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study of Effective String Theories with terms beyond the Nambu-Goto action, including a
broader discussion on their significance for lattice gauge theories. The combination of these
findings enables a quantitative description of the fine details of the confinement mechanism
in different lattice gauge theories. The results presented in this work establish the reliability
and feasibility of flow-based samplers for Effective String Theories and pave the way for
future applications on more complex models.
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1 Introduction

A powerful tool to describe the infrared behaviour of pure Lattice Gauge Theories (LGTs)
is Effective String Theory (EST), which models the confining flux tube joining the quark-
antiquark pair as a thin vibrating string [1-5]. In this framework, the correlator of two
Polyakov loops at a distance R is associated with the full partition function of an EST:

(POPI(R) ~ [ DX eSesrl),

The simplest choice for Sggr is the well known Nambu-Goto (NG) action: this theory is known
to be anomalous at the quantum level and in fact it should be considered only a large-distance
approximation of the actual (anomaly free) EST. Despite this, the Nambu-Goto action, whose
partition function can be solved exactly, has been shown in the last few years to describe
to high-precision the interquark potential in several different LGTs [6-8]. As we shall see
below, the reason of this effectiveness lies in the so-called “low energy universality”: even
if the Nambu-Goto action is only a first order approximation of the actual effective string
describing the confining flux tube, the first few terms of any EST must coincide with those
of the NG action. Exploring the terms beyond the NG action is one of the most intriguing
and challenging open questions in the EST approach [9-15].

One of the main tools to address this issue is the comparison between the results of
high-precision lattice simulations and effective string predictions; however, very few EST



results are known exactly. Besides the exact solution of the Nambu-Goto partition function
and a few one-loop calculations of other observables, one has to resort to approximate
estimates or to educated conjectures, since analytical calculations are often too challenging.
A well-known example is the (quantum) width of the effective string, whose counterpart in
gauge theories is a correlation function that measures the thickness of the confining flux
tube: for this observable the only available analytical solution is a perturbative calculation
up to the second order, see refs. [16-18]. The situation is even worse if one is interested in
terms in the EST action beyond the NG term, for which even the partition function (i.e. the
interquark potential measured in LGT simulations) is not known.

In a recent work [19], a new numerical approach has been introduced as a complementary
tool to analytical EST calculations. In this approach, the effective string action is first
regularized on the lattice, and then the expectation values of observables of interest are
computed numerically by sampling configurations using a flow-based approach. Flow-based
samplers [20] are a class of algorithms based on Normalizing Flows (NFs) [21], deep generative
models that provide unbiased estimators for Boltzmann-like distributions [22-25]. In ref. [19],
the main numerical tool was a Continuous Normalizing Flow [13, 26, 27|. This approach
worked remarkably well in the Free Boson limit of the Nambu-Goto string, but it suffered
from poor scaling, as larger volumes as well as smaller values of the string tension quickly
became in practice out of reach.

To address these scaling issues, in the present paper we turn to Stochastic Normalizing
Flows (SNFs) [28, 29]: in this architecture, Normalizing Flows are combined with Non-
Equilibrium Markov Chain Monte Carlo (NE-MCMC) simulations based on Jarzynski’s
equality [30]. The resulting algorithm, combined with a physics-informed design [31], can
overcome the limitations of previous flow-based methods, while significantly reducing the
computational cost of NE-MCMC as well. In particular, in this work we introduce a highly-
efficient version of SNFs explicitly constructed for EST simulations, whose design is inspired
by the description of the NG action as the T'T perturbation of the free bosonic action [32, 33].
First, we estimate numerically the partition function of the lattice-regularized Nambu-Goto
model as a benchmark of our approach, since in the NG case it is known exactly. Besides the
free energy, the main focus of our work will be the (quantum) width of the string, which is
more difficult to address analytically than the partition function. Furthermore, as we shall
see, this quantity is particularly sensitive to the inclusion of additional terms in the action
beyond the Nambu-Goto one. As a first application of our method we shall test a conjecture
on the behaviour of the string width proposed a few years ago in ref. [34]. Then, we perform
an initial study of the higher-order corrections to the Nambu-Goto action in EST, with a
focus, again, on the string width. Finally, we conclude with a preliminary numerical study of
the profile of the flux tube in EST through an analysis of a quartic cumulant (often referred
to as the Binder cumulant) in different theoretical setups.

The work is organized as follows: in section 2, we introduce the lattice regularization of
the Nambu-Goto string, its higher order corrections and the observables of interest; then,
in section 3 we outline the numerical algorithm used to study the lattice EST. In section 4,
we present our numerical results starting from the Nambu-Goto model, followed by a study
of the string width for higher-order corrections and ending with an analysis of the Binder
cumulant. The concluding remarks will be presented in the final section.



2 Lattice Nambu-Goto string

We report here only a few basic results on the Nambu-Goto action. The interested reader
can find a more detailed discussion in refs. [6-8]. The Nambu-Goto action [1, 2] in D
dimensions is defined as

Swe = a/zd%\/g, (2.1)
where g = det g, and
Jap = aaX,u, a,BXM (2.2)

is the metric induced on the reference world-sheet surface ¥ by the mapping X, (&), where
¢ = (€9,¢Y) are the world-sheet coordinates, X, (with g = 0,...,D — 1) are the string
coordinates in the D dimensional target space and o is the string tension. This action is
explicitly reparametrization invariant. In the EST approach this invariance is usually fixed
using the so-called “physical gauge”, which identifies the first two degree of freedoms of the
string as the world-sheet coordinates £ = X0, ¢! = X!, In this gauge the only remaining
degrees of freedom are the transverse displacements X, with i = 2,...,D — 1 which are
assumed to be single-valued functions of (£p,&1). As it is well known this gauge fixing is
anomalous, but it can be shown that the anomaly vanishes in the large R limit [6, 7] in which
the Nambu-Goto action can be used as an effective description of the interquark potential.

In the following we shall set D = 3 so as to have only one transverse degree of freedom
X (€9, €Y. The generalization to larger values of D is straightforward but computationally
more expensive when simulated numerically. In the physical gauge, for D = 3, the Nambu-
Goto action can be rewritten as:

SnalX] ZU/OLdfo/ORdfl\/l-i-(agoX)Q-i—(@ng)Q. (2.3)

The action can be regularized on the lattice by discretizing the world-sheet on a two-

dimensional square lattice A with size L x R and index x = (7,¢). Following the usual
conventions of the finite difference for the discrete derivative we obtain (see ref. [19] for
further details):

S (6 _UZ<\/1 (0u0(r € )/a—1> (2.4)

zEA
where
(0,6(2))? = (¢(1,¢€) — p(T — 1, e))2 + (¢p(1,€) — (1,6 — 1))2 (2.5)
and ¢(x) = /o X (x) is a real scalar field representing the transverse degree of freedom of
the string; in the context of lattice gauge theories this quantity corresponds to the density
of chromoelectric flux.

While this lattice discretization holds in principle for any type of lattice, in view of
the application to the description of Polyakov loop correlators in LGTs we are interested in
particular on a cylinder geometry: as in ref. [19] we fix Dirichlet boundary conditions along
the e direction (the lattice points at € = R are considered part of the lattice volume) and
periodic boundary conditions along the 7 direction; see figure 1 for a schematic representation
of a lattice configuration.
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Figure 1. Schematic representation of a lattice configuration: cyan and magenta sites represent the
active volume of the lattice, while sites represent the Dirichlet boundaries where the field is
fixed to 0; the boundary in € = R is considered as a part of the lattice. The width ocw? of eq. (2.14) is
computed averaging only on the magenta sites.

2.1 The Nambu-Goto action as a TT perturbation

In the physical gauge the Nambu-Goto action in D = 3 can be seen simply as an ordinary
two-dimensional Quantum Field Theory (QFT) of a single bosonic degree of freedom. What
is less obvious, but important for what follows, is that the NG action is actually a very
peculiar case of a QFT. In fact it can be shown [32, 33] that it describes the irrelevant
perturbation of the free two-dimensional bosonic action, driven by the TT operator. The
perturbing parameter is exactly the inverse of the string tension and for large values of o
the action flows towards the theory of a Free Boson. This is easy to see if one performs a
1/0 expansion (which for dimensional reasons corresponds to a large distance expansion) of
eq. (2.3). We shall make use of this identification in the following, to construct our SNF
by mimicking the T'T flow and leveraging the fact that the Free Boson action (the starting
point of the flow) can be sampled as easily as a Gaussian distribution.

In particular, in the o — oo limit, the action of eq. (2.4) becomes the lattice discretization
of the action of a massless scalar Free Boson (FB):

Ses(0) = 5 Y (0u0)% (2.6

z€EA

The finite-size analytical solution for the partition function for this action can be easily
computed using a Gaussian integral [19]:

L,R—1 o
ZFB — /D¢€—SFB[¢] — H 3 (27)
m=1,n=1 m,n
where, for the particular geometry in which we are interested, the eigenvalues are:
Mo = Amn = 4sin2<TrILjT) + 4sin2(;£>. (2.8)



This result was the main benchmark in the test of the flow-based approach used in ref. [19].
We use it again in the present work as a reference value to evaluate the contribution to the
partition function of the higher order terms in the 1/0 series expansion of the Nambu-Goto
action: indeed, the role of these terms becomes more important as we decrease the value
of ¢ along the TT flow.

2.2 Nambu-Goto action: partition function

A central role in EST is played by the partition function Z, which is directly related to
the correlator of two static colour sources, i.e. to the Polyakov loop correlator in lattice
gauge theory:

(P(z)PT(x+R)) = Z = /DX e~ SesTIX], (2.9)

Here R is the distance between the two Polyakov loops while L (the length of the lattice
in the compactified direction) is the inverse temperature of the system.

The result for the Nambu-Goto model is known to all orders, see refs. [35, 36]: in three
dimensions it reads

7 ~ oL i wnKo(EnR) (2.10)

n=0
where K is the modified Bessel function of the second kind of order 0, w,, the multiplicities
of the closed string states that propagate from one Polyakov loop to the other and the
FE,, their energies:

En(L) :aL\/1+Cf; <n—214> (2.11)

This expression is valid for any choice of L and R, but it simplifies a lot in the large- R limit
in which the sum is dominated by the lowest state n = 0. In this limit we can approximate
the Bessel function to the leading term of its large distance expansion: Ko(z) ~ exp(—z)/1/x.
Since wy = 1 we end up with this simple expression

1 R
—logZ = 3 log 7t o(L)RL+C (2.12)

where the constant C' has no further dependence on R or L and we introduced the nonzero-
temperature string tension (L) as a short-hand for

o(L) = oy/1— 3;2. (2.13)

Interestingly, this limit corresponds to the high-temperature limit of the interquark

potential in which we choose a temperature 1/L still in the confined phase, but large enough
to fulfill the constraint R > L. Eq. (2.13) can be interpreted in the LGT framework as
describing the temperature dependence of the string tension. As we increase the temperature
the string tension decreases: when the argument of the square root finally vanishes for
L. = \/m/30 we reach the deconfinement transition. This analytical solution represents the
main benchmark we will use to verify the reliability of the numerical approach described in
section 3, in which the fine details of the Nambu-Goto action are explored numerically.



2.3 Nambu-Goto action: width and shape of the flux tube

The second observable of interest in this work is the width of the string, which can be
computed in the lattice version of the theory as

ow?(o,L,R) = (¢*(1, R/2)),. (2.14)

As in ref. [19] the (...), expectation value takes the average only over the temporal extension,
and the scalar fields ¢ are fixed to be at the half-distance R/2 between the colour sources,
see figure 1.

The only known analytical expression for the width in EST is a perturbative calculation
up to the second order in 1/0, see refs. [16-18]. In the low-temperature regime L > R
we have that

1 R 0 5 1
2
, LR)=—log— |l——— |+ —=—5+... 2.15

owlo L R) = o ch< 40R2) 96 oR? (2:15)
where R, is a new scale of the model, which emerges from the regularization of the correlator
defining the string width. This scale sets a threshold below which the EST picture cannot be
trusted anymore and in LGTs applications it is associated to the so called “intrinsic width”
of the flux tube (see ref. [37] for a discussion of this issue). We will comment further on the
role of this scale in our case later in this contribution.

In the high-temperature regime R >> L the expected behaviour is
R T R

1 L
ow?(o,L,R) = — log — + — +

— e 2.16
2w L. 4L 240L3 + ( )

where the new scale L. has the same origin of R, but, interestingly, it does not affect the
R dependence of the string width.

In the high-temperature limit it has been conjectured, using the Svetitsky-Yaffe mapping
of the LGT into a suitable two-dimensional spin model, that the terms multiplying the
R/AL factor can be resummed [34]:

<1+ T n )_ 1 _c
60 L2 - = o(L)
30L2

Thus, the behaviour of the linear term in R of the Nambu-Goto string width is expected to be:

wQ(a,L,R):U(lL)ﬁ—i—--- (2.17)
A reliable numerical test of this conjecture is one of the main goals of this work.

The numerical approach described in the next section allows in principle for the calculation
of any observable over the probability density of the EST model under study. Thus, we focus
our attention also on a new observable defined as a combination of the quartic and quadratic
moments of the flux density in the midpoint ¢(7, R/2):

(Y1, R/2))~

V=130 ra)2

(2.18)



As in eq. (2.14), the expectation values (...), are computed fixing the spatial coordinate
to R/2. In the literature (albeit in different contexts) the quantity U is called the Binder
cumulant and we shall denote it as such in the following. It is identically zero if ¢(7, R/2)
follows a Gaussian distribution: in this sense, it can be used as a probe of the non-Gaussianity
of the flux density. In the LGT framework it is used to describe the “shape” of the flux
tube, see ref. [38].

Finally, to avoid confusion, let us stress that the string width that we discuss in this section
is a purely quantum effect, as at the classical level the Nambu-Goto string has zero width.
This is one of the reasons behind the difficulty in obtaining analytical results for this quantity.

2.4 Higher-order terms beyond the Nambu-Goto action

The study of the higher-order corrections beyond the Nambu-Goto action represents one of the
most interesting open problems in EST. These corrections must respect Poincaré invariance in

the target space and thus the first few allowed terms for a three-dimensional target space are!

Sear = /2 d26\/g[o + MR +1aK? + 73t -] (2.19)

where 7; are coupling constants, R represent the Ricci scalar, and K is the extrinsic curvature.
This expansion is strongly constrained by the so called “low energy universality” which states
that the first two terms can be neglected when studying ordinary non-Abelian LGTs. In fact R
is a topological invariant in two dimensions and it can be neglected. Furthermore, the K? term
is proportional to the equation of motion of the Nambu-Goto action and can be eliminated
by a suitable field redefinition. There are however a few exceptions to the last statement:
the most interesting one for our purposes is represented by the Polchinski-Yang solution of
the rigid string [39], in which the Nambu-Goto term is treated as a small perturbation of
the IC? one. This particular case seems to be realized in the so called “reconfined phase” of
trace deformed Lattice Gauge Theories [40]. For this reason we studied (separately) both
the inclusion of the K? and of the K* term in the EST action looking at the following two
“Beyond Nambu-Goto ” (BNG) actions, namely:

SéNG - SNG + S}C2 (220)
S2 o = Sng + Sk (2.21)

It is interesting to notice that the first of these two actions has indeed a long history. Originally
introduced to describe the physics of fluid membranes [41-43], it was later proposed by
Polyakov and by Kleinert as a way to stabilize the Nambu-Goto action [44, 45]. It is often
denoted as “rigid string” since the IC? term is expected to increase the stiffness of the string.
As we shall see below, our results on the string width confirm this intuition. To the best
of our knowledge, this is the first time that an explicit quantitative evidence of the effect
of the rigidity term in the width of the rigid string is reported.
Following ref. [9] we approximate K? to the first order:

K2 ~ (3080 (2))? + (01019(x))? + 2(01800())?). (2.22)

In four dimensions, due to the presence of two transverse fields two different invariants can be constructed

at level four.



Thus, we can write the discretized version of the two terms as follows:

S (0) =2 3 Liz((x)) (2.23)
rEA

Sei(6) =3 3 (Le2(6(x))) (2.24)
rEA

where:

Le2((7,€)) = (BT + 1,€) — 20(r,€) + d(T — 1,€))°+
+ (¢p(r, e+ 1) — 2¢(7,€) + ¢(7,€ — 1))2—|-

+é(¢(T+1,€+1)+¢(T—1,6—1)—¢(T+1,6—1)—¢(7’—1,6+1))2
(2.25)

Some special care has to be taken on the boundary € = R: the regularization must take into
account the Dirichlet boundary conditions. The non-vanishing terms are:

2

Ly2(p(1, R)) = (p(7, e — 2) — 2¢(1,¢ — 1))* + %(Qf)(T —l,e—1)—¢(t+1,e—1)) (2.26)

In the following we study numerically the actions of egs. (2.23) and (2.24), by keeping o
fixed and using the NG action as the starting point of our flow-based approach. The perturbing
parameters of the flows will be ~9 and 73 respectively. Our goal will be to understand how the
shape and thickness of flux tube change as a consequence of the addition of the 2 or K* terms.

3 Sampling the Nambu-Goto action with Stochastic Normalizing Flows

Stochastic Normalizing Flows (SNFs) [28, 29] are a class of generative models that combine
non-equilibrium Markov Chain Monte Carlo (NE-MCMC) simulations based on Jarzynski’s
equality [30], that have seen widespread use in lattice field theory in recent years (see
refs. [46-51]), with Normalizing Flows, a deep-learning approach that we briefly discuss
later in this section.

Jarzynski’s equality is a powerful relation in non-equilibrium statistical mechanics that
relates the ratio of the partition functions of two equilibrium distributions to an average

over out-of-equilibrium processes:
Z
?0 = <eXp(_w(¢Oa¢la"'7¢N))>f- (31)

)

Each non-equilibrium evolution starts from a configuration sampled from the initial “prior’
distribution

qo(do) = e—So(¢>o)/Z0
and ends after NV steps at the final “target” distribution

p(¢) =59z

During the evolution the intermediate configurations ¢, are sampled with a Monte Carlo
algorithm that satisfies detailed balance using the intermediate action S, defined by a



protocol n,. The protocol represents the set of parameters that interpolate the prior action
Sno = So and the target action S, = S. The quantity w(¢o, ¢1,...,¢n) is the dimensionless
work done on the system during each evolution, defined as:

w(¢07¢17"' 7¢N) = ST]N[¢N] - SV]O[¢O] - Q(¢07¢17' . a¢N)

N1 (3.2)
Q(d)()v d)lv s 7¢N) = Z {Sﬁn-H [¢n+1] - Sﬁn+1 [an]}
n=0

where we also defined the heat Q. In eq. (3.1) the average (...)s is taken over all the possible
realizations of the evolution defined by a protocol 7,. We refer for example to refs. [46, 47]
for a derivation of these results in the context of Markov Chain Monte Carlo for lattice field
theory. Let us stress that only the configurations at the beginning of each evolution must
be at thermodynamic equilibrium, i.e. sampled from the prior distribution gg. Conversely,
at each intermediate step the configuration ¢, will be generated using an action §,,,, which
will in general drive the system away from the equilibrium in a way dictated by the protocol
Nn. Finally, computing the expectation value of general observables is possible using a
reweighting-like formula similar to eq. (3.1), namely

(O(¢n) exp(—w (o, P1,- .., ON))) s
(exp(—w(¢o, ¢1,-..,0N)))f

where (...), is the expectation value according to the target distribution p; we refer to

(O)p = (3.3)

ref. [50] for further details on out-of-equilibrium evolutions.

Non-equilibrium Markov Chain Monte Carlo can be combined with Normalizing Flows [21]
to build SNFs. A Normalizing Flow is a parametric diffeomorphism gy : R* — R? which maps
a prior go into a learned distribution gy that approximates the target p(¢) = exp(—S[¢])/Z.
Normalizing Flows are generally built as a discrete sequence of transformations, i.e.

99 = 96, ©---© 9o, ©--. 0 Go

where n is the total number of the invertible transformations gy,, called coupling layers.
The transformation of each layer i is implemented using neural networks with parameters
0;. Normalizing Flows make the exact computation of the density of the samples possible
using the change of variable theorem: in particular, the probability density of the output
go(do) of a Normalizing Flow can be written as:

q0(g6(c0)) = qol¢o) e 8”7

el 34

n=0

where Jp(¢p) is the Jacobian of the field variable transformation performed in the n-th
layer of the flow.

Finally, Stochastic Normalizing Flows are created by interleaving non-equilibrium Monte
Carlo updates with Normalizing Flow layers. The (generalized) work is now defined as

w(@0; D1, -+, ON) = Sy [ON] = Spoldo] — Q@ —log J (3-5)



where the term ) comes from the N stochastic updates and the term J from the Jacobian
of the n¢ coupling layers. The training of SNFs is performed by minimizing the Kullback-
Leibler divergence between the probability of “forward” (from prior to target) and “reverse”
evolutions, namely

Drr(qoPr|lanPr) = (w(¢o, ¢1,-..,0N)) s + IOgZZJ(\: (3.6)

where P; and P, represent respectively the forward and the reverse transition probabilities
of each SNFs: we refer to [29] for further details.

In this paper, we took inspiration from the T'T irrelevant integrable perturbations [33, 52]
to design our Physics-Informed Stochastic Normalizing Flows (PI-SNF). Specifically, we used
as a prior distribution a massless free field regularized on the lattice:

Silé] = Sol6] = 5 - (0,0 (37)

zeA

while we chose the intermediate actions for the non-equilibrium Monte Carlo updates to
correspond simply to the Nambu-Goto action with a string tension o, i.e.

An, (9] = exp(—Sy, [0])/Zn
Spnld) = on Y <\/1 + (0,0(2))2 )00 — 1).

zEA

(3.8)

The specific protocol for o, that we have followed in this work is a linear interpolation in
the inverse of the string tension, starting from 1/0 = 0 (i.e. the action of eq. (3.7)) and
ending at the inverse of the target value of the string tension. In the case of the higher-order
corrections we use as a prior distribution the NG theory (again obtained with a SNF) and
then the couplings 72 or <3 are switched on using a linear protocol.

4 Numerical results

4.1 Simulation details

The PI-SNFs used in this work are made of “blocks”, each of which is composed by two
affine coupling layers with even-odd masks [53] and one Hybrid Monte Carlo (HMC) [54]
update. The two affine layers in each block share the same convolutional neural networks,
while the number of kernels and of hidden layers varies depending on the lattices under study.
The HMC update uses a leapfrog integrator with 10 steps and a stepsize of 0.1. The free
boson distribution (representing the prior distribution in our method) is sampled with a
procedure similar to the one used in ref. [31]: we first sample a Gaussian distribution with
identity covariance, and then we rescale the samples using the eigenvalues of the theory to
obtain free field configurations in the momentum space. Finally, we transform the samples
using the eigenfunctions of the analytical solution: the eigenvalues and eigenfunctions of
the free field solution are discussed in ref. [19].

To train the models, we strongly rely on transferring the parameters of the networks
between volumes. We first trained a single PI-SNF for a 40 x 40 lattice at fixed target

,10,



coupling for 5000 iterations of the Adam algorithm [55] with batch size 32 and learning rate
0.0001; we then used the weights of this flow as the initialization for the other lattice volumes
and trained for 100 iterations with learning rate 0.00001.

The partition function and the expectation value of the width are computed using
egs. (3.1) and (3.3) respectively. In order to study the Binder cumulant we used the output of
the PI-SNFs as a proposal for an independent Metropolis-Hasting procedure, see for example
ref. [56]: the expectation values of eq. (2.18) are then computed on the configurations of
the new Markov Chain. The code is based on the PyTorch library [57] and the statistical
analysis is performed using pyerrors [58].

4.2 Nambu-Goto: partition function

We start by using analytical results for the Nambu-Goto partition function as a benchmark of
our approach. In particular, our goal is to test the ability to clearly distinguish the prediction
of the NG action from that of the free bosonic action, i.e if we are able to see the effect of
the higher order terms in the NG action beyond the first order approximation.

In order to pursue this program, we had to reach small values of the string tension o
while keeping the lattice sizes reasonably large. This is a particularly demanding setting
even for flow-based approaches, as the CNF used in ref. [19] could sample only values of
o ~ O(10). The SNF architecture used in this work represents a substantial improvement in
the scaling with the string tension, as values of ¢ ~ O(1072) are now accessible.?

In order to make the analysis more straightforward, we set our simulations in the high-
temperature regime in which the expected behaviour of the NG free energy is given by
eq. (2.12). We computed the partition function of the NG model for ¢ = 1/30 and o = 1/50
and for lattices with R € [60,100] and L € [10,15]. We first fitted the results for —log Z
in R with an expression inspired by eq. (2.12), namely

—logZ =a(L)o R+ b(L) + ¢(L)log(R). (4.1)

The results for the various coefficients are reported in table 3. Next, we take a closer look at
the coefficient a(L) by using a functional form reminiscent of the NG behaviour of eq. (2.13).
In particular, we fit a(L) in L using

a(L) = ( -2 +a1> L (4.2)

where a; is an undetermined bulk constant, while according to eq. (2.12) we expect ag =
7 = 1.047.... Results of the fits are reported in table 1 and the corresponding curves
are displayed in figure 2.

We find in both fits an excellent agreement of the parameter ag with the expected result
% = 1.047.... Crucially, the difference between the whole square root behaviour of eq. (4.2),
a clear fingerprint of the NG action, and the free bosonic action is clearly visible in our data
(see figure 2). This provides compelling evidence that other observables can be reliably and

efficiently addressed using a SNF architecture.

2We stress that in ref. [19] it was showed that CNFs scaled much better than a standard HMC simulation
and were by far the more efficient sampler.
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Figure 2. Results for the coefficient a(L) of the partition function of the lattice Nambu-Goto model,
for various values of L and for o = 1/30 (left panel) and ¢ = 1/50 (right panel). The expected
behaviour for the Free Boson and the Nambu-Goto actions are also shown.

2
ag agon al Xred

1/30 | 1.03(2) —52.517(3) 0.33

1/50 | 1.04(7) —98.99(1) 1.56

Table 1. Results for the coefficients of the fit of a(L) of eq. (4.2).

4.3 Nambu-Goto: string width

The natural next step in this program is to use numerical simulations to compute observables
that lack an analytical description. In particular, as we mentioned above, we are interested in
the string width cw? (see eq. (2.14)): we performed independent simulations with R € [30, 100]
and L € [5,20] at fixed o = 1/10.

We focus our analysis on the high temperature (R > L) setting; mimicking the behaviour
of eq. (2.17) we fitted the R dependence of our results with the following expression:

ow?(L,R) = f(L)R + g(L); (4.3)

the results of the two fit parameters are reported in table 4. Then, we fit again in L the
coefficient f(L) using

0 =4 (1_1f + fl) (4.4

ol?
where fi is an undetermined bulk constant and fj, according to the conjecture mentioned in
section 2.3, should take the value 7/3. Results of the fit are reported in table 2.

Looking at table 2 we see that our result fy = 1.01(9) remarkably agrees with the
conjectured coefficient /3 = 1.047.... This can be appreciated in figure 3 as well, where
we compare our data for the combination 4L f(L) — f1, which corresponds to the numerical
prediction for the term o /o (L), with the true value reported in eq. (2.13). Notice that the
free bosonic solution would correspond to a flat horizontal line, which is clearly excluded
by the data.
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1.01(9) 12.35(1) 0.47

Table 2. Results for the coefficients of the fit of f(L) of eq. (4.4).
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Figure 3. Results for the numerical prediction of the term o/o(L), which corresponds to the
coefficient f(L) of the string width for o = 1/10, after removing the divergent term f; and multiplying
by 4L. The solid curve corresponds to the true value from eq. (2.13).
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Figure 4. Results for the width cw?(R, L,72) at high temperature (R > L = 20, left panel) and at
low temperature (R < L = 80, right panel). The v = 0 case is equivalent to the Nambu-Goto action.

4.4 Beyond Nambu-Goto: the string width in presence of the K2 and K* terms

We performed numerical simulations in the presence of a X2 term both in the high- (L < R)
and low- (L > R) temperature limits, where the theoretical expectations for the free bosonic
string have simple analytical expressions, see eqs. (2.15) and (2.16). We set 5 € [—0.05,0.1],
we fixed o = 100: all results for the width are plotted in figure 4 for both regimes.

As it can be seen from both panels of figure 4 the rigidity term has a strong effect on the
string width. As 7, increases the width of the string decreases; its dependence on R changes as
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Figure 5. Results for o) (1) and a")(v;) (left panel), and for R.(72) (right panel).

well and it becomes flatter. This is consistent with the qualitative picture in which the rigidity
term “squeezes” the quantum fluctuations of the string: yet, the magnitude of this change is
surprising. We made an attempt to analyse the contribution of the rigidity term by fitting our
data with a functional form inspired by the free boson behaviour of egs. (2.15) and (2.16).

Studying the high-temperature regime first, we fixed L = 20 and chose values of the
spatial extent so that R > L; then we fitted the R dependence of our results using the

following functional form

R
owhyry (R, L, v2) = afT) (72)E + 5T () (4.5)

This two-parameter fit works extremely well for all values of vs: the results are reported

(HT) (49) is displayed in figure 5 as well. The ~; = 0 result

in table 5 and the parameter a
for a™T) is quite close to 1, which is the value expected for the Free Boson action and
consistent with the large value of 0. More interestingly, deviations from this value at o # 0
are quite remarkable and clearly visible.

The same happens in the low-temperature regime, which we realized by fixing L = 80
and choosing this time R < L. In this case we fitted the data with the following functional

form inspired by eq. (2.15):

1

log R
ol (R, L) = a™ (32) 5= 4 600 (92) 4 e (12) 5

= (4.6)

Results for the various coefficients are reported in table 6, with o) (72) being plotted in the
left panel of figure 5 as well. Interestingly, the behaviour of the coefficient of the logarithm
looks qualitatively similar to that of aT)(v;) in the high-temperature limit.

Finally, we can relate the R.(72) term as it appears in eq. (2.15) with the b(F0) ()
coefficient simply assuming

Re(72) = exp (—2mb™) (72)); (4.7)

we show the values of this term in the right panel of figure 5.
Interestingly, all the values of R, (and in particular the one at v9 = 0 which corresponds
to the pure Nambu-Goto model) are below one lattice spacing, providing evidence that we
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Figure 6. Results for the width cw?(R, L,~3) at high temperature (R > L = 20, left panel) and at
low temperature (R < L = 80, right panel). The 3 = 0 case is equivalent to the Nambu-Goto action
with no K* term.

can trust our model down to very small values of R or L. Furthermore, a value of R, smaller
than one lattice spacing is perfectly consistent with the absence in our model of an intrinsic
width of the flux tube. Conversely, the value of R, measured in non-Abelian LGTs is usually
rather large, of the order of the inverse of the glueball mass. Thus, these results suggest that
the value of R, computed in non-Abelian LGTs is mostly if not entirely due to the intrinsic
width, with essentially no contribution from the quantum fluctuations of the EST.

Modeling the o dependence of our coefficients is beyond the scope of this work. In
the spirit of our approach, we hope that our numerical results, reported in tables 5, 6, 7, 8
could be used to inspire and possibly benchmark future analytical studies of the string width
in presence of the K? correction.

We turn now to the study of the EST model described by eq. (2.21), i.e. with inclusion
of the KC* correction. We performed a similar analysis, both in the high- and low-temperature
limits, choosing the same values of o, R and L and 73 € [—0.0005,0.1]. On a qualitative level,
we found very similar results for the string width, which are fully reported in figure 6.

As before, we fitted our data with the same functional forms discussed above, namely
egs. (4.5), (4.6) and (4.7), and we found the results reported in tables 7 and 8 and plotted
in figure 7 as a function of the ~3 coefficient.

We conclude this section by stressing a few important consequences of our analysis. The
most interesting outcome of our simulations is that the effect of both the K2 or the K* term
on the string width is very strong. Conversely, in ordinary non-Abelian LGTs the behaviour
of the string width is very well described by the pure Nambu-Goto prediction: our results
suggest that in the EST describing the gauge theories terms beyond the NG approximation
should be either absent (as it is the case for the K? term, due to the low energy universality)
or very small (as it has been recently observed for the K* term in refs. [10, 14, 15]). At the
same time it is clear that the string width represents a powerful tool to detect the possible
presence of a rigidity term in other gauge theories on the lattice, such as the trace-deformed
LGTs or the three-dimensional U(1) model.

Furthermore, it is particularly interesting to study the behaviour of the critical radius
R, as a function of 5 and 3. Looking at figures 5 and 7 we see that in both cases R,
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Figure 7. Results for o) (y3) and a1 (v3) (left panel), and R.(y3) (right panel).

increases as a function of v or -3, but with different shapes. Modeling this behaviour might
provide a tool to distinguish between the two types of corrections: in particular the critical
radius seems to scale linearly with ~5 in the K? case. In this respect it is interesting to notice
that a qualitatively similar behaviour of R, was recently observed in the three-dimensional
U(1) model [59]: in this setting confinement, thanks to the Polyakov solution [60], is indeed
expected to be described by a rigid string. More precisely, in this model the rigidity term
is expected to become more and more important as 8 (the coupling constant of the model)
increases and, remarkably, also R, is observed to increase as (3 increases [59].

4.5 Binder cumulant

We compute the Binder cumulant U using eq. (2.18) and we use it as a quantitative probe to
understand whether the distribution of the field variable ¢(7, R/2) (which contains info about
the flux tube profile) is compatible with a Gaussian distribution (for which U = 0) or not.

4.5.1 The Nambu-Goto action

In figure 8 we report the results for U, for square lattices, in the case of the pure Nambu-Goto
action for decreasing values of ¢ and various values of the volume L x L of the lattice.

As expected, the cumulant is almost vanishing for large values of ¢: in this regime we are
very close to the Free Boson limit and we expect the profile of the flux tube to be Gaussian.
Interestingly, for decreasing values of the string tension, the cumulant becomes negative before
reaching what appears to be a plateau for o < 1/3, see left panel of figure 8. This might
suggest that the profile of the flux tube (i.e. our field variable ¢) is not Gaussian anymore as
soon as the Free Boson approximation is not valid. However as we increase the lattice size
L this trend becomes weaker and weaker, see the right panel of figure 8, suggesting that a
finite-size effect due to Dirichlet boundary conditions might be responsible for a nonzero U.

A possible way to test this issue is to study the NG model in an asymmetric setting,
i.e. either in the high- or in the low-temperature limit, in which either R or L is very large.
In figure 9 we report the results we obtained for the cumulant U as a function of \/oR,
for several combinations of ¢ and R.

In the high temperature case we observe values of U different from zero only for very
small values of \/oR. These values have large errors and fluctuate randomly around zero.
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Figure 8. Results for the Binder cumulant U as a function of 1/o for a 20 x 20 lattice (left panel)
and for various lattice volumes L X L (right panel) in the Nambu-Goto lattice model.
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Figure 9. Results for the Binder cumulant U as a function of /o R in the high-temperature limit
(R > L =8, left plot) and in the low-temperature limit (L = 80 > R, right plot). Different colors
represent different values of the string tension o.

This behaviour agrees with the idea that the deviations are only due to the Dirichlet boundary
conditions which are almost negligible in the high temperature limit. In the low temperature
limit, i.e. when L (the direction along which we fix Dirichlet boundary conditions) is large
and the Dirichlet b.c. play a more important role, we see a systematic deviation of the Binder
cumulant for small values of /o R, which is exactly the region of parameters in which the
effect of the Dirichlet boundary conditions may propagate more easily in the bulk.

4.5.2 The Binder cumulant in presence of the K2 or the K* terms

We performed a similar analysis also for the actions which include the K2 or the K* correction
terms following a strategy similar to the one used in section 4.4. We set ¢ = 100 and then
we varied the coefficients 9 or 3 and the lattice sizes L and R: results are reported in
figure 10 and in figure 11 respectively. In both figures we report in the left panel a scan
in the 72 or 3 coefficients for a 20 x 20 lattice, while in the right panel a scan in R for a
fixed value of 79 or 3 and selected values of L.

In the case of the K? action (the “rigid” string) we see essentially no deviations with
respect to U = 0. On the contrary, in the K% case a small deviation from a vanishing Binder
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Figure 11. Results for the Binder cumulant U in the NG model with the inclusion of the * term,
as a function of 73 for a 20 x 20 lattice (left panel) and as a function of R for fixed v3 = 0.02 (right
panel); in both plots o = 100.

cumulant can be detected even for rather small values of 3, see figure 11. Interestingly, this
deviation is positive, i.e. it goes in the opposite direction with respect to what we observed
in the NG case. As in the NG case its intensity decreases as R increases and thus seems
to be again a boundary effect.

Let us close this section with a final important remark. In ordinary LGTs the Binder
cumulant of the flux tube is typically always negative, much larger in magnitude than the
values that we have found in the current work; furthermore, it shows a different dependence
on R. Thus, the behaviour of the shape of the flux tube in LGTs is completely different from
the ESTs that we study here [38] and a quantitative description of its origin can be found in
the intrinsic width of the confining flux tube that we mentioned above.
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5 Conclusions

This paper is the natural completion of ref. [19]: in that work, methods based on Normalizing
Flows provided an efficient way to sample lattice EST models (like the ones discussed in
this paper), which would be extremely challenging to tackle with standard Monte Carlo
simulations otherwise. In this contribution, thanks to a novel flow-based architecture (the
Stochastic Normalizing Flows described in section 3) we could overcome the limitations of
the Continuous Normalizing Flow approach used in ref. [19]. In particular, we could reach
values of the string tension that allowed us to perform reliable numerical studies both of the
Nambu-Goto action and of models with additional terms proportional to a quadratic and a
quartic power of the extrinsic curvature. A natural focus of our numerical effort was on the
behaviour of the quantum width of the string, for which very few analytical results exist.

Our results have several relevant implication for LGTs studies of confinement. First of
all, we have been able to measure the contribution to the string width of the terms included
in the Nambu-Goto string beyond the free bosonic approximation. In particular we have
confirmed a conjecture on this behaviour proposed a few years ago in ref. [34].

Concerning terms beyond the Nambu-Goto action proportional to powers of the extrinsic
curvature, we have seen that they have a sizeable effect on the width: it is clear that this
observable represents a natural probe for the identification of these higher order terms. In
particular the fact that in Monte Carlo simulations of ordinary non-Abelian LGTs the width
of the flux tube follows rather precisely the expected Nambu-Goto behaviour is another proof
of the fact that for these models the 2 term is absent (in agreement with the so called “low
energy universality”) and the K? term has a very small coefficient [10, 14, 15].

Furthermore, we have shown that a powerful tool to detect the presence of a rigidity
term in the action is the critical radius R, which, in presence of a Si2 term in the action,
grows linearly with the coefficient 75, see eq. (2.23).

Finally, we have shown that the corrections to the Gaussian behaviour are in general very
small and show a dependence on R perfectly compatible with boundary effects. Crucially,
the behaviour of the Binder cumulant in LGTs is pretty different from the one that we have
observed for the EST models analyzed in this work. These results support a picture in which
the shape of the flux tube in LGTs cannot be quantitatively described by the EST only, but
requires the addition of a further contribution, the so-called “intrinsic width” [37]. In the
EST language this contribution is associated to the critical radius R., which identifies the
scale below which the EST description is not valid any more.

The main goal of this work was to show the feasibility of SNF simulations for a variety of
effective string actions and the predictive power of numerical EST results. Our aim is not to
solve these models, but to provide a reliable numerical framework that can work in synergy
with analytical efforts in this direction. We think that the same methods could be applied
to several other models, both in the context of more complicated EST constructions or in
the study of other classes of effective theories. In particular, a natural candidate for further
exploration is the extension of our model to two transverse degrees of freedom, which is the
basic requirement for a EST description of four dimensional LGTs. In this context it would
be interesting to study the so called “axionic string” which has been proposed in ref. [61] as
a possible EST candidate for four dimensional LGTs. Similarly, another candidate for further
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numerical work would be the Polchinski-Yang limit of the rigid string [39], for which an exact
solution of the free energy exists, but no information of the width and shape is available.
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A Fits of numerical results

o | L a(L) b(L) (L) Xiea
30 | 10 -516.87(3) 19.8(2) 0.78(8) 0.63
30 | 11 -568.17(4) 22.5(3) 0.6(1) 0.89
30 | 12 -619.60(5) 24.4(4) 0.6(1) 1.17
30 | 13 -670.95(4) 27.1(4) 0.5(1) 0.90
30 | 14 -722.38(4) 29.3(4) 0.5(1) 0.98
30 | 15 -773.85(5) 31.1(4) 0.5(1) 1.05

50 | 11 -1080.5(1)  25.2(5 1.87

50 | 12 -1178.26(7 0.65

(

50 | 13 -1276.04(6
(
(

o0 | 14 -1373.93(7 0.58

(5) (2)
) (3) (1)
) 30.2(4) 0.5(1) 0.69
) (3) (1)
50 | 15 -1471.57(7) (4) (1) 0.6

Table 3. Results for the coefficients of the fit of log Z of eq. (4.1).
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L f(L) g(L)  xiq

5 0.683(3) 26(1) 1.12
6 0.562(3) 3.1(1) 0.85
7 0480(2) 3.5(1) 1.78
8 0411(2) 3.79(7) 1.12
9 0.372(1) 4.12(5) 0.57
10 0.335(1) 4.33(6) 1.35

11 0.3052(7 0.462

12 0.2779(9 0.80

13 0.2584(9 0.93

14 0.2387(7

0.91

16 0.2092(6 0.71

17 0.1961(7 1.01

18 0.1852(8 1.16

19 0.1754(7 1.17

(7)
()
(6)
(7) (3)
(9) (4)
(9) (4)
(7) 5.17(3) 0.64
15 0.2231(8) 5.29(4)
(6) (3)
(7) (3)
(8) (4)
(7) (3)
(6) (3)

20 0.1669 0.98

Table 4. Results for the coefficients of the fit of ow? of eq. (4.3).
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vo o al®mD () BHD () 2y
0.05 1.275(8) 0.613(7) 1.13
0.04  1.214(6) 0.565(5) 0.90
0.03  1149(7)  0.535(6) 1.34
0.02  1101(6)  0.496(5) 1.22
001 1.062(5) 0.462(4) 1.09
0.0  1.013(4) 0.445(4) 1.01
0.01  0.964(5) 0.429(4) 1.19
0.02  0.931(5) 0.408(4) 1.14
0.03  0.905(5) 0.385(4) 1.2
0.04 0.867(4) 0.375(3) 0.80
0.05 0.838(4) 0.362(4) 0.98
0.06 0.816(4) 0.344(4) 1.05
0.07 0.784(4) 0.338(4) 1.01
0.08 0.760(5) 0.327(4) 1.33
0.09 0.747(4) 0.310(3) 0.73
0.1  0.723(5) 0.304(4) 1.31

Table 5. Results for the coefficients of the fit of eq. (4.5) in the high-temperature limit.
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v al () () () xEg
0.05 1.354(5) 0.256(2) 0.07(2) 117
004 1.253(5) 0.241(2)  0.0(2) 163
0.03 1172(3)  0.227(1) -0.04(1) 0.77
0.02 1.111(4)  0211(2) -0.03(2) 155
0.01  1.056(3) 0.200(1) -0.04(1) 0.80

0.0  1.008(3) 0.188(1) -0.04(1) 1.16
0.01  0.966(4) 0.178(2) -0.048(2) 2.29
0.02  0.928(2) 0.170(1) -0.04(1) 0.74
0.03  0.902(2) 0.1579(9) -0.015(8) 0.59
0.04 0.871(2) 0.1508(7) -0.021(7) 0.46
0.05 0.841(3) 0.145(1) -0.03(1) 1.28
0.06 0.817(2) 0.138(1) -0.02(1) 1.10
0.07  0.795(2) 0.1314(8) -0.010(7) 0.62
0.08 0.770(3) 0.127(2) -0.02(1) 2.25
0.09 0.758(3) 0.119(1)  0.01(1) 1.66

0.1 0738(3) 0.114(1) 0.02(1) 1.35

Table 6. Results for the coefficients of the fit of eq. (4.6) in the low-temperature limit.
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vz a®D(yg)  bED () x2,

0.0 1.016(4 0.82

0.005 0.893(5 0.79

0.01 0.807(6 0.88

0.02  0.729(7 1.14

0.03 0.671(6 1.35

0.04 0.628(4 0.69

0.06  0.571(5 1.09

0.07  0.544(4 0.72

0.08 0.526(4 0.77

0.09  0.502(4 0.57

(4) (4)
() (4)
(6) ()
(7) ()
(6) ()
(4) (4)
0.05 0.598(5) 0.234(4) 1.10
() (4)
(4) 3)
(4) 3)
(4) (4)
() (4)

0.1 0.485(5 0.92

Table 7. Results for the coefficients of the fit of eq. (4.5) in the high-temperature limit for a model
including both the NG and K* terms in the action.
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V3 a(y3) D (y3) D (v3) X2,

0.09 0.553(3

-0.0005 1.031(4) 0.195(2) -0.05(2) 1.08
0.0  1.008(4) 0.189(2) -0.06(2) 1.35
0.005 0.889(3) 0.146(1) 0.02(1) 0.71
001  0.820(4) 0.128(2) 0.05(2) 1.02
0.02  0.742(4) 0.104(2) 0.7(1) 091
0.03  0.689(5) 0.091(2) 0.09(2) 2.03
0.04  0.655(4) 0.080(2) 0.11(2) 1.43
0.05  0.631(3) 0.070(1) 0.12(1) 0.90
0.06  0.603(4) 0.067(2) 0.10(2) 1.66
0.07  0.586(3) 0.061(1) 0.121(9) 0.58
0.08  0.567(3) 0.057(1) 0.107(9) 0.69

(3) (1)

(3) (1)

0.11(1)  0.91
)

0.10 0.534(3 0.77

Table 8. Results for the coefficients of the fit of eq. (4.6) in the low-temperature limit for a model
including both the NG and K? terms in the action.
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