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Abstract

We introduce modified energies that are suitable to get upper bounds on the high Sobolev norms for
solutions to the 1D periodic NLS. Our strategy is rather flexible and allows us to get a new and simpler
proof of the bounds obtained by Bourgain in the case of the quintic nonlinearity, as well as its extension to
the case of higher order nonlinearities. Our main ingredients are a combination of integration by parts and
classical dispersive estimates.
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1. Introduction

This work fits in the line of research initiated by Bourgain in [2] aiming to prove polynomial
upper bounds on the solutions of nonlinear dispersive PDE’s on compact spatial domains. Such
bounds necessarily rely on the dispersive smoothing effects satisfied by the solutions. Starting
from the pioneering paper [2] many contributions appeared in the literature about the topic,
we mention in particular [6], [14], [16], [17], [18], [19], [20], [21], [22], [23], [24] and the
references therein. Also the question of lower bounds on the Sobolev norms, namely the existence
of unbounded orbits in Sobolev spaces, has been extensively studied in the literature, see [5], [8],
[9], [10], [11], [12] and the references therein.

We consider from now on the non-linear Schrodinger equation in the one-dimensional peri-
odic setting

idu+d2u — ulu|>» =0, (t,x)eRxT, (LD
u(0,x) =uo(x) € HX(T), '
where p,k € N and p > 2, k > 1. It is well-known that the Cauchy problem (1.1) admits one
unique global solution in the space C(R; H*(T)) (see Section 2 for details about the Cauchy
theory). Hence the rest of the paper is devoted to the analysis of the behavior of such solutions
for large times, in particular we consider the question of a—priori bounds of the possible growth
of Sobolev norms.

It is worth mentioning that if we consider the same Cauchy problem posed on the line R
then no growth phenomenon of Sobolev norms is possible, indeed all the Sobolev norms are
uniformly bounded as a consequence of the scattering results proved in [13] for p > 2 and [7]
for p = 2. We also recall that growth of Sobolev norms is not allowed for solutions to (1.1) for
p = 1. Indeed cubic NLS (in both cases T and R) is completely integrable and in particular the
corresponding solutions satisfy infinitely many conservation laws that allow to control uniformly
in time the Sobolev norms H*(T) for every k € N.

It is quite elementary to show that the Cauchy problem (1.1) is globally well-posed for k£ > 1
(see Section 2 below for a precise statement on well-posedness). In the sequel we will set the
initial condition at an arbitrary time 79 € R, namely we shall consider the Cauchy problem

idu+d2u — ulul>» =0, (@t,x)eRxT,

u(to, x) = ug(x) € H*(T). (1.2)

Along the rest of the paper we use the following norm associated with H*(T)
et ey = Nl G2y + 1952072
Our main result is the following statement.

Theorem 1.1. Let to € R, k, p e N withk > 1 and p > 2, R > 0 and ¢ > 0 be fixed. Then there
exist C, T > 0 and an energy

& HY(T) — R,
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with the structure
2
€)= ul i p, + Fie(w) (1.3)

such that the following property holds: if u(t,x) € C(R; H*(T)) is the unique solution to (1.2)
with

lu(to, M grery <R

then we have:

2kt
sup | Fp@@)| < Clluo) o, » (1.4)

te(to—T.10+T) HE(D)
Ee(u(®) = Eu)) + ClluCto) gy » V2 €lto—=T,10+T). (1.5)

The proof of Theorem 1.1 is an elaboration on the techniques introduced in [15,16]. In the
case k # 3m (m € Z), we use the rather classical Zygmund L* space-time bound for linear
solutions to the Schrodinger equation combined with the analysis of the invertibility of a matrix
with dimension growing along with k. Compared with [16], we have to deal with a complex
valued u: for such u the construction of the modified energies is significantly more involved.
In the case k = 3m we have to use slightly more delicate dispersive tools involving Bourgain’s
spaces, to deal with unfavorable terms that cannot be eliminated by integrations by parts. Along
the proof we shall also see that, except for the case k = 3m, we can set ¢ =0 in Theorem 1.1.

As a byproduct of Theorem 1.1 we get the following consequence about the polynomial upper
bound on the growth of Sobolev norms of the solutions of (1.1).

Theorem 1.2. Let k, p € N withk > 1 and p > 2, R > 0 and ¢ > 0 be fixed. Then there exists
C > 0 such that for every ug € H*(T) such that luoll g1 Ty < R we have the bound

k=1
lu ()| e cry < Cliwoll ey + Ct 2+ (1.6)

where u(t, x) is the unique global solution to (1.1). Moreover, in the case k # 3m (m € Z), we
have (1.6) with ¢ =0.

The proof of the Theorem 1.2 is classical once Theorem 1.1 is established (see e.g. [14]). In
the case p = 2, Corollary 1.2 recovers the result of [3] with a different proof. In the case p >3

the result of Corollary 1.2 is new and improves on [6] where the following weaker bound is
obtained:

@) ey < Clloll gy + CHE1He. (1.7)

Observe that the bound (1.7) is a consequence of [14] where the same bound is established for
solutions of NLS on T? by simply considering a data independent of one of the variables.
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Notations. Along the paper we shall denote by H* the Sobolev space H*(T') and more generally
by W57 the Sobolev space WXP(T). We denote by €l the group associated with the linear
Schrodinger equation with periodic boundary condition. For any p € [1, oo], (X, | - ||) Banach
space and / C R interval, we denote by ||u||1»(;. x), where u is any space-time function, the norm

1
defined by (f, |l (2) ||§dt)5 for p # oo, with the usual modification for p = oco. For shortness we
shall write [ f = [ f (x)dx for any time—independent periodic function and for time-dependent
functions [, [ f = [, [p fdtdx for any time interval / C R.

2. Preliminary facts on the Cauchy theory

In this section we gather together some well-known facts about solutions to (1.2) that will
be useful in the sequel. We consider two different functional settings, the first one is the usual
Sobolev spaces, the second one is the more sophisticated Bourgain’s X*? spaces framework.
This last framework is needed to establish Theorem 1.1 and 1.2 in the case k = 3m, all the other
cases do not require the use of the X*? spaces.

2.1. The classical Sobolev setting

Proposition 2.1. For every k > 1, R > 0 there exist C, T > 0 such that for every ty € R and for
every ug € H* with luoll g1 < R the Cauchy problem (1.2) admits one unique local solution

ut,x)eC((to—T, to+T);Hk) s.t. sup N ()|l gx < Cllu(to) || g 2.1
te(to—T,t0+T)

Moreover the unique solution u(t, x) satisfies the bound

N, )M L4 (to—T .19+ 1) whay < Clluto) || g (2.2)

Finally the local solution u(t,x) can be extended globally in time, in particular u(t,x) €
C(R; H").

Sketch of Proof. Recall that the existence of one unique solution local in time for (1.2), for
initial datum in H', follows by combining the Sobolev embedding H' c L™ along with the
fact that ¢/"% is an isometry in H'. As a consequence one can show that the integral nonlinear
operator

to+t
. a2 . 2
ur— "%y (1) —i f /IS H0% (4 (9) ()| 2P )ds

]

is a contraction in a suitable ball of the space C((to — T,t9 + T); HY, provided T = T(R)
is sufficiently small. In particular the Duhamel operator associated with (1.2) admits a unique
fixed point in this ball. This concludes the proof of the existence of a local solution in H'. The
uniqueness in C((to — T, to + T); H") follows by similar arguments. Based on the conservation
of energy (which is non-negative since we are working with the defocusing NLS) we also have
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sup [lu(t) || 1 < 00 (2.3)
t

hence by an iteration of the local existence result stated above the solution u is global in time.
By using tame estimates one can show that if the initial datum belongs to H¥ with k > 1 then
the regularity is propagated and in particular (2.1) holds. The proof of the bound (2.2) follows
by combining (2.1) with the integral formulation associated with (1.2) along with the classical
linear bound by Zygmund (see [25]):

itd? <C
le™@llra¢0,1:24) < Cll@ll2. O
2.2. The X*" setting

We first recall the definition of Bourgain’s spaces X ST’b introduced in [1]. First we introduce
the (global in time) X*-? space equipped with the norm

Mo =Y / (T +n%)% () [i(z, )P dt .
nEZ]R

For every finite interval / C R we introduce the time localized version X j’b of the spaces X*?,
defined as the space of distributions on / x T that can be extended to a global function belonging
to X*?. We equip this space with the norm

llell 5.0 = inf llll xs.0,

where the inf is taken over all global extensions & € X** of u. For b > 1/2 the space X;*b is
embedded in C(I; H*). The Cauchy theory for (1.2) can be strengthened within the X*? spaces
as follows.

Proposition 2.2. For every s > 1, R > 0 and b > % there exist C, T > 0 such that for every
to € R and for every ug € H*® with ||luollz1 < R the Cauchy problem (1.2) admits one unique
local solution

b
u(t,x) e X> s.t |[ul] ys.p < C|lu(t 5. 2.4
(t.x) € X 11y S| ||X(t07T‘t0+)_ [l (o) |l & 2.4)

Moreover the solution u(t, x) can be extended globally in time and belongs to the space Xllc’bfor
every bounded time interval I C R.

3. Construction of the energies &

We start this section by introducing suitable densities that will be useful either to define the
energy & (u(t, -)) or to compute %Sk (u(t, -)) along the flow of (1.2).
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Definition 3.1. For a fixed (i, j) = (i1, ..., i} j1, .., ju) € N" x N", let J(;, j)(u) be the func-
tional

j(i,j)(u)zfaj;lu S LR TR
Then we set
O = [ linear combinations of J; jy(u) : (i, j) € Ck},

Q= { linear combinations of J; () : (i, j) € Dk} ,

Iy := { linear combinations of J jy(u): (i, j) € gk] ,

where C*, DF, GF are the next sets of multi-indexes:

2p+1
hzjzzu.zjw+h§:irhn=2k—2th1§k—1L
=1

Dk .= [(i, DENPH S NPH > iy > >y,

p+1 p+1 p+1
NZjpZ. 2 jprt. Y i+ je=2k Y minfie, 1}+ Y min{je, 1} 24}
=1 =1 =1

Gk = {(i,j) eNPTL NP 41 > iy > >y,

p+1

NZ iz e Y e+ je=2k=2, 01, i =k—1}
=1

Remark 3.1. We emphasize that the last condition in the definition of D* makes densities in €
having in itself products of (at least) four nontrivial derivatives, while the last condition in the
definition of C* and G¥ means that densities in ®; admit k — 1 as the highest possible number of
derivatives.

Next we introduce special densities that appear from the time-derivative of || 8)’fu(t) ||i2 (see
Lemma 3.1).

Definition 3.2. Let k = 3m + r, for some m € N and r € {0, 1,2}. For h =0, ..., m, we define
the following densities:
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— 2 L,

Tie.n(u) ::Im/ (3 u) 82 uwur =2 ™,
— 2 - p—1 -

Kin () :=Imf (0% "u)” 92 i ur =1 P,

3.1)

o k—h  ak—h—1= a2h+1= p=p—1
Wk,h(“).—lmfax udy o aul al=t,

We define now some specific densities belonging to I'x (see Definition 3.1) that we shall use
to complete the quantity |u ||i2 + ||8fu ||i2 to the energy &.

Definition 3.3. Let k =3m +r, withm e N and r € {0, 1,2}. Forh=1,...,m + 1, we define
T (u) :=Ref (0 "u)? 92h =2y g1 P2,
Kin () :=Re/ (95" ) 322 a? uP~!,

(3.2)
Vin (u) :=Ref K=ty 2 9202y |y 20D,

A e k—h_  ak—h—1-a2h—1 =-p p—1
Wen () .—Re/ax udyg ud, T uuful.

Remark 3.2. It is worth noting that the densities in (3.1) and in (3.2) may be redundant. For
instance Zy o(u) = K 0(u) and Iz 1= lCz 1= Wz 1, or some of them can be written as linear
combination of others. However, we prefer to not detail all these occurrences, specifying the
relations between the densities at the moment when we take advantage of them.

We now introduce the modified energy & (u) of Theorem 1.1 and we describe its main prop-
erties.

Proposition 3.1. Let k =3m +r, withm e N and r € {0, 1,2}, with k > 2. Let p > 2 be an inte-

ger a~nd assume that u is a solution of (1.2). Then, there exist &y, B, Y € R, with h =0, ..., m
and 8, € R with h =1, ..., m such that, after we set

Ex(u) 1= llull e + Z (& T @) + By Vigesr @) + 7 Wi @) + Zah K1 @),

h=0
(3.3)
the following holds:
o whenk=3m+1ork=3m+2:
i5/<(M) = Z AG,j Ja, @) + Z wa,jy Ja, j)u), (3.4)
dt

(i,j)eDk (i, j)eCk
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for some real numbers A jy and 1 jy;
e when k =3m:

d 3 5,0 - .
Egk(u)zdm[(afmu) uP=2 Pt 4 Z A, j) T, j)w) + Z G, jy Ja, ),
(i.)<Dt (i y<Ch
(3.5)

for some real numbers c, k. jy and i, j).

Remark 3.3. Using the notations introduced above, the relevant features of the energy & (1) can
be summarized as follows:

Ex(u) — Ilul? € Tk
and
d
Eé'k(u)er+®k, k=3m+1or3m+2
d
6w — cIm/ (027u)’ uP 2P e+ O, k=3m.
Next we define our last useful densities.

Definition 3.4. Given a density

j(u):[ajgu Ayl o, (3.6)
we define J*(u) and [J**(u) as the densities resulting by considering the time derivative of the
density J and by replacing d;u with iafu and o;u with —i 8)%12. Similarly J** is obtained as

J*, but by replacing d,u with —i |u|?” u and 8,i with i |u|?P .

These definitions make the following identity true, if u satisfies (1.2):
d * k%
Ej(u) =T )+ T (w). (3.7

We conclude by the following useful notation that will be used along the rest of the paper.

Notation. For any couple of densities D (u) and D, (u) which are respectively linear combina-
tion of terms of the type (3.6) we will use the following equivalence

Di(u) =Dr(u) < Di1(u) — Dyr(u) € Q2 + O.
Remark 3.4. Following this notation we have that by (3.4)
d
Eé’k(u) =0fork=3m+1,3m+2

8
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and by (3.5)
d
Egk(”) = cIm/ (83’"14)3 uP=2 5Pt for k = 3m.

3.1. Proof of Proposition 3.1
We need several lemmas.

Lemma 3.1. Let k =3m +r, withm € N, r € {0, 1,2}, k > 2. Assume that u(t, x) is a smooth
solution of (1.2). Then, there exist oy, By, yn € R forh=0,..., mand 8, e R forh=1,...,m,
i €R for (i, j) € DK such that:

m

d
T0kuls = 3 (o T (i) + B Vi) + v Wen ()
h=0

m
+Y S Kea + Y iy Tap@). (3.8)
h=1 @, j)eDk

Proof. We start by noticing that in the r.h.s. in (3.8) we have the sum on K4 ; (#) running from
h =1 to h = m, while on the other terms the sum includes # = 0. This is due to the fact that, as
noticed in Remark 3.2, we have that the term Ky o(u) is equal to Zy o(«) hence the contribution
given by K o(#) can be absorbed by Zy o(u). Next we prove (3.8). By using the equation solved
by u(t, x) we get:

d
lakul?, = 2Re f o ok oy
=—2Rei/aj§u a§+2a+2Reifaj;u af(uf’al’“):_zlm/afu ok (u? @),

If we develop 8% (u” iPT1) then we write Im [ 8%u 9% (u? P*!) as linear combination of several
terms, some of them belonging to €2; (and hence absorbed in the last term of (3.8)) while the
others are linear combinations of terms of the type

2p+1
Im /(ai‘uafvlafvz)x [] vi wherev; e {u, i}, k+pg+y=2k (3.9)
j=3

and moreover the number of factors involving u is equal to the number of factors involving u.
By using integration by parts we have that the terms in (3.9), up to terms that belong to € (so
absorbed in the last term in (3.8)), are linear combinations of terms of the type

2p+1
Imf(agl“uaglvla,{lvz)x ]_[ vi, a1>y1 >0, 2014y +1=2k (3.10)
j=3
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or of the following type

2p+1
Im /(agzua;;‘h)la;zvz) X 1_[ vj, a>y2>0, 20+ y=2k. 3.11)
j=3

We split now in several cases.

First case: a1 > y; in (3.10), a2 > y» in (3.11).

Notice that concerning the terms in (3.10) we have two possibilities: either vy = u or v| = u.
In the first case we can argue by integration by parts and (3.10) can be written, up to terms

belonging to €2; and up to a multiplicative factor, as Im ((8?‘u)28}/'+1v2) X 2{“ v; which
ging p p j=3 YJ

is a term of the type Zj j(u) or K (u) depending on vy, with h = V‘TH Notice that by the
condition 2«1 + y1 + 1 = 2k we get that % is an integer. Moreover necessarily 7 < m, in fact by
the conditions in (3.10) we get 2«1 + y1 + 1 = 6m + 2r and o1 > y; which imply 27 — 1+ h <
o1 + h =3m + r. In the second case vi = u we get that (3.10) reduces to a term of the type
Wi.n(u) or Vi n(u) depending on vy, with 2h + 1 = y;. Arguing as above also in this case
necessarily 7 < m. Next we focus on (3.11) by considering again two cases: either v{ = u or
v = i. In the case vi = u we have (3.11) belongs to Zy 5 (1) or Ky »(#) depending on vz, with
2h = y» and also in this case one can check 2 < m. In the case vi = # we have two more
possibilities: either y» = 0 and in this case the term (3.11) is equal to zero since we consider the
imaginary part of a real number (remember that the amount of factors u is equal to the amount
of factors u) or we get y» > 0 and we can integrate by parts, then up to extra terms in £2; we get
that (3.11) becomes

2p+1 2p+1
- —1 - -1
—Im/(a;‘zua;‘ﬁluafz v) x [] uj—Imf(a;gfzﬂua;‘zuaxy2 v) x [] v
j=3 j=3

which is a linear combination of terms belonging to Wi »(u) or Vi »(u) depending on vy with
2h 4+ 1 =1y, — 1 and also in this case we get h < m.

Second case: o1 = y; in (3.10), p = 2 in (3.11).

The expression (3.10) reduces to

2p+1

Im/(ay*‘uaglvlaglvz) < [T vi-
j=3

It is easy to see that if v; = v» = u then by integration by parts we get a term belonging to 2.
In case v; = vy = u then we get Wi (1) with 2k 4+ 1 = «;. It is easy to check, by using the
condition on &, that in this case 4 is an integer and & < m. Finally in the case v; and v; different
then we get Wi (1) with 2h 4+ 1 = «1, and again /4 in an integer with 2 < m. Next we focus on
the term (3.11) that reduces to

2p+1

Im/(aﬁzuagzvlagzvz) < [ vs

j=3

10
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and in this case we get either a term 7y ;, (1) or a term Ky (1) with 2i = ar. It is easy to check
that necessarily 4 is an integer and h <m. 0O

Lemma 3.2. For any given k > 1 we have
Ii () = 2Tk o) — 2(p — DT 1), Vi () =4p Veo(w). (3.12)
Moreover for k > 2 we have
Wi ) =2 Ve o(u) — 2 W) — 2V 1 (). (3.13)
Proof. We begin with the equivalence involving f,i‘ 1- We have

*

I () = {Re/ (0% "u)? ar ! up‘}

_Im/ (3)];_1“)2(— (p+1 afﬁu +(p—-1 a)%u ,;) uP=2 P

= —ZIm/ 3y %=1y P+ P =1 where

and hence after integration by parts
~sz<’l(u) — 2Im/ (a)/((u)2 ﬁp+l Mp—l
+2Im/a§ua§‘lu((p+ 1) it u+ (p — 1) dyuit) uP =2 i

—~ Imf (05 u) (= (p+ D o2+ (p — 1) O2uid) uP 2P,
By integrating by parts the second integral we get
Ii () = 2Im/ (0%u)? Pt up=!

- Im/(af_lu)z((p + D Ziu+ (p— 1) d2uit) uP =2 P
— Im/ (afflu)Z( —(p+Ddkau+ (p—1)d2uit)u?*a?

which in turn implies the first equivalence in (3.12). Analogously we have
- k
Vi) = {f 05 u? |u|2p} = —2tm [ 96wt
- 2pIm/ 105 ) | 2P0 92 i,

which gives, after integrate by parts

11
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Vi (w) E4p1m/ ok u o i Re (3 u it) [u)? P~V
+ 2pIm/ 3 (105 )y |u>P=V duis = 4p f Im (8% u 91 it) Re (8w it) |u| 2P~
+4p/Re (% u 85y |u)?PV Im(8,u i)
= 4pIm/ Fud" i gpu it |u>P=D

where at the last step we used the identity ImzRew 4+ RezImw = Im (z w) for any couple
z, w € C. Hence we get the second equivalence in (3.12). Next we prove (3.13) by assuming

k>2:

Wi () = {Refaf—lua§—2ﬁ deuit? up_l}*
= —Im/a§+1ua§—2ﬁ dyuitP uP~!
—Im/ajgu L dau? ar! —Im/ajg—luajj—zﬁ Bui? ul~!
Elmfafu i g uia? ur! ~|—Im/8§u 20 0%ua? ub~!
—Im/B)]C‘u g aul ar~! —Im/Bf_lu TR N TL T

and by integration by parts

W;l(u)zlm/afju o u b ur™! —Im/a)’jflu 1 0%ua? uP™"
—Im/af—luaf—zﬁ dual ur~! —Imfajgu g aup al!
—Imfaf—lua,’g—zﬁ ual ur™!
and we continue
W;l(u)zlm/afju o uab ur™! —Im/a)’jflu 1 0%ua? uP™"
—Im/af—luaf—zﬁ Bua? ur=! +Imfaj§—1uaj§ﬁ it uP P!
+Im/a§—1uaj§—lzz il il —Imfaf—lua,’g—zﬁ Bdua? ub!

and again

12
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Wi ) = Im/ Fud g ua? ub=" + 2Im/ w1l aZiaur ap~!
- Imf o 2a aual uP=" + Im/ Ny ki g it u? ab~!
- Im/ w203 ual up=1t.

By using again integration by part on the second term we continue

W,fgl(u) Elm/a)’;u 01 o it? uP ™!
—2Im/3fu3f‘lﬁ deitu? P! —2Imfaj§—1ua§ﬁ it uP P!
—Im/fi)"f_lu 8)15_2{{ afuﬁpu‘”_l +Imfa§_lu 3)’;,; deituP @b~
—Im/a)’;*‘u F2addua? ub!

and we conclude the proof of (3.13). O

Lemma 3.3.Letk >2and h=1,...,m — 1 then we have:

T ot ) =2 () = 2T ps (1),
K et () =2 K (),
vl:,h+1 () =2V s
W 1 @) =2V () — 2 Wiy ) — 2 Vi (@0

(3.14)

Proof. We begin with the identity for f;:’ ne1 (@), then we compute

L o () = {Re/ (8)/:,;!,1“)2 o uu? =2 ! }*
= —ZIm/ ARy gk =h=1yy §2hy =2 g+l
—Im / (0k=h=1y)? 922y P =2 gt (3.15)
and by integration by parts we get
T ) = ZIm/ (0% "u)® 02wl =2 ar ! 4 2Im/ ORIy gk —h=1y 92htly g p=2 g+l
—Im/ (0k=h=1y)? 22y P2 r+!

13
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— 2 2 - —h— .
= ZIm/ (Bf hu) 2 uuP =2 Pt — ZIm/(aff h=1y)2 92h+2y =2 P+,
hence the first equivalence in (3.14) follows. Similarly, we have

*

S e
= —ZImf 3)]:_h+1u a)lg_h—lu 33’112 wP~ 1P + Im / (3)Icc—h—1u)2 3§h+2ﬁ 41 i

from which after integration by parts

’ez,hH(M)EZIm/ (05" u)® 02 ur =" ¥ +21mf3§—hu Ok =h =1y 92 gy P P
+Im/ (8k"=1u)? 02+ ur " P
=2t [ (34 )’ 82aur~ ar —tm [ (o) 02 e
+Im/ (05"=1)? 922 up " P,

that is the second equivalence in (3.14). About the third equivalence in (3.14), we have

Vinn @ = {Re/ 05" u)? 92 i Iulz(”_l)}*

= —ZIm/a};*”“u P i Re(@ uit) |u P

—1m/|a§—h—1u|2 0220 4t ju PP
Ezlm/aj;*hu o1 aRe(d" u it |u) 2PV
—Im/ 01w 920420 1 | PP
and we can continue
Vit @) Elmfaffhu k=i 92y Ju 2P0
+Im/a§—hu Q—h=1 921 7y 1y 2P—D)

_’_Im/\a)/:*huaffhflﬁ 8}%h+luﬁ|u|2(P*1) _}_Im/a)]((*h*luaif*/’lﬁ a)%/’l“rlulz |u|2(p71)

14
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and the third equivalence follows. Finally we prove the fourth equivalence in (3.14). We have

W) = {Re/ Oy gk g2y ! ﬁp}*
= —Im/ Ay k=2 92ty 1
+ Im/ Ok h =Ty k=l 92h =1 g
- Im/ Ok —h=ly gh=h =2 92 +3y =1 P,

Hence by integration by parts we obtain

W 1 ) Elm/G)]f_hu gk—h=1g 2h 1y yp=1gp

+Im/a§—hua§—h—zﬁ R 2yl r

_ Im/ gty gh—h=14 921 5p =1 P _ [ / g1y gloh =2 92043, =1 o
Elmfaf—hu k=1 g2h -y P =1 p

—Im/af*h*‘u k=1 92h 2y yp=1 b —Im/ajg*h*lu k=27 §2h 43y p=1 g

—_ Im/ 3}1§—hu a)lcc—h—lﬁ 8§h+lﬁ i’ u? —1Im / a)lcc—h—lu 8)’;_”_212 afh+3uup_1 P
EIm/é)f_hu af_h_lﬁ 8$h+lu ub=laP

+Imfa)lcc—hua)lcc—h—lﬁafh-&-luup—lﬁp+Im/a)l:—h—lua)l§—hﬁ 921y =1 i
- Imf ARy k=2 92 Py P gp
_ Im/ gy k=14 921 gp =1y _ i / gk—h1y, gk=h=2g g2 +3,  p=1 o

and we are done. O

Lemma 3.4. Let k > 2 then we have:
’éz,m+l("{) = 21CkJ"(”)7 9:,m+](u) Ezvk,m- (3.16)
Moreover we have:

15
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e for k =3m then

I a1 () =0, (3.17)
and if m > 1,
Wi i1 @) =2V — 2 Wi — 2Wem—1 — 2Kkm—1 + 4Kkm (3.18)
o fork=3m+ 1 then
T i1 ) = 6T 3 (3.19)
o fork =3m + 2 then
TF i1 @) =2Tk s Wi i ) = 2V — Wiom + 2Kk (3.20)

Proof. The proof of (3.16) is identical to the one of the second and third equivalence in (3.14)
in the case 7 = m. Next we focus on the remaining estimates. First notice that by (3.15) we have

j-lj’mﬂ = Zlm/ (8!:_”1”)2 O uul 2+l — ZIm/(af_m_lu)Z 9Fm 2y P2 gt
(3.21)
Also by the last equivalence in (3.14), which is true also for & = m, we get
W/;k,m+] (u) = ZIm/ gl gkm=1g g2mt1y, =1

- 2Im/ gRmm=ly gh=m=25 92m+3, yP=1 5P (3.22)
(Case k = 3m) In this specific case we get from (3.21)

AR () EZIm/ (827u) ur=2 gr+! —2Im/(a§m—1u)2a§m+2uup—2ﬁp+l
EZIm/(Bfmu)3up_2ﬁp+l +4Imfaf’"—luaf’"uaf’"+1uul’—2ﬁp+l
EZIm/ (af'"u)3u"—2ﬁp+1 —2Im/(a§’"u)3u”—2ﬁf’+l

and we conclude the equivalence in (3.17). Next notice that, for k = 3m with m > 1, we get from
(3.22)

16
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Wi g1 () = ZIm/ 02w 9¥m i 92y y P~ P
- ZIm/ 9Fmy p2m=lig g2+l gp =1 yp — ZIm/ 92 =Yy 92m =25 92m 3y P~ gl (3.23)
and we compute the last term on the r.h.s.
Im/ 32—l 92m =2 92m 3y P~ P = —Im/ 32y 92m =24 922y P~ P
— Im/ 92Ny 92m =1 g2m+2y yp=1 P
= Im/ a2ty 92m =2 g2m+ly yP=1 P 4 Im/ 32y 92m Vi 92ty Pl P
+ Im/ aﬁmu Bfm_lﬁ Bfmﬂu ub=taP 4+ Im/ af’"—lu 83’"12 8)%’"“14 ub=taP
= Im/ R uoym a0 M uul il + Im/ oy aoy uur il
+ Im/ 9Fmy p2m =Ly g2y Pl P
- Imf 32 92m i 9¥ My uP = P — Im/ dxm =1y 2m+1 g 92my yP=1 b
= Kim—1—2Kk.m +Wikm—1-

The equivalence in (3.18) then follows from (3.23) and the equivalence above.

(Case k = 3m + 1) In this case we get from (3.21) the equivalence
T i () = ZIm/ (02 u)* 02" uuP =2 g +!

- 21m/(a§mu)2 9Fm 2y P2 gpHl
= QIm/ (3?’"“14)2 M uuP 2Pt 4 4Im/ 92 93y 92y P2 P

and hence we conclude (3.19).
(Case k = 3m + 2) First we notice that from (3.21)
L o () = ZImf (02 2u)” 02w uP =2 g +!

—2Im/(a§m+1u)23§m+2u uP=2 Pt EZIIII/ (02 2u)” 02" uuP =2 g +!

17
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and we conclude the first equivalence in (3.20). Next we compute by (3.22)

Wi g () = ZIm/ 922y 92m i g2ty Pl gp
- ZIm/ JFm T2y g2m g g2m g gp =t yp ZIm/ 92y 92mig g2mt3y Pl P
=2Im / a2 u a7 i a2 uul P
- ZIm/ 9ImH2y 2m g p2m 4l =ty p
+2Im / 0m 1y 2+ 92" 2y P~ gP 4+ 21m f 9m 2y o2 92m+2y, yp =1
= ZIm/ Bfm"’Zu Bfm‘Hﬁ Bfmﬂu uP=tar
— ZIm/ oo Ha o i~ uP
— Im/(angr]u)Z 8§m+21/_t upfl P + ZIm/ 3§m+2u 3)%"112 a)%erZu upfl P
and we conclude the second equivalence in (3.20). O

Proof of Proposition 3.1. First notice that for any integer k > 2 and 4 € {0, ..., m}

L ), T 0, Vi ), W,y ) = 0. (3.24)

Hence, by Lemma §.1, we conclude by using (3.7) once we prove that there exist &y, ﬁh, Vhs
hel{0,...,m}and 6, h €{l,..., m} such that

m

> (&h T 1 0 + BV 0 + 7 W (u)) + ) 8Ky g )
h=0 =1
== > (@ Zent) + B Vi) + 7 W (@)
h=0
— 38 Kiw(w) fork=3m + 1, 3m +2, (3.25)
h=1
and

NE

h=0

(&h TEpr @) + B Vi ) + 7 W,f,,m(u)) + > 5Ky )
h=1

18
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= CIm/ (35'"”)3 ub=2aPt — Z (Oth Tie.n () 4 B Vien ) + v Wien (u)>
h=0

m
— > 8nKin(u) fork =3m, (3.26)
h=1

where ay,, Bn, Vi, 8, are the same constants in (3.8) and ¢ € R is a suitable constant.

We preliminary treat the special and easier cases k =2 and k = 3.
First case: k = 2. We have to prove the existence of &y, ,50, 79 such that

&0 T3 () + Bo Vi () + 7o W5 1 () = —ao To.0(u) — Bo Va,o) — yo Wao(u)  (3.27)

where «g, Bo, yo are set, for k =2, in (3.8). Notice that by (3.2) and integration by parts we have
the identities

Da=Whi, Waow) =2V o).
Hence the condition (3.27) can be written as follows:

(@ + 70)I5 1 ) + Bo Vi () = —ao To.0(u) — (Bo + 20) Va.0(u)

By Lemma 3.2 and by using 7> 1 (u) = 0 (which in turn follows by (3.2) and integration by parts)
we get

T () =2Ta0w) —2(p — DI (w) =2Ta0(w), Vi () =4pVaou)

and hence the condition (3.27) holds if we impose:

2(ap + o) = —ag
4pBo=—PBo — 2y0.

Hence we get a 2 x 2 linear system on the unknowns &g + 7, BO whose associated matrix is

invertible
2 0
0 4p |’

Notice that we can select uniquely &y + 7 and Sy, and hence we have infinitely many choices
for &g and yyp.
Second case: k = 3. In this case by (3.2) and integrating by parts we get

Wia(u) = —Re/ (02u)>ul~ "t — (p+ 1)Re/a§u it OpuuP ' P
=—T31(u) — (p+ DW3 1 ().

19
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On the other hand we have
_ 2 = a3-_ p=p—1_ 25 3. p=1=-p __
W3,1(u)_lm/8xu3xu8xuu u _—Im/8xu8xu8xuu uf ==V3 o0(u).
From Lemmas 3.2, 3.3, and 3.4, we also have
T3 () =2T30(u) —2(p — D T34 (), T ,(w) =0, Vi () =4 pV3,0(u)
Vi) =2V3 1 (u), Wi () =2V30(u) —2Ws0(u) — 2 V3 1(u), K ,(u) =2K31(w).

Hence (3.26) follows if we can find &, Bo, 70, Bl, V1, 51 , such that

@ — P L5 () + Bo Vi ) + (o — (p+ D7) W5 ()
+ B Vi, (u) + 81 K () = ¢ T3,1 () — g T3,0(u) — (Bo — v1) Vs,0(u0)
—voWso(u) — B1 V3, 1(u) — 61 K3,1(u), (3.28)

which in turn by the relations above is satisfied provided that we impose the system

200 = 2y1=—0ap

4pBo—2(p+ D1 +27%=—Po+n
281 =270 +2(p+ D = —Bi

—~2 Yo+2(p+Dyi=—n

261 = —941.

Notice that we have a system of five equations with six variables, hence we can fix for instance
y1 = 0 and the reduced corresponding linear system is associated with the matrix

2 0 0 0 0
0 4p 2 0 0
00 -2 2 0],
00 -2 0 0
00 0 02

which is invertible.

Next we consider separately the three cases k =3m + 1, k =3m 42 and k = 3m, with m > 0.

Third case: k =3m + 1, m > 0. We shall prove the following facts, which in turn imply (3.25)
fork=3m+ 1:

e thereexist @, € R, h =0, ..., m such that
m m
Zdh L () = — Z op Lie,n (u); (3.29)
h=0 h=0

20
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e there exist Bh, vn, B €R, h=0,...,m such that

m m
> (B Va1 0+ W1 0) = = 3 (B Vi) + 1 Wi @0)) + B K (0
h=0 h=0
(3.30)
e there exist Sh, h=1,...,m such that
D 0 K pr ) = =B Kam ) = > 84 K (1) (3.31)
h=1 h=1

where f is the same constant that appears in (3.30).

We begin with proving (3.29). From Lemmas 3.2, 3.3, and 3.4, we get

T 1) = 2T 0(u) — 2(p — 1) i1 (1)

T pr @) =2T () — 2Tk g1 ()

T ot () = 6 T (1),

Thus (3.29) is associated with as a linear system with matrix as follows:

B 2 0O 0 v «ev wee 07
2(p-1 2 0 . . .0
0 -2 2 0 . .0
A= 0 0 -2 2 0 .0
0 Lo . 2 200

i 0 T R

The matrix is clearly invertible, since it is a lower triangular matrix, whose diagonal entries are
non-zero and hence (3.29) follows. We prove next (3.30). To do so first notice that since we are

assuming k =2m + 1 then we get
Vi () = Im/ 32ty 92mg 92mty y P~ P = Ky (3.32)

and also
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Wi () = Im/ OFm 1y 92mig 92 g y P P!
= —Im/ R Pu o auP ah ! — Im/ o a o i up al !

= —Wim—1W) + Vem—1(m). (3.33)

Hence we get that (3.30) follows if we show that we can select Bh, 7, and B’ such that

m m—1
> (B Va1 0+ Ve 0) = = D7 (B Vi) + 7 W) + B/ K ),
h=0 h=0

(3.34)

where the coefficients 8, y; are uniquely defined by By, ¥, once we take into account (3.32)
and (3.33). Indeed we shall prove that we can select Bh, yp for h=0,...,m — 1 such that

m—1 m—1
> (B Vipan @ + 7 Wiy ) = = 37 (B Ve @) + v Wen @) + B Kim @),
h=0 h=0

(3.35)

Hence, we deal with the system given by f/,’: () and W,j‘ , () in terms of linear combinations
of Vi (1) and Wy p(u). By Lemmas 3.2, 3.3 we have

Vi 1) = 4p Viow)
W 1) =2 Ve () — 2 Wi o) — 2 Vi1 (1)

Vi @) =2 Ve ()
W 1 () = 2V ) = 2 Wi () — 2 Vit ()

Vi ) =2 Vi 1 ()
W ) = 2V 1 () — 2We 1 () — 2K (),
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where we have used in the last equation (3.32). Hence, (3.30) is proved if the following matrix is

invertible

with

m4p

oS o o O

=)

S O NN O O

=)

0 O 0 7

0 O 0

2 0 0 A 0 0 0

o 0 x B 0 0

-2 2 0 * B 0
* % * B

0 O 2 2

0 0 0 -2,

This matrix is invertible, since it is a block lower triangular matrix, whose diagonal blocks are all
invertible. It remains to prove (3.31), for which we need to consider the system given by I€k, n(u)
in terms of /Cy (1), as deduce by Lemmas 3.3, 3.4. The associated matrix is diagonal with non-
zero (diagonal) entries, hence it is invertible and then (3.31) holds true.

Fourth case k = 3m + 2, m > 0. We shall prove (3.29), (3.30), (3.31). By using Lemmas 3.2,
3.3, 3.4 we get

Ii 1) =2Tk o(u) — 2(p — D) Ty 1 ()

T pr ) = 2T () — 2T p1 ()

T g1 ) = 2T (1)

and hence (3.29) follows exactly as in the case k = 2m + 1. Next notice that by Lemmas 3.2, 3.3,

3.4 we get
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Vi 1 (w) = 4p Vi o)
Wi () =2 Ve o) — 2 Wi o(u) — 2 Ve 1 ()

f71f,h+1(14) =2V n(u)
Wi 1 ) =2 Ve n ) — 2 Wi () — 2 Vi1 ()

Vi1 @) =2V )
W/j,m+1(u) = 2Vk,m - Wk,m + 2ICk,m~

Also in this case it is easy to check that the associated matrix to the previous system is invertible
and we get (3.30). Finally (3.31) follows as in the case k = 2m + 1 since the corresponding

system is diagonal with non zero entries on the diagonal.
Fifth case: k = 3m, m > 0. We split the proof of (3.26) in the following steps:

o thereexistap € R, h =0, ..., m — 1 such that

m—1 m—1

U~ _ 2 3. p—2-p+l .
E othI,’f‘hH(u):cIm/(meu) uP= 2Pt — E o Ly p (u);
h=0 h=0

e there exist By, 7u, B, B/ € R, h =0, ..., m such that

> (B Vr @ + 7 Wi @0 ) = = D7 (Bi Ve @) + v Wi )

h=0 h=0

+ B K:k,m(u) + ﬂ/lck,mfl (u);

e there exist Sh, h=1,...,m such that

D K 1 @) = =B Ko ) — B K1) = Y 83 K (w)
h=1 h=1

where 8, B’ are the same constant that appears in (3.37).
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Concerning (3.36), we have by Lemmas 3.2, 3.3

IF ) =2 Tk o) — 2(p — 1) T, 1 (w)

T gt () = 2T () — 2T pt (1)

L7y ) = 2T et () — 2T ()

for h =1,---,m — 2. Notice that due to Lemma 3.4 we cannot exploit f,j‘m+1(u) to cancel

the term Zy , () = Im | (afmu)3 uP~2P+1 Hence (3.36) follows from the invertibility of the
matrix

2 0 0 0
2(p-1) 2 0 - 0
0 2 2 0 0

0

(e

| .
[ NS
(V)
(e

which is lower triangular with non zero entries on the diagonal. In order to prove (3.37) we use
Lemmas 3.2, 3.3, 3.4 and we get

91?,1@) =4pVio(u)
Wi () =2 Vi o) = 2We o) — 2 Vi1 (1)

Vi g1 () =2 Vi ()
Wi a1 ) =2 Vi () — 2 Wi () — 2 Vi1 ()

Vi i1 ) =2 Vi (u)
Wi 1) = 2Vim — 2Wiem — 2Wian—1 — 2Kk m—1 + 4Kk m-

Hence in order to deduce (3.37) we have to consider the invertibility of a block lower triangular
matrix with the following structure
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C4p 2 0 0]
o -2 0 - 0
0o -2 2 2 0 A 0 0 0
0 o0 0O -2 0 0 * B 0 0
0 -2 2 2 0 0 * ok 0
0 0 o -2 0 =2 * * C
0 0 0o -2 2 2
K 0 0 0 0 -2
with
2 2 0 O
T4p 27 . 2 27 . |0 -2 0 —2
A_[o —2]3_[0 —2]0_ 0 -2 2 2|
0O 0 0 -2

and clearly all the blocks are invertible by direct computation. It remains to prove (3.38), for
which we need to consider the system given by I@k,h(u) in terms of I (u), as deduced by
Lemmas 3.3, 3.4. Since the associated matrix is diagonal with non-zero (diagonal) entries we
conclude.

4. Proof of Theorem 1.1 for k # 3m

The energy & is provided in (3.3). Next we shall use the notation
Ex(u) = [lull 7 + Fiew),
where Fj (u) is a linear combination of terms of the following type
Im/aj;lu---a;;nua){lﬁ---aﬁ"ﬁ, (. j) € Gr. 4.1
Moreover the r.h.s. of (3.4) is a linear combination of terms of the type:
Re /ajgu o, (G, j) €D UG

We claim that we have the bound

to+T s
/f|8§;1u-~~8§;"ua){‘ﬁ--~a){"ﬁ <Clu@)ll s, G j)eDx 4.2)
Io

provided that T = T (k, R) > 0 is the one of Proposition 2.1 and u(¢, x) solves (1.2). We also
claim the following time-independent estimate
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TG, j))eCUG, ueH" (4.3)

2k—4
k,
Hk

/|a;;'u ol 8| < Clul

Once (4.2) and (4.3) are established we conclude. In fact notice that integration on (fo, to + T)
of the estimate (4.3) along with Proposition 2.1 implies

to+T
2k—4

//IB,’;‘u---85;"ua;!'ﬁ---a;£"ﬁ|scnu(ro)n,;’?, (i, j) €C UGk (4.4)
fo

provided that u(z, x) solves (1.2). Hence we get (1.4) as consequence of (4.3) where we select
(i, j) € Gr and we use Proposition 2.1. Similarly (1.5) (for ¢ = 0) follows by (4.2) and (4.4)
where we choose (i, j) € Ck, once (3.4) is integrated in time on the interval (fy, to + T).

We next focus on the proof of (4.2). We can order the set {i, ..., i, ji,--., jo} in decreasing
order

2n
aZayZ ez, anaazas>1, Y o =2k
j=1

Hence by using the Holder inequality and the Sobolev embedding H'! C L> we get

to+T
0% -+ 9w 3 it -+ 0" |

fo

4 2n

o aj
= 1_[ Il u||L4((zo,zo+T);L4) X H 10x " ull Loo (1,10 +T): L)
i=1 j=5
4 2n

= C] Lol > [T e a7y, 114)
i=1 j=5

i—1 4 k=g w9 m k-l-o;
Ztl ‘YkLI Z':l k71l Z =5 k—1 Z j=5"k—1
< Clluto) 5™ o)™ 7 o)™ = luo)

< Cllu(to) |l )¢

where we have used interpolation at the last step along with the uniform control of H'! (see (2.3)).
Next we prove (4.3). As for (4.2) we can order {i1, ..., iy, j1,-.., jn} in decreasing order

2n
ar>ar > >ap,, O<ap,ap<k-—1, Zaj=2k—2.
J=1

Then by the Holder inequality and the Sobolev embedding H' € L™ we can estimate
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/|a;1u R K TR A TR Pl
2n

2
<[00 ull2 x H 193 ull Lo < C]"[nunm, x H luall 10
i=1

o -1 2 o 2 k—1—a;
Sl 8 g Z T T g T

=
<Cllull

= Cllullx
where we have used interpolation at the last step along with the uniform control of H I (see (2.3)).
5. Proof of Theorem 1.1 for k =3m

Notice that the case k = 3m is different from the case k % 3m due to the first term that appears
on the r.h.s. in (3.26), hence our main task is to estimate

to+T
Im / /(aﬁmu)%l’*zﬁp“. (5.1)
to

All the other terms can be dealt with as we already did in section 4.
The key is the following proposition.

Proposition 5.1. Let o, B > 0 and | > 2 be integers. Then for every ¢ > 0 there is b < 1/2 such
that for every ty we have:

to+T
+ l b
| / [ @ittt < Clulyg vy Nl Il ueX( 62)

(19, 10+T <t0 10+7) (IO 10+7)

We start with a result concerning Sobolev spaces on R, rather useful along the proof of Propo-
sition 5.1.

Lemma 5.1. Let —00o <a <a’ < oo and b € [0, %) then there exists C > 0 such that:

el sy < Clull o - (5.3)

Proof. We shall use the following equivalence of norms
Ju(x) —u)P?
”””Hb(R) // T ——— = —dxdy, be(0,1), 54
as well as the following Hardy type inequality
lul? !
J < Cllullfy g, be©.3) (5.5)
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For a proof of (5.4) and (5.5) see [4]. In the sequel for simplicity we assume a = 0,a’ = 1 and
we denote I = [0, 1], I° =R\ [0, 1]. We denote & = x;u then thanks to (5.4) the square of the
Lh.s. in (5.3) is equivalent to

lii(x) — @ (y)[? lii(x) — a(y)|? |it(x) — @ (y)|?
J | A [ RS e [ S

IxI

-[ [ s [ Gt [(f T v

IxI
= A1+ Ay + A3,
where we used that i#(x) — u(y) =0 for (x, y) € I¢ x I€. Of course we have
Ju(x) —u(y)?
Ay </ / K dxdy ~ kg,
RxR
where we used (5.4). Concerning Ay we have
()| P
A2 - / |M(-x)| (/ 1+2b )d-x S 2b d-x + _— C”u”Hb(]R)
|x | R |x] J [1—x|?

where we used (5.5), the translation invariance of the H? norm and the elementary bound

1 J C C v
PR y = |x|2b+|1—x|2b’ x e (0,1).
Ic

Concerning A3 we have

2
//Hmﬁmm:ﬁmmﬁ P%mw

1€ [0,1]
and hence it is exactly A;. Hence we conclude (5.3). O
Proof of Proposition 5.1. For simplicity we restrict to the case 7y = 0, the general case is iden-

tical. We denote by xr the characteristic function of the interval [0, T]. We claim that it is
sufficient to show the following bound:

\//@w%%ﬂsawm«mwﬁmﬂwﬁﬁ Vu e Xt (5.6)

for some b < % dependent on ¢ > 0. We first show how the localized estimate (5.2) follows from
the estimate (5.6). We define the sequences u, | € X'7*?, u,, € X!=1%80 4, 3 € X0 such
that:
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Uni(t,x)=u(t,x)on[0,T1x T, k=1,2,3 (5.7)

and

N, 1l xive = Nl yite, lwn 2l xi-1+e = Null yi-t+en, llun 3l x16 = lullyre .
©.7) 0.7) ©.7)

(5.8)

Next notice that by Lemma 5.1 and the definition of the Bourgain spaces we have

I x7un 1l xi+es < Cllttn 11l xi+es,

I xrun 2l xi-1+e6 < Cllun2ll xi-14e6, | XTUn 3l x16 < Cllun 3l x16. (5.9)
On the other hand by (5.7) and (5.9) we have x7u = xru,,1 € X'*¢b hence we can plug in the
estimate (5.6) the function xru. We conclude (5.6) by using again the property xru = xrun i

for every n € N, k = 1, 2, 3 in conjunction with (5.8) and (5.9).
Next we prove (5.6). Let v be defined by

o(r,n)=li(r,n)|, TeR,nelZ.
Using the Fourier transform we can write

3 34a+8

‘//(8iu)3u“ﬁﬁ‘§C/Zn|nj|[ﬁ(‘tj,nj)x [T o.np. (5.10)
R A © Jj=l j=4
where
34a 3+a+p
A:{(‘Cl""173+a+ﬁ)€R3+a+ﬁI Z‘L’j— Z ‘L’j=0]
j=1 j=d4+a
and
34 34a+p
("):{(nl,"'7n3+a+ﬂ)€Z3+a+ﬁZ an— Z nj=0],
j=1 j=4+a

We evaluate the sum over ® by sums on which |n | are restricted to dyadic intervals [N, 2N/].
We set

Ny =max(Ng, - - - N31a1p).
We consider two case. We first assume Ny 3> N(4). In this case, we use that for

(t1, -+, B34atp) €A
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one has
3+a 3+a+p 34a+p
2 2 2 2 2 2 2
‘Z(rj—i-nj)— Z (rj—i—nj)‘znl—i—nz—i—n:,;— Z n; = Cny.
j=1 j=4+a j=4

We therefore have that

+n%) > Cn’. 5.11
1< S8 tatp ) = e G-1D

We now consider two sub cases of the first case. Let us first suppose that the max in the left
hand-side of (5.11) is attained for a j in {1, 2, 3}. Without restriction of the generality we can
suppose that the max in the left hand-side of (5.11) is attained for j = 1. Define w; and w; by

wi(z,n) = '~ (v +1%)P0(x,n), Wiz, n) =n| B(z,n).
The contribution of the case under consideration to (5.10) can be evaluated by

a+p
//w1 w305 < w102l g g 1018 ey = Clltlgiorocs s Nl

where we have used the Strichartz bounds

||u||L4(]R;L4)) < Cllullxo.

and

lullpoo(r; o0y < Cllullyro

where b < 1/2 is sufficiently close to 1/2. Let us next suppose that the max in the left hand-side
of (5.11) is attained for a j in {4, ---,3 4+ o + B}. Without restriction of the generality we can
suppose that the max in the left hand-side of (5.11) is attained for j = 4. Define w{, wy and w3
by

|l—1+8

wi(t,n)=|n O(z,n), Wa(t,n)=|nl'(z,n)

and
w3 (t,n) = (t + n2)Po(x, n).

The contribution of the case under consideration to (5.10) can be evaluated by

2 =15 2 a+p—1
/ / w1 wdws v 15 < oo w2126 g, o 030 2qern 01 g )

a+p

2
< Cllully—r+e llullyrs el »
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where we have used the Strichartz bound

V8>0, b < 1/2 : ||u||L6(R;L6)SC”M”XS,b.

Let us now consider the second case. Namely, we suppose that N1 < N(4). Without restriction of
the generality we can suppose that N4) = N4 and we can write

3 3+a+p
I~ A
nlnj| O(tj,nj) x l_[ u(tj,nj) <
j=1 j=4
3 3+a+p
' = o m) x (TTingl dzun)) x Inaldzasnay x [ o).
j=2 j=5

Define w1, wy and w3 by

wi(r.n) = n'""Vo(z,n), Wa(r.n) =n| d(z.n)

and

w3(t,n) = |n|o(t, n).

The contribution of the case under consideration to (5.10) can be evaluated by

//wl w%w3 v 1A
R
1

2 oat+p—
S ”wl ||L6(R;L6) ||w2||L6(R;L6) ” w3 ”LZ(R;LZ) ” v||L°°(R;L°°)

a+p

M- O

2
< Cllullxi-14e llull rses lu

Proof of Theorem 1.1 for kK = 3m. We can now complete the proof of Theorem 1.1 in the case
k = 3m. By using Proposition 5.1 for [ =2m and ¢« = p — 2, § = p + 1 we get the bound

to+T

3 —2 - 2p—1
[t [ @) a2 < Cluto) s o) s b5 5.12)
0]

where T is provided by Proposition 2.2. By interpolation we can continue the estimate above as
follows:

n 26 1- 2(1-6) 2p—1
< Cluto) s N0 Ct0) 2050 e o) 5, Nt 10125~ aer0) 12,

where
2m —14+e=3mn+1—n,2m+e=3mo+1—-06
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and hence by the conservation of the energy we conclude

2m—2+e+4m—2+2¢

+20 -
- < Clluto)l s = Clluo)l s, ™

and we get Theorem 1.1 since k =3m. O
Data availability
No data was used for the research described in the article.
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