for a, b > 0.
Then,

(11) pon| X, ~Beta(d + ak, n — ak),
and forr > 1
(12) prpn| X, ~Beta((r —a)m,, 6 +n— (r — a)m,).

According to (11) and (12), for fixed o € (0,1) and 0 >
—a, K,, = k is a sufficient statistic to make inference on
Po,n, Whereas M, , = m, is a sufficient statistic to make
inference on p,. ,. Differently, if o = 0 then n and M, ,,
are sufficient statistics to infer po ,, and p;.,,, respectively.
Besides leading to BNP estimates of p,, ., (11) and (12)
are critical to quantify uncertainty of estimates by means
of credible intervals by means of, e.g., concentration in-
equalities [Skorski, 2021] and Monte Carlo sampling Ar-
bel et al. [2017]. This is possible in practice because of the
simple form of the posterior distribution, which allows to
exploit well known properties of the Beta distribution to
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deal with BNP inference for coverage probabilities under
the PYP prior.

Under the assumption of a squared loss function, BNP
estimators of pg , and p;.,, follows directly from (11) and
(12), respectively, by taking corresponding expected val-
ues. That is,

(13) Bom = Elpon| X,] = 5012,
and forr > 1

14) e =Elpn| Xp] = (r — ) s
( ’ ’ 0+n

The BNP estimators (13) and (14) first appeared in Lijoi
et al. [2007] and Favaro et al. [2012], where they are ob-
tained as means of a direct application of the predictive
probability (4) of the PYP prior. See also De Blasi et al.
[2015]. In particular, by combining the definition of pg
and predictive probabilities, the BNP estimator of pg
under a squared loss function is precisely the probabil-
ity that the (n + 1)-th draw belongs to a new species, i.e.
a species not observed in the sample; this is probability
(0 + ka) /(8 + n) attached to v in (4). Similarly, by com-
bining the definitions of p,.,, and predictive probabilities,
the BNP estimator of p,.,, under a squared loss function
is precisely the probability that the (n + 1) — th draw be-
longs to a species observed with frequency 7 in the sam-
ple; this is the probability (r — «)/(6 + n) attached to
the empirical part of (4), i.e. the probability of observing
a specific species with frequency r in the sample, multi-
plied by the number m, of species with frequency r in the
sample.

A peculiar feature of the Good-Turing estimator (10),
which arises from its heuristic derivation, is that it de-
pends on m,1, and not on m, as one would intuitively
expect for an estimator of p,.,,. This is contrast with the
BNP estimator. Such a feature, combined with the ir-
regular behaviour of the m,’s, may lead to absurd esti-
mates, the most common being p,., = 0 when m, >0
and m,1 = 0. To overcome this drawback, Good [1953]
suggested to smooth the estimator (10) by replacing the
m,.’s with more regular m/.’s, with m/. being, e.g., a suit-
able parabolic function of r, a proportion of the number &
of distinct species in the sample, the expectation with re-
spect to a suitable parametric model. The BNP estimator
pr, may be interpreted as a smoothed Good-Turing esti-
mator, where the smoothing is induced by the PYP prior.
In particular, let a,, ~ b,, mean that lim,,_, 4 o ay, /b, =1,
namely a,, and b,, are asymptotically equivalent as n tends
to infinity. Favaro et al. [2016, Theorem 1] show that, as
n — 400, forr >0

. my,
(15) Brn = (r 1),
where
1- r
(16) M,y = all =y,

NS

According to (15), the BNP estimator p,.,, is asymptoti-
cally equivalent, for large n, to a smoothed Good-Turing
estimator, where the smoothed m, in (16) is the propor-
tion a(1 — a)¢)/(r + 1)! of the number k of species in
the sample. While smoothing techniques for the Good-
Turing estimator were introduced as an ad-hoc tool for
post-processing the m,’s in order to improve the perfor-
mance of p,,,, Favaro et al. [2016] show that smoothing
emerges naturally from a BNP approach to estimate p,. ,.
We refer to Arbel et al. [2017] for high-order refinements
of (15).

4. THE NUMBER OF UNSEEN SPECIES

The unseen-species problem is an m-step ahead gen-
eralization the problem of estimating the missing mass.
For m > 1 let Xn+m = (Xl, e 7Xnan+1; . ,Xn+m)
be a random sample under the “classical framework™ for
SSPs, of which only the first n elements are assumed to
be observed, and denote by (N} ,);>1 and (Nj ) >1 the
species’ frequencies in X,, and (Xp41,-.., Xpntm), re-
spectively. The number of unseen (distinct) species is de-
fined as

tm = > I(Njp =0)I(Njm >0),
i>1

namely the number of hitherto unseen (distinct) species
that would be observed if m additional samples were col-
lected from the same population. As the missing mass, the
unseen-species problem first appeared in ecology [Fisher
et al., 1943; Good and Toulmin, 1956; Chao, 1984; Chao
and Lee, 1992], and over the past three decades its im-
portance has grown in biological and physical sciences.
In molecular biological data, the unseen-species problem
arises in the estimation of the complexity of sequenc-
ing libraries [Daley and Smith, 2013; Ionita-Laza et al.,
2009]. While in low-complexity libraries a large propor-
tion of the sample is composed by only a small num-
ber of unique molecules, high-complexity libraries usu-
ally display a large number of molecules, providing more
information for a fixed level of sequencing. Hence, high-
complexity libraries are often preferred by researchers.
To evaluate library complexity, the complexity curve, or
Species Accumulation Curve (SAC), is defined as the
number of additional species that are observed as the
sampling effort increases. This is the number of unseen
species, interpreted as a function of m. The problem of
library complexity estimation plays a crucial role to pre-
dict the benefit of additional sequencing, and optimize re-
source in the planning stages of experiments [Deng et al.,
2019, Section 3].

REMARK 2. As a generalization of the problem of es-
timating the missing mass, the unseen-species problem
has appeared in some of the fields described in Remark 1,
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with interest in statistical machine learning and theoret-
ical computer science [Haas et al., 1995; Florencio and
Herley, 2007; Hao and Orlitsky, 2020], and in empirical
linguistics and natural language processing [Thisted and
Efron, 1987; Gale and Sampson, 1995; Ohannessian and
Dahleh, 2012]. In principle, we may say that all the sta-
tistical problems described in Remark 1 admit a natural
extension in which m > 1 additional unobserved sample
are considered.

4.1 A nonparametric estimator of u,, ,,

Under the “classical framework”, the Good-Toulmin
estimator is the most popular estimator of 1, ,,, [Good and
Toulmin, 1956; Efron and Thisted, 1976]. If A\ = m /n and
M., = m, denotes the number of distinct species with
frequency r > 1 in X,,, then the Good-Toulmin estimator
is

(17) T = _(=1)F 1\,

1>1

For A = n~! the estimator (17) reduces to the Good-
Turing estimator of pg,. The Good-Toulmin estimator
(17) is a nonparametric estimator of u, ,,, as it does
not rely on any distributional assumption. The estima-
tor iy, ,, was first obtained by Good and Toulmin [1956]
through a comparison between the expectations of u,, ,,
and M,.,,, in analogy with the Good-Turing estimator in
Good [1953], whereas Efron and Thisted [1976] proved
that u,, ,, admits a nonparametric empirical Bayes deriva-
tion [Mao and Lindsay, 2002]. In particular, Efron and
Thisted [1976] observed that, for A > 1, the geometri-
cally increasing magnitude of A\’ produces some wild os-
cillations in (17), which are undesirable. To overcome this
drawback, they proposed a modification of u, ., that re-
lies on a Euler-type random truncation of the series (17).
Motivated by the increasing interest in the range A > 1,
especially in biological applications, Efron-Thisted esti-
mator has been the subject of breakthrough studies [Orlit-
sky et al., 2016; Wu and Yang, 2019; Polyanskiy and Wu,
2020]. Orlitsky et al. [2016] showed that Efron-Thisted
estimator provably estimates u, ,, all of the way up to
A =< logn, that such a range is the best possible, and
that the estimator’s mean-square error is minimax near-
optimal for any \. These theoretical guarantees do not
rely on any assumption on the underlying unknown dis-
tribution p for the X;’s, and they hold uniformly over all
discrete distributions, thus providing a theory in its great-
est generality.

A generalization, or refinement, of the number of un-
seen species U, ,, is the unseen species’ prevalences. For-
mally, the unseen species’ prevalence of order r > 1 is
defined as

= I (Njn=0)I(Njpm =7).
i>1

That is, 1,5, 4, 1S the number of hitherto unseen species
that would be observed with frequency r if m additional
samples were collected from the same population. For
small values of r, the unseen species’ prevalence of or-
der r is also referred to as the number of unseen rare
species. This is a critical quantity for the understanding of
the species composition of the unobserved individuals. In
ecology and biology, for instance, conservation of biodi-
versity requires a careful control of the number of species
with frequency less than a certain threshold, namely rare
species [Magurran, 2003; Thompson, 2004]. In genomics,
rare species represent a critical issue, the reason being that
species that appear only once or twice are often associ-
ated with deleterious diseases [Laird and Lange, 2010].
For A\ < 1, a nonparametric estimator of u, , ,, may be
obtained by comparing expectations of u, ,, ., and M, ,,
which leads to

(18) 1~11”,7z,m = -2 -l (r + L 1> mMy4r—1-
;( ) i1 +

For A > 1, Hao and Li [2020] proposed a modification
of Uy, m in the spirit of Efron-Thisted estimator. In par-
ticular, along the same lines of te original work of Or-
litsky et al. [2016], Hao and Li [2020] show that their
estimator provably estimates u, , ,, all of the way up to
X = r~!logn, that such a range is the best possible, and
that the estimator’s mean-square error is minimax near-
optimal.

4.2 BNP inference for the number of unseen species

In the “BNP framework™ (1), Lijoi et al. [2007] com-
puted the posterior distribution of u,, ,,, given X,,. In par-
ticular, assume that the random sample X,, features K,, =

k distinct species with frequencies N, = (n1,...,nx),
such that M, , = m, for r > 1. If o € (0,1) then for
z€{0,1,...,m}
(19)
0
(k + a) (z)

Prlu, =2 | X,,] = E(m,x; 0, —n + ka).

0+ n)(m)
Under the assumption of a squared loss function, a BNP
estimator of u, ,, [Favaro et al., 2009] is the expected
value of (19), i.e.,

(20)

0+n+a),
fim = Efttn.m | Xn] = <k+9> ((”O‘)()_l)
’ ’ o (9+n)(m)

For a = 0, i.e. under the DP, the posterior distribu-
tion and the BNP estimator of u, ,, are obtained from
(19) and (20), respectively, by letting o« — 0 [Lijoi
et al., 2007]. In particular, for b > 0 let |s(u,v;b)]
be the non-centered signless Stirling number of the
first type, which arises from %(u,v;a,b) by means of
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|s(u,v;b)| = limg—0a™ "€ (u,v;a,b). If a =0, then for

z€{0,1,...,m}
9k

(21) Pr[un’m =X ’ Xn} = W

|s(m,z;n)|
and

(22) Uy = Eftty, | X5]

Ze—i-n—l—z—l

For m = 1 the estimator (20) reduces to the estimator
(13) of po.,. As a generalization of the estimators (20)
and (22), Favaro et al. [2013] introduced a BNP estimator
of the unseen species’ prevalence u,.,, ,,, [De Blasi et al.,
2015]. However, to date no closed-form expressions are
available for the posterior distribution of ;. , ,, given the
sample X,,.

According to (19), for any fixed o € (0,1) and 6 > —qv,
K, =k is a sufficient statistic for estimating u, ,,. If
a = 0, then the sample size n is a sufficient statistic to
infer u, ,,. The posterior distributions (19) and (21) are
critical to quantify uncertainty of (20) and (22) by means
of credible intervals. In practice, Monte Carlo sampling of
(19) and (21) is doable for small values of n and m, and
it becomes impossible for large values of n or m. This is
because for large n and m, and even only for large m, the
computational burden for evaluating generalized factorial
coefficients and Stirling numbers becomes overwhelm-
ing. To overcome this drawback, Favaro et al. [2009] pro-
posed large m approximations of the posterior distribu-
tions (19) and (21). Let u,, ,, (k) denote a r.v. whose dis-
tribution is (19) for o € (0,1) and (21) for o = 0. For

€ (0,1), Favaro et al. [2009, Proposition 2] show that,
as m — 400,

Upm (k)
ma

(23) — Bo j n 1 Sap4n almost surely,

where By ok n/a—k 1S @ Betar.v. with parameter (¢ Ja+
k,n/o — k) and S, g4, is the Pitman’s a-diversity with
parameter (c, 0 +n), with By i n/a—k being indepen-
dent of S, g+ [Dolera and Favaro, 2020a]. For oo = 0, as
m — +00

Upm (k)
log(m)

The large m asymptotics (23) of w, ,, (k) may be viewed
as a posterior counterpart of the large n asymptotic be-
haviour of K, in (8); the limiting r.v. (23) is referred to
as posterior Pitman’s a-diversity. See Favaro et al. [2013]
for a generalization of (23) to the unseen species’ preva-
lences ;. 5, .

Favaro et al. [2009] introduced a Monte Carlo scheme
for sampling the posterior a-diversity, and applied it to
obtain a large m approximation of credible intervals for
the BNP estimate (20). The critical step consists in sam-
pling the Pitman’s a-diversity S, g4,, Whose density

(24)

— (0 +n) almost surely.

function is (7) with 6 + n in place of §. This problem
boils down to sample from a polynomially tilted positive
a-stable distribution. That is, if f, denotes the density
function of a positive a-stable r.v., then the distribution of

S;;{fn has the polynomially tilted positive a-stable den-

sity function

fooa (s) ocs™ O fo(s).

a,0+n

The Monte Carlo approach of Favaro et al. [2009] is suit-
able for scenarios where n is not large, and m is much
more large than n. This is because: i) for large n the com-
putational burden for the sampling from a polynomially
tilted positive a-stable distribution becomes overwhelm-
ing [Devroye, 2009; Hofert, 2011]; ii) the large m asymp-
totics (23) is of a qualitative nature, in the sense that it
does not quantify the error in approximating the posterior
distribution (19) with the distribution of the limiting r.v.
(23). In the next proposition, we introduce a representa-
tion of the posterior distributions (19) and (21). Besides
providing an intuitive interpretation of (19) in terms of
compound Binomial distributions, it leads to a straight-
forward Monte Carlo sampling from (19) and (21), for ar-
bitrarily large n and m. An analogous representation is in-
troduced for the posterior distribution of ., ,,, thus fill-
ing a gap in the literature. We denote by Binomial(n, p)
a Binomial distribution with parameter (n,p), n € N and
pe(0,1).

PROPOSITION 1. Let X,, be a random sample from
P ~ PYP(«,0), for a € [0,1) and 6 > —a, such that X,,
features K, =k and N,, = (n1,...,ni). Moreover, de-
note by Ky, and M, the random numbers of distinct
species and distinct species with frequency r > 1, respec-
tively, inm > 1 random samples from P ~ PYP(c,0+n).
Then,

i) fora€(0,1)
(25) | X ~ Binomial (K5, Bo oy ).

with By o1k n/a—k being a Beta r.v. with parameter
(0/a+k,n/a— k), which is independent of the r.v.

K}
ii) fora=0
(26)  upm | X, ~ Binomial i ;
n,m ma 0 +n

iii) for a € (0,1)
27)
Wy ,m | X, ~ Binomial (M,Tm, Bo . ﬂ_k> ,

With By ok n/ja—k being a Beta r.v. with parameter
(0/a+k,n/a— k), which is independent of the r.v.
M*

r,m’
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iv) fora=0

. . 0
(28) Uy pm | Xy, ~ Binomial ( ;im, 9+n> .

See Section S3 of the Supplementary Material [Baloc-
chi et al., 2024+] for the proof of Proposition 1. Proposi-
tion 1 is a consequence of the conjugacy and quasi con-
jugacy properties of the DP and the PYP, respectively
[Ferguson, 1973; Pitman, 1996]. From (25) the poste-
rior distribution (19) is the distribution of the number
of successes in a random number K, of independent
Bernoulli trials, each trial with a Beta random probabil-
ity By /a1kn/a—k Of success. Note that the expectation of
By/atknja—k 1s the BNP estimator of the missing mass
(13). We write

R 0+ ko
nm:*EK:n,
tn, 0+n Kl

where a simple expression for IE[K | is available in Pit-
man [2006, Chapter 3]. From (26), the posterior distri-
bution (21) coincides with the distribution of the num-
ber of successes in a random number K, of independent
Bernoulli trials, each trial with probability 6/(6 + n) of
success, i.e. the BNP estimator of the missing mass (13).
Then,

0
Upm = ——E[K)].
fiam = B[]

Along similar lines, from (27) and (28) we obtain an alter-
native representation of the BNP estimator u,. ,, ,, [Favaro
etal., 2013], i.e.,

. 0+ ko

.M
’ 0+n

where a simple closed-form expression for E[M,,] is
available in Favaro et al. [2013, Proposition 1]. According
to (27), for fixed « € (0,1) and 6 > —« the number K,
of distinct species in the sample is a sufficient statistic to
make inference on u,.,, ,,. Moreover, if o = 0, i.e. under
the DP, then the sample size n is a sufficient statistic to
infer u, 5, .

The representations (25) and (26) are useful for Monte
Carlo sampling from the posterior distributions (19) and
(21). They allow to sample from (19) and (21) for arbi-
trarily large values of n and m, thus avoiding the use
of the large m approximation proposed in Favaro et al.
[2009]. For fixed a € (0,1) and 6 > —«, Monte Carlo
sampling from (19) consists of three steps: i) sample from
Beta(0/a+k, n/a—k); ii) independently of step i), sam-
ple the r.v. K}, under P ~ PYP(«, 0 +n); iii) given step i)
and step ii), sample from Binomial(K7,,, By /o4&, n/a—k)-
If a =0, i.e. under the DP, then Monte Carlo sam-
pling of (21) consists of two steps: i) sample the r.v.
K} under P ~ PYP(0,0 + n); ii) given step i), sample

]E[M* ]7

r,m

from Binomial (K, 6/(6 +n)). Sampling from Beta and
Binomial distributions is straightforward, for arbitrarily
large n and m, and routines are available in standard soft-
ware. Sampling K, is also straightforward, for arbitrar-
ily large n and m, and it exploits the predictive proba-
bilities of the PYP (4). In particular, let Bernoulli(p) be
the Bernoulli distribution with parameter p, for p € (0,1).
Sampling K, then reduces to sample m — 1 Bernoulli
I.V.S:

1) Setk=1;

2) Fori=1tom —1
Set b to be a sample from Bernoulli((6 4+ n +

ak)/(0+n+1));
Setk=Fk+b;
3) Return k.

Along the same lines, the representations (27) and (28) are
useful for Monte Carlo sampling from the posterior dis-
tribution of u, , »,, given X,,. In particular, they require
to sample the r.v. My, rather than the r.v. K7,. Sampling
of My, still exploits the predictive probabilities of the
PYP although, regrettably, it does not reduce to sample
Bernoulli r.v.s.

5. COVERAGES OF PREVALENCES

The estimation of coverages of prevalences, or satu-
rations, may be viewed as the m-step ahead generaliza-
tion of the problem of estimating coverage probabilities.
For m > 1 let Xn+m = (Xl, . 7Xn7Xn+1; . 7Xn+m)
be a random sample under the “classical framework™ for
SSPs, of which only the first n elements are assumed to
be observed, and denote by (NN ,);>1 and (Nj ;) >1 the
species’ frequencies in X,, and (Xp+1,..., Xpntm), re-
spectively. The coverage of prevalence of order r > 0 is
defined as

Fronm =Y I(Njn=r)I(Njm>0),
i>1

namely the number of species observed r times that would
be observed if m additional samples were collected from
the same population. Note that fg 5, ,,, i.e. the coverage
of prevalence of order 0, is the number of unseen species
Uy, m. The estimation of coverages of prevalences first ap-
peared in linguistics to answer the question “Did Shake-
speare write a newly-discovered poem?” [Thisted and
Efron, 1987]. The estimated coverages of prevalences was
applied to test the consistency of the word usage in a pre-
viously unknown poem attributed to Shakespeare with the
word usage in the entire Shakespearean canon. Similar
questions, though under different vests, appear in biolog-
ical sciences. In genomics data, they appear in relation to
coverage depth, i.e. the average number of reads that are
aligned to known reference bases [Deng et al., 2019]. De-
pending on the application, different levels of coverage
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might be required. This leads to determine whether addi-
tional sequencing is needed, which can be motivated by
a required minimum coverage threshold, or investigating
rare events. The estimation of coverages of prevalences
can be valuable in such a setting, as it allows researchers
to estimate how many molecules observed with a given
frequency would be observed again if the sampling efforts
were increased.

5.1 A nonparametric estimator of f, ,,

Under the “classical framework”, Thisted and Efron
[1987] introduced an estimator of f;.,, ,,,. In particular, if
A =m/n and M, ,, = m, denotes the number of distinct
species with frequency r > 1 in X,,, then the estimator is
given by

@) Frum = 3 (1IN (7" ¥ Z) _—

Jj=1

For A = n~!, the estimator (29) reduces to the Good-
Turing estimator of coverage probability p,,. The esti-
mator (29) is a nonparametric estimator of f;.,, ,,, in the
sense that it does not rely on any distributional assump-
tion on the unknown p. It was obtained in Thisted and
Efron [1987] through a nonparametric empirical Bayes
derivation, though an heuristic derivation by a comparison
between the expectations of u,, ,, and M, ,, is also possi-
ble. The study of provable guarantees of fm,m has not
yet been considered in the literature. Thisted and Efron
[1987] showed that §, , ,,, empirically estimates §;, ,,, for
A < 1, but without provable guarantees. For A > 1 we
expect that f;.,, ,, will suffer the same variance issue of
Uy m, that is the geometrically increasing magnitude of
("F)A" may produce wild oscillations as the number of
terms increases. Because of the additional Binomial term
(r;”), it is natural to expect that such a variance issue
worsens as r increases. As for the study of its provable
guarantees, we expect that the theory developed to study
minimax optimality 1, ,,, for A > 1 [Wu and Yang, 2016,
2019; Polyanskiy and Wu, 2020] is not of a direct appli-
cability to . m.

5.2 BNP inference for coverages of prevalences

In the “BNP framework™ (1), the problem of estimat-
ing the coverages of prevalences is open, and here we
cover this gap. Before computing the posterior distribu-
tion of f,. , m, given X, it is useful to recall the definition
of (general) hypergeometric distribution [Johnson et al.,
2005, Chapter 6.2.5], as well as the definition of general-
ized factorial distribution [Charalambides, 2005, Chapter
2]. For any u € N and b, ¢ > 0, we say thatar.v. Uy ., on
{1,...,u} has a generalized factorial distribution if, for
ze{l,...,u},

(30) Pr{Up o =] =

1
EC(u,2;0,0)(¢)(2);
e ( )(©) ()

see Section S1 of the Supplementary Material [Balocchi
et al., 2024+] for details. Moreover, for u,v € Nand a > 0
such that a > w, ar.v. Hy,, on {0,1,...,u} has a (gen-
eral) hypergeometric distribution if, for x € {0,1,...,u}

if holds
00

atv
()
In the next proposition, we show that the posterior dis-
tribution of f, 5, given X,,, admits a representation in

terms of a compound (general) hypergeometric distribu-
tion.

@31 Pr{Hyyp =2 =

PROPOSITION 2. Let X,, be a random sample from
P ~ PYP(w,0), for a € [0,1) and 6 > —a, such that X,,
features K, =k and N, = (n1,...,ng). If My, = m,
is the number of distinct species with frequency r > 1 in
X, then
(32 frum | X £ mp = Hown

0+n
r—a,8tn .,
Tr—o

See Section S4 of the Supplementary Material [Baloc-
chi et al., 2024+] for the proof of Proposition 2. From
(32), for fixed a € [0,1) and § > —av, M., is a sufficient
statistic to make inference on f.,, ., Under a squared loss
function, a BNP estimator of §,,, ,,, is the expected value
of (32), i.e.,

(33)

ﬁmn:EmmM¢xA:n%<1

(9+n—r+a)(m)>
(9 + n)(m) '
See Section S5 of the Supplementary Material [Balocchi
et al., 2024+] for the proof of Equation 33. For m =1
the estimator (33) reduces to the estimator (14) of p, .
Interestingly, the estimator (33) may be interpreted as the
proportion

(O+n—7+0a)m

(6 + n)m)

Wy pm(a,0) =1 — €(0,1),

of the number m, of distinct species with frequency r.
Uncertainty quantification of (33) is obtained by means
of credible intervals via Monte Carlo sampling of the pos-
terior distribution (32). Monte Carlo sampling of (32) is
doable for small values of n and m, and it becomes im-
possible for large n or m. This is because for large n and
m, and even only for large m, the computational bur-
den for evaluating the generalized factorial coefficients
in the distribution of U,_, (94n)/(r—a)m- TO overcome
this drawback, we propose an approximation of the poste-
rior distribution (32) for large n and m. Let ay, 1m >~ by
mean that lim,,_, oo limy, 4 00 @nm/bp,m = 1, namely
@n,m and by, ,, are asymptotically equivalent as n and m
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tends to infinity. Then, as n,m — +oo with m > 0, for
ze€{0,1,...,m,}

(34)

Prfrnm =2 | Xy)

()G G

and hence
R n r—o
fT,mmzmr [1_ <n+m> ] .

See Section S6 of the Supplementary Material [Baloc-
chi et al., 2024+] for the proof of Equation 34. From
(34), for large n and m with m > 0, the posterior dis-
tribution (32) admits a first order local approximation in
terms of a Binomial distribution with parameters (m,., 1 —
(n/(n+m)) =), with m, being the number of trials and
1 — (n/(n+ m))"~* being the probability of success at
the single trial.

T m,—

5.3 Disclosure risk assessment

We conclude this section with a SSP related to the cov-
erage of prevalence of order 1, which first appeared in the
context of disclosure risk for data confidentiality [Wil-
lenborg and Waal, 2001]. Consider a microdata sample
of n > 1 units (individuals) from a population of N > n
units, such that each unit contains identifying and sensi-
tive information. Identifying information consists of cat-
egorical variables which might be matchable to known
units of the population. A threat of disclosure results
from the possibility of identifying an individual through
such a matching, and hence disclose its sensitive infor-
mation. To quantify disclosure risk, microdata units are
partitioned according to a categorical variable formed by
cross-classifying the identifying variables; that is, units
are partitioned into non-empty cells containing individ-
uals with the same combinations of values of identify-
ing variables. Intuitively, a risk of disclosure arises from
cells with frequency 1 since, assuming no errors in match-
ing processes or data sources, for these cells the match is
guaranteed to be correct [Bethlehem et al., 1990; Skinner
et al., 1994; Skinner and Elliot, 2002]. Under the “classi-
cal framework” for SSPs, if microdata units are modeled
as a random sample Xy in the classical species sampling
framework, and (N} 5,);j>1 and (N, ) >1 are the frequen-
cies of cells (species) in X,, and (X,41,..., Xp+N), TE-
spectively, then a popular measure of disclosure risk is
defined as

Opm = I(Njpn=1)I(Njm=0),
i>1
namely the number of cells with frequency 1 in the ob-
served sample that are also of frequency 1 in the whole

population. We refer to Camerlenghi et al. [2021] and
Favaro et al. [2021b] for the estimation of 0,, ,, within
the “classical framework™ and in the “BNP framework™,
respectively.

6. ESTIMATION OF PRIOR’S PARAMETERS («, 0)

In practice, a poor assessment of the prior’s parame-
ters (a, §) may harm any statistical inference based upon
the PYP(«, 0) prior due to its rigidity. Indeed, many of
the estimators derived in the previous sections critically
depend on the parameter o, and in a less extent on the
parameter 6. For instance, let us consider the estimator of
the number of unseen species obtained in Section 4.2. As
a direct consequence of (23), up ,, ~ Zm® as m — oo,
for some r.v. Z. Hence, a bad choice for the parame-
ter o may lead to a poor prediction. A natural way to
add flexibility in the model and improve the inference
is to estimate the prior’s parameters («, #). Denoting by
® = {(a,0) € (0,1) x R : § > —a}, in this section we
investigate the problem of estimating («, ) over the set
.

We start by considering the case where data come from
the model, the so-called well-specified case. That is, we
assume the “BNP framework™ (1) for a choice of the
prior’s parameters («,f) € ®. We study the empirical
Bayes approach, in which the parameter («,#) is esti-
mated by maximizing the marginal likelihood function,
and the hierarchical Bayes approach, where a prior distri-
bution is placed over ®. We show that, as n — +oc, both
approaches are consistent with respect to the estimation
of a. More surprising, we prove that both the approaches
are inconsistent with respect to the estimation of 6. These
consistency and inconsistency results are also illustrated
through simulations in Section 7. Ultimately, we prove
a minimax lower bound for the estimation of #, which
proves that the inconsistency issue is fundamental, and no
procedure can estimate ¢ with vanishing maximum risk.
We also consider a more general point of view than the
well-specified case, thus no longer assuming the “BNP
framework™ for a choice of the prior’s parameters. We
consider instead the “classical framework”, namely data
are modeled as a random sample from a fixed probabil-
ity measure p satisfying a regularity assumption enabling
meaningful inference. In particular, we show that under
this assumption, the sequence ((¢y,, 6y)),>1 of marginal
maximum likelihood estimators has an interpretable limit
(cu, 64). We then establish the asymptotic shape of the se-
quence of posterior distributions in the hierarchical Bayes
model. Our result shows that the sequence of posterior
distributions is consistent for o, but inconsistent for 6,.
Thereby, we demonstrate that inference made upon the
PYP can be robust to some form of misspecification of
the model.
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6.1 Consistency and inconsistency in the
well-specified case

For the well-specified case, we consider the “BNP
framework” under the assumption that there exists a
“true” parameter (ayp,0y) € . Specifically, X, is random
sample from P ~ PYP(«yp,0p). The goal is to analyze the
large n asymptotic behaviour of the empirical Bayes and
hierarchical Bayes approaches under the assumption that
X, is distributed as the the prior predictive distribution,
here denoted Po%(-) = [ PE"(-)dAPYP,, g,(P) in the
sequel. For the empirical Bayes approach, the parameter
(c, 0) is estimated using a maximizer of the marginal like-

lihood function:
(Q) n (a(l—a)u—l))M’”"
o 7!
- M; ! ’

1 e

(i M)
L,(a,0) =n! =1
(.6) (0) ()

7

namely the EPSF (5) as a function of the parameter
(e, 8) for the observed M,, = (M, ..., My, ). A max-
imizer of L,, is known as the marginal maximum likeli-
hood estimator (MMLE). The next theorem chgracterizes
the asymptotic limit (in probability) of ((&,0r))n>1 as
n — oo.

THEOREM 1. Assume the random sample to be such
that X, ~ P3% Then, the set arg maxq gyea Ln(,0)
is a non-empty set with probability 1 + o(1) as n — oc.
Furthermore, (G, 0y) € arg maxq gyea Ln(a,0) is such
that

O = + Op(l)

and

O =7 + 0p(1),
where Z is a r.v. related to S, g, via the relation S g, =
exp{¥(Z/ao + 1) — app(Z + 1)}. Here, 1) denotes the
digamma function, that is the function 1) is the derivative
of logT.

See Section S7 of the Supplementary Material [Baloc-
chi et al., 2024+] for the proof of Theorem 1. The theorem
establishes that the sequence of MMLE is consistent to es-
timate a. The limit in probability of (én)nzl is, however,
ar.v. This shows that 8y cannot be estimated consistently
using the MMLE.

We continue our analysis of the well-specified case with
the hierarchical Bayes approach. We put a prior distri-
bution G = G, ® G, over the parameter o € (0,1) and
the shifted parameter v = 6 4+ « € (0,00). Namely, un-
der G, the r.v. a and ~y are independent with respective
marginals G, and G. We denote by II the joint distribu-
tion of (v, 7, P, X1, Xs,...). The posterior distribution of

(cv,7y) given X, is denoted II(- | X,,). See that by Bayes’
rule:
_ fA Ln(av Y= Ct)dG(Oé, 7)

fRi Ln(aa Y= Oé)dG(Oé, 7)

((a,7) € A Xp)

THEOREM 2. Assume the random sample to be such
that X,, ~ P 0fo, Furthermore, assume that G, and G-,
have continuous and positive densities. Then for every
e>0

I(Jo— gl > e | Xy) = 0p(1).

Moreover; there exists a r.v. W > 0 such that the following
holds:

1
II(6 € [0 — W,00 + W] | X,) < 3 + op(1).

See Section S8 of the Supplementary Material [Baloc-
chi et al., 2024+] for the proof of Theorem 2. The theorem
establishes the consistency of the posterior near the “true”
Qy, that is the posterior will eventually put all its mass on
a small neighborhood of oy when the sample size n gets
large enough. The posterior is however inconsistent at 6:
regardless of how large n is taken the posterior will put
mass outside of a neighborhood of fixed size [see also
Section 7 and Figure 1 for a numerical illustration]. In-
deed, as demonstrated later in Theorem 5 the posterior
distribution for « (equivalently #) depends on the choice
of G, even in the asymptotic limit. Therefore, in the ab-
sence of strong prior belief on 6 it is unclear if a hierar-
chical Bayes approach to estimate this parameter is mean-
ingful.

Theorem 1 and Theorem 2 establish that the prior’s
parameter 6 cannot be estimated consistently using the
MMLE or the hierarchical Bayes approach. We conclude
this section by demonstrating that the issue is more fun-
damental and no estimator can estimate 6 with vanishing
maximum risk.

THEOREM 3.
all t > —«

Forall a € (0,1), for all n > 1, and for

. min ((t + @)%, t + «)
inf sup E 0n(X,) —0)?) >
s Een(GX)-07) 2 =",
where the infimum is understood over all measurable
functions of X,,.

See Section S9 of the Supplementary Material [Baloc-
chi et al., 2024+] for the proof of Theorem 3. The theorem
shows that even with the knowledge of the prior’s param-
eter «, it is impossible for an estimator of # to have a
vanishing maximum risk over (—a,t] as n — oo. It also
establishes that the minimax risk over 6 € (—a, 00) is in-
finite.
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6.2 Consistency and inconsistency in the
misspecified case

Differently from the well-specified case, for the mis-
specified case we do not necessarily assume that X, is a
random sample from P ~ PYP(«p, 6p). Instead, we con-
sider the “classical framework”, namely X, is a random
sample from a “true” (fixed) distribution p. To guarantee
the existence of meaningful limits for our estimators, we
require a moderate misspecification, as stated in the next
assumption.

ASSUMPTION 1. The distribution p is discrete, such
that p = Zj>1 pj0s,. Furthermore, by defining the quan-
tity a

Fp(w) =) _1(p; > ),
Jj=1
there exist L > 0 and o € (0,1) such that as x — 0 it
holds

Fy(x)=Lz~* +o [W] .

The Assumption 1 is motivated by the fact that if
P ~ PYP(«, ), then results in Pitman [2003] show that
limy 0 2Fp(x) = Sae/T(1 — a) almost surely, with T
being the Gamma function [Pitman, 2006, Chapter 3 and
Chapter 4]. We strengthen those results in Section S12 of
the Supplementary Material [Balocchi et al., 2024+] and
we establish a law of the iterated logarithm (LIL) as z —
0 for Fp(x) — Sa 9~ %/T(1 — o) when P ~ PYP(«,0).
In particular, the LIL implies that P ~ PYP(«,6) sat-
isfies almost-surely the Assumption 1 with o, = o and
L =5,/T'(1—c). The Assumption 1 is, however, much
more general and allow for many more probability distri-
butions. In the next theorem, we characterize the asymp-
totic limit of the sequence of MMLEs when the data X,
is independent from a distribution p satisfying Assump-
tion 1.

THEOREM 4. Assume X, to be a random sample
from p, and assume that the distribution p satisfies As-
sumption 1. Then the set argmax(, g)cq Ln(,0) is a
non-empty set with probability 1 + o(1) as n — oo.
Furthermore, (G, 0y) € arg max g gyea Ln(,0) is such
that

G = o+ 0p(1)

and

0, =0, 4+ o0p(1),
with 0, defined through
exp{Y (0 /o +1) — (0 +1)}
(1 — ) '
Here, 1) is the digamma function; that is 1) is the deriva-
tive of logT.

L=

See Section S10 of the Supplementary Material [Baloc-
chi et al., 2024+] for the proof of Theorem 4. Interest-
ingly, Theorem 4 establishes that if the misspecification
is moderate, then (v, 6.) can be directly interpreted in
terms of key functionals of the “true” data generative
mechanism, that is in terms of o, and L. This also shed
some lights in the meaning of the parameter (v, ) when
the model is correct. In the next theorem, we consider
the hierarchical Bayes modeling and we characterize the
asymptotic shape of the sequence of posterior distribu-
tions as n — oo.

THEOREM 5. Let G = G ® G be a (proper or im-
proper) prior distribution over the parameter () such
that G, (respectively G.,) has a density g, (resp. g) with
respect to Lebesgue measure which is positive in a neigh-
borhood of o, (resp. v« = 04 + ). Furthermore assume

that G is such that [° [Lr(l_a*ll](z;;;f)(l_a*+z) Gy (dz) <

oo! and define a probability distribution H, on (0,00)
through

LT (1—a,)]?/**T(1—c.+2
fA L0 Iz](z/a*)( B )G’Y(dz)

oo [LI'(1—a)]?/**T'(1—a.+2)
fo T(z/a.) G4(dz)
Then under Assumption 1, the posterior distribution of
(av,7y) given X,,, written here I1(- | X,,), satisfies as n —
00

H.(A) =

sup [IL(VY2 (o — a,) € A, vy € B| X,,)
AB

— 0(A)H.(B)| = 0p(1),

vyhere the supremum is taken over all measurable sets,
V,, = —02log L, (aY,0), and ¢(A) is the probability that
a standard normal r.v. lies in A.

See Section S11 of the Supplementary Material [Baloc-
chi et al., 2024+] for the proof of Theorem 5. The theorem
establishes that («,~y) are asymptotically independent a
posteriori. We see that the limiting marginal distribution
for + is neither converging toward a point mass, nor even
Gaussian. In contrast with the MMLE, the posterior dis-
tribution for +y is difficult to interpret since it depends on
the prior G,. For this reason, we shall be careful with pos-
terior analysis involving « (equivalently #). The limiting
marginal distribution for V;, / 2(a — G, is however Gaus-
sian, which can be seen as a weak form of Bernstein-von
Mises’ (BvM) theorem. It is not a true BvM because the
centering is taken at &,, instead of «, and the scaling is
the “empirical” Fisher information instead of Fisher’s in-
formation. Finally, let us mention that after writing the

I'This is not a strong restriction since it allows to use all proper
priors, as well as many improper priors.
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first draft of this paper, we have been made aware that
Franssen and van der Vaart [2022] have independently
obtained results similar to those presented in this section.
Under an assumption resembling Assumption 1, Franssen
and van der Vaart [2022] are able to establish a more pre-
cise asymptotic for the estimation of «. They, however,
obtain less precise results regarding the estimation of the
parameter 6.

7. NUMERICAL ILLUSTRATIONS

In this section, we provide a numerical illustration of
the prior parameters estimation and of the inference on
the presented species sampling problems, using synthetic
data.

We first compare the empirical Bayes approach and
the fully Bayes approach by using several prior distri-
butions, and we demonstrate how the effect of the esti-
mation method changes with increasing sample sizes. In
particular, we compare different prior distributions on «
and 6, constructed using different combination of non-
informative and (mis-specified) informative priors: (a) a
non-informative prior for both parameters; (b) an infor-
mative prior for both parameters; (c) an informative prior
for only 6 and non-informative for a; (d) an informa-
tive prior for only « and non-informative for 6. See Sec-
tion S13 of the Supplementary Materials [Balocchi et al.,
2024+] for additional details. Figure 1 displays the mean
error across several simulated datasets, for the different
estimation methods as a function of the increasing sam-
ple size. While the mis-specified informative priors on «
have a detrimental effect on the estimation, this effect gets
less strong with the increasing sample size. On the con-
trary, the effect of mis-specified priors on # remains large
even with large sample size. Moreover, Figure 1 shows
that while the relative error for « vanishes with increasing
sample size for all the estimation methods, the error for ¢
does not. This is a clear illustration of the findings in Sec-
tion 6.1. We then demonstrate the inference and predic-
tion of the various SSP presented in this work, using syn-
thetic data generated from both from the PYP and from a
power law Zipf distribution. We compare the estimation
and prediction under the Empirical Bayes (EB) approach,
and the Full Bayes (FB) approach with non-informative
priors on both ¢ and «, and informative prior for both pa-
rameters.

We first analyze the SSPs that depend only on the initial
sample and on the “true” distribution P: the missing mass
and the coverage probability p,, for » = 1. Figure SI
of the Supplementary Materials [Balocchi et al., 2024+]
shows the relative (percentage) error for these function-
als across several synthetic datasets. The median absolute
percentage errors are less than 7% for the missing mass
and the coverage probability for the PY-generated data,

Parameter estimation
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FIG 1. Mean absolute relative (percentage) error for estimation of «
and 0 under the Empirical Bayes (EB) approach and the Full Bayes
(FB) approach with several prior distributions.

and less than 12% for the Zipf-generated data, demon-
strating good recovery of the true functionals. We then
study the “predictive” SSP (the ones that depend on an
additional sample): the number of unseen species, the
unseen prevalence u, . ,, for r = 1 and the coverage of
prevalence f;,, n, for r = 1. The median absolute percent-
age error (across methods and additional sample sizes) is
less then 30% for the number of unseen and the unseen
prevalence, and 7% for the coverage of prevalences, when
the data is generated from a PYP. Figure 2 displays the
predicted and actual value for a synthetic dataset that can
be thought as “representative”, as it achieved the median
error across the several generated datasets. For all these
SSP, the prediction is somewhat accurate, and most of-
ten the credible intervals contain the “true” value of the
functional of interest. When the data was generated from
a power-law Zipf distributios, the predictive performance
gets worse, with median errors less then 40% for the num-
ber of unseen and the unseen prevalence and 60% for
the coverage of prevalences. We refer to Section S13 of
the Supplementary Materials [Balocchi et al., 2024+] for
more details.

8. SOME GENERALIZATIONS OF SSPS

“Feature-sampling” problems (FSPs) generalize SSPs
by allowing an individual in the population to belong to
more than one species, which are referred to as features.
To introduce the class of FSPs, we consider a popula-
tion of individuals such that each individual is endowed
with a finite set of features’ labels belonging to a (pos-
sibly infinite) space of features. The ‘“classical frame-
work” for FSPs assumes that n > 1 observed samples
from the population are modeled as a random sample
(Y1,...,Y,), where Y; = (Y j);>1 is a sequence of in-
dependent Bernoulli r.v.s with unknown feature probabil-
ities (pj) j>1, such that Y, is independent of Y for any
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FIG 2. Representative examples of the predicted value (black solid
line) and actual value (red dashed line) for three SSP (the number of
unseen un, m, unseen prevalence U1 n,mo and coverage of prevalence
§1,n,m) as a function of the additional sample size m, for three param-
eter estimating method (empirical Bayes (EB), fully Bayes (FB) with
non-informative priors, FB with informative priors). The gray bands
represent the 95% credible intervals.

r # s. In principle, each of SSPs discussed in this pa-
per admits a corresponding feature sampling counterpart.
Within the broad class of FSPs, in recent years there has
been a growing interest, especially biological sciences, in
the estimation of

n m
35 DI (Z Vi, = o) I (Z Vorij > 0> ,
i>1  \i=1 i=1

namely the number of hitherto unseen features that would
be observed if m additional samples (Y, 41,..., Yitm)
were collected from the same (p;),;>1. We refer to Ionita-
Laza et al. [2009], Gravel [2014], Zou et al. [2016], Orl-
itsky et al. [2016] Chakraborty et al. [2019] for paramet-
ric and nonparametric approaches to estimate (35). The
FSP (35) provides the natural feature sampling counter-
part of the problem of the unseen-species problem; we
refer to Ayed et al. [2021] for classical (frequentist) non-
parametric inference of a feature sampling counterpart of
the problem of estimating the missing mass. Recently Ma-
soero et al. [2022] and Masoero et al. [2021] proposed
a BNP approach to estimate (35), which rely on placing
suitable prior distributions on the underlying probabilities
(pj)j>1. See Beraha and Favaro [2023] for a more general
setting. Despite these works, BNP inference for FSPs re-
mains still a mostly unexplored field for both methods and
applications. See, e.g., Beraha et al. [2023] and Masoero
et al. [2023].

SSPs may be generalized to multiple populations of in-
dividuals, in such a way that populations share species.
Consider r > 1 populations of individuals, such that each
individual is labeled by a symbol or species’ label be-
longing to a (possibly infinite) space of symbols. That
is, species’ labels are shared among the populations. Fol-
lowing the “classical framework™ for SSPs, it is assumed

that r observed samples of individuals from the popula-
tions, the i-th sample being of size n;, are modeled as a
random sample {(X;1,..., X n,)}i=1,.., from a collec-
tion of 7 unknown distributions (p1,...,p,). Then, inter-
est is in estimating discrete functionals that encode fea-
tures of additional unobserved samples from the same
populations; of special interest are functionals encoding
information of the number of shared species among pop-
ulations. In recent years, SSPs with multiple populations
have become critical in microbiome studies, i.e. microbial
ecology and biology, where next generation sequencing
has been applied to obtain inventories of bacteria in many
different environments (populations); see Jeganathan and
Holmes [2021] and references therein. Nonparametric in-
ference for SSPs with multiple populations pose challeng-
ing mathematical hurdles to overcome [Raghunathan et
al., 2017; Hao and Li, 2020]. In particular, the BNP ap-
proach requires to place a nonparametric prior on the un-
derlying collection of distributions (p1,...,p,), in such a
way to model the unknown species compositions of the
populations and the dependency among these composi-
tions. Hierarchical priors [Teh et al., 2006; Camerlenghi
et al., 2019] and compound priors [Griffin and Leisen,
2017] provide a broad class of priors for (pi,...,p:),
being mathematically tractable and flexible in terms of
prior’s parameters. However, to date, BNP inference for
SSPs in multiple populations is mostly unexplored, being
difficult to obtain posterior inferences that are analytically
tractable and, most importantly, computationally efficient
in applications.

In the “classical framework™ for SSPs, the observed
samples are modeled as a random sample X,, from an
unknown distribution p. The assumption of indepen-
dence among the X;’s is unrealistic in many applications,
though it yields results that are interesting in themselves,
and upon which more sophisticated frameworks may be
built. For instance, in a natural languages the probability
of appearance of a word strongly depends on the previ-
ous words, both for grammatical and semantic reasons.
Likewise, the nucleotides in a DNA sequence do not
form a random sample. There has been a recent inter-
est in estimating the missing mass and coverage proba-
bilities when observed samples are modeled as Markov
chains [Asadi et al., 2014; Falahatgar et al., 2016; Hao et
al., 2018; Wolfer and Kontorovich, 2019; Skorski, 2020;
Cha et al., 2021; Pananjady et al., 2024]. Bacallado et al.
[2013] first considered BNP analysis of SSPs under the
assumption that the observed samples are modeled as a
reversible Markov chain. This is motivated by the anal-
ysis of benchtop and computer experiments that produce
data associated with the structural fluctuations of a pro-
tein in water, with species being protein conformational
states [Pande et al., 2010]. Bacallado et al. [2013] intro-
duced a nonparametric prior for the unknown transition
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kernel of a reversible Markov chain, such that: 1) the state
space of the chain is uncountable; ii) the prediction for the
next state visited by the chain is not solely a function of
the number of transitions observed in and out of the last
state, but transition probabilities out of different states
share statistical strength. While the model of Bacallado et
al. [2013] can be used to predict characteristics of future
unobserved trajectories of reversible Markov chains, i.e.
protein dynamics, the major goals of the their paper were:
i) predicting how soon the chain will return to a specific
state of interest; ii) predicting the number of states that
the chain has not yet visited in the first (observed) tran-
sitions and that will appear in subsequent (unobserved)
transitions.
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