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Abstract
We construct new families of supersymmetric AdS2 ×M4 solutions of D = 6 gauged
supergravity and AdS3 × M4 solutions of D = 7 gauged supergravity, where M4 are
four-dimensional toric orbifoldswith four fixed points. These are presented in a unified
fashion that highlights their common underlying geometry. The D = 6 solutions uplift
to massive type IIA and describe the near-horizon limit of D4-branes wrapped on M4,
while the D = 7 solutions uplift to D = 11 supergravity and describe the near-horizon
limit ofM5-braneswrapped onM4.We reproduce the entropy and gravitational central
charge of the two families by extremizing a function constructed gluing the orbifold
gravitational blocks proposed in Faedo et al. (Lett Math Phys 113:51, 2023. https://
doi.org/10.1007/s11005-023-01671-1. arXiv:2210.16128).
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1 Introduction

In the history of the AdS/CFT correspondence very often the construction of explicit
supergravity solutions with an anti-de Sitter (AdS) factor has prompted the discovery
of new classes of superconformal field theories (SCFTs) and has led to tremendous
progress in understanding general aspects of the holographic dictionary. An important
entry in this dictionary is the relationship between extremization problems in SCFTs
and their geometric realization. An early example of such relationships is that between
a-maximization in four-dimensional SCFTs [40] and volume extremization of Sasaki–
Einstein manifolds [47, 48], followed by many other instances involving SCFTs in
different dimensions on one side and geometries of different kinds on the other side.

The study of this feature of holography has been the subject of a conspicuous body
of work over the last twenty years, and it received a boost recently, following the
uncovering of supergravity solutions comprising geometries with orbifold singulari-
ties. While in the initial examples of these constructions [24, 26–28] the main actor
was the spindle, a number of supergravity solutions based on geometries comprising
four-dimensional orbifolds M4 have appeared subsequently. These include solutions
describing either D4-branes or M5-branes wrapped on M4 [15, 20, 23, 34, 53].

In this paper we will extend these constructions by presenting more general classes
of supersymmetric AdS2 × M4 solutions of D = 6 gauged supergravity and AdS3 ×
M4 solutions of D = 7 gauged supergravity, where M4 are four-dimensional toric
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orbifolds with four fixed points for a torus action that we refer to as quadrilaterals,
because they are characterized by certain labelled two-dimensional polytopes1 with
four edges [4, 41]. We will present the two families of solutions in a unified fashion,
exploiting the fact that the four-dimensional factor of the geometry involves in both
cases the same data, namely a Hermitian orbifold metric on M4, together with two
gauge fields corresponding to local connections on line orbibundles, as well as two
real scalar fields, governed by very similar equations of motion and supersymmetry
conditions. In particular, we will give a unified description of the underlying toric
orbifolds in terms of their associated labelled polytopes [42].

An important role in the stream of ideas surrounding the geometrization of the
extremization principles characterizing SCFTs has been played by the gravitational
blocks [37]. These are elementary building blocks in terms of which one can assem-
ble various functions of the gravitational data that are interpreted as dual to SCFT
observables and whose extremization corresponds to necessary (and, sometimes, also
sufficient) conditions for the existence of the supergravity solutions. This generally
yields a valuable abstract understanding of the geometry and allows one to extract
relevant properties of supergravity solutions without their explicit knowledge. Orb-
ifold gravitational blocks for various branes wrapped on the spindle were conjectured
in [24] and, in some cases, subsequently proved using GK geometry [8] (for M2 and
D3-branes) or equivariant localization [5] (for M5-branes).

In our previous paper [23] we conjectured the form of the orbifold gravitational
blocks for D4-branes as well as M5-branes wrapped on toric orbifolds M4 and suc-
cessfully tested it against a number of explicit supergravity solutions. Subsequently,
the validity of this proposal has been confirmed using the idea of equivariant localiza-
tion. In particular, in [49] it was shown that equivariant integration of the M5-branes
anomaly polynomial on four-dimensional toric orbifolds yields an off-shell trial cen-
tral charge of the corresponding two-dimensional SCFT that matches precisely the
gravitational block decomposition conjectured in [23]. Moreover, in [5, 49] it has
been proposed that equivariant localization plays a key role for characterizing the ge-
ometry of supersymmetric solutions. As an application, it has later been shown that the
gravitational blocks associated with M5 and D4-branes wrapped on four-dimensional
orbifolds can be extracted either from the equivariant volume of an associated geom-
etry [18] or by fixed-point evaluation2 of equivariant integrals of certain equivariantly
closed forms constructed with Killing spinor bilinears [7].

The results of the present paper allow us to test the validity of the orbifold gravi-
tational blocks and the corresponding extremization principles in the context of some
sophisticated explicit supergravity solutions. In particular, one should bare in mind
that, at present, the only extremization principle applied to supergravity that has been
rigorously proved to guarantee the existence of solutions is that of volume extremiza-
tion of Sasaki–Einstein manifolds [48].3 Thus, the construction of explicit solutions
in all other cases is a non-trivial result and serves as further evidence of the validity

1 We will be more precise later about how this labelled polytope is constructed.
2 A computation of the gravitational block expression for D4-branes wrapped on orbifolds using the ap-
proach of [5, 7] is not yet available.
3 Analogous extremization principles have been formulated in geometry, but so far they have not been
shown to be directly relevant to supergravity or holography. See, e.g., [11, 30, 31, 43, 54].
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of the respective extremization principles. In general, it would be wonderful to obtain
a proof that the solution of one of these extremal problems is necessary and sufficient
for the existence of supergravity solutions.

The rest of the paper is organized as follows. In Sect. 2 we discuss some prelim-
inaries about the geometry of toric orbifolds. In Sect. 3 we present the local form
of our new solutions as a single D-dependent solution (with D = 6, 7). In order to
gain complete analytic control over the complicated algebraic expressions, we will
restrict to the subfamilies with equal charges. In Sect. 4 various global aspects are
discussed, allowing us to uncover the underlying toric orbifolds. We will show how
an artful combination of analytic and topological gadgets will allow us to extract from
the solutions the data necessary for implementing the extremization procedure. This is
done in Sect. 5, where the off-shell free energies are computed and their extremization
is shown to reproduce the entropy and the gravitational central charge of the respec-
tive explicit solutions. Section6 discusses our findings and gives some suggestions
for future work. Five technical appendices complement the paper. In Appendix A we
show how previous solutions can be recovered in particular limits of the present ones.
Appendix B discusses the uplift of the solutions to D = 10 and D = 11 supergrav-
ities. In Appendix C we demonstrate the supersymmetry of the D = 6 solutions by
constructing explicit Killing spinors solving the BPS conditions. In Appendix D we
show that the set of solutions to some Diophantine equations that need to be satisfied
to construct the supergravity solutions is non-empty. Finally, in Appendix E we report
a proof of the adjunction formula used in the paper, valid for toric orbifolds in arbitrary
dimension that we have not found in the literature.

2 Four-dimensional toric orbifolds

2.1 Toric geometry ingredients

Before presenting the compact four-dimensional orbifolds M4 that will be the main
focus of this paper, we will recall some results of toric geometry that will be used
in the analysis, highlighting some aspects pertaining to orbifolds. We start by noting
that in the solutions that we will discuss the metric on M4 solving the supersymme-
try conditions will be compatible with an integrable complex structure (thus will be
Hermitian), however we will not find a compatible Kähler structure. As emphasized
in [18, 49] this fact does not prevent one to employ the formalism of symplectic toric
geometry as a tool for computing topological quantities, on which the corresponding
extremal problems, and ultimately the dual field theories, are based. It should also
be possible to reformulate our analysis entirely in terms of complex geometry for
orbifolds and in particular to use the language of toric stacks [9, 25, 33, 36, 52] to
describe the underlying toric geometry in rigorous terms. However, as we shall see,
this will not be necessary for the purposes of constructing the solutions.

We now give a brief review of the geometry of symplectic toric orbifolds, refer-
ring to [49] and references therein for a more detailed discussion. Let us consider
a 2m-dimensional symplectic toric orbifold (M2m, ω), equipped with an effective
Hamiltonian action of the real torus T

m = R
m/2πZ

m . A convenient set of coordi-
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nates to parameterizeM2m are the symplectic coordinates (yI , φI ), with I = 1, . . . ,m,
where yI are the moment maps associated with T

m and φI are angular coordinates
on the torus, with canonical 2π periodicity. According to the construction of [42],
compact symplectic toric orbifolds are completely characterized by the associated
labelled polytope P , and the total space M2m arises as a torus fibration over P . A
labelled polytope is a rational simple convex polytope in R

m , obtained as the image of
M2m under the moment maps yI , equipped with a label attached to each of its facets.
This object can be described concisely as the subset

P =
n⋂

a=1

{
y ∈ R

m : la(y) ≡ yI v
I
a − λa ≥ 0

}
, (2.1)

with �va ∈ Z
m andλa real constants. The linear equations la(y) = 0 define the facetsFa

of the polytope, and we denote with n their total number. In our conventions, �va are the
inward-pointing normal vectors to the facets Fa . The labels ma are positive integers
such that the structure group of every point in the preimage of the interior ofFa under
the moment maps isZma . In particular, the labelsma enter in the above construction as
a common factor in the entries of the vectors �va , which can be written as �va = ma

�̂va ,
where �̂va are primitive vectors and therefore define an ordinary fan.4 In the context of
algebraic geometry the fan {�̂va} defines a toric variety, which by construction can have
orbifold singularities only in complex codimension higher than one. In order for P to
be simple, exactly m facets meet at each vertex p and the m vectors associated with
these facets form a basis for R

m . These vertices correspond to fixed points of the T
m

action. Assuming that a given fixed point is obtained as the intersection of the facets
FaI , with I = 1, . . . ,m, the order of the orbifold singularity at this point is given by
dA = ∣∣det(�va1, . . . , �vam )

∣∣. The toric orbifold M2m viewed as a torus fibration over the
polytopeP is non-degenerate in the interior ofP . At each facetFa a particular circle in
T
m collapses, thus determining a symplectic subspace of M2m of (real) codimension

two, which is the preimage of Fa under the moment maps. Note that in algebraic
geometry, the fan defined by �va (equivalently, by (�̂va,ma)) does not give rise to a toric
variety, but to a generalization known as a toric stack [9, 33, 36]. The data (�̂va,ma)

are then referred to as a “stacky fan” or an associated “stacky polytope” [52].
As we shall see, the data that we will not be able to extract directly from the metric

can be obtained exploiting the fact that there exists a compatible complex structure;
thus, the underlying spaces are actually (compact) complex orbifolds. In particular,
given a k-dimensional complex orbifold X (that can be eitherM4 or one of its divisors)
from the holomorphic (k, 0)-form�X one can compute the connection PX on the anti-
canonical line bundle through the relation

d�X = iPX ∧ �X . (2.2)

The Ricci form follows as ρX = dPX and, from this point onward, we shall refer to
PX as the (real) “Ricci potential” corresponding to its curvature ρX . The first Chern

4 Notice that we are using the conventions of [49], which are opposite to the ones in [23]!
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class of the tangent bundle of X is then obtained taking the explicit representative
c1(T X) = [ρX ]/2π . From the complex point of view, the preimage of theFa described
above is toric divisors. More precisely, these are the divisors associated with the
vectors �va and have to be identifiedwith the ramification divisors,whichwewill denote
as Da . In contrast, the divisors D̂a , associated with the vectors �̂va , are to be identified
with the branch divisors (see e.g.[10]). Formally, the two sets of divisors are related as
D̂a = maDa , which slightly more accurately may be written as Da = D̂a × pt/Zma ,
indicating that at each point in Da the structure group Zma is acting on the complex
direction C normal to Da . Equivalently, this relation may be also understood from the
expression of the Poincaré dual two forms, given by the first Chern classes of a set of
line bundles La . Their explicit form is [2, 35]

c1(La) = − i

2π

[
∂∂̄ log la

]
, (2.3)

where [α] denotes the cohomology class of a given differential form α and ∂ , ∂̄

are the (anti-)holomorphic differentials. Using an explicit expression in symplectic
coordinates one can show that indeed c1(L̂a) = mac1(La), where L̂a are the line
bundles associated with the divisors D̂a .5 One can also see that the following m
relations among the Chern classes hold [49]

∑

a

�vac1(La) = 0, (2.4)

thus only n−m of the line bundles are independent. These are equivalent to the familiar
m linear relations among the divisors

∑

a

�vaDa = 0, (2.5)

which imply that there are only n − m independent (2m − 2)-cycles in homology.
It will also be useful to note that given a toric ramification divisor Da of the total

space M2m , the first Chern class of the tangent bundle TM2m can be decomposed by
means of the adjunction formula as

c1(TM2m)
∣∣
Da

= c1(T Da) + c1(La)
∣∣
Da

. (2.6)

In this formula the first Chern class of the line bundles La is given by (2.3), while
c1(TM2m) follows from

c1(TM2m) =
∑

a

c1(La). (2.7)

In the case of four-dimensional toric orbifolds, which is relevant for this paper, a proof
can be found in [13]. In general dimension we are not aware of a standard reference

5 We note in passing that in the framework of toric stacks, the divisors Da should be understood in terms
of a “root construction”, namely as the ma -th root of the D̂a [25]. However, we shall refrain from making
use of this language in our subsequent discussions.
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for an adjunction formula valid for orbifolds. However, in the toric setting, endowing
each divisor with its natural complex structure, from the corresponding Ricci form ρDa

we can compute c1(T Da) = [ρDa ]/2π , and then the adjunction formula (2.6) can be
verified explicitly. For completeness, the details of the computation are reported in
Appendix E.

2.2 Quadrilaterals

We now continue requiring that M4 has four real dimensions, namely setting m = 2.
With this assumption, the polytope becomes planar and, therefore, enjoys the special
feature of having the same number of facets (edges) and fixed points (vertices) that
we denote by n. When working with four-dimensional toric orbifolds, the intersection
matrix of two toric divisors is [49]

Dab ≡ Da · Db =
∫

M4

c1(La) ∧ c1(Lb) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

da−1,a
if b = a − 1,

1

da,a+1
if b = a + 1,

− da−1,a+1

da−1,a da,a+1
if b = a,

0 otherwise,
(2.8)

where we defined da,b ≡ det(�va, �vb). One can verify explicitly that

∑

b

Dab �vb = 0, (2.9)

which is a consequence of the cohomological relation (2.4).
It is straightforward to show that da,b is invariant under SL(2, Z) transformations

applied to all the vectors �va of the fan. This property will be particularly useful for
us, because it implies that also the intersection matrix Dab is not affected by such
transformations. The fan corresponding to a given toric orbifold is thus determined
only up to SL(2, Z) transformations, and, in a similar way, also the related polytope.
In fact, this group of invariance can be formally extended to SL(2, R). In this case,
the new fan is not well-defined, since the vectors are not integer-valued, but the da,b

are unchanged and, in particular, we still have da,b ∈ Z. This property will turn out to
be crucial, as it will allow us to work with “fake” vectors �Va , that are not Z

2-valued,6

in intermediate stages of the computations.
Using the adjunction formula (2.6), we can relate the toric data, encoded in the

intersection matrix Dab, and the complex formalism, embodied by c1(TM4) and
c1(T Da), by means of the following two relations7

6 This implies that they are expressed in a “wrong” basis for the T
2 action, in which the orbits in general

do not close.
7 The second equation can be obtained from the first using (2.7) together with

∑
b Dab = ∫Da

c1(TM4).
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Fig. 1 Outward-pointing fan and
polytope of a generic
quadrilateral. The vectors �va are
not primitive

Daa =
∫

Da

c1(La) =
∫

Da

[
c1(TM4) − c1(T Da)

]
, (2.10)

Da a−1 + Da a+1 =
∑

b �=a

∫

Da

c1(Lb) =
∫

Da

c1(T Da) = χ(a), (2.11)

where, by definition, χ(a) is the orbifold Euler characteristic of the divisor Da .
We now specialize to the case of four fixed points that we refer to as quadrilater-

als. Indeed, these configurations are completely characterized by a generic polytope
depicted in Fig. 1, which is a convex polygon with four vertices and four edges.

Their basis-independent information is encoded in the following 4× 4 intersection
matrix (2.8)

Dab =

⎛

⎜⎜⎜⎜⎝

d2,4
d4,1 d1,2

1
d1,2

0 1
d4,1

1
d1,2

− d1,3
d1,2 d2,3

1
d2,3

0

0 1
d2,3

− d2,4
d2,3 d3,4

1
d3,4

1
d4,1

0 1
d3,4

d1,3
d3,4 d4,1

⎞

⎟⎟⎟⎟⎠
, (2.12)

where a vector identity implies that the da,b ∈ Z are actually not independent, but
satisfy the relation

d1,2 d3,4 − d2,3 d4,1 = d1,3 d2,4. (2.13)

It is convenient to parameterize the integers da,b as

da,b = mamb d̂a,b, (2.14)

where d̂a,b ≡ det(�̂va, �̂vb) ∈ Z and satisfy

d̂1,2 d̂3,4 − d̂2,3 d̂4,1 = d̂1,3 d̂2,4. (2.15)

Thus, a generic quadrilateral is characterized by five independent integer parameters
d̂a,b (subject to (2.15)) and four integer labelsma , which we refer to as the toric data of
the orbifold. Later we will show that the local solutions that we are about to introduce
can be extended towell-defined global solutions on a quadrilateral whose toric data are
subject to some additional “Diophantine constraints” that we shall discuss. Moreover,
we will show that the magnetic fluxes of the supergravity solutions will be written in
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terms of these toric data and some twisting parameters, precisely as conjectured in
[23].

3 Supergravity solutions

In this section we discuss solutions of specific D = 6, 7 matter-coupled gauged
supergravity theories with gauge group U (1)2. Both of them comprise two gauge
fields A1, A2, a (D − 4)-form B and two real scalar fields �ϕ = (ϕ1, ϕ2).

The six-dimensional model can also be obtained as a sub-sector of an extension
of Romans F(4) gauged supergravity [51], coupled to three vector multiplets [3, 22].
The bosonic part of the action reads8

S6D = 1

16πG(6)

∫
d6x

√−g

[
R − V6 − 1

2
|d �ϕ|2 − 1

2

2∑

i=1

X−2
i |Fi |2 − 1

8
(X1X2)

2|H |2

− m2

4
(X1X2)

−1|B|2 − 1

16

εμνρστλ

√−g
Bμν

(
F1 ρσ F2 τλ + m2

12
Bρσ Bτλ

)]
,

(3.1)

where Fi = dAi , H = dB and the scalar fields �ϕ are parameterized as

Xi = e−�ai · �ϕ with �a1 = (2−1/2, 2−3/2), �a2 = (−2−1/2, 2−3/2). (3.2)

The scalar potential is

V6 = m2X2
0 − 4g2c X1X2 − 4mgc X0(X1 + X2), (3.3)

with gc the gauge coupling andm themass parameter, andwhere, for later convenience,
we defined X0 = (X1X2)

−3/2. In what follows we shall set m = 2gc/3.9

The seven-dimensional theory can be constructed as a consistent truncation [44] of
the D = 7, maximal SO(5) gauged supergravity [50]. The bosonic part of the action
is [16]

S7D = 1

16πG(7)

∫
d7x

√−g

[
R − V7 − 1

2
|d �ϕ|2 − 1

2

2∑

i=1

X−2
i |Fi |2 − 1

2
(X1X2)

2|H |2

− 1

24

εμνρστλη

√−g
Bμνρ

(
F1 στ F2 λη − gc

12
Hστλη

)]
.

(3.4)

8 Here and in what follows we define, for any p-form ω, |ω|2 = 1
p! ωμ1...μpωμ1...μp .

9 As pointed out in [23, 24], this can always be done without loss of generality when gc,m > 0.
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Again, the field strengths are given by Fi = dAi and H = dB, while now the scalar
fields �ϕ take the parameterization

Xi = e−�ai · �ϕ with �a1 = (2−1/2, 10−1/2), �a2 = (−2−1/2, 10−1/2). (3.5)

The scalar potential is

V7 = g2c
2

[
X2
0 − 8X1X2 − 4X0(X1 + X2)

]
, (3.6)

with gc the gauge coupling and, in this context, X0 = (X1X2)
−2. Additionally, the

following self-duality condition must hold

(X1X2)
2 �H = −gcB + 1

2
A1 ∧ F2 + 1

2
A2 ∧ F1 + dλ, (3.7)

for some two-form λ.

3.1 Solutions in D dimensions

We now present a family of solutions to both the D = 6 and the D = 7 theories
in which the spacetime has the structure of a warped product AdSD−4 × M4. Their
local form can be obtained as an analytic continuation of the asymptotically AdSD ,
non-extremal, charged and rotating10 black holes constructed in [17], with the addition
of a NUT parameter. These backgrounds can be written in a unified fashion, with the
line element reading

ds2 = (H1H2)
1/(D−2)

(
x2y2

a2
ds2AdSD−4

+ ds2
M4

)
, (3.8)

where ds2AdSD−4
denotes the unit radius metric on AdSD−4 and we defined the four-

dimensional metric

ds2
M4

= (H1H2)
−1

�2(x2 − y2)

[
(V 2

y �x − V 2
x �y) dψ

2 + (Ṽ 2
y �x − Ṽ 2

x �y) dφ
2

− 4c1c2c̃1c̃2
a2

(
Ny�x

yD−5
− Nx�y

x D−5

)
dψ dφ

]
+ y2 − x2

�y
dy2 + x2 − y2

�x
dx2.

(3.9)

The scalar fields are
Xi = (H1H2)

(D−3)/2(D−2)H−1
i , (3.10)

10 It is crucial that they have a single nonzero angular momentum, so that the solutions contain a round
(D − 4)-sphere, which results in an AdSD−4 factor after analytic continuation.

123



Branes wrapped on quadrilaterals Page 11 of 66    26 

the gauge potentials are given by

Ai = 2Nysi ci c̃i
�(x2 − y2)Hi yD−5

(
c̃1c̃2
c̃2i

V (i)
x dψ − c1c2

c2i
Ṽ (i)
x dφ

)

− 2Nxsi ci c̃i
�(x2 − y2)Hi xD−5

(
c̃1c̃2
c̃2i

V (i)
y dψ − c1c2

c2i
Ṽ (i)
y dφ

)
,

(3.11)

and the (D − 4)-form is

B = −4s1s2(Nyx3 − Nx y3)

a2(x2 − y2)
vol(AdS2) (D = 6),

B = −2s1s2(Nyx4 − Nx y4)

a3(x2 − y2)
vol(AdS3) − 2Nygs1s2x

�a2y2
dψ ∧ dφ ∧ dx

− 2Nxgs1s2y

�a2x2
dψ ∧ dφ ∧ dy (D = 7).

(3.12)
The functions are

�y = −y2 + a2 − 2Ny

yD−5
+ g2

(
y2 − 2Nys21

yD−5

)(
y2 − 2Nys22

yD−5

)

− a2g2y2 − 2Nya2g2s21s
2
2

yD−5
,

�x = −x2 + a2 − 2Nx

xD−5
+ g2

(
x2 − 2Nxs21

xD−5

)(
x2 − 2Nxs22

xD−5

)

− a2g2x2 − 2Nxa2g2s21s
2
2

xD−5
,

V 2
y = V (1)

y V (2)
y , Ṽ 2

y = Ṽ (1)
y Ṽ (2)

y , V 2
x = V (1)

x V (2)
x , Ṽ 2

x = Ṽ (1)
x Ṽ (2)

x ,

V (i)
y = 1 − g2

(
y2 − 2Nys2i

yD−5

)
, Ṽ (i)

y = 1 − 1

a2

(
y2 − 2Nys2i

yD−5

)
, (3.13)

V (i)
x = 1 − g2

(
x2 − 2Nxs2i

x D−5

)
, Ṽ (i)

x = 1 − 1

a2

(
x2 − 2Nxs2i

x D−5

)
,

Hi = 1 + 2s2i
x2 − y2

(
Ny

yD−5
− Nx

xD−5

)
,

� = 1 − a2g2, si = sinh δi , ci = cosh δi , c̃i =
√
1 + a2g2s2i .

The constant g is related to the gauge coupling as g = 2gc/3 in D = 6 and as
g = gc/2 in D = 7. In our discussion we shall assume gc > 0 in both theories,
therefore g > 0. The background is completely determined by a real parameter a,
two charges δ1,2 and two parameters Ny and Nx (corresponding to the NUT and the
mass of the Lorentzian solution). When x = 0 or y = 0 a curvature singularity is
encountered; therefore, the range of definition of these two coordinates will have to
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avoid the origin of the real axis. Moreover, in the rest of the paper we shall consider
these two ranges to be disjoint, in order to prevent the occurrence of a singularity when
x = y. We refer to Sect. 6 for a very brief discussion about the latter case.

The equations of motion that descend from the actions (3.1) and (3.4), as well
as the self-duality condition (3.7), have been checked explicitly, with the spacetime
orientation induced by the coordinate ordering (AdS, y, φ, x, ψ).

The AdSD−4 × M4 background is invariant under the exchange of the coordinates
x and y, accompanied by Nx ↔ Ny . Additionally, the system is also invariant under
the discrete inversion symmetry

y 
→ γ y, x 
→ γ x, ψ 
→ γ φ, φ 
→ γ ψ,

a 
→ γ 2a, Ny 
→ γ D−1Ny, Nx 
→ γ D−1Nx , si 
→ γ −1si ,
(3.14)

with γ = ±1/(ag), which connects solutions with positive and negative values of �.
To show how our backgrounds are related to the solutions in [17], we must perform

an analytic continuation of AdSD−4 into the sphere SD−4 and define the time and
radial coordinates t and r as well as the mass parameter M as

t = ψ, r = i x, M = iD−5Nx . (3.15)

The result is the family of black holes of [17] for D = 6, 7, with the addition of a NUT
parameter, here denoted as Ny . In the same way it is possible to retrieve the seven-
dimensional solutions presented in [55], equivalent to the ones of [17], but written in
generalized Boyer–Lindquist coordinates.

Moreover, the solutions presented in this paper and the Kerr–NUT–AdS black
holes constructed in [14] match in an overlapping region of parameters. Indeed, the
uncharged subfamily of the former coincides with the r → 0 limit of the latter,
when the mass parameter is set to zero and only one angular momentum is retained.
Lastly, in both six and seven dimensions, the AdS vacuum solution is recovered setting
Ny = Nx = 0, and its radius is LAdS = 1/g.

In [17], the supersymmetry conditions for the non-extremal black holes constructed
therein were derived by studying the vanishing of the eigenvalues of the Bogomolny
matrix. The BPS condition obtained is ags1s2 = ±1, with δ1 and δ2 of the same sign,
either positive or negative.11 Our solution is the analytic continuation of the black
holes of [17], with the addition of NUT. Since the mass parameter of the latter does
not appear explicitly in the supersymmetry condition,we expect that the introduction of
a NUT parameter does not affect this constraint. Furthermore, since the BPS condition
is not altered by (3.15), we conjecture that the solutionwe presented is supersymmetric
when ags1s2 = ±1, with δ1 and δ2 of the same sign. This assumption is confirmed
by the explicit computation we performed in D = 6 when the two charges are equal
(δ1 = δ2 ≡ δ), which shows that a non-trivial Killing spinor can be constructed if
and only if ags2 = ±1, with s = sinh δ (see Appendix C for details). Additionally,

11 These combinations can be obtained considering the whole set of eigenvalues of the Bogomolny matrix,
i.e. all the possible combinations E ± gJ ± (Q1 + Q2), not only the one studied in [17] (see [21], setting
to zero all the angular momenta, but one).
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as shown in Appendix A, the supersymmetric AdS × ˚1 � ˚2 solutions of [15, 20,
23] can be retrieved if and only if the condition ags1s2 = ±1 is imposed, thus giving
evidence for the validity of our hypothesis.

3.2 Solutions with equal charges

The studyof the general systempresented in the previous subsection is computationally
involved due to the complicated form of the (ψ, φ) part of the metric (3.9). For this
reason, from now on we shall focus on the more tractable subfamily of solutions with
equal charges δ1 = δ2 ≡ δ. Despite being simpler, this system still captures all the
important features of the four-dimensional toric orbifold M4, allowing for a detailed
analysis of its structure and a reliable test of the gravitational blocks conjecture of
[23]. We are confident that with some extra effort (and a good motivation) it should
be possible to analyse the more general solutions with unequal charges.

When the two charges are set equal, the metric on the toric orbifold (3.9) acquires
the following diagonal structure

ds2
M4

= 1

�2H2

[
�y

y2 − x2
(
Vx dψ − Ṽx dφ

)2 + �x

x2 − y2
(
Vy dψ − Ṽy dφ

)2
]

+ y2 − x2

�y
dy2 + x2 − y2

�x
dx2, (3.16)

where we defined the functions H ≡ H1 = H2, V• ≡ V (1)• = V (2)• and Ṽ• ≡ Ṽ (1)• =
Ṽ (2)• . This class of solutions is characterized by having equal scalar fields and equal
gauge fields, where the latter now read

A1 = A2 = 2scc̃

�(x2 − y2)H

[
Ny

yD−5

(
Vx dψ − Ṽx dφ

)− Nx

xD−5

(
Vy dψ − Ṽy dφ

)]
,

(3.17)

with s = sinh δ, c = cosh δ and c̃ = √1 + a2 g2 s2. For later convenience, we define
the orthonormal frame

ê1 =
√

y2 − x2

�y
dy, ê2 = 1

� H

√
�y

y2 − x2
(
Vx dψ − Ṽx dφ

)
,

ê3 =
√
x2 − y2

�x
dx, ê4 = 1

� H

√
�x

x2 − y2
(
Vy dψ − Ṽy dφ

)
.

(3.18)

When the system is supersymmetric, additional properties arise. Assuming ags2 =
−κ , with κ = ±1, we can decompose �x and �y as

�x = �+
x �−

x , �y = �+
y �−

y , (3.19)
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where

�±
x = g

(
x2 − 2Nxs2

xD−5

)
− κ a ± (1 − κ ag)x,

�±
y = g

(
y2 − 2Nys2

yD−5

)
− κ a ± (1 − κ ag)y.

(3.20)

Considering, e.g., �x , every root of this function is necessarily a root of either �+
x or

�−
x ; therefore, given a generic root x∗ of �x , we have

x2∗ − 2Nxs2

xD−5∗
= κ a

g
− τ

1 − κ ag

g
x∗, (3.21)

with τ = ± according to the fact that x∗ is a root of �±
x , respectively. Thanks to

this relation and the corresponding one for y∗, we can obtain simplified expressions
for many functions, when evaluated at one of the roots x± or y±. In particular, the
function H reads

(x2∗ − y2∗)H(x∗, y∗) = −1 − κ ag

g
(τ (x)x∗ − τ (y)y∗), (3.22)

while the derivatives of �x and �y become, collectively,

�′
z(z∗) = −2τ(1−κ ag)

[
(D−3)gz2∗ +τ(D−4)(1−κ ag)z∗ −κ(D−5)a

]
, (3.23)

where z can be either x or y.
For the sake of simplicity, from now on we shall restrict the supersymmetry condi-

tion to ags2 = +1, discarding the case −1 and with no assumption on the sign of δ.
The discussion could be carried out in the other case with minor modifications.

3.3 Conditions of existence

We will now begin investigating global aspects of the solutions, starting from some
basic necessary conditions of existence. In particular, in order for the solutions to well-
defined we require that all the quantities are real-valued, the signature of the metric is
Lorentzian and the scalar fields are positive. These requirements are met if and only if

�x

x2 − y2
> 0,

�y

y2 − x2
> 0, H > 0 (3.24)

in two closed intervals [x−, x+] and [y−, y+] not intersecting and not containing the
curvature singularities in x = 0 and y = 0. Without loss of generality we restrict to
positive values of x and y. This can always be done in D = 7, while in D = 6 a
change in the sign of Nx or Ny may be needed.12 Taking advantage of the exchange

12 In the latter case, the two-form B changes its sign, but the original form can always be restored changing
the sign of the AdS2 time coordinate.
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symmetry between x and y we furthermore assume x > y, and the first two conditions
in (3.24) boil down to �x > 0 and �y < 0. Having restricted to x, y > 0, we
can analyse the loci of the roots and the positivity of �x and �y also studying the
polynomials Px ≡ x2(D−5)�x and Py ≡ y2(D−5)�y . The positivity of H can be
examined considering the function PH ≡ (x2 − y2)H because x > y.

For the rest of this subsection, we shall assume the background is supersymmetric,
i.e. ags2 = 1. This relation implies that a > 0, being g positive. By means of the
decompositions (3.19), we can write

Px = P+
x (x) P−

x (x), Py = P+
y (y) P−

y (y), (3.25)

where we defined the polynomials

P±
z (z) =

⎧
⎪⎨

⎪⎩

gz3 ± (1 + ag)z2 + az − 2Nz

a
(D = 6),

gz4 ± (1 + ag)z3 + az2 − 2Nz

a
(D = 7),

(3.26)

in which z can be either x or y and Nz is Nx or Ny accordingly. Notice that, e.g.,
P±
x (x) = xD−5�±

x .
As it can be shown, Px > 0 in x = 0 and Px → +∞ when x goes to infinity. Since

we need Px to be positive in a closed interval in the positive x-axis, this polynomial
must have at least four positive roots. ByDescartes’ rule of signs, a necessary condition
for this to happen is that Nx > 0. In general, when Nz > 0, P+

z (z) has one positive
root, while P−

z (z) can have one or three of them. In the desired configuration P−
x (x)

must have three positive roots, so to bring the total amount to four.
ApplyingDescartes’ rule, we see that, in D = 6, P−

x (x) has no negative root; hence,
all the existing ones are positive. In six dimensions P−

x (x) is a cubic polynomial, which
admits three distinct real roots if and only if its discriminant is positive. Restricting to
Nx > 0, this condition is met when

0 < Nx < a3
−2q3 + 3q2 + 3q − 2 + 2(q2 − q + 1)3/2

54q2
, (3.27)

where we defined q = ag.
In seven dimensions P−

x (x) has one negative root; therefore, the existence of four
roots would ensure that three of them are positive. In this case P−

x (x) is a quartic
polynomial and its discriminant is positive if and only if

0 < Nx <
a3

g

−27q4 + 36q3 − 2q2 + 36q − 27q + (1 + q)(9q2 − 14q + 9q)3/2

1024q2
,

(3.28)
where, again, we restricted to Nx > 0 and introduced the constant q = ag. In the case
of a quartic polynomial this alone does not guarantee the existence of four distinct real
roots. We need the additional conditions

− 3q2 + 2q − 3q < 0, −3q4 + 4q3 − 2(1 + 64Nx )q
2 + 4q − 3 < 0. (3.29)
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Fig. 2 Example of graphs of P±
x (x) in the configuration in which Px admits four positive roots

The first one is always satisfied for every real q, while the second one gives

Nx > − (1 − q)2(3 + 2q + 3q2)

128q2
. (3.30)

Since the right-hand side of the above inequality is never positive, the condition (3.30)
is automatically implied by the constraint Nx > 0.

Considering a and Nx such that Px has four distinct real roots, the structure of
P±
x (x) is depicted in Fig. 2. Specifically, x− = x2, the smallest root of P−

x (x), and
x+ = x3, the middle root of P−

x (x), since in this interval P±
x (x) are both positive and

so is their product Px . The location of the two functions follows from the fact that
P+
z (z) > P−

z (z) where z > 0 and that they are equal in z = 0. Because x± are both
roots of P−

x (x), we have τ (x±) = −1.
We now move to the analysis of Py , which has to be negative in a closed positive

interval [y−, y+] such that y+ < x−. First of all, we notice from their definition
in (3.26) that P+

x (x) and P+
y (y) have the same shape, but are shifted vertically and

similarly happens for P−
x (x) and P−

y (y). The strategy is to start from the configuration
Ny = Nx , in which P±

y (y) and P±
x (x) are coincident, and to deform it, studying how

the system modifies. In the initial case, Py is negative in the intervals [y1, y2] and
[y3, y4], with yi = xi . Because [y1, y2] lies to the left of [x−, x+], it will be our
candidate. As Ny increases, P−

y (y) moves below P−
x (x) and the root y2 is shifted

to the right of x2, yielding y+ = y2 > x−. When, moreover, Ny exceeds a specific
value, y2 and y3 disappear, giving the identification y+ = y4 > x+. Both cases are not
allowed. On the contrary, when Ny decreases, both P±

y (y) move up and the roots y1
and y2 are shifted to the left of x1 and x2, respectively, resulting in the desired closed
interval with y− = y1 and y+ = y2. However, when Ny becomes negative, the roots
y1 and y2 disappear, while y3 and y4, if still existing, are brought closer to one another.
In this case, the only possible interval has y− = y3 > x+ and is, thus, not acceptable.
Ultimately, the roots of Py meet all the requirements for the metric to have a correct
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signature if and only if13

0 < Ny < Nx , (3.31)

with Nx satisfying (3.27), in D = 6, or (3.28), in D = 7. In this case y− = y1, the
unique root of P+

y (y), and y+ = y2, the smallest root of P−
y (y). These results yield

τ (y−) = +1 and τ (y+) = −1.
The last condition we examine is the positivity of H or, equivalently, of PH . It can

be shown that, in the range of definition of the coordinates, ∂x PH > 0 and ∂y PH < 0;
therefore, theminimumvalue is reached in x = x− and y = y+.When supersymmetry
is imposed,we canmake use of equation (3.22), with κ = −1 and τ (x−) = −1, because
x− is a root of P−

x (x), hence of �−
x . Since x > y, it follows that PH (x−, y+) > 0;

hence, PH is positive in the region of interest.

4 Global structure of the solutions

We will now analyse global aspects of the solutions, uncovering the geometry of the
underlying four-dimensional toric orbifolds M4. This will be done combining the in-
formation obtained from the Killing vectors of the metric, the compatible complex
structure, as well as the flux quantization conditions, ensuring that the gauge fields are
well-defined connections on orbifold line bundles. Although this is a standard practice,
we will find that the analysis for our new solutions is unusually sophisticated, due to
the lack of a fibre bundle structure (present in the solutions of [15, 20, 23]). Below
we will concentrate on the global regularity of the solutions in D = 6, 7 dimensions.
Although in principle one should perform this analysis in ten or eleven dimensions,
the regularity of the metrics in string/M-theory will follow from the regularity of the
lower-dimensional metrics together with the regularity of the scalars and the correct
quantization conditions for the gauge fields. The explicit uplifted solutions are dis-
cussed in Appendix B, where we also address the quantization conditions of all the
fluxes and compute the relevant gravitational observables.

4.1 Warm-up: revisiting the solutions of [23]

In order to illustrate our strategy for analysing the solutions presented here, we will
first apply the same logic to the solutions in [23]. The geometry of the toric orbifolds
associated with those solutions has some additional structure that makes the analysis
considerably simpler. In order to be consistent with the conventions of [23], all the
vectors will be outward-pointing in this section.

The four-dimensional orbifoldM4 of [23], which describes the fibration of a spindle
over another spindle ˚1(x, ψ) � ˚2(y, z), is locally described by the metric

ds2
M4

= x2

q
dx2 + q

4x2
dψ2 + y2

F
dy2 + F

h1h2

(
dz − 1

2m

(
1 − a

x

)
dψ
)2

. (4.1)

13 In the special configuration Ny = Nx we have y2 = x2, hence y+ = x−.
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The coordinates x and y range in [x−, x+] and [y−, y+], respectively,whereq(x±) = 0
and F(y±) = 0. The singularities of these spindles are encoded by the following
quantization conditions

q ′(x−)

4x2−
�ψ = 2π

m−
, −q ′(x+)

4x2+
�ψ = 2π

m+
,

gF ′(y−)

3y3−
�z = 2π

n−
, −gF ′(y+)

3y3+
�z = 2π

n+
,

(4.2)

where the minus signs are due to sign(q ′(x+)) = sign(F ′(y+)) = −1. The fibration
is required to be well-defined in the orbifold sense, that is

1

2π

∫

˚1

dη = t

m+m−
, η = 2π

�z

(
dz − 1

2m

(
1 − a

x

)
dψ
)
, t ∈ Z, (4.3)

and we assume, for the moment, that t is coprime tom±. In this way η is a connection
onO(t), and at a fixed value of y the metric (4.1) describes a lens space14 L(−t, 1) =
S3/Z−t with base ˚1. This metric possesses four Killing vectors ξa which degenerate
on the loci

L1 = {y = y−}, L2 = {x = x−}, L3 = {y = y+}, L4 = {x = x+}.
(4.4)

To focus on these La , we define adapted coordinates

ψ̃ = m+φ+ − m−φ−, z̃ = −m+
a − x+
2mx+

�ψ

�z
φ+ + m−

a − x−
2mx−

�ψ

�z
φ−,

(2π)2

−t
= �φ+�φ−, (4.5)

where ψ̃ = 2π
�ψ

ψ and z̃ = 2π
�z z are 2π -periodic and the total metric, restricted to La ,

reads

ds2(1) = ds2(3) = x2

q
dx2 + q

4x2
dψ2,

ds2(2) = y2

F
dy2 + t2

m2−
F

h1h2

(
�z

2π

)2
dφ2+,

ds2(4) = y2

F
dy2 + t2

m2+
F

h1h2

(
�z

2π

)2
dφ2−.

(4.6)

Looking, e.g., at ds2(2), we see that it describes ˚2/Zm− if we require (�φ+)(2) =
−2π/t , where (�φ+)(2) is the periodicity of φ+ when referred to L2. From (4.5), we
have then (�φ−)(2) = 2π . Similarly, the line element ds2(4) describes ˚2/Zm+ when

14 Notice that here t is negative.
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Fig. 3 Polytope of the ˚1 � ˚2 orbifold corresponding to the vectors (4.7) and (4.14), respectively

(�φ−)(4) = −2π/t and (�φ+)(4) = 2π . The reason for which the periodicities seem
not to be globally defined and “jump” to different values on the loci L2 and L4 is that
the quotients must be done locally in patches and then suitably glued. Thus, we should
have defined local coordinates φ

(2)
± and φ

(4)
± on a patch that contains L2 or L4, for

which (�φ+)(2) is more precisely �(φ
(2)
+ ). Eventually, we will write �φ

(2)
+ when it

is clear what we mean. This will happen again in the following, when we will use our
procedure to extract the labels associated with the new solutions.

From the degenerating Killing vectors on La we extract the Z
2-valued outward-

pointing vectors [23]

�w1 = (n−, 0), �w2 = (t a+,m−), �w3 = (−n+, 0), �w4 = (t a−, −m+),

(4.7)
and an associated labelled polytope (or labelled fan), depicted in Fig. 3a.

Here a± ∈ Z are chosen such that a+ m+ + a− m− = 1, which always exist
by Bézout’s lemma for coprime m±. The set of labels derived by (4.7) is ma =
(n−, 1, n+, 1). To understand better why this is the case and the reason for which m±
are not labels,we lookdirectly at themetric (4.1). The four loci (4.4),withmetrics (4.6),
correspond to the divisors D̂a and topologically are

D̂1 = ˚1, D̂2 = ˚2

Zm−
, D̂3 = ˚1, D̂4 = ˚2

Zm+
, (4.8)

where D̂1,3 are copies of the base ˚1 at the north and south poles of the fibre ˚2,
respectively. On the other hand, at the poles of ˚1, the four-dimensional orbifold is
locally modelled by (C × ˚2)/Zm∓ , and as a consequence D̂2,4 are global quotients
of the fibre˚2. Notice that, even if D̂2,4 = ˚2/Zm∓ , there are no orbifold singularities
at generic points (i.e. different from the north and south poles) on D̂2,4 and thus the
labels are m2,4 = 1. These are then divisors associated with an ordinary fan, with
primitive vectors �̂w2,4 = �w2,4. The situation is different on L1 and L3. Zooming in
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for example near y = y−, the metric at leading order in R2 = 4y2−
F ′(y−)

(y − y−) reads15

ds2
M4

�
y−

x2

q
dx2 + q

4x2
dψ2 + dR2 + R2

n2−

(
dz̃ − 1

2m

(
1 − a

x

) 1

�z
dψ
)2

. (4.9)

When we set y = y−, the metric reduces to ds2(1) in (4.6), which is D̂1 = ˚1. However,
at each point x− ≤ x ≤ x+, from (4.9) we see that there is a normal conical singularity
giving, locally, a copy of˚1�(C/Zn−). As a consequence,n− is a labelwith associated
divisor D1 = D̂1 × pt/Zn− . The metric (4.9) can be compared with its counterpart
when approaching the locus L2. In this case, we zoom in near x = x− defining the

new coordinate R such that x = x− + q ′(x−)

4x2−
R2. In the adapted coordinates (4.5), the

metric on M4 at leading order in R2 reads

ds2
M4

�
x−

dR2 + R2(dφ(2)
− + c(y) dφ(2)

+
)2 + y2

F
dy2 + t2

m2−
F

h1h2

(
�z

2π

)2
(dφ(2)

+ )2,

(4.10)
with c(y) a regular function on [y−, y+]which at the endpoints of the interval takes the
values c(y±) = −m+/m−. Assuming (�φ−)(2) = 2π as before, the first contribution
to the total metric is the smooth complex plane in polar coordinates; therefore, no
singularity along the divisor D2 is present. Setting R = 0, which accounts in moving
exactly on the divisor, the line element reduces to the second line of (4.6), which, as
already discussed, corresponds to the metric on ˚2/Zm− , once the correct periodicity

for φ
(2)
+ is considered. An analogous reasoning can be applied to L3 and L4, showing

that D3 = D̂3 × pt/Zn+ , but no singularity along D4.
We now consider the case when t and m± have common factors, plugging a small

gap in the discussion [23]. On general grounds, it is known that in this case the fibration
does not smooth the orbifold points on the base [26]. Then, the four-dimensional
orbifold will be characterized by four different labels with m2 = gcd(t,m−) and
m4 = gcd(t,m+), as we shall understand in a moment. To see explicitly the difference
with the previous case, we can zoom in near y = y± in (4.10), obtaining

ds2
M4

�
x−,y−

dR2 + R2
(
dφ(2)

− − m+
m−

dφ(2)
+
)2 + dP2 +

( t

m−n−

)2
P2(dφ(2)

+ )2,

ds2
M4

�
x−,y+

dR2 + R2
(
dφ(2)

− − m+
m−

dφ(2)
+
)2 + dP2 +

( t

m−n+

)2
P2(dφ(2)

+ )2.

(4.11)
For coprime m±, we can now take t = k+t+ = k−t− and m± = k±m± (with
gcd(k+, k−) = 1), which implies t = k+k−t , such that gcd(t,m±) = k±. The
requirement �φ

(2)
+ = 2π/(−k+t) translates into

2π

−k+t
�φ

(2)
− = �φ

(2)
+ �φ

(2)
− = (2π)2

−t
�⇒ �φ

(2)
− = 2π

k−
. (4.12)

15 See section 4.4 of [2] for an analogous computation.
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Then the space is (˚2/Zm−) � (C/Zk−) and k− acts as a label on the transverse space
to the divisor. Subsequently, there exists an associated divisor D2 with D̂2 = ˚2/Zm− .
This can also be seen from the vectors (4.7), which become

�w1 = n−(1, 0), �w2 = k−(a+k+t,m−),

�w3 = n+(−1, 0), �w4 = k+(a−k−t, −m+), (4.13)

and the labels are ma = (n−, k−, n+, k+), as stated before. The case m± = 1 (that is
t = m+m−t) is particularly familiar, in that the connection is on O(m+m−t) and at
a fixed value of y the metric (4.1) describes a branched lens space Lm±(−t, 1) [38].
Using an SL(2, Z) transformation, the vectors (4.13) can then be rotated to

�n1 = n−(1, 0), �n2 = m−(t, 1), �n3 = n+(−1, 0), �n4 = m+(0, −1),
(4.14)

which are in Z
2, and the labels are simply ma = (n−,m−, n+,m+). The associated

labelled polytope is sketched in Fig. 3b and is clearly a labelled (or, stacky) version
of the polytope associated with the Hirzebruch surfaces F−t .

To summarize, in these simple examples we can see that the presence of a fibration
can result in different types of polytopes, associated with different M4, according to
the values of gcd(t,m±). When t is relatively coprime with m±, the integers m±
characterizing the base spindle are not labels, but result in Zm± quotients on the fixed
points; vice versa, if t has common factors with one or both m±, orbifold points are
present also on the base, with more than two labels associated with it. In our more
general solutions (3.16), all the hatted divisorswill be global quotients of some spindle,
but also with labels attached.

4.2 Degenerating Killing vectors

The four-dimensional orbifold M4 possesses a U (1)2 isometry associated with the
two Killing vectors ∂ψ and ∂φ of the metric (3.16); therefore, it is natural to study
this system within the framework of toric geometry. For the solutions in [23] we
showed that the toric data characterizing a given orbifold, as well as the fluxes, could
be derived from the analysis of degenerate Killing vectors of the metric. For our new
solutions we will need to complement the study of the degenerating Killing vectors
with some additional information, in order to extract all the data required to implement
the extremization procedure.

The metric (3.16) has in total four degenerating Killing vectors

j± = 2a2

�′
x (x±)

[
Ṽx (x±) ∂ψ + Vx (x±) ∂φ

] ≡ J (ψ)
± ∂ψ + J (φ)

± ∂φ, (4.15)

k± = 2a2

�′
y(y±)

[
Ṽy(y±) ∂ψ + Vy(y±) ∂φ

] ≡ K (ψ)
± ∂ψ + K (φ)

± ∂φ, (4.16)

whose norm vanishes at x = x± and y = y±, respectively. All of them are normalized
so to have unitary surface gravity. In order to present the results in a uniform way we
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introduce the four loci

D̂1 = {x = x−}, D̂2 = {y = y−}, D̂3 = {x = x+}, D̂4 = {y = y+},
(4.17)

and define the four vectors

ξ1 = j−, ξ2 = k−, ξ3 = j+, ξ4 = k+, (4.18)

so that ξa is the Killing vector that degenerates at D̂a .
For later convenience, we define the two alternative sets of coordinates ψ± and

χ± such that j± = κJ ∂ψ± or k± = κK ∂χ± , with κJ = ± and κK = ±. These
coordinates are adapted to the direction generated by the corresponding Killing vector
ξa , and for this reason, they will play a fundamental role when zooming in on the
different loci D̂a . They are defined by

ψ = κJ

∑

σ=±
J (ψ)
σ ψσ , φ = κJ

∑

σ=±
J (φ)
σ ψσ , (4.19)

or, alternatively, by

ψ = κK

∑

σ=±
K (ψ)

σ χσ , φ = κK

∑

σ=±
K (φ)

σ χσ . (4.20)

Hereψσ should be intended as well-defined coordinates on a patch which contains D̂1

or D̂3, and subsequently we will denote them asψ
(1)
σ orψ

(3)
σ , with periodicities�ψ

(1)
σ

and �ψ
(3)
σ , as explained in the previous section. The same applies also to χσ , which

will be written as χ
(2)
σ and χ

(4)
σ on D̂2 and D̂4. The reason for the introduction of κJ

and κK and the prescription for their choice will be explained shortly. The Jacobian
matrices of these two transformations have determinant

det(J) = J (ψ)
+ J (φ)

− − J (ψ)
− J (φ)

+ , det(K) = K (ψ)
+ K (φ)

− − K (ψ)
− K (φ)

+ , (4.21)

and the periodicities of the old and new coordinates are connected by

�ψ �φ = ∣∣det(J)∣∣�ψ
(1)
+ �ψ

(1)
− = ∣∣det(J)∣∣�ψ

(3)
+ �ψ

(3)
− ,

�ψ �φ = ∣∣det(K)
∣∣�χ

(2)
+ �χ

(2)
− = ∣∣det(K)

∣∣�χ
(4)
+ �χ

(4)
− .

(4.22)

The signs κJ and κK are given by

κJ = sign
[
� (x2 − y2) det(J)

] = sign(x2 − y2),

κK = − sign
[
� (x2 − y2) det(K)

] = − sign(x2 − y2),
(4.23)

where, in the last steps, we restricted to x, y > 0 and imposed the signature conditions
Nx , Ny > 0; in this case, both det(J) and det(K) have the same sign of �. By
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means of (4.23), all the coefficients of the orthonormal frame (3.18) are positive when
restricted to D̂1 and D̂3 or to D̂2 and D̂4. Indeed, on these loci we have

�−1(Vx dψ − Ṽx dφ
)∣∣∣
x=x∓

= ±κJ
�′

x (x∓) det(J)
2�a2

dψ± = |�′
x (x∓) det(J)|
2|�|a2 dψ±,

�−1(Vy dψ − Ṽy dφ
)∣∣∣

y=y∓
= ±κK

�′
y(y∓) det(K)

2�a2
dχ± = |�′

y(y∓) det(K)|
2|�|a2 dχ±,

(4.24)

where we placed the absolute values because the conditions for a well-defined metric
imply sign(x2 − y2) = ± sign[�′

x (x∓)] = ∓ sign[�′
y(y∓)].

4.3 Complex structure and divisors

A valuable insight into the orbifold structure of M4 can be gained studying the four
loci D̂a in (4.17), viewing them as divisors from the point of view of the complex
geometry associated with M4. Let us first show that indeed there exists an integrable
complex structure compatible with our metrics (3.16). This can be done defining the
holomorphic (2, 0)-form

� = (ê1 + i ê2) ∧ (ê3 + i ê4) ≡ �(12) ∧ �(34), (4.25)

which, by construction, is compatible with the metrics (3.16). The fact that the asso-
ciated complex structure is integrable follows from the relation

d� = iPρ ∧ �, (4.26)

where Pρ is the real Ricci form potential, which reads

Pρ = H ∂y
(
H−2�y

)

2�(x2 − y2)

(
Vx dψ − Ṽx dφ

)− H ∂x
(
H−2�x

)

2�(x2 − y2)

(
Vy dψ − Ṽy dφ

)
, (4.27)

thus establishing that M4 are complex orbifolds. Although in principle we could intro-
duce complex coordinates, this is technically involved, and ultimately not necessary.
We will then continue with the natural coordinates in which the metric (3.16) was
originally presented, where the (x, y) coordinates play the role of “moment maps”,
despite the lack of a compatible symplectic structure. The Ricci form ρ = dPρ defines
the first Chern class of the tangent bundle of M4 as ρ = 2πc1(TM4) and will be used
in the analysis later.

It is then clear that the four (real) codimension two loci D̂a are divisors in M4 and
we will now describe these in more detail. We first zoom in on D̂1, determined by the
condition x = x−. To this end, we define the coordinate ζ such that x = x− + λζ and
take the λ → 0 limit. Reaching the point x = x− the whole space M4 degenerates to a
two-dimensional orbifold, whose metric, expressed in terms of the coordinates ψ

(1)
± ,
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is

ds2(1) = y2 − x2−
�y

dy2 + �′
x (x−)2 det(J)2

4�2a4H(x−, y)2
�y

y2 − x2−
(dψ(1)

+ )2. (4.28)

D̂1 is a complex orbifold of (complex) dimension one; therefore, it is natural to define
the holomorphic (1, 0)-form

�(1) =
√

y2 − x2−
�y

dy + i
|�′

x (x−) det(J)|
2|�|a2H(x−, y)

√
�y

y2 − x2−
dψ(1)

+ . (4.29)

Notice that, defined �(12) ≡ ê1 + i ê2, with ê1 and ê2 given in (3.18), �(1) is simply
�(12) restricted to D̂1. It can be checked that d�(1) = iP(1)∧�(1), where, by definition,
P(1) is the Ricci form potential, whose expression is given by

P(1) = |�′
x (x−) det(J)|
4|�|a2

[
�′

y

(x2− − y2)H(x−, y)
−�y ∂y

(
(x2− − y2)H(x−, y)2

)

(x2− − y2)2H(x−, y)3

]
dψ(1)

+ .

(4.30)
This potential allows us to determine the Ricci form of D̂1, namely ρ(1) = dP(1), and,
in turn, the first Chern class of its tangent bundle c1(T D̂1) = ρ(1)/2π . Denoting, in
general, with χ̂(a) the orbifold Euler characteristic of D̂a , this can be determined by
the integral

χ̂(a) = 1

2π

∫

D̂a

ρ(a) =
∫

D̂a

c1(T D̂a). (4.31)

In the case at hand we have

χ̂(1) = �ψ
(1)
+

2π

|�′
x (x−) det(J)|
4|�|a2

[
�′

y(y+)

(x2− − y2+)H(x−, y+)
+ −�′

y(y−)

(x2− − y2−)H(x−, y−)

]
.

(4.32)
Endowed with metric (4.28), D̂1 is a compact surface parameterized by the periodic

azimuthal coordinate ψ
(1)
+ and the compact “polar” coordinate y, with y ∈ [y−, y+].

As y approaches one of the endpoints of this interval, the line element becomes

ds2(1) �
y±

d�2 + �2 �′
x (x−)2�′

y(y±)2 det(J)2

16�2a4(x2− − y2±)2H(x−, y±)2
(dψ(1)

+ )2, (4.33)

where we defined �2 = |y − y±|. In order to have a smooth orbifold metric on D̂1
we must impose the following conditions at the north (y−) and south (y+) poles,
respectively,

|�′
x (x−) det(J)|
4|�|a2

�′
y(y−)

(x2− − y2−)H(x−, y−)
�ψ

(1)
+ = − 2π

m(1)
−

, m(1)
− ∈ N,

|�′
x (x−) det(J)|
4|�|a2

�′
y(y+)

(x2− − y2+)H(x−, y+)
�ψ

(1)
+ = 2π

m(1)
+

, m(1)
+ ∈ N,

(4.34)
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where the minus in the first relation is due to the fact that �′
y(y−)/(x2− − y2−) <

0. These constraints ensure that the divisor in question has the orbifold structure
of a spindle, specifically D̂1 = WCP

1
[m(1)

− ,m(1)
+ ],

16 and in terms of the m(1)
± its Euler

characteristic (4.32) can be written as

χ̂(1) = 1

m(1)
−

+ 1

m(1)
+

. (4.35)

A similar analysis can be carried out for the remaining divisors. Introducing the
one-form �(34) ≡ ê3 + i ê4, we define the holomorphic (1, 0)-forms �(2) = �(34)|D̂2

,

�(3) = �(12)|D̂3
and �(4) = �(34)|D̂4

. Then, we compute the corresponding Ricci
forms ρ(a) and the Euler characteristic of each divisor

χ̂(2) = �χ
(2)
+

2π

|�′
y(y−) det(K)|
4|�|a2

[ −�′
x (x+)

(x2+ − y2−)H(x+, y−)
+ �′

x (x−)

(x2− − y2−)H(x−, y−)

]
,

(4.36)

χ̂(3) = �ψ
(3)
−

2π

|�′
x (x+) det(J)|
4|�|a2

[
�′

y(y+)

(x2+ − y2+)H(x+, y+)
+ −�′

y(y−)

(x2+ − y2−)H(x+, y−)

]
,

(4.37)

χ̂(4) = �χ
(4)
−

2π

|�′
y(y+) det(K)|
4|�|a2

[ −�′
x (x+)

(x2+ − y2+)H(x+, y+)
+ �′

x (x−)

(x2− − y2+)H(x−, y+)

]
.

(4.38)

Restricting to each single divisor and zooming in on the associated “poles”, it is
possible to impose suitable quantization conditions in order to give to the divisor the
structure of a spindle. Specifically, we will have

χ̂(a) = 1

m(a)
−

+ 1

m(a)
+

, (4.39)

where m(a)
± are eight integer parameters. We will see shortly that these parameters will

be entirely determined in terms of the toric data.

4.4 Toric data

As we discussed in Sect. 2, given a toric orbifold M4, its toric data are encoded in
a fan with labels, i.e. a set of ordered non-primitive vectors �va with integer-valued
components. These data, however, are basis-dependent and therefore not unique. For

16 Here, m(1)
+ and m(1)

− must be natural numbers, but they need not be coprime. In order to be more precise

we should write D̂1 = WCP
1
[m̄(1)

− ,m̄(1)
+ ]/Z

m(1)
0

, where m(1)
0 = gcd(m(1)

− ,m(1)
+ ) and m̄(1)

± = m(1)
± /m(1)

0 .
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quadrilaterals a set of “gauge invariant” toric data is given by the d̂a,b and the labels
ma . The vectors �va can be extracted from the degenerate Killing vectors ξa associated
with the metric on M4 once a basis of an effective two-torus action {E1, E2} is fixed,
namely

ξa = �va · (E1, E2). (4.40)

We will postpone determining such a basis {E1, E2} and instead work in a “reference”
basis {e1, e2}, in which we will be able to determine all the parameters of the solution
in terms of the gauge invariant toric data. Specifically, we introduce the 2π -periodic
coordinates ν1 = 2π

�ψ
ψ , ν2 = 2π

�φ
φ and consider the basis {e1, e2} = {∂ν1, ∂ν2}. From

the Killing vectors (4.15) and (4.16) we can derive the vectors

�V1 =
( 2π

�ψ
J (ψ)
− ,

2π

�φ
J (φ)
−
)
, �V2 =

( 2π

�ψ
K (ψ)

− ,
2π

�φ
K (φ)

−
)
,

�V3 =
( 2π

�ψ
J (ψ)
+ ,

2π

�φ
J (φ)
+
)
, �V4 =

( 2π

�ψ
K (ψ)

+ ,
2π

�φ
K (φ)

+
)
.

(4.41)

Since we will not be able to determine the periodicities �ψ and �φ separately, but
only in the combination �ψ �φ, we actually do not know the explicit form of the
vectors in (4.41); thus, in particular, we do not know whether they belong to Z

2. We
earlier referred to these vectors as providing a “fake” fan. Nevertheless, the proper
basis will be related to {e1, e2} through an SL(2, R) rotation S, acting on the vectors
and the basis as v I

a = SI J V J
a and EI = S−1

J I eJ , respectively. Since det( �Va, �Vb) are
invariant under these transformations we can still use the vectors (4.41) to compute the
matrix Dab and trust the results obtained. There is only one caveat: the vectors (4.41)
must be dual to a convex polytope and, in our conventions, must be ordered counter-
clockwise, which imply det( �Va, �Va+1) > 0 for any a. If this condition is not met, the
vectors can be ordered in the correct way by means of a reflection about a line in the
Z
2 plane, which can be realized, e.g., swapping the two components of each vector.

This transformation accounts in exchanging ∂ν1 and ∂ν2 and the two bases {∂ν2 , ∂ν1}
and {E1, E2} will now be related through a matrix with determinant equal to −1.
As a consequence, the intersection matrices computed starting from the two sets of
vectors extracted from the two aforementioned bases will have opposite sign. In order
to keep track of this fact we introduce the signκD = ±, telling whether the vectors are
ordered as in (4.41) (+) or with the components swapped (−). κD will multiply every
determinant computed from the vectors (4.41), and its value will be fixed shortly.

The orbifold information of M4 is encoded in the determinants of the vectors �Va ,
defined before as da,b = det( �Va, �Vb). Indeed, da,a+1 gives the order of the quotient sin-
gularity at the intersection of the adjacent divisors Da and Da+1, namely C

2/Zda,a+1 .
Using the set of vectors (4.41) we compute
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d1,2 = −κD
2π

�ψ

2π

�φ

4�a2(x2− − y2−)H(x−, y−)

�′
x (x−)�′

y(y−)
,

d2,3 = κD
2π

�ψ

2π

�φ

4�a2(x2+ − y2−)H(x+, y−)

�′
x (x+)�′

y(y−)
,

d3,4 = −κD
2π

�ψ

2π

�φ

4�a2(x2+ − y2+)H(x+, y+)

�′
x (x+)�′

y(y+)
,

d4,1 = κD
2π

�ψ

2π

�φ

4�a2(x2− − y2+)H(x−, y+)

�′
x (x−)�′

y(y+)
,

(4.42)

where we made use of the identity

J (ψ)
σ1

K (φ)
σ2

− K (ψ)
σ2

J (φ)
σ1

= −4�a2(x2σ1 − y2σ2)H(xσ1 , yσ2)

�′
x (xσ1)�

′
y(yσ2)

, σ1, σ2 = ±. (4.43)

Imposing the condition det(�va, �va+1) > 0 we can fix the value of κD , obtaining17

κD = sign
[
�(x2 − y2)

]
. (4.44)

Recalling the definition of κJ and κK in (4.23), we then have

κDκJ = sign
[
det(J)

]
, κDκK = − sign

[
det(K)

]
. (4.45)

Following the notation of [23], we also define

tJ ≡ d1,3 = −κD
2π

�ψ

2π

�φ
det(J), tK ≡ d2,4 = −κD

2π

�ψ

2π

�φ
det(K). (4.46)

The four equations (4.42) together with the two equations (4.46) provide the “quanti-
zation conditions” for the parameters of the solution, in terms of the gauge invariant
toric data, and we postpone their analysis to Sect. 4.5. Note that the six da,b defined
above automatically satisfy the relation (2.13).

The intersection matrix describing a given set of toric divisors was defined in (2.8).
In our construction, with a bit of computation the diagonal terms can be cast in the
form

D11 = −κD
�ψ

2π

�φ

2π

�′
x (x−)2

4�a2

[
1

(x2− − y2+)H(x−, y+)
− 1

(x2− − y2−)H(x−, y−)

]
,

(4.47)

D22 = −κD
�ψ

2π

�φ

2π

�′
y(y−)2

4�a2

[
1

(x2+ − y2−)H(x+, y−)
− 1

(x2− − y2−)H(x−, y−)

]
,

(4.48)

17 In order to do so we must use the relations between the signs of �′
x (x±) and �′

y(y±).
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D33 = κD
�ψ

2π

�φ

2π

�′
x (x+)2

4�a2

[
1

(x2+ − y2+)H(x+, y+)
− 1

(x2+ − y2−)H(x+, y−)

]
,

(4.49)

D44 = κD
�ψ

2π

�φ

2π

�′
y(y+)2

4�a2

[
1

(x2+ − y2+)H(x+, y+)
− 1

(x2− − y2+)H(x−, y+)

]
,

(4.50)

whereas the off-diagonal terms are simply (Dab = Dba)

D12 = 1

d1,2
, D23 = 1

d2,3
, D34 = 1

d3,4
, D41 = 1

d4,1
, (4.51)

with da,a+1 given in (4.42).
The toric orbifold M4 is complex; therefore, the intersection matrix can also be

computed from its complex structure. In particular, the diagonal terms are given by

Daa = 1

ma

∫

D̂a

[
c1(TM4) − c1(T D̂a)

]
, (4.52)

where, following the original formula (2.10), the integration should be performed over
the ramification divisors, related to the branch divisors (4.17) as Da = D̂a × pt/Zma ,
from which it follows that

∫
Da

� = 1
ma

∫
D̂a

� for any two-form �. However, from the
loci (4.17) we are able to extract only quantities referred to the branch divisors and,
as a consequence, we have to perform the integration over D̂a . Here, we also made
use of the property c1(T Da) = c1(T D̂a), valid for any toric divisor. This relation
follows from the fact that the first Chern class of a tangent bundle may be computed
from the curvature of the underlying base space (a local quantity) and is, therefore,
insensitive to the action of the cyclic group Zma . While c1(T D̂a) can be obtained
from the Ricci form ρ(a) of D̂a , as explained in Sect. 4.3, c1(TM4) is obtained from
c1(TM4) = ρ/2π , where Pρ is given in (4.27). Taking, as an example, the divisor D̂1,
an explicit computation gives

ρ
∣∣
D̂1

− ρ(1) = κJ
�′

x (x−)

�′
x (x+)

∂y

[
(x2+ − y2)H(x+, y)

(x2− − y2)H(x−, y)

]
dy ∧ dψ(1)

+

− |�′
x (x−) det(J)|
2|�|a2 ∂y

[
y �y

(x2− − y2)2H(x−, y)

]
dy ∧ dψ(1)

+ ,

(4.53)
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hence, performing the integration,

D11 = κJ
1

m1

�ψ
(1)
+

2π

�′
x (x−)

�′
x (x+)

[
(x2+ − y2+)H(x+, y+)

(x2− − y2+)H(x−, y+)
− (x2+ − y2−)H(x+, y−)

(x2− − y2−)H(x−, y−)

]

= −κJ
1

m1

�ψ
(1)
+

2π

�′
x (x−)2 det(J)

4�a2

×
[

1

(x2− − y2+)H(x−, y+)
− 1

(x2− − y2−)H(x−, y−)

]
, (4.54)

where, in the last line, we used the identity

(x2± − y2+)H(x±, y+)

(x2∓ − y2+)H(x∓, y+)
− (x2± − y2−)H(x±, y−)

(x2∓ − y2−)H(x∓, y−)
=

= ∓det(J)
4�a2

[
�′

x (x−)�′
x (x+)

(x2∓ − y2+)H(x∓, y+)
− �′

x (x−)�′
x (x+)

(x2∓ − y2−)H(x∓, y−)

]
.

(4.55)

We can now compare the expressions for D11 presented in (4.47) and (4.54), thus
obtaining

κD
�ψ

2π

�φ

2π
= κJ

1

m1

�ψ
(1)
+

2π
det(J). (4.56)

By means of (4.22) this relation becomes (see also (4.45))

κD
�ψ

(1)
+

2π

�ψ
(1)
−

2π

∣∣det(J)
∣∣ = κJ

1

m1

�ψ
(1)
+

2π
det(J) �⇒ �ψ

(1)
−

2π
= 1

m1
,

(4.57)
Similarly, the inspection of the components D22, D33 and D44 gives, respectively,

�χ
(2)
−

2π
= 1

m2
,

�ψ
(3)
+

2π
= 1

m3
,

�χ
(4)
+

2π
= 1

m4
. (4.58)

We note that these formulas correlate the label ma associated with a given divisor D̂a

with the periodicity of the null coordinate generated precisely by ξa on the samedivisor.
As we will see below, they will be crucial for determining the fluxes in terms of the
toric data and ultimately for implementing the extremization procedure of Sect. 5.

Before computing the off-diagonal terms of the intersection matrix, we combine
equations (4.34) and (4.56). Comparing the results with (4.42) we find the useful
relations d1,2 = m1m

(1)
− and d4,1 = m1m

(1)
+ . Equivalently, after using (2.14), we have

m(1)
− = m2 d̂1,2, m(1)

+ = m4 d̂4,1. (4.59)
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Similar formulas can be proven, relating the order of the orbifold singularities of the
remaining divisors to the labels ma and the positive integers d̂a,a+1, namely

m(2)
− = m1 d̂1,2, m(2)

+ = m3 d̂2,3,

m(3)
− = m2 d̂2,3, m(3)

+ = m4 d̂3,4,

m(4)
− = m1 d̂4,1, m(4)

+ = m3 d̂3,4.

(4.60)

Going back to the intersection matrix, we can rewrite relation (2.11) as

Da a−1 + Da a+1 = 1

ma

∫

D̂a

c1(T D̂a) = 1

ma
χ̂(a). (4.61)

It is now straightforward to compare the expressions obtained from the toric geometry
and from the complex structure. Indeed, if we take as an example a = 1, the left-hand
side can be read from (4.51), while χ̂(1) is given in (4.39), and the equality is satisfied
by means of (4.59). In the same way it is possible to prove the consistency of (4.61)
for the other divisors.

Let us now return to the issue of finding a basis for an effective torus action. With
the information that we have obtained so far, it is possible to show that the following
SL(2, R) matrix

S =
⎛

⎝
2π
�φ

(a+K (φ)
+ − a−K (φ)

− ) − 2π
�ψ

(a+K (ψ)
+ − a−K (ψ)

− )

− 2π
�φ

J (φ)
−
m1

2π
�ψ

J (ψ)
−
m1

⎞

⎠ , (4.62)

acting on the “fake” vectors (4.41) transforms them in the Z
2-valued set (recall that

d1,a = m1ma d̂1,a from (2.14))

�v1 = (m1, 0), �v2 = (a+d2,4, d1,2/m1),

�v3 = (a−d2,3 + a+d3,4, d1,3/m1), �v4 = (a−d2,4, −d4,1/m1) ,
(4.63)

where a± ∈ Z are integers such that18

a−m(1)
− + a+m(1)

+ = −1 , (4.64)

which always exist by Bézout’s lemma. The resulting basis reads

E1 = 1

m1

(
J (ψ)
− ∂ψ + J (φ)

− ∂φ

)
,

E2 = (a+K (ψ)
+ − a−K (ψ)

−
)
∂ψ + (a+K (φ)

+ − a−K (φ)
−
)
∂φ ,

(4.65)

and the fact that the �va areZ
2-valued indicates that this is a basis for an effectively act-

ing torus. Notice that, remarkably, although the basis {e1, e2} and the vectors in (4.41)
18 Here, for simplicity we assumed that gcd(m(1)

+ ,m(1)
− ) = 1 and that κD = 1.

123



Branes wrapped on quadrilaterals Page 31 of 66    26 

depend on the periodicities �ψ and �φ separately (that we do not know), the new
basis {E1, E2} and the new vectors �va will be explicitly determined in terms of the
gauge invariant toric data, once we complete the analysis of the quantization condi-
tions, to which we now turn. Lastly, since da,b = mamb d̂a,b, it is straightforward to
observe that a factor ma can be collected from each vector �va , confirming that the ma

serve as labels for the divisors D̂a .

4.5 Quantization conditions

The analysis of the toric data of M4 performed in the previous subsection shows
clearly that this space is a well-defined orbifold only if the da,b computed explicitly
in (4.42) and (4.46) are integers. In this subsection we will show how to solve these
“quantization” conditions by writing all the parameters of the solution, namely a, Nx ,
Ny and �ψ �φ,19 in terms of the six integers da,b.

Instead of tackling directly the aforementioned quantization conditions, we follow
an alternative path and begin studying the total magnetic fluxes across the divisors.
They are defined as

q̂ai ≡ gc
2π

∫

D̂a

Fi , (4.66)

where gc is the gauge coupling constant and the field strengths Fi can be conveniently
written as

Fi = cc̃

� sH2

[
∂x H dx ∧ (Vy dψ − Ṽy dφ

)+ ∂y H dy ∧ (Vx dψ − Ṽx dφ
)]

. (4.67)

We start considering, as an example, the first divisor D̂1, whose associated magnetic
fluxes are

q̂11 = q̂12 = −�ψ
(1)
+

2π

gccc̃

s

|�′
x (x−) det(J)|
2|�|a2

[
1

H(x−, y+)
− 1

H(x−, y−)

]
. (4.68)

We now introduce the magnetic fluxes across the ramification divisors Da

qai ≡ q̂ai
ma

= gc
2π

∫

Da

Fi , (4.69)

where, we recall, ma
∫
Da

� = ∫
D̂a

� for any two-form �. By means of (4.57)
and (4.22), the R-symmetry flux qaR = qa1 + qa2 across D1 reads

q1R = −�ψ

2π

�φ

2π

gccc̃

s

|�′
x (x−)|

|�|a2
[

1

H(x−, y+)
− 1

H(x−, y−)

]
. (4.70)

19 In the supersymmetric case, the one we shall focus on, the charge δ is fixed in terms of a by the
supersymmetry condition ags2 = −κ .
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When supersymmetry is imposed (ags2 = −κ), one can take advantage of the relations
presented at the end of Sect. 3.2 and, employing (3.22), the expression of q1R boils
down to20

q1R = κD
�ψ

2π

�φ

2π

g gc�′
x (x−)

�a2
(
τ (y+)y+ − τ (y−)y−

)
. (4.71)

Exploiting the simplifications implied by supersymmetry, it can be shown that

q1R = −τ (y+)

d4,1
− τ (y−)

d1,2
− τ (x−) tK

d4,1d1,2
, (4.72)

where, crucially, we employed relation (4.57), obtained using the adjunction formula.
This relation implies that, once the quantization conditions (4.42) and (4.46) are sat-
isfied, the R-symmetry flux q1R is automatically quantized and its expression is given
in terms of integers.

In a similar way we can compute the total magnetic fluxes across the remaining
divisors

q2R = −�ψ

2π

�φ

2π

gccc̃

s

|�′
y(y−)|

|�|a2
[

1

H(x+, y−)
− 1

H(x−, y−)

]
,

q3R = −�ψ

2π

�φ

2π

gccc̃

s

|�′
x (x+)|

|�|a2
[

1

H(x+, y+)
− 1

H(x+, y−)

]
,

q4R = −�ψ

2π

�φ

2π

gccc̃

s

|�′
y(y+)|

|�|a2
[

1

H(x+, y+)
− 1

H(x−, y+)

]
.

(4.73)

Imposing supersymmetry, the R-symmetry fluxes take the form

q2R = −κD
�ψ

2π

�φ

2π

g gc�′
y(y−)

�a2
(
τ (x+)x+ − τ (x−)x−

)
,

q3R = −κD
�ψ

2π

�φ

2π

g gc�′
x (x+)

�a2
(
τ (y+)y+ − τ (y−)y−

)
,

q4R = κD
�ψ

2π

�φ

2π

g gc�′
y(y+)

�a2
(
τ (x+)x+ − τ (x−)x−

)
,

(4.74)

and the following quantization formulas can be proven

q2R = −τ (x+)

d2,3
− τ (x−)

d1,2
+ τ (y−) tJ

d1,2d2,3
,

q3R = −τ (y+)

d3,4
− τ (y−)

d2,3
+ τ (x+) tK

d2,3d3,4
,

q4R = −τ (x+)

d3,4
− τ (x−)

d4,1
− τ (y+) tJ

d3,4d4,1
.

(4.75)

20 Here, we took δ > 0; for negative values the sign is flipped and similarly happens for the other fluxes.
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Remarkably, the above conditions take exactly the form

qaR =
∑

b

Dab σ b, (4.76)

with the σ a being signs, i.e. σ a = ±1, as conjectured in [23]. These solve
the topological constraints

∑
a q

a
R

�Va = 0, with the σ a specifying the type of
supersymmetry-preserving twist. In addition, we note the following useful relations

q1R
q3R

= −�′
x (x−)

�′
x (x+)

,
q2R
q4R

= −�′
y(y−)

�′
y(y+)

. (4.77)

Notice that the R-symmetry flux q̂1R = m1q
1
R across D̂1, descending from (4.72)

and (4.59), takes the form

q̂1R = −τ (y+)

m(1)
+

− τ (y−)

m(1)
−

− τ (x−) tK

m(1)
+ m(1)

− m1

. (4.78)

This expression is consistent with the expected quantization condition for the total
magnetic flux through D̂1 = WCP

1
[m(1)

− ,m(1)
+ ]. In particular, the first two terms can

be identified with twist or anti-twist [29] through D̂1, while the factor m1 in the
denominator of the last term is due to theZm1 singularity in the normal direction to D̂1
[15]. Similar computations for the other fluxes q̂aR show that these can be correctly
expressed as

q̂2R = −τ (x+)

m(2)
+

− τ (x−)

m(2)
−

+ τ (y−) tJ

m(2)
+ m(2)

− m2

,

q̂3R = −τ (y+)

m(3)
+

− τ (y−)

m(3)
−

+ τ (x+) tK

m(3)
+ m(3)

− m3

,

q̂4R = −τ (x+)

m(4)
+

− τ (x−)

m(4)
−

− τ (y+) tJ

m(4)
+ m(4)

− m4

.

(4.79)

Coming back to the quantization conditions for the metric parameters, the strategy
for their resolution consists in expressing a, Nx , Ny and the product�ψ �φ in terms of
the roots x± and y±, and, subsequently, in writing the latter in terms of the integers da,b

andof the quantizedfluxesqaR . To avoid clumsynotation, until the endof this subsection
we shall consider 0 < y < x . As explained in Sect. 3.3, in this case the roots are
organized such that �−

x (x+) = 0 = �−
x (x−) and �−

y (y+) = 0 = �+
y (y−), which

amounts in taking τ (x+) = τ (x−) = τ (y+) = −1 and τ (y−) = +1 where needed.
With this choice, all the R-symmetry fluxes are negative, a fact that can be easily seen
trading the κD for the absolute values. Combining appropriately the pair of equations
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�−
x (x±) = 0, from (3.20) we obtain

a = −κ
xD−4+ (1 − gx+) − xD−4− (1 − gx−)

xD−5+ (1 − gx+) − xD−5− (1 − gx−)
,

Nx = (−κ a)
xD−5+ xD−5− (x+ − x−)(1 − gx+)(1 − gx−)

2[xD−5+ (1 − gx+) − xD−5− (1 − gx−)] ,

(4.80)

whereas applying the same method to �±
y we are able to isolate a and Ny in terms

of y±

a = −κ
yD−4+ (1 − gy+) + yD−4− (1 + gy−)

yD−5+ (1 − gy+) − yD−5− (1 + gy−)
,

Ny = (−κ a)
yD−5+ yD−5− (y+ + y−)(1 − gy+)(1 + gy−)

2[yD−5+ (1 − gy+) − yD−5− (1 + gy−)] .

(4.81)

Consider, now, conditions (4.42). Taking the ratios first/fourth and second/third and
imposing supersymmetry, we obtain the two equations

d1,2 q2R
d4,1 q4R

= x− + y−
x− − y+

,
d2,3 q2R
d3,4 q4R

= x+ + y−
x+ − y+

, (4.82)

which are solved by

x− = d1,2q2R y+ + d4,1q4R y−
d1,2q2R − d4,1q4R

, x+ = d2,3q2R y+ + d3,4q4R y−
d2,3q2R − d3,4q4R

. (4.83)

All the other possible ratios of (4.42) and (4.46) are identically satisfied by (4.83)
making use of (4.72), (4.75) and (4.77). Now that we have the roots x± as functions
of y±, we can express all the physical parameters in terms of the latter. In order to
proceed, we write down the expressions of tJ and tK in the supersymmetric case,
which simplify to

tJ = κD
2π

�ψ

2π

�φ

4�a2(1 − κ ag)

g

x+ − x−
�′

x (x+)�′
x (x−)

,

tK = κD
2π

�ψ

2π

�φ

4�a2(1 − κ ag)

g

y+ + y−
�′

y(y+)�′
y(y−)

.

(4.84)

Notice that, when 0 < y < x , both tJ and tK are negative. Having the expressions
of tJ and tK , we can immediately derive the product �ψ �φ in terms of the roots y±
and of the other integers characterizing the system

�ψ

2π

�φ

2π
= −κD

a2(1 + κ ag)

4g g2c (y+ + y−)3

(tJq1Rq
3
R)2

tK q2Rq
4
R

. (4.85)
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The next step is to determine the roots y± in terms of the integers da,b. Combining in
an appropriate way the fluxes qaR with tJ , we obtain

�′
y(y−) = − 4q2R

tJq1Rq
3
R

gc(1 − κ ag)(y+ + y−)2,

�′
y(y+) = 4q4R

tJq1Rq
3
R

gc(1 − κ ag)(y+ + y−)2,

(4.86)

which is a pair of equations containing only y±, once a is substituted as in (4.81).
In order to solve this systemof equationsweneed to specify the number of spacetime

dimensions. Starting with D = 6, we substitute in (4.86) the expression of �′
y given

in (3.23) and parameterize the roots of �y as y± = w(1 ± x). When choosing the
integers that describe M4 we shall need to impose w > 0 and 0 < x < 1 in order to
have 0 < y− < y+. Solving the resulting equations for w and x we obtain

w = −3(Q+ + Q−)x − x3 ±√3 − 6(Q+ + Q−) − 3(1 − 3(Q+ + Q−)2)x2 + x4

g[3 + x4 − 6(Q+ + Q−)(1 + x2)] ,

(4.87)

where we defined Q+ = q4R
tJ q1Rq

3
R
and Q− = q2R

tJ q1Rq
3
R
and x is solution of the cubic

equation

x3 − 3(Q+ − Q−)x2 − 3[1 − 2(Q+ + Q−)]x + 3(Q+ − Q−) = 0. (4.88)

The two signs in (4.87) generate the two sets of physical parameters connected by the
inversion symmetry (3.14) and, in particular, the plus yields the configuration with
� < 0. This last statement can be proven noting that � = (1 − κ ag)(1 + κ ag) and
rearranging the second term as

1 + κ ag = ∓2gw
√
3 − 6(Q+ + Q−) − 3(1 − 3(Q+ + Q−)2)x2 + x4

1 − x2
. (4.89)

The first factor of� is positive due to supersymmetry, while the second one contributes
to the sign and tells whether � is positive or negative. The last thing to do is to equate
the expression for a obtained by means of (4.80) and (4.81). This gives the following
Diophantine equation for the integers da,b

tK q
2
Rq

4
R − 3(q1R − q3R) = 0, (4.90)

whose analysis is postponed to Appendix D. The origin of this constraint can be
traced back in the specific structure of our solution. Indeed, the quantization conditions
involve the four parameters a, Nx , Ny and �ψ �φ, but, as we discussed, the integers
da,b characterizing the system are five. This means that there must be a redundancy
among them and equation (4.90) precisely resolves it. Considering a system with
different charges δi would increase by one the number of parameters, but would also
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bring an additional “quantum number” into play, thus not changing the balance. It
is possible that the constraint (4.90) would be eliminated if a more general solution
could be constructed, but we will not pursue this here. Similar unnatural Diophantine
constraints have been observed in previous solutions associated with orbifolds [15,
20, 23].

We now focus on D = 7 and solve system (4.86) following the same method
adopted in the six-dimensional case. Parameterizing again the two roots as y± =
w(1 ± x), we obtain

w = −4(Q+ + Q−)x ± √
2
√[1 − 2(Q+ + Q−)][1 + (1 − 4(Q+ + Q−))x2]

2g[1 + x2 − 2(Q+ + Q−)(1 + 3x2)] ,

(4.91)

x = Q+ − Q−
1 − 3(Q+ + Q−)

, (4.92)

where Q± are defined as in the previous case. As before, the two signs in (4.91)
correspond to the two configurations related by (3.14) and the plus sign gives � < 0.
This can be seen considering the analogous expressions of (4.89), but in D = 7,

1 + κ ag = ∓ 2
√
2 gw

√
[1 − 2(Q+ + Q−)][1 + (1 − 4(Q+ + Q−))x2]. (4.93)

Imposing the consistency condition that comes equating (4.80) with (4.81) we obtain
the following Diophantine equation

2q1Rq
3
RtJ
[
(q1R)3d1,2d4,1(d1,2 − d4,1) − (q3R)3d2,3d3,4(d2,3 − d3,4)

]

+ q1Rq
3
RtJ
[
8
(
(q1R)2d1,2d4,1 − (q3R)2d2,3d3,4

)− ((q1R)4d21,2d
2
4,1 − (q3R)4d22,3d

2
3,4

)]

+ 4(q1R)3d1,2d4,1
(
q2Rd4,1 − q4Rd1,2

)− 4(q3R)3d2,3d3,4
(
q2Rd3,4 − q4Rd2,3

)

+ 3(q2R + q4R)
[
(q1R)4d21,2d

2
4,1 − (q3R)4d22,3d

2
3,4

] = 0.
(4.94)

Although this is surprisingly much more complicated than the analogous con-
straint (4.90) in D = 6, similar comments apply. We refer to Appendix D for its
resolution.

We close this subsection with a brief recap of the procedure that, starting from the
set of integers characterizing a given solution, allows to reconstruct all its parameters.
The first step is to choose four positive integers da,a+1 and two integers d1,3 = tJ and
d2,4 = tK that satisfy constraint (2.13) and the Diophantine equation (4.90), if D = 6,
or (4.94), for D = 7. In six dimensions we compute the auxiliary quantities x and w

using (4.88) and (4.87), while for the seven-dimensional solution the corresponding

relations are (4.92) and (4.91). In both cases, Q+ = q4R
tJ q1Rq

3
R
, Q− = q2R

tJ q1Rq
3
R
and

the charges qaR are given by (4.72) and (4.75), where, for the system in question,
τ (x+) = τ (x−) = τ (y+) = −1 and τ (y−) = +1. The endpoints of the range of the
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coordinate y read y± = w(1 ± x), while x± can be obtained from (4.83). Lastly, the
parameters a, Nx and Ny follow from (4.80) and (4.81), while the product �ψ �φ in
given by (4.85), where the sign κD is fixed so to have a positive result.

5 Off-shell free energies and extremization

In this sectionwe present the off-shell free energy proposed in [23],whose construction
is based on the idea of gluing “gravitational blocks”, introduced in [37]. This recipe
extends the results of [24] to four-dimensional toric orbifolds with an arbitrary number
of fixed points. For D = 7, the field theory counterpart of this construction was given
in [49], integrating on M4 the anomaly polynomial of the six-dimensional SCFTs
associated with M5-branes. In D = 6 a solid proof is still lacking; nevertheless, the
gravitational block conjectured in [23] was retrieved in [18] through the integration of
the equivariant volume of the associated geometry, with the addition of higher times.
Below we will be primarily interested in four-dimensional toric orbifolds, with M4
represented by the solutions in Sect. 3.2. We speculate that these D = 6, 7 solutions
are holographically dual to d = 1, 2 theories, obtained compactifying on M4 the
five-dimensional N = 1 SCFTs dual to [12] and the six-dimensional N = (0, 2)
dual to a stack of M5-branes. Supporting evidence is provided by the extremization of
our off-shell free energy, which reproduces exactly the entropy/central charge of the
(putative) black hole/black string with AdSD−4 × M4 near-horizon.

5.1 Recap of the recipe

Wenow summarize the key ingredients necessary to construct the off-shell free energy,
whose extremization should reproduce the entropy and the central charge of the dual
gravity theories in D = 6 and D = 7, respectively. For further details, see [23]. Recall
that an opposite convention for the Da and D̂a divisors, as well as for the other related
quantities, is employed here. In particular, the vectors �va need not be primitive and
the information carried by the labels is now encoded in the vectors themselves.

On the field theory side, the systems under exam result from the twisted compacti-
fication of five- and six-dimensional SCFTs on a four-dimensional toric orbifold M4,
completely characterized by the counter-clockwise ordered vectors �va ∈ Z

2. The
twisting is realized coupling the SCFTs to two background gauge fields Ai , with field
strengths Fi = dAi . As a first step, we define the “physical fluxes” as21

qai ≡ 1

2π

∫

Da

Fi , (5.1)

where a = 1, . . . , n runs over the number of facets. The one-forms −Ai can also be
viewed as the connections on two line orbibundles Ei . Since the set of c1(La) form a

21 Here and in the followingwe shall rename the background gauge fields as gc Ai 
→ Ai . The nomenclature
“physical fluxes” should not be confused with the fact that the natural fluxes in supergravity are computed
on the branch divisors, see (4.66).
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basis for H2(M4, Q), we can decompose the first Chern class of Ei as

c1(Ei ) = −dAi

2π
= −

∑

a

pai c1(La), (5.2)

where pai ∈ Q. As a consequence

qai =
∑

b

Dab p
b
i ,

∑

a

qai �va = 0, (5.3)

where Dab is the intersectionmatrix defined in (2.8). The latter equation,which follows
from (2.5), is a constraint on the physical fluxes and implies that, for fixed i , only n−2
of the qai are independent. On the other hand, H

2(M4, Q) has dimension n−2; thus, for
fixed i , only n−2 of the pai are linearly independent—see the discussion around (2.4).
Therefore, the former system of equations can be inverted to obtain pai in terms of qai
once the redundant equations are eliminated. A similar condition applies also to the
R-symmetry fluxes qaR , specifically

∑
a q

a
R �va = 0, and a possible choice to solve it is

qaR =
∑

b

Dab σ b, (5.4)

where, we conjectured, σ a are n arbitrary signs, i.e. σ a = ±1. This assumption is
supported by several examples where the spindles are explicitly involved [23, 29] in
both D = 6, 7, and the solutions presented in Sect. 3.2 are no exception, as we will
see later.

We also conjecture that the entropy/central charge corresponding, respectively, to
a general class of d = 5, 6 SCFTs compactified on M4 and with twists parameterized
by σ a , can be computed by the constrained extremization of the following off-shell
free energy

F(ϕi , εi ; qai ) = kd
∑

a

η a
d

da,a+1

Fd(�
a
i )

εa1 εa2
, (5.5)

where the sum is over the number of fixed points, that for planar polytopes coincides
with the number of facets. Here, Fd are the usual gravitational blocks (cf. Table 2 of
[24])

F5(�i ) = − 4
√
2π N 5/2

15
√
8 − N f

(�1�2)
3/2, F6(�i ) = −9N 3

256
(�1�2)

2, (5.6)

the variables �a
i are defined as

�a
i = ϕi − pai ε

a
1 − pa+1

i εa2 , (5.7)
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and the auxiliary quantities εa1,2 are constructed from the fugacities �ε = (ε1, ε2)

associated with the U (1)2 rotational symmetry of M4 as

εa1 = −det(�va+1, �ε)

da,a+1
, εa2 = det(�va, �ε)

da,a+1
. (5.8)

We recall that da,b = det(�va, �vb), whereas kd are numerical constants which assume,
a posteriori, the values

k5 = −1, k6 = 64

9
. (5.9)

Also the values of η a
d are one of the ingredients of the prescription. Specifically, for

d = 5we assume they are related to the type of twist as η a
5 = σ aσ a+1, while for d = 6

we take all of them with the same value, which is, ultimately, related to the chirality
of the SCFT in question. In particular, η a

6 = κ , with κ = ±1 so that the extremization
of the off-shell free energy reproduces the central charge of the d = 2 SCFTs with
N = (0, 2) or N = (2, 0), respectively, extracted from the anomaly polynomial of
the d = 6 theory. This κ is also related to the sign in the equation ∇̂μ̂ϑ = κ

2βμ̂ϑ

satisfied by the Killing spinor along AdS3.
The variables of the off-shell free energy, namely ϕi and εi , are subject to the

constraint
ϕ1 + ϕ2 − det( �W , �ε) = 2, (5.10)

where the auxiliary two-dimensional vector �W is determined imposing

pa1 + pa2 = σ a + det( �W , �va). (5.11)

The vector �W parameterizes a “gauge symmetry” featured by our construction and can
be set to any desired value by means of suitable transformation [23]. The present con-
struction enjoys an additional symmetry. Once the fluxes qai are fixed, if an SL(2, Z)

transformation is applied to �va , �ε and �W , the off-shell free energy and the constraint
can be shown to preserve their form, thus leaving the extremization problem unaltered
[23].

The last step of the procedure is the constrained extremization of F(ϕi , εi ), which
can be performed defining the function

S(ϕi , εi , �; qai ) = F(ϕi , εi ; qai ) + �
(
ϕ1 + ϕ2 − det( �W , �ε) − 2

)
(5.12)

and extremizing it with respect to ϕi , εi and the Lagrangian multiplier �. As a con-
sequence of Euler’s theorem, F(ϕ∗

i , ε∗
i ) = − 2

h�∗, with h = 1 for d = 5, h = 2 for
d = 6 [23].

5.2 Application to the new AdSD−4 × M4 solutions

We now apply the gravitational blocks prescription to the AdSD−4×M4 backgrounds
with equal charges presented in Sect. 3.2. The first ingredient needed is the toric
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data describing the toric orbifold M4. As we mentioned, the recipe to construct the
off-shell free energy is formally invariant under SL(2, R) transformations of the vec-
tors �va comprising the toric data, although this group is broken to SL(2, Z) when
integer-valued vectors are considered. Thanks to this property, we use vectors (4.41)
as toric data, assuming that a set of proper (integer-valued) toric data exists and is
related to (4.41) by an SL(2, R) transformation—see the discussion below (4.41).
The physical fluxes defined in (5.1) coincide with the magnetic fluxes (4.69), whose
explicit forms are given in (4.70) and (4.73). The vector of twists can be deduced
comparing (5.4) with the quantized expressions for the fluxes (4.72) and (4.75). When
δ is positive we obtain

σ 1 = −τ (x−), σ 2 = −τ (y−), σ 3 = −τ (x+), σ 4 = −τ (y+), (5.13)

which becomes σ a = [sign(x2−y2), − sign(x2−y2), +, +] if we restrict to x, y > 0.
The results of Sect. 3.3 imply that three out of the four components of σ a have always
the same sign, while the fourth one is the opposite. This property agrees with the vector
of twists found for the AdS×˚�˚ solutions studied in [23]. Taking advantage of the
gauge symmetry enjoyed by our prescription, one can always pick a gauge in which
the auxiliary vector �W vanishes. When the charges are equal, as in the case of interest,
this choice is particularly useful as (5.11) implies the simple relation

pai = σ a

2
. (5.14)

An important feature characterizing all the systemswith equal charges is that the ex-
tremizing values ϕ∗

i are equal, namely ϕ∗
1 = ϕ∗

2 . Indeed, the off-shell free energy (5.5)
is symmetric under the exchange ϕ1 ↔ ϕ2 and, in particular, �a

1 − �a
2 = ϕ1 − ϕ2,

which does not depend on the index a. Then, the necessary condition (∂ϕ1 −∂ϕ2)S = 0
forces the values at the extremum to be equal. Additionally, in the gauge we are con-
sidering, the constraint (5.10) with �W = 0 fixes them to ϕ∗

1 = ϕ∗
2 = 1. Extremizing

the off-shell free energy with respect to the remaining variables ε1,2 we obtain the
following critical values for the fugacities22

d = 5 : ε∗
1 = 2

g

2π

�ψ
, ε∗

2 = −κ 2a
2π

�φ
, (5.15)

d = 6 : ε∗
1 = 1

g

2π

�ψ
, ε∗

2 = −κ a
2π

�φ
. (5.16)

These expressions have the same form of the results of [23] oncewe perform the proper
SL(2, R) transformations connecting our basis of the torus action {∂ν1 , ∂ν2} with the
ones adopted in [23]. Plugging these critical values in (5.5), we get the off-shell free

22 These results hold when κD > 0. In the opposite case, we need to exchange the two components of the
vectors in (4.41) and, therefore, to exchange ε∗

1 and ε∗
2 accordingly.
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energy at its extremum23

F∗
d=5 = 9

√
2πN 5/2

5
√
8 − N f

g3(1 − κ ag)

|�|a2
�ψ

2π

�φ

2π
∣∣(x2+ + τ (x−)x2−)�y − �x(y2+ − τ (x−)y2−)

∣∣, (5.17)

F∗
d=6 = κ 4N 3 g4(1 − κ ag)

|�|a3
�ψ

2π

�φ

2π∣∣(x3+ + τ (x−)x3−)(y2+ − y2−) − (x2+ − x2−)(y3+ − τ (x−)y3−)
∣∣ . (5.18)

To compare these formulas with their gravitational counterparts, we must recall that
the roots x± and y± are related through the constraint obtained equating a in (4.80) and
in (4.81). For what concerns F∗

d=5, its structure can be shown to agree with the gravi-
tational entropy (B.19), whereas F∗

d=6 matches the gravitational central charge (B.20),
but with a different sign. We believe that the origin of the opposite sign can be traced
back to the chirality of the dual two-dimensional SCFTs, but since we have not solved
the Killing spinor equations of D = 7 supergravity, we have no control over this
information.

6 Discussion

In this paper we constructed new families of supersymmetric solutions in D = 10
and D = 11 supergravities, corresponding to D4 and M5-branes wrapping four-
dimensional orbifolds M4, respectively. These generalize to arbitrary toric orbifolds
with four fixed points the examples presented in [15, 20, 23], where the corresponding
orbifolds were the total space of a spindle fibred over another spindle. After extracting
the necessary data, we fed these into the off-shell free energies conjectured in our pre-
vious paper [23] (and then proved in [6, 18]), obtaining a perfect match between the
gravitational observables calculated directly from the solutions and those derived from
the corresponding extremization problems. This is further evidence that the extremal
problems proposed in [23] encapsulate the necessary and sufficient conditions for the
existence of the supergravity solutions. Furthermore, by construction, the gravitational
central charge associated with the AdS3 solutions agrees with the central charge of the
dual two-dimensional SCFTs, obtained by integrating the M5-brane anomaly poly-
nomial on the orbifolds [49]. It would be nice to derive in field theory the entropy
associated with the AdS2 solutions, by computing the supersymmetric partition func-
tion of the dual five-dimensional theories compactified on M4 × S1 and then taking
its large N limit.

Obvious extensions of the present paper include looking for solutions involving
four-dimensional orbifolds M4 with one or more of the following features. Firstly,
one can strive to tame the solution with unequal charges. It is also natural to wonder
whether there exist solutions where the Diophantine constraints need not be imposed,

23 In order to take into account a possible exchange in the components of �va , which would affect da,a+1
in the denominator of (5.5), we multiplied the off-shell free energy by κD .
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as these appear to be just an artefact of the ansatz employed. Although explicit solu-
tions corresponding to toric orbifolds with more than four fixed points are likely to
be inaccessible, we expect that it should be relatively simple to construct solutions
describing branes wrapped on orbifolds with three fixed points, namely weighted pro-
jective spaces WCP

2[n1,n2,n3]. It is possible that such solutions may be obtained in
the special case of equal NUT parameters (Nx = Ny) that we have not analysed in
this paper.24 Finally, for completeness, it would be desirable to check explicitly the
supersymmetry conditions for the D = 7 solutions. We leave these unglamorous tasks
as possible projects for eager students.

The results of this paper add evidence that the discovery of supergravity solutions
displaying orbifold singularities has led to a vaster arena for exploring quantumgravity
via holography. We are convinced that it is worth pursuing these explorations in dif-
ferent directions. On the one hand, it should be rewarding to construct further explicit
examples of orbifold solutions, with AdS factors or otherwise. For example, using
the results in [18] one can anticipate the existence of numerous solutions in type II
or M-theory and it would be nice to construct some of these explicitly. On the other
hand, it is of uttermost importance to address the issue of proving existence of the
solutions, for the choices of topological/equivariant data determined by the associated
extremal problems. Among the several extremal problems discussed in [18, 49], the
GK geometry setup [19, 32] is perhaps the simplest one. We are confident that the
ideas of equivariant localization put forward in [5, 7, 18, 49] will play a key role in
tackling these problems andmore generally in unveiling novel aspects of supergravity.

Finally, holography implies that the solutions discussed in this paper, as well as
all the previous ones in the recent surge of orbifold supergravity solutions, must have
a field theory counterpart in terms of localized partition functions on related rigidly
supersymmetric backgrounds. Based on the findings of [38, 39], we expect that this
will be a fruitful direction of work in the near future.
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A The AdS× ˚1 � ˚2 limits

The D-dimensional system presented in Sect. 3.1 includes, as particular limits, the
AdSD−4 × ˚1 � ˚2 solutions studied in [20, 23], for D = 6, and in [15], when
D = 7. As we shall see, these backgrounds can be retrieved only if the (putative)
supersymmetry condition ags1s2 = ±1 is imposed, with the two charges δi having
the same sign.

A.1 The AdS2 × ˚1 � ˚2 limit

We shall now focus on D = 6 and see how the AdS2 × ˚1 � ˚2 backgrounds are
recovered. The first step is to perform the following substitutions

y 
→ ε2y, φ 
→ ε2φ, a 
→ ε2a, Ny 
→ ε6Ny, Nx 
→ ε2Nx , si 
→ si
ε

,

(A.1)
followed by the ε → 0+ limit. The underlying idea is to take y → 0, but keeping the
ratio y/a finite, preserving the supersymmetry condition and preventing many of the
functions to become trivial.

A thorough analysis shows that the desired configurations can be obtained only
when the two charges δi have the same sign. For the sake of simplicity, we shall
restrict to δ1, δ2 > 0 and, in this case, introduce the new coordinates

ỹ = x, x̃ = 2y

a
, z̃ = ψ + κ φ

2ag
, ψ̃ = κ φ

a
, (A.2)

with κ = ±1. Imposing the supersymmetry condition ags1s2 = −κ , the metric and
the scalar fields reduce to the ones in (2.40) of [23], when m = 2gc/3 and with qi and
a defined as

qi = −2Nxs
2
i , a = 8Ny

a3
. (A.3)

In order to reconstruct the gauge potentials of [23], we first need to perform the gauge
transformation Ai 
→ Ai − dψ and, then, the correct expression follows. Computing
the limit of the two-form B we obtain

B = κ
aỹ

2g
vol(AdS2). (A.4)

When κ = −1, the origin of the opposite sign with respect to [23] can be traced in a
different orientation of the spacetime induced by the change of coordinates (A.2).
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Notice that the global analysis of theAdS2×˚1�˚2 solutions implies thatq1q2 < 0
[24], whereas with our identifications q1 and q2 must have the same sign, unless an
analytic continuation of these parameters is made.

A.2 The AdS3 × ˚1 � ˚2 limit

We now move to the seven-dimensional system and show how our solutions reduce
to the AdS3 × ˚1 � ˚2 backgrounds of [15], setting here g = 1/2, i.e. gc = 1, and
imposing the supersymmetry condition. We begin computing the limit y → 0, which,
in this case, is parameterized as

y 
→ ε2y, φ 
→ ε2φ, a 
→ ε2a, Ny 
→ ε8Ny, Nx 
→ ε2Nx , si 
→ si
ε

,

(A.5)
with ε → 0+. Once again, we restrict to positive charges δi and impose ags1s2 = −κ .
Introducing the new coordinates

ỹ = x2, x̃ = 9y2

4a2
, φ̃ = ψ + κ φ

3ag
, ψ̃ = 2κ φ

a
, (A.6)

the metric, gauge potentials25 and scalar fields assume the expressions given in (3.7)
and (3.8) of [15], where qi and a are defined as26

qi = −2Nxs
2
i , a = 27Ny

2a4
. (A.7)

After the limit and the change of coordinates, the three-form B becomes

B = κ
4aỹ

27g
vol(AdS3) + a

12x̃
dφ̃ ∧ dψ̃ ∧ d ỹ. (A.8)

In order to compare this result with equation (3.8) of [15], we need to dualize B to the
new three-form

S(3) ≡ (X1X2)
2�H = −8aỹ

27
vol(AdS3) + κ

aỹQ

6gx̃2h1h2
dx̃ ∧ dψ̃ ∧ dφ̃, (A.9)

where the function Q(ỹ) is defined in equation (2.5) of [15]. This expression agrees
with the one in [15] for g = 1/2. Also here, when κ = −1 the different sign is due to
the opposite orientation of the spacetime induced by the change of coordinates (A.6).

25 Also in this case we had to perform the gauge transformation Ai 
→ Ai − dψ .
26 Here, we relabelled the constant a in [15] as a in order to avoid confusion.
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B Uplift of the solutions

In this appendix we uplift the six- and seven-dimensional NUT–AdS backgrounds
presented in Sect. 3.1 to solutions of massive type IIA and 11d supergravity, respec-
tively. All the details of the truncation ansätz are discussed in [15, 20, 23]; here, we
report only the relevant ingredients required for the computation of the entropy and
the central charge of the two systems.

The higher-dimensional theories we consider are described by the equations of
motion that descend from the massive type IIA action, written in the string frame,27

SmIIA = 1

16πG(10)

{∫
d10x

√−g
[
e−2�(R + 4|d�|2

− 1

2
|H(3)|2

)− 1

2

(
F2

(0) + |F(2)|2 + |F(4)|2
)]

− 1

2

∫ (
B(2) ∧ dC(3) ∧ dC(3) + 2F(0)B

3
(2) ∧ dC(3) + 6F2

(0)B
5
(2)

)}
, (B.1)

and the 11d supergravity action

S11d = 1

16πG(11)

{∫
d11x

√−g
[
R− 1

2
|F(4)|2

]
+ 1

6

∫ (
F(4) ∧ F(4) ∧C(3)

)}
. (B.2)

In these conventions, the ten-dimensional field strengths are

H(3) = dB(2), F(2) = dC(1) + F(0)B(2),

F(4) = dC(3) − H(3) ∧ C(1) + 1

2
F(0)B(2) ∧ B(2), (B.3)

while the eleven-dimensional four-form flux is simply F(4) = dC(3).
Many of the expressions we present in the rest of this appendix are similar in both

massive type IIA and 11d supergravity; therefore, we shall write them in a unified
fashion in order to avoid repetitive formulas. The uplifted metrics, written in the string
frame for massive type IIA, read

ds2D+4 = λ2μ
(D−7)/3
0 �

1/(D−4)
H

{
(H1H2)

−1/(D−2)ds2D

+ g−2
c �−1

H

[
dμ2

0 + H1
(
dμ2

1 + μ2
1σ

2
1

)+ H2
(
dμ2

2 + μ2
2σ

2
2

)]}
,

(B.4)

where ds2D is the line element of MD , the quadrilateral solutions of Sect. 3.1, the
one-forms σi ≡ dφi − gc Ai are built up from the D-dimensional gauge fields (3.11)
and λ is a strictly positive constant which realizes the scaling symmetry of the super-
gravity theories (see section 3 of [23] and 3.2 of [15]). While in 11d supergravity its
introduction is not necessary, in massive type IIA the additional parameter λ plays a

27 Here we use the shortcut Bn
(2) to denote the wedge product of B(2) with itself n times, divided by n!.
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crucial role for the correct quantization of the ten-dimensional solutions. The coordi-
nates μa , with a = 0, 1, 2, satisfy the constraint

∑
μ2
a = 1 and can be conveniently

parameterized as

μ0 = sin ξ, μ1 = cos ξ sin η, μ2 = cos ξ cos η. (B.5)

The angular coordinates φ1, φ2 have canonical 2π periodicities and η ∈ [0, π/2].
The presence of the overall μ0 factor in the ten-dimensional metric implies ξ ∈
(0, π/2], and the line element (B.4) describes, at each point of M6, a four-dimensional
hemisphere, that we denote as S4. On the contrary, in eleven dimensions μ0 is not
present, therefore ξ ∈ [−π/2, π/2] and the dimensional reduction is performed on a
(squashed) four-sphere that we continue to denote as S4. For convenience, we defined
the function

�H = H1H2 μ2
0 + H2 μ2

1 + H1 μ2
2. (B.6)

The four-form flux, common to both higher-dimensional supergravities, can be written
as

F(4) = − λ(2D−11)

g3c

H1H2UH

�2
H

μ1μ2

μ
(D−4)/3
0

dμ1 ∧ dμ2 ∧ σ1 ∧ σ2 (B.7)

− 2(D − 5)λ(2D−11)μ
(10−D)/3
0

gs1s2
�a2

NyxD−3 − Nx yD−3

(xy)D−4 dy ∧ dφ ∧ dx ∧ dψ + . . . ,

where we defined the function

UH = 2
[
(1 − H1)(1 − H2)μ

2
0 − 1

]− 10 − D

3
�H . (B.8)

The dots in (B.7) represent terms of F(4) omitted because they do not contribute to the
flux quantization through S4 or M4. Finally, the ten-dimensional dilaton and Romans
mass F(0) read

e� = λ2μ
−5/6
0 �

1/4
H , F(0) = m

λ3
= 2gc

3λ3
. (B.9)

In order to compute the entropy and the central charge of the uplifted solutions, we
first need to write the higher-dimensional metric in the form

ds2D+4 = e2A
(
ds2AdSD−4

+ ds2M8

)
, (B.10)

where ds2M8
is the line element of the internal fibred space S4 ↪→ M8 → M4. The

entropy and the central charge can then be read from the (D−4)-dimensional effective
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Newton constant G(D−4) as28

S = 1

4G(2)
= 8π2

(2π!s)8

∫
e8A−2� vol(M8),

c = 3

2G(3)
= 48π2

(2π!s)9

∫
e9A vol(M8). (B.11)

Plugging the relevant quantities, we obtain

S = 1

(2π!s)8

48π6λ4

5|�|a2g4c
�ψ

2π

�φ

2π

∣∣(x3+ − x3−)(y+ − y−) − (x+ − x−)(y3+ − y3−)
∣∣,

(B.12)

c = 1

(2π!s)9

64π6λ9

|�a3|g4c
�ψ

2π

�φ

2π

∣∣(x4+ − x4−)(y2+ − y2−) − (x2+ − x2−)(y4+ − y4−)
∣∣.

(B.13)

To compare these results with the quantities found on the field theory side, we proceed
to quantize the fluxes. In particular, the four-form flux yields

1

(2π!s)3

∫

S4
F(4) = N ∈ N,

1

(2π!s)3

∫

M4

F(4) = K ∈ N, (B.14)

where N can be interpreted as the number of D4 and M5-branes wrapped over M4, in
ten and eleven dimensions, respectively. In massive type IIA supergravity one has to
impose the additional condition

(2π!s)F(0) = n0 ∈ N, (B.15)

closely related to the presence of D8-branes. Indeed, our background has a boundary
at ξ = 0, where μ0 = 0, and the warp factor is singular, which corresponds to the
location of an O8-plane and N f = 8 − n0 coincident D8-branes. Computing the
integral

∫

S4

H1H2UH

�2
H

μ1μ2

μ
(D−4)/3
0

dμ1 ∧ dμ2 ∧ dφ1 ∧ dφ2 = −(D − 3)(D − 5)π2, (B.16)

condition (B.14), together with (B.15) in the case of massive type IIA, can be solved
to give gc and λ in terms of N (and n0)

D = 6 : g8c = 1

(2π!s)8

18π6

N 3n0
, λ8 = 8π2

9Nn30
, (B.17)

28 We are using conventions in which G(11) = (2π!s )G(10) that is the same to say that the eleven-
dimensional Planck length is equal to !s .
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D = 7 : g3c
λ3

= 1

(2π!s)3

8π2

N
. (B.18)

These expressions are the same as for other known six- and seven-dimensional solu-
tions (cf.[15, 23, 24, 27], respectively, and references therein). In terms of the number
of branes, the entropy (B.12) and the central charge (B.13) take the form

S = 9
√
2πN 5/2

5
√
8 − N f

g4

|�|a2
�ψ

2π

�φ

2π

∣∣(x3+ − x3−)(y+ − y−) − (x+ − x−)(y3+ − y3−)
∣∣,

(B.19)

c = 4N 3 g5

|�a3|
�ψ

2π

�φ

2π

∣∣(x4+ − x4−)(y2+ − y2−) − (x2+ − x2−)(y4+ − y4−)
∣∣. (B.20)

As last step in the quantization of the fluxes, we consider the second constraint
coming from (B.14). The integration is performed along a representative ofM4, which
we take to be at ξ = π/2, namely the pole of the hemisphere S4, in D = 6, or at one
of the poles of the sphere S4, in D = 7. In terms of the physical parameters, the total
flux across M4 reads

K = N
4g3c gs1s2

(D − 3)(D − 5)�a2
�ψ

2π

�φ

2π
[
Ny(y

5−D+ − y5−D− )(x2+ − x2−) − Nx (x
5−D+ − x5−D− )(y2+ − y2−)

]
. (B.21)

Although the expression seems rather involved, making use of the results of Sect. 4.5
it is possible to write the total flux K in the following remarkable form

K = κD N
d1,2d2,3(q2R)2 − d3,4d4,1(q4R)2

4(D − 5)d1,3
= κD N

d2,3d3,4(q3R)2 − d4,1d1,2(q1R)2

4(D − 5)d2,4
.

(B.22)
When the physical parameters are properly quantized, all the elements appearing in
(B.22) are rational; thus, N can be tuned appropriately in order to make K integer.
It is noteworthy that the Diophantine constraints play a crucial role in writing K in
terms of rational quantities only, and, in particular, in making the square roots in x±
and y±—see (4.87) and (4.91)—disappear from the final expression.

C Supersymmetry of theD = 6 solutions with equal charges

In this appendix we check explicitly that the equal charges solution of Sect. 3.2 is
supersymmetric, i.e. we construct a Killing spinor that satisfies the following Killing
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spinor equations [23]

DμεA + 1

8

[
gc(X1 + X2) + mX0

]
"μεA

+ 1

32

[
m(X1X2)

−1/2Bνλ"7δ
A
B + i

(
X−1
1 F1 + X−1

2 F2
)
νλ

(σ 3)AB
](

" νλ
μ − 6δν

μ "λ
)
εB

− 1

96
(X1X2)Hνλρ"7

(
" νλρ

μ − 3δν
μ "λρ

)
εA = 0,

(C.1)

1

4

(
X−1
1 ∂μX1 + X−1

2 ∂μX2
)
"μεA − 1

8

[
gc(X1 + X2) − 3mX0

]
εA

+ 1

32

[
m(X1X2)

−1/2Bμν"7δ
A
B − i

(
X−1
1 F1 + X−1

2 F2
)
μν

(σ 3)AB
]
"μνεB

+ 1

96
(X1X2)Hμνλ"7"

μνλεA = 0,

(C.2)

1

2

(
X−1
1 ∂μX1 − X−1

2 ∂μX2
)
"μ(σ 3)ABεB − gc(X1 − X2)(σ

3)ABεB

− i

4

(
X−1
1 F1 − X−1

2 F2
)
μν

"μνεA = 0,
(C.3)

where

DμεA ≡ ∂μεA + 1

4
ω ab

μ "abε
A − i

2
gc(A1 + A2)μ(σ 3)ABεB . (C.4)

These follow from setting to zero the supersymmetry variations of the fermionic fields
of the theory with three vector multiplets [22] that do not vanish automatically in the
sub-truncation that we are considering. Here (σ 3)AB is the usual third Pauli matrix,
{"a, "b} = 2ηab and "7 ≡ "0"1"2"3"4"5. The SU (2) indices A, B are raised
and lowered as εA = εABεB and εA = εBεBA, where εAB = −εBA and its inverse
matrix εAB is defined such that εABεAC = δBC . The supersymmetry parameter εA is
an eight-component symplectic-Majorana spinor; hence, it satisfies the condition

εABε∗
B = B6εA, (C.5)

where B6 is related to the six-dimensional charge conjugation matrix C6 by B6 =
−i C6"0.

When the charges are equal, equation (C.3) automatically vanishes. To specialize the
other equations to the solution of Sect. 3.2 we employ the following six-dimensional
orthonormal frame

eâ = H1/4 xy

a
êâ, eı̂+1 = H1/4 êı̂ , (C.6)

where êâ , â = 0, 1, is the zweibein on AdS2, êı̂ , ı̂ = 1, . . . , 4, is the vierbein on M4
introduced in (3.18) and the coordinates are denoted as x μ̂ and x α̂ , respectively. Then,
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equation (C.2) reduces to the constraint

√
�y

y2 − x2
"3εA +

√
�x

x2 − y2
"5εA + i

cc̃

s
(σ 3)ABεB − gH

(
y "23 + x "45)εA = 0,

(C.7)
where, we recall, g = m = 2gc/3. Writing this algebraic equation schematically as
M ε = 0, we need to impose det(M) = 0 in order to have non-trivial solutions, i.e.
ε �= 0. This necessary condition is satisfied for any value of x and y if and only if
(ags2)2 = 1, which agrees with [17].29 From now on, we shall impose ags2 = −κ ,
with κ = ±1. Multiplying (C.7) by its complex conjugate we obtain

1

y

√
�y

y2 − x2
"2εA + 1

x

√
�x

x2 − y2
"4εA + gHεA

+
[
g
(
y ∂x H + x ∂y H

)− κ a

xy

]
"2345εA = 0, (C.8)

and, thanks to this equation, the AdS2 components of (C.1) can be written in a simple
fashion as

∂μ̂εA + 1

4
ω̂ âb̂

μ̂
"âb̂ε

A + κ

2
êĉ
μ̂

" 2345
ĉ εA = 0, (C.9)

where ω̂ âb̂
μ̂

is the spin connection on AdS2. The components along the coordinates y
and x read

∂yε
A + 3

8
H−1∂y H εA + 1

2

√
y2 − x2

�y
"2
[
g ∂y(yH) − gx ∂y H "2345

+
√

�x

x2 − y2
1

x2 − y2
(
y "235 + x "4)

]
εA = 0,

(C.10)

∂xε
A + 3

8
H−1∂x H εA + 1

2

√
x2 − y2

�x
"4
[
g ∂x (xH) − gy ∂x H "2345

−
√

�y

y2 − x2
1

x2 − y2
(
y "2 + x "345)

]
εA = 0,

(C.11)

whilst the remaining components along the angular directions φ and ψ are, respec-
tively,

∂φεA = 3ig

2

[
α + 2scc̃(Nx yṼy − NyxṼx )

� xy(x2 − y2)H

]
(σ 3)ABεB + 1

2� H

{√ −�x �y

(x2 − y2)2
H

a2
(
y "25 − x "34)

+ gṼx

√
�y

y2 − x2
[
∂y(yH) "3 + x ∂y H "245]+ gṼy

√
�x

x2 − y2
[
∂x (xH) "5 + y ∂x H "234]

29 Notice that a factor c22 c̃
2
1 is missing in (4.8) of [17], which is asymmetric under 1 ↔ 2.
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−
[
x(�y Ṽx − �x Ṽy)

(x2 − y2)2
+ �′

x Ṽy
2(x2 − y2)

]
"45 +

[
y(�y Ṽx − �x Ṽy)

(x2 − y2)2
+ �′

y Ṽx

2(x2 − y2)

]
"23
}

εA,

(C.12)

∂ψεA = 3ig

2

[
β − 2scc̃(Nx yVy − NyxVx )

� xy(x2 − y2)H

]
(σ 3)ABεB − 1

2� H

{√ −�x �y

(x2 − y2)2
g2H

(
y "25 − x "34)

+ gVx

√
�y

y2 − x2
[
∂y(yH) "3 + x ∂y H "245]+ gVy

√
�x

x2 − y2
[
∂x (xH) "5 + y ∂x H "234]

−
[
x(�yVx − �x Vy)

(x2 − y2)2
+ �′

x Vy
2(x2 − y2)

]
"45 +

[
y(�yVx − �x Vy)

(x2 − y2)2
+ �′

yVx

2(x2 − y2)

]
"23
}

εA.

(C.13)

Here, we performed the gauge transformation Ai 
→ Ai + α dφ + β dψ , with α and
β real constants. As we shall see, the latter can be tuned appropriately to make the
Killing spinor independent of the angular coordinates.

With all the equations made explicit, we can now proceed to decompose the six-
dimensional gamma matrices. In particular, we adopt the following decomposition

"â = β â ⊗ γ∗, " ı̂+1 = I2 ⊗ γ ı̂ , (C.14)

where β â are the (Lorentzian) gamma matrices in D = 2 and γ ı̂ are the (Euclidean)
gamma matrices in D = 4. The related chiral matrices are β∗ = −β0β1 and γ∗ =
−γ 1γ 2γ 3γ 4, respectively. As a consequence, the six-dimensional matricesB6 and "∗
decompose as30

B6 = B2 ⊗ (B4γ∗), "∗ = β∗ ⊗ γ∗. (C.15)

The ansatz for the six-dimensional Killing spinor is

εA = ϑ ⊗ ζ A, (C.16)

where ϑ = ϑ(x μ̂) is a Majorana spinor on AdS2, hence ϑ∗ = B2ϑ , and ζ A = ζ A(x α̂)

are two four-component spinors defined on M4. In this way, equation (C.9) reduces to

(
∇̂μ̂ϑ − κ

2
βμ̂ϑ

)
⊗ ζ A = 0 �⇒ ∇̂μ̂ϑ = κ

2
βμ̂ϑ, (C.17)

which implies that ϑ must be a Killing spinor on AdS2.
Employing the decompositions (C.14) and (C.16), equation (C.7) becomes

√
�y

y2 − x2
γ 2ζ A +

√
�x

x2 − y2
γ 4ζ A + i

cc̃

s
(σ 3)ABζ B − gH

(
y γ 12 + x γ 34)ζ A = 0.

(C.18)

30 B4 is related to the four-dimensional charge conjugation matrix C4 by B4 = (C4)t .
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Equations (C.10) and (C.11) boil down to

∂y
(
H3/8ζ A)+ 1

2

√
y2 − x2

�y
γ 1
[
g ∂y(yH) + gx ∂y H γ∗

+
√

�x

x2 − y2
1

x2 − y2
(
y γ 124 + x γ 3)

](
H3/8ζ A) = 0,

(C.19)

∂x
(
H3/8ζ A)+ 1

2

√
x2 − y2

�x
γ 3
[
g ∂x (xH) + gy ∂x H γ∗

−
√

�y

y2 − x2
1

x2 − y2
(
y γ 1 + x γ 234)

](
H3/8ζ A) = 0,

(C.20)

while (C.12) and (C.13) give

∂φζ A = 3ig

2

[
α + 2scc̃(Nx yṼy − NyxṼx )

� xy(x2 − y2)H

]
(σ 3)ABζ B + 1

2� H

{√ −�x �y

(x2 − y2)2
H

a2
(
y γ 14 − x γ 23)

+ gṼx

√
�y

y2 − x2
[
∂y(yH) γ 2 + x ∂y H γ 134]+ gṼy

√
�x

x2 − y2
[
∂x (xH) γ 4 + y ∂x H γ 123]

−
[
x(�y Ṽx − �x Ṽy)

(x2 − y2)2
+ �′

x Ṽy
2(x2 − y2)

]
γ 34 +

[
y(�y Ṽx − �x Ṽy)

(x2 − y2)2
+ �′

y Ṽx

2(x2 − y2)

]
γ 12
}
ζ A,

(C.21)

∂ψζ A = 3ig

2

[
β − 2scc̃(Nx yVy − NyxVx )

� xy(x2 − y2)H

]
(σ 3)ABζ B − 1

2� H

{√ −�x �y

(x2 − y2)2
g2H

(
y γ 14 − x γ 23)

+ gVx

√
�y

y2 − x2
[
∂y(yH) γ 2 + x ∂y H γ 134]+ gVy

√
�x

x2 − y2
[
∂x (xH) γ 4 + y ∂x H γ 123]

−
[
x(�yVx − �x Vy)

(x2 − y2)2
+ �′

x Vy
2(x2 − y2)

]
γ 34 +

[
y(�yVx − �x Vy)

(x2 − y2)2
+ �′

yVx

2(x2 − y2)

]
γ 12
}
ζ A.

(C.22)

From now on, in order to solve the Killing spinor equations (C.18)–(C.22) we
shall employ an explicit representation for the four-dimensional gamma matrices γ ı̂ ,
namely

γ 1 = σ 1 ⊗ σ 3, γ 2 = σ 2 ⊗ σ 3, γ 3 = I2 ⊗ σ 1, γ 4 = I2 ⊗ σ 2. (C.23)

In this representation we have

B4 = −σ 1 ⊗ σ 2, γ∗ = σ 3 ⊗ σ 3. (C.24)

Since the symplectic-Majorana condition (C.5) relates the two Killing spinors εA as

ε2 = (B6ε
1)∗ = ϑ ⊗ (B4γ∗ζ 1)∗, (C.25)
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we can focus uniquely on the spinor ζ 1. Writing it as

ζ 1 = H−3/8(χ1, χ2, χ3, χ4
)
, (C.26)

withχi = χi (y, φ, x, ψ) complex functions of the coordinates onM4, equation (C.18)
is solved by31

χ1 = −
√

�y

y2 − x2
y − x

�−
y

χ3, χ2 = −
√

−�y

�x

�−
x

�−
y

χ3, χ4 = −
√
x2 − y2

�x

�−
x

x + y
χ3,

(C.27)
where the functions �±• have been introduced in (3.20) and satisfy �• = �+• �−• . In
terms of the unique unknown function χ3, equations (C.19) and (C.20) read

∂yχ3 = 1

2
∂y

[
log

∣∣∣∣
�−

y

y − x

∣∣∣∣

]
χ3, ∂xχ3 = 1

2
∂x

[
log

∣∣∣∣
�−

x

x − y

∣∣∣∣

]
χ3, (C.28)

while (C.21) and (C.22) boil down, respectively, to

∂φχ3 = ig

2

(
3α − κ

ag

)
χ3, ∂ψχ3 = ig

2
(3β + 1) χ3. (C.29)

Tuning the gauge parameters to

α = κ

3ag
= − s2

3
, β = −1

3
, (C.30)

the system can be easily solved, finding an angular-independent Killing spinor with
components given by

χ1 = −ξ

(
�+

x �+
y

y + x

)1/2
, χ2 = ξ

(
�−

x �+
y

x − y

)1/2
,

χ3 = ξ

(
�+

x �−
y

y − x

)1/2
, χ4 = −ξ sign(x − y)

(
−�−

x �−
y

x + y

)1/2
,

(C.31)

with ξ a complex constant. From the symplectic-Majorana condition (C.25), we obtain

ζ 2 = (B4γ∗ζ 1)∗ = i H−3/8(−χ∗
4 , −χ∗

3 , χ∗
2 , χ∗

1

)
, (C.32)

which, as it can be shown explicitly, satisfies all the related Killing spinor equations.
We can now count the amount of supersymmetry preserved by our AdS2 × M4

background. Sinceϑ is a two-dimensionalMajorana spinor, it has two real independent
degrees of freedom. Similarly, ζ A is completely determined by the complex constant
ξ , accounting for two real degrees of freedom. Therefore, there are in total four real

31 Here and in what follows we assume δ > 0. When δ < 0 it is sufficient to exchange �+• ↔ �−• .
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independent Killing spinors and thus, being sixteen the number of supersymmetries
of the six-dimensional N = (1, 1) theory, our solution is 1/4-BPS.

As a consistency check, we perform the y → 0 limit explained in Appendix A.1
that, at least formally, reproduces the AdS2 × ˚1 � ˚2 background of [23], with
q1 = q2. After rescaling the overall complex constant as ξ 
→ ξ/a, the result is32

(ζ 1)1 = −ξ

2
x−1/2y1/8h−3/8

i Q1/2
1 f 1/21 , (ζ 1)2 = ξ

2
x−1/2y1/8h−3/8

i Q1/2
1 f 1/22 ,

(ζ 1)3 = ξ

2
x−1/2y1/8h−3/8

i Q1/2
2 f 1/21 , (ζ 1)4 = −ξ

2
x−1/2y1/8h−3/8

i Q1/2
2 f 1/22 ,

(C.33)
in agreement with the combination of (2.19) and (2.49) of [23] with ξ = −2ξηξχ .

D Some solutions to the Diophantine equations

In this appendix we deal with the Diophantine equations (4.90) and (4.94), presenting
some combinations of integersda,b that satisfy them. In both cases,wedonot attempt to
give an analytic resolution, since the expression of the constraints is involved. Rather,
we apply a brute-force method, considering all the possible combinations of d1,2, d2,3,
d3,4, d4,1 and |d2,4| in the range 1–200, with d1,3 given by (2.13), and checking which
of them solve the Diophantine equation. Among all the possible configurations, we
examine only the ones yielding negative R-symmetry fluxes qaR and d1,3, d2,4 < 0,
conditions required for a correct signature of themetric when restricting to 0 < y < x .
Additionally, before testing the constraint, a preliminary check is performed in order
to select only the configurations giving w > 0 and 0 < x < 1, necessary to have
0 < y− < y+. Lastly, due to the structure of relation (2.13) and of the Diophantine
equations, given a specific solution, we can generate an infinite family of solutions
multiplying the original configuration by any natural number. These have the same
values of a, Nx and Ny , while the product �ψ �φ gets divided by the natural number
in question.

Focussing on D = 6, the first solutions to the Diophantine equation (4.90) are
collected in Table 1. Many more exist for higher values of da,b.

In the seven-dimensional case we found only one configuration in the range con-
sidered, namely d1,2 = 40, d2,3 = 56, d3,4 = 100, d4,1 = 44, d2,4 = −9. Then, we
had to multiply it by 3 in order to have an integer value of tJ as well, hence

d1,2 = 120, d2,3 = 168, d3,4 = 300,

d4,1 = 132, d1,3 = −512, d2,4 = −27.
(D.1)

E Proof of the adjunction formula for toric orbifolds

In the mathematical literature the adjunction formula is well-known in the case of
toric varieties, i.e. within the context of algebraic geometry. However, to the best of

32 We must take κ = +1 in order for ϑ to be the correct AdS2 Killing spinor of [23].
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Table 1 Examples of physical
solutions to the Diophantine
equation in D = 6

d1,2 d2,3 d3,4 d4,1 d1,3 d2,4

6 9 18 4 −24 −3

8 10 17 8 −28 −2

8 12 22 5 −29 −4

10 15 26 6 −34 −5

10 20 27 9 −45 −2

12 15 23 11 −37 −3

12 16 30 11 −46 −4

12 18 30 7 −39 −6

13 16 24 14 −44 −2

13 25 42 7 −53 −7

14 19 24 15 −51 −1

14 21 34 8 −44 −7

14 21 40 9 −53 −7

14 24 28 14 −56 −1

our knowledge, a proof for complex toric orbifolds in arbitrary dimension is lacking.
Below we fill this small gap and present a proof of the following theorem.

Theorem 1 Let us consider a toric Kähler orbifold M, a ramification divisor Da

and the line bundle La associated with it through Poincaré duality. The following
adjunction formula holds

c1(TM)
∣∣
Da

= c1(T Da) + c1(La)
∣∣
Da

. (E.1)

The proof of this formula will be carried out within the context of symplectic or, al-
ternatively, complex geometry, using the formalism adopted by Guillemin and Abreu
(see, e.g., [1, 2, 35]). On the one hand, the symplectic coordinates will play a funda-
mental role in the computation of the various blocks entering the adjunction formula.
On the other hand, the complex coordinates will give a shortcut to compute the Ricci
form of a divisor starting from some characteristic quantities of the total space.

Let us consider the toric symplectic orbifold (M2m, ω) described in Sect. 2.1, which
can be completely characterized by its labelled polytope P (2.1) or, alternatively, by
its fan �va ∈ Z

m , with a = 1, . . . , n. In the reminder of this appendix we shall focus on
Kähler orbifolds, onwhich anyT

m -invariantmetric in symplectic coordinates (yI , φI ),
I = 1, . . . ,m, takes the form [1]

ds2 = GI J (y) dyI dyJ + GI J (y) dφI dφJ , (E.2)

where GI J is determined by a symplectic potential G(y) as

GI J = ∂2G

∂ yI ∂ yJ
(E.3)

123



   26 Page 56 of 66 F. Faedo et al.

and GI J = (G−1)I J is the inverse matrix. The canonical metric is given by [35]

G(y) = 1

2

∑

a

la log la �⇒ GI J = 1

2

∑

a

v I
av J

a

la
, (E.4)

with la(y) = yI v I
a − λa . It can be proven that [1]

det(GI J ) = f (y)
∏

a

la(y)
−1, (E.5)

with f some smooth and strictly positive function on P .

E.1 Adapted coordinates

The strategy to prove the adjunction formula will be to pick a divisor, fix a system
of coordinates adapted to it and zoom in on the chosen divisor in order to explicitly
compute the different quantities involved. Even though the coordinates to be chosen
are different on each divisor, we shall not include the index of the corresponding
divisor in order to have less cluttered expressions. To proceed, we need the following
lemma.

Lemma 1 Given a generic vector �v = (v1, . . . , vm) ∈ Z
m, it is always possible to

align it along a preferred axis by means of an SL(m, Z) transformation. In particular,
we can always rotate it to �w = (0, . . . , 0, k), with k = gcd(v1, . . . , vm).

Proof Let us begin with a simpler model considering a two-dimensional vector �v(2) =
(v1, v2), with k = gcd(v1, v2). This vector can be cast in the form �w(2) = (0, k) by
means of the left-multiplication by the matrix

S(2) =
(

v2/k −v1/k
r1 r2

)
∈ SL(2, Z), (E.6)

where r1 and r2 are two integers satisfying r1v1 + r2v2 = k, which always exist due
to Bézout’s lemma.

Going back to the original vector �v ∈ Z
m , it is possible to set to zero its first

component left-multiplying it by the matrix

U1 =
(
S1 0
0 Im−2

)
∈ SL(m, Z), (E.7)

where S1 ∈ SL(2, Z) is chosen appropriately. Explicitly, we get U1�v = (0, k12, v3,

. . . , vm), with k12 = gcd(v1, v2). We can now multiply the resulting vector by

U2 =
⎛

⎝
1 0 0
0 S2 0
0 0 Im−3

⎞

⎠ ∈ SL(m, Z), (E.8)
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and obtain a new vector with vanishing second component U2U1�v = (0, 0, k123, v4,

. . . , vm), with k123 = gcd(k12, v3) = gcd(v1, v2, v3). Iterating this procedure, i.e.
repeatedly multiplying �v by suitable block diagonal matrices, it is possible to set to
zero all the vi , except for the last one, which will assume the value of the greatest
common divisor of all the entries of �v. ��

Consider a divisor Db, determined by the vector �vb, and, using the results of
Lemma 1, align this vector along the m-th component by means of a specific ma-
trix U ∈ SL(m, Z)

�wb ≡ U �vb = (0, . . . , 0,mb), (E.9)

where mb = gcd(v1b, . . . , vnb ) and, geometrically, represents the label associated with
the divisor Db. Moreover, we definew I

a ≡ UI Jv
J
a for any vector �va of the fan describ-

ing P . Defining the new coordinates y′
I = U J I yJ , with U I J = (U−1)I J , the linear

relations la retain the same expression, now in terms of the new vectors �wa ,

la = y′
Iw

I
a − λa, (E.10)

but the condition defining the facet Fb simplifies to

lb = y′
mmb − λb = 0 �⇒ y′

m = λb

mb
. (E.11)

Additionally, we introduce the new angular coordinates φ′
I = UI JφJ , in terms of

which metric (E.2) takes the form

ds2 = Ĝ I J dy
′
I dy

′
J + Ĝ I J dφ′

Idφ
′
J , (E.12)

where Ĝ I J = (
UGUT

)
I J and Ĝ I J = (Ĝ−1)I J . The matrix Ĝ I J can be obtained

from the same symplectic potential as before, but with (y, �va) replaced by (y′, �wa),

Ĝ I J = ∂2Ĝ

∂ y′
I ∂ y

′
J
, (E.13)

where Ĝ(y′; �wa) = G(y 
→ y′; �va 
→ �wa).

Themetric: part I

Having chosen a convenient system of coordinates, we can now restrict to the divisor
Db. First of all, we focus on the dy′ part of metric (E.12) and expand its expression,
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splitting the index I as I = (i,m), with i = 1, . . . ,m − 1,33

ds2
∣∣
dy′ =

m−1∑

i, j=1

Ĝi j dy
′
idy

′
j + 2

m−1∑

i=1

Ĝim dy′
idy

′
m + Ĝmm(dy′

m)2

= 1

2

∑

a �=b

wi
aw

j
a

la
dy′

idy
′
j +
∑

a �=b

wi
aw

m
a

la
dy′

idy
′
m

+ 1

2

(∑

a �=b

(wm
a )2

la
+ m2

b

lb

)
(dy′

m)2, (E.14)

where, in the last step, we used the fact that w I
b = 0 for I �= m. In order to zoom in

on the divisor, we define the new coordinate ζ as

y′
m = λb

mb
+ ε ζ 2, (E.15)

which gives

ds2
∣∣
dy′ = 1

2

∑

a �=b

wi
aw

j
a

la
dy′

idy
′
j + 2ε ζ

∑

a �=b

wi
aw

m
a

la
dy′

idζ

+2ε

(
ε ζ 2

∑

a �=b

(wm
a )2

la
+ mb

)
dζ 2. (E.16)

Functions la , with a �= b, are nonzero on Db; therefore, taking the ε → 0 limit, we
obtain

ds2(b)
∣∣
dy′ = 1

2

∑

a �=b

wi
aw

j
a

ka
dy′

idy
′
j = G ′

i j dy
′
idy

′
j , (E.17)

where we defined the metric G ′
i j and the functions ka as

G ′
i j (y

′) = 1

2

∑

a �=b

wi
aw

j
a

ka
, ka(y

′) = y′
iw

i
a + λbw

m
a

mb
− λa ≡ y′

iw
i
a − λ′

a . (E.18)

The facet Fb of the labelled polytope P is, in turn, a new polytope in R
m−1, which

is delimited by the intersection of Fb itself with its (say N ) adjacent facets Fau , with
au ∈ {a1, . . . , aN } ≡ Ab. These intersections are (m − 2)-dimensional facets of Fb

and will be denoted as F ′
b|au . Since Fb and Fau are determined in R

m by the linear
equations lb(y) = 0 and lau (y) = 0, F ′

b|au will be defined by their intersection which,

33 In the second line, and for the rest of this appendix, we adopt the Einstein notation and drop the explicit
summation over the repeated indices i and j . Moreover, we adopt the notation ds2|dy′ and ds2|dφ′ to

indicate when we look at the part of the metric containing only dy′2 or dφ′2, respectively, ignoring the
remaining terms. Notice that we do not fix the other coordinates, but simply not look at the associated pieces
in the line element.
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once restricted to theR
m−1 space whereFb lives, is exactly kau (y

′) = 0. Additionally,
since Fb is part of the polytope P , on the former we must have lau (y) ≥ 0, and non-
negative must be also its restriction to theR

m−1 hyperplane whereFb lies, i.e. kau (y
′).

As a consequence, the polytope Fb can be defined as

Fb =
⋂

au∈Ab

{y′ ∈ R
m−1 : kau (y

′) ≥ 0}, (E.19)

and can be completely characterized by the fan of N vectors wi
au ∈ Z

m−1.

Proposition 1 Given a labelled polytope P , any facet F is itself a labelled polytope.

Proof Considering a specific facet Fb, this polytope is convex because defined as the
finite intersection of half-spaces, see (E.19).
Fb is simple. Since P is simple, exactly m facets meet at every vertex. Focussing
on a vertex p involving Fb, we have lb(p) = la1(p) = . . . = lam−1(p) = 0, with
a1, . . . , am−1 ∈ Ab; otherwise, the intersection would lie outside of the polytope and
would not be a vertex ofP . If we now restrict the whole set of coordinates to theR

m−1

hyperplane where Fb lives, p, which is also a vertex of the polytope Fb, lies at the
intersection

ka1(p) = . . . = kam−1(p) = 0, (E.20)

thus showing that exactly m − 1 facets of Fb meet at p′, as required. Moreover, the
vectors {wi

a1 , . . . , wi
am−1

} corresponding to the linear relations in (E.20) form aQ-basis

of Z
m−1. This is because they are m − 1 integer-valued vectors, which are linearly

independent:

0 �= det(v I
a1, . . . , v I

am−1
, v I

b ) = det(w I
a1, . . . , w I

am−1
, w I

b) = mb det(w
i
a1, . . . , wi

am−1
),

(E.21)
therefore none of the vectors wi

au can be proportional to a linear combination of the
others.
Lastly, the condition that Fb be rational is equivalent to the fact that the vectors wi

au
have integer entries, which is the case. ��

Wenowmove the attention to the facets not adjacent toFb. The equations kau (y
′) =

0, with au /∈ Ab, emerge as the intersection of lb(y) = 0 and lau (y) = 0, whose
solutions lie outside of P due to the convexity of the latter. As a consequence, on Fb

wemust have lau (y) �= 0 and, therefore, kau (y
′) > 0when au /∈ Ab. The last statement

implies that we can split G ′
i j into a “canonical” term containing all the poles and a

smooth part

G ′
i j = 1

2

∑

a∈Ab

wi
aw

j
a

ka
+ 1

2

∑

a /∈Ab

wi
aw

j
a

ka
= ∂2G ′

∂ y′
i∂ y

′
j
, (E.22)

where

G ′(y′) = 1

2

∑

a∈Ab

ka log ka

︸ ︷︷ ︸
G ′can

+ 1

2

∑

a /∈Ab

ka log ka

︸ ︷︷ ︸
H

, (E.23)
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with G ′can(y′) canonical metric on the toric Kähler orbifold Fb and H(y′) smooth on
Fb.

The labels mb and ma , with a �= b, enter in different ways inside the analysis
of the metric on Db. The first one, the label associated with Db, lies “outside” the
divisor Db itself, and in particular, it shows up in the normal direction to Db (see, as
an example, metric (4.9)). As a consequence, the metric on Db is insensitive to mb.
On the contrary, the labels associated with the divisors Dau adjacent to Db build up
the labels corresponding to the fan wi

au , i.e. the labels of the divisors of (the original
divisor) Db.

Themetric: part II

The analysis of the angular part is more involved, since it requires the knowledge of
the inverse matrix Ĝ I J . If we decompose Ĝ I J as

Ĝ I J =
(
Ĝi j Ĝim

Ĝmj Ĝmm

)
, (E.24)

we obtain the following components for Ĝ I J

Ĝi j = (G−1)i j + γ "i " j , Ĝim = −γ "i , Ĝmm = γ, (E.25)

where we defined the submatrix Gi j ≡ Ĝi j and the two functions

γ (y′) = det(Ĝi j )

det(Ĝ I J )
, "i (y

′) = (G−1)ik Ĝkm . (E.26)

By means of (E.5), function γ can be written as

γ = f̃
∏

a �=b l
−1
a

f
∏

a l
−1
a

= g̃ lb, (E.27)

with g̃ smooth and strictly positive onP , hence onFb. In the new rotated coordinates,
the dφ′ part of the metric reads

ds2
∣∣
dφ′ = ((G−1)i j + γ "i" j

)
dφ′

idφ
′
j − 2γ "i dφ

′
idφ

′
m + γ (dφ′

m)2. (E.28)

Since Gi j and Ĝin are smooth everywhere apart from the facets Fa , with a �= b (see
their definition in (E.14)), and likewise (G−1)i j , when we zoom in on Db the function
lb goes to zero, γ vanishes and "i remains finite; thus, the metric becomes

ds2(b)
∣∣
dφ′ = G ′i j dφ′

idφ
′
j , (E.29)
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where we introduced the inverse matrixG ′i j ≡ (G ′−1)i j . Indeed, when y′
m → λb/mb,

the matrix Gi j = Ĝi j smoothly goes to G ′
i j ; therefore, (G−1)i j smoothly goes to

(G ′−1)i j .

E.2 Adjunction formula

Wehavenowset all the ingredients to prove the adjunction formula stated inTheorem1.
Let us consider the divisor Db, equipped with the metric

ds2(b) = G ′
i j dy

′
idy

′
j + G ′i j dφ′

idφ
′
j , (E.30)

where the matrix G ′
i j is given by (E.22) and G ′i j is its inverse. The Ricci potential of

this toric Kähler orbifold is34

P(b) = 1

2
G ′i j ∂

∂ y′
j

(
log det G ′)dφ′

i , (E.31)

where we denote det G ′ = det(G ′
i j ), from which we derive

c1(T Db) = 1

2π
dP(b) = 1

4π
∂ ′
k

[
G ′i j∂ ′

j

(
log det G ′)]dy′

k ∧ dφ′
i . (E.32)

Applying (E.5), we have

det(G ′
i j ) = g̊(y′)

∏

a∈Ab

ka(y
′)−1, (E.33)

with g̊ some smooth and strictly positive function on Fb, hence

c1(T Db) = − 1

4π
∂ ′
k

[
G ′i j∂ ′

j log

(
g̊−1

∏

a∈Ab

ka

)]
dy′

k ∧ dφ′
i

= − 1

4π

∑

a∈Ab

∂ ′
k

(
G ′i j∂ ′

j log ka
)
dy′

k ∧ dφ′
i ,

(E.34)

up to an exact form.
On the other hand, c1(La) in a system of coordinates adapted to Db reads [49]

c1(La) = − 1

4π
d

(
Ĝ I Jw J

a

la

)
∧ dφ′

I

= − 1

4π

[
d

(
Ĝi jw

j
a

la
+ Ĝimwm

a

la

)
∧ dφ′

i + d

(
Ĝmjw

j
a

la
+ Ĝmmwm

a

la

)
∧ dφ′

m

]

34 This expression can be derived from the Ricci form, and the corresponding Ricci potential, written in
complex coordinates.
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= − 1

4π

[
d

(
((G−1)i j + γ "i" j )w

j
a

la
− γ "iw

m
a

la

)
∧ dφ′

i

− d

(
γ " jw

j
a

la
− γ wm

a

la

)
∧ dφ′

m

]
. (E.35)

Given a function h(y′) smooth in a neighbourhood of Fb, we have

d(γ h) = d(g̃ lb h) = lb d(g̃h) + g̃h dlb. (E.36)

In the limit y′
m → λb/mb this quantity vanishes, because the product g̃h is smooth,

while lb → 0 and dlb = mb dy′
m = 2ε mbζ dζ → 0. Functions 1/la and "i/la

are smooth everywhere apart from the facet Fa , with a �= b; therefore, when
restricting to the divisor Db, all the terms in (E.35) containing γ disappear. Addi-
tionally, since (G−1)i j/la is smooth, its derivative with respect to y′

m is finite, hence
∂ ′
m[(G−1)i j/la]dy′

m → 0 when approaching the facet Fb. As a result,

c1(La)
∣∣
Db

= − 1

4π

∂

∂ y′
k

(
G ′i jw j

a

ka

)
dy′

k ∧ dφ′
i . (E.37)

Analysing in more detail this expression, we have two different results according to
whether Da , the divisor dual to the line bundle La , is adjacent to Db or not. Indeed, in
the latter case (G ′i jw j

a )/ka is smooth and c1(La)
∣∣
Db

vanishes in cohomology, therefore

c1(La)
∣∣
Db

=

⎧
⎪⎨

⎪⎩
− 1

4π

∂

∂ y′
k

(
G ′i jw j

a

ka

)
dy′

k ∧ dφ′
i a ∈ Ab,

0 a /∈ Ab.

(E.38)

Recalling that w
j
a = ∂ ′

j ka , we can now compute the quantity

∑

a �=b

c1(La)
∣∣
Db

= − 1

4π

∑

a∈Ab

∂ ′
k

(
G ′i j∂ ′

j log ka
)
dy′

k ∧ dφ′
i , (E.39)

which perfectly agrees with (E.34). As a result, we have the adjunction formula

c1(T Db) =
∑

a �=b

c1(La)
∣∣
Db

= [c1(TM2n) − c1(Lb)
]∣∣

Db
, (E.40)

where we used the following relation for the orbifold canonical line bundle

K orb
M2n

= −
∑

a

Da �⇒ c1(TM2n) =
∑

a

c1(La). (E.41)
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E.3 Ricci form of toric divisors

We close this appendix describing a method to compute the Ricci form of Db taking
advantage of the underlying complex structure. In order tomake this structuremanifest,
we introduce the holomorphic coordinates [35] (see also [47])

zI = xI + iφI , xI = ∂G

∂ yI
. (E.42)

The Kähler potential F of the Kähler orbifold M2m is obtained from the symplectic
potential through the Legendre transformation

F(x) = yI xI − G(y) with yI = ∂F

∂xI
. (E.43)

Therefore, metric (E.2) on M2m becomes

ds2 = FI J (x) (dxI dxJ + dφIdφJ ) = FI J (x) dzI dz̄ J , (E.44)

where FI J is determined by the Kähler potential F(x) as

FI J = ∂2F

∂xI ∂xJ
�⇒ FI J = GI J , (E.45)

which also implies, cf. (E.5),

det(FI J ) = f (x)−1
∏

a

la, (E.46)

with f some smooth and strictly positive function on P . The Ricci form is given by

ρ = −i ∂∂̄ log det F, (E.47)

where we denote det F = det(FI J ), and the corresponding (real) Ricci potential reads

P = i

2

(
∂ log det F − ∂̄ log det F

)
, (E.48)

up to an exact form. The Ricci potential (E.48) can also be obtained from the canonical
(m, 0)-form

� = eiα(det F)1/2 dz1 ∧ . . . ∧ dzm, (E.49)

with α a holomorphic function, by means of the relation d� = iP ∧ �.
Applying the SL(m, Z) transformation of Sect. E.1, the real coordinates xI and the

complex coordinates zI rotate as x ′
I = UI J xJ and z′I = UI J z J , with x ′

I = ∂Ĝ/∂ y′
I .

Accordingly, the metric becomes

ds2 = F̂I J (dx ′
I dx

′
J + dφ′

Idφ
′
J ) = F̂I J dz

′
Idz̄

′
J , (E.50)
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where we defined the matrix F̂I J = ((U−1)T FU−1
)
I J = Ĝ I J . Because detU = 1,

the canonical (m, 0)-form retains the same functional expression

� = eiα(det F̂)1/2 dz′1 ∧ . . . ∧ dz′m . (E.51)

Zooming in on the divisor Db, i.e. performing the change of coordinates (E.15) and
taking the ε → 0 limit, we have

dx ′
i = Ĝi jdy

′
j + O(ε), dx ′

m = Ĝmjdy
′
j + mb

ζ
dζ + O(ε), (E.52)

therefore, since F̂im and F̂mm vanish in this limit, the total metric becomes

ds2(b) = F ′
i j (dx ′

idx
′
j + dφ′

idφ
′
j ) = F ′

i j dz
′
idz̄

′
j , (E.53)

where we introduced the matrix F ′
i j = G ′i j . The canonical (m−1, 0)-form associated

with Db is
�(b) = eiα

′
(det F ′)1/2 dz′1 ∧ . . . ∧ dz′m−1, (E.54)

with det F ′ = det(F ′
i j ) and α′ a holomorphic function. Let us consider the total space

M2m , whose Killing vector degenerating on Db is ξ = ∂φ′
m
. If we now define the

vector V = F̂−1/2
mm ξ of unit norm, we notice that �(b) = ıV�|Db , up to an overall

holomorphic function.
The result of this subsection is the following prescription to compute the Ricci form

of a given divisor Db of a toric Kähler orbifold M2m . Consider the Killing vector ξ

degenerating on Db and define the vector V = 〈ξ, ξ 〉−1/2 ξ of unit norm. Let � be the
canonical (m, 0)-form on M2n . The canonical (m − 1, 0)-form on Db is given by the
interior product �(b) = ıV�|Db . Then, �(b) allows us to compute the Ricci potential
P(b) and, lastly, the Ricci form ρ(b).

Remark Although this prescription was proven using a set of complex coordinates, it
can be extended to systems in which explicit complex coordinates are not known.
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