Universita degli Studi di Torino
Scuola di Dottorato

Dottorato di Ricerca in Fisica

UNIVERSITA
DI TORINO

Swimmer Dynamics in Complex Flows

Francesco Michele Ventrella

Tutor: Filippo De Lillo



A Gianluca, Dodo, Eugenio, Checco e Alessandro.
Per essere stati al mio fianco fino al traguardo.

Lontani ma vicini.



Contents

I Swimmers in Low Reynolds Regime 9
1 Non motile particles 13
1.1 The Stokesequation . . . . . . . . . . . . .. .. 13

1.2 Sphereincreepingflow . . . . . .. ... ... ... ... 14

1.3 ThelJefferyequation . . . ... ... ... .. ... ... ... ... . 16
1.3.1 2Dcase . . . . . . o . e 17

2 Motile particles: Microswimmers 19
2.1 The Scallop Theorem . . . . . .. .. .. ... ... .. .. .. ..., 19
2.2 Swimming StrateZies . . . . . . . ... e e e e e e e e e e 22

2.3 Theoretical models for motility . . . . . .. .. ... ... .. ...... 26
2.3.1 The waving sheetmodel . . . .. ... ... ... ........ 27

2.3.2 Thesquirmermodel . . . .. ... ... .. .. ......... 30

I Microswimmers in the Ocean 33
3 Thin Phytoplankton layers 37
4 Gyrotaxis in Chlamydomonas reinhardtii 41
5 Ocean dynamics: Surface Gravity Waves 45
5.1 LinearTheory . . . . . . . . . . . . . e 46
5.2 Particle Transport: the Stokes drift . . . . . ... ... ... ... .... 49

3



6 Microswimmer trapping in surface waves with shear

6.1 Mathematical model and multiple-scale analysis . . . . . . . ..
6.2  Analysis of the fixed points and their stability . . .. ... ...
6.2.1 Pure Gyrotaxis . . . . . . .. .. ... ...
6.2.2 Gyrotaxis combined with Settling . . . . ... ... ..
623 PureShear . .. ... ... ... ... L.

6.3 DISCUSSION . . . . . v v v e e e e e e

IIT A Minimal Numerical Model for an Active Swimmer

7 Introduction to simple swimmer models

8 Modelling straight and circle swimmers

8.1 The immersed boundary method for a microswimmer . . . . . .
8.2 The numerical implementation . . . . .. ... ... ......
8.2.1 Fixing the numerical parameters . . . . . ... ... ..
8.3 Numerical results for rectilinear swimmers . . . . . ... .. ..
83.1 Singleswimmer . . ... ................
8.3.2 Non-motile swimmer . . . . . ... ... ........
8.3.3 Swimmers interaction . . . . . .. .. ... ... ...
8.4 Circle swimmer dynamics . . . . . ... ... ... ......
8.4.1 Circular trajectories of isolated swimmers . . . . . . . .
8.4.2 Swimmers interaction . . . . ... .. ... ... ...
8.5 Collective behavior . . . . . .. ... ... ... 0L,
8.5.1 Rectilinear swimmers . . . . . . .. ... .. ... ...

8.5.2 Circleswimmers . . . . . . . . . . ...

IV Appendix

A

A.1 Multiple Scale Analysis . . . . . ... ... ... ... ....

A.2 3D model with orientation dependent settling . . . . . ... ..

CONTENTS



CONTENTS 5

B 105
B.1 Stokeslets superposition. . . . . . .. ... 105
B.2 Implementation of inextensibility and rigidity . . . . . .. ... ... .. 106

B.3 The limit to Jeffery’s model of arod . . . . . . .. .. ... ... .... 108



CONTENTS



List of Pubblications

This thesis is based on the research carried out over the three-year doctoral program at
Universita di Torino, under the supervision of Professor Filippo De Lillo. The aim of
this research is to study the behavior of microorganisms in fluids, with the formulation of
theoretical and numerical models.

Part of the original work presented in this thesis has been published in the following

journal articles:

1. Ventrella, F. M., Pujara, N., Boffetta, G., Cencini, M., Thiffeault, J. L., De Lillo, F.
(2023). Microswimmer trapping in surface waves with shear. Proceedings of the

Royal Society A, 479(2278), 20230280.

2. Ventrella, F. M., Boffetta, G., Cencini, M., De Lillo, F. (2024). Modeling straight
and circle swimmers: from single swimmer to collective motion. The European

Physical Journal E, 47(11), 65.

In particular, Chapter 6 is based on publication 1, and Chapter 8 on publication 2.



CONTENTS



Part 1

Swimmers in Low Reynolds Regime






11

Both our studies on microswimmers start from a microscopical description. For this
reason, it is better to start this dissertation with an introduction to micro-hydrodynamics
and, in particular, to the role of particles in fluids.

In fluid mechanics, the study of particles can be broadly categorized into two main
types: active and passive particles. Understanding the behaviour of these particles is
crucial for explaining complex systems, from fluid dynamics to biological systems.

Passive particles do not have the ability to move autonomously. Their motion is purely
driven by external forces such as gravity, thermal fluctuations, or external fields. Passive
particles are often used in modelling simpler systems, like colloids or dust particles in a
fluid, and their dynamics follow classical equilibrium statistical mechanics principles.

On the other hand, active particles are self-propelled agents capable of converting
stored or environmental energy into motion. These include living organisms such as
bacteria, cells, or even synthetic microswimmers. Unlike passive particles, active particles
exhibit non-equilibrium behavior, often leading to collective dynamics like swarming or
flocking. Their study provides valuable insights into phenomena such as biological
transport and the behavior of robotic systems. In this work, we refer to microswimmers as
specific cases of active particles whose locomotion mechanisms are driven by propulsion
organelles such as cilia or flagella.

The interaction between fluids and particles is a fundamental area of research in both
physics and engineering, with significant implications for a wide range of applications.
Understanding how particles behave in fluids, and how fluids respond to the presence
of these particles, is essential for advancing knowledge in fields such as environmental
science, medicine, materials science, and industrial processes.

One of the key reasons to study fluid-particle interactions is that they occur in numer-
ous natural and man-made systems. In nature, phenomena like sediment transport, the
dispersion of pollutants in the atmosphere, or the motion of microorganisms in biological
fluids all involve complex fluid-particle interactions.

Additionally, the study of these interactions helps to improve technologies such as drug
delivery systems, where understanding the dynamics of particles (like nanoparticles) in
the bloodstream is critical for developing targeted therapies. Similarly, in climate science,

the modelling of aerosols and particulate matter in the atmosphere is crucial for predicting
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their effects on weather patterns and climate change.

From a theoretical perspective, fluid-particle interactions challenge classical fluid
dynamics and statistical mechanics, especially when considering complex systems in-
volving active particles or non-Newtonian fluids. These studies lead to new insights into
non-equilibrium systems, turbulence, and multiphase flow behavior.

In this thesis, the fluid-particle interaction problem is studied with a particular fo-
cus on biological aspects, such as the formation of biological clusters in the ocean and
the modelling of self-propelled swimmers capable of coupling and interact with similar
agents. By exploring these biological contexts, the thesis aims to enhance the understand-
ing of collective behaviors and aggregation mechanisms, providing insights relevant to

both natural phenomena and potential technological applications.



Chapter 1

Non motile particles

1.1 The Stokes equation

The Navier-Stokes equations form the foundation of fluid dynamics and describe the
motion of fluid substances such as liquids and gases. These equations express the balance
of momentum in a fluid and account for internal viscosity, external forces, and pressure.
Mathematically, the Navier-Stokes equations are a set of nonlinear partial differential
equations that describe the flow of incompressible and compressible fluids. For an

incompressible, Newtonian fluid, the equations can be written as:

\Y
a_u+u-Vu:——p+vV2u+f, (1.1)
ot P
V-u=0 (1.2)

where u is the velocity field, p is the pressure field, v is the cinematic viscosity and f
represents external body forces (e.g. gravity). The equation represents the conservation
of momentum, and it is coupled with the continuity equation, V - u = 0, to ensure
incompressibility.

Solving the Navier-Stokes equations is highly complex due to their nonlinear nature.
While analytical solutions are known for a limited number of simplified cases, numerical
methods are generally required to tackle real-world problems.

The Navier-Stokes equations can be non-dimensionalized to identify the dimension-
less parameters that characterize fluid flow. To non-dimensionalize these equations, we

introduce characteristic scales for the problem: L for the characteristic length scale, U for
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14 CHAPTER 1. NON MOTILE PARTICLES

the characteristic velocity scale and 7' = L/U for the characteristic time scale. We define

the following non-dimensional variables:

u x . tU p = fL
i=—, X=— f=—, p=—7s, f=—. 1.3
“So YT L "7 o U2 (13)
Substituting these dimensionless variables into the Navier-Stokes equations, we obtain:
oun - R B
E+u-Vgu:Vgp+EViu+f, (14)
where we introduced the Reynolds number as:
UL
Re = —. (1.5)
14

The Reynolds number is the ratio of inertial forces (represented by the non linear
term) to viscous forces in the flow. It is the only dimensionless parameter of NS and it
characterizes the flow regime at the two extremes: for Re > 1, inertial forces dominate,
often resulting in turbulent flow and for Re <« 1, viscous forces dominate, leading to
creeping flow.

In the latter case the left hand side in equation (1.2) could be neglected and one
obtains:

Vp =vViu+f, (1.6)

that is the Stokes equations describing creeping flows. Unlike the Navier-Stokes equation
(1.2), the Stokes equation (1.6) is linear and time-independent. A primary consequence
of this property is that the fluid field is fully determined once the boundary conditions
are defined. Furthermore, a Stokes flow is time-reversal invariant. The latter property
has important consequences in the context of biological organisms living in low Reynolds

number regimes, as we will explore later in the text.

1.2 Sphere in creeping flow

The solution for the flow induced by a moving sphere at zero Reynolds number is a
classical result of fluid dynamics. If the sphere has radius R, is located at the origin and
translates with velocity U with no rotation, the flow velocity in the surrounding fluid at

location r (magnitude r) away from the centre of the sphere is given by:

ur) = SR (L4 ) us dpa (L 23T) Ly, (1.7)
4 \r r3
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Figure 1.1: (a) Stokeslet: solution of the Stokes equation for point-like forcing. Image

from [2]. (b) A source dipole. Image from [3].

This solution can be interpreted physically as due to the superposition of two flow sin-
gularities: a stokeslet (first term, decaying spatially as 1/r) and a potential source dipole
(second term, decaying spatially as 1/r3). A picture of these two flow perturbations are
in figure 1.1. From equation (1.7), we can calculate the drag force F exerted on the sphere
by the fluid considering the total stress exerted on the sphere surface [1]. This leads to

the Stokes’ formula:

F = 6mruRU, (1.8)

where u = vp is the dynamic viscosity.
The Stokeslet is the name given to the Green function for Stokes flows, induced by a
point force F applied locally as a Dirac delta function. If the singularity is located at the

origin, the fluid velocity ur is solution of:

0=-Vp+uVupr+86(r)F, V-up=0 (1.9)
and given by:
1 (1
up(r, F) = —(—+5) 'F. (1.10)
8ru \r r

Together with eq. (1.8), the latter gives the first term on the right-hand side of Eq. (1.7).
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The second flow in Eq. (1.7) is a potential source dipole. If such a dipole of strength

M is located at the origin, the corresponding flow singularity is given by:

1 (1 3rr
USD(r,M):E(r—S—r—S)'M. (111)

This flow can be interpreted as a source and a point sink merging together. Consider
a three-dimensional point source flow whose strength m measures the flow rate injected
by the source into the fluid. If the source is located at the origin, the corresponding
flow, with velocity denoted u,,, is potential (i.e., irrotational), incompressible and is given

classically by

mr
um(r;m)zﬂﬁ

(1.12)

which may be verified using spherical symmetry and the condition that the volume
flux through any surface containing the origin is m. A source dipole is obtained by placing
a sink of strength —m at a position d relative to a source of strength m, and taking the

limit |[d| — O while the product m|d| remains finite. The flow is obtained by assuming a

linear superposition and using a Taylor expansion, so that

1 (1 3rr

u,(r;m)+u,(r—d;,-m)~d-Vu, = 3
r
which is exactly Eq. (1.11) with M = md.

In the context of this work, Eq. (1.7) plays a crucial role in the analysis due to the

explicit dependence on R.

1.3 The Jeffery equation

The Jeffery equation describes the orientation dynamics of an ellipsoidal particle im-
mersed in a viscous fluid subjected to a linear flow. Consider an ellipsoidal particle with a
unit vector p indicating the direction of its principal axis [4]. The flow around the particle
is assumed to be a simple linear flow. This is true in the case of small particles whose

size allows for approximating fluid gradients along the body as linear.
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According to Jeffery’s theory , the time evolution of the orientation vector p of an
ellipsoid, characterised by the two semi-axis a and b with a > b, in a flow field with

rate-of-strain tensor S and vorticity tensor £ is given by:

p:ﬂp+/l[Sp—(pTSp) p], (1.14)

where Q = % (Vu - (Vu)T) is the vorticity tensor (related to the rotation of a volume

of fluid), S = % (Vu + (Vu)T) is the rate-of-strain tensor (connected with the rate of the
deformation of the volume of fluid) and A = % is the shape parameter.

Jeffery’s equation shows that the rotation of an ellipsoidal particle is influenced by
both the vorticity tensor £ and the rate-of-strain tensor S. The term involving A reflects the
alignment of the particle with the flow and depends on the particle’s shape. For example:
when A = 0, the particle behaves like a sphere and is affected only by the rotational term,
when A # 0, the particle experiences additional alignment and rotation effects due to its
shape and, in particular, when A = 1, the particle behaves like a thin rod and tends to align

with the local fluid velocity.

1.3.1 2D case

As an example let’s consider the case of a two-dimensional parallel flow u = (u,(y),0) .
Let’s introduce a 2D reference system in which the swimming angle is measured from
the horizontal direction (n, = cos 6, n, = sinf) and let’s place a small particle in yo. In

this framework the equation (1.14) could be simplified into the following:

0 =—-S[1—-Acos(26)] (1.15)
where S = %% Yo' The equation admits a solution that is:
6(t) = arccot(2St + ¢) (1.16)

where ¢ determines the initial angle. This solution describes the rotation of the major
axis of the ellipsoid and will be later applied to the case of the Kolmogorov flow, which

is a simple two dimensional parallel flow with a sinusoidal profile.
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Chapter 2

Motile particles: Microswimmers

Microswimmers are microscopic organisms or synthetic particles capable of self-propulsion
in a fluid environment. These tiny swimmers include biological entities such as bacte-
ria, algae, and sperm cells, as well as engineered micro-robots designed for medical
or industrial applications. Microswimmers operate in a low Reynolds number regime,
significantly affecting their movement strategies (see Fig. 2.1). These microorganisms
and artificial swimmers employ various propulsion mechanisms like flagella, cilia, or
chemical reactions. The study of microswimmers is crucial for understanding biological
processes, as their behaviours offer insights into both natural and engineered transport

phenomena at the microscopic scale.

2.1 The Scallop Theorem

The Scallop Theorem was proposed by Edward Purcell in 1977 [6]. It states that a simple,
time-reversible motion cannot produce net propulsion in a highly viscous environment.
This theorem is named after the motion of a scallop, which moves forward by simply
opening and closing its shell in a time-symmetric manner. Such motion is possible only
at finite Re.

At low Reynolds numbers, where viscous forces dominate over inertial forces, the
governing Stokes equations is linear and time-reversible. As a result, if a swimmer’s
movement is identical when performed in reverse (a reciprocal motion), it will return to

its original position without making any net progress. For instance, if a microswimmer
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Figure 2.1: Reynolds numbers for different species. The organisms shown schematically

from low to high Reynolds numbers are: algae, bacterium, paramecium, nematode,

fairyfly, brine shrimp, larval squid, wasp, pteropod, dragonfly, jelly fish, whale, swallow.

Image from [5].
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(a)

State A State B

Figure 2.2: (a) Schematic drawing of Purcell’s scallop with reciprocal motion. Image
from [8]. (b) Purcell’s two-hinge swimmer. (c) Macroscale experimental realisation of

Purcell’s swimmer [7]

tries to move like a scallop by repeatedly opening and closing, it will not achieve forward
motion because the fluid’s response is symmetric in time (Fig. 2.2(a)). For simple
swimmers, we therefore need at least two degrees of freedom and to actuate them in a
non-reciprocal way. Examples of such swimmers include Purcell’s two-hinged swimmer
illustrated schematically in figure 2.2(b) with a macroscale experimental implementation
shown in panel (c) [7]. The Scallop Theorem implies that microswimmers must employ
non-reciprocal motion, i.e. a motion which does not achieve propulsion. This can be
achieved through flexible appendages like rotating flagella, the coordinated beating of
cilia, or shape-changing mechanisms. For instance, some bacteria like Escherichia coli,
swim using rotating helical flagella, while sperm cell propels itself by generating wave-like

motions along its flagellum.

Although the detailed description of the swimming mechanism is beyond the scope of
this thesis, it is instructive to see how simple dynamic models can be introduced according
to the scallop theorem. The Najafi-Golestanian model is a theoretical model describing the

propulsion mechanism of a simple three-sphere microswimmer at low Reynolds numbers.
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This model is significant because it demonstrates a minimal, non-reciprocal mechanism
to achieve propulsion in a highly viscous environment, overcoming the constraints posed
by the Scallop Theorem (Fig. 2.3).

The model consists of three aligned spheres connected by two arms of varying lengths.
These arms can extend and contract, mimicking internal degrees of freedom. The key
aspect of the model is the sequential change in the lengths of the arms connecting the
spheres, which ensures a non-reciprocal motion. The three spheres are denoted as 2, 1,
and 3, with arms of lengths L, and L3 connecting the spheres. The spheres undergo
a sequence of expansions and contractions in the lengths Lj> and L;3, controlled by
a periodic function. The motion is carefully chosen to be non-reciprocal, such that
the sequence of length changes in the arms does not retrace the same steps in reverse
order. This non-reciprocal motion generates a net displacement of the entire three-
sphere structure over a period of oscillation, allowing the swimmer to move in a specific
direction. On the contrary, in the case in which the system is described by only one degree
of freedom, for example only the left arm extends and retracts, the system agrees with the
Scallop theorem and no net motion is produced. The model successfully illustrates how
a simple configuration can achieve propulsion by breaking time-reversal symmetry, even

in the absence of inertia.

2.2 Swimming strategies

For the vast majority of small organisms swimming occurs with no net force. For a simple
swimmer, far from the cell there is no Stokeslet component of the flow, and the dominant
flow is a force dipole, decaying spatially as 1/72. The physical origin of this force dipole
is illustrated in figure 2.4 for three microorganisms, namely a swimming spermatozoon, a
bacterium and a biflagellated alga. In all cases, the flagella produce local hydrodynamic
forces (drawn with empty arrows) as they move relative to the surrounding fluid. This
results in locomotion and therefore the moving cell exerts a force on the fluid in the
opposite direction (filled arrows). Since only the flagella create propulsion but both the
flagella and the cell body experience drag, the centre of drag and the centre of propulsion

are physically separated, leading to a dipolar structure of the induced flow. This simple
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i (a)

Figure 2.3: The proposed non-reciprocal motion of the swimmer follows a complete cycle
consisting of four consecutive stages that break time-reversal symmetry: (a) the left arm
contracts; (b) the right arm then contracts; (c) the left arm extends back to its original
length; and finally, (d) the right arm returns to its original length. By completing this

cycle, the entire system moves to the right by a displacement of A. Image from [9]

physical picture can be extended naturally to the case of more complex geometries, larger
organisms and multiple flagella.

To compute the flow due to a force dipole, consider a force —F'e located at the origin
and an equal and opposite force Fe at location e/d away, where d is a unit vector and €
a small dimensionless number. For sake of simplicity equation (1.10) could be rewritten

as:

u(r) = FG(r,e) 2.1

where the vector G is related to the Green’s function of the Stokes equations. By the
linearity of Stokes equations, the total flow u is given by a superposition of the two

Stokeslet produced by the two forcing:
u(r) = FG(r — eld,e) — FG(r,e) = —elF(d - V)G(r,e) + O(€?). (2.2)

Defining # = €l F the dipole strength one can write the field produced by the dipole at

first order as:

Udipole (T, €.d) = =P (d - V)G(r,e) (2.3)
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Figure 2.4: Schematic force dipoles for swimming microorganisms. Force-free swimming
of a spermatozoon (a) and a bacterium (b). In both cases, the moving cell body induces
a local frontward force on the surrounding fluid (drawn with filled arrow) while the
flagellum induces a backward propulsive force (empty arrow) leading to a force dipole.
In contrast, for a biflagellated alga (c), the force dipole is reversed in sign and the cell is

pulling itself into the fluid. Image from [10].
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Using the standard results from vector calculus one obtains (see [10] for full derivation):

P |(dxe)xr (d-e)r 3(e-r)(d-1)r
- +
8 r r3 r

udipole(r, e.d) = (2.4)

The first term on the right-hand side is antisymmetric in d and e and thus disappears when
d = e. In contrast, the other two terms are symmetric, and when d = e they lead to the

axisymmetric solution. It is possible to use the symmetric/antisymmetric decomposition:

udipole(r» e’ d) = u(sj}i/:(l)le(r’ e9 d) + uz?;osl}ém(r9 e’ d) (25)
where
1
u(si}i];(l)le(r, e, d) = 5 [udipole(r, e, d)+ udipole(ra d, e)] (2.6)
_ P _(d-e)r+3(e-r)(d-r)r 2.7
8mu r3 rd
ufi}i/:)l(l)le(r’ e, d) = E [udipole(ra e.d) - udipole(r, d, e)] (2.8)
d
_ P [(dxe)xr (2.9)
8mu r3

The symmetric solution is a particular case of the so-called stresslet (Fig. 2.5(a)), while
the antisymmetric solution is interpreted as due to a net torque applied to the fluid and is
called rotlet (Fig. 2.5(b)).

The sing of # allows the swimmers to be classified into two main categories. Cells
characterised by £ > 0 are classified as pushers. In contrast, cells with £ < 0 are
classified as pullers.

The ability of microswimmers to achieve optimal propulsion strategies is of crucial
importance for their locomotory performance and survival at low Reynolds numbers.
From a qualitative point of view pushers, such as E. Coli and spermatozoa, swim body-
first with their flagella behind the cell body propelling themselves by pushing fluid outward
from their back with the flagellum and, at the same time, pushing the fluid away from
the front due to the resistance of the body. Under the hypothesis of incompressibility,
this propulsion mechanism creates a characteristic flow field, with fluid being pulled
inward along the sides of the swimmer and pushed outward along its axis of movement
(Fig. 2.4(a-b)). This is an example of an extensile force dipole (£ > 0). Pullers, such

as Chlamydomonas, whose flagella are located in front of the swimmer, drag the body



26 CHAPTER 2. MOTILE PARTICLES: MICROSWIMMERS
(@) Stresslet (b) Rotlet
N\
S\

=

=
.

\

i *\\\\\\

Figure 2.5: Streamlines driven by stresslet, and rotlet singularities in Stokes flow. Image

from [2]

forward by pulling fluid inward at the front and pushing it outward along their sides

(Fig. 2.4(c)), following the scheme of a contractile force dipole (P < 0).

2.3 Theoretical models for motility

Microorganisms evolved specialized organelles like flagella and cilia to facilitate swim-
ming in liquid environments [11]. Eukaryotic flagella and cilia share an almost identical
internal structure, characterized by a series of doublet microtubules (Fig. 2.6(a)). These
are interconnected by dynein molecular motors, which generate sliding forces that enable
active bending [12, 13]. While the distinction between flagella and cilia is not strictly de-
fined, flagella are typically long and sparse, whereas cilia are shorter and more numerous.
For instance, the ciliate Paramecium caudatum (Fig. 2.6(b)) has a body approximately
250um long and 50um wide, covered with around 15.000 cilia, each approximately
10-15um long and 0.2um in diameter. These cilia beat at a frequency of about 30Hz,
enabling the organism to swim at speeds of roughly 10 body lengths per second. The
density of cilia is approximately 50 per 100um? [14]. Cilia generate propulsion through
a cycle of effective and recovery strokes (Fig. 2.6(c)). These strokes propagate across

the cell surface in coordinated patterns known as metachronal waves, driving movement
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efficiently (Fig. 2.6(d)).

The aim of theoretical studies here presented is to model the continuous movement of
flagella and cilia. A precise mathematical treatment of this problem will not be provided,
as it falls outside the scope of this work, but it is useful to highlight the existence of
models that simulate the mean flow induced by the motion of cilia and flagella. The two

main models found in the literature are the waving sheet model and the squirmer model.

2.3.1 The waving sheet model

The model was introduced in 1951 by Taylor [15]. In his paper, Taylor assumed the
possibility of swimming without inertia in a low Re regime. Since microorganisms
were observed to deform their flagella in a wave-like fashion to produce propulsion from
the back (i.e., spermatozoa), he focused on the simplest setup possible, namely that
of a flexible infinite two-dimensional sheet deforming as a travelling wave of transverse
displacements. With reference to Figure 2.6(d), it is worth noting that the envelope surface
of cilia displacement (i.e. a metachronal wave) is mathematically described as a flexible
two-dimensional sheet, such that this model can be applied to both flagellate and ciliate
swimmers. The main assumption for this mathematical treatment is that the flagellum
exhibits purely planar dynamics, allowing the reduction from the three-dimensional space
in which the swimmer exists to two-dimensional plane (see Fig 2.7(a)). The kinematics
of material points on the sheet (i.e. the flagellum), (xy, y,), is described by the periodic

waving motion:
xg = Acos(kx —wt —¢) and y,; = Bsin(kx — wt), (2.10)

where A is the amplitude of the longitudinal wave, B is the transverse amplitude, k and
w are respectively the wavenumber and angular frequency, and ¢ is a phase difference
between the two deformation modes (Fig. 2.7(a)). With this formulation, the trajectories
of material points are ellipses in (x, y) space.

The fluid motion is solved above the sheet in the region y > y,, and the flow is
described by the Stokes equations. Since the kinematics of the sheet is prescribed, the

no-slip boundary condition sets the value of the flow velocity on the sheet, namely

0
u(x = x5,y =y, = a(xs’)’s)- (2.11)
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Figure 2.6: (a) Molecular mechanism of flagellar beating. The axoneme of the spermato-
zoon is formed by nine outer doublets of microtubules (A and B) and an inner microtubule
doublet. The movement of the flagella is powered through the interaction of the inner and
outer dynein arms extending from the A tube of the outer doublets with the B tube of the
adjacent doublet. Image from [13]. (b) Scanning electron micrograph of Paramecium
caudatum. (c) The cilium undergoes an effective stroke, creating a large force on the fluid
(snapshots 1 to 4))and this is followed during the second half of the motion by a distinct
recovery stroke, where the cilium bends to decrease its hydrodynamic drag (snapshots 5
to 8)). (d) Coordinated ciliary movement creates the metachronal waves. Each cilium

performs an effective stroke and a recovery stroke as shown in panel (c).
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Figure 2.7: (a) A waving sheet of wavelength 27/k, frequency w, and wave speed
V = w/k. Working in a frame in which the sheet centreline is stationary, x and y are
the lab frame coordinates, while x; and y; denote the material points on the sheet. (b)

Bidimensional polar coordinate relative to a spherical squirmer.
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Far from the sheet, we assume that no net force or pressure gradient be induced and we
solve for the unknown velocity U induced along the direction of propagation of the wave
as

lim u = Ue,. (2.12)

y—)OO
The resulting value of U is then interpreted as the opposite of a locomotion speed. In the
long wave limit, a perturbative approach can be applied (further mathematical details in
[10]). The solution for the flow induced at infinity is
wk

U= 7(192+2A19c<>s¢—A2). (2.13)
This model could be used to describe the flow field produced by singular flagellum and
metachronal waves. This result is in agreement with experiments where, for example, a

spermatozoon is seen to send bending waves propagating from the cell body towards the

free (distal) end of the flagellum, leading to locomotion head first [16].

2.3.2 The squirmer model

In 1952, M.J. Lighthill pioneered the mathematical analysis of ciliary swimming [17].
He modelled the surface generated by the ciliary tips, expressing their displacement and
deformation as velocity boundary conditions. This approach, now known as the squirmer
model, has since been refined and extended by researchers like Blake [18] and Pedley [19]
to analyse various aspects of ciliary swimming.

The squirmer model is a widely used theoretical framework to study the locomotion
of microorganisms in viscous environments, particularly at low Reynolds numbers. The
squirmer model provides a simplified mathematical representation of a microswimmer.
The squirmer is modelled as a spherical or ellipsoidal particle. Instead of explicitly
modelling appendages like flagella or cilia, here, the surface of the body undergoes
periodic small-amplitude deformation of its surface, leading to instantaneous velocity
boundary conditions applied on an effective spherical frame.

We use spherical coordinates with the origin at the centre of a sphere of radius a in
order to describe the flow (Fig. 2.7(b)). Although the original squirmer model imposed no

restriction on surface velocity, many studies have assumed for simplicity that the surface
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velocity is steady, axisymmetric (and thus has no dependence on the azimuthal angle ¢)
and tangential to the surface. In this simple situation, the tangential surface velocity ug of
the spherical squirmer is described by spherical harmonics or series expansions. In order
to derive the general solutions ug(r, 6,t) and u,(r,6,t) the goal is to solve the Stokes
equations thanks to the Legendre polynomial approach for axisymmetric problems and

imposing the boundary conditions given by

ug(a,0,1) = Zn: Bn(t)ﬁp;(cos 0) sin 6, (2.14)
ur(a,,t) = Z A (1) Pp(cos 6) (2.15)

where P, is the Legendre polynomial and the coefficients and B, (¢) and A, (¢) are implicit
defied by P, (refer to [10] for details). It is possible to show that B and B, are related
respectively to the Stokeslet and stresslet mode, thus, neglecting n > 2 terms, it is possible

to obtain the general solution:

B 3 4
ug(r,0,t) = 21 [(ﬂ) + 4 sin@ + B, (ﬂ) ] sin @ cos 6, (2.16)
2 r r r
3 B 4 2
u,(r,0,t) = By (ﬁ) _4 cos @ + -2 (ﬂ) - (ﬂ) ] (3 cos? 6 — 1) . (2.17)
r r 2 r r

This solution exhibits the same decaying behavior with respect to r as the equation (1.7)
which similarly describes the behaviour of a sphere in a fluid. Moreover the ratio B, /B
defines a pusher squirmer if it is greater than zero and viceversa for the puller.

We conclude by comparing the predictions of the squirmer model with experimental
data. Inparticular, we focus on the ciliated green alga Volvox carteri, amulticellular organ-
ism with an approximately spherical shape (schematically represented in figure 2.7(b)).
The coordinated motion of its cilia generates large-scale flows, driving the organism’s
locomotion.

Figure 2.8 presents time-averaged flow measurements obtained using particle image
velocimetry, showing the flow induced by multiple flagella when the cell is immobilized
by a pipette [20]. The model effectively reproduces the main characteristics of the
experimental observations, including the slight front-back asymmetry, the peak flow

velocity near the equator, and the overall structure of the flow field.
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Experiments Squirmer

Figure 2.8: (a) Measured time-averaged flow around the cell held in place by a pipette

[20]. (b) Prediction of the squirmer model.
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Microswimmers in the Ocean
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Many phytoplankton species, inhabiting lakes and oceans, are motile, an ability that
allows them to migrate vertically in the water column to better exploit light, which is
available near the surface, and to search for nutrients, which are typically more plentiful
at depth. While migrating they must contend with the background fluid motion driven by
waves, currents, and turbulence. As a primary producer of biomass in aquatic ecosystems,
phytoplankton supports the aquatic food web and sequesters carbon. Thus, geophysical
processes that affect the vertical migration and spatial distribution of phytoplankton are
fundamental to aquatic ecology and biogeochemistry. The oceans cover approximately
71% of the Earth’s surface and host an extraordinary diversity of organisms, ranging
from microscopic algae (phytoplankton) to large marine mammals [21]. phytoplankton is
particularly significant because, despite its small size, it constitutes a substantial portion
of marine biomass and is essential for oxygen production and the carbon cycle. This
imbalance is due not only to the difference in size but also to the oceans’ greater efficiency
in recycling nutrients and supporting more complex food webs. Additionally, oceans play
a crucial role in atmospheric carbon sequestration through phytoplankton, a process that

is less significant in lakes.

The motion of phytoplankton is significantly influenced by the surrounding flow
field. The total velocity acting on the organism results from the superposition of its
self-propulsion and the advecting velocity field. Furthermore, the swimming direction
is modified by flow gradients according to Jeffery’s equation (1.14), which accounts for
the organism’s shape. This coupling between swimming, advection, and body rotations
has been studied in different contexts and shown to affect the spatial distributions of mi-
croswimmers and alter their vertical migration. In isotropic turbulence, microswimmers
cluster and align nematically with fluid vorticity [22, 23]. These results were extended,
showing that the swimming direction also aligns in a polar way with fluid velocity due
to correlations between the velocity field and velocity gradients along microswimmer
trajectories, combined with swimming which breaks the fore-aft symmetry of relative
motion with respect to the flow [24, 25]. Microswimmers also show interesting spatial
distributions in cellular flows [26, 27, 28] and isolated vortices [29, 30, 31, 32, 33] and
nontrivial transport effects have been studied in microchannel flows [34, 35, 36, 37, 38].

Recent extensions of this research have begun to consider active control of transport by
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mechanisms such as optimal swimming strategies [39, 40, 41], biological responses to hy-
drodynamic cues [42, 43, 44], and mutual interactions of microswimmers in the presence
of background flow [45].

Since upwards vertical migration towards well-lit waters is a common goal, many phy-
toplanktonic microswimmers exhibit gravitaxis, i.e. they tend to orient their swimming
direction against gravity, owing to a bottom-heaviness within an uneven body mass dis-
tribution. When combined with flow-induced reorientation, this produces a phenomenon
known as gyrotaxis [46, 47]. Gyrotactic microswimmers display a plethora of behaviour
in different flow conditions [48, 49, 50]. In turbulent flows, they form small-scale clus-
ters, fractal distributions, and sample vertical fluid velocities in shape-dependent ways
[51,52,53, 24,49, 54, 55]. Gyrotaxis can also lead to trapping in high shear [56, 57, 50],
which has been proposed as a mechanism for the formation of ‘thin phytoplankton layers’
commonly observed in the field [58, 59]. When the fluid acceleration is comparable to
the gravitational one, swimmers respond to the total acceleration and can cluster in high

vorticity regions [52].



Chapter 3

Thin Phytoplankton layers

Recent investigation of ocean flora and fauna have revealed the occurrence of thin layers,
dense aggregations of organisms, throughout the oceans. These layers, typically several
centimetres to a few meters thick, can extend horizontally for kilometres (see Fig.3.1) and
often appear in coastal waters where vertical density gradients reduce turbulent mixing
[60, 61, 62]. Thin layers are temporally stable, persisting for hours to days, and have a
great ecological relevance.

Thin phytoplankton layers are associated with elevated concentrations of organic
debris (marine snow) and bacteria, which enhance zooplankton growth and provide prey
densities essential for fish larvae survival. However, they can also have negative effects:
many species in these layers produce toxins that disrupt feeding and increase mortality
among zooplankton and fish [63].

The depths at which thin layers form are frequently correlated with strong fluid density
gradients (stratification) and vertical shear. Shear plays a dual role: while it can facilitate
layer formation through mechanisms like straining or gyrotactic trapping, it can also
destabilize layers through turbulence, in contrast with stratification [58]. The stability of
these layers is governed by the Richardson number, Ri, which express the ratio between

stratification and shear forces:

ap
Ri=% %
“ (%)

0z

where g is the gravitational acceleration, p is the fluid density. As an example, when

Ri < 0.25, the water column is expected to be unstable [64]. This prediction agrees
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Depth (m)

Distance (km)

Figure 3.1: Measurements of subsurface plankton layers made in the western Arctic
Ocean. Chlorophyll concentration, C, as a function of depth and position along the flight
track according to the colour bar at the top. The vertical white lines denote missing data

because of ice on the surface. Image from [62]
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with observations that found no layers when Ri < 0.23, likely because of mixing due to
turbulence [60].
Thin layers are ruled by a variety of processes, both abiotic and biological [58]. Using

figure 3.2 as reference let’s give a brief overview on these mechanisms:

1. Straining: horizontal heterogeneities in phytoplankton concentration are stretched

into thin layers due to differential advection at different depths, see Fig. 3.2(a).

2. Motility: directed swimming behaviour enables phytoplankton to aggregate at

optimal depths guided by light or nutrient gradients, see Fig. 3.2(b).

3. Buoyancy: non-motile cells with densities distinct from surrounding water accu-

mulate at their neutral buoyancy depth, see Fig. 3.2(c).

4. Gyrotactic Trapping: vertical migrations of motile phytoplankton are suppressed
in regions of high fluid shear, trapping cells at specific depths in thin layers, see

Fig. 3.2(d).

5. Growth Enhancements: optimal mid-depth conditions for light and nutrient avail-

ability can increase growth rates, producing localized thin layers, see Fig. 3.2(e).

6. Intrusions: high-concentration phytoplankton waters transported into adjacent low-

concentration regions form layers through physical processes, see Fig. 3.2(f).

These diverse mechanisms illustrate the complexity of thin layer dynamics, where

interactions between physical fluid properties and biological behaviors play a central role.
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Figure 3.2: Diverse mechanisms can drive the formation of thin phytoplankton layers.

For descriptions see the text. Image from [58]
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Gyrotaxis in Chlamydomonas

reinhardtii

The ability to navigate in response to physical stimuli is known as taxis, with specific
forms including phototaxis (light), chemotaxis (chemical gradients), gravitaxis (gravity),
and rheotaxis (flow fields). Phytoplankton motility, combined with ambient hydrody-
namic conditions, can improve the formation of thin layers. One mechanism which has
been proposed is gyrotactic trapping, wherein hydrodynamic shear disturbs the vertical
migration of motile cells. When cells encounter regions with a sufficiently intense shear
rate, they experience tumbling induced by the flow, confining them to specific depths.
Gyrotaxis is a combination of fluid velocity gradients effects and gravitaxis which is the
capability of some cells to exerts directional movement in response to gravity. Gravitaxis
can result from a purely physical mechanism: an example is given by Chlamydomonas
reinhardtii with a centre of mass that is shifted to one end of the organism and produce a
natural buoyant torque as shown in figure 4.1(a) [65].

Chlamydomonas reinhardtii is a unicellular green alga. It is widely used as a model
organism in various fields of biological research, including photosynthesis, flagellar
motility, and cellular responses to environmental stimuli. This microorganism has a
simple cellular structure, featuring two anterior flagella that enable motility, a single
large chloroplast for photosynthetic activity, and a well-defined cell wall. Its motility is
primarily driven by the coordinated beating of its two anterior flagella, which generate a

breaststroke-like motion (see Fig. 2.6(c)).
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As shown in Figure 4.1(b), C. reinhardtii exhibits a particular internal distribution
due to the posterior location of relatively heavy organelles, such as the chloroplast. This
results in the formation of a ’heavy bottom particle” that is subjected to gravitational
torque [46].

(a) (b)

mg

Figure 4.1: (a) Rotational torque exerted by gravity. The weight force is applied in
the shifted centre of mass and the buoyancy one is in the geometric centre of the cell.
The coupling will produce a rotation with respect to the geometric centre until the
vertical alignment is reached. (b) Schematic representation of the internal distribution
of organelles in Chlamydomonas reinhardtii. Notably, the chloroplast is predominantly

located in the posterior region of the cell.

Let us briefly introduce the mathematical formulation of this phenomenon, which will
be extensively used later for theoretical analysis.

The torque due to gravity is given by
T, = mgh(p X K) 4.1)

where p is the orientation unit vector, Kk is the vertical unit vector, mg is the weight force
magnitude, and / is the displacement of the centre of mass relative to the geometric centre
of the cell. For simplicity, we consider a spherical cell with radius R. The viscous torque

opposing the gravitational torque is given by:

7, = 8TuR’ w, (4.2)
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where u is the dynamic viscosity and w is the angular velocity [1]. In the steady state,

the sum of these two torques is zero, leading to
T,=1, = w=2B(pxk), (4.3)

3
where B = % has the dimension of time [47].

The rotation induces a time variation of the orientation given by
p=wXxp=2B(pxk)xp. (4.4)

Using the vector identity a X (b X ¢) = (a-¢)b— (a-b)c and the fact that p is a unit vector
(i.e.,p-p=1), we obtain

o1
P=7p [k-(p-KkK)p]. 4.5)

The right-hand side introduces an alignment to the vertical direction when p is not parallel
to k, and it vanishes when the two vectors are parallel. Furthermore, it is important to
note that B governs the time scale of vertical alignment and is derived for a spherical
particle. However, it can be shown that eq. (4.5) also holds for non-spherical particles,
with

B 4nR o,

B , 4.6)

mgh
where a; represents the resistance to cell rotation about axes perpendicular to p and it

could be computed with geometrical considerations [47, 46, 66].
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Chapter 5

Ocean dynamics: Surface Gravity

Waves

Ocean waves directly influence the distribution and dynamics of marine biomass. Waves
contribute to the mixing of surface ocean layers, promoting the upward transport of
nutrients from deeper waters to the surface, where phytoplankton can utilize them for
photosynthesis. Turbulence generated by waves also impacts the spatial distribution of
marine organisms, promoting the aggregation of species in specific habitats [67].

There are many types of waves commonly encountered in fluid mechanics such as
surface waves and internal waves. These are generated by oscillations, impulses, or
pressure changes that break a static equilibrium. Such perturbations can create wave
motion when coupled with restoring forces or pressure imbalances that allow oscillation
of the material, in an attempt to return the system to the equilibrium [68]. This chapter
focuses on the study of surface waves, with particular attention to the role of gravity as
the restoring force, from which the term gravity waves.

The simplest and most common gravity waves observed in nature are those that form
at the interface between two fluids with different densities, such as water and air. These
involve the motion of fluid particles both perpendicular and longitudinal with respect to
the propagation direction. In this analysis, Coriolis forces will be neglected due to the
small scales considered, and the wave amplitude will be assumed small enough to treat
the problem as linear [68].

In bidimensional coordinate, where x represents the horizontal axis and z the vertical
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axis, a monochromatic sinusoidal wave is described as follows:
n(x,t) = acos(kx — wt) (5.1)

where 7 is the elevation of the fluid surface relative to equilibrium, a represents the wave
amplitude, k = 27/A is the wavenumber, A is the wavelength, w = 27 f, given f as the

frequency, is the angular frequency (see Fig.5.1).

5.1 Linear Theory

The fundamental relations for gravity waves can be derived starting from the equations
for an ideal fluid. Consider the action of wind on the free surface between two fluids of
different densities, for example, air and water. When a fluid element, initially at rest, is
subjected to a disturbance, gravity tends to restore equilibrium. This generates the first
wave, which begins to propagate in the same direction as the wind. The continued action

of the wind can create a train of waves propagating in the same direction [69].

Figure 5.1: Diagram of a gravity wave on a fluid layer of depth A. The quantity n
represents the elevation of the fluid surface relative to the equilibrium condition z = 0.

Image from [68].

Referring to figure 5.1, let the seabed depth % be constant. Small amplitude waves
will be considered: thus, we assume a/h < 1.
The mathematical-physical study of this type of phenomenon is generally very com-

plex, so it is convenient to make some additional assumptions.
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We assume that surface tension, which could act as a restoring force, is negligible, as
it is estimated to be relevant only for 4 < 5 cm [68].

The fluid is also assumed to be incompressible, thus with a constant density p = const.
Due to this approximation, the continuity equation describes a solenoidal velocity field:

dp

dt+V~(pu) = V-u=0 (5.2)

where u = (u, v, w) is the velocity field [69].

We further assume the fluid viscosity to be zero, u = 0. While this condition is
typically unrealistic, it applies when the water is sufficiently deep. Only fluid portions
near the bottom experience friction with the seabed. The upper layers, in contrast, are
unaffected, making it reasonable to consider the fluid inviscid [68]. Finally, we assume
the fluid to be irrotational: V X u = 0. This last assumption allows for the definition of a

velocity potential ¢(x, y, z, t) such that

0¢ 0¢
=V = =— i w=——. .
u ¢ =i w 7z (5.3)
Equation (5.2) implies that
V-u=V-Vp=V2¢p=0 (5.4)

This is known as the Laplace equation and is valid in all the space, both in air and in

water. To solve it, boundary conditions must be applied:

» The vertical velocity at the seabed is zero:

0
w:—¢:0 for z=-h (5.5
0z
* A condition known as the kinematic boundary condition applies to the free surface
[69]. This condition requires that individual fluid particles cannot separate from

the bulk under wave motion. This implies that the particle velocity w = d¢/0z

must equal the temporal variation of the free surface n:

Dn dn on ¢
— =1 Vp=—+Vgp -Vn=— fi = .
D = 3 +u-Vpy o +V¢-Vn 7z or z=n(x,t) (5.6)

where the definition of the convective derivative and the velocity potential are used.
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* The last condition is the dynamic boundary condition, which involves continuity of

stress on the separating surface between the two fluids [68]. It is known that stresses
are divided into shear and normal stresses or pressures [69]. The former are zero,
as the fluid is inviscid, while the latter require that the water pressure equals the
air pressure near the free surface. By algebraically manipulating the Navier-Stokes

equation with the velocity potential [70], we get:

0 1y, _
6t+2(v¢) +gn=0 for z=n(x,1) (5.7

where in (1.2) the forcing term f is here substitute with the gravitational acceleration

g that is always along vertical direction.

The Cauchy problem for the Laplace equation is obtained:

V=0 for—h <z <n(x,1)

a¢

5.=0 for z=-h

on 90 (5.8)
E+V¢~V17:6—Z for z=n(x,1)

ap 1

ot §(V¢)2+gn:0 for z=n(x,1).

A useful strategy for the study of the problem is to introduce a series of dimensionless

parameters [71]. Without going into the details, two particularly relevant parameters can

be distinguished:

* The steepness parameter, defined as the product of the wave amplitude and wavenum-

ber: @ = ak. This parameter estimates the steepness of the wave profile. Alge-
braically the steepness multiplies the nonlinear term of the equation: to achieve a
linear approximation of the system, it is necessary to minimize steepness. The most

effective way to do this is by reducing wave amplitude.

* The parameter kh, called the shallow-water parameter which estimates the ratio

between depth and wavelength: kh — oo refers deep water and to the contrary

kh — 0 refers to shallow water.
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The aim is to solve the Cauchy problem in (5.8) to obtain an analytical expression for the
potential ¢ and compute the eulerian velocity field by solving (5.3). The full theoretical
derivation is outside of the scope of this work (for further detail see [68, 69, 70, 71]). The

velocity potential then becomes:

_aw cosh(k(z + h))
~ k  sinh(kh)

sin(kx — wt) (5.9

from which the fluid velocity components are found as:

cosh(k(z+ h))
sinh(k ) cos(kx — wt) (5.10)
_ sinh(k(z+h)) . 3
w= aw—sinh(kh) sin(kx — wt). (5.11)

This results are applicable for any value of kh. However, interesting simplifications
are provided for deep water kh — oo. The water depth on a typical continental shelf
is around 100m and in the open ocean it is 4km. Thus, the dominant wind waves in
the ocean act as deep-water waves and do not feel the effects of the ocean bottom until
they arrive near a coastline [68]. In the deep-water limit (kh — oo) the first term of the

velocity field could be rewritten:

cosh(k(z+h)) _sinh(k(z+h)) 4,
sinh(kh) . sinn(kh) ¢ o1

so the fluid velocity components for deep-water waves are:

u = awe** cos(kx —wt) and w = awe*? sin(kx — wr). (5.13)

5.2 Particle Transport: the Stokes drift

Another interesting feature of linear surface waves (i.e. small amplitude approximation)
is the fact that they are able to produce a net transport effect on free particles. Evidence
of this phenomenon can be observed along coastlines after a storm, where accumulations
of organic and inorganic material transported by the strong waves generated by the wind
can be found. To focus on what happens when a linear surface wave passes, consider the

fluid element that follows a path

Xp(1) = xp (1) ex +2p(1) €z,
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where e, and e, are directional unit vectors. The path-line equations for this fluid element

are described as follows:

dx, (1) Kz

7 u(xp,2p,t) = awe"*r cos(kx, — wt), (5.14)
dz,(t

Zzt( ) =w(xp,2p,t) = awekr sin(kx, — wt). (5.15)

The particle position could be described in a Lagrangian framework setting the follow

decomposition:
xp(1) =x0+&(1),  zp(1) =20+ (1),
where (xg, zo) is the average fluid element location and the element excursion vector (&, )

(see Fig.5.2(a)) is assumed to be small compared to the wavelength. This allows for a

Taylor expansion of the r.h.s:

dx, () ou ou
ke u(xp, zp, 1) = u(xo, 2o, 1) + & (E) +7 (6_z) ..., (5.16)
X0,20 X0,20
dz,(1) ow aow
ke w(Xp, 2p, 1) = w(xo, 20,1) + & (a_x)xo,z() +7 (6_Z)x0,20 +... (5.17)

Thus, the linearized versions are obtained by evaluating the limit¢é — Oand { — O, if

we assume a small amplitude, this implies small fluctuations of the particle with respect

to (X0, 20):
dé kzo
—= = kxy — wt),
7 awe" " cos(kxy — wt)
d
d_i = awe* sin(kxy — wi),

where x¢ and zg have been assumed independent of time. The two equations are easily

integrated:

& = —ae* sin(kxy — wt),

¢ = ae*? cos(kxo — wt). (5.18)

This linearization is valid when the velocity of the fluid element along its path is nearly
equal to the fluid velocity at (xg, zo) at that instant. Here we note that £(7) and {(z) are
entirely oscillatory and describe a closed circular orbit. When finite amplitude waves
are present and the limit for small £(¢) and () is no longer valid, fluid particles do not

trace closed orbits, but undergo a slow drift in the direction of wave propagation. This
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wave propagation
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Figure 5.2: (a) The average position of the particle is (xo, zp), and & and ¢ are small
time-dependent displacements in the horizontal and vertical directions, respectively. (b)
The Stokes drift. The drift velocity i« is a finite-amplitude effect and occurs because
near-surface fluid particle paths are no longer closed orbits. The mean position of an
initially vertical line of fluid particles extending downward from the liquid surface will

increasingly bend in the direction of wave propagation with in- creasing time.

phenomenon is called Stokes drift. It is finite-amplitude effect that causes fluid particle
orbits to take a shape like that shown in figure 5.2(b). The mean velocity of a fluid particle
is therefore not zero, although the mean velocity at a fixed point in space must be zero if
the wave motion is periodic. The drift occurs because the particle moves forward faster
when at the top of its trajectory than it does backward when at the bottom of its trajectory
(see eq. (5.13)). To find an expression for the Stokes drift, we start from the path-line
equations (5.16) taking into account the two terms in & and ¢:

dx, ()
dt

= u(x0, 20, 1) + a’wke 20 sin? (kxg — wt) + a’wke 2% cos? (kxo — wr)

= u(xg, 20, 1) + a’wke (5.19)

in which the last two terms come from eq. (5.18) and (5.13). The Stokes drift is the time
average of (5.19). However, the time average of u(xo, zo,?) is zero. Thus, for a generic

quote, the Stokes drift is given by :

Its surface value is a’wk, and the vertical decay rate is twice that for the fluid velocity
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components. Therefore, the Stokes drift is confined very close to the sea surface and it is

strongly affected by the amplitude and thus by the non linearity.



Chapter 6

Microswimmer trapping in surface

waves with shear

Here, we explore the behavior of microswimmers in ocean, highlighting effects that are
crucial for light-seeking phytoplankton [72, 73, 74]. This parallels recent works on passive
particle transport in surface gravity waves [75, 76, 77,78, 79]. In particular, the aim of this
section is to extend previous work in [74], which examined how microswimmers interact
with a wavy background flow, to also consider gyrotactic and settling microswimmers
within a more general flow configuration that includes a wind-driven shear superimposed
on surface waves, a situation typically encountered in oceans [80]. The multiscale
approach is used to analyse the most general system of negatively buoyant non-spherical
gyrotactic swimmers in surface gravity waves with a wind-driven shear, followed by
specific sub-cases that neglect certain aspects. In general, both gyrotaxis and shear
introduce new orientation effects that change the topology of microswimmer trajectories.
Specifically, there are particular trajectories in which microswimmers are confined to a
particular depth. By considering stability and observability of the trapping behaviour,
we show how the depth at which microswimmers are trapped depends on the balance of
different effects. Overall, these trapping features of the system present new mechanisms

that may contribute to the formation of thin phytoplankton layers in the ocean [58].
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Figure 6.1: Definition sketch of the problem. (a) A prolate gyrotactic microswimmer
swims with velocity V; along its symmetry axis; settles with velocity V,; and re-orients
against gravity with characteristic timescale B. It interacts with a flow field induced by
surface waves of amplitude a and wavenumber k, superposed on a linear shear with shear

rate 0. (b) Definition of the orientation vector p and associated angles ¢ and 6.

6.1 Mathematical model and multiple-scale analysis

Let’s consider axisymmetric ellipsoidal microswimmers whose dynamics of position and

orientation are described by (see figure 6.1):

Xx=u+Vyp-Vek (6.1a)

1
p=Qp+A[Sp-(p'Sp)pl + 5[k - (k- p)p]. (6.1b)

In the first equation, which describes the microswimmer’s velocity, there are three terms
on the right-hand side: fluid transport, swimming, and settling, respectively. The mi-
croswimmer moves with a constant swimming velocity V in the direction of its symmetry
axis p. The effect of negative buoyancy is taken into account by adding a constant vertical
sinking velocity v, = —V,K, with k being the unit vector in the vertical (z) direction. For
the main body of this work, we assume this simplified form of the settling velocity, ne-
glecting the dependency of the settling velocity vector on the microswimmer orientation
(see Appendix A.2 for details). In the second equation, the first term is the Jeffery equation
and describes the evolution of the particle’s orientation (as explained in section 1.3) and
the second one is the gyrotactic term describing bottom-heavy microorganisms [47, 49],

which, in the absence of a flow, orient themselves against gravity with the characteristic
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re-orientation time B (see section 4 for details). For the sake of brevity and because
it captures the main phenomenology, only 2D dynamics is considered. Thus the mi-
croswimmer axis p is restricted to the x-z plane and orientation is denoted by the angle
measured relative to the vertical direction (p, = sin¢ ; p, = cos ¢) as shown in figure 6.1.

The fluid velocity field here considered is a monochromatic surface gravity wave
travelling in the x direction. Under the assumption of small wave amplitudes and deep
water, the velocity field, which is incompressible and irrotational (i.e. € = 0), is a solution

of the Euler equations and given by

uy = awe*? cos(kx — wr) (6.2a)

u; = awe** sin(kx — wt), (6.2b)

where z < 01s the vertical domain (where z = 0 denotes the average surface position),
a is the wave amplitude, k is the wavenumber, and w = \/g—k is the angular frequency.
As a generalization of the simple monochromatic gravity wave, we introduce an
additional shear velocity that represents the effect of wind on the surface velocity and,
consequently, on the underlying fluid layers [80]. A simple model for the shear is
given by an exponentially decaying velocity uy shear = o €xp(z/) where § represents a
characteristic depth. In order to simplify the analytical treatment we linearize the shear
profile (for z > —p) as
Uy shear = O (B + 2), (6.3)

with o = uo/f being the shear rate.

In what follows all lengths and times are made dimensionless using k and w, re-
spectively. The resulting non-dimensional parameters are the wave steepness @ = ak, the
dimensionless shear rate o’ = o | w, the dimensionless shear depth 8’ = Bk, the swimming
number v = kV/w, the settling number v, = Vok /w and the stability number ¥ = Bw.
Hereafter, the primes are removed for the sake of notational simplicity. Equation (6.1)

takes the 2D dimensionless form
X =ae‘cos(x —t)+vusing+ (B +2) (6.42)
Z=ae‘sin(x —1) +vcos ¢ — v, (6.4b)

. 1
¢ = Adae*cos(x —t +2¢) — >y sin ¢ + %(1 + Acos2¢). (6.4¢)
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The range of validity of the model in equation (6.4) is —8 < z < 0, where the lower limit
is determined by the linearization of the shear and the upper limit is determined by the
requirement that the swimmer remains below the average surface position. In numerical
simulations of (6.4), trajectories are stopped when z is outside the range [-, 0].

The dynamics of swimmers is characterized by fast oscillations at the surface wave
frequency superposed with a slower trend at a longer timescale. Following the approach
of [74], we implement a multiple timescale expansion to remove the fast oscillations by
introducing the slow timescale 7 = €2¢. The magnitude of the parameters are assumed to

scale as follows:

o> ex, U— ezv; pl 2 pl. v, — ezvg; o — eXo. (6.5)

From the multiple timescale expansion [81], it is possible to obtain the following differ-
ential equations for the T-dependent slow variables (represented by capital letters) as a

solvability condition at order €> (see Appendix A.1 for details):

X =a’e* +usin®+ o (B + 2) (6.6a)

OrZ =vcos® - v, (6.6b)
2 27 [ g

or® = da“e““[cos(2P) + 1] — 9 sin® + 3(1 + Acos(29)). (6.6¢)

The first equation in (6.6) describes the horizontal motion and the first term represents
the Stokes drift [82, 83] which is always positive (in the direction of the waves) and can
be enhanced or reduced by the other terms, as will be discussed in the following.

Remarkably, the dynamics of Z and ® is independent of X, so we can study the
two-dimensional system (Z, ®) separately. In the plane (Z, ®) we find two fixed points

(Z*,®%) and (Z~,®") given by

®* = + arccos(r) (6.7)

where r = vg /v > 0 is the ratio of the swimming speed to the sinking velocity, and

+VI =2 - Wo (1+4(2r2-1))

Zi
2Wia2 (1+2r2 - 1)

=

In (6.8)

The existence of the fixed points requires r < 1. Indeed the physical interpretation is that

if r > 1 (i.e. vy > v) the swimmers sink and no fixed point can be reached. Depending
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on the stability of the corresponding solution, the existence of a fixed point can result in
an effective trapping of some swimmer trajectories within a finite depth from the surface.
This is the main finding of this work and it will be discussed in detail in the following

sections.

6.2 Analysis of the fixed points and their stability

To clarify the results, this section provides a detailed study of the existence and nature
of the fixed points in the (Z, ®) space with three different limits in which one or more

ingredients of the model is disregarded.

6.2.1 Pure Gyrotaxis

Let’s start by considering the case of a neutrally buoyant (v, = 0, i.e. r = 0), gyrotactic

swimmer (¥ < +c0) in the absence of shear (- = 0). In this limit equations (6.6) simplify

to
OrX = a*e** +usin® (6.9a)
orZ =vcos® (6.9b)
1
Ir® = da*e* [cos(2®) + 1] — 9 sin ®. (6.9¢)

The fixed points (6.7, 6.8) then become

+ 1

O* = 4n/2, Z*=lln|—moo
7/ 2 w2 1)

) (6.10)
and therefore we have only one real fixed point (Z~,®~). The stability analysis of this
fixed point gives the eigenvalues 12 = +i \/v/_‘l’ , meaning that the fixed point is neutrally
stable. For the fixed point to be of physical relevance, i.e. to be below the water surface
(Z < 0), the argument of the logarithm in equation (6.10) must be smaller than one,
implying the observability condition

1
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Figure 6.2: Numerical simulations for the pure gyrotactic case with 4 = 0.6, = 0.1,
¥ = 103 and v = 0.01. Lines with different colours represent trajectories starting from
x = 0 at different depths z and at a fixed initial orientation ¢ = —x/2. The blue horizontal
line is the average surface of the fluid. (a) Representation of the neutral fixed point
(®~ = —n/2, Z= = —0.7843) in phase space. Black lines represent two examples of
slow dynamics as average of fast oscillations. (b) Real space representation of the same
trajectories. Waves propagate from left to right, while the swimmers swim in the opposite
direction. The closed orbits in panel (a) correspond to swimmers trapped between two

depths below the sea level.

Since 4 = O(1) and, for linear waves, @ < 0.1 the above expression requires that
¥ = Bw = 0(10%). Therefore, depending on the wave frequency, the existence of a
fixed point below the water surface may require a very long gyrotactic relaxation time
B. Such large values of B have been observed for chains of gyrotactic cells, see e.g.
[84]. In figure 6.2 the prediction of the multiple-scale analysis is shown and it accurately
predict the behavior of the full dynamics obtained by numerical simulation of the original
equations (6.4) withA = 0.6, = 0.1, ¥ = 103 and v = 0.01. Indeed, we observe a family
of trajectories centred on the fixed point, the outermost of which extend roughly from the
surface to a few times Z~ in depth. The orbits starting further away from the fixed point
end up crossing the surface and cannot be consistently treated within our model.

Let’s focus on the horizontal (X) dynamics. The first equation in (6.9) evaluated at

the fixed point (6.10) gives the horizontal velocity

1

aTX = m —U. (612)
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Figure 6.3: Attractive fixed point in the gyrotactic case with a settling velocity. The
parameter values 4 = 0.6,V = 103, r = 0.7 (ie. v = 0.01 and v, = 0.007), and
a = 0.1 result in Z* = —1.14. Lines with different colours represent trajectories starting
from x = 0 at a fixed depth z = -5 and different orientations in ¢ € [0,27]. All
trajectories converge to each other. (a) Dynamics around the fixed point in phase space.
(b) Corresponding real space representation. Both the waves’ propagation and swimming

are from left to right.

In general, the swimming direction (with speed v) is opposite to the Stokes drift (given
by the first term in (6.12)). In the limit of large P, the fixed point moves to large negative
Z: the Stokes drift is negligible and the horizontal motion is dominated by the swimming
term. Under the observability condition (6.11), one can show that swimming term in

2

(6.12) dominates also when v > a“, as in the example shown in figure 6.2.

6.2.2 Gyrotaxis combined with Settling

The second discussed is the case of negatively buoyant (v, > 0) gyrotactic swimmers
(W < +00), still in the absence of shear (oo = 0). The equations for the slow variables are
still given by (6.9) with the equation for Z modified to 0rZ = v cos ® — v,, so that the

fixed points become ®* = + arccos r (as in (6.7)) and

1 + Vl—r2
Zt=21 : 6.13
2 M 2Wa2(a+ 22— 1) (6.13)
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as easily derived from (6.8) for o = 0. The domain of existence of the fixed points is

(P,Z)eR & 0<r<,/%(1—ﬂ) (6.14a)

(@, ZH eR & J3(1-) <r< 1. (6.14b)

The eigenvalues associated to the fixed points (&7, Z7) are

r(3-2r2+ ) £ r2(3 -2r2 + )2 - 16¥(1 - r2)(2r2 — 1 + 1)2
49 (2r2 - 1+2) '

Mma=- (6.15)

It is easily checked that the eigenvalues always have a positive real part and therefore
the fixed point (®~, Z7) is unstable. Clearly, in the limit » = O the eigenvalues become
imaginary and recovers the results of the previous section 6.2.1.

The eigenvalues associated to the fixed point (®*, Z*) are still given by (6.15) but,
in this case, in the domain of existence the real part of the eigenvalues is negative and
therefore (®*, Z*) is stable. The observability condition (i.e. Z* < 0) is more complicated
than in the previous case since it involves a combination of the parameters ¥ and r, and
will be discussed in the context of numerical simulations below. Figure 6.3 shows how
several trajectories converge, asymptotically oscillating around a mean depth Z*.

As for the horizontal dynamics, once the attractive fixed point (®*, Z*) is reached,
the motion is given by

Vie?
T 2WA(A- 1+ 2r2)

A (6.16)

In the domain of existence of the fixed point, both terms in (6.16) are positive, and

orX

therefore in this case the Stokes drift is enhanced by swimming.

6.2.3 Pure Shear

The last case considered is the one with a neutrally buoyant (v, = 0), non-gyrotactic
swimmer (¥ — o0) in a velocity field characterized by waves with a linear shear (o # 0).

From (6.6) the equations are
X =a’e* +usin®+ o (B + 2) (6.17a)
orZ =vcos® (6.17b)

Ir® = Aa*e* [cos(2®) + ] + %(1 + Acos2d). (6.17¢)
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The system has two fixed points, which can be obtained from (6.8) for r = 0 after taking
the limit ¥ — oo, given by ®* = +7/2 and
1 o
Z"=-In|—=|. 6.18
2 H[Z/laz] (©.18)

The observability condition Z* < 0 in the existence domain requires that
0<o <21”. (6.19)

The stability analysis for the fixed point (-n/2,Z*) leads to the eigenvalues 1, =
+i \/m for (-n/2,Z), i.e. a neutral fixed point, while (7r/2, Z*) is unstable since
N = J_r\/m . Thus, the dynamics in the plane (®, Z) is qualitatively similar to the
case of pure gyrotaxis discussed in section 6.2.1, as shown in figure 6.4 (to be compared
with figure 6.2). We remark that for typical values 4 = 0.6 and @ = 0.1, the observability
condition becomes o < 0.012 which, as we will see, is a number compatible with values
observed in the ocean.

The horizontal dynamics at the neutral fixed point is in this case given by

(o8

0TX:ﬁ—v+0'(B+Z) (6.20)

with Z* given by (6.18). The Stokes drift (first term in (6.20) is proportional to the shear.
Since in the model of the shear we assume |Z| < S, the last term is also positive, while the
swimming contribution is negative, i.e. opposite to the direction of waves and the shear.
The resulting horizontal motion depends on the parameters and can be either upstream
or downstream as in figure 6.4. We remark that this result is consistent with the multiple
scale analysis in which v and o are both second order terms: their relative magnitude

controls the sign of the horizontal velocity.

6.3 Discussion

The analysis in the previous sections has been carried out in dimensionless variables.
The applicability of the results is now discussed in the context of realistic values for
the dimensional parameters. Figure 6.5 summarizes the different cases discussed in the

chapter. The wave steepness and the particle elongation are fixed respectively to @ = 0.1,
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Figure 6.4: Fixed point in the case with shear only. Parameters are o = 1073, 8 = 100,
A1=0.6, ¢ =0.1, and v = 0.01, which results in Z ~ —1.24. Lines with different colours
represent trajectories starting from x = 0 at different depths with a fixed initial orientation
¢ = —n/2. (a) Dynamics around the fixed point in the phase space representation. (b)
Corresponding trajectories in real space. The waves’ direction is from left to right.
The mean velocity is left to right despite the swimmer’s upstream orientation, as in this

particular case transport is dominated by shear.

which is a reasonable value for linear waves as used in our model, and A = 0.6 that
is in the range of typical values for gyrotactic microorganisms [57]. All plots refer to
the analytical solutions for the depth Z* of the fixed point (stable or neutral) varying
one or more parameters in the different limits discussed in section 6.2. The range of
wavenumbers k is chosen to be in the range of values typical of wavelengths encountered
in the ocean [85]. Recall that physically one must have Z* < 0, which corresponds to the
observability condition z* < —a in dimensional form with an oscillating surface.

The pure gyrotactic case is described in figure 6.5(a), where the depth of the fixed point
equation (6.10) is plotted as a function of the wavenumber and the gyrotactic orientation
time B. The plot shows that, for typical values of k, negative values of z* are obtained for
large values of B, outside the the typical range (of a few seconds) cited in the literature
[86, 42]. For example, the case discussed in figure 6.2 with k = I m~! corresponds to
B ~ 300s and a depth of the fixed point z* ~ —0.8 m. In this case, the Stokes drift
velocity in (6.12) is O(1) cms™!, much larger than typical swimming velocities. Thus,
there is no trapping behaviour for neutrally buoyant gyrotactic organisms swimming in

waves without shear with realistic re-orientation times.
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Figure 6.5: Depth of the fixed points as a function of the parameters in the different
regimes for « = 0.1 and 4 = 0.6. (a) Pure gyrotactic case (Sec. 6.2.1). Negative
values of z* requires large values of B. (b) Gyrotactic and settling case (Sec. 6.2.2) with
wavenumber k = 0.1m~!. Large negative values of z* are obtained for large values of B
and r close to one. (c) Gyrotactic and settling case (as in (b)) with r = 0.9 as a function
of k. The depth is a non-monotonic function of k& with a absolute minimum (maximum
depth) that is dependent on B: greater B implies deeper depth. (d) Shear case (Sec. 6.2.3)

as a function of wavenumber and shear intensity.

Let’s consider the case of sinking gyrotactic microswimmers. Figure 6.5(b) displays
the depth z* of the fixed point as a function of B and r = V,/V; at fixed wavenumber
k = 0.1 m~!. Even considering large values of B, a negative value of z* requires r = O(1),
ie. a settling velocity V, close to the swimming speed V. This is not common in
swimming microorganisms, since motility is often assumed to evolve as a way to escape
sinking through the water column. For example, Chlamydomonas reinhardtii swims with
speed 50—70 um/s~! while its sedimentation speed is only 2.5 um/s~! [86]. Figure 6.5(c)

shows the depth of the fixed point as a function of k for two values of B (at fixed » = 0.9).
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Remarkably, the position of the fixed point is non-monotonic in k and the position of the
minimum value depends on the value of B.

Finally, here is explained the case of swimmers in waves with a shear, in the absence
of gyrotaxis and sedimentation. Figure 6.5(d) shows the depth of the fixed point z* as
a function of the wavenumber k and the shear rate 0. The observability condition in
this case requires small values of the shear rate o < 1072s~! which are common in the
ocean [87]. In this case, confinement at a few meters below the surface is compatible with
realistic values of the parameters. Using the parameters of figure 6.4, with a wavenumber
k = 0.2m™!, the horizontal motion (6.20) is dominated by the shear term and the swimmer

moves downstream.
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The study of motility in swimming animals and microorganisms is a captivating
subject in the biological realm, covering various aspects such as feeding, reproduction
and prey-predator interactions [88, 89] with potential applications to biomedicine [90].
Additionally, it extends to the field of biological-inspired intelligent navigation [91, 92].
Moreover, in recent years, a growing amount of research has focused on wet active
matter [93], i.e. dense suspensions of swimmers moving in a viscous fluid where the
hydrodynamic disturbances are a key mode of interaction. Consequently, the dynamics
of a single swimmer becomes the focal point of numerous experimental [94, 95, 96,
97], theoretical [98, 112], and numerical investigations [99, 100, 101, 102, 103]. The
overarching goal is to model the dynamics of a single swimmer in its environment and
understand how the interaction of these organisms influences global behavior and the
background flow field, leading to collective organized motion [104, 105, 103, 106, 107].

The modelling of microswimmer locomotion encompasses theoretical frameworks
such as the waving sheet model and the squirmer model (see §2.3), as well as simplified
models designed for numerical simulations. The latter focus not on the mechanisms
driving locomotion, such as cilia or flagella, but rather on the effects that the motion of
the swimmer induces in the surrounding fluid. These effects are formally analysed as
perturbations of the velocity field, which consequently modify the flow structure around

the swimmer body.
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Chapter 7

Introduction to simple swimmer models

In the context of studying collective motion of microswimmers, it is important to un-
derstand how the swimmers perturb the fluid itself and influence the motion of nearby
swimmers. To this end, we will not approach numerical simulations with the primer
aim to resolve the boundary condition problem around an individual swimmer. Thus, we
will instead shift our analysis to the far-field, assuming the swimmers’ bodies as rigid
and non-deformable. Such assumption allows for some analytical treatment, as shown
in previous chapters, facilitating insights into the pairwise interactions. In this section, a
brief overview of the models that have inspired this work will be presented.

The behaviour of a swimmer can be described by considering two opposite forces
exerted on the fluid, as illustrated in paragraph 2.2. This idea can be implemented by
conceptually dividing the swimmer into two halves: one responsible for propulsion and
the other subjected to the no-slip condition which governs the interaction between the fluid
and the swimmer’s body [108]. This division is not overly abstract considering that in
many organisms the locomotory apparatus is located far from the main body, as observed
in sperm cells or Chlamydomonas reinhardtii. Itis therefore a natural minimal assumption
to model the swimmer using a dumbbell model [109, 110]. Such a minimal swimmer
model, frequently found in literature, captures the leading-order far-field effects without
specifying in detail the swimmer’s shape or its propulsion mechanism. Each swimmer
is modelled as a rigid, neutrally buoyant dumbbell composed of two beads connected by
a rigid rod of fixed length. Each spherical bead is the support of a volume force: all

drag on the swimmer is concentrated on the two beads and propulsion force involve only
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on one of the two. Conservation of momentum is achieved applying a constant point
force on one of the beads and an equal and opposite force to the surrounding fluid (see
Fig.7.1(a)). In this framework, the force balance on bead 1 of each swimmer (neglecting
inertia) is F, + F. + Fp = 0 and the same for bead 2 without the propulsion. Here F), is
the force exerted by the flagellum on the bead and F. is the force that enforces the rigid
rod constrain. The drag force Fp is implemented via a no-slip condition. In practice the
flagellum is described by a phantom particle whose propulsive contribution is applied on
one of the beads along the rectilinear swimming direction.

The natural evolution of this model involves the introduction of a third bead to represent
flagellum and allow for a finite body length defined by the two rods connecting the beads
[111, 112]. The length of rods is kept constant using various strategies, and the position of
the flagellum-bead is determined a posteriori, in the direction of the dumbbell, following
the dynamics of the body-beads. In this formulation the propulsive force is applied on the
third bead and the propulsion is transferred to the main body thanks to the rigidity of the
rod (see Fig.7.1(b)). The introduction of a third bead increases the swimmer’s degrees of
freedom. It is possible to define an angle between the flagellum and the body. Indeed,
the flagellum (hence the propulsion) describe an arbitrary angle with respect to the body,
resulting in a curved trajectory. If the angle of the flagellum is kept constant, the resulting
trajectory of an isolated bent swimmer is circular. For this reason, this configuration
is commonly known in the literature as circle swimmer [129]. This motion is therefore
planar due to the presence of a single angle in the swimmer geometry.

Furthermore, it is important to note that the number of spheres could be increased. It
is possible to have a denser distribution of beads to achieve, for example, a more precise
description of the interaction with the fluid [113, 114] or increase the swimmer’s degrees
of freedom with the introduction of more bending angles that allow non planar motion

[115,116].
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Figure 7.1: (a) Bead-rod-dumbbell model of a swimmer. The flagellum is represented by
a force exerted on one of the beads of the dumbbell, and a force in the opposite direction
exerted by the dumbbell on the fluid. Image from [109]. (b) 3-beads model: the flagellum
is modelled with a third sphere physically separated from the body.
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Chapter 8

Modelling straight and circle swimmers

This chapter aims to propose a swimmer model based on immersed boundary methods.
The IB method [117], initially developed to simulate blood flows into the heart and
vessels, has found applications in various biological fluid dynamics problems [118, 119,
120, 121, 122], including animal locomotion [123, 124]. In essence, the method treats the
elastic material as part of the fluid: body motion is obtained by interpolating the forces
due to fluid stress onto a set of points representing the surface of the immersed body,
and the body feedback on the fluid is applied by using the same interpolation method.
This allows the straightforward application of Navier-Stokes (NS) solvers to complex
flow geometries without the constraint of a boundary-conforming grid, which is valuable
especially in the case of biological problems, where non-static walls or bodies are the
norm. In this framework, the NS equations are solved using a standard pseudo-spectral
solver [125, 126, 127, 128] on a regular, triple-periodic grid, while each swimmer is
represented by as few as three Lagrangian points whose geometry is prescribed by the
internal forces. Two kinds of swimmer will be considered: a straight-swimming model in
which the beads are in a line and, in a still fluid, move in a straight line with a stationary
velocity proportional to a fixed propulsion force, also parallel to the swimmer itself; a
model in which the flagellum and the body are at a constant angle, which at stationarity
swims in a closed, circular trajectory. Based on previous literature this is called circle

swimmer [129, 130, 131, 132, 133].
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8.1 The immersed boundary method for a microswim-

mer
(a) (©)
X1 fp fis X2 fiB X3 ¢
(b) / fIB
X3 X3 ®/
fis - fis 3 fp n

Figure 8.1: Schematic view of the model swimmer. (a) Three-sphere model for a pusher.
The red vector £, is the propulsion force per unit of mass (i.e. acceleration) that allows
the motion. The blue vector is the acceleration due to the no-slip condition. The grey
arrows are the forces exerted by the pusher on the fluid. (b) Three-sphere model for a
puller. Notice that the position of beads 1, 3 is exchanged with respect to panel (a). In
both cases the swimming direction is from left to right. (c) A generic configuration for a

pusher with a non zero angle ¢o between the body and the flagellum.

It is reasonable to split the swimmer in two parts: a body and a flagellum. Following
[113, 114] both the body and the flagellum are represented via a linear distribution
of spherical beads connected by inextensible rods. Flagellum dynamics is not directly
modelled (as shown in section 2.3.1) and the effects of propulsion are taken into account
via localized forces applied to the fluid. The swimmer’s body and flagellum are connected
by inextensible rods whose configuration is held constant by internal forces, making the
swimmer’s shape rigid and inextensible. At each bead, a point force acts on the fluid.
The nature of the forces acting along the body differs from those along the flagellum
[108]. The body is considered as a rigid structure immersed in the fluid, along which no-
slip conditions are assumed for the fluid velocity. The no-slip conditions are numerically
enforced with a strategy derived from the IB methods, which will be described shortly. As
a consequence, the body exchanges momentum with the fluid through viscous interaction,
with no further modelling needed. On the contrary, the flagellum beads are not subject

to no-slip conditions: they are instead used to apply the propulsive force onto the fluid,
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while momentum conservation is guaranteed by applying an opposite force on the beads

themselves and, thanks to rigidity of the rods, to the whole swimmer.

The simplest, bead-based swimmers proposed are made of two beads, i.e. one for
the body and one for the flagellum [113]. As discussed above, the flagellum bead is not
directly influenced by fluid velocity. It follows that a two-beads swimmer, with only one
affected by the flow, is unaffected by velocity gradients along its body and, consequently,
cannot behave as a passive rod in limit of vanishing propulsion. The minimal swimmer
must therefore have at least two beads with no-slip boundary condition to describe the
body. In principle, one bead is sufficient to describe the flagellum. It was shown that,
if the same number of beads are used for the body and the flagellum, the velocity field
surrounding the swimmer in steady motion is qualitatively similar to that produced by a
force doublet [113]. In the following we will consider the simpler three-bead swimmer
model, in analogy to previous theoretical [112] and numerical works [109, 111], which
studied similar models with slightly different approaches. One of the novelties of the
present approach is the possibility to have curved trajectories, when the three beads are
not collinear. In perspective, one can dynamically change the body-flagellum geometry
allowing for controlling the swimming direction. The latter property can be exploited
to model the dynamics of microrobots to be employed, eg., in biomedical applications

[90, 134].

Figure 8.1(a) represents a sketch of the three-sphere model for a pusher. The flagellum
bead is labelled as 1. The force acting on it is the propulsion force per unit mass f,,. This
force is considered as fixed in modulus and parallel to the flagellum rod connecting beads
1 and 2. The inextensibility of the connecting rods implies that a similar force is applied
to the body beads so that, in an otherwise still fluid, the resulting movement relative
to the fluid produces on the body beads two drag forces, denoted as f;p in the figure,
in the opposite direction. Equal and opposite forces (indicated in gray) are applied to
the fluid in the corresponding positions and guarantee momentum conservation. The
model for pullers (Fig. 8.1(b)) is obtained by reversing £, relative to the body. A generic,
non-collinear configuration is shown in figure 8.1(c). When the flagellum is at a fixed
non-zero angle with the body, the swimmer moves on a circular trajectory. For this reason

the common name used for this configuration is circle swimmer [129, 130, 131, 132, 133].
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8.2 The numerical implementation

As outlined above, the swimmer is described in terms of N spheres with centres at the
points x;, with i = 1, .., N. In what follows the cases N = 2 and N = 3 are shown and
let’s assume that the 3D Eulerian problem of the evolution of the velocity field u(x, ¢) is
discretized in space on a uniform grid with grid spacing h, = hy, = h; = h equal along
all the axes. If the radius of the particles is comparable with 2 the 3D Navier-Stokes
equations take the form

Du Vp N F;

Dr - —E+ vAu + 2 W(D(X—Xi), (8.1)
where p is the fluid density, v the kinematic viscosity, F; is the force applied on the fluid by
the sphere in x;. As typical with immersed boundary methods, the forces are regularized
by spreading their effects on the nearby grid points with the function ®(x), which has
the following properties: ®(x) > 0; ®(x) = 0 for |x| > nh, with n not necessarily
integer, i.e. it has support over a finite stencil surrounding the particle; normalization, i.e.
2ixegria ©(X) = 1 (sum over the points x of the numerical discretized domain) [119, 121].

The definition of ®(x) has been chosen following [135]:

%(1 + V3P +1 ) x| < 0.5k

D(x) = 11 (5 ~3Ix] - V=3(1 - X2+ 1 ) ., 0.5h<|x| <15h (8.2)

0, otherwise.

The Lagrangian problem associated with the motion of the swimmer requires the
knowledge of the fluid velocity u(x;) at the position of each bead, which is defined as a
weighted average of the fluid velocity surrounding the bead

u(x;) = Z u(x)d(x — x;). (8.3)
xegrid

For what concerns the forces, as discussed above, the flagellum and the body are treated
differently. A flagellum bead is characterized by a constant propulsion force contributing
an acceleration f,, applied on the bead along the flagellum. An equal and opposite force

is applied on the fluid to guarantee conservation of momentum. A body bead is instead
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part of a material boundary along which the natural no-slip condition applies. In line
with the IB strategy, each body bead is subjected to the acceleration f;5 = S(u(x;) — v;),
where v; is the velocity of the i—th bead and S is a large, positive numerical parameter.
Also in this case a force of opposite sign is applied to the fluid. Such IB forces lead to
the reciprocal relaxation, with a characteristic time 8~ of bead and fluid velocities to
the same values, thus enforcing the no-slip condition. Clearly S affects the relative error
on the implementation of the no-slip condition. If the swimmer moves with a constant
swimming velocity vy in a still fluid the IB forces are the equivalent of the viscous drag
forces so one must have f;p =~ vg/1g, with 75 an effective Stokes time of a bead which can
be estimated from the parameters obtained with the fitting procedure described below.
This implies that [u(x;) — v;|/vs = (158)7".

The resulting equations of motion for a 3-bead swimmer are:

Vi = fom + Appn + gty

V2 = —=Appng + Axzny — S (v2 —u(x2)) + gto (8.4)

V3 = —Apnm — S (v —u(x3)) +gt3

In these equations A;; denotes the Lagrange multiplier associated with the inextensibility
of the rod connecting beads i and j, n; and n, are unit vectors parallel to the rods and
gt; are stiff elastic forces acting normal to the rods and implementing the constraint of
fixed angle ¢ (see Fig. 8.2). Thus the magnitude g is computed in dependence to the

difference between ¢ and ¢ as follows:

g =—a(¢ — o), (8.5)

where a is a constant setting the stiffness of the spring which keeps ¢ close to ¢g. The

individual terms and the geometrical description are discussed in details in Appendix B.2.

The evolution of the Eulerian velocity field is realized by means of a standard, fully
de-aliased, pseudo-spectral code [127, 128]. Although both the model and its integration
are fully three-dimensional, in the following, for the sake of simplicity in visualizing the
results, the problem is restricted to the (x,y) plane by a suitable choice of the initial

conditions for the swimmers.
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Figure 8.2: Schematic view of the model swimmer. The internal forces g;, g, and g3

allow to control the angle or keep it fixed.

The rhs of both (8.1) and (8.4) have the dimension of forces per unit mass. As detailed
above, each force F; in the last term of (8.1) is due to conservation of momentum and is
the opposite of forces acting on the beads and causing the propulsion acceleration or the
relaxation to fluid velocity. Denoting one of the Lagrangian accelerations as f; in (8.4),

one must have F; = —mf; where m is the bead’s mass. For a spherical bead we can write

—f; R? = —fic, (8.6)

. . . 3
where p and R are the bead’s density and radius, respectively and ¢ = %ﬂpﬁo (%) deter-
mines the relative intensity of Lagrangian acceleration and feed-back on the fluid. For

simplicity, in the following, only neutrally buoyant swimmers are considered (p = po).

8.2.1 Fixing the numerical parameters

AtRe < 1 an approximate analytical solution for the creeping flow can be easily obtained
and used to fix the numerical parameters. This is achieved by analysing the simpler case of
a pusher consisting of two beads connected by a rigid, inextensible rod (see Fig. 8.3(a)).
One of those beads represents the flagellum and one the body and this configuration
produces two opposite forces on the flow and, therefore, an approximate force dipole field

which decays as r~2 in space [94]. Let 1 and 2 be the index of the flagellum and body
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beads respectively, in this case the equations of motion (8.4) simplify to

Vi = fyn+An
8.7)

V2 = —An - B(v2 —u(xz)),
where n = (x, — X1)/|x2 — x1| and A is the Lagrange multiplier associated with inexten-
sibility.

The value of ¢ in (8.6) can be fixed by using the (approximate) analytical solution
of the Stokes flow around the two spheres, i.e. equation (1.7). Let L represent the
distance between the spheres moving at velocity vy. The swimmer Reynolds number is
taken as Re = v;L/v = 1072, and the longitudinal component of the fluid velocity along
the swimmer’s axis is then computed. Periodicity of the domain is taken into account
by considering the images in the three directions. Figure 8.3(b) shows the comparison
between the analytical (discussed in Appendix B.1) and numerical results, which gives
the fit ¢ ~ 5.58, corresponding to R ~ 1.1A. The analytical solution in the regions within
the effective radius of the beads (the gray regions in Fig. 8.3(b)) is excluded from the
comparison since it is singular and unphysical. The numerical solution, on the other hand,
is well behaved also in those regions. The consistency of the definition of ¢ has been
tested by verifying that it is not affected by the resolution of the grid (up to 256> points)

and is also independent of Re when Re < 1.

N

2 4

RS —
fp fIB -1 ‘ ‘
-4 -2 0

x/L

Figure 8.3: (a) Scheme of a two-sphere pusher. The gray arrows are the forces exerted
by the pusher on the fluid. (b) x-component of the velocity field along the swimming
direction produced by the two-sphere pusher with Re = 1072. The red line represents the
analytical Stokes solution, blue points are the numerical values computed with ¢ = 5.58

with resolution 643.
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8.3 Numerical results for rectilinear swimmers

Now we consider the case of rectilinear swimmers composed of three spheres connected
by two rods of length L. In Fig. 8.1 bead 1 represents the flagellum, while beads 2 and 3
define the body. The whole system is considered rigid and inextensible. Inextensibility is
enforced via Lagrange multipliers while bending rigidity is guaranteed via stiff springs,
which is sufficient to prevent oscillations. The length of the swimmer is defined as the
distance L between the two body-beads, thus neglecting the presence of the flagellum.

Therefore, the Reynolds number is defined as in the case of two-sphere model Re = v L /v.

8.3.1 Single swimmer

The results of a numerical simulation of a single 3-bead swimmer moving with constant
velocity, at Re = 1072, in an otherwise quiescent fluid are shown in figure 8.4. In
figure 8.4(a), a 2D section of the 3D domain containing the pusher is shown. At the
stationary state, from eq. (8.4) one must have f, = —B(v, —u(x;)) — B(v3 —u(x3)). In this
case the distribution of forces among the three spheres is less trivial than the completely
symmetric case of the 2-sphere model. Figure 8.4(a) shows that the velocity produced
by propulsion around the flagellum bead is, in agreement with the above relation, larger
in magnitude than the disturbance produced by viscous drag around each of the body
beads and it is comparable with the sum of the velocity field produced by the others,
according to the rigidity condition and to the conservation of momentum. While the far
field properties of the flow are dominate by the pusher/puller nature of the swimmer, the
differences between our three beads model and other models like the dipole swimmers
or squirmers are particularly relevant close to the swimmer itself and therefore can affect
short-range hydrodynamic interactions [136].

In figure 8.4(c-d) the puller dynamics is shown. The results are symmetric with
respect to the pusher case, as expected in the very low Re regime. In the case of higher
Re, the pusher and puller dynamics should present substantial differences. Indeed this
is observed in simulations of our model for Re = O(1). Figure 8.5 shows the velocity
fields produced by a pusher and a puller at Re ~ 1.6. In this case the asymmetry between

the two configurations is apparent. It should also be noted that the force applied to the
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pusher attains the same velocity with a force that is smaller (about 0.7 times) than the
one applied to the puller. In other words, at finite Re a pusher swims faster than a puller
with the same propulsion, at least in this regime. This is consistent with results obtained
with other models [137, 113]. It is important to stress that the absence of an analytical
benchmark for such values of Re does not allow a quantitative validation of the model in

this regime.

8.3.2 Non-motile swimmer

As a preliminary test for the dynamics of the model we consider the case of a swimmer
without any propulsive force, i.e. f, = 0, immersed in a steady shear flow. As a
model flow we chose, for numerical convenience, a Kolmogorov flow u = (cos(z), 0, 0)
[25, 138]. We consider a non-motile swimmer initially resting in the (x, z) plane and
oriented perpendicular to the flow at z = 37/2, i.e., at the flexus of the flow. As detailed
in Appendix B.3, in the absence of propulsion, i.e. when the flagellum does not play any
role, the body of the swimmer should behave as an infinitely thin rod and its dynamics is
ruled by Jeffery’s equation as illustrated in section 1.3. In the configuration described, the
flow can be approximated as a homogeneous shear with shear rate o = du,/dz. Using
a 2D reference system in which the swimming angle is measured from the horizontal

direction (n, = cos 8, n, = sin#), one can rewrite the equation as:
. g 2
0:—5[1+/l(1—2cos 0)], (8.8)

where, in our case, o = 1. If 1 = 1, i.e. a thin rod, § = 0 is a marginally stable fixed
point. The solution for a rod that starts perpendicular to the shear direction is given by

0(t) = arccot(ot) (8.9)

0(0) =n/2.
The eq. (8.9) will describe the motion of a three-bead swimmer in a linear shear when
the propulsion is switched off. We stress that the flagellum bead can be completely
disregarded in this regime.
Figure 8.6 shows the time evolution of the orientation of a non-motile swimmer

compared with the analytical solution (8.9). The numerical solution is obtained by the
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Figure 8.4: Velocity field surrounding a 3-bead pusher (a-b) and puller (c-d) at the
stationary state for Re = 0.01. Velocities are rescaled with the constant swimming speed.
(a) The colour map indicates the amplitude of the velocity, while the arrows (not scaled
with amplitude) indicate the local velocity direction. The typical pusher configuration
(outwards streamlines along the swimmer axis, inwards in the normal direction) can be
clearly appreciated. The swimmer is moving to the right. The leftmost white bead
represents the flagellum, where propulsion is applied. The corresponding reaction force
on the fluid produces an intense velocity perturbation (red region). The black arrow on
the right indicates the swimming direction. (b) Plot of the x-component of the velocity
field along the swimming direction of a 3-beads swimmer. The numerical solution (blue
dots) is compared with the approximate analytical solution (continuous line, see text).
Note that, as expected, the fluid field on the tail beads (on the left) is comparable with the
sum of the velocity field produced by the others, as a consequence of inextensibility and
conservation of momentum. (c-d) Same as panels (a-b) but for a puller. Notice the leading
(white) flagellum bead. The clear specular symmetry between the two configurations is

due to the time-reversal invariance of the equations at low Re.
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Figure 8.5: Velocity field produced by (a) a pusher and (b) a puller at Re ~ 1.6. In
contrast to Fig. 8.4 the two configurations show no clear reflection symmetry, due to the

breaking of time reversal symmetry at finite Re.

integration of a three-bead swimmer placed in the inflection point at z = 37/2. The
numerical result in figure 8.6 is compared with the analytical expression (8.9) valid for
an ideal rod-like particle. The deviations can be quantified by observing that the time it
takes for the numerical swimmer to reach 0.1rad is only 10% larger than the theoretical
prediction. Such a small difference should be irrelevant when time dependent flows
are considered. It is possible to conclude that for this model swimmer, a linear shear
in a creeping flow regime gives rise to a dynamics that can be described by Jeffery’s
equation (1.14) with A = 1. This suggests that, for an isolated swimmer in flow that varies
on a scale sufficiently larger than the swimmer’s body, this model could be substituted
with a kinematic model obtained from Jeffery’s equations for a rod with a superposed
swimming velocity. However, when more than one swimmer is considered, hydrodynamic
interactions would not be accounted for by such model. Moreover, if many swimmers are
considered, the flow itself would strongly affected by the swimmers, which could be the

main forcing in the fluid as in the case of active turbulence.

8.3.3 Swimmers interaction

The problem could be increased in complexity considering the interaction between two

swimmers and the resulting trajectories. We consider the effects of hydrodynamic in-
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Figure 8.6: Comparison between the solution (8.9) of Jeffery’s equation for arod (formally,
an ellipsoid with 4 = 1, dashed line) and numerical data from the 3-beads model (blue
dots) without propulsion in a Kolmogorov flow. Numerical simulations are done at
resolution N = 64° grid points in a cube of size 27 for a swimmers of length L = 0.5
with initial orientation § = m/2. Inset: zoom of the long time behavior, see text for a

discussion.

teractions without incorporating any additional repulsive potential to account for steric
interactions. The latter can be anyway added to the model in straightforward ways. Let’s
remark that in this model swimmer there are no physical rods connecting the beads.
Therefore, in principle, swimmers can overlap with crossing trajectories. Nevertheless,
It has been observed that, if the beads are not too far apart, swimmers feel each others as
effective continuous bodies, thanks to the flow produced in their motion and overlaps are

observed only in very special conditions.

The first step is to consider the scattering of two identical swimmers, moving at the
same speed, with an incident angle 6;. One example is shown in figure 8.7(a) with
0; = n/4. The scattering is a complex process during which the two swimmers orient
temporarily in a parallel direction and finally emerge with a different output angle 6,. In

the case of pusher swimmers, the velocity field (see Fig. 8.4(a)) causes the flagella to come
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closer together, turning the swimmers and leading first to the alignment of the swimmers
and subsequently to a separation of the directions. The above described phenomenology
is consistent to what found in [112, 111] starting from parallel swimmers. For a pair of
pullers, the kinematics is qualitatively very similar, except that the hydrodynamics which
produces it is opposite to that of pushers (see Fig. 8.4(c)). The flagella, which in this
case are the first to interact, tend to repel each other, leading to the same kinematics of
alignment and subsequent divergence of the trajectories. The exit angle is consequently
different in the two cases, as evident from comparing figures 8.7(a) and (b). Let’s remark
again that the model does not exclude the possibility of observing the overlap between
swimmers under certain conditions (for example, in the case of high Reynolds numbers
or very large collision angle). The most common case is a superposition of the flagella.
This event is not per se problematic because in our model the flagella are not affected by
hydrodynamic interactions. In this approach (and at variance with other approaches [111]
where the particles have a finite volume which behaves as a second fluid with a large
viscosity) the beads are effectively represented as regularized point forces whose effective
radius is a numerical parameter used to fit the resulting velocity field. The occasional
partial overlap of the force stencils can therefore cause numerical stiffness, by introducing
large local forces, but is not necessarily physically inconsistent. The cases in which also
the bodies overlap can be avoided with an effective, short-range repulsion potential. Such
potential can take different forms essentially corresponding to steric interactions between
the beads or between the bodies (through the definition of an effective shape). Only the
effects of hydrodynamic interactions are here considered and no numerical instability was

observed as a result of the overlap of the tails or the bodies in the case of binary collisions.

8.4 Circle swimmer dynamics

The 3-beads model allows to control the swimming direction in a simple and natural
way. Indeed, when the three beads are not in a collinear configuration, the drag on the
body together with the propulsion from the flagellum produce a torque that rotates the
swimmer. In the following we show only results concerning circle pushers, where the

flagellum bead is the trailing one. As previously discussed, puller-like circle swimmers
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Figure 8.7: Collision of two identical swimmers starting with a relative angle of 7/4. The
hydrodynamic interaction between by the body’s beads allows the swimmers to scatter
without touching each other. (a) Pusher dynamics. The subsequent positions of the
swimmers are plotted, left to right, at regular time intervals. The solid arrows indicate
the inextensible rod connecting the body beads, while the dashed lines represent the
flagella, connecting the rear body beads to the flagellum beads. Only the body segment
is considered as a rigid boundary, on which the no-slip condition is applied for the fluid.
(b) Pullers dynamics. The same time series of pushers’ case is shown. The interaction in
this case produces a smaller output angle due to the different hydrodynamic interaction

between the swimmers.

can be obtained by reversing the propulsion. The controlling parameter for the swimmer
is the equilibrium angle ¢y between the flagellum rod and the body rod. The resulting
trajectory of a single swimmer is a circle with a radius R, depending on ¢¢. Clearly in the
limit ¢9 — O one recovers the original collinear model, with R, — 0. One should note
that when circular trajectories are observed in biological microswimmers, these are due
to the swimmer’s chirality. The latter results in helical swimming in the bulk and circular
trajectories when confined to a surface [130]. A model describing a chiral swimmer
would in principle require at least four beads, considering such an extension to the model
goes beyond the scope of this work. However, this development may be the subject of
future research, given the flexibility and simplicity of the model here proposed.

Once the bending angle is set, the rigidity of the swimmer is guaranteed by an
elastic force that causes the relative position of the two rods to relax to that angle. This

elastic force is implemented in the form of internal forces g;, one for each bead (see



8.4. CIRCLE SWIMMER DYNAMICS 87

Appendix B.2). Referring to (8.5), this means that if a perturbation produces deviations
from the equilibrium angle ¢( these are compensated by the torques due to the internal
forces, bringing the system to the wanted configuration. It is worth noting that eq. (8.5)
should produce a harmonic oscillation of the angle ¢ around ¢y. These oscillations are
damped by viscosity through the no-slip condition on the body beads, thus causing a

relaxation to the prescribed angle ¢.

8.4.1 Circular trajectories of isolated swimmers

Figure 8.8 shows two examples of circular trajectories produced by circle swimmers with
different bending angles, together with the dependence of the radius of the trajectory on
¢o. Observing that the segments identifying the body and the flagellum are approximately
tangent to the circles described by head and middle beads, respectively, one can tentatively
estimate the radii of those circles as rpeaq ~ L/tan(¢g) and rpiq ~ L/sin(¢g). The actual
radii (see Fig. 8.8(c)) are smaller than the estimate (dashed lines) except for ¢g ~ /2, in
which case the head is almost stationary (rpeaq ~ 0) and the flagellum rotates by remaining
approximately tangent to the outer circle (rmig ~ L). More complex trajectories can be
obtained if we allow the angle to change in time, and this can be used to control the
swimming trajectory. The dynamics of active steering could be the subject of future

investigations.

8.4.2 Swimmers interaction

In analogy with the case of a straight swimmer, the focus is on the interaction of two circle
swimmers. The bending angle is fixed at 7/4 as shown in figure 8.8(a). Two different
behaviors were observed, depending on the relative initial positions of the swimmers.
If the initial separation is large enough, as expected, each swimmer tends to swim on
its own curvilinear trajectory without interacting, in some cases after a brief transient
characterized by a repulsive interaction. Two examples of this behavior are shown in
figure 8.9(a), corresponding to different initial conditions. If the initial separation is
further decreased (Fig. 8.9(b)) the interaction changes qualitatively. After a more complex

initial transient, the two trajectories intertwine and start revolving around the same centre.
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Figure 8.8: Trajectories of isolated swimmers with a constant bending angle. (a,b) Two
typical trajectories, with ¢g = /4 and ¢y = 7/6, respectively. The red (blue) lines mark
the trajectory of the head-bead (mid-bead). (c) Dependence of the radii of the trajectories
of the head and mid beads (solid lines) on the angle ¢ between the flagellum and the
body. The results obtained with a simple model (dashed lines, see text) are given for

comparison.

It is worth noting that the reciprocal positions of the swimmers are not locked along the
orbit but change dynamically in a non-trivial way. In the presence of many swimmers, a

random initial configuration can lead one swimmer to decouple from one neighbour (as
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in Fig. 8.9(a)) only to be attracted by another one into forming a strongly coupled pair (as

in Fig. 8.9(b)). This mechanism could lead to an ordered collective behavior as briefly

discussed in the next section.
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Figure 8.9: Interaction between a pair of circle swimmers. (a) Two configurations are

shown in which after a transient the two swimmers settle onto essentially independent

trajectories.

(b) Dynamics of two swimmers starting initially very close and nearly

parallel. In this case the two trajectories are intertwined and revolve around a common

centre. Note how the relative positions of the swimmers change during their orbits. The

position is rescaled with the rod length between two beads and times are rescaled with

the period of the isolated circular trajectory.

8.5 Collective behavior

The numerical method proposed in this work can be easily scaled to a large number

of swimmers to study their interaction and the emergence of collective motion. In this
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section, we consider the evolution of the distributions of hundreds of straight (in the next

subsection) and circle swimmers (in the following one).

8.5.1 Rectilinear swimmers

As first example we considered 500 identical straight pushers initially placed at random
positions and directions on a (x, y) plane in the 3D domain. In the absence of perturbations
in the z direction, the motion remains planar, thus confirming the accuracy of the numerical
integration.

One snapshot of the configuration of the swimmers at late time is shown in figure 8.10.
We observe that the distribution is not random any more, with local clusters (or schools)
swimming in a parallel direction, similarly to the intermediate state observed in figure 8.7.
This configuration is highly dynamical, as different clusters appear and dissolve in time in
a statistically stationary condition (see Fig. 8.10(b,c,d)). Figure 8.11 shows the correlation
function of the swimming angle as a function of the distance between the swimmers [139].

Being s the unit vector in the swimming direction we define for the case of N swimmers:

(8.10)

o - < N &s; - 686 (r = r,,-)>

l}-\J{(S(I'—I'ij)

where 8s; = s; — % 2.; Si 1s the deviation of the orientation from the mean, r;; is the distance
between two swimmers and (-) is an ensemble average which in our case was exchanged
with a time average, assuming ergodicity. The correlation is positive over a distance of
the order of the length L. For a large enough number of swimmers the correlation length
becomes independent on the number of swimmers. In this dense condition confined
on a plane, the occurrence of overlapping swimmers is not uncommon. In a realistic
application with the full 3D motion, the overlap would be much more occasional as the
mean free path of swimmers would be much larger. Remarkably, even in the case of
figure 8.10 we find that the swimmer model does not develop numerical instabilities as a
consequence of the close encounters. However, when a similar case is studied for pullers
(not shown), the ensuing clustering is much stronger than for pushers [140, 141] and
rapidly leads to numerical instabilities due to the overlap of a large number of beads,

with their relative force stencils. Clearly in this case a steric repulsion force must be
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implemented. Steric interactions could likely modify also the correlations (8.11) and

other characteristic of the collective motion.
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Figure 8.10: Panels (a-d): collective behaviour of 500 straight pushers in a 2D configura-
tion within a 3D fluid domain. In this figure the flagella are not drawn and each swimmer
is coloured based on its angle with respect to the x axis, so that parallel swimmers have the
same colour. The fluid is forced into a chaotic flow by the motility of the swimmers. The
resulting velocity fluctuations induce relatively large velocity differences between nearby
swimmers which occasionally defeat the repulsive effect of hydrodynamic interactions
and cause the bodies to overlap more frequently. The formation of clusters of schools of
swimmers sharing the same swimming direction is highlighted by the colouring scheme.
On the left a 2D snapshot of the whole domain at time ¢ ~ 23 (rescaled with the typical
time in which the swimmer covers its length) is shown. (b), (¢) and (d): three zoomed
snapshots of the dynamics within the dashed square in panel (a). Panel (b) and (c) are
taken at a time interval A¢ = 0.30 before and after the main panel (corresponding to pan-
els (a) and (c)), respectively. It is here evident that the schools persist several swimmer

lengths following the surrounding dynamics.
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Figure 8.11: Correlation function of swimming directions C(r) between swimmers sepa-
rated by a distance r (see text), computed for different numbers of swimmers. The angles
of neighbouring swimmers are correlated over a distance roughly equivalent to the length
L, which is consistent with the clusters shown in figure 8.10. As a comparison, the same

observable is shown for random configurations.

8.5.2 Circle swimmers

The discussion in the previous section, as well as previous literature [133, 131], suggest
that circle swimmers can present interesting collective dynamics. Also in this case we
show here only results regarding circle pushers, since pullers tend to undergo strong
clustering that requires the implementation of steric interactions. We considered the case
of 250 circle pushers (Fig. 8.12). The collective dynamics in this case is characterized
by a transient in which swimmers with an initial condition similar to those observed in
figure 8.9(a) tend to move apart until they intersect other trajectories with which to form
a collective circular trajectory, as shown in figure 8.9(b). An example of the resulting
collective motion is shown in the side panels of figure 8.12. Once swimmers achieve
this coupled configuration, the dynamics become rather complex because each orbit
is traveled at different and non-constant speeds. Starting from a configuration where all

swimmers are closely packed (Fig. 8.12(b)), the flow generated by each pusher accelerates
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the nearby swimmers, causing a fast rotation and a progressive separation (Fig. 8.12(c,d))
of the swimmers along their collective orbit. At later times a packed configuration forms
again. This behavior repeats and allows the formation of these structures on the scale of
the swimmer. Preliminary observations suggest that, once formed, these structures tend
to persist and produce a global configuration characterized by many swimmer vortices
(Fig. 8.12(a)). Such vortices survive for several orbital periods (estimated via the orbital
period of an isolated circle swimmer) and are therefore qualitatively robust, as shown in
figure 8.12(b-d). Quantitative assessment of the persistence of the collective structures as
well as their statistical correlations is needed, in order to fully characterize this system,

and will be the subject of future investigations focused on the collective motion.
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Figure 8.12: Collective behavior of 250 turning swimmers in a 2D configuration. The
dynamics is characterized by the formation of groups of swimmers that, thanks to the
hydrodynamic interaction, pair up to form groups of swimmers that evolve along nearly
circular, approximately concentric trajectories. These structures are very robust and
survive for several orbits. On the left a 2D snapshot of the whole domain. On the right
three zooms of the dynamics of one structure. The central plot (c) shares the same time
of the snapshot on the left and is preceded in time by the snapshot (b) at time ¢t ~ —37j (in
units of the period Ty of a circular trajectory of the single circle swimmer) and followed

by the snapshot (d) at time ¢ ~ +3Tj.
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The theoretical models and simulations proposed in this thesis fall within the frame-
work of applying physical theories and methodologies to the study of small-scale living
organisms, with the aim of understanding and predicting their behaviours in response to

the environment.

In this thesis we have first studied the dynamics of elongated microorganisms swim-
ming in the flow produced by water waves and a linear shear. We have investigated in
detail how the interplay of swimming and flow leads to trapping of the microswimmers
below the water surface. The analysis has been done by exploiting the multiple scale anal-
ysis complemented by numerical simulations in kinematic flows. In general, our results
demonstrate that the combination of swimming and flow (and/or gravity) can produce
trapping but this process depends on the details of the physical and biological parameters.
In particular, we have found that the presence of a shear (in combination with waves) close
to the surface is essential to produce confinement with realistic values of the parameters.
This is promising finding with regards to how the mechanisms discussed above could lead
to the production of ‘thin phytoplankton layers’ since wind-generated shear will often

accompany locally generated waves.

Future investigations should consider more realistic models of the microswimmers
(e.g. including some randomness in the swimmer behavior) and of the velocity field,
beyond the kinematic model for linear waves, as for example in the case of nonlinear
waves where fluid accelerations may also become comparable to gravity requiring a more
complete model of gyrotaxis [52]. Furthermore, it would be very interesting to study the
problem of swimmer-water wave interaction by means of laboratory experiments with

real microswimmers to see the degree of agreement with this simple model.

In the second part of the work we have proposed and analysed a numerical model
based on immersed boundary methods of a minimal swimmer, whose body is modelled
by two beads and flagellum represented by a single bead. The model can be used for both
pushers and pullers, by simply changing the direction of the applied forces. The choice of
two beads, with no slip conditions, for the body make the swimmer to feel the gradient of
the velocity field allowing it to be rotated by the flow. In particular, We showed that, when
the propulsion is switched off, the swimmer moves approximately according to Jeffery’s

equations for a thin rod.
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When the three beads are collinear the model swimmer display straight swimming,
while by maintaining an angle between body and flagellum it swims in circles. We
analysed the close encounters between both straight and circle swimmers showing how
hydrodynamic interactions mediated by the solvent fluid make the two swimmers to
scatter. Then we scaled up the system by considering many either straight or circle
swimmers and showed that the active suspension can give rise to non trivial collective
motions. For straight swimmers, local alignment can be observed in the presence of the
sole hydrodynamic interactions leading to dynamic schools of swimmers swimming in the
same directions. Remarkably, interactions between co-rotating circle swimmers lead to
the formation of approximately ordered vortices of swimmers, moving on approximately
circular trajectories.

The preliminary results on the collective motion of swimmers suggest the directions
on which the numerical investigation could be pursued more extensively, also in light of
previous results on circle swimmers [131, 133]. In particular, it will be interesting to assess
whether and to what extent the structures observed with other model swimmers are model-
independent and how the collective dynamics changes with steric interactions. Another
interesting direction of investigation is to allow the swimmers to change dynamically their
geometry, this can be used to control the swimming direction internally so to the swimmer
can steer and direct its motion in a desired direction. Eventually, this can be supplemented
by artificial intelligence, e.g. via reinforcement learning [142] so to allow the swimmers
to accomplish some single (e.g. reach a target or control dispersion [143, 144, 145])
or collective goal [146] (e.g. swimming in schools). These features can be useful to

microrobots design in biomedical applications, to model animal interactions etc.
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Appendix A

A.1 Multiple Scale Analysis

We start from (6.4) with parameters rescaled according to (6.5) and multiple times

(t,T = €t)

Ox + €20rx = eae’ cos(x — 1) + €2vusing + €25 (B + 2)

&z + €*drz = eae* sin(x —t) + €*v cos ¢ — ezvg

1
A ¢ + €0rd = deae® cos(x — 1 +2¢) — €2 — sin ¢ + 62%(1 +Acos2¢).

2¥

together with a perturbative expansion of the variables [81]

x=x0+€x]+€xy+ ...
z2=2z0+€z1 +62Z2+...
¢ = ¢g+ €x +62¢2 + ...
At order zero, €Y, (A.1), gives
oxo=0 = xo=X(T)
dz20=0 = z0=2(T)

Oipo=0 = ¢o=D(T),

i.e. zero-order solutions are function of the slow time 7" only.

At the order €' we have
dx1 = ae? cos(X — 1)
dz1 = ae sin(X — 1)

Op1 = ade? cos(X +2@ —1).
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Notice that the integral on ¢ over [0, 2] of the right-hand side of each equation (A.4)

vanishes (which is the solvability condition) and therefore the solutions are [74]

x; = —e? sin(X — 1)
71 = ae” cos(X — 1) (A.5)

¢1 = —ale? sin(X +2® —1).
Finally, at the order € we have

Oixy +0rX = @’ +usin® + oc(B+2)
0o+ 0rZ =vcos® — v, (A.6)

1
Ay + Or® = a*1e*? [cos(2®) + 2Asin* (X — 1 + 2D)] — 9 sin® + %(1 + Acos2d).

At this order, by averaging (A.6) over one period, we obtain the nontrivial solvability

conditions (6.6).

A.2 3D model with orientation dependent settling

We now introduce two extensions which improve the mathematical model. The first one
is to consider a three-dimensional model, in which the orientation of the swimmers is

parametrized by the two angles (6, ¢) and therefore
p = (sin @ sin ¢, cos 6, sin 6 cos ¢) . (A.7)

The second modification is a more realistic model for the settling velocity which depends

on the orientation of the ellipsoidal body:

Ve = —Vou [K+ (vyr — (k- p)p], (A.8)

where vy, is the settling velocity in quiescent fluid in the highest drag orientation (i.e.
symmetry axis perpendicular to gravity for prolate spheroids and symmetry axis parallel
to gravity for oblate spheroids), and vy, is the relative increment of this velocity in the

case of lowest drag orientation (and thus vy > 1). For prolate spheroids we have (see,



A.2. 3D MODEL WITH ORIENTATION DEPENDENT SETTLING 103

e.g., [147])
3§ % -1 1+A4
Von = ——5 0 [2VA(L+ ) + V2(51-1) arcsmh( — - (A.9)
2+4/2A(1 + 1) +2(31 + 1) arcsinh (,/% - 1)
Vg = — (A.10)

221+ ) + (51 -1) arcsinh( 4 1)

(pp—p)dpgk

where S = T8j0

and y is the dynamic viscosity, p is the fluid density, p, is the
particle’s density, d, is the particle diameter. Note that both v, and vy, are dimensionless.

The complete model reads:

% = ae’cos(x — 1) + usingsinf — vy, (Ve — 1) cos ¢ sin ¢ sin” 6 (A.11)
y=vcosl — Vg, (Vg — 1) cos ¢ cosfsin b (A.12)
z=ae’sin(x — 1) +vcosgsind — v, [1 + (Vs — 1) cos? ¢ sin® 6] (A.13)
. 1 sin¢

= Adae® —t+2¢) - — A.14
¢ = dae® cos(x —t +2¢) U s g ( )
. 1
0 = dae“cos@sinfsin(x — 1 +2¢) + > CO8 0 cos ¢. (A.15)

It is again possible to obtain the slow time equations using a multiple scale analysis.

Neglecting the equations for X and Y, that are independent of the others, one obtains

Z =vcos®sin® — vy, [1 + (v — 1) cos® @ sin’ O] (A.16)
I sin®
_ 1227 _
or® = da“e™” (A + cos(2d)) ¥ sn® (A.17)
1
dr® = Aa?e*? cos O sin O sin(2P) + o cos ® cos D. (A.18)

From the third equation we note that a solution is cos# = 0 and so § = /2. Based on
the analysis of the 2D case, we expect that a pair of fixed points is on the xz-plane. We
remark that 6§ = 7/2 is also the stable orientation for neutrally buoyant, non-swimmers

[148]. Using 6 = /2 in (A.18) we obtain the equation for the fixed points as

veos® — v, [1+ (v = 1) cos? ®] =0 (A.19)

1
A?e** (A + cos(2®)) — > Sin @ =0. (A.20)
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The first equation gives two real solutions for the angle ®

1 - ‘/1 - 4q2(Vsr - 1)
®* = +arccos(A), where A= (A.21)
2Q(Vsr - 1)

and g = vy, /v. The associated values of Z are:

1 V1 — A2
ZF=—-In| = )
2| T 2%ae? (- 1+24A2)

(A.22)

The existence domain and the physical observability condition (i.e. whether Z < 0) of
these fixed points are not trivial, but it can be shown that they never coexist in the same
range of parameters and, where they exist, they are both negative (i.e. below the sea level,
thus observable).

We can conclude that the 3D case is a natural extension of the 2D one. Indeed,
despite the different form of the settling velocity, the fixed points qualitatively agree with
the results in section 6.2.2. One can also note that in the formal limit vy, — 1 (A.22)
reduces to (6.13) once the identification v, = v, is made and vy, and v, are considered as

independent on A.



Appendix B

B.1 Stokeslets superposition

Let’s start by considering a single sphere with a constant speed v. The velocity field
produced, in the very low Re regime, is described by the Stokes equation and leads to the
following solution [1]:

V+1(V-T) +1R3V—3f’(v'f')

r 4 r3 (B.1)

S R

u=-

4
where Tt is a unit vector pointing from the centre of the sphere (origin) to a point in space,
r is the distance with respect to the origin and R is the radius of the sphere. The previous

equation could be rewritten as:

3R VA 1R? .
Ug = Z?[V(l +ra(V,8r,8)] + Zr_3[va - 3ra(Vﬁrﬂ)]
1(3R R? .. . (R R
:4(T+r—3) Va+Zl"a,(Vﬁrﬁ) (7_7'_3) (B2)

where the Greek subscript stands for spatial components. On the surface of the sphere
r = R the no slip condition u, = v, is enforced. The fluid field around a dumbbell
swimmer is approximately given by the superposition of two solutions having the same
form of (B.2). This approximation clearly breaks down on the surface of the beads because
it violates the no-slip condition, but this is not relevant to our numerical model because
the beads have only an effective radius and their surface is not resolved. Carrying on
with this approximation, we denote by v; the speed of the i—th sphere if it were isolated.

Taking into account the disturbance induced by the other bead, one gets a linear relation
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between these speeds and the ones resulting from hydrodynamic interaction, formally

Vie =V],+V5,5
o (B.3)

Vaa =V, Vi o Sas
where 1 and 2 are the indices of the flagellum and body beads respectively and S is a
geometric factor which can be computed from (B.2). § appears in a symmetric way in
both equations because the beads are identical. Let us focus, as example, on the horizontal
dynamics, with a dumbbell that is swimming along the x-axis with v, # 0,v, =0, v, = 0.
The horizontal dynamics is characterized by 7, = 1,7, = 0,7, = 0. Thus, the horizontal

component of the velocity is

1 (3R R 3. . [rR R
Uy = Z(T+r—3) Vx+er(erx) [?_ﬁ] (B.4)
from which
3R R 3R R
=V | — - — = |— - — B.5
o=V 2r 2r3] [21’ 2r3] ®-5)

on the other hand y, z-component of the fluid:

3}\ ) R R3
My’Z = Zry’zrxvx 7 - r—3 — Sy,z =0. (B6)

Using v, known from the numerical computation, equations (B.3) can be inverted
obtain the unknown velocities v*, which can then be plugged into (B.2) to compute the
disturbance field. Thus this two Stokes solutions are superposed and compared with the

numerical velocity field in order to fit the effective radius R of each sphere.

B.2 Implementation of inextensibility and rigidity

Here we detail how inextensibility and rigidity are imposed and used to fix the model
parameters. Consider the 2-beads model discussed in the introduction. The inextensibility
condition is:

d
|x, — x1| = const = Elxz -x1>=0 (B.7)

from which expanding the square x, — X; and considering further derivation we obtain a
condition on accelerations

. , |V2—V1|2
n=--—= "' B.&
(V2=Vi)-n X — X1 ( )
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In the last equation we have introduced the unit vector n = (x; — x;)/|x2 — x1|. Equa-
tion (B.8) is trivial for the 1D case, where a zero relative acceleration leads to a zero
relative velocity difference. From this point on, the simplified notation u; = u(x;) is used

to denote the fluid velocity in the position of the i-th bead.

From the (B.8) and (8.7) we get:

2
Vo —V
Ao [va — v

1
=2 o ox —fp—Blv2-w]-n (B.9)

that is the module of the tension. From (8.7) it is easy to obtain the stationary state
fym = B(v2—u2) when v{ = vo = 0. Numerical simulations of the model here introduced,
with the constrain expressed by (B.9), were carried out on a dumbbell 0.5/ long (where
h is the grid step) in a 2D Kolmogorov flow of period 27 with velocity u = (cos(z), 0, 0)
and we observed a maximum relative deviation of the length of each rod of order 107°,

which validates the model.

The model can be easily extended to the 3-beads swimmer. We define two unit vectors
n; e ny that point respectively from the tail to the central bead and from the central to the
head bead. This model introduces a new degree of freedom that is the angle ¢ between
the two unit vectors (see Fig. 8.1(c) in the main text). To maintain a rigid shape we need
this angle to relax to a fixed value ¢o. We define the unit vectors t; and t3 perpendicular to
n; and ny, respectively, such that they lie in the plane defined by the swimmer (Fig.8.2),

in formulae:

ny — CoSs ¢ny

tt=—— (B.10)
Iny — cos ¢ny |
-nj +

t = nj + cos ¢ny (B.11)
| —nj + cos ¢ny|

We introduce g; along t;, g3 along t3, and g, such that g, = —(g; + g3) = —g(t; +t3).

In the last equality we suppose that |g;| = |g3| = g. At each time step r we compute g as

g =—a(¢ - ¢o), (B.12)

where a is a constant setting the stiffness of the spring which keeps ¢ close to ¢g. The
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equations of the dynamics for a generic angle ¢ are:

Vi = fpny + Appng + gty
Vo = —=Appng + Aoznp — B(vo —wp) + gt (B.13)

V3 = —Aozny — B(v3 — u3) + gt3

where A1, and Aj3 are the tension forces that guarantee the inextensibility. The condition

(B.8) is now applied on each rod and we obtain:

Iva = vi)? 2 |v3—v,f? 2np
Ay =|—- - + fp = B(v2—up) - -np |+
» X2 —x1|  cos¢ [x3— X fp = B2~ ) cosgp
2 —2n, 1
b (V3—u3)-n2—g2t2~( +111) 7
Ccos ¢ Cos ¢ cos ¢ — o7
2 2
V3 —V 2 |vp—v 2 2n
Ay = Cva=walt va-wil”  2p F(vs—u) - (2L |+
X3 —Xp| cos¢ |xp —Xj| cos¢ cos ¢

2111 1
B(vz —u3) -my — grt - oss o=

0s ¢ cos ¢ — 7

B.3 The limit to Jeffery’s model of a rod

In this appendix we show that the dynamics of a short dumbbell is well described by
Jeffery’s equation for an infinitely thin rod. Consider a dumbbell with fixed length L
and particles x; and x,. Assume the dynamics is Stokesian with relaxation time 7. The
equations of motion are

Vi —u

\"12— An

T
i

(B.14)
+ An

V) = —

T

where u; = u(x;) is the fluid’s velocity at the i-th particle and n = L/ L, with LL = x, — x;.
The modulus of the rod’s tension A is obtained by imposing inextensibility dL?/dt = 0

(see (B.7)). Further derivation to obtain a condition on accelerations gives
I -L+|L?=0, (B.15)

where L =v, —v; and L. = v, — v,. Defining w; = v; — u;, we get from (B.14)

W2 — W)

L= +2An (B.16)

T
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and from (B.15) and the definition of n

L? w,—-w
(L wamwr

A= B.17
2L 27 ( )
Finally, the equations of motion for the positions of the dumbbell’s beads are
—vi|? -
Vi =4y |V22LV1| n-— W22 " nen
T , T (B.18)
Vy= -2 Iv2 = vi| n+ 2" o nen
2 T 2L 27 '

The latter equations are essentially the same obtained when imposing no-slip conditions
on the two spheres via an immersed boundary method. If we now take the overdamped

(or Re = 0) limit 7 — 0, we get
W — Wi
2
W2 — W
2
By summing the two equations one gets w; = —wj, and by substituting this relation into

0=-w; — ‘n®n

(B.19)

0=-wy+ ‘n®n.

each equation

(I-n®n)w, = 0. (B.20)

Since (v, — v1) - n = 0 because of inextensibility, we can take the difference of (B.20) for
w; and w; and get

L=I-n®n)(uw-uw). (B.21)
Now, since n = (I-n®n)L/L, one gets
1 1
n= z(I[—n@n)(I[—n@n)(uz —up) = Z(I—n@n)(uz -up) (B.22)

with the last equality stemming from the idempotence of the projector. If the dumbbell’s

length is very small we can write u, —u; = VunL + O (L?), so we get to first order in L
n=(I-n®n)Vun. (B.23)

The latter is Jeffery’s equation [4] with elongation parameter A = 1. Indeed Jeffery’s
equation can be written as

n=0n+AS(I-n®n)n (B.24)

with O and S the antisymmetric and symmetric part of the velocity gradient tensor Vu,
respectively. Because of symmetry On = (I - n ® n)On so for 4 = 1 one can reconstruct

the gradients and obtain (B.23).
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