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a b s t r a c t

We provide a framework which admits a number of ‘‘marginal’’ sequential Monte Carlo
(SMC) algorithms as particular cases — including the marginal particle filter (Klaas et al.,
2005), the independent particle filter (Lin et al., 2005) and linear-cost Approximate
Bayesian Computation SMC (Sisson et al., 2007). We provide conditions under which
such algorithms obey laws of large numbers and central limit theorems and provide
some further asymptotic characterizations. Finally, it is shown that the asymptotic
variance of a class of estimators associated with certain marginal SMC algorithms is
never greater than that of the estimators provided by a standard SMC algorithm using
the same proposal distributions.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Sequential Monte Carlo (SMC) methods are a class of Monte Carlo methods which approximate a sequence of
istributions and integrals with respect to those distributions using a population of weighted samples (or particles) which
volve according to a combination of mutation and selection dynamics. Such methods became popular in the context of
iltering for state–space models in the engineering and statistics literature following the seminal work of Gordon et al.
1993), and have been extensively studied from a theoretical perspective as mean field approximations of a Feynman–Kac
low since (Del Moral, 1996); see Chopin and Papaspiliopoulos (2020) for a thorough treatment of these methods.

SMC methods approximate a sequence of distributions (η̂n)n≥0 defined on Polish spaces (En, En), where E denotes the
-field associated with E, of increasing dimension with the relationship

η̂n(dx1:n) ∝ Un(xn−1, xn)Kn(xn−1, dxn)η̂n−1(dx1:n−1) (1)

or some Markov kernels Kn : E × E → [0, 1] and non-negative functions Un : E × E → R.
In this work we focus on a particular class of SMC methods, in which the past evolution of the process is marginalized

ut. Marginal sequential Monte Carlo (MSMC) methods have been introduced in Klaas et al. (2005), Lin et al. (2005) where
hey were shown empirically to improve upon standard SMC in terms of the conditional variance of their unnormalized
mportance weights.

Despite being a popular class of algorithms which provides good results in practice (e.g. Sisson et al., 2007; Didelot
t al., 2011; Everitt et al., 2017; Poyiadjis et al., 2011), the theoretical properties of MSMC are less studied. This paper
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aims to fill this gap. Our main contribution is a comprehensive analysis of the limiting behaviour of MSMC that shows
that MSMC shares many of the key properties of standard SMC methods (see, e.g. Del Moral, 2004). We establish that
the estimates provided by MSMC methods obey laws of large numbers (Propositions 1 and 3), a central limit theorem
(Proposition 6) and show that their Lp errors decay at the usual N−1/2 rate (Proposition 2) and that the bias decays at
rate N−1 (Proposition 5). We derive the asymptotic variance of some popular classes of MSMC methods and show that
the asymptotic variance of the estimates obtained with marginal SMC is never larger than that one would obtain with
standard SMC using the same proposals (Corollaries 1 and 2).

We introduce marginal sequential Monte Carlo methods in Section 2. Our main contributions are in Section 3 in which
we present the theoretical properties of these algorithms and show that their asymptotic variance is never greater than
that of standard SMC. Proofs of the results are postponed to Appendix D to Appendix H. We close the paper with a
discussion in Section 4.

2. Marginal sequential Monte Carlo methods

Marginal sequential Monte Carlo methods (MSMC) are a class of sequential Monte Carlo algorithms introduced in Klaas
et al. (2005) to approximate a sequence of distributions (η̂n)n≥0 defined on measurable spaces (E, E), where E denotes the
σ -field associated with E. The sequence of distributions satisfies

η̂n(dxn) ∝
∫

Un(xn−1, xn)Kn(xn−1, dxn)η̂n−1(dxn−1), (2)

with Kn,Un as in (1) and η̂0(dx0) ∝ U0(x0)K0(dx0).
Contrary to standard SMC algorithms, in which a cloud of particles is used to approximate the measure-valued

recursion (1) defined over (En, En) with approximations of time marginals obtained by discarding part of the sampled
paths, MSMC algorithms deal directly with the marginal recursion and the presence of the integral w.r.t. η̂n−1 in (2)
requires an additional approximation. Hence, as described below, in MSMC a sample approximation of the integral w.r.t.
η̂n−1 is used to define an alternative sequence of targets.

Before describing MSMC algorithms, we describe one step of the idealized algorithms targeting (2) which MSMC
approximates. At time n, we start with a cloud of equally weighted particles {̃X i

n−1, 1/N}
N
i=1 approximating η̂n−1. In

the idealized algorithm, the particles are propagated forward in time to approximate what is sometimes known as the
predictive or mutated distribution:

ηn(dxn) = η̂n−1Mn(dxn) :=
∫

Mn(xn−1, dxn)η̂n−1(dxn−1) (3)

for n ≥ 1 and some Markov kernels Mn : E× E → [0, 1] to obtain a new cloud of particles {X i
n, 1/N}

N
i=1. The new cloud of

particles is used as proposal in an importance sampling step targeting η̂n, with importance weights proportional to the
Radon–Nikodym derivative dη̂n/dηn (which corresponds to a simple density ratio when both measures admit densities)

Gn(xn) =
dη̂n−1(Un · Kn)

dη̂n−1Mn
(xn) =

d
(∫

Un(xn−1, ·)Kn(xn−1, ·)η̂n−1(dxn−1)
)

d
(∫

Mn(xn−1, ·)η̂n−1(dxn−1)
) (xn), (4)

where (Un · Kn)(xn−1, dxn) := Un(xn−1, xn)Kn(xn−1, dxn), to obtain a weighted cloud of particles {X i
n,W

i
n}

N
i=1, with W i

n ∝

Gn(X i
n), which approximates η̂n. The equally weighted population approximating η̂n, {̃X i

n,
1
N }

N
i=1, is obtained by resampling

from {X i
n,W

i
n}

N
i=1, see e.g. Gerber et al. (2019) for a recent review of popular resampling schemes.

For any probability measure, η, and non-negative integrable function G, we introduce the operator ΨG(η)(dx) :=
G(x)η(dx)/

∫
G(x′)η(dx′), which denotes the application of an importance sampling step with weights proportional to G

to the measure η. With this notation we can write η̂n = ΨGn (ηn) and, for a cloud of weighted particles {X i
n,W

i
n}

N
i=1 with

W i
n ∝ Gn(X i

n), ΨGn (η
N
n )(dxn) =

∑N
i=1 W

i
nδX i

n
(dxn).

The target distribution (2) involves an intractable integral w.r.t. η̂n−1. Using the notation above we define the
approximate targets

ΨGn−1 (η
N
n−1)(Un · Kn)(dxn) ∝

N∑
i=1

W i
n−1Un(X i

n−1, xn)Kn(X i
n−1, dxn).

We then proceed as in the idealized algorithm, and, since the integrals w.r.t. η̂n−1 are intractable, replace η̂n−1 with its
particle approximation obtained at time n−1. Thus, the particles are propagated forward in time using an approximation
of the proposals in (3), ηn(dxn) ≈

∑N
i=1 W

i
n−1Mn(X i

n−1, dxn), and resampled using approximate weights

GN
n (xn) =

dΨGNn−1
(ηN

n−1)(Un · Kn)

dΨGN (ηN
n−1)Mn

(xn) =
d

(∑N
i=1 W

i
n−1Un(X i

n−1, ·)Kn(X i
n−1, ·)

)
d

(∑N W i M (X i , ·)
) (xn). (5)
n−1 i=1 n−1 n n−1

2
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The resulting MSMC method is summarized in Algorithm 1. For convenience, we identify the three fundamental steps
of Algorithm 1 as a mutation step (Algorithm 7), reweighting steps (Algorithm ) and a resampling step (Algorithm 10).
To each step, we associate a measure and its corresponding particle approximation: the mutated measure ηn in (3) is
approximated by ηN

n := N−1
∑N

i=1 δX i
n
obtained after Algorithm 7, Algorithm provide a particle approximation of η̂n, after

resampling we obtain another approximation of η̂n in (2), η̂N
n := N−1

∑N
i=1 δX̃ i

n
.

Algorithm 1 Marginal Sequential Monte Carlo (MSMC)

1: Set n = 0.
2: Sample X i

0 ∼ M0 for i = 1, . . . ,N .
3: Compute G0(X i

0) =
dη̂0
dM0

(X i
0) i = 1, . . . ,N .

4: Compute W i
0 = G0(X i

0)/
∑N

j=1 G0(X
j
0).

5: Resample
{
X i
0,W

i
0

}N
i=1 to obtain {X̃ i

0,
1
N }

N
i=1.

6: Update n← n+ 1.
7: Sample X i

n ∼ Mn
(̃
X i
n−1, ·

)
for i = 1, . . . ,N .

8: Compute GN
n (X

i
n) in (5) for i = 1, . . . ,N .

9: Compute W i
n = GN

n (X
i
n)/

∑N
j=1 G

N
n (X

j
n).

10: Resample
{
X i
n,W

i
n

}N
i=1 to obtain {̃X i

n,
1
N }

N
i=1.

11: Go to Line 6.

2.1. Examples of Marginal SMC

The class of marginal SMC methods encompasses a number of well-known algorithms, we briefly discuss some
xamples of interest below. Similar algorithms also appear in Poyiadjis et al. (2011), Everitt et al. (2017), Li et al. (2016).

.1.1. Marginal particle filters
Marginal particle filters (MPF; Klaas et al., 2005) are a class of algorithms to perform inference on state space models

SSM), a family of time series models consisting of two discrete-time processes: a latent process (Xn)n≥0 and conditionally
ndependent observations (Yn)n≥1. Such a SSM (Xn, Yn)n≥0 is defined by the transition density fn(xn|xn−1) of the latent
rocess, with the convention that f0(x0|x−1) ≡ f0(x0), and the observation likelihood gn(yn|xn).
In this case, the target distribution is the filtering distribution

η̂n(dxn) ≡ p(xn|y1:n)dxn ∝ gn(yn|xn)
∫

fn(xn|xn−1)η̂n−1(dxn−1) · dxn, (6)

with η̂0(dx0) = f0(x0)dx0, Kn(xn−1, dxn) = fn(xn|xn−1)dxn and Un(xn−1, xn) ≡ Un(xn) = gn(yn|xn), and proposal density which
can incorporate the observation yn, Mn(xn−1, dxn) = qn(xn|yn, xn−1)dxn. The corresponding weights are given by

Gn(xn) = gn(yn|xn)

∫
fn(xn|xn−1)η̂n−1(dxn−1)∫

qn(xn|yn, xn−1)η̂n−1(dxn−1)
;GN

n (xn) = gn(yn|xn)

∑N
i=1 W

i
n−1fn(xn|X

i
n−1)∑N

i=1 W
i
n−1qn(xn|yn, X

i
n−1)

.

Independent particle filters (IPF; Lin et al., 2005) are a particular case of MPF with Mn(xn−1, dxn) = qn(xn|yn)dxn (see
lso Lai et al., 2022, Appendix C); when qn ≡ fn MPF collapse onto the bootstrap particle filter (Gordon et al., 1993)

.1.2. Marginal auxiliary particle filters
Marginal auxiliary particle filters (MAPFs) are a variant of MPF introduced in Klaas et al. (2005) (see also Fearnhead

1998, page 59)), as a marginalized version of standard auxiliary particle filters (Pitt and Shephard, 1999; Carpenter et al.,
999; see also Elvira et al., 2019 for a different perspective). An MAPF can be described as a standard MPF applied to
ˆ0(dx0) ∝ f0(x0)p̃(y1|x0)dx0 and

η̂n(dxn) ∝ p̃(yn+1|xn)p(xn|y1:n)dxn ∝p̃(yn+1|xn)g(yn|xn)
(∫

fn(xn|xn−1)p(xn−1|y1:n−1)dxn−1

)
dxn (7)

∝p̃(yn+1|xn)g(yn|xn)
(∫

fn(xn|xn−1)
p̃(yn|xn−1)

η̂n−1(dxn−1)
)
dxn,

where p̃(yn+1|xn) is an approximation of p(yn+1|xn) :=
∫
gn+1(yn+1|xn+1)fn+1(xn+1|xn)dxn+1, to which an importance

sampling step is added to guarantee that we are targeting the correct distribution p(xn|y1:n) (Johansen and Doucet, 2008).
Setting Kn(xn−1, dxn) = fn(xn|xn−1)dxn and Un(xn−1, xn) = gn(yn|xn)p̃(yn+1|xn)/p̃(yn|xn−1), one can apply Algorithm 1

with proposal kernel Mn(xn−1, dxn) = qn(xn|xn−1, yn)dxn which incorporates the current observation so that the weights
are

Gn(xn) = gn(yn|xn)
p̃(yn+1|xn)

∫
fn(xn|xn−1)/p̃(yn|xn−1)η̂n−1(dxn−1)∫

qn(xn|xn−1, yn)η̂n−1(dxn−1)
,

GN
n (xn) = gn(yn|xn)

p̃(yn+1|xn)
∑N

i=1 W
i
n−1fn(xn|X

i
n−1)/p̃(yn|X

i
n−1)∑N i i

.

i=1 Wn−1qn(xn|Xn−1, yn)
3
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To obtain an algorithm targeting πn(dxn) := p(xn|y1:n)dxn, one additional importance sampling step is applied, using as
proposal the approximation of η̂n before resampling, ΨGNn

(ηN
n ), and importance weights

w̃n(xn) =
dπn

dη̂n
(xn) ∝

1
p̃(yn+1|xn)

. (8)

2.1.3. SMC for approximate Bayesian computation
ABC-SMC is an instance of SMC samplers (Del Moral et al., 2006) studied in Sisson et al. (2007), Didelot et al. (2011)

which approximates the posterior distribution of a parameter θ when the likelihood function p(yobs|θ ) is intractable but
an be sampled from. Given a prior on the parameter θ , p(dθ ), and the intractable likelihood p(·|θ ), ABC-SMC considers an
xtended target defined over the space of parameter and data, η̂n(d(θn, yn)) ∝ p(dθn)p(dyn|θn)πϵn (yn|yobs), where (πϵn )n≥0
s the density of a normalized kernel with a degree of concentration determined by ϵn which measures how close yn is
o the observed data yobs. As ϵn → 0, η̂n converges to the true posterior for θ (Sisson et al., 2007).

Didelot et al. (2011, Section 2.1) note that ABC-SMC is an instance of MSMC with Kn((θn−1, yn−1), d(θn, yn)) =
(dθn)p(dyn|θn), Un((θn−1, yn−1), (θn, yn)) = Un((θn, yn)) = πϵn (yn|yobs), Mn((θn−1, yn−1), d(θn, yn)) = qn(dθn|θn−1)p(dyn|θn),
or some proposal qn (we assume for brevity that the observations themselves are used, rather than some summary
tatistic but the use of such statistics does not present any difficulties).

. Convergence results

We now state our main results, which show that marginal SMC methods have qualitatively the same convergence
roperties as standard SMC methods. We give an overview of the proofs for these results in Section 3.1, full details are
iven in Appendix D to Appendix G. For simplicity, we focus on the case of measurable bounded test functions ϕ : E → R
ith ∥ϕ∥∞ := supx∈E |ϕ(x)| < ∞, a set we denote by Bb(E). For any distribution η and any ϕ ∈ Bb(E) we denote
(ϕ) :=

∫
ϕ(x)η(dx), similarly for all empirical distributions ηN

:= N−1
∑N

i=1 δX i we denote the corresponding average
y ηN (ϕ) := N−1

∑N
i=1 ϕ(X i). The probability space under which all probabilities and expectations are taken is that given

y the law of all random variables generated within the SMC algorithm as given in Andrieu et al. (2010, Eq. (22)).
These results are presented under fairly strong assumptions, which are somewhat standard in this literature, in the

nterests of brevity. The techniques which allow these to be relaxed in the standard case would also apply here, but
heir use would substantially complicate the presentation. Similarly, in our arguments we only consider multinomial
esampling (Gordon et al., 1993). Lower variance resampling schemes can be employed but considerably complicate the
heoretical analysis (Gerber et al., 2019).

ssumption 1. The potentials Gn are positive everywhere, Gn(xn) > 0 for every xn ∈ E.

ssumption 2. For all n ≥ 0, the functions Un are bounded above, i.e. Un(xn−1, xn) ≤ ∥Un∥∞ < ∞, and the Radon–
ikodym derivative dKn(xn−1, ·)/dMn(xn−1, ·) is bounded above for all xn−1, i.e. there exists some α > 0 such that, for

every xn−1 ∈ E, ∥dKn(xn−1, ·)/dMn(xn−1, ·)∥∞ ≤ α <∞.

Assumption 3. For all n ≥ 0, the functions Un are bounded below, and the Radon–Nikodym derivative dKn(xn−1, ·)/dMn
(xn−1, ·) is bounded below for all xn−1, i.e. there exist β > 0 such that 0 < β ≤ Un(xn−1, xn) and 0 < β ≤

dKn(xn−1, ·)/dMn(xn−1, ·) uniformly in xn−1.

Assumption 1 ensures that the system does not become extinct (i.e. the weights have never all simultaneously taken
the value zero), and can be relaxed in various ways, including introducing stopping times Del Moral (2004, Theorem
7.4.3) or considering local boundedness (Whiteley, 2013). Assumption 2 ensures that, uniformly in x ∈ E, Gn(x) ≤
∥Un∥∞α, GN

n (x) ≤ ∥Un∥∞α, this and the boundedness assumption on the test functions ϕ can be avoided by considering
appropriate integrability conditions, e.g. (Chopin, 2004; Douc and Moulines, 2008; Agapiou et al., 2017). Assumption 3
strengthens 1 and further guarantees Gn(x) ≥ β−2, GN

n (x) ≥ β−2.
Assumptions 1 and 2 allow us to obtain the following weak law of large numbers (WLLN) whose proof is provided in

Appendix E:

Proposition 1 (Weak Law of Large Numbers). Under Assumptions 1 and 2, for all n ≥ 0 and for every ϕ ∈ Bb(E), we have
ΨGNn

(ηN
n )(ϕ)

p
→ ΨGn (ηn)(ϕ) and η̂N

n (ϕ)
p
→ η̂n(ϕ).

Assumption 3 is used to obtain stronger results like finite-N error bounds, whose proof is given in Appendix D:
4
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Proposition 2 (Lp-Inequality). Under Assumptions 1–3, for every time n ≥ 0, every p ≥ 1 and N ≥ 1 there exist finite
constants Cp,n, C̄p,n such that for every measurable bounded function ϕ ∈ Bb(E)

(a) E
[
|ΨGNn

(ηN
n )(ϕ)− ΨGn (ηn)(ϕ)|

p
]1/p
≤ C̄p,n

∥ϕ∥∞√
N

,

(b) E
[
|η̂N

n (ϕ)− η̂n(ϕ)|
p]1/p
≤ Cp,n

∥ϕ∥∞√
N

.

The strong law of large numbers requires stronger assumptions than the WLLN in Proposition 1 and can be obtained
from the Lp inequality obtained in Proposition 2 using Markov’s inequality within a Borel–Cantelli argument as shown in
e.g. Boustati et al. (2020, Appendix D).

Proposition 3 (Strong Law of Large Numbers). Under Assumptions 1–3, for all n ≥ 0 and for every ϕ ∈ Bb(E), we have

GNn
(ηN

n )(ϕ)
a.s.
→ ΨGn (ηn)(ϕ) and η̂N

n (ϕ)
a.s.
→ η̂n(ϕ).

Using standard techniques (e.g. Berti et al., 2006) given in detail for the context of interest in Schmon et al. (2021,
Supplementary Material, Theorem 1), the result of Proposition 3 can be strengthened to the convergence of the measures
in the weak topology:

Proposition 4. Under Assumptions 1–3, for all n ≥ 0, ΨGNn
(ηN

n ) converges almost surely in the weak topology to ΨGn (ηn),
ΨGNn

(ηN
n ) ⇀ ΨGn (ηn), and η̂N

n converges similarly to η̂n, η̂N
n ⇀ η̂n.

As it is the case for standard SMC algorithms, the reweighting step introduces a bias into estimates of normalized
quantities, however, this decays at rate N−1 as established in Appendix F:

Proposition 5 (Bias Estimate). Under Assumptions 1–3, for all n ≥ 0 and any ϕ ∈ Bb(E) we have

(a)
⏐⏐⏐E [

ΨGNn
(ηN

n )(ϕ)
]
− ΨGn (ηn)(ϕ)

⏐⏐⏐ ≤ C̄n
∥ϕ∥∞

N ,

(b)
⏐⏐E [

η̂N
n (ϕ)

]
− η̂n(ϕ)

⏐⏐ ≤ Cn
∥ϕ∥∞

N ,

for some finite C̄n, Cn.

The following result, proved in Appendix G, quantifies the asymptotic variance of the estimates provided by Algorithm
using multinomial resampling. We focus on this resampling scheme because of its simplicity and because, as shown

n Gerber et al. (2019, Theorem 7), it provides an upper bound on the asymptotic variance obtained with more
ophisticated resampling schemes.

roposition 6 (Central Limit Theorem). Under Assumptions 1–3, for every n ≥ 1 and ϕ ∈ Bb(E):

(a)
√
N

[
ΨGNn

(ηN
n )(ϕ)− ΨGn (ηn)(ϕ)

]
d
→ N

(
0, V̄n(ϕ)

)
, (b)

√
N

[
η̂N
n (ϕ)− η̂n(ϕ)

] d
→ N (0, Vn(ϕ)) ,

here V̄n(ϕ), Vn(ϕ) are operators acting on ϕ given by the following recursion: V̄0(ϕ) = varM0

(
G0(ϕ−η̂0(ϕ))

η0(G0)

)
,

V̂n(ϕ) = varηn (Gnϕ)+ V̄n−1(Kn(Unϕ)); V̄n(ϕ) =
1

ηn(Gn)2
V̂n

(
ϕ − ΨGn (ηn)(ϕ)

)
; Vn(ϕ) = varη̂n (ϕ)+ V̄n(ϕ),

here we denote varη(ϕ) = η(ϕ2)− η(ϕ)2 for any distribution η.

3.1. Method of proof

We emphasize that the proof techniques used are small extensions of those used in the standard SMC setting; the
primary interest of these results is that they demonstrate that the marginal version of the algorithm inherits many of
the good properties of the standard algorithm and allowing comparison between the two algorithms via their asymptotic
variances. The details of the proofs are postponed to Appendix D to Appendix H where we give self-contained arguments
incorporating the novel elements discussed in this section with well-known techniques used to obtain similar results for
standard SMC.

The main difference between standard SMC methods and marginal SMC methods is the presence of an additional
approximations in the weights (5); if we could use the idealized algorithm in which Gn in (4) can be computed exactly,
then we could apply the theoretical results for standard SMC (e.g., Del Moral, 2013). Hence, to obtain convergence results
for marginal SMC we need to control the behaviour of the non-standard weights GN

n . We point out that since the weights
GN
n are biased approximations of Gn, we cannot use the arguments based on extensions of the state space (as in particle

filters using unbiased estimates of the potentials; Fearnhead et al., 2008) to provide theoretical guarantees for MSMC.
To control the effect of GN

n , we identify the conditional expectation of ηN
n (G

N
n ϕ) in Proposition 7 extending the result

of Branchini and Elvira (2021, Lemma 1). Proposition 7, whose simple proof is provided in Appendix C, combined with
a number of results presented in the appendix which employ this conditional expectation within expansions of various
aspects of the sampling error allow us to obtain results for MSMC algorithms in some generality.
5



F.R. Crucinio and A.M. Johansen Statistics and Probability Letters 203 (2023) 109914

ˆ

p

C

w
f

w

Proposition 7. Let FN
n−1 denote the σ -field generated by the weighted samples up to (and including) time n − 1. We have

E
[
ηN
n (G

N
n ϕ) | FN

n−1

]
= ΨGNn−1

(ηN
n−1)(Kn(ϕUn)), for all n ≥ 1 and all ϕ ∈ Bb(E).

For the proof of the Lp-inequality we combine the results of Crisan and Doucet (2002), Míguez et al. (2013) which
control the approximation introduced by the mutation step, the reweighting step and the resampling step with Lemma 2
in Appendix D which controls the error induced by using the approximated weights (5). The proof of Lemma 2 is based on
a comparison between ηN

n (G
N
n ϕ) and its conditional expectation in Proposition 7 combined with the inductive hypothesis.

Similarly, the proof of the bias estimates in Proposition 5 combines the inductive approach of Olsson and Rydén (2004)
with Proposition 7, showing that the approximate weights do not worsen the rate of decay of bias with N .

For the proof of the weak law of large numbers we again adopt an inductive strategy similar to that of Douc and
Moulines (2008, Theorem 1) and Cappé et al. (2005, Theorem 9.4.5), we combine standard arguments establishing a WLLN
for the mutation, the reweighting and the resampling step with Lemma 5 in Appendix E which establishes a WLLN for
ηN
n (G

N
n ϕ).

The central limit theorem follows using the inductive approach of Chopin (2004), with an additional result (Lemma 9)
which shows that ηN

n (G
N
n ϕ) satisfies a central limit theorem.

3.2. Variance comparison

Proposition 6 gives a recursive formula for the asymptotic variance similar to that in Chopin (2004). Comparing
Proposition 6 and Chopin (2004, Section 2.3), we find that the main difference in the variance expression appears in
Vn(ϕ): in the case of standard SMC we have V̂ SMC

n (ϕ) = varηn (Gnϕ)+ V̄n−1(Mn(Gnϕ)). This is not surprising since the main
difference between SMC and MSMC is in the importance weights (4), whose expression is taken into account in V̂n(ϕ).

Using an inductive argument whose details are given in Appendix H.1 (see also Chopin, 2004, Eq. 9 and Johansen and
Doucet, 2007, Appendix A), we obtain a closed form for V̄n(ϕ). To this end, let us define the following operator akin that
of Chopin (2004, Eq. 10) and Del Moral (2004, Section 2.7.2):

∀q ∈ N : Γq(ϕ)(xq−1) :=
∫

Kq(xq−1, dxq)Uq(xq−1, xq)ϕ(xq),

and, for all p < q, the two-parameter semigroup Γp:q(ϕ) = Γp+1 ◦ · · · ◦ Γq(ϕ), where ◦ denotes the composition operator,
such that η̂q ∝ η̂pΓp:q, with the convention Γq:q = Id.

The following representation is established in Appendix H.1:

Proposition 8. For all n ≥ 0 and all ϕ ∈ Bb(E), the variance V̄n(ϕ) in Proposition 6 can be equivalently written as

V̄n(ϕ) =
n∑

k=0

Eηk

[(
Gk

[
Γk:n(ϕ)− η̂n(ϕ)Γk:n(1)

])2] n∏
j=k

1
ηj(Gj)2

(9)

The variances of MPF and MAPF in Section 2.1 can be obtained from (9) by simple algebraic manipulations which we
ostpone to Appendix H. See Appendix H.2 for the calculations underlying the following corollary:

orollary 1 (Variance of MPF). For all n ≥ 0 and all ϕ ∈ Bb(E) we have

VMPF
n (ϕ) =

∫
p(x0|y1:n)2

q0(x0)

(∫
p(xn|y1:n, x0) [ϕ(xn)− ϕ̄n] dxn

)2

dx0

+

∫
p(xk|y1:n)2∫

qk(xk|xk−1, yk)p(xk−1|y1:k−1)dxk−1

(∫
p(xn|yk+1:n, xk) [ϕ(xn)− ϕ̄n] dxn

)2

dxk

+

∫
p(xn|y1:n)2∫

qn(xn|xn−1, yn)p(xn−1|y1:n−1)dxn−1
(ϕ(xn)− ϕ̄n)2dxn,

ith ϕ̄n :=
∫

ϕ(xn)p(xn|y1:n)dxn. In addition, VMPF
n (ϕ) ≤ V PF

n (ϕ), where V PF
n (ϕ) denotes the asymptotic variance of a particle

ilter with the same proposals (Johansen and Doucet, 2008, Section 2.4).

The variance of the MAPF can be obtained from V̄n(ϕ) in Proposition 8 via an additional importance sampling step with
eights w̃ in (8), as shown in Appendix H.3.
n

6
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v
S
f

Corollary 2 (Variance of MAPF). For all n ≥ 0 and all ϕ ∈ Bb(E) we have

VMAPF
n (ϕ) =

∫
p(x0|y1:n)2

q0(x0)

(∫
p(xn|x0, y1:n) [ϕ(xn)− ϕ̄n] dxn

)2

dx0

+

∫
p(xk|y1:n)2∫

qk(xk|x′k−1, yk)η̂k−1(dx′k−1)

(∫
p(xn|xk, y1:n) [ϕ(xn)− ϕ̄n] dxn

)2

dxk

+

∫
p(xn|y1:n)2 [ϕ(xn)− ϕ̄n]2∫
qn(xn|x′n−1, yn)η̂n−1(dx′n−1)

dxn.

with ϕ̄n :=
∫

ϕ(xn)p(xn|y1:n)dxn. In addition, VMAPF
n (ϕ) ≤ V APF

n (ϕ), where V APF
n (ϕ) denotes the asymptotic variance of an APF

with the same proposals (Johansen and Doucet, 2008, Section 2.4).

Using the results in Walker (2014), we can show that equality occurs in the MPF case only when qk ≡ fk and the
ariance expression in Corollary 1 coincides with that of the bootstrap particle filter (see Johansen and Doucet (2008,
ection 2.4) and Appendix H.2.1). Whereas, in the MAPF case equality occurs only when qk ∝ Ckfk where Ck is a positive
unction only depending on xk and p̃(yk|xk−1) =

∫
Ck(xk)fk(xk|xk−1)dxk—a special case is Ck(xk) = gk(yk|xk) for which the

MAPF collapses onto the fully adapted APF (FA-APF) and hence has the same asymptotic variance (see Johansen and Doucet
(2008, Corollary); Appendix H.3.1). In all other cases, the variance reduction can be quantified using, e.g., Walker (2014,
Theorem 3.1).

4. Discussion

In this work we established that a class of marginal sequential Monte Carlo (MSMC) algorithms, which encompasses
marginal particle filters and other popular algorithms in the literature, satisfies many of the key properties that standard
sequential Monte Carlo methods have. The results in Section 3 guarantee that the estimates provided by MSMC are
consistent, asymptotically normal, with a bias decaying at rate N−1 and Lp error decaying at rate N−1/2.

Comparing the asymptotic variances in Proposition 6 with those for standard SMC obtained in, e.g., Chopin (2004),
Del Moral (2004), we find that marginal particle filters have no larger asymptotic variance than the corresponding non-
marginal particle filter (Corollaries 1 and 2) and are therefore likely to provide better estimates then the corresponding
non-marginal algorithms, as already observed empirically (e.g. Klaas et al., 2005; Xu and Jasra, 2019). Corollary 2
complements Klaas et al. (2005, Proposition 1) showing that the importance sampling weights of MAPF have lower
(conditional) variance.

Unbiasedness of the normalizing constant estimates has been shown in Branchini and Elvira (2021, Theorem 2).
Combining Proposition 7 with the approach of Branchini and Elvira (2021, Lemma 2) one can further show that the
unnormalized version of the measure η̂n in (2) provides unbiased estimates.

Quantifying the variance reduction obtained by employing marginal particle filters instead of standard particle filter
is a more challenging question, the answer to which is likely to be dependent on the specific state space model and
proposals qk. The variance reduction obtained by using MPF instead of PF should then be weighted against the additional
computation cost required by MPF w.r.t. the O(N) cost of PF. In their most naive implementation MPF require an O(N2)
cost, which can however be reduced to O(N logN) using techniques from N-body learning (e.g. Gray and Moore, 2000;
Lang et al., 2005) as shown in Klaas et al. (2005) or efficient implementations using GPUs (Charlier et al., 2021) as shown
in Clarté et al. (2022, Section 4) for sums of the form of those in (5).

Marginalization techniques similar to those studied here are also commonplace in the sequential quasi Monte Carlo
literature (Fearnhead, 2005; Gerber and Chopin, 2015), however, in those case the marginalization is motivated by other
considerations not covered by our results. Finally, we expect that similar ideas could be applied to more sophisticated
SMC algorithms employing marginalization techniques (e.g. Xu and Jasra, 2019; Crucinio and Johansen, 2023).
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