Wittgenstein on mathematical generality

I first learned about Wittgenstein’s philosophy of mathematics attending Perissinotto’s lectures. Those lectures convinced me that Wittegenstein’s observations raised important questions that are relevant for the present-day philosophy of mathematics. In this paper, I will try to make sense of a tantalizing remark that we find in the Tractatus: “the generality required in mathematics is not an accidental generality” [T 6.031] A notion recently introduced by Øystein Linnebo (2022), the notion of instance-based generalization, can help us here: Wittgenstein can be interpreted as expressing the view that mathematical generalizations, unlike many empirical generalizations, are not instance-based in the sense of Linnebo: we should not conceive them as being true in virtue of their instances being true. In this paper, I will use Linnebo’s distinction between instance-based and generic explanations of the truth of a generalization to interpret Wittgenstein’s notion of non-accidental generality. I will argue that clarifying this notion can deepen our understanding of several aspects of Wittgenstein’s philosophy of mathematics.


0. Introduction

It is virtually inconceivable to attend Luigi Perissinotto’s lectures without developing a fascination for the philosophy of Ludwig Wittgenstein[footnoteRef:1]. In my case, Wittgenstein’s views on the philosophy of mathematics attracted my attention. I became convinced that Wittgenstein put his finger on some key issues relevant for the contemporary philosophy of mathematics. Old habits die hard: in this paper, I will argue that certain remarks from Wittgenstein on the right way to interpret mathematical generalizations contain important insights that anticipate some recent work in the philosophy of mathematics/logic. [1:  I always found Perissinotto’s lectures on the Tractatus at the same time stimulating and lucid. This ability is reflected in Perissinotto’s work. The section of Perissinotto (1997) on the Tractatus is a unique achievement: it provides an introduction to Wittgenstein’s work that is at the same time extremely clear and accessible and completely rigorous. See also Perissinotto’s and Frascolla’s translation of the Tractatus (Feltrinelli, 2022).] 


In the Tractatus Wittgenstein wrote:

“The Theory of classes is completely superfluous in mathematics. This is connected with the fact that the generality required in mathematics is not an accidental generality” [T 6.031] 

This quote raises an important question: how should we understand Wittgenstein’s notion of accidental generality? In this paper, I will explore one way to answer this question. I will also argue that understanding Wittgenstein’s notion of non-accidental generality is important to deepen our understanding of several aspects of his philosophy of mathematics. Our initial quote shows that there is a connection between Wittgenstein’s view on mathematical generality and his critique of set theory. This impression will be confirmed by our interpretation of the notion of accidental generality. Moreover, clarifying that notion will also deepen our understanding of other aspects of Wittgenstein’s philosophy of mathematics. 

I will use a distinction recently introduced by Øysten Linnebo to clarify Wittgenstein’s notion of “accidental generality”(Linnebo, 2022). Linnebo distinguishes two kinds of generalizations. “Everyone of my students is born on Monday” is true because, say, Jackob is born on Monday, Sara is born on Monday, Frida is born on Monday and my students are Jackob, Sara, and Frida. This is an example of a generalization that is true because its instances are true. “Every natural number has a successor”, on the other hand, is an example of a different kind of generalization: one that is made true by a purely generic fact about the natural numbers. When the explanation of why a generalization is true makes reference to the instances of that generalization, Linnebo speaks of an instance-based explanation of the truth of that generalization. When the truth of a generalization is explained in purely general terms, on the other hand, Linnebo talks of a generic explanation (of the truth of the generalization). I will speak sometimes of instance-based generalizations to refer to generalizations that admit an instance-based explanation of their truth and of generic generalizations to refer to generalizations whose truth can be explained without going through an explanation of the truth of their instances. 

Here is my tentative answer to our initial question: accidental generalizations in Wittgenstein’s sense are instance-based generalizations in Linnebo’s sense. I put forward this answer as an interpretative conjecture worth exploring. This paper is devoted to explore the conjecture. In particular, I will show in section 3 why the interpretation of accidental generalizations as instance-based generalization is preferable to the most straightforward interpretation according to which an accidental generalization is simply a contingent generalization, where a proposition is contingent when it is neither necessary nor impossible. My goal is to show that reading Wittgenstein’s through the lenses of Linnebo’s distinction is a fruitful exercise. I am not claiming that Wittgenstein’s use of the expression “accidental generalizations” perfectly matches Linnebo’ use of expressions like “generalizations that admit an instance-based explanation of their truth”. I am just claiming that Wittgenstein’s and Linnebo’s notions share some important features. 

After introducing Linnebo’s distinction in section 1, in sections 2 and 3 I will review some claims made by Wittgenstein concerning mathematical generalizations and argue that reading those claims through the lenses of the distinction just introduced can deepen our understanding of Wittgenstein’s remarks. In section 4, I will connect the topic of non-accidental generality with Wittgenstein’s view that mathematical statements are rules of grammar in disguise. 

1. Instance-based vs. generic generalizations

Suppose that the following generalization is true:

(i) Everyone of my students is born on Monday

Assume that my students are Jackob, Frida, and Sara. Then part of the explanation of why (i) is true is that some of its instances are true: Jackob is born on Monday and Sara is born on Monday, and Frida is born on Monday. The other part of the explanation of why (i) is true is the so-called ‘totality fact’ that Jackob, Sara, and Frida are the only students I have. 

When the explanation of why a generalization is true makes reference to at least some of the instances of that generalization, Linnebo talks of an instance-based explanation. I will simply talk about instance-based generalizations.

Consider now a different generalization:

(ii) Every natural number has a successor

To explain the truth of (ii) there is no need to make refence to the truth of its instances. A quote from Hermann Weyl nicely captures this reaction. Considering the question whether a natural number has some decidable property P, Weyl says that:

“Only the finding that has actually occurred of a determinate number with the property P can give a justification for the answer “Yes,” and—since I cannot run a test through all numbers—only the insight, that it lies in the essence of number to have the property not-P, can give a justification for the answer “No”; Even for God no other ground for decision is available. (Weyl 1921, 54)”

Using Weyl’s jargon: (ii) is true because “it lies in the essence of number” to have a successor. It is not made true, not even partly, by facts related to individual numbers.

It is important to emphasize that the idea that Linnebo is trying to capture with the notion of generic explanation is not simply that we don’t have the capacity to ascertain the truth of (ii) by going through its instances: the point is that there is an explanation of the truth of (ii) that is not based on the truth of its instances. What grounds the truth of (ii) is a purely general fact – both for us and for God.

The idea that the truth of (ii) is not grounded in the truth of its instances is particularly attractive from the perspective of those who adopt a potential conception of mathematical infinity. According to that conception, the explanation of the truth of (ii) cannot proceed through its instances simply because the instances of (ii) cannot all be true at once: the generalization is true because for every natural number, however large, it is possible to construct a natural number larger than that; it is not true because there is an infinite set of numbers and each of them has a successor.

Another example of a generalization whose truth seems not to be grounded in the truth of its instances is:

(iii) Everything is self-identical

The idea that the truth of (iii) is not instance-based can be formulated by saying that (iii) is true regardless of what there is. Similarly, to borrow yet another example from Linnebo, one might argue that the following generalization is true regardless of how many whales there are:

(iv) Every whale is a mammal

So far, I have only given an informal exposition of the distinction between instance-based and generic generalizations. It is important to stress that Linnebo has given a precise sense to that distinction by developing a version of truthmaker semantics, a formal tool to model the relation between a linguistic item like a sentence, on the one hand, and the state of the world that makes it true, on the other. 

It is worth mentioning a few aspects of Linnebo’s semantics, to get a sense of how something can verify a generalization without verifying any of its instances. The truthmaking relation is a relation between states and formulas. The set of states (the state space) is partially ordered by an inclusion relation, and every two states have a fusion, the smallest state containing them as part. The state space has a minimal element, the empty state (it also has and a maximum element, the trivial state, but that need not concern us here). A state  verifies a universal generalization  if and only if, for every object , the fusion of  with a state that verifies the existence of  verifies . This means that a state that verifies a generalization is not required to verify every instance of that generalization by itself, but only when combined with a state that verifies the existence of the object that such an instance of the generalization is about. Some verifiers of a universal generalization have an essentially dispositional nature: they work as a function that takes an object as input and outputs a verifier of the instance of the generalization concerned with that object. The verifier of (ii), on this account, could be the algorithm that given a natural number, represented as a sequence of strokes, produces its successor by adding one more stroke at the end of the sequence. (Incidentally: if we conceive algorithms as computer programs, i.e. finite sequences of symbols, then a generalization with a potential infinity of instances is made true by a finite entity).

For instance, the empty state itself verifies , even though the empty state does not verify any instance of that generalization, given that it does not verify the existence of any object. Intuitively, this captures the idea that everything is self-identical as a matter of logic, i.e. no matter how the world is; in particular: no matter what there is.

2. Wittgenstein on mathematical generality in the Tractatus

We started out by citing proposition number 6.031 from the Tractatus, where the phrase “accidental generality” appears. Another proposition where we find the same phrase is proposition 6.1232:

“Logical general validity, we could call essential as opposed to accidental general validity, e.g. of the proposition "all men are mortal". Propositions like Russell's "axiom of reducibility" are not logical propositions, and this explains our feeling that, if true, they can only be true by a happy chance.”(T 6.1232)

Wittgenstein is talking here about logical generality. However, given that according the Tractatus “[m]athematics is a logical method” (6.2) we can apply this also to the mathematical case. Interestingly, Wittgenstein’s example of an accidental generality (“all men are mortal”) is also an example of an instance-based generalization. Even more interestingly, Wittgenstein’s contrasts accidental generality with “essential generality” and cites logical propositions as an example of propositions exhibiting essential generality. This aligns with the conjecture to use Linnebo’s twin notions of instance-based vs. generic generalization to interpret Wittgenstein’s distinction between accidental and essential generality. 

We saw that paradigmatic examples of generic generalizations are those made true by the empty state. Logical propositions are cited by Wittegenstein as an example of non-accidental generalizations. It is not too much of stretch to attribute to the Tracatus the conception according to which the logical truths are made true by the empty state. As Linnebo himself remarks (2022, 366), according to the Tractatus logical truths, i.e. tautologies, are ‘sinnlos’: they have no content (T 4.461). At least one way to explain what it means for a proposition to have no content is that it provides no information. A proposition provides no information when absolutely nothing is “required from the world” to make it true (Rayo 2013). It is natural, in the context of truthmaker semantics, to explain this by saying that such a proposition is made true by the state that contains no information whatsoever, i.e. the empty state.

So, the conjecture that Wittgenstein’s notion of accidental generality can be interpreted in terms of Linnebo’s notion of instance-based generality has some textual support. I think that the conjecture is further supported (albeit indirectly) by the observation that philosophers close to Wittgenstein seemed to appeal to something like that distinction.
 
Carnap, in his presentation of the logicists foundations of mathematics, made a distinction that closely resembles the one made between instance-based and generic generalization:

“[T]he verification of a universal logical or mathematical sentence does not consist in running through a series of individual cases […] The belief that we must run through all the individual cases rests on a confusion of “numerical” generality, which refers to objects already given, with “specific” generality […] We do not establish specific generality by running through the individual cases but by logically deriving certain properties from certain others.” (Carnap 1931, p.51)


3. “Contingency in the infinite”

Here is a passage from the Philosophical Remarks which has a point of contact with our initial quote:

“And if there is an infinite reality, then there is also contingency in the infinite. And so, for instance, also an infinite decimal that isn’t given by a law” [PR 143] 
 
The passage suggests that conceiving mathematical infinity as actual would lead to “contingency in the infinite”. I will argue that this idea can be vindicated if we interpret the phrase “contingency in the infinite” as indicating cases where the explanation of the truth of some generalizations over an infinite domain is purely instance-based.

If we adopt a conception of mathematical infinity as actual, then we open the door to the possibility of true mathematical generalization that are instance-based, like “every digit in the decimal expansion of that real number is even”, where the real number under consideration is not “given by a law” and hence there is no generic explanation of the truth of the generalization.

On the other hand, as Linnebo himself argues (Linnebo 2022, p. 354), if we adopt a conception of mathematical infinity as potential in nature, then an instance-based explanation of a universal mathematical statement is not available, because the instances of the generalization cannot all be true at once: they cannot be true at once because the objects they refer to cannot all exist at once, otherwise we would have a complete infinite totality of objects. Hence, if we adopt a potential conception of mathematical infinity, then true universal mathematical statements admit only of generic explanations of their truth. 

Let’s look at what happens if we interpret the notion of contingency used in the previous quote in the most straightforward way: a contingent proposition is a proposition that is neither necessarily true nor necessarily false (i.e. impossible). Under this interpretation, the previous passage suggests that if we view mathematical infinity as actual, then we are committed to there being mathematical generalizations that are true but could have been false.

It is not immediately clear how to argue for such a connection between there being actually infinite mathematical totalities and there being contingently true mathematical generalizations. There seems to be no incoherence in holding that the truth of a certain generalization is explained by the truth of its instances and at the same time insisting that every instance of that generalization is necessarily true, and that the objects that each of these instances refer to all exists necessarily. 

On the other hand, as we saw, one can show a connection between admitting actually infinite mathematical totalities and allowing the possibility of universal generalizations whose truth is explained purely in terms of their instances being true. This is a reason to interpret Wittgenstein’s notion of accidental generality as a generalization that admits only of an instance-based explanation.

4. Generic generalizations as essential truths, essential truths as rules of grammar

In the previous section, I argued that certain remarks from Wittgenstein are easier to interpret if we understand his notion of “accidental generality” as instance-based generality. In this section, I argue that attributing to Wittgenstein the idea that mathematical generalizations cannot be instance-based is in harmony with another view that Wittgenstein endorsed: that mathematical sentences are rules of grammar in disguise. In this section, I will start with the idea that mathematical generalizations are generic and show how that idea might lead to the view that mathematical truths are rules of grammar.

Suppose that, inspired by the quote from Weyl discussed in section 1, we say that “every natural number has a successor” is true not because each individual number has a successor, but rather because “it lies in the essence” of being a natural number that every natural number has a successor. How should we understand the notion of essence at play here? One answer to this question is provided by sections 371 and 373 of the Philosophical Investigations, where we read that “Essence is expressed by grammar” and “Grammar tells what kind of object anything is”. 

Conceiving mathematical generalizations as generic naturally leads to consider them essential truths; essential truths for Wittgenstein are rules of grammar; hence, if we take seriously the conjecture that Wittgenstein viewed mathematical generalizations as generic, we should expect Wittgenstein to take mathematical generalizations as rules of grammar. This prediction is confirmed: Wittgenstein held that mathematical propositions are rules of grammar. 

A grammatical proposition, for Wittgenstein, is a rule that governs the use of a certain expression. Rules are not descriptive statements, or at least not purely descriptive statements, but have a prescriptive component, like orders or prayers.

Wittgenstein’s idea that mathematical sentences are rules of grammar is one way to make it intelligible how they can express essential truths. This, in turn, explains why the truth of a mathematical generalization is not explained by the truth of its instances: essential truths are a paradigm example of generalizations that are not instance-based.

A classic example (see for instance Glock 2008) of a rule of grammar in Wittgenstein’s sense is a sentence like:

(v) Bishops move diagonally

This generalization is clearly not instance-based. The reason why (v) is true is that it is a rule of chess. The generic fact that makes (v) true is a convention. A convention makes a generalization true not in virtue of making its instances true, but by fixing the application conditions for a concept, in the case of (v) of something like the concept of “legal move of a bishop”.

The view that mathematical generalizations are not instance-based combines well with the idea that they are rules. Rules are true by convention, not in virtue of their instances being true. 

Viewing generic generalizations as true by convention also explains one feature that distinguishes them from instance-based generalizations. Generic generalizations have “low aboutness”, in the words of Linnebo (2022, p. 365). They are made true by states that do not require the existence of any particular object to obtain.[footnoteRef:2] How can the truth of a statement be so indifferent to what there is? One explanation (not the only one, and perhaps not the best one) is that these statements are true by convention, and a convention structures the logical space, the set of circumstances that are possible, rather than reflect a pre-existing reality. One can establish that everything is identical to itself without being provided with any piece of information about what there is. [2:  When I say that the truthmaker of a generic generalization is a state that can obtain without there being any object, I am presenting Linnebo’s view. States of affairs, in the sense of the Tractatus, cannot obtain without there being objects.] 


Rules, as we anticipated, are not purely descriptive statements. They do not simply represent reality as being a certain way. They are norms that govern the use of certain expressions. 


One reason to adopt the view that mathematical statements are rules of grammar is that such a view offers an explanation of the modal status of mathematical statements, i.e. their necessity. To put it roughly, the idea is that necessary statements cannot be purely descriptive, because there cannot be such a thing as a necessary fact. Necessary statements are essentially normative: to say that necessarily two plus two is four is like saying that two plus two must be four, in the same sense in which, in chess, white must move first.

The opposition to the view that there can be descriptive statements that are necessary is a constant theme in Wittgenstein’s philosophy (see Marconi 2009). The view is clearly expressed in the Tractatus: “Everything we can describe at all could also be otherwise” (T. 5.634), “all happening and being-so is accidental.” (T. 6.41). It’s hard to find an explicit argument for this rejection, but in the contemporary literature one finds hints of a possible line of reasoning that leads to the conclusion that it would be hard to account for the modal status of necessary statements if we conceived them as purely descriptive.

Here is a passage from Graham Priest:

“[the necessity of mathematical statements] is a particularly difficult point for realism to cope with. Empirical statements which state the relationships between physical objects are contingent. But if realism is correct, mathematical assertions also state de facto relationships between real objects. Whence then derives their necessity? Of course it could be claimed that necessity is sui generis to relations between abstract objects. However, this just labels the problem rather than explaining it.” (Priest, 1983, p. 54) 
 

Crispin Wright (1980, p.3) makes a similar point:

“What sort of explanation are we going to be able to give of the necessity of pure mathematical truths, if it is merely a reflection of a feature of the domain which pure mathematics allegedly describes?”(Wright 1980, p.3) 

The argument seems to be that explaining the necessity of mathematical statements becomes particularly hard if we model them as descriptive statements, whereas conceiving necessary statements as norms helps explain their modal status. The view that necessary statements are norms has been recently defended by Amie Thomasson (2020). A full assessment of this view is beyond the scope of this paper. However, it is important to stress that several texts suggest that Wittgenstein accepted that view and that the view is in harmony with the conception of mathematical generality as not instance-based.

Here are some of the relevant passages. Wittgenstein discusses the problem with conceiving necessary statements as descriptive in nature:

“If we were comparing the logical machinery with the machinery of a watch, one might say that the logical machinery is made of parts which cannot be bent. They are made of infinitely hard material-and so one gets an infinitely hard necessity. How can we justify this sort of idea?”[LFM, p. 196] 

“Similarly, if I say that there is no such thing as the super-rigidity of logic, the real point is to explain where this idea of super-rigidity comes from - to show that the idea of Super-rigidity does not come from the same source which the idea of rigidity comes from. The idea of rigidity comes from comparing things like butter and elastic with things like iron and steel. But the idea of super-rigidity comes from the interference of two pictures - like the idea of the super-inexorability of the law. First we have: “The law condemns”, “The judge condemns”. Then we are led by the parallel use of the pictures to a point where we are inclined to use a superlative. We have then to show the sources of this superlative, and that it doesn’t come from the source the ordinary idea comes from.” [LFM, p. 199] 

This problem stems from an unjustified assumption: “Aren’t you confusing the hardness of a rule with the hardness of a material?” [RFM III 87]. The solution is to reject the idea that necessary statements are descriptive and conceive them as norms:

“What I am saying comes to this, that mathematics is normative. But ‘norm’ does not mean the same thing as ‘ideal’.” [RFM V 40] 

Something is necessarily true if and only if it is true in any possible circumstance. How can there be something like that? One explanation is that certain kinds of possibilities are ruled out by certain norms. A rule like (v), for instance, excludes the possibility of a situation where a chess player makes a legal move by moving the bishop along a row or a column. (v) is true in every possible circumstance because adopting (v) as a rule prevents us from admitting a possibility in which (v) is false. We don’t adopt (v) because, after a careful survey of all the possible circumstances, we did not find any in which it is not true. Rather, by adopting (v) we structure the logical space, excluding a circumstance in which (v) is not true.

5. Conclusions

In this paper I argued that certain remarks by Wittgenstein can be read as anticipating Linnebo’s distinction between generalizations that are made true in part by the truth of their instances and generalizations that are true in virtue of “completely general facts”, to use Linnebo’s phrase (2022, p. 349). At the same time, we have also seen that other remarks by Wittgenstein can be interpreted as an attempt to better understand what these purely general facts amount to. I have suggested that Wittgenstein argued that the statements allegedly expressing these purely general facts are not descriptive statements, but rules. In this sense, generalizations that are not instance-based are a different type of sentences than instance-based generalizations, and are not true in virtue of representing necessary facts, but in virtue of being grammatical propositions, norms governing the use of certain expressions.
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