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decay appears, together with the well-known phenomenon of
loss of smoothness.
© 2025 The Authors. Published by Elsevier Masson SAS.
This is an open access article under the CC BY-NC-ND
license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In this paper we deal with the global decay and regularity properties of the solution
of certain weakly hyperbolic Cauchy problems, associated with linear partial differential
operators with smooth coefficients, polynomially growing in the space variable x. Setting

d
L=-Dju+>(aj(t,z)D} +b;(t,x)D;) + c(t, ), (1.1)
j=1

our model Cauchy problem is

u(0,2) = p(x),u(0,2) = Y(x), x € RY, (12)

{Lu(t,w) =g(t,), (t,2) € [0,T] x R,
where D; = —i0/0x;, D; = —i0/0t and a,;(t, x),b;(t,x),c(t,x), j = 1,...,d, are func-
tions in C([0,7] x RY) N C>=((0,T] x R%), for (a suitably small) 7" > 0. We define

d
a(t,z,§) = Z a; txf +b;(t,x)&;) + c(t, z), (1.3)

and assume that a(t, -, D) = Op(a(t)) is a differential operator with coefficients that are
smooth on (0,7] x R%, but, possibly, with characteristic roots of variable multiplicity and
fast oscillations (see [42]) at t = 0. Compared with the hyperbolic operators with variable
multiplicities studied in [1], we here consider different conditions on the characteristic
roots. Namely, the behavior with respect to the time variable ¢ is governed by a shape
function A(t), as explained in Section 2.1 below. The function a is assumed to be a family
of symbols belonging to one of the Weyl-Hormader classes S(m, g), namely, where the
metric on the phase space R?? is

9oy (W, m) = (@) 2|y|* + (&) |nl?, (1.4)
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where (1) stands for' (e + []?)}/2,n € R%. Most often, we will employ weights of the
form m(x, &) = (x)™(£)*, that is, the so-called SG-symbols, in their most standard form
S+ (R24), will be involved (cf. Cordes [12], Parenti [38]). However, we will also need
more general symbols of SG-type, that is, those associated with the metric

9w (Y1) = (@) 72 [y + (2)772(€) 722 In]*.

In this case, with the same choice of weight above, we will denote S(m,g) =
Sk (R = S (R24). If

(rj,p;5 T1,72,01,P2

0<rs<r; <1 and 0<p; <pp <1,

then g is feasible and m is g-continuous in this case. If, in addition, 79, p; < 1, then g is
strongly feasible (see Coriasco and Toft [22], Hérmander [29], Nicola and Rodino [36]).
Such conditions will actually be satisfied in our analysis below.

We will also assume that the family of symbols a given in (1.3) admits a lower bound,
namely,

lalt, =, €)| = CA(t)*(x)*(€), (1.5)

for a positive constant C. Notice that (1.5) does not imply ellipticity of a in the SG-
classes for ¢t = 0, see Section 2.4 below for details. Then, the operator in (1.2) will turn
out to be weakly hyperbolic with variable multiplicities, since it will hold A(0) = 0,
A(t) > 0,te (0,7T].

Unlike similar approaches, involving different symbol classes, we allow unbounded
coefficients with respect to space variable z € R%. Indeed, we will assume the following
polynomial upper bounds on the family of symbols a and their derivatives: for all «, 5 €
N¢ and k € N,

D Dg Dla(t,z,6)| < Crag A1) (@)>71°1(€)*PI(1)F, (1.6)

for some Crap > 0 and every (t,z,&) € (0,T] x R? x R4 In (1.6), the non-negative
function X(t) is defined by X(t) := —A(¢) In(A(¢))/A(t), where A(t) := fot A(T)dr, and
it captures the ‘local’ weakening of ‘generalized’ Lipschitz conditions, as described in
Section 2.2 below. Inequality (1.6) means that, for all ¢ € [0,7T], the complete symbol
a(t,-,-) belongs to the so-called SG-classes of order (2,2).

The SG-calculus appears in various other environments. An invariant definition of
the above problems can be given on a class of noncompact manifolds, the so-called SG-
manifolds, cf. Schrohe [45], which includes the manifolds with ends, see, e.g. [15,19,24,34].

! The modification in the definition of the weight (y), usually given by /1 + [y|2, is due to the presence,
in the sequel, of logarithms of products of the type (z)(£), which need not to vanish anywhere on R2<.
All the usual symbol estimates and definitions are completely equivalent to those involving the standard
definition of the weight.
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SG-operators are also the local representation of the so-called scattering operators on
asymptotically Euclidean manifolds, see, e.g., Melrose [35].

Indeed, operators of the form (1.1), whose symbols satisfy the estimates (1.6), arise
in such geometric contexts, as local representations, in admissible coordinate charts, of
natural operators, as we now show (see, e.g., [17, Section 5.3] for more details). Consider
a class of modified wave operators of the form L = Oy — V/(t), with the D’Alembert
operator Og+) and a t-dependent potential V'(Z), on manifolds of the form R; x M,,
equipped with a family of hyperbolic metrics ¢g(¢t) = diag(—1,h(t)), where h(¢) is a
suitable family of ¢-dependent Riemannian metrics on the manifold with ends M. In this
way,

L =0y — Vt) = —83 + Ah(t) -V = —83 + P(t), (1.7)

where Ay, is the Laplace-Beltrami operator on M associated with the metric h(t) and
we have set P(t) = Ay — V(1).
Assume now dim M = 2 and consider the cylinder in R3 given by

{(u,v,2) € R®: u® 402 = 1,2 > 1},

that is, the manifold C = S* x (1,+00), as the local model of one of the “ends” of M.
The first step consists in equipping C with a .-structure, namely, a SG-admissible atlas
(see [12,45]), as described in [17, Example 5.1]. As a second step, for any m > 0, define
a t-dependent family of metrics h(¢) on R3 . by

u,v,z

1 22 22 1
0(0) = gy -0 (g g )
D(t) A(z)m Az ()™
and denote by h(t) the metrics on C obtained by pulling-back there the metrics h(¢).
By computations similar to those in [17, Example 5.1], here taking into account the

conformal factor (®(¢))~!, we find that, in the local coordinates x = (z1,22) of the
admissible atlas above,

o 07 0?
Apy = @(t)(x) (8_3:% + 8_1:5) :
Choosing then V (¢, z) = ®(t)(x)™, we finally obtain

P(t) = —®(t)(x)™ (1 - A),

with A denoting the Euclidean, flat Laplacian. Then, the operator L in (1.7) is of the
form (1.1) when m = 2. With an appropriate choice of the conformal factor (®(¢))~1,
the associated symbol family a(¢,x, &) satisfies (1.6). Choosing, for instance, ®(t) = ¢7,

v > 0, we would be considering a contracting space (M, h(t)), singular at ¢t = 0, with a
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scaling factor /®(t), see, e.g., [37, Sec. 9.1], [40] and [47]. The operators (1.1) involve,
in general, also lower order terms, that is, additional effects, not necessarily related to
the (varying) geometry of the underlying space.

The theory of strictly hyperbolic Cauchy problems, for first order systems and PDEs
of arbitrary order in the SG-setting, can be found in Cordes [12]. In particular, Cordes
showed that Cauchy problems of the type (1.2), with smooth coefficients in time within
the SG-environment, are well-posed in the Schwartz spaces .7 (R%),.#’(R%), and in the
weighted Sobolev spaces H*?(R9). The latter, also known as Sobolev-Kato spaces, are
the scale of L?-modelled spaces naturally associated with the SG-calculus, and are defined
as

H*(RY) = {u € &' (RY) : Op(ws.»)u € L*(R?)},

where w; ,(,£) = (x)°(£)°.

Weakly hyperbolic first order systems and m-th order PDEs with constant multi-
plicities in this same setting and their well-posedness have been originally studied by
Coriasco [14], together with the associated theory of Fourier integral operators [13], and
subsequently by Coriasco and Rodino [20] and Ascanelli, Abdeljawad and Coriasco [1].

Classes of Fourier integral operators globally defined on R?, involving amplitudes
and /or phase functions of SG-type have been considered, e.g., by Cappiello [3], Cordero,
Nicola and Rodino [11], Coriasco and Ruzhansky [21], Ruzhansky and Sugimoto [44],
and others (see the reference lists of the quoted papers). One novelty of our approach
here is that we refine the calculus of standard SG-Fourier integral operators, taking into
account the subdivision into zones of the phase space R2? implied by the symbol class
we need to use, in view of the degeneracy of the characteristic roots at ¢ = 0.

A prototype of the Cauchy problems fitting in the environment studied in this paper
is the following one (see Example 6.5 below for additional details):

1 14
2+COS (ln <ﬂ?>>

w(0,2) = p(xz), u(0,2)=1¢(x),

Orpu(t, z) + 3" (142 - A u(t,z) = g(t, ),

(1.8)

for some r > 1 and 0 < £ < 2 (see also Example 2.13 below). The results obtained
in the sequel allow to conclude that (1.8) is well-posed in .#(R?) (see Theorem 6.4).
Moreover, assuming ¢ € H*?(R4), € H*"1°~1(R9) and g € C’([O,T],HS’“(Rd)), for
suitably large s and o, there exists s, > 0 such that the unique solution u(t,-) belongs
to H~%a:9=%«(R%) for all t € [0, Tp], with Ty > 0 sufficiently small (see Theorem 6.3).
Namely, the solution reveals both a finite loss of regularity and a finite loss of decay with
respect to the initial data.

Similar results hold true for the general problem (1.2), provided that the real coeffi-
cients a; and the coefficients b; and c of the lower order terms satisfy
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IDEDSa;(t,2)] < Cra(t)*(a)*~ 118 (0)",

IDEDE (0, < Crad(02) 1 I (o »
2 |
IDEDz(t,2)] < CuadP () (B0 ) w0,

|DFD2Tm b (t, )| < Cra () ()15 ()1,

for some Cpo > 0, independent of ¢ € (0,7] and all x € R?. Additionally, the roots
A1(t,x, &) and Ao (t, x, &) of the principal symbol

d
£t 7,3, = -1 + Z a,;(t, x)ﬁ? (1.10)
j=1

of the operator L, are assumed to be real-valued functions satisfying the inequalities

(Aj(t 2, O < cA@®)[E](z), =12, (1.11)
D‘l(t’xaf) - /\Q(t’x7£)| > 51/\(t)|£|<l‘>, (112)

for some positive constant ¢ and §;, independent of ¢ € [0,7], (z,£) € R2%. In Proposi-
tion 2.3 we will prove that these assumptions are equivalent to an hyperbolicity condition
on the characteristic roots.

The main novelty of the present paper is then the possibility to prove well-posedness
results in . (R9), and show phenomena of loss of regularity and loss of decay, for weakly-
hyperbolic models in the form (1.2) even if the coefficients have fast oscillations as t — 0"
(see [33] for a classification of oscillating behavior) and are unbounded with respect to
the space variable (of at most quadratic growth for the principal part, and linear growth
for the first order terms).

Comparing again with the results about variable multiplicities hyperbolic SG opera-
tors studied in [1], under the hypotheses of involutive characteric roots and coefficients
smooth with respect to the ¢ variable, another difference is that here we can express hy-
perbolicity also in terms of properties of the coefficients, not just through the behavior of
the characteristic roots. Moreover, in view of the specific control of degeneracy at ¢t = 0
of the coefficients or, equivalently, of the characteristic roots, a further difference is that,
instead of a loss of smoothness and decay equal to the order of the operator, here we
express such loss by means of the quantity s, mentioned above. It is beyond the scope
of the analysis performed in this paper to obtain a sharp estimate of the quantity s,,
which actually depends not only on the coefficients of the given equation, but also on
other quantities introduced in the definition of different zones of the phase space.

Comparing with results available in cases of bounded coefficients with oscillating be-
havior, on one hand, it is well known that the presence of oscillations can break-down
the well-posedness of weakly hyperbolic models, even in C°>°(R%). Indeed, in [9] the au-
thors constructed a second order equation 0?u — a(t)Au = f(t,x), with smooth speed
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of propagation a(t) € C°°([0, c0]) satisfying a(t) > 0 for ¢t < T, oscillating for t — T~
and being identically zero for ¢t > T', which is ill-posed in C>°(R?) (see also [10]). On the
other hand, the presence of coefficients unbounded with respect to the space variable
can destroy the well-posedness in .(R%), as the next simple counterexample from [20]
already illustrates. Consider the operator

L =D} + (z)*, &>0.
The solution of Lu(t,z) = 0 is given by
u(t, z) = hy ()t 4+ hy(z)e 0",

with hy, hy depending on the initial conditions. While the Cauchy problem associated
with L is locally in z well-posed, it is immediate to observe that the same problem is
not well-posed in .7 (R%), .#/(R9), or any H*?(R%), s,0 € R (see [20] for additional
details). This shows that studying well-posedness in these genuinly global environments
on R? differs from studying the analogous problem locally in the space variables.

Papers [9] and [10] paved the way to several works in which the influence of oscillations
on C* well-posedness of problem (1.2) has been investigated under different assumptions
on the coefficients. In particular, the results obtained in [30,46] allow to prove that
Cauchy problem (1.2) is C* well-posed and the solution shows a finite loss of regularity
if the coefficients satisfy

|D¥DZa;(t, )] < CraA(£)*S(t)",
2 [ InA(®)]
AW

pEDze(t ) < (200 s,

| DY DgImb; (t, )| < CraA(t) (1),

| DEDb;(t,2)] < Cra(t) (O

for some Cx, > 0, independent of ¢ € (0,7] and = € R?, and the roots A (t,z,¢) and
A2 (t, z,§) of the principal symbol £, are real-valued functions satisfying the inequalities

IAi(t, 2, ) < el 7=1,2,
|A1(t,$,£) - )\2(t,x,§>| 2 61A(t>|§|7

for some positive constant ¢ and d1, independent of ¢ € [0,7], (x,&) € R In [46,
Chapter 5] the sharpness of the conditions required on the lower order terms is proved.
These assumptions are known as Levi conditions and they turn out to be necessary to get
the C'°° well-posedness. In particular, the latter is not guaranteed if very fast oscillations
appear, namely, the logaritmic term in 3(¢) is replaced by (—In A(t))” for some v > 1, as
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thoroughly discussed in [28] in the case of time-dependent coefficients. In view of these
facts, we conjecture that our conditions about the oscillating behavior of the coefficients
are optimal for the .#(R%) well-posedness of (1.2) as well. The analysis of the sharpness
of the assumptions for the well-posedness of problem (1.2) in .(R?) will be the subject
of future studies.

We recall that many authors have also considered strictly hyperbolic equations with
non-smooth coefficients. In this direction, it has been observed that Lipschitz conditions
play a crucial role in the Sobolev regularity results. Colombini and Lerner [8] have
shown that Log-Lipschitz conditions on the coefficient are optimal for Sobolev regularity.
Whenever dealing with Log-Lipschitz coefficients, a finite loss of derivatives occurs for the
solution of the Cauchy problem as shown by means of examples in [4-6,8]. Other forms of
weakening of the Lipschitz condition have been studied extensively in the works of Kubo
and Reissig [31], Colombini, Del Santo and Reissig [7], see also Ghisi and Gobbino [26] for
cases of finite and infinite loss of derivatives. In [2], Ascanelli and Cappiello considered
SG-hyperbolic models with coefficients satisfying Log-Lipschitz conditions. Pattar and
Kiran have studied strictly hyperbolic Cauchy problems on R™ with unbounded and
singular coefficients in [39]. Extensions of our analysis in similar directions will be the
subject of forthcoming papers.

Finally, we also mention that many authors have considered differential operators
(1.1) with coefficients which only depend on the time variable ¢. In this case one can
study the global in time well-posedness (that is, for ¢ € [0,00)) of problem (1.2) and
investigate long time decay estimates (that is, for ¢ — oo) for the norm of the solution
in suitable functional spaces (see, for instance, [25,27,43] and the references therein).

In this paper, we study in detail a second order weakly SG-hyperbolic operator, in
the case where the symbols satisfy a weakened form of Lipschitz condition, encoded
through the function X(¢) appearing in (1.6) above. In the procedure for determining
the parametrix, we first reformulate the original Cauchy problem into a corresponding
Cauchy problem for a first order 2 x 2 system, modulo smoothing elements. We then
perform a diagonalization of the 2 X 2 system, in the spirit of the procedures by Yagdjian
[46], and Kubo and Reissig [31] (see also Kumano-go [32]). The latter requires suitable
extensions of some of the results coming from the local symbolic calculi, similarly to
the procedures considered, for instance, in [14,20], which need to be carefully modified.
Efficient tools to achieve such needed extensions come, in particular, by some of the
results by Coriasco and Toft [22]. A special feature of the SG-setting is that one can
expect a finite loss of decay along with a loss of derivatives, as observed, e.g., in [2,14,
20]. This happens indeed, and we show that within our main results. Notice that the
analysis can be carried through for SG-hyperbolic operators of arbitrary order, fully
combining the mentioned theories in [13,14,20,22] with the approaches in [31,46]. To
keep this exposition within a reasonable length, here we prefer to focus on second order
operators, which anyway allows to highlight the main new features apparing in the

SG-environment.
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The paper is organized as follows. In Section 2 we recall known facts about the SG-
calculus, and describe our symbolic setting and the assumptions about the coefficients
of the operator in (1.2). One first main result, achieved in this section, is the proof of
an analog, in our setting, of an equivalency between hyperbolicity conditions, in term
of properties of the characteristic roots and of the coefficients of the operator. This
also indicates the SG-type symbol classes we then need to consider in our analysis, as
well as the subdivision into zones of the phase space. We here state the properties of
such symbol classes. In the subsequent Section 3 we focus on the associated classes of
pseudodifferential and Fourier integral operators, and establish their calculus. Equipped
with these two tools, we then follow the classical approach to solve (1.2): in Section 4 we
switch to a Cauchy problem for a 2 x 2 first order system, and diagonalize it, determine
the parametrix of the diagonalized system in Section 5, and finally state and prove our
main results about the properties of the solutions to (1.2) in the concluding Section 6.
The parametrix construction relies on the properties of the solutions of the Hamiltonian
systems associated with the characteristic roots of the operators. In this respect, a careful
analysis is needed, in view of the explicit presence of the x variable in the definition of
the zones, as well as the unboundedness of the characteristic roots with respect to it and
their behavior with respect to the time variable. In the sequel we will sometimes write
A < B when A < ¢B for a suitable constant ¢ > 0, and we set A < B when A S B S A
(in particular, we will adopt this notation when the value of the specific constants ¢, ¢/
is not crucial).

Acknowledgments
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Grant Code CUP__E53C22001930001. The second author has been partially supported
by INdAAM GNAMPA Project, Grant Code CUP E55F22000270001.] The authors wish to
thank Prof. M. Reissig and Prof. K. Yagdjian, for useful hints, comments and discussions.
The authors express their gratitude to the anonymous Referee, for the careful reading of
the paper and the suggestions aimed at improving the general style and the presentation
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2. Formulation of the hyperbolic Cauchy problem in R¢

In this section we discuss an appropriate parameter-dependent global symbol class
of SG type, associated with the Cauchy problem (1.2). In particular, we will state the
requirements on the coefficients that guarantee the SG-hyperbolicity of (1.2) (that is,
hyperbolicity in R? with respect to the calculus associated with the metric (1.4)), and
necessary conditions on the lower order terms that ensure its well-posedness. These condi-
tions also dictate the definition of the SG-classes which must be used in the construction
of the fundamental solution.
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2.1. Shape function

Following [46], we introduce a real-valued, positive function A(t), which allows to
describe the speed at which characteristics collide at t = 0 and the qualitative behavior
with respect to ¢ of the coefficients in (1.2). In particular, A(¢) belongs to C°°([0,T])
and satisfies A\(0) = X' (0) = 0, N (¢) # 0 for ¢ > 0. The hypotheses on A of course imply
A(t) > 0 for t > 0. Moreover, the following inequality holds

, k-1
A <e(35) Wl

for non-negative integers k. The choice of A(t) with A(0) = 0 makes (1.2) a multiple
characteristic partial differential equation at ¢ = 0, and the whole operator one with
characteristic roots of variable multiplicities. This function quantifies the vanishing order
of the principal part of (1.2) with respect to ¢, and thus the behavior of the characteristic
roots. Furthermore, the integral of A(t),

A(t) z/)\(s)ds,
0

plays a crucial role in the determination of the phase function in the Fourier integral
operators we will deal with. We assume that A?/A € C*°([0,7T7]) and there exist ¢; > 1/2
and 0 < C7 < 1 constants such that

<2 (2.1)

for t € (0,T]. The estimates (2.1) define a bound on the growth of the coefficients
encoded by the symbols a(t,z, ), given in (1.3), with respect to t. Typical examples of
shape functions that satisfy the required assumptions are given by

At)y=t"  or A(t) =exp(—exp(...exp(|t|™")))

k exponents

for 7, k integers numbers, k > 0 and r > 2.
2.2. Zones of the phase space

Employing the function A(t) we define a partition of [0, T x R?¢: for all (x,¢) € R??
we fix t; ¢ the unique solution to equation

Altee) (2)(€) = NIn{z)(§), ||+ [¢] = M, (2.2)
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where N > 0 is a sufficiently large parameter and M > 0. Then, we define the hyperbolic
zone as

Ziyp(N) = {(t,2,€) € [0,T] x R* : 1 >t ¢},
and the pseudodifferential zone as
Zpa(N) = {(t,2,) € [0,T] x R** : £ < t, ¢}.
For future aims, we further partition the hyperbolic zone into as
Znyp(N) = Zose(N) U Zreg(N),
defining the regular zone as
Zreg(N) = {(t,2,€) € [0, T] x R* : ], . <},
and the oscillation zone as
Zose(N) = {(t,2,€) € [0, T] x R* st <t <t .}.
Here, for all (x,¢) € R?? the time function ¢t = t;,g satisfies the equation
A(t ) (2)(€) = 2N (In((x)(€)))? for [a] + ] > M. (2.3)
The next Lemma 2.1 holds true.
Lemma 2.1. For all M and N sufficiently large, there exist di,ds > 0 such that it holds
—dyIn((x)(§)) <InA(tpe) < —doIn((2)(§)),

for every (t,x,&) € Znyp(N) with |z|+|£| > M. As a consequence, for allt € [0,T] each
couple (z¢,&t) that solves the equation

A(t) (we)(€e) = N In((z) (&), (2.4)

and |z¢| + |&| = M satisfies the inequalities

—diIn((1) (&) < A(E) < —da In({4)(&r))-

Proof. We of course have

—InA(tze) + In A(T)

I
n
> >
==
&
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By assumption (2.1), there exists ¢, C7 > 0 such that

T T
c1 / % dt < —InA(tze) +In NT) < C4 / %dt.

Employing (2.2), it follows

c1 In[NIn((z)(€))] — 1 In({(x)(€)) — c1 m A(T) + In M(T))
> In )‘(tw,f) 2
— O In({2)(€) + Cy [N () (€))] — Cy In A(T) + In A(T).

For any N (arbitrarily large), and |z| + || > M, M sufficiently large, we may guarantee

—di In((2)(€)) < A(te ) < —daIn(()(E))-

The other part of the statement follows by similar considerations, recalling the definition
of Zhyp(N). O

Remark 2.2.
(1) Lemma 2.1 implies that, for every (¢,z,£) € Znyp(N) with |z]|+|¢] > M and t € [0, 7]
dyIn((z)(€)) < [InA(te )| < diIn((2)(£))
and, for all ¢t € [0,T] each couple (z¢,&) which solves (2.4) satisfies
dyIn((z4) (&) < [MA@)] < di In({4) (§1))-

(2) As a consequence of Lemma 2.1, there exists C' > 0 such that

_ NIn({z){&)) | A(t)]
() (&) = A <Co

Moreover, for M sufficiently large, in the hyperbolic zone we may estimate

[mA@] _ 1
@OAD ~ N

Indeed, we first prove that for all t € [0, 7] and (z,¢) € R4 if (t,2,£) € Zyyp(N),
then (x)(&) > (z1)(&:). In fact, assume that (x)(£) < (x¢)(&). Then, since the func-

tion ((s) = ﬁ is increasing on [e, +00), we have
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A@)(2)(€) _ A)(ze){&) _

<
m((@)@) - Wml@)E)

that is, (¢,,§) € Zpa(INV), which is a contradiction. It follows, by point (1) and the
previous considerations,

1 _ () (Et) < di(xs) (&) < di(z)(§)
A(t)  NIn((ze)(&) — Nln(A(®))| — N|In(A@®)|’

which gives the claim.
2.3. Assumptions on the coefficients

We suppose that there exists a positive constant N such that the zeros 7;(t, z,§),
j =1,2, of the complete symbol of the operator L,

Lt 7,2,8) = -7 +a(t,z,§) =0, (2.5)

are smooth functions on Zyy,(N) and, for any k € N, a, 8 € N4, the following inequalities
hold:

k
|DEDE D73 (1,2,)] < Craph(t) () 171 ()19 (% In (ﬁ)) @6
(6,2, ) = 1a(t,2,6)] > SAD) (@) (), 27)
o alye—i8 [ A) 1\
|DF DS DT (1,2, )] < Crap)~1(€) 'ﬂ'(wln(w)) L @8

for some positive constants 0, Crap, and (¢, z,&) € Znyp(IN). Proposition 2.3 below allows
to relate the conditions on the roots 7;(t,z,§), j = 1,2, of the complete symbol with
suitable assumptions on the roots \;(¢, x,&) of the principal symbol of the operator L,
defined by (1.10), and on the coefficients a; (¢, z), b;(t,x), 7 =1,...,d and ¢(t,x). Such
equivalent formulation of SG-hyperbolicity of L is proved by adapting the argument of
the analogous statement in [46]. We sketch the argument below, focusing on the specific
aspect involving here the unboundedness of the coefficients, characteristic roots, and
symbols, with respect to the space variable € R.

Proposition 2.3. The following conditions (A) and (H) are equivalent:

(A) Forallt €[0,T], z,& € RY, the zeros M (t, x,€) and \o(t, x, &) of the principal symbol
(1.10) of the operator L are real-valued functions that satisfy inequalities (1.11) and
(1.12), for some positive constant ¢ and 6, independent of t € [0,T], (z,£) € R??,
Furthermore, the coefficients a;(t,z), bj(t,z), j = 1,...,d, and c(t,x) satisfy the
inequalities in (1.9).
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(H) There exists a positive constant Ny such that, for all N > Ny, the zeros 1(t,x,§)
and 12(t,x,€) of the complete symbol (2.5) of the operator L are smooth functions
on Znyp(N) and the inequalities (2.6)-(2.8) hold for all (t,z,£) € Znyp(N).

Remark 2.4. The equivalence result given in Proposition 2.3 is inspired by Proposition

2.1.21 in [46]. However, the conditions assumed here, on the coefficients of the differential

operator L and the roots of the principal symbol (1.10), are deeply different with respect

to the ones provided in [46]. These differences underline the novelty of this work: we
investigate the well-posedness of problem (1.2) in the global framework of R?, considering
coeflicients that are not necessarily bounded with respect to x, but possibly of polynomial
growth, provided that the roots of the principal symbol satisfy the global (in space)

separation condition (1.12).

Proof. We prove the implication (H) = (A). Since it holds
Lo
a; (ta {I?) = §D§J (Tl (tv xz, g)TZ(ta z, g))v
for all (t,2,€&) € Znyp(IN) we may estimate

k
IDEDz0s (1) < G0 (30 (55) ) (2.9

By induction, we may prove the desired estimates also for the coefficients b;, j = 1,...,d
and c. Indeed, it holds

Dngbj (t, l‘) = ZD?D?(DgJ (7'17'2) — Zaj (t, x)ﬁj),
and

d
DED%c(t,x) = (7'17'2 Z a;j(t, z)€5 + b;(t, x)fj))
J=1

In particular, by (2.6) and (2.9) we have

and then,
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k
Dngc(t,x)SCm)\(t)2<x>2a|<§>2<i\((?)ln <A1t)>>

<Cra(t)? () 71 ('}32&) |)2 (2({3 8 (Ait)»k’

for all (t,z) € [0,7T] x R%. Indeed, for any fixed ¢t € [0,T] and = € R?, it is possible to
choose ¢ € R? (depending on t and x) equal to the unique solution to the equation

A(t)(z)(§) = N In((z)(§)).
With such choice of £, we may estimate

| In(A(#))]
(z)(€) < CW’

as a consequence of Lemma 2.1 (see Remark 2.2).
Let us now prove that Ima; = 0. Applying estimate (2.8) we find

|Imaj(t7x)| = |Ima§2J (’7’1(t,1’,f)7’2(t,3§,€))|
L A(1)? 1
@O 50 (55):

for all (t,z,§) € Znyp (V). In particular, for any fixed ¢ > 0 and x € R™ there exists M
sufficiently large such that (t,z,£) € Znyp(N) for all |§| > M. Taking |{| — +oo the
right-hand side tends to 0, whereas the left-hand side does not depend on £. This allows

to conclude that Ima; = 0. As a consequence, the following identity holds:

b (t, )| = [Im O, (11 (t, 2, E)ma(t, 2, €))|

In order to prove (1.11) we define, for i = 1,2, u;(t, 2, &) and ~;(t, 2, £) such that

)‘i(t7x’£) = )‘(t)<‘r>|€‘:ul(t’xa€) and Ti<ta$7£) = )‘(t)<x>‘§|’yl(t’x?£)

Then, p; and ~; satisfy
d
— i+ AO@)ENTD ] a(t,2)EF = 0; (2.10)
j=1

d
=7 + ()@)€~ Zaj(t,x)@? + By =0, (2.11)
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d

By = (@) 2 (Y bs(t, )& + elt,) ).

Jj=1

In view of conditions (2.6)-(2.8), the functions ; satisfy:

i 1o NPy () 1 J
|DtD;cD?’Yz’(taxa§)| < Craplz)~I*l(E) B(A(t)ln (A(t))) ) (2.12)

|71(t,$,€) - ’YQ(t,{L',&)' Z 67 (213)

J po 1 —1—|a —1- )\(t) 1 ’
|D{ Dg D Tm,(t, 2, €)| SCkaﬂm<z> e Bl(/\(t)ln (A(t)» ’

for all (t,2,&) € Znyp (V). Furthermore, by using the obtained estimates for the coeffi-
cients b;, j =1,...,d, and ¢ we may estimate the perturbation B; by

k
DEDEDLE| 5 o) 0§ (55) ) - (214)

Let us consider the polynomial in the variable p defined by P(¢,x,&; p) := (u—71)(1—72)-
By (2.10) and (2.11) we derive that p; and po are the two solutions to equation

P(t,x,&p) + By =0.

In particular, condition (2.13) guarantees that P(t, z, £, -) has two simple roots. Moreover,
the roots v; of (2.11) analytically depend on the perturbation B in some neighborhood
of the origin. Then, if By has modulus sufficiently small we may write the following series
expansion of u;(t, x,§),

oo

where

) 1 (w—w;))PL(t,z,&w)
08 = 5ri 5’5 P(t, @, §w)mtt

lw—i|=p

. ]. dn_l W — ntl , ]
el ] e

W=i

where 0 < 2p < §. In particular, we have the inequality

D(t,x,6) < cd(2¢/pd)",
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for all (t,x,§) € Znyp(N), with a constant ¢ independent of ¢, x, {. As a consequence,

the radius of convergence given by the Cauchy-Hadamard formula R; = 1/lim sup(cg))%
n—+oo

is independent of (t,z,&). Moreover, due to estimate (2.14), the series ) CS)B? can

be made arbitrarily small taking N sufficiently large. Then, by estimate (2.14), for N

sufficiently large we derive

| (t, 2, &) — pa(t,z, )| > 0 (2.15)

for all (t,z,£) € Znyp(IN). Let us prove the following estimate:

NN ON()) 1 \\"*
DEDDP (¢ < Cha lol ey =18l 222y [ —— 2.16
| t~x gM ( ,J},§>| = Lk 5<$> <£> A(t) n A(t) ’ ( )
for all (¢t,2,€) € Znyp(N). To this aim, let us denote y = (¢,2,¢) € (0,7] x R?%. By
applying the formula for the derivative of implicit functions to P(t,z,; 1), for any
multi-index r € N24+1 and i = 1,2, we obtain the identity

A pi(y) = (PL(y; pi(9))) " (=Bi(y) + & (v)),

where

&) = 0y (y) (i(y) —72(y)) + Oyyv2(y) (1i(y) — 71 (v))

r! - .
- +Z: O () = W) (i(y) — 12 (w).
r1,ToFET

By (2.14) and (2.15) we may estimate, for N sufficiently large,

[P (y, ()] = 20 = (1 +72)| > 6

for all y € Zyyp(N). Then, (2.16) follows from (2.12) and our previous considerations on
s Br. o

2.4. Generalized parameter-dependent SG symbol classes

Following [22], we consider, for any real numbers m, u, and 7;,p; > 0, j = 1,2, the
general class of SG-type symbols SyF . which consists of all a € C>(R2%) such

that, for all multi-indices a, 3 € N9, there is a constant C, 5 > 0 that satisfies
D3 D{a(e,€)| < CaglaymrleltralPlgptesiei=eldl,

for all (z,&) € R??. In particular, we denote the special classes S0 and S7VE

l—e,g,l—€,e
€ (0,1), by S™# and SZ:;“, respectively.
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Definition 2.5. An element a € S™* is called (md- or SG-)elliptic if it also satisfies the
lower bound

la(z,&)] = C{z)™(€)", @,€ € R, [z| + |¢] = M.
More generally, a € S™* is called (SG-)hypoelliptic if it satisfies the lower bound
la(z,€)] = Cla)y™ (O, 2,6 € RY, Ja| + 1€ 2 M,
for some m’ < m, ' < p, and for any «, 3 € N¢ there exists Capg > 0 such that
|Dg D{a(w,€)| < Cla(z, &)|(z)~'*(¢) 17,

Note that an extended family of SG-symbols is defined in [16], by employing more
general weights w(x, &) in place of (x)™(&)* in (5.22).

Definition 2.6. By SPs we denote the class of all symbols p € Loo([O,T], Ok (RQd)>
satisfying, for (¢,z,£) € Zpa(2N) and for all multi-indices o, 3 € N¢, the estimates

esssup |9002p(t, 2, )| < Cap (2)1711() 1151,
t€[0,t4 ¢]

Definition 2.7. By Sm’“{/@,ﬁ}};}’p we denote the class of all symbol families a €
C([0,T], ™) N C>=((0,T] x R??) such that, for all ¥ € N and «, 8 € N? we have,
for suitable constants Ciag > 0,

l+k
IDEDE Dfatt, €] < Craale)™ 20 (315 (55 ) ) (217)

for every (t,2,£) € Zyyp(N). Similarly, we denote by S™#{k, £} the class of all symbol
families in C ([0, T, S™H)NC>((0,T] x R??) that satisfy (2.17) for all (t,2,&) € Zyeg(N).

Remark 2.8. The class S™"{x, £}’ has the same properties as that of S™#{x, £}2YP
except for regularity behavior. In particular, the regularity in S™~ b=t gk ¢ + IYNE is
(In((x)(€)))~! better than those of symbols from S™m—ITLr=t+10 ¢4 [ — 1308 for I > 0.
This deviation of the regularity across hierarchy classes will play a role in the diagonal-

ization procedure below.

Some hierarchical properties of the symbol class introduced in Definition 2.7 are listed
below. They follow by adapting arguments to prove similar properties of the classes
employed in [46], so we omit their proofs.
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Proposition 2.9.

(1) S™H{k, }P C S {1k, L} NP for Ny > No.

(2) Sm’“{mf}}ﬁ'p C Sm“‘l’“"’l{mf—l}}ﬁp forl > 0. By this property there is no difference
in reqularity of the symbols from Sm’“{ﬁ,ﬁ}l}\?’p and My>oS™ b=k € + l}};vyp n
Znyp(NN).

(3) If a(t,z,&) € S™H{ky, b };\?p and b(t,x,§) € Sm""“z{mg,fg}?\?p, then
a(t,x, )b(t, z,&) € SMtmzpmtizfg, 4 o (1 + Kg}g}'p.

(4) If a(t,x,€) € S™H{k, £}® and & > 0, then Dya(t,x,€) € S™H{k — 1,0+ 1}7P

(5) Ifa € Sm’“{/@,ﬂ}?\}’p is constant in Z,q(N) and £ > 0, then

dla € LOO([O7T], SWW)

for all 1 > 0 and where M = max{0,m + £} and i = max{0,u + ¢}. Indeed, for
(t,2,8) € Znyp(N) we have

|0La(t, z, €)| < (x)™(E)HA(t)" (%ln (ﬁ))éﬂ

< Cifa) ™ gt
being \(t) uniformly bounded in [0,T] and

A(t) 1
m In <m) < <I><§>

A straightforward modification of the procedures of asymptotic summation, using the

hierarchy of symbol classes S™*#{k, E}};\?'p, yield the next Lemma 2.10.

Lemma 2.10. Assume that the symbols a; € Sm*l’“fl{fi,ﬁ}}gp, k >0, vanish in Z,q(N).
Then, there is a symbol a € Sm’“{m,ﬁ}};\?p with support in Zyyp(N) such that

k—1
a— Zal € Sm_k’”_k{m,é}?\?’p, for all k > 1.
1=0

The symbol a is uniquely determined modulo C*([0,T], S~°~>°).
Remark 2.11. We note that if (2.6) holds for j = 1,2, for all (¢, z,§) in Znyp(V), then the

function a defined in (1.3) belongs to 5272{2,0}1;\}@. Moreover, for all (¢,z,§) € Zpa(N)
it satisfies

020% at, 2, &)| S (x)> 1o ()>1e1.



20 S. Coriasco et al. / Bull. Sci. math. 199 (2025) 103584

Further, inequality (2.7) implies that a(t, z, §) satisfies an ellipticity condition depending
on the parameter ¢, which degenerates in ¢ = 0, that is,

la(t, 2, ) 2 A(t)*(2)(€)*,
for all (t,2,€) € Znyp(NN). In particular, a(0, z,§) need not to be SG-elliptic.

Remark 2.12. Notice that the results in Proposition 2.9 and Lemma 2.10 hold true, with
trivial modifications, also for hierarchies associated with the subdivision into zones, and

based on the more general classes S7f' . 1j,p; =2 0,5 = 1,2, 12,p1 <1, and, in

particular, on the classes SZ:)’” , € € (0,1), mentioned above. We will tacitly use these
results as well in the sequel, wherever needed.

Now we provide an example of operator belonging to the class we are studying. The
Cauchy problem can, in this case, be solved explicitely, so that we can, in particular,
study the decay properties of the solution in relation to those of the initial data, which

is one of the new, interesting features on which we are focusing.

Example 2.13. Choose a shape function A, satisfying the hypotheses described in Sec-
tion 2.1, and consider the partial differential equation

Lu(t,z) = (0 — Mt)x02)(0r + MN(t)x0y)u(t,x) =0, (t,z) €[0,T] xR, (2.18)
with the unknown u satisfying
u(0,z) = f(x) and us(0,2) = g(x).

The solution is given by

t
u(t,z) = flze™™®) +/g Als)- A(t)> ds, (2.19)
0

as it can be checked directly.
By straightforward computations, with the notation in (1.3), dropping the index j = 1,
we here have

a(t,z) = At)*2?, b(t,z) = i(N(t) — A\(t)*)z, and c(t,z) = 0.

The roots of the principal symbol (1.10), A1 2(¢, z,§) = £A(t)|z€|, are real-valued, satisfy
(1.11), but violate (1.12). It is also immediate to notice that

a(t,z,€) = A(£)*a?€ +i(N () — A(t)*)z€
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does not fulfill (1.5). However, the coefficients satisfy the estimates (1.9). Indeed, the
estimates for ¢ are trivial, while the estimates involving order 0 derivatives and any z-
derivatives of a and b are immediate, given their product form. So, only the behavior
of the t-derivatives needs to be checked. To this aim, we employ the properties of A(t),
which imply, in particular,

Then,

IDAA()2] = 2A(8) N ()] < 2A(£)2 2 < A(t)? <—) (m ﬁ» ’

IDEX()?| = [2(N'(£))% + 2A(t) N (1)
2 (A1) 1 ? Ny

<0 (55 (mam)) 0|5 o

< A(t)? (% <ln ﬁ)) + /\(t)&/\(t)&

o (4 o)’

and the estimates for the higher order derivatives follow by induction. This proves the

estimates for the coefficient a. The estimates for the 1coifﬁ)cient b can be obtained in a
nA(t
>

Alt) |~

We conclude the analysis of this example observing that, in this case, the solution
(2.19) has the same decay of the initial data (as |z| — +00), in spite of the fact that
the operator has characteristics with variable multiplicites (distinct for ¢ € (0,7}, both

completely similar fashion, taking into account that

collapsing to zero at ¢t = 0). This shows that the decay loss phenomenon, which occurs
for equation (1.2) under Assumption (A) (or, equivalently, Assumption (H)) in Propo-
sition 2.3, is strongly related to the behavior of the Hamiltonian flows generated by the
characteristic roots, which transports the smoothness and decay singularities, encoded by
suitable global wave-front sets, see [16-18] and Section 5.1 below. For the operator L in
(2.18), the flow generated by A; is given, for z,£ > 0, by (z,&) — (z,£) exp(A(t) — A(s))
(and similar expressions in the other quadrants and for \y), which preserves directions
ooxg (see [17,18]), and then decay singularities as well. Results about the propagation
of global singularities for the Cauchy problems studied in this paper, further extending
those in [1,17,18], will appear elsewhere.



22 S. Coriasco et al. / Bull. Sci. math. 199 (2025) 103584

3. Generalized pseudodifferential operators and Fourier integral operators of SG-type

Let a € Sﬁflﬁz,m,pz be such that rj,p; > 0, 7 = 1,2, p1 < p2 and r; > ra. Then,
the pseudodifferential operator associated with a, denoted by Op(a), is a linear and

continuous operator on S(R?) defined by the formula

(Op(a)f)(x) ::<2w>*d‘[7“e“f*y)§a<x,&)f(y)dyds.

Given a SG-pseudodifferential operator A, we will, as customary, denote by o(A) its
symbol. We will also denote by o, (A) a principal part of the symbol of A (often, this will
be the leading term of an asymptotic expansion). Explicitly, if A € Op(Sy'F, ;. ), then
o(A)—o,(A) € Sﬁ;ﬁf;;;?’“*”r“). Since in the sequel we will generally have r1 > 79
and ps > p1, we recover an analog of the usual notion of principal part of a symbol in
the (generalized) SG-setting.

The next Lemma 3.1 is the main composition result for the generalized parameter-
dependent SG symbols introduced in the previous section. This result follows from the

properties of the symbol calculus. Again, we omit the proof, and refer to [12] and [46].

Lemma 3.1. Let a € S™#1{ky, 0, };\?p and b € Sm"”“?{@,ég}?\fp be two symbols that are
constant in Z,q(N). Then, the composed operator Op(c) = Op(a) Op(b) admits a symbol
c € Smitmamtialie) 4 ko fy + EQ}};\%IP which satisfies

il
et 0,€) ~ Y~ Dgalt,, §)Deb(t,2,6),

[0
modulo a reqularizing symbol from C'*° ([O,T], S0 —o(RY x ]Rd)),

Given the composition rule we can now discuss the parametrix of an operator Op(a).
We will denote the parametrix of Op(a) by Op(a)f. This means that the following equa-
tions hold true, with I the identity operator, modulo C'*° ([0, 7], Op(S*‘x’*’o")):

Op(a)Op(a)® — I =0 and Op(a)? Op(a) — I = 0.

It is well known that, when a is an elliptic SG-symbol of order (m, ), Op(a) admits
a parametrix Op(a)? of order (—m, —u). A similar statement holds true for operators
associated with hypoelliptic symbols, but in this case the parametrix has a different order
(see, for instance, Theorem 1.3.6 in [36]). The result extends to matrix-valued symbols,
as we show explicitly in the next Lemma 3.2.

Lemma 3.2. Assume that a is a matriz-valued symbol with entries in SO’O{O,O}};\,yp
and that there exists a’ € SO’O{O,O}?\?p, a’ constant in Zpq(N), such that a —d’ €
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LOO([O7T]7 S‘E’_E(R2d)) for some € > 0. If Op(a) is elliptic, that is, | det(a(t,z,§))| >
C > 0 for all (t,x,&) € [0,T] x R??, then, there exists a parametriz Op(a)® = Op(at),
such that a* € SO’O{O,O}};\}'I’. Moreover, a* — (a')™! € Lo ([O,T], S’E’*E(RQd)).

Proof. We set ag(t, z, &) := (a'(t,z,€)) " . By a standard argument, it turns out that the

matrix-valued symbol ag belongs to S%°{0, O}R}'p. Using Lemma 3.1, we can then define

symbols a,ﬁC by means of the recursive scheme

k

Z a(D?a(t,x,{)) (3§ai_|a‘(t,x,§)) =: —a(t,x,f)a’;(t,x,f).

la=1

By the hypotheses, aﬂk(tw,g) = 0 in Zpa(N), while the calculus implies ag €

S—k=kf0, 0}5{?’1’7 k > 1. Employing Lemma 2.10, we obtain a symbol ag{ € 59940, 0}};\}11’
and a right parametrix Op(a%) such that

k—1
a% — Za? € S_k’_k{0,0}R?p , aﬁR(t,x,f) = ag(tx,f) in Zya(N),
1=0

and
Op(a) Op(af) — I € C™([0,T],0p(S~>*)),

where I denotes the identity operator. In a completely similar fashion, the existence of
a left parametrix Op(aﬂL) such that Op(auL) Op(a) — I € C([0,T],0p(S~°>~°°)) can
be shown. By a standard argument, it follows that Op(aﬁL) and Op(ag%) coincide modulo
C>([0,T7,0p(S~°7°°)). Then, we have proven the existence of the parametrix, defined
by

Op(a)* = Op(at,).
which is uniquely determined modulo C*°([0,T],Op(S—°>~>°)). O
3.1. Fourier integral operators of SG-type

We review and extend notions about the class of SG-Fourier integral operators in the
global setting on R, by first defining a parameter-dependent admissible class of phase
functions in the SG context.

Definition 3.3. A real-valued function ¢ € C*([0,T]; S*!(R2?)) is called a (smooth
family of) simple phase if

(Vep(t, z,€)) = (x) and  (Vaup(t, z,8)) = (£)
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are fulfilled, uniformly with respect to =, £ € R2? and ¢ € [0, T]. Moreover, the (smooth
family of) simple phase function is called regular if

|det(VeVap(t, 2, 6))| = c,
for some ¢ > 0 independent of ¢,z and &.

In [23], it was discussed that the regular phase function ¢ defines two globally in-
vertible (families of) mappings, namely, § — ¢ (t,2,§) and @ — ¢g(t,2,§). Then, the
mappings generated by the first derivatives of the admissible regular phase functions
give rise to SG-diffeomorphism with S%° parameter-dependence.

Definition 3.4. The generalized Fourier integral operator Op,, ;) (a(t)) of SG type I, with
phase ¢ and amplitude a, is a linear operator given by

[0y (alt))ul(t, z) = (2m) ™7 // !PTV a(t, &, €)uly)dyde,

and the generalized FIO Op:,(t) (b(t)) of SG type II, with phase ¢ and amplitude b, is a
linear operator given by

(0D (b(t)u](t, ) = (2m) // e ety ONp(t,y, )u(y)dydé.

Suppose a,b and ¢ are given as in Definition 3.4. Then, the parameter-dependent
operators Op,, ;) (a(t)) and Op(,; (b(t) are linear and continuous on S(R%), and uniquely
extendable to linear and continuous operators on S’'(R9).

We state the next Theorem 3.5 about composition of a Fourier integral operator with
a pseudodifferential operator; for the sake of brevity we omit the proof that follows the
approaches of [23,44].

Theorem 3.5. Let ¢ € C>([0,T];S*) be a smooth family of simple and regular

phase functions, and let b € Sml’”l{m,ﬁl}};\,yp with supp(b) C Znyp(N). Let p €
Sm2’“2{/£2,€2}}]1\}’p with supp(p) C Znyp(N). Then, the composition

Opy 1) (c(t)) = Op(p(t)) Opy sy (b(1))
is a smooth family of Fourier integral operators with amplitude
ct,m, &) € S™MAmamth {4y 01+ 0y }]1\3’P7

supported in Znyp(N) with a suitable choice of N. Moreover, we have the asymptotic
expansion
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il )
c(t,z, &) ~ Y Za—!(D?p)(t,x, Vaplt,x,€)) Dy [0 Ob(t y, )] =

where q)(t,l',y,f) = Qﬁ(t, yag) - <p(t7xa£) + (1[,’ - y) : v$30(t71'7£)

We conclude the section by recalling some basic facts concerning the Sobolev-Kato
spaces, as well as the boundedness properties of the operators we treated above on such
scale of spaces. We refer to [12-14,20] for the basic tools employed in the proofs and
leave the details for the reader.

Proposition 3.6. The following properties of the weighted Sobolev spaces H*?(R%) hold
true.

(1) L?(R%) = HOO(RY).

(2) If 51 < 59 and o1 < 09, then H>72(R?) — Hv-71(RY). Moreover, if sy < sy and
01 < 09, then the embedding H**2(R?) — H*1:71(R?) is compact.

(3) NyoerH*(RY) = (R and U, ,eg H*7(RY) = 7' (RY).

(4) The operator Op(wt ), we.r(z,&) = (x)(€)7, is a continuous, invertible, linear oper-
ator from H*°(R?) to the space H*~~7(R%). In particular, u € H°(R?) if and
only if Op(ws,o)u € L*(R?).

Theorem 3.7. Let the real-valued phase functions o(t) be simple and reqular. Let a(t) €
9940, 0}};\%"), Then, the parameter-dependent operator Opyy(a(t)) is L?-bounded, and
satisfies, for some constant C' > 0,

0Py (@®)llzzszz SO sup (|95 alt,y, €)l[z~.
o, |B|<2d+1

Moreover, Op,;)(a(t)) is a bounded linear operator from H*(RY) to H>° (R?) for all
s,0 € R.

The proof of Theorem 3.7 follows with a minor modification of the proof of [44,
Theorem 3.3], see also [13].

Remark 3.8. As above, we remark that the results in this section extend to operators
defined by means of amplitude hierarchies associated with the subdivision into zones,
and based on the more general classes Sy°F 75,05 20, 7 = 1,2, 72,p1 <1, and,
in particular, on the classes SZZ)’“ , € € (0,1). We will tacitly make use of such variant

results whenever they will be needed.
4. Diagonalization procedure

The so-called perfect diagonalization [31,46] is a procedure to switch from (1.2) to
a 2 x 2 system, and to suitably “decouple the equations” of the system, so that each
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of them can be solved by means of Fourier integral operators separately. It consists of
various steps, taking into account the subdivision into zones of the phase space. Similar
to [31], the first step is carried out in all the zones, the second step is carried out in the
hyperbolic zone Zy,y,(N) (that is, away from ¢ = 0), and the third step allows a refinement
in the regular zone Z,¢g(IN). This can be achieved by means of the smoothness properties
of the symbol class S™*#{x,(}®. The diagonalization produces then equations which
are equivalent to (1.2), modulo rapidly decreasing/smoothing elements. Since we are
interested in the smoothness and decay properties of the solutions, such terms do not
affect the claims, so we will often ignore/avoid writing them, and consider equalities
modulo such remainders.
Let us denote by p(t,x, &) the positive root of the equation

pt,z,€)* =1+ A {z)(€) In({x)(£))-

The function p(t,z, &) is monotonic with respect to t € [0, 7], since ¢; > 1/2 in (2.1). In
the next Lemma 4.1 further properties of p(t,x, &) are proved.

Lemma 4.1. The function p(t,z,§) has the following properties:

epc Sl’l{l,O}hj\}'p, for some N > 0;
epc C([O,T}7S’%+E’%+E), for every € > 0;

e dlpec C’((O,T],Sj+€’j+€), for every e >0 and j > 1.

In particular, for any (t,z,§) € Zpa(N), it holds

00 D2DE plt, 2, 6)| < o) ( ! >j<x)5+5—a|<g>$+5—|5,

VA \ VAR

for any a, B € N such that |a| + |B] > 1.

Proof. The claims follow by a modification of the argument in [46, Lemma 2.1.27]. In
particular, it is straightforward to prove the inequality

1020701 p(t,x,€)| < Capla)~1*1()~1P118] p(t,2,€)|, j=0,1 (4.1)

Indeed, for small ¢ € [0,T], we recall that % € C°°(]0,T]). On the other hand, for
t € (0,7T] we can apply condition (2.1). The remaining details are left for the reader. O
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For a given N > 0, we define the symbol

#2300 |11 (e )|

where x € C§°(R) is a cutoff function such that x(n) = 1 for |n| < 1, x(n) = 0 for
Inl > 2, and 0 < x(n) < 1.

(4.2)

Lemma 4.2. The parameter-dependent symbol h in (4.2) has the following properties:

o 0lh € C([0,T], 5117,
o h(t,z,€) € SYH1,0%P, for some N > 0.

Moreover, there exist constants ¢, C > 0 such that, for all (t,z,&) € [0,T] x R%¢, it holds

max{c, A(t)(z)(§)} < h(t,z, &) < Clx)(E), (4.3)
and, for all o and B € N?,

0202 h(t, x,€)] < Cala)~1*1E) TPIn(t, 2, ).
Finally, for all (t,z,€) € Zpa(2N) and a, 8 € N%, we have

010202 h(t, 2, )| < Cola) 1€ Dy p(t, 2, €)].

Remark 4.3. Observe that, in view of Definition 2.5, taking into account (4.3), it turns
out that the parameter-dependent symbol h is globally hypoelliptic. In particular, in the

hyperbolic zone it is actually an elliptic symbol.

Setting U(t) = (U1(t), U2(t))T = (Op(h(t))u(t), Diu(t))”, the Cauchy problem (1.2)
is equivalent, modulo C*([0,T],.7(R%)), to the Cauchy problem

{mU@K@U@G@ (4.4)

U(0) = U,
where
G(t,x) = (0,9(t, )", Us(x) = ([Op(h(0))¢](x), —ivy(x))",

K(t) = A(t) — (D:H)(t) H(t)*, and the matrix-valued operators H(t) and A(t) are
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_ 0 Op(h(t)) _ [ Op(n(t)) 0
A(t) == (Op(a(t))Op(h(t))u 0 > and H(t) := ( 0 1) .

As above, P! denotes the parametrix of the operator P. Indeed H(t)* exists, since
deto(H(t)) = h(t), and h(¢) is hypoelliptic. In the next Lemma 4.4 we deduce the
properties of the matrix K (t) of the coefficients of the system in (4.4).

Lemma 4.4. The matriz-valued parameter-dependent symbol o(K) belongs to Sgg, N
SUL{1,01R".

Proof. On the one hand, as a consequence of Lemma 4.1 and 4.2, it follows that D;H €
S11{1,0}%P. Then, by the calculus, (D,H)H* € SY1{1,0}P since H € $90{0,0}P.
On the other hand, the assumptions (1.9) on the coefficients a;, b;, j =1,...,d, and ¢,
guarantee that Op(a) Op(h)* € SH1{1,0}%P N SEY, as a consequence of (4.3) (see also
Remark 2.11). Since H* € S~1=1{—1,0}%" and it is uniformly bounded in Z,q(2N),
we conclude that Op(a) Op(h)f € SV'{1,0}P N SPS. O

Let us now define

t(t,2,€) = djp(t, z, §)x <N1n z )
+Tj(t,x,€)(1 (%) )’

where 7;(t,z,§) = dj\/a(t,z,§), j = 1,2, with do = —dy = 1, are the roots of the
complete symbol (2.5) of L. The symbol t;(¢,z,£), j = 1,2, are introduced to allow the
construction of the fundamental solution close to t = 0, due to jump in the multiplicity
of the characteristic roots there.

Lemma 4.5. The functions t; and to satisfy the following properties:

a) t € Sgg, nSHi{1, O}hyp k=1,2, with ts —t; = 2ty. In particular, for any (t,z,£) €
Zna(N) it holds

|DaD'6tk(t x, &) | S (t) < >%+€—|a\<§>%+€—\ﬁl’ k=12,

for any o, B € N™ such that |o| + |B] > 1;
b) 8g_tk € Loo([0,T), S04k =1,2, forall j =0,1,...;
c) & (te/h) € Loo([0,T), S*H9143) k= 1,2, for all j =0,1,...;
« Ty —la — dep(t,x,
d) [DEDg DR < Cop()~IoN @) ~IPIELLED] | = 1,2, for (t,2,8) € Zpa(2N).
To begin the diagonalization of the system in (4.4), we introduce the matrix-valued
parameter-dependent operator
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1 I
. <Op(f1)0p(h)” Op(ts) op(h)n> ) (4.5)

whose principal symbol is

1 1
mo—ap(M)—<t_1 t_2>
h h

Since det(mg) = 27 = 22 > 1 for (t,z,£) € [0,T] x R??, the operator M is elliptic.
By Lemma 4.4, M then admits a parametrix M?. Note that, by their definition, the
symbols of M, M* are constant in Z,q(N), while their entries belong to $%°{0, O}}]’\?p.

We look for the fundamental solution E = E(t, s) to (4.4), that is, an operator family
E(t, s) satisfying

DiE(t,s) — K(t)E(t,s) =0, E(s,s) = 1. (4.6)

In view of the properties of the calculus of the generalized parameter-dependent SG-
operators, established in the previous sections, we can adapt the arguments in [31,46].
We first set Ey(t,s) = M*(t)E(t,s), which then satisfies

DEy = M¥(A+ (D,H)H")E + (D,M*)E
= (M*AM)Ey + (D:M* + M*(D,H)H*)MEy + R\ E
=DEy + B1Ey + R\ E,
where

D = Op(o,(M*AM)), By = (M*AM — D) + (D;M* + M*(D,H)H*)M,

and Ry € C™ ([0, T], Op(S“’o’_‘X’)> is a smooth family of regularizing operators.
We first examine D. By Lemmas 3.1 and 3.2, looking at the top order terms of the
asymptotic expansions of the involved compositions and parametrix, we see that

0
i i Zngp(2N),
0 T2
o(D) = g,(M*AM) = (4.7)
2472 272
1 1 2 2
24, 215

Then,

to

o(D) = (‘0 0) +0(@)
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where 0(Q) € Sgg, and 0(Q) = 0 in Znyp(2N). Again by the definition of M and the
properties of the calculus, we can write

o(MFAM) = (D) + qo + 7o,

where o = 0 in Zpa(2N), go € S5 15000, 013 and ro € C([0, T, §-°).
We now consider B;. Using the equalities

MM =1 = (D;M*YM = —M*(D; M),
which hold modulo smooth families of regularizing operators, we find

By = (M*AM — D) + (D;M* + M¥(D,H)H*)M
= (M*AM — D) + (—M*D,M + M*(D,H)H*M) + R,

with Ry € C°°([0,T]; Op(S~>°~)). Again by the properties of the calculus, we can
write

o(—=M*D;M + M*(D;H)H*M)
= 0, (~M*D;M) + o,(M*(D:H)H* M) 4 q1 + 71,

where g1 = 0 in Zpa(N), a1 € S5 057510, 1137, and ry € C((0,7], §7),
Looking at the top terms of the asymptotic expansions, by direct calculation we have

Dih Dih
2h 2h

D:h D:h
Jp(Mﬁ(DtH)HﬁM) — < 2h 2h )
and

0 (M Dy M) = % (Dt(fl) Dt(f)) .

Summing up, it follows that there exist ¢ € S N $90{0,0}%" and r € C>([0,T],
S57°%7°) such that

Dty _ Dyto + Dih
U(B)—b _ 212 212 h + +r
1 1 Dity | Dih Dty a-r
2t2 h 2t2

This shows b; € $%9{0,1}%Y. Moreover, we can estimate

a — — | 8tp(t7‘r>£)
|DfD§ bi(t, ,€)| < Cop(x)~Pl(g)~ 1o (.0(757%5) + m) ) (4.8)



S. Coriasco et al. / Bull. Sci. math. 199 (2025) 103584 31

for all (t,z,€) € Zpa(2N). Indeed, (4.8) follows by Lemma 4.1 and (4.1), noticing that
D3 Da(t,2,€)| < Capla) ™11 VI (t,2,€),
and

|Dngﬂtj(t7m7§)| < Ca5<$>_‘a|<f>_m|p(t,x7€), Jj=12

for all (t,z,€§) € Zpa(2N), as a consequence of (1.9).

Summarizing, we proved that the fundamental solution FE(t,s) satisfying (4.6) can
be represented, modulo smooth families of regularizing operators, in the form E(t,s) =
M(t)Ey(t, s)M*(s), where M is the matrix-valued elliptic operator (4.5), with o(M) €
59:000,0}P and Ey = Ey(t, s) solves

DtEO — DEO + BlEO + R1E0 = 0, la()(S7 S) = I,

with D the matrix-valued diagonal pseudodifferential operator with symbol given in (4.7),
B1 a matrix-valued pseudodifferential operator with symbol b; € SR,d Nn.S%0{0, 1}}]1\,yp, sat-
isfying (4.8) for all (¢t,z,¢&) € Zp,a(2N), and R; a smooth family of regularizing operator
with matrix-valued symbol in C*°([0,T7], S~ ).

Our next goal is to diagonalize B; modulo S _1’_1{—1,2}%@. Since we are looking
for the fundamental solution modulo regularizing terms, from now on we will no longer

indicate them explicitly in the computations.

Proposition 4.6. There exist an elliptic, matriz-valued pseudodifferential operator Ny with
a(Ny) € §%%{0, 0}};\?13, o(N1) =1 in Z,a(N), a diagonal matriz-valued pseudodifferential
operator Dy with o(D;) € Sgg, N 50’0{0,1}23'\?, and a matriz-valued pseudodifferential
operator By with o(By) € SPa N S~H=1{—1,2V5%P  such that

(D¢ =D+ B1)Ny = Ny (D — D+ D1 + By)

holds, modulo a smooth family of regularizing operators with symbol in C*([0,T],
ST =) in particular, o(Bs) satisfies estimate (4.8) in Z,q(2N).

Proof. The proof is achieved by an argument similar to those in [14,31,46], relying on the
properties of the parameter-dependent calculus we are using. For the sake of complete-
ness, we here provide some details. Let P; and N be the pseudodifferential operators
with matrix-valued symbols

_ A(t)(x)(€) bi11(t, x, &) 0
@02 = (1 (Fiiie ) ( 0 bl,m(t,z,@) »

and, respectively,
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1 A(t)(z 0 %
U(N())(t,x,S)Z(l—X<%>)<M o )

to—t1

where there appear the entries of the matrix-valued symbol
b b
o= 5
Our considerations above show that o(D;) € S5%°{0, 1}};\?’", and also o(NW) ¢
S—hH—1, 1}}]'\}”’. Moreover, by their definition,
o(D1)(t,2,8) = (N (t,2,8) =0 for (t,2,£) € Zpa(N).
Let Ny = I + NW. Then, setting

By =(Dy — D+ B)(I+ND)— (I +NYYD, —D+Dy)
=DNW + [NW D]+ BNY - NUD, 4 B, — Dy,

it follows
(Dt — D+ B1)Ny = N1(D: — D+ D1 + Ba).
By a direct calculation, using Lemma 3.1, we find
ap(Bi(1 = x) = D1 + [N, D]) = 0;
which implies
op(B2) = 0p(Ba + xB1 V1),
where
By := D,NY + (1 - x)B NV - NUD,,
In particular, 0(Bs) = 0 in Z,q(N) and both the symbols
o(D:NW) and o(BN®Y — NUD,)
belong to SPY N S~1=1{—1,2}P as a consequence of (4.8).
On the other hand, o,(xB1N1) = 0 in Zyyp(NN) and it belongs to 551(3/ too. That is,
B satisfies the desired properties.
Now, let us show that, for a sufficiently large IV, the pseudodifferential operator Ny is

a elliptic, with symbol belonging to S%°{0, O}}ﬁp. By its definition, o(Ny) = 1 in Zpq(N)
and ni(t,z,&) = o(Ny)(t,x,€) € S~H7H{~1, 1}};\,yp. Moreover,
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|%QWXL%§”§¢wé;@)<2$;Cni@>)

Cin((z){€)))
z)(E)A(t)

in Zhyp (N) .

]

<

2l __

Consequently, a large N yields |o,(N1)(t,z,£)| > 3 in [0, 7] x R??, using o(N;) = I in
Zpa(N). This gives, together with Lemma 3.2, the existence of a parametrix Nf with
o(NF) € §90{0,0}%". o

We conclude the section with a further steps of the diagonalization, localized in
Zreg(N) C Znyp(N). Observe that, for a symbol p € S™P P{—p,p + 1}
estimate

, We can

A7) 1 P
/’pTxé’dT</ e p(T)p< A o )) dr

In((x) (€)))#*+

X
EIGIGI
= ()
BCAIE

where t; ¢ is defined as in (2.2). In the oscillations subzone, corresponding to D + By,
we achieved remainder of the type S%0{0,0}5P 4 §—1-1{—1,2}2% We can actually
improve the diagonalization scheme modulo operators with symbols from

HGN = Shy

N (S™040, 0158 + 571 - 1,215

(ﬂS P p,p+1}reg)

p=>0

Theorem 4.7. There exist matriz-valued pseudodifferential operators Na, Dy, Bs such
that

(Dy = D+ Dy + B)No = No(Dy — D+ Dy + By)

holds modulo C* ([0, T], Op(S~°>~°)), with the elliptic symbol o(Ny) € S%{0,0}%P
satisfying o(Na) = 1 in Zpa(N) U Zose(N), the diagonal matriz o(Ds) € S*°{0,0}5° +
S=h=1 1,2}V vanishing in Zpa(N) U Zose(N) and o(Boo)(t,z,£) € HGN; in particu-
lar, 0(Bso) satisfies estimate (4.8) in Z,q(2N).

We omit the details of the proof, since it follows similar lines to that of Theorem 4.6.
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5. The parametrix of the diagonalized problem

As a consequence of Proposition 4.6 and Theorem 4.7, in order to construct a funda-
mental solution E = E(t, s) solving (4.6) it is sufficient to study the system

D\E — DE + DoE + BoE + R E =0, E(s,s)=1.

Since it is enough, for our aims, to obtain £ modulo smooth families of regularizing
operators, we will ignore the term R, F. As customary in this approach, we construct
the parametrix in two steps, corresponding to the diagonal terms (D; — D 4+ Ds) and to
the non-diagonal term By.

Firstly, we construct the parametrix E; of

DtEl - DE1 + DgEl ~ O, El(S,S) ~ 1.

As it turns out, the parametrix Fj is a diagonal Fourier Integral Operator. The main
difficulty here is in determining the inhomogeneous phase function of SG type. Further,
to determine the amplitude of F, we recognize that the terms of the expression — D+ D5
have symbols in different classes, i.e.,

o(D) € S5 n sti{1, 01
and
o(Dy) € S¥' N (S°0{0,0}%8 + S~H71{—1,2}7%%) .

In view of this, we determine the phase function based on the top-order term —D and
determine the amplitude using the whole term —D + Ds.

Secondly, we construct the parametrix Q(¢, s) corresponding to the non-diagonal part
such that F = E1Q. As we do not have a diagonal structure in this case, we cannot
obtain the parametrix as a diagonal Fourier integral operator. Nevertheless, we can take
advantage of the fact that o(Bs) € HGn and observe that the parametrix is indeed a
pseudodifferential operator.

5.1. Construction of the phase functions

Let us denote by ¢ = (¢, x, &) the real part of one of the functions t;, k = 1,2. We
consider the Hamiltonian flow (¢,p) = (¢,p)(t, s, ¥,1) = ¥s,+(y,n), defined as the solution
to

dg
E = vﬁﬂ(t7Q7p)a Q(Sa 57%77) =Y,
dp _
dt

(5.1)
_vz'ﬁ(taqap)v p(S, Sa yﬂ?) = 77
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For convenience, in the sequel we will sometimes denote ¢(t, s,y,n) by ¢(t, s) and, simi-
larly, p(t, s,y,n) by p(t, s). Following the approach used in [46], we prove the next result.

Lemma 5.1. There exists Ty € (0,T] such that the solution (q(t,s,y,n), p(t,s,y,n)) to
(5.1) exists uniquely on [0, Tp]* x R% x R, Moreover,

90,050, (a(t, 5,y,m),p(t, s,y,1)) € C([0, To]* x Ry x Ry).

In particular, it holds

p(t,s) =n+ /Vwﬂ(T,q(T, s),p(T, s))dr,
’ (5.2)

alt,s) =y — / Ved(r, g, ), p(r, 5))dr,

for all (s,t) € [0,Tp]? and (y,n) € R?.
Proof. Let us define

f(t7Q7p) = (Vﬁﬂ(tv(Iap)v _vxﬁ(t7Qap))

Since ¥ € C([0,T], S*') c C([0, T], C*>(R2%)), we get that f is continuous together with
its partial derivatives 0y, f and 0, f in [0, 7] x R?¢. As a consequence (see [41, Theorem
15]), for all s > 0 and (y,n) € R?? there exists 7, > 0 and o > 0, depending on s, y and
n, such that the solution (p(¢,7,4,7),q(t,7,9,7)) to (5.1) with initial condition § and 7
is defined and continuous with respect to the variables ¢, 7, 7,7 for

t—7l<rs, |m—sl<os, @7 - (ynl<o

The existence of a common interval of definition [0, Ty], independent of y and 7, is not
trivial.
Let (y,n) € R??, with |y| > M and |n| > L. We denote

z = (21, 22) :== (p/lyl, ¢/Inl);
f= (fl(t7 21 Z2)7 f2(t7 21 22))
= (lyl 7 Ved(t, [ylz1, nlz2), =10l = Va0 (t, [y|21, [n]22)).

Then, z satisfies the equation

d
== F(t2), Hims = (,0) €R¥, Jw =[] = 1. (5.3)
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It remains to prove that for all |y| > M and |n| > L there exists a common domain of
existence for z(t, s,w, (,y,n). We consider
IT:={(t,2) € [0,T] x R??: |21 —w| + |2 — (| < a® < 1/4},
I, = {(s,t,2) € [0,T]> x R* : t 45 <7 (t z) €}

It is obvious that there exist M; and K positive constants such that

afi

<M
f<m, |5

<K, i,j=12,

uniformly in II with respect to |y| and |n|. As a consequence (see [41], Theorem 15 and
formulae (19), (22) in Section 21), the solution to (5.3) exists and is continuous in II, if
(s,t) € [0,Tp]? with

k
TogrgMil, TSKLdTI( for some k < 1.
In particular, this solution depends smoothly on the parameters y and . O

Let us describe the behavior of the solution (¢(t, s,y,7n),p(t, s,y,n)). To this end we
introduce an auxiliary point ¢, ¢ such that

Altze)(x)(€) = N1 In(()(€)),
where Ni < N. Clearly, it holds #, ¢ < t,¢.

Lemma 5.2. For (s,y,1) € Znyp(N) there exists Ny < N such that (t,q(t,s),p(t,s)) €
Zhyp(N1) for all t € [s,To], taking Ty > s sufficiently small.

Proof. To describe the behavior of the solution (q(¢, s,y,n), p(t, s,y,n)) with respect to
the zones we consider the properties of the function 9(¢, x, §): for a sufficiently small Tj,

Vo d(t,2,8)| < eA(t)(€) and [Ved(t, 2, )| < eA(t)(x),

for all (¢t,z,&) € Znyp(N). So, we obtain, for 0 < s <t < Ty,

()] < elp(t)A1) and | 5 (q(0))?] < ela(t))AD)

By applying Gronwall’s lemma we get

<p(8)>620(A(s)—A(t)) < <p(t)> < <p(8)>e2c(A(t)—A(s))

and
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(g(5))e2 MM < (g(t)) < (g(s))e?AO-AE),

Note that the function A(t) is a positive, strictly increasing, and continuous function.
So, we can choose the interval [0, Tp] sufficiently small, ¢ > s and Ny < N appropriately
so that we have

A p®) _ Als){a(s))(p(s))  NehH—AW]

Nin(a®)p®) ~ NIn(a() () Ny (1 -+ B0

A(s){q(s))(p(s)) N e clAB=AG)
= Nn({(g(s))(p(s))) N1 (1 + c[A(t) = A(s)])

Choosing N1 < N, there exists € > 0 such that Ne™® > N;(1 + w) for all w € [0,¢).
Then, there exists Ty sufficiently small such that, for all 0 < s <t < Ty, it holds

AW®) () Als){a(s))(p(s))
Niln({g(®))(p(t))) — NIn({q(s))(p(s)))

The desired result follows by the definition of Zyy,(N). O

Lemma 5.3. Let o, 8 € N? and j,k € N with j+k € {0,1}. For T > 0 sufficiently small,
there exist constants Cjrag, such that, for all (y,n) € R*, if0 < s,t <t,, <T it holds

i 1 _ _1 _
|D{D¥DS D2 (q(t, 5,9,1) — y)| < Cjraply)2 =1y ~2 =17

VAT - VARG (S ) | (A8Y]

G
| DI DDy D) (p(t, 5,y,m) — 1) < Cikaply) 212l y) 214l

- () ()]

A(t)

Further, there exist constants Ty, My, Ty € (0,T], My > M such that for any j, k positive
integers and «, 3 multi-indices, there exist constants Cjrag, such that for all (y,n) € R??,
ly| + |n| > M, we have the following estimates:

o forty, <s<t<Tyor0<s<ty, <t,,<t<Tpitholds
|D{DEDy D (a(t, 5,y,m) — v)]

< oot (20 0 (L)) (220 (1))

\D{DEDSDE (p(t, 5,y,m) — )|

<o (30 (1)) ()
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Proof. We first note that for (7,2,§) € Zpa(N) it holds ¥(r,z,§) = p(r,2,§) €

C([0,T], Sz +=2+€). Thus, it holds

V. 0(r,2,6)] S U (gy—de ey e,

and

Ved(r,2,6)| S

Since (p, ) satisfies (5.1) and 0 < s,¢, < t; ¢, we find

Thus, by Gronwall’ inequality we may estimate for all s,¢ € [0, To],

() S ()eCVAL=VAD) < (2, 5,y,m))
< ()eCVAD—VAE) < (),

that is, (p) ~ (n). Similarly, we find

(q(t,s,y,m)) ~ (y)-

By using representation (5.2), we get also

Ip(t,s,y,m) = nl < (v) +EI\/ — VA()),
|q(t,8,y, )_y| S < JrE|\/ V ‘
In order to give the estimate for j = k = 0 and |a| = |§| = 1, we define

Ql = va(ta 5»y777)7 QQ = vnq(tv 57?4777)7
P =Vyp(t,s,y,m), Po=Vyp(t, s,y,n),

which satisfy
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d Ql QQ _ _vnvyﬁ _annﬁ Ql Q2
a\p p)=\v,ve v,vo ) \P P
Q1 Q2 _ (I O
P pR)_ “\o 1)

Let

E(t) = [@Q(t) = II* + [{y) = (m Q2 ()]

5.6
+ () () T PP+ (1P2(E) - I >0

It is easy to check that the following estimates hold:

d A®)
EE(t) S NG

(W)= =) > (B + VE()).
Then, taking account that E(s) = 0, we conclude that
E(t) S (A(t) — A(s))<y>—1+26 <,’7>_1+25.

This allows to conclude the desired estimates

Vy(alt,s,y,m) = 9)| S )2 =) "2 = (VA(E) — VA(s)),
IVa(a(t,s,y,m) = w)| < )2 m) 2 FE(VA() — V/A(s)),
IVy(p(ts 5,9.m) =) S ()~ = ()2 = (V/A(E) — V/A(9)),
IVa(p(ts 5,9.m) =) < ()~ 2= () > H(VAE) — V/A(s))

By induction on |« 4 3], (5.4) can be proved for all & and 8 when j =k = 0.
In order to give the estimate for the derivatives with respect to s, we consider the
auxiliary system

dQ dP

dt

with initial conditions

Q0,s,y,m) =y, P(0,s,9,m) =n.

Then,

q(t,s,y,m) =Q(t —s,s,y,m),  p(t,s,y,n) = P(t—s,5,9,1).

Differentiating (5.7) with respect to s we obtain
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2
:—2‘(%)(15—3)

(5 (-9eite+5,Q,P)) (e~

(%vw) (t,Q(t — 5), P(t — 5))
)

since O;p € C([0,T],S**51%¢). Applying Gronwall’ inequality, we obtain the desired

estimate
1 _1 A<t)
< zte 3te
Similarly, we may estimate
. N A(?)
< 5+e 5 te
10sp(t, 5,9, M| S () ()27 |In (A(s)>"

Finally, for k£ = 0 and j = 1, the desired estimates can be derived directly by equation
(5.1). Indeed, we get

|atq<t7 5, y7’7)| = |V§19(t, Q7p)| S

Similarly, we get the estimate for the derivatives of p with respect to ¢.

By using the same approach, we can prove estimate (5.5) for all a, 3 € N9 and
J.k € N such that j + k € {0,1}. In particular, we note that, if (s,y,7) € Znyp(N1),
then there exists Ny < Ny such that (¢, (¢, s,y,n),p(t,s,y,1)) belongs to Zny,(No), as a
consequence of Lemma 5.2. Moreover, it holds (p(t, s,y,n)) ~ () and {(q(¢, s,y,1)) ~ (y).
In particular, it is easy to prove that the energy E(t) defined by (5.6) satisfies the estimate

S B(t) £ AO(E() + VED)

Finally, the proof of (5.5) for k + j = 1 exploits the non-increasing monotonicity of the
function A(t)/A(t), that is guaranteed by assumption (2.1), being C; < 1.

In order to prove estimate (5.5) for 0 < s < fy,n < tyy <t < Tp we combine
the estimates obtained in the hyperbolic and pseudodifferential zones. In particular,
we note that for all 7 € [s,4,,] it holds (,p(7,s,v,m),q(7,5,4,m)) € Zpa(N1) and
97, q,p) = p(7,q,p). Moreover, we may estimate

(D5 D30) 4,0 S )2 ).

and then
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t?}v"?

[ 10503007, 0.pdr S G @) ) G )

= A e )1,

being
In((g)(p)) < A(t){2)(p),
for all (t,q,p) € Znyp(N). O

Remark 5.4. As a consequence of Lemma 5.3 we may conclude that ¢(t,s) and p(¢, s)
satisfy

Aq((t_t)’f);(g) , 0¢q(t,8), 0sq(t,s) € Lo ([O’TOP’SLO(RZ y RZ))
B Ol 5), bt ) € Loo (10, T, SO (R x Ry) ).

The obtained information about the behavior of the Hamiltonian flow allows to prove
the following result.

Lemma 5.5. There exists a constant Ty with 0 < Ty < Ty such that the mappings

z=q(t,s-n):yeR—zecRY,
E=p(t,s,y,-) :neR? » £ €RY,
with parameters (t,s,n), s,t € [0,T1], both admit an inverse mapping y(t,s,z,n) and
n(t, s, z,€), respectively, satisfying the following estimates, for j = 0, 1 and o, 3 € N¢,
with suitable positive constants Cjag:
o for0<s,t<ty¢

IDIDSDL(y(t, 5,2,€) — x)] < Cjap(x)zt=lol(g)=a+e-1l

< VAW - VA () )

A(t)

and

|D{ DS D ((t, 5,,€) — )] < Cjap(z)~3Felel(g)3+=18

VAT \/A<s>|1j( j%) ;
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o Joripe <s<t<Tyor0<s<lye<tye<t<Tp

IDIDS DY (y(t, 5,2,€) — )]

and

|DiD:D§(n(t>S7337f) - 5)‘
< Chaph)(a) 0 (30w (575) )

Proof. Applying Lemma 5.2, it is easy to get that there exists 77 > 0 and ¢ > 0 with
0< Ty <Tpand 0 < e < 1 such that

0
a_q(t787y7§) - I S 1 — &, fOI' S7t € [07T1]7 yﬂ? € Rdv ‘y| + ‘§| 2 M

Y
As a consequence, the invertibility of ¢(¢, s, -, &) follows. The desired estimates can be
derived after noticing that

y(t,s,x, &) —x =yt s,z,8) —q(t, s, y(t, s,x,£),§),

following the same approach of [46], employing the estimates in Lemma 5.3. The same
idea can be used to prove the existence of the inverse function n = (¢, s, z,£) and the
corresponding estimates. O

Now, we deal with the construction of the phase function ¢ = (¢, s, x, §) solving the
eikonal equation

{ at(p(t7 87 x’ é‘) - ﬁ(t7 x’ vzép(t7 87 x’ 5)) = 07
(5.8)
(,0(8,8,1’,5) = 5
Lemma 5.6. Let ¢ = o(t, s, x,&) be defined as
(P(t7 S?'r7 6) = Ilj(t7 S?y(t7 S’ "E7§)7£) (5'9)

where

t

v(t,s,y,m) =y -n— / (p Vel — 19) (7'7Q(7'7 5,9,1),0(7, 8, ¥, n))dT :

S
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Then, ¢ solves the Cauchy problem (5.8). Moreover, for all o, B € N, there exist positive
constants Cop such that, for all (x,€) € R2?, it holds

|D2DZ (p(t,5,2,) — 2+ €)| < Casla) =121, (5.10)

if 0 < s,t <tye, withe > 0 arbitrarily small, and

D2 D ((t,5,2,6) =2+ €)| < Casla) U PIAW — AG), (511)
if max(s,t) > ty¢.

Proof. The fact that the function ¢ defined in (5.9) solves the Cauchy problem (5.8)
follows by classical results (see, for instance, [32]). The desired estimates follow by (5.9),
employing Faa’ di Bruno formula to evaluate the derivatives of composite functions,
together with the estimates obtained in Lemma 5.3. In particular, in estimate (5.10) we
use that

()2 (€)* max{/A(t), V/A(s)} < VN In((2){€)),
being (s,z,&) and (¢, z,§) in Zpa(N). O

From now on, we denote by ¢~ and ¢T the solutions to (5.8), with ¥ equal to the
real part of t; and, respectively, the real part of ts.

Lemma 5.7. Suppose s, (x, &) = (y,1) = (¢}, (x,€), 92 ,(2,€)) be the canonical relation
associated with the Hamiltonian 9 = 9(t,x,£) and let

b(t, x, f) = ei ftT a(Tvxvf)dT7
with a(t,z,€) € S%°{1,0}%" supported in Zyy,(N). Then,

_ 0,0 h
c(t,®,§) = b(t, ¥s e(x,€)) € SV°{0, 01
for0<s<t<T and sufficiently large Ny > N.

Proof. We assume T sufficiently small in Zy,,,(IV) to ensure that the canonical transfor-
mation v, ; is a SG-diffeomorphism. This implies, in particular, w;’t e 10, wit e 801
(1} (2,8)) = (x) and (P2 ,(x,€)) =< (€), uniformly with respect to s,¢, 0 < s <t <T.

As the symbol is a constant in the pseudodifferential zone, we can assume, without
loss of generality, that we are working in the hyperbolic zone, i.e., t > t; ¢. Of course,
since a is uniformly bounded, |c(t,z, )| < 1. Let us now estimate the derivatives of first
order. By the chain rule and the hypotheses, for j =1,...,d,
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|0z, c(t, 2, €)| = |e(t, 2,6)] -

k=1

d T
Y ICHICRIMENS) [CMTEATEN

+(g,a) (7, Vs (2, €)) (D, 07 (2, €)] dr

d T
> / L (2, )7 HUR (2, ) (2)°(€)°

k=17%

AT (g 4 (2,)) (2 (2, €))7 (2) TH(E)] dr

S (@7 +© 7)) [Anar

t
< AT) = Altag)] (@) 7! < ()™

In a completely similar fashion, we obtain, for j = 1,...,d, the estimates
0, elt,,€)] S (&)~

Finally, by the estimates for the components of the Hamiltonian flow, proved above, with
N; > N sufficiently large, we find

|8tc(t,x7§)| = |C(t,.’1},f)| : —a(tﬂﬁs,t(%f))

d T
3 [ [0na)rvoale, )02 w0

k=1

+(afk CL) (7—7 ws.,t (.’E, 5))(8151[}5 t)(z 5)]

=1

T
)+ / (W1 (0, ) (W2 (2, ©)°A(1) () (E)°
AL (@ ) (W2 (2, ) M) (@)°4€)] dr

SM®P+«@1@%H@1@»/Mﬂw]



S. Coriasco et al. / Bull. Sci. math. 199 (2025) 103584 45

t

(t

>
—~

) oL

In Ok

SA) S

>

In A(t)
A(t)
The estimates for the derivatives of higher arbitrary order follow inductively, by means

Notice that the last inequality is equivalent to 1 < — , which holds true for ¢t > ¢, ¢.

of the Faa di Bruno formula. O
5.2. Construction of the amplitudes

As usual, we look for operator families EJ (¢, s) of the form

EF(t,s) // @52y F (¢ s 2z, Ow(y)dyde, w e .S (RY),

with
gpq:(5,5,$,§) =z € ’ 6?(8,8,%,5) =1

The asymptotic representation
3(t,s,z,8) ~ Zegj (t,s,2,£) modulo C([O,To]2,5‘°°»—°°>’

6;0(575756’5) = 1 I 82,j($,8,$,£) = O fOI‘ ] 2 17

allows us to derive the transport equation. Namely, we need to study the action of

— Op(t1(t)) and D; — Op(ta(t)), respectively, on E, , E; . We confine ourselves to
the fundamental solution E5 (¢, s), corresponding to the amplitude function e (¢, s, z, €):
the computations for the case Ey (t, s) are similar. Formally, we can of course write

Pt | [0 o S, 410 5t

In order to find the expansion terms ey, J=0,1,2,..., we introduce the abbreviations
Ja(t,s,2,8) = Ogta(t,z, Vo™ (t,5,2,8)), forlal>1,

g(t5$€ _ZZ |gat8m£)8a (t,S,QLf),

lor|=2

Z(t,s) =Dy — Y galt,s,2,8)08 + golt, s,2,8).

|er]=1

Then, according to the asymptotic expansion for the compositions, we obtain the equa-
tions
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Z(t,s)eg o =0and Z(t,s)ey ; +7j-1 =0,
for 0 <t < T, with the initial conditions

€s0(s,8) =1and e, ;(s,5) =0, j=1,2,...,

where
i(ts,2,0) = galt,s,,8) > Do (tz,y)DsRey (t5,2,8)
la|>2 loa|+]az|=|a
[e5] 1
+ Y Galt,s,2,6)Die; (t,5,2,8).
|a|=2
The solutions e, ; (t,s,2,€), =0,1,2,..., to the above initial value problems are

t

eq0(t, 5,7, &) = exp —z'/go(a, s,q(o, s,y(t, 8,2,€)),8)do | ,

S

t
eij(t’s’m’g) = _i/rj71<0, S’Q(U7S7y(t7saxa5))a€)

¢
X exp —i/gO(U’,s,q(a’7s,y(t,s,x,§)),§)da' do.

S

Lemma 5.8. The following useful estimates hold:
o If0<s,t <ty then
DE D galt,s,2,6)| S (x)2telolg) 247181 forja| =1,

and

A

<x>—1+s—|a\<§>—1+s—|ﬁ\|t — s,
<x>—1+s—|a\ <£>—1+a—|ﬁ\ |t _ 8|2,

(z)~2+e—lalg) 2= 1Bl _ g2,

|D2D?go(t’ 5,.T,€)|
\DSDLef (t,5,7,6)|

A

‘Dngro(t,S,x,f)l

A

o if max{s,t} > 1, ¢ then
D8 D galt, 5,2, 6)| S M) (@) 71NV for o =1,

and
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IDED{go(t, 5,2, €)| S (2)71*1&) " PINDIAR) — As),
IDeD{ed (t,5,2,6)] S (@)1 1€) IPIA() = A(s)I%,
|IDgD{ro(t, 5,2, €)] S ()71l T PIN@B)A() - As)]%

As a consequence, by using induction on j > 0 we get the following statement.

Proposition 5.9. The parametriz Eq(t,s) = diag (EQ_ (t,s), By (t, s)) is a diagonal ma-
trixz of Fourier integral operators with

EF(t, s)w // T (20O F (1 5, ., €)w(y)dyde,

IR IR
WZF(Svsvxag) =x-£, 6;(87571"5) =1.

The phase functions T satisfy estimate (5.10) and (5.11). Further, for (t,x,§) €
Zpa(N), the amplitude functions e satisfy

(DI DL (1, 5,2,€)] S a) eIl g1+ IAlfe )
Moreover, there exists a positive number Ny such that, for (t,x,&) € Znyp(No), it holds
D2 DLeg (b 5,2, €)| S () 711() AV A(E) — As)]
forj=0,1,2,...
Remark 5.10. We may write
EF (t,s) = Op(a(t,5)) + Opyz (1,4 (b7 (¢, 9)),

where Op(aT(t, s)) is a pseudodifferential operator with amplitude

at(t,s,r,§) == x (%) (T (226 F (1 5 1, €),

and Opg= (4 4 (b7 (¢, 5)) is the SG Fourier integral operator of type I (see Definition 3.4)
with phase ¢ and amplitude

b (t,s,2,8) = <1 - X (W)) e (t,s,2,€).

We note that, as a consequence of (5.10) and Lemma 5.8, the symbol aT belongs to

Lo ([0, Tp)? S(_E)H'6 ~1%¢) according to the definition given in (5.22).
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Lemma 5.11. Let a(t,x,£) € S™PP{—p,p + k}\® be supported in the regular zone with
t,, ¢ defined in (2.3). Then, the symbol

b(t,z, &) = e i alrm8dr
satisfies
10200t 2,€)| < Cusla) 1o (€)1#]
for any p > k.
Proof. We need to prove the estimate on in Zieg(N) as b(t,z,&) is constant outside

Zreg(N). For |a| = || = 0, the result clearly holds. We can then proceed inductively, by
observing that, for some positive constants C, C;», we have

8wjb(7,$,£)‘ < Cj/|8$ja(7-’x’€)|d7'
t

By the estimate on the symbols in S™7P{—p,p + k}* we have

T
>\ T ptk
Or;b(r, @ ‘5 1/ TR E jn A<17>> dr
t

() 1 (In((z){€ >))(p+k).
({z) ()AL}, )

In Z,cg(N) we can simplify the above expression to

G
(2N)P

1, b7, )] < (@) s () €) P92 < Oy~ as p > .

Similarly, we have |¢,b(7, 2, £)| < C}(£)~'. The estimates for the higher order derivatives
are proved inductively, by means of the hypotheses and the Faa di Bruno formula. O

Theorem 5.12 (Egorov’s Theorem). Let ES (t,s) be the fundamental solutions given in
Proposition 5.9 with 0 < s < t. Assume that p € S%°{0, O}hyp and it is supported in
Zhyp(N). Then, for a sufficiently large N1, the operator

Op(pi(t, s)) = EF (s,t) Op(p(t)) ES (¢, 5)

is a pseudodifferential operator with symbol p1(-,s,-,-) € S%%{0, O}hyp defined for all
s €[0,t) fort € 0,T1] and vanishing in the pseudodzﬁerentml zone.
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The proof follows in similar lines to that of the standard Egorov’s theorem, cf. [46].
For the sake of completeness, we illustrate the argument.

Proof. Let s be fixed while ¢ runs over [0, s], then we denote
Py(t) == Pi(s,t) = Ey (t,5) Op(p(s)) E5 (s,1), 0<t<s.
Clearly, P;(t) solves, modulo smoothing operators, the initial value problem

Dy Py(t) = Op(t(2)) P1(t) — Pi(t) Op(ta(2),  Pi(s) = Op(p(s))- (5.12)

We are going to construct an approximating solution, Q(¢) to (5.12) in the form of a
pseudodifferential operator Q(t) := Q(s,t) = Op(q(t, s)) with a parameter dependent
symbol ¢(t, s) belonging to S%Y. So we determine Q(t) solving the Cauchy problem

0

pn (t) =i Op(t1(1))Q(t) —iQ(t) Op(ts(t)) + R(t), Q(s) = Op(p(s)),

where R(t) is a smooth family of regularizing operators on R9.
In order to solve for ¢(t, s, z, &), we assume an asymptotic expansion in the form

Q(t,s’l’,f) ~ QQ(t,S,Jf7§) +q1(t,8,l’,£) e

where g;(t,s,z,&) € C>®([0,T]; S=5~7(R? x R?)). Therefore, we first solve the transport
equation

3qo ¢ dqo ¢ Oq0 _
Z « ¢ dx; Z “ O o€

or, written equivalently by means of the Hamiltonian flow,

with the initial condition go(s, s, z,&) = p(s,z,§).

As p(t,s,z,&) vanishes on the pseudodifferential zone, evidently, qo(t,s,z,£)
0 for all (s,z,§) € Zpa(N),t € [0,s]. To solve for go(t,s,z,&) in the hyperbolic zone,
we observe that, by choosing k and T3 sufficiently small, we have a SG-diffeomorphism,
that is, (y,n) — (z,§) with

(2,6) = (z(t, 5,5.1),£(t, 5,5,m)) : RY x R — R? x RY.

For the parameters t, s satisfying ¢ < s < T} there exists an inverse mapping (z, &) —
(y,m) with
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(y,m) = (y(t,s,z,6),n(t,s x,€)) : RE x Rg — ]Rz X R‘f],

for all (t,x,§) € Zpa(N),(s,2,€) € Znyp(N),t,s < Ti. Moreover, the function
qo(t, s, z,€) is constant on the integral curves of the Hamiltonian flow corresponding
to t1. Thus, by the initial condition go(s, s, z,£) = p(s, z,£) we have

QO(tv vaaé) = p(s,y(t, 5, z7£)77](ta 573375))'

Similarly, we can determine the lower order terms ¢(¢,s,x,§) for [ = 1,2,... by the
equation
d
aqz ¢ dq o Oq
a. ar Cl(t757xa§)
Z * ¢ dx; jz::o Oxj 0€;
with

1
Glt,s,2,8) = Z >, o (Deedte—DEgdte). 1=12,...

=0 |a|=l—i+1

and the initial condition ¢(s, s, x, &) = 0.

By a variant of the usual asymptotic expansion argument, we can show that there
exists a symbol g(t,s,2,§) ~ >, a(t, s,z ). Furthermore, by Lemma 5.1 and
Lemma 5.7, we have

Q(ta S,IE,E) € 50,0{07 Nl}%lyp

The uniqueness of the solution modulo a smooth family of regularizing operators R(t) is
also a consequence of our approach. The proof is complete. O

5.8. Parametriz for the diagonal terms

In this section we will construct the parametrix to
DtEl — DE1 + D2E1 = 0, E1(87 S) =1. (513)

The equalities of course hold modulo smoothing terms. Using Eo = Es(t, s) from the
previous section, we define

Eq(t,s) = Ea(t,s)Q1(t,8), Qi(s,s)=1.
Substituting into (5.13) gives the Cauchy problem

D.Qy + Eg(S,t)Dg(t)Eg(t, S)Ql =0, Ql(s, S) =1. (514)



S. Coriasco et al. / Bull. Sci. math. 199 (2025) 103584 51

By the Egorov’s Theorem 5.12; we have that the matrix-valued operator R;(t,s) =
E5(s,t)Da(t) Ea(t, s) consists of pseudodifferential operators with principal symbol

r1=r1(t,s,z,8) = UP(DQ)(t, ws,t(a:,f)).

Since o(Dy) belongs to S%0{0,0}%P + §~1-1{—1,2} and vanishes in Zya(N) U
Zose(IN), we may write

Dy =Dyo+ Dy,
where
dag := 0(Day) € S*%{0,0}0P,  dayg=0in Zpa(N);
and
do1:=0(Day) € STHTH—1,2}%%, (Do) =0in Zpa(N) U Zose(N).

As a consequence of Lemma 5.5, we see that the compositions da o (¢, ¥s,¢) and da (¢, ¥s,¢)
satisfy

|DgD§d2,0(t7ws,t($7§))| S.; A(t)<x>7|o‘|<§>*|5"
IDED a1 sl )] 5 (oI (1 (5 ) )

In particular, since A(t) < T'A(t) and, for all (¢,2,£) € Znyp(IN), it holds
1 jy-1 M) LY
e 1 (1 () S0

|D2DYry(t,5,2,€)] S At) ()~ 1*1(g) =17 (5.15)

we may estimate

for all (t,,£) € Znyp(IN). The obtained estimates allow to prove that the fundamental
solution to (5.14) is given by a parameter-dependent pseudodifferential operator

Q1(t, s)w(x) = /e”'fql(t,s,x,f)w({)dg, q1(s,8,x,8) = 1. (5.16)

R*

Let us determine the matrix amplitude ¢; by means of an asymptotic expansion

q1(t, s,2,8) ~ qujtsxf
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Inserting (5.16) into (5.14) we get the following system of ordinary differential equations
for ¢1 ;:

thl,() + Tl(t757x7§)q1,0 - 07 Q1,0(3a373«"7§) = 1u

and, for all j > 0,

J
thl,j +rl(ta8ax7€)ql,j = - Z iD?rl(tvvaag)agql,jfwt\(ta87$7£)7

la|=1
with the initial condition ¢1 ;(s, s, x,&) = 0. The solution of this system is given by

t

q1,0(t,s,2,§) =exp ( — i/Tl(T, s, :r,g)dT),

S

t t

q,(t,s,z,8) = —i/exp(—i/rl(T,s,m,f)dT)

S [ea

J
X Z %D?Tl(g, Samag)a?ql,j—hﬂ(o'a 37x7£)d0"

lee|=1

Employing the estimate (5.15), we can show that the function ¢1 ; = q1,;(, s, z, §) satis-
fies

D208 a1 (1, 5,2,6)| < Capla)97191e) T A (1) — A(s)],

for each j =0,1,...
Collecting all the results of this section, we have proved the next Proposition 5.13.

Proposition 5.13. The parametriz E1 = E;(t,s) to the operator Dy — Dy + Dy can be
written as E1(t,s) = Eq(t,s)Q1(t, s), where Es(t,s) is the diagonal matriz of Fourier
integral operator from Proposition 5.9 and Q1 = Q1(t, s) is a diagonal pseudodifferential
operator with symbol belonging to WL ([0, To)?, SO’O).
5.4. Parametriz for the full system

Finally, we devote ourself to find F = E(t, s) such that

D\E —DE +DoE + BooE =0, E(s,s) =1,

modulo smoothing terms. Setting, as above, E(t,s) = E1(t, s)Q(t, s) we have to study
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DiQ + E1(s,t)Bo () E1(t,5)Q = 0,  Qi(s,s) = I. (5.17)

The matrix operator By, does not have diagonal form, so Egorov’s theorem cannot be
applied in this case. However, employing the property o(Bo) € HGn (see (4.9)), we will
be able to prove that the composition F (s, t)Beo (¢) E1(t, s) is still a parameter-dependent
pseudodifferential operator for all 0 < s <t € [0,T].

Let us first consider the composition Bo(t)E;(t,s) of the matrix By, = (BZF) with
the diagonal matrix E;(t,s) = diag (E; (¢, ), Ef (t,s)). Notice that, as a consequence
of Proposition 5.13, there exists e] € Lo ([O,TO]Q,S’O’()) such that

Eq(t,s)Tw(z // T (o) =y (¢ s, 2, Ow(y)dyde.

Applying Theorem 3.5, we may conclude that B (¢)E1(t, s) is a matrix-valued Fourier
integral operator

Boo (t)Eq(t, 5) ://ei(‘ﬁ(t’s’x’g)*yf)T;(t,s,az,g)w(y)dydf

with symbols having entries admitting asymptotic expansions of the form
ik
r;: (t753 .’L’, é.)

where ®F (£, 7,5,€) = ¥ (t,9,€) — 0¥ (6,3, ) + (2 — y) - Vg™ (£,3,6).
By using Lemma 5.2, Lemma 5.11, Proposition 5.9, Theorem 5.12 and Proposi-

ilel

—r (DEo(BE))(t, 5,2, Voo™ (1,2, ) Dy [ 0T (1, 5,4,6)]ya

tion 5.13, we can obtain for all o, 8 € N, the estimate
‘Dngﬁri(t S,Z‘,§)| 5 0046<x>7‘a|<§>7m|
p+1
A0 07 (gt () ) i Zu2)
2
L4 A0 () (e) ! <% In (ﬁ)) i Zow(2N),
(2)(€) in Zya(2N),

where p € N can assume an arbitrary large value.
Since we want to prove that By, (¢)E1(t, s) is a pseudodifferential operator, we write
it as

B (t)E1(t, s) ://ei(m_y)‘fe“ﬁ(t’s”c’f)_m'gr:F(t7s,ac,ﬁ)w(y)olydf7

R* R*
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and we prove that
P (t5,2,8)) 1= 0T (BTG T (¢ g 2, €)

is the symbol of a pseudodifferential operator.
We note that the exponential term satisfies:

|D$D§€i<p¥(t,s,m,ﬁ)fil’-£‘ < Caﬂ@)f(l*e)\alﬂlﬁ\<£>6|a\*(1*5)|5| (5.18)
if max{s,t} <t;¢ and
|D§D§eiﬁ(t,s7x7£)—ix'f| < Coplx)Pl(g) A (1) elH181
if t > s >ty ¢. In particular, if (¢, z,&) belongs to Z,s.(2N) we may estimate
(@A) < 2N (€)1 in((z){€) S () 91(g) ==,
and, similarly,
@A) < 2N (z) 71 n((2)(€))) S (2)~UDlelg)le

for any € > 0 arbitrarily small. Then, (5.18) holds also in Zys.(2N). Moreover, if t >
max{s,t, .}, we obtain

|DgD?’F:F(t’S’Q},£)|

(z)|B2l=len=p (¢} lez|=|B1| —p 1 s
S XA A()pTi-lez[15:] (ln<A(t)>) ;

lon|+]az|=|al

[B11+]82]=|8|

taking p > 1 sufficiently large we can estimate
A1 > N (@) (€)1l (a) () oIl

Taking into account that

we may conclude

|D“D%<t >\
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for any € > 0 arbitrarily small.
Similarly, since (Bso) belongs to $90{0,0}5%F + S~1=1{—1,2}5% we may estimate
for all (t,2,£) € Zosc(2N)
|DEDE (5,3, €)] S ()~ Ut gyslel=(=ld

. (1 T (In((z) <5>>>2<w>‘1<f>‘1AA<(tt>)2>’

for any o and  multi-indices.
Finally, since 0(Bs,) satisfies (4.8) if (s,x,€), (¢, 2,§) € Z,q(2N), then we may esti-
mate

D2 DLt 5,2,6)| S ()~ (O-9lel+elfl(gyelal-1-2)I5)

(oteno+ TGS

for any o and 38 multi-indices. Summarizing, we obtain that for all (s,t) € [0,Tp]? the
operator B, (t)E1(t, s) is a pseudodifferential operator with symbol 7+ satisfying

|Dg D7t 5,2,6)| < Capla)~ Ol (g)elel=0-8lg, (¢ 2 ¢)

where
A(i)1 ( t)) ln )) P in Zreg(QN)7
9p(t, 2, €) := 1+ (In((x)(£)))? <> HOTIREE 0 Zose(2N), (5.19)
p(t,z,) + 2pltss) in Zpa(2N).

In particular, there exist K7, K5, K3, positive constants depending only on IV, such that

[ (e, dt < (A ()€ < K,

n((x 2
it &)t < DL < Kan(()(6)),
and
; 7w
[ oty < B (1 VETRIEE) [ 0 ar)
0 0
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In the same way we can treat the operator

R(t,s) == Ei(s,1) (Boo(t)El(t, s)). (5.20)
We have proved the next Proposition 5.14.
Proposition 5.14. For all s <t € [0,Tp], the matriz operator R = R(t, s) defined by (5.20)

is a pseudodifferential operator whose symbol o(R(t, s)) belongs to Loy ([07 To)?, 5(15)1) and
satisfies

D2 Do (R)(t, 5,2, )| S Copla) FNlHelBlg)elel=0=91Plg (¢ 2. ¢),
for every p > 0 and € > 0 arbitrarily small, with the function g, defined by (5.19).
Following the same approach in [46, Proposition 3.9.1] one can prove the following
Lemma 5.15, that allows to estimate the loss of regularity and the loss of decay due to
the bad behavior in the pseudodifferential and oscillation zones.
Lemma 5.15. Let Q(t, s) the solution, modulo smoothing operators, to the Cauchy problem
D:Q+ R(t,s)Q =0, Q(t,s)=1, (5.21)

where 0(R) € Loo([0,To)%, Syt ). Assume that, for all a,3 € NY, there exists
Cap > 0 such that

IDED{o(R)| < Cagla) om0l (g)mlel=eelflg (¢, 2, €), (5.22)

for some g € C([0,Ty]? x R%4). Suppose that g(t,z,€) < (x)(€)¥ for some £,w € R and
it holds

To

/ ot 7, €)dt < K In((z)(€)).
0

Then, there exists a solution Q to (5.21) with matriz symbol o(Q) satisfying
|DEDLo(Q)] < Copla)rlaltralBlig) Kterlal=e2181(1n ((z) (¢)))loHAIF,
Such solution is unique modulo C([0,Ty]?, Op(S—°~>)).

As a consequence of the results proved above, employing Lemma 5.15, we finally
obtain the concluding result of this section, the next Proposition 5.16.
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Proposition 5.16. The parametric E = E(t, s) to the operator Dy — D 4+ Dy + Boo can be
written as E(t,s) = Eq1(t,s)Q(t,s), where By = Eq(t,s) is the matriz of Fourier integral
operators given in (5.17) and Q is a matriz of parameter-dependent pseudodifferential
operators with symbol belonging to

Lo (10,7017, S5050) Wk ([0, T2, S0t resiot i)

for every small € > 0. Here, the constant Ky describes the loss of derivatives and decay
coming from the pseudodifferential zone Z,q(2N) and the oscillations subzone Zysc(2N).

Remark 5.17. We notice that the function g, in (5.19) is integrable in [0, T]. In particular,
there exists a constant K such that

T
[ antt.z,9)de < Kalnia) ). (5.23)
0

This can be shown observing that, since A is increasing in [0, 7], we may estimate

i At 1\ 1 1\
/ s (5 YT h“(A(t' g)

S ()€ In({x)(€)),

for any exponent g > 0. The value of K in (5.23) determines the loss of derivatives and
the loss of decay obtained in Proposition 5.16.

6. Solution of the Cauchy problem

The analysis performed in the previous sections allows now us to prove our main
results, namely, well-posedness, regularity and decay of the solutions to (1.2). The unique-
ness of the solution of (1.2) in the weighted Sobolev spaces follows by standard arguments,
see [12]. The same is true concerning the existence and uniqueness of the fundamental
solution of the system in (4.4), which we have determined modulo smoothing operators.
Let us state this result precisely, in the next Lemma 6.1.

Lemma 6.1. The fundamental solution F(t,s) of (4.4) has the representation F(t,s) =
E(t,s) + Goo(t, s), where E(t.s) comes from Proposition 4.6, Theorem J.7, and Propo-
sitions 5.13 and 5.16. Moreover, Goo(t,s) = Op(geo(t,s)) with g € Wolo([O,To]Q,

SG7°°’7°°), for a suitably small Ty € (0,T).

The next Corollary 6.2 follows then immediately, by the Duhamel’s principle.
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Corollary 6.2. The unique solution U = U(t) of (4.4) can be written as
¢
U(t,z) = F(t,0)Uy(x) + /F(t, $)G(s, x)ds.
0

Corollary 6.2 implies our first main result, Theorem 6.3, about solutions of the Cauchy
problem (1.2) in the scale of Sobolev-Kato spaces.

Theorem 6.3 (Loss of regularity and decay for solutions in weighted Sobolev spaces).
Consider the Cauchy problem (1.2), where the coefficients aj,b;, j = 1,...,d, and c
satisfy the assumptions in Proposition 2.5 (A). Assume also that the initial data satisfy

o € H>?(R),¢p € H*=Lo~Y(R?) and that g € C([O,T],HS"’(Rd)), with suitably large
s,0. Then, for a suitably small Ty € (0,T], the Cauchy problem (1.2) admits a unique
solution

ue C([O,TO], H* a5 (Rd))
N Cl ([07 TO], Hsfsafl,o'fsafl (Rd)> N C2 ([0, TO]a HS*SQ*ZU*S(L*?(RCI)) )
The loss of derivatives and decay s, depends on the constant Ky from Proposition 5.16.

Proof. The claim follows immediately by the decomposition F' = E + G, of the funda-
mental solution of the system (4.4) from Lemma 6.1, the relation between its solution
U and the solution u of (1.2), the mapping properties of SG pseudodifferential and
Fourier integral operators on the Sobolev-Kato spaces, and the properties of F, proved
in Section 5. O

Since . (R?) = H>*>®(R%) = N, ,er H*°(RY), from Theorem 6.3 we deduce our
second and final main result, the next Theorem 6.4.

Theorem 6.4 (. (R%)-well-posedness). Consider the Cauchy problem (1.2), where the
coefficients aj,b;, j = 1,...,d, and ¢ satisfy the assumptions in Proposition 2.3 (A).
Assume also that the initial data satisfy o, € .#(RY) and that g € C’([O, T],Y(Rd)).
Then, for a suitably small Ty € (0,T), the Cauchy problem (1.2) admits a unique solution
ueC? ([O,TO], y(n@d)).

Example 6.5. Choose a shape function A, satisfying the hypotheses described in Sec-
tion 2.1, and consider the Cauchy problem

2+cosln<<ﬁ>)f

u(0,z) = ¢(x),  u(0,z) = (x),

Orpu(t, ) + A(t)? (1+ |z (1 — A u(t,z) =0

(6.1)
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t €[0,7T], x € R, for some 0 < ¢ < 2. For the operator in (6.1) we have

a;(tx) = A(t)2 |2 + cos (m (ﬁ))e (@)% = et 2),
bi(t,z) =0, j=1,....d,

so that

a(t,z,€) = M#)? |2 + cos <ln (ﬁ))é ()62,

Evaluating explicitely the two roots 7 and 75 of the complete symbol a(t, z, ) it is easy
to derive that Assumption (H) in Proposition 2.3 holds true, and then our theory applies
to the operator in (6.1). Notice that, being 0 < ¢ < 2, with the same approach used in
the proof of Proposition 2.3 it is also possible to prove that the coefficient ¢(¢, x) satisfies

IDED2e(t,2)] < CraA(t)(z) 17! (IHA?S))Q ( 2% In ( A}t)))k’

for suitable positive constants Cj, depending on k € N and o € N¢. In particular, in

view of the presence of the oscillating ¢-dependent factor, here logarithms indeed appear
in the coefficients estimates.
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