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First-Principles Anharmonic IR and Raman Vibrational Spectra of Materials: Fermi
Resonance in Dry Ice

Davide Mitoli,1 Jefferson Maul,1 and Alessandro Erba1, ∗

1Dipartimento di Chimica, Università di Torino, via Giuria 5, 10125 Torino, Italy
(Dated: April 22, 2025)

We introduce a computational tool for the quantum-mechanical simulation of anharmonic infrared
and Raman vibrational spectra of materials. The approach, implemented in the Crystal software,
stems from a Taylor’s expansion of the potential energy surface (PES) in the basis of normal modes
up to cubic and quartic terms. The PES can be sampled with four different numerical schemes at
the level of density functional theory (DFT), with local, generalized-gradient, and hybrid density
functional approximations. Anharmonic states are obtained by solving Shrödinger’s nuclear equation
with either the vibrational self-consistent field (VSCF) or vibrational configuration interaction (VCI)
methods. Nuclear quantum effects (NQEs) are thus fully accounted for. Infrared intensities are
computed numerically through a Berry phase approach or analytically through a coupled-perturbed
(CP) approach. Raman intensities are computed analytically via the CP approach. A variety of
anharmonic features of vibrational spectra of materials can be simulated, including band shifts,
combination bands, overtones, resonances (first-order Fermi, second-order Darling-Dennison), and
hot bands. We showcase the effectiveness of the approach on the description of a first-order Fermi
resonance (FR) in CO2 dry ice: a challenging test-case given that the FR occurs in the Raman
spectrum, requires NQEs, and involves two- and three-mode couplings. Fundamental mechanistic
differences with respect to the well-known FR in molecular CO2 are addressed. This application
represents the first quantum-mechanical, periodic, description of FR in dry ice.

Keywords:

Infrared (IR) and Raman spectroscopies are among the
most widely used characterization techniques for struc-
ture and dynamics in materials and surface science.1–3

The corresponding spectra can be complex and it is nowa-
days common practice to perform quantum-mechanical
simulations (usually with density functional theory,
DFT) to assist in their interpretation.4–6 In this respect,
one most often resorts to the so-called “double-harmonic”
(mechanical and electrical) approximation, DHA, which
finds a robust implementation in most solid-state elec-
tronic structure program packages.

Vibrational spectra can exhibit a variety of anhar-
monic features, such as band shifts, combination bands,
overtones, resonances (first-order Fermi, second-order
Darling-Dennison), and hot bands. While anharmonic
band shifts can be partially corrected for via different
scaling strategies still at the DHA level,7–11 the other fea-
tures above require explicit anharmonic treatment (i.e.
the calculation of anharmonic energy levels and wave-
functions, as well as of transition matrix elements of the
dipole moment and polarizability tensors between initial
and final anharmonic states).12,13 In particular, an ef-
fective description of resonances requires the explicit ac-
count of phonon-phonon couplings beyond a mean-field
approach,14 and of nuclear quantum effects (i.e. beyond
a classical description of nuclear motions, as in Born-
Oppenheimer ab initio molecular dynamics, AIMD, for
instance, where nuclei move according to Newton’s equa-
tion of motion).15,16 While several methods to go beyond
the DHA have been devised in a molecular context, this is
largely not yet the case for periodic systems, particularly
so when phonon-phonon coupling needs to be treated be-
yond a mean-field approach.

In this Letter, we report on recent advances in the
simulation of fully anharmonic IR and Raman spectra
of materials via the vibrational configuration interac-
tion (VCI) method. A module has been implemented
in the Crystal program for DFT condensed matter
simulations.17–23 The effectiveness of the approach is dis-
cussed on the description of a first-order Fermi resonance
(FR) in CO2 dry ice. Fundamental mechanistic differ-
ences with respect to the well-known FR in molecular
CO2 are addressed.
In the VCI method, the wave-function of each vibra-

tional state s is written as a linear combination of M -
mode wave-functions:

Ψs(Q) =

Nconf∑
n=1

An,sΦ
n(Q) , (1)

where Q are mass-weighted normal coordinates, and the
sum runs over Nconf vibrational configuration functions
Φn(Q) in turn expressed as Hartree products of one-mode

functions ϕ (modals): Φn(Q) =
∏M

i=1 ϕ
ni
i (Qi), with

n = (n1, n2, · · · , ni, · · · , nM ) being a vibrational config-
uration vector of the quantum numbers of the modals.
In our implementation,18 the modals can either be the
eigenfunctions of the harmonic oscillator ϕni

i = ψni
i

(VCI@HO) or the solutions of a previous vibrational self-
consistent field (VSCF) calculation for a reference con-

figuration (VCI@VSCF): ϕni
i =

∑Nlev

µ=1 Cµ,niψ
µ
i (i.e. lin-

ear combinations of HO eigenfunctions). For each vi-
brational state s, the corresponding wave-function and
energy are obtained by solving Schrödinger’s nuclear
equation ĤΨs = EsΨs, where the Hamiltonian reads

Ĥ =
∑M

i=1 T̂i + V̂ , with Ti = −1/2(∂2/∂Q2
i ) being the
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one-mode kinetic energy operator, and where we expand
the potential energy surface (PES) in a Taylor series up
to fourth order (namely, a 4T representation of the po-
tential):

V (Q) ≃ 1

2

M∑
i=1

ω2
iQ

2
i +

1

3!

M∑
i,j,k=1

ηijkQiQjQk +

+
1

4!

M∑
i,j,k,l=1

ηijklQiQjQkQl , (2)

where ωi are harmonic frequencies, and where ηijk and
ηijkl are cubic and quartic force constants (i.e. third- and
fourth-order energy derivatives with respect to normal
coordinates), respectively. Within a 4T representation,
the PES can be further truncated by considering only
those force constants involving a maximum of n distinct
modes (namely, a nM representation). In this respect, a
popular representation of the PES in a molecular context
is the 2M4T one, which includes all two-mode couplings
up to fourth-order. Three-mode couplings play a key
role in the description of the FR in dry ice, at variance
with that of the gas-phase CO2 molecule, thus requir-
ing a 3M4T PES. We have implemented four different
numerical algorithms to compute a 2M4T PES and two
different algorithms to compute a 3M4T PES.17,20

The VCI method reduces to the construction of the
Hamiltonian matrix H (of size Nconf×Nconf) in the basis
of configuration functions Φn (i.e. with matrix elements

Hnm = ⟨n|Ĥ|m⟩), followed by its diagonalization: HA =
AE, where A is the matrix containing, column-wise, the
coefficients An,s of the eigenstates of Eq. (1), and E is
the diagonal matrix with the corresponding eigenvalues
Es. The VCI expansion in Eq. (1) can be truncated

according to several strategies by limiting the number of
excitation quanta and number of modes simultaneously
excited.18 This results in a reduction of Nconf and thus
of the size of the VCI matrix.
The IR intensity associated to a transition between an

initial state Ψi and a final state Ψf involves transition
matrix elements of the dipole moment µ as follows:

IIRi→f ∝
∑

a=x,y,z

⟨i|µ̂a|f⟩2 , (3)

where each Cartesian component of the dipole moment
operator can be expanded in a Taylor series in terms of
normal coordinates:

µa ≃ µa|eq+
M∑
k=1

(
∂µa

∂Qk

)
eq

Qk+

M∑
k,l=1

(
∂2µa

∂QkQl

)
eq

QkQl+· · ·

Here, µ|eq is the dipole moment at the equilibrium nu-
clear configuration and the derivatives are also evaluated
at the equilibrium configuration. At present, we neglect
the so-called electrical anharmonicity and thus truncate
the above expansion at first order, so that Eq. (3) be-
comes:

IIRi→f ∝
∑

a=x,y,z

M∑
k=1

(
∂µa

∂Qk

)2

eq

⟨i|Q̂k|f⟩2 , (4)

where the coefficients ( ∂µa

∂Qk
)eq are the elements of

the Born tensor that we compute either numerically
through a Berry phase approach or analytically through
a coupled-perturbed (CP) approach,24,25 and where the
integral can be worked out as follows in a VCI@VSCF
framework:

⟨i|Q̂k|f⟩ =

Nconf∑
n=1

Nconf∑
m=1

An,iAm,f

Nlev∑
µ=1

Nlev∑
ν=1

Cµ,nk
Cν,mk

⟨µ|Q̂k|ν⟩
M∏

l ̸=k=1

δnl,ml

=

Nconf∑
n=1

Nconf∑
m=1

An,iAm,f

Nlev−1∑
µ=1

⟨µ|Q̂k|µ+ 1⟩
[
Cµ,nk

Cµ+1,mk
+ Cµ+1,nk

Cµ,mk

] M∏
l ̸=k=1

δnl,ml

=

Nconf∑
n=1

Nconf∑
m=1

An,iAm,f

Nlev−1∑
µ=1

√
µ+ 1

2ωk

[
Cµ,nk

Cµ+1,mk
+ Cµ+1,nk

Cµ,mk

] M∏
l ̸=k=1

δnl,ml
, (5)

where in the second and third equality we have exploited
the usual properties of one-mode integrals ⟨µ|Q̂k|ν⟩.

The Raman activity associated to a transition Ψi →
Ψf involves transition matrix elements of the polarizabil-
ity tensor α (with Cartesian components αab): ⟨i|α̂ab|f⟩.
As we currently neglect electrical anharmonicity, each
Cartesian component of the polarizability tensor can be

expressed as:

αab ≃ αab|eq +
M∑
k=1

(
∂αab

∂Qk

)
eq

Qk , (6)

where the coefficients (∂αab

∂Qk
)eq are the elements of the

Raman tensor that we compute analytically through
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a coupled-perturbed (CP) approach.26 For solid CO2,
the neglected second-derivatives of the polarizability are
about 1/20 of the first-derivatives.27,28 Each integral
⟨i|α̂ab|f⟩ (hereafter described by the shorthand notation
Pab) thus reduces to:

⟨i|α̂ab|f⟩ ≡ Pab =

M∑
k=1

(
∂αab

∂Qk

)
eq

⟨i|Q̂k|f⟩ , (7)

where the integral ⟨i|Q̂k|f⟩ has already been worked out
in Eq. (5) in a VCI@VSCF framework. According to
Plazeck’s equation,29 the total Raman activity can be
decomposed into a perpendicular and parallel component
as:

IRaman
i→f = IRaman

⊥,i→f + IRaman
∥,i→f , (8)

with

IRaman
⊥,i→f ∝ I1 +

4

45
I2 and IRaman

∥,i→f ∝ 3

45
I2 , (9)

where I1 and I2 are related to individual Cartesian com-
ponents of the polarizability tensor as outlined below:

I1 =
1

9

( ∑
a=x,y,z

Paa

)2
; (10)

I2 =
1

2

[ (
Pxx − Pyy

)2
+
(
Pyy − Pzz

)2
+ (Pzz − Pxx)

2

+ 6
(
P 2
xy + P 2

xz + P 2
yz

)2 ]
. (11)

First-order (Fermi) resonances occur through rather
different mechanisms in isolated molecules and in
crystals.27,28,30,31 Here, we consider the FR emerging
in the Raman spectrum of the CO2 molecule and cor-
responding molecular crystal (i.e. dry ice). In the
molecule, the FR takes place because of the accidental
quasi-degeneracy of two states (fundamental excitation of
the symmetric stretching s and first-overtone of the bend-
ing b) that are coupled by a cubic anharmonic interatomic
force constant ηsbb ̸= 0.32 Thus, it is an intrinsically two-
phonon process (let us stress that all three-phonon in-
teratomic force constants are zero in the molecule), as
schematically depicted in the top of Figure 1 E). As a
result, a single harmonic peak is split into two in the Ra-
man spectrum, at frequencies Ω− and Ω+ (the so-called
Fermi dyad, with splitting amplitude δ = Ω+−Ω− = 103
cm−1), reflective of two states with hybrid s+2b charac-
ter, with a redistribution of intensity between the two
(with an intensity ratio I+/I− of 1.5). See Figure 1
A) for the experimental Raman spectrum of the CO2

molecule.33

The Raman spectrum in the FR region of the solid is
qualitatively different, with two sharp peaks Ω− and Ω+

(separated by δ = 108-111 cm−1, with an intensity ra-
tio I+/I− of 2.15-2.5) accompanied by a broad (about 50

cm−1 wide), almost featureless, band between them with
an integrated intensity of about 10% of I+.

30,34–38 See
Figure 1 A) for the experimental Raman spectrum of the
CO2 crystal, compared to that of the molecule. The ori-
gin of these specific features must be traced back to the
periodic structure of the crystal:27,28,39 i) the presence
of multiple (four in dry ice) molecules per cell generates
multiple phonon branches for symmetric stretching (one
of Ag and one of Fg symmetry) and bending (one of Eu

and two of Fu symmetry); ii) each phonon branch is dis-
persed because of intermolecular interactions, with asso-
ciated frequencies changing with wavevector k. The cen-
tral band in the FR spectrum of dry ice is understood as
due to the so-called “two-phonon continuum” of bending
modes, that is to the manifold of states of b(k) + b′(−k)
character (with zero total wavevector). Note that such
manifold comprises both single-mode states (i.e. first-
overtones at k = 0 and with branch indices b′ = b) and
two-mode states (if k ̸= 0 or b′ ̸= b). The two-phonon
bending manifold in turn couples to fundamental excita-
tions of symmetric stretching modes at k = 0 (of either
Ag or Fg symmetry) to produce the two sharp peaks,
whose overall character is thus of s(0) + b(k) + b′(−k)
type – see the bottom of Figure 1 E) for a schematic rep-
resentation of such a three-phonon process. Therefore,
depending on whether there is just one bending mode
(in a first-overtone) or two singly-excited bending modes
involved, the states contributing to the Fermi dyad in the
solid can be two- or three-phonon ones, coupled by cubic
anharmonic interatomic force constants ηs0,bk,b′−k ̸= 0.
Both Ω− and Ω+ are indeed known to embody two fac-
tor group components (one of Ag and one of Fg symme-
try). High-resolution, polarized, Raman measurements
on single-crystal dry ice at 6 K, with an interferometer-
spectrometer instrument, were able to resolve these con-
tributions with high accuracy.40 The left inset of Fig-
ure 1 C) shows the experimentally resolved (resolution of
0.0055 cm−1) Ag and Fg contributions to Ω−.

Attempts at the numerical modelling of the FR in solid
CO2 have basically been of two types: i) semi-empirical
(i.e. parametrized by best-fit to a set of experimental
features such as peak positions of Ω− and Ω+, their in-
tensity ratio I+/I−, and the width of the “two-phonon
continuum” bending band) but within the actual “pe-
riodic” theory;27,28,41 ii) by first-principles but through
a “molecular” approach where the evolution with pres-
sure of cubic and quartic interatomic force constants
of an isolated molecule42 (i.e. with vanishing three-
phonon terms) is determined via an embedded-fragment
approach.43,44 The latter approach, by neglecting three-
mode couplings and the specifics of a “periodic” descrip-
tion of the FR allows to get reliable predictions for δ but
not for the intensities, for reasons to be addressed below.

In this Letter, we present the results of first-principles
calculations on the FR in solid CO2 within a periodic
approach, for the first time. Calculations are performed
with a developmental version of the Crystal electronic
structure package.21,46 Dry ice is modeled in the cu-
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FIG. 1: Fermi resonance in the Raman spectrum of CO2. A) Experimental Raman spectrum of the CO2 molecule33 (dash-
dotted line) and crystal27,33 (solid line) in the region of the Fermi dyad; the inset shows the region between the two main
peaks with the “two-phonon continuum” of bending modes visible in the spectrum of the solid. B) Simulated Raman spectrum
of the solid from the harmonic approximation (black solid line), the VSCF method (grey solid line) and the VCI method
with a 2M4T representation of the PES (blue dashed line). C) Simulated Raman spectrum of the solid from VCI within a
3M4T representation of the PES (blue solid line), along with the two factor group components of Ag (green) and Fg (yellow)
symmetry; the insets show the peaks of the Ag and Fg components to Ω− from experiment40 and theory. D) Atomic structure
of the CO2 molecule and crystal (cubic phase, Pa3̄). E) Schematic representation of the two-phonon (top) and three-phonon
(bottom) processes involved in the FR of solid CO2. The plots of the spectra are produced with a developmental version of the
CRYSTALpytools Python interface to Crystal.45 Peaks are modelled in terms of pseudo-Voigt profiles with 80% Lorentzian
character (with half width at half maximum, HWHM, of 3 cm−1, reduced to 0.03 cm−1 for the insets in panel C) and 20%
Gaussian character (with standard deviation of 3 cm−1). All spectra are simulated at 0 K.

bic phase with space group Pa3̄, with four molecules
per cell. Reciprocal space is sampled according to a
6×6×6 Monkhorst-Pack mesh, which corresponds to 24
k points in the symmetry-irreducible portion of the first
Brillouin zone. Convergence of the self-consistent field
process is controlled by a threshold on the energy set
to a tight 10−9 Ha. A triple-zeta quality basis set
is used (namely, pob-TZVP-rev2), which was specifi-
cally optimized for solid-state applications.47 Energy and
forces are computed with the B3LYP-D3 global hybrid
exchange-correlation functional corrected for missing dis-
persive interactions,48,49 which yields an optimized lat-
tice parameter of 5.47 Å, with an experimentally extrapo-
lated 0 K value of 5.54 Å.50 The PES is described within
2M4T and 3M4T representations by use of EGH finite
difference approaches.17 Anharmonic vibrational states
are computed through the VSCF and VCI methods.

The simulated Raman spectrum of solid CO2 is shown

in Figure 1 B) and C). As expected, a single peak is
observed from the harmonic approximation (black solid
line). The simulated spectrum obtained from the VSCF
anharmonic method is reported as a grey solid line and
still exhibits a single peak (red shifted by 17 cm−1), which
shows that a purely mean-field treatment of phonon cou-
plings fails at describing the FR. By use of the VCI
method, we are able to describe the Fermi dyad, with
one important point to be addressed. Dashed and solid
blue lines in Figure 1 B) and C) show the simulated VCI
spectrum in the FR region as obtained from a 2M4T
and 3M4T PES, respectively. Use of a 2M4T force field
(neglecting three-phonon couplings, as done in previous
studies43,44) only allows to take into account one of the
two fundamental processes involved in the FR of the solid
– the “molecular” one where the fundamental of an Ag

stretching couples to the overtone of a bending, as in
the top panel of Figure 1 E). Crucially, in terms of the
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Raman spectrum, this results in the occurrence of three
peaks: the two of the Fermi dyad and a residual peak
of Fg character basically at the VSCF position. The in-
tensity ratio I+/I− of the two peaks of the dyad is 1.78
in this case. Use of a 3M4T force field instead allows to
take into account both fundamental processes involved
in the FR of the solid including the three-phonon one of
the bottom panel of Figure 1 E). This produces the solid
blue spectrum in Figure 1 C) with the clean description
of the FR. Now, as expected from the experiments, only
the two peaks Ω− and Ω+ of the dyad are present, with
an intensity ratio I+/I− of 2.04 in excellent agreement
with the value from low-pressure experiments of 2.15.27

Thus, we note that the separation δ between the two
peaks does not change much when passing from a 2M4T
to a 3M4T PES, while the intensity ratio does. Fig-
ure 1 C) also shows the individual Ag (two-mode, green
line) and Fg (three-mode, yellow line) components of the
spectrum. The two factor group components have been
resolved by high-resolution, polarized, Raman measure-
ments on single-crystal dry ice at 6 K.40 The following
was observed: i) In Ω−, the two components give rise
to two distinct peaks separated by 0.37 cm−1 and with

an intensity ratio I
Ag

− /I
Fg

− of about 3. Our calculations
slightly overestimate the energy separation between the
two but provide a strikingly good agreement on the inten-
sity ratio – also of about 3 – as shown in the two insets of
Figure 1 C); ii) In Ω+, the two components are centered
at the same position and can not be energy resolved.
However, they still can be identified separately from po-
larized measurements (indeed, while the Ag component
is linked to αxx, αyy and αzz components of the polariz-
ability tensor, the Fg component is linked to off-diagonal

elements) and an intensity ratio I
Ag

+ /I
Fg

+ of about 4 is
observed. In our calculations, the two peaks are also
centered at about the same position and are character-
ized by an intensity ratio of about 4, again in excellent
agreement with the experiment,40 see Figure 1 C).
Let us now address one anharmonic feature of the FR

spectrum of solid CO2 that has been overlooked so far,
that is “hot bands” (hb) – i.e. spectral features asso-
ciated to transitions between two vibrationally excited
states. In general, IR intensities and Raman activities
Ii→f associated to a transition between an initial state
Ψi (with energy Ei) and a final state Ψf , as defined by
our working expressions in Eqs. (3-11), also depend on
temperature T through the statistical probability pi(T )
of the initial state to be thermally populated:

Ii→f (T ) = Ii→f × pi(T ) , (12)

where

pi(T ) =
1

Z
e
− Ei

kBT with Z =

all∑
s

e
− Es

kBT . (13)

We have implemented this correction, and here we take
into account all those transitions that involve initial

FIG. 2: Hot bands (hb) in the region of the Raman spectrum
of solid CO2. A) Experimental spectra recorded at 10 K (blue
solid line)27 and at higher temperature (red solid line)31; B)
Simulated spectra at four temperatures (194, 160, 130 and
100 K). A 2% isotopic substitution of 13C for 12C has been
modelled; C-D) Isolated contributions to the spectra of hot
bands at different temperatures in the Ω− and Ω+ regions,
respectively. In the simulated spectra, peaks are modelled as
in Figure 1 with HWHM = 1.0 and 0.8 cm−1 for panels B)
and C-D), respectively.

states with a Boltzmann population pi(T ) larger than
0.01% at the selected temperature. Crucially, this allows
us to determine the intensity of “hot bands”. In partic-
ular, we show here that “hot bands” can manifest them-
selves as shoulders to the main peaks of the Fermi dyad,
with an intensity that is of the same order of magnitude
of that of shoulder peaks due to 12C → 13C isotopic sub-
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stitution that were already identified and assigned.27,31

Figure 2 A) reports previous experimental Raman
spectra recorded at different temperatures.27,31 Two
sharp shoulder peaks to the left of the two intense Fermi
dyad ones are observed that were assigned to the isotopic
substitution. Additional features are observed in the
spectrum recorded at higher temperature (red line) that
were not discussed and that we assign to “hot bands”: a
peak to the right of Ω+ and a shoulder between the 13C
and 12C Ω− peaks. In Figure 2 B) we report our sim-
ulated spectra at four temperatures (194, 160, 130 and
100 K). The width of two-phonon state (TPS) contin-
uum of bending modes is expectedly underestimated in
our Γ point calculations as the full dispersion of bend-
ing phonons is not explicitly sampled. In all cases, a 2%
isotopic substitution of 13C for 12C has been modelled
(the contribution to the overall spectrum of 13C fraction
is shown as a black dashed line). The figure highlights
two spectral regions with emerging features due to “hot
bands”. As expected, such features are very much tem-
perature dependent and they almost disappear when T
drops below 100 K. At temperatures larger than 130 K,
they exhibit an intensity of the same order of magnitude
of the 2% isotopic peaks, and nicely allow to explain the
unassigned features in the high-temperature experimen-
tal spectrum of the top panel (red line). Figure 2 C-D)
report the isolated contributions to the spectra from “hot

bands” in the Ω− and Ω+ regions, respectively. It can be
observed that, apart from the features already visible in
Figure 2 B), “hot bands” also build intensity at the Ω−
and Ω+ peaks. By inspection of the VCI states associ-
ated to such features, we can assign them to transitions
between a singly excited bending mode as initial state Ψi

and final states Ψf with leading configurations involving
either one quantum of excitation on a stretching and one
on a bending, or three quanta of excitation distributed
among one, two, or three bendings.

In conclusion, we have presented an advanced compu-
tational methodology for the first-principles simulation of
a variety of anharmonic features of infrared and Raman
spectra of materials. Its application to the Fermi reso-
nance of dry ice has allowed to showcase the accuracy
of the approach and to characterize many subtle aspects
of such anharmonic feature at the quantum-mechanical
level for the first time.
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Carbonnière, P. Anharmonic Vibrational States of Solids
from DFT Calculations. Part II: Implementation of the
VSCF and VCI Methods. J. Chem. Theor. Comput. 2019,
15, 3766–3777.
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