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Abstract

We introduce modfied energies that are suitable to get upper bounds on the high Sobolev norms for 
solutions to the 1D periodic NLS. Our strategy is rather flexible and allows us to get a new and simpler 
proof of the bounds obtained by Bourgain in the case of the quintic nonlinearity, as well as its extension to 
the case of higher order nonlinearities. Our main ingredients are a combination of integration by parts and 
classical dispersive estimates.
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1. Introduction

This work fits in the line of research initiated by Bourgain in [2] aiming to prove polynomial 
upper bounds on the solutions of nonlinear dispersive PDE’s on compact spatial domains. Such 
bounds necessarily rely on the dispersive smoothing effects satified by the solutions. Starting 
from the pioneering paper [2] many contributions appeared in the literature about the topic, 
we mention in particular [6], [14], [16], [17], [18], [19], [20], [21], [22], [23], [24] and the 
references therein. Also the question of lower bounds on the Sobolev norms, namely the existence 
of unbounded orbits in Sobolev spaces, has been extensively studied in the literature, see [5], [8], 
[9], [10], [11], [12] and the references therein.

We consider from now on the non-linear Schrödinger equation in the one-dimensional peri
odic setting {︄

i∂tu + ∂2
xu − u|u|2p = 0, (t, x) ∈ R×T ,

u(0, x) = u0(x) ∈ Hk(T ),
(1.1)

where p,k ∈ N and p ≥ 2, k ≥ 1. It is well–known that the Cauchy problem (1.1) admits one 
unique global solution in the space C(R;Hk(T )) (see Section 2 for details about the Cauchy 
theory). Hence the rest of the paper is devoted to the analysis of the behavior of such solutions 
for large times, in particular we consider the question of a–priori bounds of the possible growth 
of Sobolev norms.

It is worth mentioning that if we consider the same Cauchy problem posed on the line R
then no growth phenomenon of Sobolev norms is possible, indeed all the Sobolev norms are 
uniformly bounded as a consequence of the scattering results proved in [13] for p > 2 and [7] 
for p = 2. We also recall that growth of Sobolev norms is not allowed for solutions to (1.1) for 
p = 1. Indeed cubic NLS (in both cases T and R) is completely integrable and in particular the 
corresponding solutions satisfy ifinitely many conservation laws that allow to control uniformly 
in time the Sobolev norms Hk(T ) for every k ∈N .

It is quite elementary to show that the Cauchy problem (1.1) is globally well-posed for k ≥ 1
(see Section 2 below for a precise statement on well-posedness). In the sequel we will set the 
initial condition at an arbitrary time t0 ∈ R, namely we shall consider the Cauchy problem{︄

i∂tu + ∂2
xu − u|u|2p = 0, (t, x) ∈ R×T ,

u(t0, x) = u0(x) ∈ Hk(T ).
(1.2)

Along the rest of the paper we use the following norm associated with Hk(T )

∥u∥2
Hk(T )

= ∥u∥2
L2(T )

+ ∥∂k
xu∥2

L2(T )
.

Our main result is the following statement.

Theorem 1.1. Let t0 ∈ R, k,p ∈ N with k ≥ 1 and p ≥ 2, R > 0 and ε > 0 be fixed. Then there 
exist C,T > 0 and an energy

Ek : Hk(T ) −→R,
2 
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with the structure

Ek(u) = ∥u∥2
Hk(T )

+Fk(u) (1.3)

such that the following property holds: if u(t, x) ∈ C(R;Hk(T )) is the unique solution to (1.2)
with

∥u(t0, ·)∥H 1(T ) ≤ R

then we have:

sup 
t∈(t0−T ,t0+T )

|Fk(u(t))| ≤ C∥u(t0)∥
2k−4
k−1 

Hk(T )
, (1.4)

Ek(u(t)) ≤ Ek(u(t0)) + C∥u(t0)∥
2k−4
k−1 +ε

Hk(T )
, ∀t ∈ (t0 − T , t0 + T ). (1.5)

The proof of Theorem 1.1 is an elaboration on the techniques introduced in [15,16]. In the 
case k ≠ 3m (m ∈ Z), we use the rather classical Zygmund L4 space-time bound for linear 
solutions to the Schrödinger equation combined with the analysis of the invertibility of a matrix 
with dimension growing along with k. Compared with [16], we have to deal with a complex 
valued u: for such u the construction of the modfied energies is significantly more involved. 
In the case k = 3m we have to use slightly more delicate dispersive tools involving Bourgain’s 
spaces, to deal with unfavorable terms that cannot be eliminated by integrations by parts. Along 
the proof we shall also see that, except for the case k = 3m, we can set ε = 0 in Theorem 1.1.

As a byproduct of Theorem 1.1 we get the following consequence about the polynomial upper 
bound on the growth of Sobolev norms of the solutions of (1.1).

Theorem 1.2. Let k,p ∈ N with k ≥ 1 and p ≥ 2, R > 0 and ε > 0 be fixed. Then there exists 
C > 0 such that for every u0 ∈ Hk(T ) such that ∥u0∥H 1(T ) ≤ R we have the bound

∥u(t)∥Hk(T ) ≤ C∥u0∥Hk(T ) + Ct
k−1

2 +ε (1.6)

where u(t, x) is the unique global solution to (1.1). Moreover, in the case k ≠ 3m (m ∈ Z), we 
have (1.6) with ε = 0.

The proof of the Theorem 1.2 is classical once Theorem 1.1 is established (see e.g. [14]). In 
the case p = 2, Corollary 1.2 recovers the result of [3] with a different proof. In the case p ≥ 3
the result of Corollary 1.2 is new and improves on [6] where the following weaker bound is 
obtained:

∥u(t)∥Hk(T ) ≤ C∥u0∥Hk(T ) + Ctk−1+ε . (1.7)

Observe that the bound (1.7) is a consequence of [14] where the same bound is established for 
solutions of NLS on T 2 by simply considering a data independent of one of the variables.
3 
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Notations. Along the paper we shall denote by Hk the Sobolev space Hk(T ) and more generally 
by Wk,p the Sobolev space Wk,p(T ). We denote by eit∂2

x the group associated with the linear 
Schrödinger equation with periodic boundary condition. For any p ∈ [1,∞], (X,∥ · ∥) Banach 
space and I ⊂ R interval, we denote by ∥u∥Lp(I ;X), where u is any space-time function, the norm 

dfined by (
∫︁
I
∥u(t)∥p

Xdt)
1 
p for p ≠ ∞, with the usual modfication for p = ∞. For shortness we 

shall write 
∫︁

f = ∫︁
T f (x)dx for any time–independent periodic function and for time-dependent 

functions 
∫︁
I

∫︁
f = ∫︁

I

∫︁
T f dtdx for any time interval I ⊂ R.

2. Preliminary facts on the Cauchy theory

In this section we gather together some well-known facts about solutions to (1.2) that will 
be useful in the sequel. We consider two different functional settings, the first one is the usual 
Sobolev spaces, the second one is the more sophisticated Bourgain’s Xs,b spaces framework. 
This last framework is needed to establish Theorem 1.1 and 1.2 in the case k = 3m, all the other 
cases do not require the use of the Xs,b spaces.

2.1. The classical Sobolev setting

Proposition 2.1. For every k ≥ 1, R > 0 there exist C,T > 0 such that for every t0 ∈ R and for 
every u0 ∈ Hk with ∥u0∥H 1 ≤ R the Cauchy problem (1.2) admits one unique local solution

u(t, x) ∈ C((t0 − T , t0 + T );Hk) s.t. sup 
t∈(t0−T ,t0+T )

∥u(t)∥Hk ≤ C∥u(t0)∥Hk . (2.1)

Moreover the unique solution u(t, x) satifies the bound

∥u(t, x)∥L4((t0−T ,t0+T );Wk,4) ≤ C∥u(t0)∥Hk . (2.2)

Finally the local solution u(t, x) can be extended globally in time, in particular u(t, x) ∈
C(R;Hk).

Sketch of Proof. Recall that the existence of one unique solution local in time for (1.2), for 
initial datum in H 1, follows by combining the Sobolev embedding H 1 ⊂ L∞ along with the 
fact that eit∂2

x is an isometry in H 1. As a consequence one can show that the integral nonlinear 
operator

u −⃓→ eit∂2
x u(t0) − i

t0+t∫︂
t0

ei(t−s+t0)∂
2
x (u(s)|u(s)|2p)ds

is a contraction in a suitable ball of the space C((t0 − T , t0 + T );H 1), provided T = T (R)

is sufficiently small. In particular the Duhamel operator associated with (1.2) admits a unique 
fixed point in this ball. This concludes the proof of the existence of a local solution in H 1. The 
uniqueness in C((t0 − T , t0 + T );H 1) follows by similar arguments. Based on the conservation 
of energy (which is non-negative since we are working with the defocusing NLS) we also have
4 
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sup
t

∥u(t)∥H 1 < ∞ (2.3)

hence by an iteration of the local existence result stated above the solution u is global in time. 
By using tame estimates one can show that if the initial datum belongs to Hk with k > 1 then 
the regularity is propagated and in particular (2.1) holds. The proof of the bound (2.2) follows 
by combining (2.1) with the integral formulation associated with (1.2) along with the classical 
linear bound by Zygmund (see [25]):

∥eit∂2
x ϕ∥L4((0,1);L4) ≤ C∥ϕ∥L2 . �

2.2. The Xs,b setting

We first recall the definition of Bourgain’s spaces Xs,b
T introduced in [1]. First we introduce 

the (global in time) Xs,b space equipped with the norm

∥u∥2
Xs,b =

∑︂
n∈Z

∫︂
R 

⟨τ + n2⟩2b⟨n⟩2s |ˆ︁u(τ,n)|2 dτ .

For every finite interval I ⊂ R we introduce the time localized version Xs,b
I of the spaces Xs,b, 

dfined as the space of distributions on I ×T that can be extended to a global function belonging 
to Xs,b. We equip this space with the norm

∥u∥
X

s,b
I

= inf∥ũ∥Xs,b ,

where the inf is taken over all global extensions ũ ∈ Xs,b of u. For b > 1/2 the space Xs,b
I is 

embedded in C(I ;Hs). The Cauchy theory for (1.2) can be strengthened within the Xs,b spaces 
as follows.

Proposition 2.2. For every s ≥ 1, R > 0 and b > 1
2 there exist C,T > 0 such that for every 

t0 ∈ R and for every u0 ∈ Hs with ∥u0∥H 1 ≤ R the Cauchy problem (1.2) admits one unique 
local solution

u(t, x) ∈ X
s,b
(t0−T ,t0+T )

s.t. ∥u∥
X

s,b
(t0−T ,t0+T )

≤ C∥u(t0)∥Hs . (2.4)

Moreover the solution u(t, x) can be extended globally in time and belongs to the space Xk,b
I for 

every bounded time interval I ⊂ R.

3. Construction of the energies Ek

We start this section by introducing suitable densities that will be useful either to dfine the 
energy Ek(u(t, ·)) or to compute d

dt
Ek(u(t, ·)) along the flow of (1.2). 
5 
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Definition 3.1. For a fixed (i, j) = (i1, . . . , in; j1, . . . , jn) ∈ Nn ×Nn, let J(i,j)(u) be the func
tional

J(i,j)(u) =
∫︂

∂i1
x u · · · ∂in

x u ∂j1
x ū · · · ∂jn

x ū.

Then we set

Θk :=
{︂

linear combinations of J(i,j)(u) : (i, j) ∈ Ck
}︂

,

Ωk :=
{︂

linear combinations of J(i,j)(u) : (i, j) ∈ Dk
}︂

,

Γk :=
{︂

linear combinations of J(i,j)(u) : (i, j) ∈ Gk
}︂

, 

where Ck , Dk , Gk are the next sets of multi-indexes:

Ck :=
{︂
(i, j) ∈ N2p+1 ×N2p+1 : i1 ≥ i2 ≥ . . . ≥ i2p+1,

j1 ≥ j2 ≥ . . . ≥ j2p+1,

2p+1∑︂
ℓ=1 

iℓ + jℓ = 2k − 2, i1, j1 ≤ k − 1
}︂
,

Dk :=
{︂
(i, j) ∈ Np+1 ×Np+1 : i1 ≥ i2 ≥ . . . ≥ ip+1,

j1 ≥ j2 ≥ . . . ≥ jp+1,

p+1∑︂
ℓ=1 

iℓ + jℓ = 2k, 
p+1∑︂
ℓ=1 

min{iℓ,1} +
p+1∑︂
ℓ=1 

min{jℓ,1} ≥ 4
}︂

Gk :=
{︂
(i, j) ∈Np+1 ×Np+1 : i1 ≥ i2 ≥ . . . ≥ ip+1,

j1 ≥ j2 ≥ . . . ≥ jp+1,

p+1∑︂
ℓ=1 

iℓ + jℓ = 2k − 2, i1, j1 ≤ k − 1
}︂
. 

Remark 3.1. We emphasize that the last condition in the definition of Dk makes densities in Ωk

having in itself products of (at least) four nontrivial derivatives, while the last condition in the 
definition of Ck and Gk means that densities in Θk admit k − 1 as the highest possible number of 
derivatives.

Next we introduce special densities that appear from the time-derivative of ∥∂k
xu(t)∥2

L2 (see 
Lemma 3.1).

Definition 3.2. Let k = 3m + r , for some m ∈ N and r ∈ {0,1,2}. For h = 0, . . . ,m, we dfine 
the following densities:
6 
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ik,h(u) :=Im
∫︂ (︁

∂k−h
x u

)︁2
∂2h
x u up−2 ūp+1,

Kk,h(u) :=Im
∫︂ (︁

∂k−h
x u

)︁2
∂2h
x ū up−1 ūp,

Vk,h(u) :=Im
∫︂

∂k−h
x u ∂k−h−1

x ū ∂2h+1
x u up−1 ūp,

Wk,h(u) :=Im
∫︂

∂k−h
x u ∂k−h−1

x ū ∂2h+1
x ū up ūp−1.

(3.1)

We dfine now some specific densities belonging to Γk (see Definition 3.1) that we shall use 
to complete the quantity ∥u∥2

L2 + ∥∂k
xu∥2

L2 to the energy Ek .

Definition 3.3. Let k = 3m + r , with m ∈ N and r ∈ {0,1,2}. For h = 1, . . . ,m + 1, we dfine⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ĩk,h(u) :=Re
∫︂ (︁

∂k−h
x u

)︁2
∂2h−2
x u ūp+1 up−2,

K̃k,h(u) :=Re
∫︂ (︁

∂k−h
x u

)︁2
∂2h−2
x ū ūp up−1,

Ṽk,h(u) :=Re
∫︂

|∂k−h
x u|2 ∂2h−2

x u ū|u|2(p−1),

W̃k,h(u) :=Re
∫︂

∂k−h
x u ∂k−h−1

x ū ∂2h−1
x u ūp up−1.

(3.2)

Remark 3.2. It is worth noting that the densities in (3.1) and in (3.2) may be redundant. For 
instance Ik,0(u) = Kk,0(u) and Ĩ2,1 = K̃2,1 = W̃2,1, or some of them can be written as linear 
combination of others. However, we prefer to not detail all these occurrences, specifying the 
relations between the densities at the moment when we take advantage of them.

We now introduce the modfied energy Ek(u) of Theorem 1.1 and we describe its main prop
erties.

Proposition 3.1. Let k = 3m + r , with m ∈ N and r ∈ {0,1,2}, with k ≥ 2. Let p ≥ 2 be an inte
ger and assume that u is a solution of (1.2). Then, there exist α̃h, β̃h, γ̃h ∈ R, with h = 0, . . . ,m

and δ̃h ∈ R with h = 1, . . . ,m such that, after we set

Ek(u) := ∥u∥2
Hk +

m ∑︂
h=0 

(︂
α̃h Ĩk,h+1(u) + β̃h Ṽk,h+1(u) + γ̃h W̃k,h+1(u)

)︂
+

m ∑︂
h=1 

δ̃h K̃k,h+1(u),

(3.3)

the following holds:

• when k = 3m + 1 or k = 3m + 2:

d

dt
Ek(u) =

∑︂
k

λ(i,j)J(i,j)(u) +
∑︂

k

μ(i,j)J(i,j)(u), (3.4)

(i,j)∈D (i,j)∈C

7 
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for some real numbers λ(i,j) and μ(i,j);
• when k = 3m:

d

dt
Ek(u) = c Im

∫︂ (︁
∂2m
x u

)︁3
up−2 ūp+1 +

∑︂
(i,j)∈Dk

λ̃(i,j)J(i,j)(u) +
∑︂

(i,j)∈Ck

μ̃(i,j)J(i,j)(u),

(3.5)

for some real numbers c, λ̃(i,j) and μ̃(i,j).

Remark 3.3. Using the notations introduced above, the relevant features of the energy Ek(u) can 
be summarized as follows:

Ek(u) − ∥u∥2
Hk ∈ Γk

and

d

dt
Ek(u) ∈ Ωk + Θk, k = 3m + 1 or 3m + 2

d

dt
Ek(u) − c Im

∫︂ (︁
∂2m
x u

)︁3
up−2 ūp+1 ∈ Ωk + Θk, k = 3m.

Next we dfine our last useful densities.

Definition 3.4. Given a density

J (u) =
∫︂

∂i1
x u · · · ∂in

x u ∂j1
x ū · · · ∂jn

x ū, (3.6)

we dfine J ∗(u) and J ∗∗(u) as the densities resulting by considering the time derivative of the 
density J and by replacing ∂tu with i ∂2

xu and ∂t ū with −i ∂2
x ū. Similarly J ∗∗ is obtained as 

J ∗, but by replacing ∂tu with −i |u|2p u and ∂t ū with i |u|2p ū.

These definitions make the following identity true, if u satifies (1.2):

d

dt
J (u) = J ∗(u) +J ∗∗(u). (3.7)

We conclude by the following useful notation that will be used along the rest of the paper.

Notation. For any couple of densities D1(u) and D2(u) which are respectively linear combina
tion of terms of the type (3.6) we will use the following equivalence

D1(u) ≡ D2(u) ⇐⇒ D1(u) −D2(u) ∈ Ωk + Θk.

Remark 3.4. Following this notation we have that by (3.4)

d Ek(u) ≡ 0 for k = 3m + 1,3m + 2

dt

8 
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and by (3.5)

d

dt
Ek(u) ≡ c Im

∫︂ (︁
∂2m
x u

)︁3
up−2 ūp+1 for k = 3m.

3.1. Proof of Proposition 3.1

We need several lemmas.

Lemma 3.1. Let k = 3m + r , with m ∈ N , r ∈ {0,1,2}, k ≥ 2. Assume that u(t, x) is a smooth 
solution of (1.2). Then, there exist αh,βh, γh ∈ R for h = 0, . . . ,m and δh ∈ R for h = 1, . . . ,m, 
λ(i,j) ∈R for (i, j) ∈ Dk such that:

d

dt
∥∂k

xu∥2
L2 =

m ∑︂
h=0 

(︂
αh Ik,h(u) + βh Vk,h(u) + γhWk,h(u)

)︂

+
m ∑︂

h=1 
δhKk,h(u) +

∑︂
(i,j)∈Dk

λ(i,j) J(i,j)(u). (3.8)

Proof. We start by noticing that in the r.h.s. in (3.8) we have the sum on Kk,h(u) running from 
h = 1 to h = m, while on the other terms the sum includes h = 0. This is due to the fact that, as 
noticed in Remark 3.2, we have that the term Kk,0(u) is equal to Ik,0(u) hence the contribution 
given by Kk,0(u) can be absorbed by Ik,0(u). Next we prove (3.8). By using the equation solved 
by u(t, x) we get:

d

dt
∥∂k

xu∥2
L2 = 2 Re

∫︂
∂k
xu ∂k

x ∂t ū

= −2 Re i

∫︂
∂k
xu ∂k+2

x ū + 2 Re i

∫︂
∂k
xu ∂k

x

(︁
up ūp+1)︁ = −2 Im

∫︂
∂k
xu ∂k

x

(︁
up ūp+1)︁. 

If we develop ∂k
x

(︁
up ūp+1

)︁
then we write Im

∫︁
∂k
xu ∂k

x

(︁
up ūp+1

)︁
as linear combination of several 

terms, some of them belonging to Ωk (and hence absorbed in the last term of (3.8)) while the 
others are linear combinations of terms of the type

Im
∫︂

(∂k
xu∂β

x v1∂
γ
x v2) ×

2p+1∏︂
j=3 

vj where vj ∈ {u, ū}, k + β + γ = 2k (3.9)

and moreover the number of factors involving u is equal to the number of factors involving ū. 
By using integration by parts we have that the terms in (3.9), up to terms that belong to Ωk (so 
absorbed in the last term in (3.8)), are linear combinations of terms of the type

Im
∫︂

(∂α1+1
x u∂α1

x v1∂
γ1
x v2) ×

2p+1∏︂
vj , α1 ≥ γ1 ≥ 0, 2α1 + γ1 + 1 = 2k (3.10)
j=3 

9 
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or of the following type

Im
∫︂

(∂α2
x u∂α2

x v1∂
γ2
x v2) ×

2p+1∏︂
j=3 

vj , α2 ≥ γ2 ≥ 0, 2α2 + γ2 = 2k. (3.11)

We split now in several cases. 
First case: α1 > γ1 in (3.10), α2 > γ2 in (3.11).
Notice that concerning the terms in (3.10) we have two possibilities: either v1 = u or v1 = ū. 
In the first case we can argue by integration by parts and (3.10) can be written, up to terms 
belonging to Ωk and up to a multiplicative factor, as Im

∫︁
((∂

α1
x u)2∂

γ1+1
x v2) × ∏︁2p+1

j=3 vj which 

is a term of the type Ik,h(u) or Kk,h(u) depending on v2, with h = γ1+1
2 . Notice that by the 

condition 2α1 + γ1 + 1 = 2k we get that h is an integer. Moreover necessarily h ≤ m, in fact by 
the conditions in (3.10) we get 2α1 + γ1 + 1 = 6m + 2r and α1 > γ1 which imply 2h − 1 + h <

α1 + h = 3m + r . In the second case v1 = ū we get that (3.10) reduces to a term of the type 
Wk,h(u) or Vk,h(u) depending on v2, with 2h + 1 = γ1. Arguing as above also in this case 
necessarily h ≤ m. Next we focus on (3.11) by considering again two cases: either v1 = u or 
v1 = ū. In the case v1 = u we have (3.11) belongs to Ik,h(u) or Kk,h(u) depending on v2, with 
2h = γ2 and also in this case one can check h ≤ m. In the case v1 = ū we have two more 
possibilities: either γ2 = 0 and in this case the term (3.11) is equal to zero since we consider the 
imaginary part of a real number (remember that the amount of factors u is equal to the amount 
of factors ū) or we get γ2 > 0 and we can integrate by parts, then up to extra terms in Ωk we get 
that (3.11) becomes

−Im
∫︂

(∂α2
x u∂α2+1

x ū∂
γ2−1
x v2) ×

2p+1∏︂
j=3 

vj − Im
∫︂

(∂α2+1
x u∂α2

x ū∂
γ2−1
x v2) ×

2p+1∏︂
j=3 

vj

which is a linear combination of terms belonging to Wk,h(u) or Vk,h(u) depending on v2 with 
2h + 1 = γ2 − 1 and also in this case we get h ≤ m. 
Second case: α1 = γ1 in (3.10), α2 = γ2 in (3.11).
The expression (3.10) reduces to

Im
∫︂

(∂α1+1
x u∂α1

x v1∂
α1
x v2) ×

2p+1∏︂
j=3 

vj .

It is easy to see that if v1 = v2 = u then by integration by parts we get a term belonging to Ωk . 
In case v1 = v2 = ū then we get Wk,h(u) with 2h + 1 = α1. It is easy to check, by using the 
condition on α1, that in this case h is an integer and h ≤ m. Finally in the case v1 and v2 different 
then we get Wk,h(u) with 2h + 1 = α1, and again h in an integer with h ≤ m. Next we focus on 
the term (3.11) that reduces to

Im
∫︂

(∂α2
x u∂α2

x v1∂
α2
x v2) ×

2p+1∏︂
vj
j=3 

10 
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and in this case we get either a term Ik,h(u) or a term Kk,h(u) with 2h = α2. It is easy to check 
that necessarily h is an integer and h ≤ m. �
Lemma 3.2. For any given k > 1 we have

Ĩ∗
k,1(u) ≡ 2 Ik,0(u) − 2(p − 1) Ik,1(u), Ṽ∗

k,1(u) ≡ 4pVk,0(u). (3.12)

Moreover for k > 2 we have

W̃∗
k,1(u) ≡ 2 Vk,0(u) − 2 Wk,0(u) − 2 Vk,1(u). (3.13)

Proof. We begin with the equivalence involving Ĩ∗
k,1. We have

Ĩ∗
k,1(u) =

{︃
Re

∫︂ (︁
∂k−1
x u

)︁2
ūp+1 up−1

}︃∗
= −2 Im

∫︂
∂k+1
x u ∂k−1

x u ūp+1 up−1 where 

− Im
∫︂ (︁

∂k−1
x u

)︁2(︁ − (p + 1) ∂2
x ū u + (p − 1) ∂2

xu ū
)︁
up−2 ūp

and hence after integration by parts

Ĩ∗
k,1(u) = 2 Im

∫︂ (︁
∂k
xu

)︁2
ūp+1 up−1

+ 2 Im
∫︂

∂k
xu ∂k−1

x u 
(︁
(p + 1) ∂xū u + (p − 1) ∂xu ū

)︁
up−2 ūp

− Im
∫︂ (︁

∂k−1
x u

)︁2(︁ − (p + 1) ∂2
x ū u + (p − 1) ∂2

xu ū
)︁
up−2ūp. 

By integrating by parts the second integral we get

Ĩ∗
k,1(u) ≡ 2 Im

∫︂ (︁
∂k
xu

)︁2
ūp+1 up−1

− Im
∫︂

(∂k−1
x u)2(︁(p + 1) ∂2

x ū u + (p − 1) ∂2
xu ū

)︁
up−2 ūp

− Im
∫︂ (︁

∂k−1
x u

)︁2(︁ − (p + 1) ∂2
x ū u + (p − 1) ∂2

xu ū
)︁
up−2ūp

which in turn implies the first equivalence in (3.12). Analogously we have

Ṽ∗
k,1(u) =

{︃∫︂
|∂k−1

x u|2 |u|2p

}︃∗
= −2Im

∫︂
∂k+1
x u ∂k−1

x ū |u|2p

− 2p Im
∫︂

|∂k−1
x u|2 |u|2(p−1) ∂2

xu ū, 

which gives, after integrate by parts
11 
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Ṽ∗
k,1(u) ≡ 4p Im

∫︂
∂k
xu ∂k−1

x ūRe (∂xu ū) |u|2(p−1)

+ 2p Im
∫︂

∂x(|∂k−1
x u|2) |u|2(p−1) ∂xu ū = 4p

∫︂
Im (∂k

xu ∂k−1
x ū) Re (∂xu ū) |u|2(p−1)

+ 4p

∫︂
Re (∂k

xu ∂k−1
x ū) |u|2(p−1) Im(∂xu ū)

= 4p Im
∫︂

∂k
xu ∂k−1

x ū ∂xu ū |u|2(p−1)

where at the last step we used the identity ImzRew + Re z Imw = Im (zw) for any couple 
z, w ∈ C. Hence we get the second equivalence in (3.12). Next we prove (3.13) by assuming 

k > 2:

W̃∗
k,1(u) =

{︃
Re

∫︂
∂k−1
x u ∂k−2

x ū ∂xu ūp up−1
}︃∗

≡ −Im
∫︂

∂k+1
x u ∂k−2

x ū ∂xu ūp up−1

− Im
∫︂

∂k
xu ∂k−1

x ū ∂xū up ūp−1 − Im
∫︂

∂k−1
x u ∂k−2

x ū ∂3
xu ūp up−1

≡ Im
∫︂

∂k
xu ∂k−1

x ū ∂xu ūp up−1 + Im
∫︂

∂k
xu ∂k−2

x ū ∂2
xu ūp up−1

− Im
∫︂

∂k
xu ∂k−1

x ū ∂xū up ūp−1 − Im
∫︂

∂k−1
x u ∂k−2

x ū ∂3
xu ūp up−1

and by integration by parts

W̃∗
k,1(u) ≡ Im

∫︂
∂k
xu ∂k−1

x ū ∂xu ūp up−1 − Im
∫︂

∂k−1
x u ∂k−1

x ū ∂2
xu ūp up−1

− Im
∫︂

∂k−1
x u ∂k−2

x ū ∂3
xu ūp up−1 − Im

∫︂
∂k
xu ∂k−1

x ū ∂xū up ūp−1

− Im
∫︂

∂k−1
x u ∂k−2

x ū ∂3
xu ūp up−1

and we continue

W̃∗
k,1(u) ≡ Im

∫︂
∂k
xu ∂k−1

x ū ∂xu ūp up−1 − Im
∫︂

∂k−1
x u ∂k−1

x ū ∂2
xu ūp up−1

− Im
∫︂

∂k−1
x u ∂k−2

x ū ∂3
xu ūp up−1 + Im

∫︂
∂k−1
x u ∂k

x ū ∂xū up ūp−1

+ Im
∫︂

∂k−1
x u ∂k−1

x ū ∂2
x ū up ūp−1 − Im

∫︂
∂k−1
x u ∂k−2

x ū ∂3
xu ūp up−1

and again
12 
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W̃∗
k,1(u) = Im

∫︂
∂k
xu ∂k−1

x ū ∂xu ūp up−1 + 2Im
∫︂

∂k−1
x u ∂k−1

x ū ∂2
x ū up ūp−1

− Im
∫︂

∂k−1
x u ∂k−2

x ū ∂3
xu ūp up−1 + Im

∫︂
∂k−1
x u ∂k

x ū ∂xū up ūp−1

− Im
∫︂

∂k−1
x u ∂k−2

x ū ∂3
xu ūp up−1. 

By using again integration by part on the second term we continue

W̃∗
k,1(u) ≡ Im

∫︂
∂k
xu ∂k−1

x ū ∂xu ūp up−1

− 2Im
∫︂

∂k
xu ∂k−1

x ū ∂xū up ūp−1 − 2Im
∫︂

∂k−1
x u ∂k

x ū ∂xū up ūp−1

− Im
∫︂

∂k−1
x u ∂k−2

x ū ∂3
xu ūp up−1 + Im

∫︂
∂k−1
x u ∂k

x ū ∂xū up ūp−1

− Im
∫︂

∂k−1
x u ∂k−2

x ū ∂3
xu ūp up−1

and we conclude the proof of (3.13). �
Lemma 3.3. Let k > 2 and h = 1, . . . ,m − 1 then we have:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Ĩ∗
k,h+1(u) ≡2 Ik,h(u) − 2 Ik,h+1(u),

K̃∗
k,h+1(u) ≡2 Kk,h(u),

Ṽ∗
k,h+1(u) ≡2Vk,h,

W̃∗
k,h+1(u) ≡2 Vk,h(u) − 2 Wk,h(u) − 2 Vk,h+1(u) .

(3.14)

Proof. We begin with the identity for Ĩ∗
k,h+1(u), then we compute

Ĩ∗
k,h+1(u) =

{︃
Re

∫︂ (︁
∂k−h−1
x u

)︁2
∂2h
x u up−2 ūp+1

}︃∗

≡ −2 Im
∫︂

∂k−h+1
x u ∂k−h−1

x u ∂2h
x u up−2 ūp+1

− Im
∫︂ (︁

∂k−h−1
x u

)︁2
∂2h+2
x u up−2 ūp+1 (3.15)

and by integration by parts we get

Ĩ∗
k,h+1(u) ≡ 2 Im

∫︂ (︁
∂k−h
x u

)︁2
∂2h
x u up−2 ūp+1 + 2 Im

∫︂
∂k−h
x u ∂k−h−1

x u ∂2h+1
x u up−2 ūp+1

− Im
∫︂ (︁

∂k−h−1
x u

)︁2
∂2h+2
x u up−2 ūp+1
13 
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= 2 Im
∫︂ (︁

∂k−h
x u

)︁2
∂2h
x u up−2 ūp+1 − 2 Im

∫︂
(∂k−h−1

x u)2 ∂2h+2
x u up−2 ūp+1, 

hence the first equivalence in (3.14) follows. Similarly, we have

K̃∗
k,h+1(u) =

{︃
Re

∫︂ (︁
∂k−h−1
x u

)︁2
∂2h
x ū up−1 ūp

}︃∗

≡ −2 Im
∫︂

∂k−h+1
x u ∂k−h−1

x u ∂2h
x ū up−1 ūp + Im

∫︂ (︁
∂k−h−1
x u

)︁2
∂2h+2
x ū up−1 ūp, 

from which after integration by parts

K̃∗
k,h+1(u) ≡ 2 Im

∫︂ (︁
∂k−h
x u

)︁2
∂2h
x ū up−1 ūp + 2 Im

∫︂
∂k−h
x u ∂k−h−1

x u ∂2h+1
x ū up−1 ūp

+ Im
∫︂ (︁

∂k−h−1
x u

)︁2
∂2h+2
x ū up−1 ūp

≡ 2 Im
∫︂ (︁

∂k−h
x u

)︁2
∂2h
x ū up−1 ūp − Im

∫︂ (︁
∂k−h−1
x u

)︁2
∂2h+2
x ū up−1 ūp

+ Im
∫︂ (︁

∂k−h−1
x u

)︁2
∂2h+2
x ū up−1 ūp, 

that is the second equivalence in (3.14). About the third equivalence in (3.14), we have

Ṽ∗
k,h+1(u) =

{︃
Re

∫︂
|∂k−h−1

x u|2 ∂2h
x u ū |u|2(p−1)

}︃∗

≡ −2 Im
∫︂

∂k−h+1
x u ∂k−h−1

x ūRe(∂2h
x u ū) |u|2(p−1)

− Im
∫︂

|∂k−h−1
x u|2 ∂2h+2

x u ū |u|2(p−1)

≡ 2 Im
∫︂

∂k−h
x u ∂k−h−1

x ūRe(∂2h+1
x u ū) |u|2(p−1)

− Im
∫︂

|∂k−h−1
x u|2 ∂2h+2

x u ū |u|2(p−1)

and we can continue

Ṽ∗
k,h+1(u) ≡ Im

∫︂
∂k−h
x u ∂k−h−1

x ū ∂2h+1
x u ū |u|2(p−1)

+ Im
∫︂

∂k−h
x u ∂k−h−1

x ū ∂2h+1
x ū u |u|2(p−1)

+ Im
∫︂

∂k−h
x u∂k−h−1

x ū ∂2h+1
x u ū |u|2(p−1) + Im

∫︂
∂k−h−1
x u∂k−h

x ū ∂2h+1
x u ū |u|2(p−1)
14 
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and the third equivalence follows. Finally we prove the fourth equivalence in (3.14). We have

W̃∗
k,h+1(u) =

{︂
Re

∫︂
∂k−h−1
x u ∂k−h−2

x ū ∂2h+1
x u up−1 ūp

}︂∗

≡ −Im
∫︂

∂k−h+1
x u ∂k−h−2

x ū ∂2h+1
x u up−1 ūp

+ Im
∫︂

∂k−h−1
x u ∂k−h

x ū ∂2h+1
x u up−1 ūp

− Im
∫︂

∂k−h−1
x u ∂k−h−2

x ū ∂2h+3
x u up−1 ūp. 

Hence by integration by parts we obtain

W̃∗
k,h+1(u) ≡ Im

∫︂
∂k−h
x u ∂k−h−1

x ū ∂2h+1
x u up−1 ūp

+ Im
∫︂

∂k−h
x u ∂k−h−2

x ū ∂2h+2
x u up−1 ūp

− Im
∫︂

∂k−h
x u ∂k−h−1

x ū ∂2h+1
x ū ūp−1 up − Im

∫︂
∂k−h−1
x u ∂k−h−2

x ū ∂2h+3
x u up−1 ūp

≡ Im
∫︂

∂k−h
x u ∂k−h−1

x ū ∂2h+1
x u up−1 ūp

− Im
∫︂

∂k−h−1
x u ∂k−h−1

x ū ∂2h+2
x u up−1 ūp − Im

∫︂
∂k−h−1
x u ∂k−h−2

x ū ∂2h+3
x u up−1 ūp

− Im
∫︂

∂k−h
x u ∂k−h−1

x ū ∂2h+1
x ū ūp−1 up − Im

∫︂
∂k−h−1
x u ∂k−h−2

x ū ∂2h+3
x u up−1 ūp

≡ Im
∫︂

∂k−h
x u ∂k−h−1

x ū ∂2h+1
x u up−1 ūp

+ Im
∫︂

∂k−h
x u ∂k−h−1

x ū ∂2h+1
x u up−1 ūp + Im

∫︂
∂k−h−1
x u ∂k−h

x ū ∂2h+1
x u up−1 ūp

− Im
∫︂

∂k−h−1
x u ∂k−h−2

x ū ∂2h+3
x u up−1 ūp

− Im
∫︂

∂k−h
x u ∂k−h−1

x ū ∂2h+1
x ū ūp−1 up − Im

∫︂
∂k−h−1
x u ∂k−h−2

x ū ∂2h+3
x u up−1 ūp

and we are done. �
Lemma 3.4. Let k > 2 then we have:

K̃∗
k,m+1(u) ≡ 2 Kk,m(u), Ṽ∗

k,m+1(u) ≡ 2Vk,m. (3.16)

Moreover we have:
15 
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• for k = 3m then

Ĩ∗
k,m+1(u) ≡ 0, (3.17)

and if m > 1,

W̃∗
k,m+1(u) ≡ 2Vk,m − 2Wk,m − 2Wk,m−1 − 2Kk,m−1 + 4Kk,m; (3.18)

• for k = 3m + 1 then

Ĩ∗
k,m+1(u) ≡ 6Ik,m; (3.19)

• for k = 3m + 2 then

Ĩ∗
k,m+1(u) ≡ 2Ik,m, W̃∗

k,m+1(u) ≡ 2Vk,m −Wk,m + 2Kk,m. (3.20)

Proof. The proof of (3.16) is identical to the one of the second and third equivalence in (3.14)
in the case h = m. Next we focus on the remaining estimates. First notice that by (3.15) we have

Ĩ∗
k,m+1(u) ≡ 2 Im

∫︂ (︁
∂k−m
x u

)︁2
∂2m
x u up−2 ūp+1 − 2 Im

∫︂
(∂k−m−1

x u)2 ∂2m+2
x u up−2 ūp+1.

(3.21)

Also by the last equivalence in (3.14), which is true also for h = m, we get

W̃∗
k,m+1(u) ≡ 2Im

∫︂
∂k−m
x u ∂k−m−1

x ū ∂2m+1
x u up−1 ūp

− 2Im
∫︂

∂k−m
x u ∂k−m−1

x ū ∂2m+1
x ū ūp−1 up

− 2Im
∫︂

∂k−m−1
x u ∂k−m−2

x ū ∂2m+3
x u up−1 ūp. (3.22)

(Case k = 3m) In this specific case we get from (3.21)

Ĩ∗
k,m+1(u) ≡ 2 Im

∫︂ (︁
∂2m
x u

)︁3
up−2 ūp+1 − 2 Im

∫︂
(∂2m−1

x u)2 ∂2m+2
x u up−2 ūp+1

≡ 2 Im
∫︂ (︁

∂2m
x u

)︁3
up−2 ūp+1 + 4 Im

∫︂
∂2m−1
x u ∂2m

x u ∂2m+1
x u up−2 ūp+1

≡ 2 Im
∫︂ (︁

∂2m
x u

)︁3
up−2 ūp+1 − 2 Im

∫︂
(∂2m

x u)3 up−2 ūp+1

and we conclude the equivalence in (3.17). Next notice that, for k = 3m with m > 1, we get from 
(3.22)
16 
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W̃∗
k,m+1(u) ≡ 2Im

∫︂
∂2m
x u ∂2m−1

x ū ∂2m+1
x u up−1 ūp

− 2Im
∫︂

∂2m
x u ∂2m−1

x ū ∂2m+1
x ū ūp−1 up − 2Im

∫︂
∂2m−1
x u ∂2m−2

x ū ∂2m+3
x u up−1 ūp (3.23)

and we compute the last term on the r.h.s.

Im
∫︂

∂2m−1
x u ∂2m−2

x ū ∂2m+3
x u up−1 ūp ≡ −Im

∫︂
∂2m
x u ∂2m−2

x ū ∂2m+2
x u up−1 ūp

− Im
∫︂

∂2m−1
x u ∂2m−1

x ū ∂2m+2
x u up−1 ūp

≡ Im
∫︂

∂2m+1
x u ∂2m−2

x ū ∂2m+1
x u up−1 ūp + Im

∫︂
∂2m
x u ∂2m−1

x ū ∂2m+1
x u up−1 ūp

+ Im
∫︂

∂2m
x u ∂2m−1

x ū ∂2m+1
x u up−1 ūp + Im

∫︂
∂2m−1
x u ∂2m

x ū ∂2m+1
x u up−1 ūp

≡ Im
∫︂

∂2m+1
x u ∂2m−2

x ū ∂2m+1
x u up−1 ūp + Im

∫︂
∂2m
x u ∂2m−1

x ū ∂2m+1
x u up−1 ūp

+ Im
∫︂

∂2m
x u ∂2m−1

x ū ∂2m+1
x u up−1 ūp

− Im
∫︂

∂2m
x u ∂2m

x ū ∂2m
x u up−1 ūp − Im

∫︂
∂2m−1
x u ∂2m+1

x ū ∂2m
x u up−1 ūp

= Kk,m−1 − 2Kk,m +Wk,m−1. 

The equivalence in (3.18) then follows from (3.23) and the equivalence above. 

(Case k = 3m + 1) In this case we get from (3.21) the equivalence

Ĩ∗
k,m+1(u) ≡ 2 Im

∫︂ (︁
∂2m+1
x u

)︁2
∂2m
x u up−2 ūp+1

− 2 Im
∫︂

(∂2m
x u)2 ∂2m+2

x u up−2 ūp+1

≡ 2 Im
∫︂ (︁

∂2m+1
x u

)︁2
∂2m
x u up−2 ūp+1 + 4 Im

∫︂
∂2m
x u ∂2m+1

x u ∂2m+1
x u up−2 ūp+1

and hence we conclude (3.19). 

(Case k = 3m + 2) First we notice that from (3.21)

Ĩ∗
k,m+1(u) ≡ 2 Im

∫︂ (︁
∂2m+2
x u

)︁2
∂2m
x u up−2 ūp+1

− 2 Im
∫︂

(∂2m+1
x u)2 ∂2m+2

x u up−2 ūp+1 ≡ 2 Im
∫︂ (︁

∂2m+2
x u

)︁2
∂2m
x u up−2 ūp+1
17 
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and we conclude the first equivalence in (3.20). Next we compute by (3.22)

W̃∗
k,m+1(u) ≡ 2Im

∫︂
∂2m+2
x u ∂2m+1

x ū ∂2m+1
x u up−1 ūp

− 2Im
∫︂

∂2m+2
x u ∂2m+1

x ū ∂2m+1
x ū ūp−1 up − 2Im

∫︂
∂2m+1
x u ∂2m

x ū ∂2m+3
x u up−1 ūp

≡ 2Im
∫︂

∂2m+2
x u ∂2m+1

x ū ∂2m+1
x u up−1 ūp

− 2Im
∫︂

∂2m+2
x u ∂2m+1

x ū ∂2m+1
x ū ūp−1 up

+ 2Im
∫︂

∂2m+1
x u ∂2m+1

x ū ∂2m+2
x u up−1 ūp + 2Im

∫︂
∂2m+2
x u ∂2m

x ū ∂2m+2
x u up−1 ūp

≡ 2Im
∫︂

∂2m+2
x u ∂2m+1

x ū ∂2m+1
x u up−1 ūp

− 2Im
∫︂

∂2m+2
x u ∂2m+1

x ū ∂2m+1
x ū ūp−1 up

− Im
∫︂

(∂2m+1
x u)2 ∂2m+2

x ū up−1 ūp + 2Im
∫︂

∂2m+2
x u ∂2m

x ū ∂2m+2
x u up−1 ūp

and we conclude the second equivalence in (3.20). �
Proof of Proposition 3.1. First notice that for any integer k ≥ 2 and h ∈ {0, . . . ,m}

Ĩ∗∗
k,h+1(u), J̃ ∗∗

k,h+1(u), Ṽ∗∗
k,h+1(u),W̃∗∗

k,h+1(u) ≡ 0. (3.24)

Hence, by Lemma 3.1, we conclude by using (3.7) once we prove that there exist α̃h, β̃h, γ̃h, 
h ∈ {0, . . . ,m} and δ̃h, h ∈ {1, . . . ,m} such that

m ∑︂
h=0 

(︂
α̃h Ĩ∗

k,h+1(u) + β̃h Ṽ∗
k,h+1(u) + γ̃h W̃∗

k,h+1(u)
)︂

+
m ∑︂

h=1 
δ̃h K̃∗

k,h+1(u)

≡ −
m ∑︂

h=0 

(︂
αh Ik,h(u) + βh Vk,h(u) + γh Wk,h(u)

)︂

−
m ∑︂

h=1 
δh Kk,h(u) for k = 3m + 1, 3m + 2, (3.25)

and

m ∑︂(︂
α̃h Ĩ∗

k,h+1(u) + β̃h Ṽ∗
k,h+1(u) + γ̃h W̃∗

k,h+1(u)
)︂

+
m ∑︂

δ̃h K̃∗
k,h+1(u)
h=0 h=1 

18 
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≡ c Im
∫︂ (︁

∂2m
x u

)︁3
up−2 ūp+1 −

m ∑︂
h=0 

(︂
αh Ik,h(u) + βh Vk,h(u) + γh Wk,h(u)

)︂

− 
m ∑︂

h=1 
δh Kk,h(u) for k = 3m, (3.26)

where αh,βh, γh, δh are the same constants in (3.8) and c ∈R is a suitable constant.

We preliminary treat the special and easier cases k = 2 and k = 3. 

First case: k = 2. We have to prove the existence of α̃0, β̃0, γ̃0 such that

α̃0 Ĩ∗
2,1(u) + β̃0 Ṽ∗

2,1(u) + γ̃0 W̃∗
2,1(u) ≡ −α0 I2,0(u) − β0 V2,0(u) − γ0 W2,0(u) (3.27)

where α0, β0, γ0 are set, for k = 2, in (3.8). Notice that by (3.2) and integration by parts we have 
the identities

Ĩ2,1 = W̃2,1, W2,0(u) ≡ 2 V2,0(u).

Hence the condition (3.27) can be written as follows:

(α̃0 + γ̃0)Ĩ∗
2,1(u) + β̃0 Ṽ∗

2,1(u) ≡ −α0 I2,0(u) − ( β0 + 2γ0) V2,0(u)

By Lemma 3.2 and by using I2,1(u) ≡ 0 (which in turn follows by (3.2) and integration by parts) 
we get

Ĩ∗
2,1(u) ≡ 2 I2,0(u) − 2(p − 1) I2,1(u) ≡ 2 I2,0(u), Ṽ∗

2,1(u) ≡ 4pV2,0(u)

and hence the condition (3.27) holds if we impose:{︄
2(α̃0 + γ̃0) = −α0

4pβ̃0 = −β0 − 2γ0.

Hence we get a 2 × 2 linear system on the unknowns α̃0 + γ̃0, β̃0 whose associated matrix is 
invertible [︃

2 0
0 4p

]︃
.

Notice that we can select uniquely α̃0 + γ̃0 and β̃0, and hence we have ifinitely many choices 
for α̃0 and γ̃0. 
Second case: k = 3. In this case by (3.2) and integrating by parts we get

W̃3,2(u) ≡ −Re
∫︂ (︁

∂2
xu

)︁2
up−1 ūp+1 − (p + 1)Re

∫︂
∂2
xu ∂xū ∂xu up−1 ūp

= −Ĩ3,1(u) − (p + 1)W̃3,1(u). 
19 
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On the other hand we have

W3,1(u) = Im
∫︂

∂2
xu ∂xū ∂3

x ū up ūp−1 = −Im
∫︂

∂2
x ū ∂xu ∂3

xu up−1 ūp = −V3,0(u). 

From Lemmas 3.2, 3.3, and 3.4, we also have

Ĩ∗
3,1(u) ≡ 2 I3,0(u) − 2(p − 1) I3,1(u), Ĩ∗

3,2(u) ≡ 0, Ṽ∗
3,1(u) ≡ 4 pV3,0(u)

Ṽ∗
3,2(u) ≡ 2 V3,1(u), W̃∗

3,1(u) ≡ 2 V3,0(u) − 2 W3,0(u) − 2 V3,1(u), K̃∗
3,2(u) ≡ 2 K3,1(u). 

Hence (3.26) follows if we can find α̃0, β̃0, γ̃0, β̃1, γ̃1, δ̃1, such that

(α̃0 − γ̃1) Ĩ∗
3,1(u) + β̃0 Ṽ∗

3,1(u) + (γ̃0 − (p + 1) γ̃1) W̃∗
3,1(u)

+ β̃1 Ṽ∗
3,2(u) + δ̃1 K̃∗

3,2(u) ≡ cI3,1(u) − α0 I3,0(u) − (β0 − γ1) V3,0(u)

− γ0 W3,0(u) − β1 V3,1(u) − δ1 K3,1(u), (3.28)

which in turn by the relations above is satified provided that we impose the system⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

2 α̃0 − 2 γ̃1 = −α0

4 p β̃0 − 2(p + 1) γ̃1 + 2 γ̃0 = −β0 + γ1

2 β̃1 − 2 γ̃0 + 2(p + 1)γ̃1 = −β1

−2 γ̃0 + 2(p + 1)γ̃1 = −γ0

2δ̃1 = −δ1.

Notice that we have a system of five equations with six variables, hence we can fix for instance 
γ̃1 = 0 and the reduced corresponding linear system is associated with the matrix⎡⎢⎢⎢⎢⎣

2 0 0 0 0
0 4p 2 0 0
0 0 −2 2 0
0 0 −2 0 0
0 0 0 0 2

⎤⎥⎥⎥⎥⎦ ,

which is invertible.

Next we consider separately the three cases k = 3m+ 1, k = 3m+ 2 and k = 3m, with m > 0. 

Third case: k = 3m + 1, m > 0. We shall prove the following facts, which in turn imply (3.25)
for k = 3m + 1:

• there exist α̃h ∈R, h = 0, . . . ,m such that

m ∑︂
α̃h Ĩ∗

k,h+1(u) ≡ −
m ∑︂

αh Ik,h(u); (3.29)

h=0 h=0 
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• there exist β̃h, γ̃h, β ∈R, h = 0, . . . ,m such that

m ∑︂
h=0 

(︂
β̃h Ṽ∗

k,h+1(u) + γ̃h W̃∗
k,h+1(u)

)︂
≡ −

m ∑︂
h=0 

(︂
βh Vk,h(u) + γh Wk,h(u)

)︂
+ β Kk,m(u);

(3.30)

• there exist δ̃h, h = 1, . . . ,m such that

m ∑︂
h=1 

δ̃h K̃∗
k,h+1(u) ≡ −β Kk,m(u) −

m ∑︂
h=1 

δh Kk,h(u) (3.31)

where β is the same constant that appears in (3.30).

We begin with proving (3.29). From Lemmas 3.2, 3.3, and 3.4, we get⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ĩ∗
k,1(u) ≡ 2 Ik,0(u) − 2(p − 1) Ik,1(u)

...

Ĩ∗
k,h+1(u) ≡ 2 Ik,h(u) − 2 Ik,h+1(u)

...

Ĩ∗
k,m+1(u) ≡ 6 Ik,m(u).

Thus (3.29) is associated with as a linear system with matrix as follows:

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0 · · · · · · · · · 0

−2(p − 1) 2 0
. . .

. . .
. . . 0

0 −2 2 0
. . .

. . . 0

0 0 −2 2 0
. . . 0

...
. . .

. . .
. . .

. . .
. . .

...

0
. . .

. . .
. . . −2 2 0

0 · · · · · · · · · 0 −2 6

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
The matrix is clearly invertible, since it is a lower triangular matrix, whose diagonal entries are 
non-zero and hence (3.29) follows. We prove next (3.30). To do so first notice that since we are 

assuming k = 2m + 1 then we get

Vk,m(u) = Im
∫︂

∂2m+1
x u ∂2m

x ū ∂2m+1
x u up−1 ūp = Kk,m (3.32)

and also
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Wk,m(u) = Im
∫︂

∂2m+1
x u ∂2m

x ū ∂2m+1
x ū up ūp−1

≡ −Im
∫︂

∂2m+2
x u ∂2m−1

x ū ∂2m+1
x ū up ūp−1 − Im

∫︂
∂2m+1
x u ∂2m−1

x ū ∂2m+2
x ū up ūp−1

= − Wk,m−1(u) + Vk,m−1(u). (3.33)

Hence we get that (3.30) follows if we show that we can select β̃h, γ̃h and β ′ such that

m ∑︂
h=0 

(︂
β̃h Ṽ∗

k,h+1(u) + γ̃h W̃∗
k,h+1(u)

)︂
≡ −

m−1∑︂
h=0 

(︂
β ′

h Vk,h(u) + γ ′
h Wk,h(u)

)︂
+ β ′ Kk,m(u),

(3.34)

where the coefficients β ′
h, γ ′

h are uniquely dfined by βh, γh once we take into account (3.32)
and (3.33). Indeed we shall prove that we can select β̃h, γ̃h for h = 0, . . . ,m − 1 such that

m−1∑︂
h=0 

(︂
β̃h Ṽ∗

k,h+1(u) + γ̃h W̃∗
k,h+1(u)

)︂
≡ −

m−1∑︂
h=0 

(︂
β ′

h Vk,h(u) + γ ′
hWk,h(u)

)︂
+ β ′ Kk,m(u).

(3.35)

Hence, we deal with the system given by Ṽ∗
k,h(u) and W̃∗

k,h(u) in terms of linear combinations 
of Vk,h(u) and Wk,h(u). By Lemmas 3.2, 3.3 we have

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ṽ∗
k,1(u) ≡ 4pVk,0(u)

W̃∗
k,1(u) ≡ 2 Vk,0(u) − 2 Wk,0(u) − 2 Vk,1(u)

...

Ṽ∗
k,h+1(u) ≡ 2 Vk,h(u)

W̃∗
k,h+1(u) ≡ 2 Vk,h(u) − 2 Wk,h(u) − 2 Vk,h+1(u)

...

Ṽ∗
k,m(u) ≡ 2 Vk,m−1(u)

W̃∗
k,m(u) ≡ 2Vk,m−1(u) − 2Wk,m−1(u) − 2Kk,m(u),
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where we have used in the last equation (3.32). Hence, (3.30) is proved if the following matrix is 
invertible

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4p 2 0 0 0 · · · · · · 0

0 −2 0 0 0
. . .

. . . 0

0 −2 2 2 0
. . .

. . . 0

0 0 0 −2 0
. . .

. . . 0

0 0 0 −2 2
. . .

. . . 0
...

. . .
. . .

. . .
. . .

. . .
...

0 0 0 0 0 · · · 2 2
0 0 0 0 0 · · · 0 −2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎣
A 0 · · · 0 0
∗ B 0 0

. . .
. . .

...
...

∗ ∗ B 0
∗ ∗ ∗ B

⎤⎥⎥⎥⎥⎥⎦

with

A =
[︃

4p 2
0 −2

]︃
,B =

[︃
2 2
0 −2

]︃
.

This matrix is invertible, since it is a block lower triangular matrix, whose diagonal blocks are all 
invertible. It remains to prove (3.31), for which we need to consider the system given by K̃k,h(u)

in terms of Kk,h(u), as deduce by Lemmas 3.3, 3.4. The associated matrix is diagonal with non
zero (diagonal) entries, hence it is invertible and then (3.31) holds true. 

Fourth case k = 3m + 2, m > 0. We shall prove (3.29), (3.30), (3.31). By using Lemmas 3.2, 
3.3, 3.4 we get

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ĩ∗
k,1(u) ≡ 2 Ik,0(u) − 2(p − 1) Ik,1(u)

...

Ĩ∗
k,h+1(u) ≡ 2 Ik,h(u) − 2 Ik,h+1(u)

...

Ĩ∗
k,m+1(u) ≡ 2 Ik,m(u)

and hence (3.29) follows exactly as in the case k = 2m+ 1. Next notice that by Lemmas 3.2, 3.3, 
3.4 we get
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ṽ∗
k,1(u) ≡ 4pVk,0(u)

W̃∗
k,1(u) ≡ 2 Vk,0(u) − 2 Wk,0(u) − 2 Vk,1(u)

...

Ṽ∗
k,h+1(u) ≡ 2 Vk,h(u)

W̃∗
k,h+1(u) ≡ 2 Vk,h(u) − 2 Wk,h(u) − 2 Vk,h+1(u)

...

Ṽ∗
k,m+1(u) ≡ 2 Vk,m(u)

W̃∗
k,m+1(u) ≡ 2Vk,m −Wk,m + 2Kk,m.

Also in this case it is easy to check that the associated matrix to the previous system is invertible 
and we get (3.30). Finally (3.31) follows as in the case k = 2m + 1 since the corresponding 
system is diagonal with non zero entries on the diagonal. 

Fifth case: k = 3m, m > 0. We split the proof of (3.26) in the following steps:

• there exist α̃h ∈R, h = 0, . . . ,m − 1 such that

m−1∑︂
h=0 

α̃h Ĩ∗
k,h+1(u) ≡ c Im

∫︂ (︁
∂2m
x u

)︁3
up−2 ūp+1 −

m−1∑︂
h=0 

αh Ik,h(u); (3.36)

• there exist β̃h, γ̃h, β,β ′ ∈ R, h = 0, . . . ,m such that

m ∑︂
h=0 

(︂
β̃h Ṽ∗

k,h+1(u) + γ̃h W̃∗
k,h+1(u)

)︂
≡ −

m ∑︂
h=0 

(︂
βh Vk,h(u) + γhWk,h(u)

)︂
+ βKk,m(u) + β ′ Kk,m−1(u); (3.37)

• there exist δ̃h, h = 1, . . . ,m such that

m ∑︂
h=1 

δ̃h K̃∗
k,h+1(u) ≡ −βKk,m(u) − β ′ Kk,m−1(u) −

m ∑︂
h=1 

δh Kk,h(u) (3.38)

where β,β ′ are the same constant that appears in (3.37).
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Concerning (3.36), we have by Lemmas 3.2, 3.3

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ĩ∗
k,1(u) ≡ 2 Ik,0(u) − 2(p − 1) Ik,1(u)

...

Ĩ∗
k,h+1(u) ≡ 2 Ik,h(u) − 2 Ik,h+1(u)

...

Ĩ∗
k,m(u) ≡ 2 Ik,m−1(u) − 2 Ik,m(u)

for h = 1, · · · ,m − 2. Notice that due to Lemma 3.4 we cannot exploit Ĩ∗
k,m+1(u) to cancel 

the term Ik,m(u) = Im
∫︁ (︁

∂2m
x u

)︁3
up−2 ūp+1. Hence (3.36) follows from the invertibility of the 

matrix

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2 0 0 · · · · · · · · · 0
−2(p − 1) 2 0 · · · · · · · · · 0

0 −2 2 0 · · · · · · 0
0 0 −2 2 0 · · · 0

. . .
. . .

. . .
. . .

. . .

0 · · · · · · · · · −2 2 0
0 · · · · · · · · · 0 −2 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
which is lower triangular with non zero entries on the diagonal. In order to prove (3.37) we use 
Lemmas 3.2, 3.3, 3.4 and we get

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ṽ∗
k,1(u) ≡ 4pVk,0(u)

W̃∗
k,1(u) ≡ 2 Vk,0(u) − 2 Wk,0(u) − 2 Vk,1(u)

...

Ṽ∗
k,h+1(u) ≡ 2 Vk,h(u)

W̃∗
k,h+1(u) ≡ 2 Vk,h(u) − 2 Wk,h(u) − 2 Vk,h+1(u)

...

Ṽ∗
k,m+1(u) ≡ 2 Vk,m(u)

W̃∗
k,m+1(u) ≡ 2Vk,m − 2Wk,m − 2Wk,m−1 − 2Kk,m−1 + 4Kk,m.

Hence in order to deduce (3.37) we have to consider the invertibility of a block lower triangular 
matrix with the following structure
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A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4p 2 0 · · · · · · · · · · · · · · · 0
0 −2 0 · · · · · · · · · · · · · · · 0
0 −2 2 2 · · · · · · · · · · · · 0
0 0 0 −2 0 · · · · · · · · · 0

. . .
. . .

. . .
. . .

. . .

0 · · · · · · · · · −2 2 2 0 0
0 · · · · · · · · · 0 0 −2 0 −2
0 · · · · · · · · · 0 0 −2 2 2
0 · · · · · · · · · 0 0 0 0 −2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎣
A 0 · · · 0 0
∗ B 0 0

. . .
. . .

...
...

∗ ∗ B 0
∗ ∗ ∗ C

⎤⎥⎥⎥⎥⎥⎦

with

A =
[︃

4p 2
0 −2

]︃
,B =

[︃
2 2
0 −2

]︃
,C =

⎡⎢⎢⎣
2 2 0 0
0 −2 0 −2
0 −2 2 2
0 0 0 −2

⎤⎥⎥⎦ ,

and clearly all the blocks are invertible by direct computation. It remains to prove (3.38), for 
which we need to consider the system given by K̃k,h(u) in terms of Kk,h(u), as deduced by 
Lemmas 3.3, 3.4. Since the associated matrix is diagonal with non-zero (diagonal) entries we 
conclude.

4. Proof of Theorem 1.1 for k ≠ 3m

The energy Ek is provided in (3.3). Next we shall use the notation

Ek(u) = ∥u∥2
Hk +Fk(u),

where Fk(u) is a linear combination of terms of the following type

Im
∫︂

∂i1
x u · · · ∂in

x u ∂j1
x ū · · · ∂jn

x ū, (i, j) ∈ Gk. (4.1)

Moreover the r.h.s. of (3.4) is a linear combination of terms of the type:

Re
∫︂

∂i1
x u · · · ∂in

x u ∂j1
x ū · · · ∂jn

x ū, (i, j) ∈Dk ∪ Ck.

We claim that we have the bound

t0+T∫︂
t0

∫︂ ⃓⃓
∂i1
x u · · · ∂in

x u ∂j1
x ū · · · ∂jn

x ū
⃓⃓ ≤ C∥u(t0)∥

2k−4
k−1 

Hk , (i, j) ∈Dk (4.2)

provided that T = T (k,R) > 0 is the one of Proposition 2.1 and u(t, x) solves (1.2). We also 
claim the following time-independent estimate
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∫︂ ⃓⃓
∂i1
x u · · · ∂in

x u ∂j1
x ū · · · ∂jn

x ū
⃓⃓ ≤ C∥u∥

2k−4
k−1 

Hk , (i, j) ∈ Ck ∪ Gk, u ∈ Hk. (4.3)

Once (4.2) and (4.3) are established we conclude. In fact notice that integration on (t0, t0 + T )

of the estimate (4.3) along with Proposition 2.1 implies

t0+T∫︂
t0

∫︂ ⃓⃓
∂i1
x u · · · ∂in

x u ∂j1
x ū · · · ∂jn

x ū
⃓⃓ ≤ C∥u(t0)∥

2k−4
k−1 

Hk , (i, j) ∈ Ck ∪ Gk (4.4)

provided that u(t, x) solves (1.2). Hence we get (1.4) as consequence of (4.3) where we select 
(i, j) ∈ Gk and we use Proposition 2.1. Similarly (1.5) (for ε = 0) follows by (4.2) and (4.4)
where we choose (i, j) ∈ Ck , once (3.4) is integrated in time on the interval (t0, t0 + T ). 
We next focus on the proof of (4.2). We can order the set {i1, . . . , in, j1, . . . , jn} in decreasing 
order

α1 ≥ α2 ≥ · · · ≥ α2n, α1, α2, α3, α4 ≥ 1, 
2n ∑︂

j=1 
αj = 2k.

Hence by using the Hölder inequality and the Sobolev embedding H 1 ⊂ L∞ we get

t0+T∫︂
t0

∫︂
|∂i1

x u · · · ∂in
x u ∂j1

x ū · · · ∂jn
x ū|

≤
4 ∏︂

i=1 
∥∂αi

x u∥L4((t0,t0+T );L4) ×
2n ∏︂

j=5

∥∂αj
x u∥L∞((t0,t0+T );L∞)

≤ C

4 ∏︂
i=1 

∥u0∥Hαi ×
2n ∏︂

j=5

∥u∥
L∞((t0,t0+T );H 1+αj )

≤ C∥u(t0)∥
∑︁4

i=1
αi−1
k−1 

Hk ∥u(t0)∥
∑︁4

i=1
k−αi
k−1 

H 1 ∥u(t0)∥
∑︁2n

j=5
αj
k−1

Hk ∥u(t0)∥
∑︁2n

j=5
k−1−αj

k−1 
H 1

≤ C∥u(t0)∥
2k−4
k−1 

Hk

where we have used interpolation at the last step along with the uniform control of H 1 (see (2.3)). 
Next we prove (4.3). As for (4.2) we can order {i1, . . . , in, j1, . . . , jn} in decreasing order

α1 ≥ α2 ≥ · · · ≥ α2n, 0 < α1, α2 ≤ k − 1, 
2n ∑︂

j=1 
αj = 2k − 2.

Then by the Hölder inequality and the Sobolev embedding H 1 ⊂ L∞ we can estimate
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∫︂
|∂i1

x u · · · ∂in
x u ∂j1

x ū · · · ∂jn
x ū|

≤
2 ∏︂

i=1 
∥∂αi

x u∥L2 ×
2n ∏︂

j=3

∥∂αj
x u∥L∞ ≤ C

2 ∏︂
i=1 

∥u∥Hαi ×
2n ∏︂

j=3

∥u∥
H

1+αj

≤ C∥u∥
∑︁2

i=1
αi−1
k−1 

Hk ∥u∥
∑︁2

i=1
k−αi
k−1 

H 1 ∥u∥
∑︁2n

j=3
αj
k−1

Hk ∥u∥
∑︁2n

j=3
k−1−αj

k−1 
H 1 ≤ C∥u∥

2k−4
k−1 

Hk

where we have used interpolation at the last step along with the uniform control of H 1 (see (2.3)).

5. Proof of Theorem 1.1 for k = 3m

Notice that the case k = 3m is different from the case k ≠ 3m due to the first term that appears 
on the r.h.s. in (3.26), hence our main task is to estimate

Im

t0+T∫︂
t0

∫︂ (︁
∂2m
x u

)︁3
up−2 ūp+1. (5.1)

All the other terms can be dealt with as we already did in section 4. 
The key is the following proposition.

Proposition 5.1. Let α,β ≥ 0 and l ≥ 2 be integers. Then for every ε > 0 there is b < 1/2 such 
that for every t0 we have:

⃓⃓⃓ t0+T∫︂
t0

∫︂
(∂l

xu)3uαūβ
⃓⃓⃓
≤ C∥u∥

X
l−1+ε,b
(t0,t0+T )

∥u∥2
X

l+ε,b
(t0,t0+T )

∥u∥α+β

X
1,b
(t0,t0+T )

∀u ∈ X
l+ε,b
(t0,t0+T ). (5.2)

We start with a result concerning Sobolev spaces on R, rather useful along the proof of Propo
sition 5.1.

Lemma 5.1. Let −∞ < a < a′ < ∞ and b ∈ [0, 1
2 ) then there exists C > 0 such that:

∥χ[a,a′]u∥Ḣ b(R) ≤ C∥u∥Ḣ b(R). (5.3)

Proof. We shall use the following equivalence of norms

∥u∥2
Ḣ b(R)

∼
∫︂
R 

∫︂
R 

|u(x) − u(y)|2
|x − y|1+2b

dxdy, b ∈ (0,1), (5.4)

as well as the following Hardy type inequality∫︂ |u|2
|x|2b

≤ C∥u∥2
Ḣ b(R)

, b ∈ (0,
1

2
) (5.5)
R 
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For a proof of (5.4) and (5.5) see [4]. In the sequel for simplicity we assume a = 0, a′ = 1 and 
we denote I = [0,1], I c = R \ [0,1]. We denote ũ = χIu then thanks to (5.4) the square of the 
l.h.s. in (5.3) is equivalent to

∫︂ ∫︂
I×I

|ũ(x) − ũ(y)|2
|x − y|1+2b

dxdy +
∫︂
I

(

∫︂
I c

|ũ(x) − ũ(y)|2
|x − y|1+2b

dy)dx +
∫︂
I c

(

∫︂
I

|ũ(x) − ũ(y)|2
|x − y|1+2b

dy)dx

=
∫︂ ∫︂

I×I

|u(x) − u(y)|2
|x − y|1+2b

dxdy +
∫︂
I

(

∫︂
I c

|u(x)|2
|x − y|1+2b

dy)dx +
∫︂
I c

(

∫︂
I

|u(y)|2
|x − y|1+2b

dy)dx

= A1 + A2 + A3, 

where we used that ũ(x) − ũ(y) = 0 for (x, y) ∈ I c × I c. Of course we have

A1 ≤
∫︂ ∫︂

R×R

|u(x) − u(y)|2
|x − y|1+2b

dxdy ∼ ∥u∥2
Ḣ b(R)

where we used (5.4). Concerning A2 we have

A2 =
∫︂
I

|u(x)|2(
∫︂
I c

1 
|x − y|1+2b

dy)dx ≤
∫︂
R 

|u(x)|2
|x|2b

dx +
∫︂
R 

|u(x)|2
|1 − x|2b

dx ≤ C∥u∥2
Ḣ b(R)

where we used (5.5), the translation invariance of the Ḣ b norm and the elementary bound∫︂
I c

1 
|x − y|1+2b

dy ≤ C

|x|2b
+ C

|1 − x|2b
, ∀x ∈ (0,1).

Concerning A3 we have

A3 =
∫︂
I c

(

∫︂
[0,1]

|u(y)|2
|x − y|1+2b

dy)dx =
∫︂
I

|u(y)|2(
∫︂
I c

1 
|x − y|1+2b

dx)dy

and hence it is exactly A2. Hence we conclude (5.3). �
Proof of Proposition 5.1. For simplicity we restrict to the case t0 = 0, the general case is iden
tical. We denote by χT the characteristic function of the interval [0, T ]. We claim that it is 
sufficient to show the following bound:⃓⃓⃓ ∫︂

R 

∫︂
(∂l

xu)3uαūβ
⃓⃓⃓
≤ C∥u∥Xl−1+ε,b ∥u∥2

Xl+ε,b∥u∥α+β

X1,b , ∀u ∈ Xl+ε,b (5.6)

for some b < 1
2 dependent on ε > 0. We first show how the localized estimate (5.2) follows from 

the estimate (5.6). We dfine the sequences un,1 ∈ Xl+ε,b , un,2 ∈ Xl−1+ε,b , un,3 ∈ X1,b such 
that:
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un,k(t, x) = u(t, x) on [0, T ] ×T , k = 1,2,3 (5.7)

and

∥un,1∥Xl+ε,b → ∥u∥
X

l+ε,b
(0,T )

, ∥un,2∥Xl−1+ε,b → ∥u∥
X

l−1+ε,b
(0,T )

,∥un,3∥X1,b → ∥u∥
X

1,b
(0,T )

.

(5.8)

Next notice that by Lemma 5.1 and the definition of the Bourgain spaces we have

∥χT un,1∥Xl+ε,b ≤ C∥un,1∥Xl+ε,b ,

∥χT un,2∥Xl−1+ε,b ≤ C∥un,2∥Xl−1+ε,b ,∥χT un,3∥X1,b ≤ C∥un,3∥X1,b . (5.9)

On the other hand by (5.7) and (5.9) we have χT u = χT un,1 ∈ Xl+ε,b hence we can plug in the 
estimate (5.6) the function χT u. We conclude (5.6) by using again the property χT u = χT un,k

for every n ∈ N, k = 1,2,3 in conjunction with (5.8) and (5.9).
Next we prove (5.6). Let v be dfined by

v̂(τ, n) = |û(τ, n)|, τ ∈ R, n ∈ Z.

Using the Fourier transform we can write

⃓⃓⃓ ∫︂
R 

∫︂
(∂l

xu)3uαūβ
⃓⃓⃓
≤ C

∫︂
Λ 

∑︂
Θ 

3 ∏︂
j=1

|nj |l v̂(τj , nj ) ×
3+α+β∏︂

j=4 
v̂(τj , nj ), (5.10)

where

Λ =
{︂
(τ1, · · · , τ3+α+β) ∈R3+α+β :

3+α∑︂
j=1 

τj −
3+α+β∑︂
j=4+α

τj = 0
}︂

and

Θ =
{︂
(n1, · · · , n3+α+β) ∈Z3+α+β :

3+α∑︂
j=1 

nj −
3+α+β∑︂
j=4+α

nj = 0
}︂
.

We evaluate the sum over Θ by sums on which |nj | are restricted to dyadic intervals [Nj,2Nj ]. 
We set

N(4) = max(N4, · · ·N3+α+β).

We consider two case. We first assume N1 ≫ N(4). In this case, we use that for

(τ1, · · · , τ3+α+β) ∈ Λ
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one has

⃓⃓⃓ 3+α∑︂
j=1 

(τj + n2
j ) −

3+α+β∑︂
j=4+α

(τj + n2
j )

⃓⃓⃓
≥ n2

1 + n2
2 + n2

3 −
3+α+β∑︂

j=4 
n2

j ≥ Cn2
1.

We therefore have that

max 
1≤j≤3+α+β

⟨τj + n2
j ⟩ ≥ Cn2

1. (5.11)

We now consider two sub cases of the first case. Let us first suppose that the max in the left 
hand-side of (5.11) is attained for a j in {1,2,3}. Without restriction of the generality we can 
suppose that the max in the left hand-side of (5.11) is attained for j = 1. Dfine w1 and w2 by

ˆ︂w1(τ, n) = |n|l−1+ε ⟨τ + n2⟩bv̂(τ, n), ˆ︂w2(τ, n) = |n|l v̂(τ, n).

The contribution of the case under consideration to (5.10) can be evaluated by∫︂
R 

∫︂
w1 w2

2 vαv̄β ≤ ∥w1∥L2(R;L2)∥w2∥2
L4(R;L4)

∥v∥α+β

L∞(R;L∞)
≤ C∥u∥Xl−1+ε,b ∥u∥2

Xl,b∥u∥α+β

X1,b ,

where we have used the Strichartz bounds

∥u∥L4(R;L4)) ≤ C∥u∥X0,b

and

∥u∥L∞(R;L∞) ≤ C∥u∥X1,b ,

where b < 1/2 is sufficiently close to 1/2. Let us next suppose that the max in the left hand-side 
of (5.11) is attained for a j in {4, · · · ,3 + α + β}. Without restriction of the generality we can 
suppose that the max in the left hand-side of (5.11) is attained for j = 4. Dfine w1, w2 and w3
by

ˆ︂w1(τ, n) = |n|l−1+ε v̂(τ, n), ˆ︂w2(τ, n) = |n|l v̂(τ, n)

and

ˆ︂w3(τ, n) = ⟨τ + n2⟩bv̂(τ, n).

The contribution of the case under consideration to (5.10) can be evaluated by

∫︂
R 

∫︂
w1 w2

2w3 vα−1v̄β ≤ ∥w1∥L6(R;L6))∥w2∥2
L6(R;L6))

∥w3∥L2(R;L2)∥v∥α+β−1
L∞(R;L∞)

≤ C∥u∥Xl−1+ε,b ∥u∥2
Xl,b∥u∥α+β

X1,b , 
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where we have used the Strichartz bound

∀ ε > 0, ∃ b < 1/2 : ∥u∥L6(R;L6) ≤ C∥u∥Xε,b .

Let us now consider the second case. Namely, we suppose that N1 ≲N(4). Without restriction of 
the generality we can suppose that N(4) = N4 and we can write

3 ∏︂
j=1

|nj |l v̂(τj , nj ) ×
3+α+β∏︂

j=4 
v̂(τj , nj ) ≤

|n1|l−1 v̂(τ1, n1) ×
(︂ 3 ∏︂

j=2

|nj |l v̂(τj , nj )
)︂

× |n4| v̂(τ4, n4) ×
3+α+β∏︂

j=5 
v̂(τj , nj ). 

Dfine w1, w2 and w3 by

ˆ︂w1(τ, n) = |n|l−1 v̂(τ, n), ˆ︂w2(τ, n) = |n|l v̂(τ, n)

and

ˆ︂w3(τ, n) = |n|v̂(τ, n).

The contribution of the case under consideration to (5.10) can be evaluated by∫︂
R 

∫︂
w1 w2

2w3 vα−1v̄β

≤ ∥w1∥L6(R;L6)∥w2∥2
L6(R;L6)

∥w3∥L2(R;L2)∥v∥α+β−1
L∞(R;L∞)

≤ C∥u∥Xl−1+ε,b ∥u∥2
Xl+ε,b∥u∥α+β

X1,b . �
Proof of Theorem 1.1 for k = 3m. We can now complete the proof of Theorem 1.1 in the case 
k = 3m. By using Proposition 5.1 for l = 2m and α = p − 2, β = p + 1 we get the bound

⃓⃓ t0+T∫︂
t0

Im
∫︂ (︁

∂2m
x u

)︁3
up−2 ūp+1

⃓⃓ ≤ C∥u(t0)∥H 2m−1+ε ∥u(t0)∥2
H 2m+ε∥u(t0)∥2p−1

H 1 , (5.12)

where T is provided by Proposition 2.2. By interpolation we can continue the estimate above as 
follows:

· · · ≤ C∥u(t0)∥η

H 3m ∥u(t0)∥2θ
H 3m∥u(t0)∥1−η

H 1 ∥u(t0)∥2(1−θ)

H 1 ∥u(t0)∥2p−1
H 1

where

2m − 1 + ε = 3mη + 1 − η, 2m + ε = 3mθ + 1 − θ
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and hence by the conservation of the energy we conclude

· · · ≤ C∥u(t0)∥η+2θ

H 3m = C∥u(t0)∥
2m−2+ε+4m−2+2ε

3m−1 
H 3m

and we get Theorem 1.1 since k = 3m. �
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