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Abstract

Effective String Theory (EST) is a powerful non-perturbative
approach used to describe confinement in Yang-Mills theory by
modeling the confining flux tube as a thin, vibrating string. EST
calculations are typically performed using zeta-function regular-
ization; however, some observables, such as the shape of the flux
tube, are too complex to be addressed with this method.

This issue can, in principle, be approached by modeling the
EST action as a spin system on a discretized two-dimensional
lattice, making it amenable to Monte Carlo simulations. How-
ever, the strong non-linearity of the model makes conventional
algorithms highly inefficient for such computations. Instead,
the problem is well-suited for two distinct numerical approaches
based on deep learning methods and out-of-equilibrium statis-
tical mechanics. In the first approach, a variational density is
learned using a class of deep generative models called Normal-
izing Flows (NFs), allowing unbiased expectation values over
the EST distribution to be computed via a reweighting pro-
cedure. In contrast, out-of-equilibrium methods, such as Non-
Equilibrium Markov Chain Monte Carlo (NE-MCMC) algorithms,
enable exact calculations of vacuum expectation values using
Crooks’ theorem and Jarzynski’s equality. Notably, these two
approaches can be combined into an efficient sampling method
known as Stochastic Normalizing Flows (SNFs).

This thesis introduces EST and its lattice regularization, fol-
lowed by a brief overview of standard MCMC methods. Next, we



introduce NFs and present a proof-of-concept using Continuous
NFs to demonstrate the feasibility of our method for sampling
EST on the lattice. We then introduce non-equilibrium methods
and SNFs, showcasing state-of-the-art results achieved with the
latter. The combination of these findings enables a quantitative
description of the fine details of the confinement mechanism in
different lattice gauge theories. The thesis concludes by dis-
cussing the main implications of our results for EST and gauge
theory, as well as potential directions for future research.
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7.4 Nambu-Gotō: string width . . . . . . . . . . . . . . 84
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7.6.1 The Nambu-Gotō action . . . . . . . . . . . 90
7.6.2 The Binder cumulant in presence of the K2

or the K4 terms . . . . . . . . . . . . . . . . 92



8 Conclusions and final remarks 95

A Appendix 120
A.1 Free boson analytical solution . . . . . . . . . . . . 120
A.2 Exact sampling of the Free Boson . . . . . . . . . . 124
A.3 Fits of numerical results . . . . . . . . . . . . . . . 126



Chapter 1

Introduction

Quantum Chromodynamics (QCD) is the fundamental theory
describing the strong nuclear force and plays a crucial role in
the Standard Model of particle physics. As a quantum gauge
theory with local SU(3) symmetry, QCD governs the interac-
tions of quarks and gluons, which carry color charge. How-
ever, in low energy regimes, these particles are never observed
in isolation; instead, they are permanently bound within color-
neutral hadrons, such as protons, neutrons, and mesons. This
phenomenon, known as color confinement [1], is one of the most
intriguing aspects of modern physics.

A key feature of QCD is asymptotic freedom [2, 3], mean-
ing that at very short distances, the strong interaction becomes
weaker, allowing quarks to behave almost as free particles. How-
ever, at larger distances, the interaction strength increases, lead-
ing to complex non-perturbative effects such as confinement and
chiral symmetry breaking. The force between quarks grows with
the separation R, following, at the leading order, a linear poten-
tial:

V (R) ≈ σR,

where σ represents the string tension. Unlike the Coulomb-like
force in electromagnetism, the QCD force does not diminish at
long distances. Instead, the energy stored between quarks is

1



Chapter 1 – Introduction 2

concentrated into color flux tubes, also known as QCD strings.
These tubes are thin vibrating structures of gluonic field en-
ergy that form between quarks and act as confining bonds. As
a quark-antiquark pair is pulled apart, the flux tube stretches,
and beyond a certain point, the energy is sufficient to create a
new quark-antiquark pair rather than allowing the original pair
to separate. This mechanism explains why quarks are never ob-
served individually but always within hadrons. Quantum Field
Theory (QFT) simulations on the lattice numerically depict the
formation of flux tubes and the confinement of color-charged
particles. However, a complete analytical proof of confinement
from first principles remains one of the biggest open challenge.
Understanding confinement and the behavior of flux tubes is
thus crucial for advancing non-perturbative QCD and exploring
the structure of the QCD vacuum.

A powerful approach to model confinement in non-abelian
gauge theory is represented by Effective String Theory (EST), a
non-perturbative framework that model the confining flux tube
in terms of vibrating strings. In D ̸= 26, where D are the space-
time dimensions of the target Lattice Gauge Theory (LGT), the
EST (at least in its simplest formulation) is anomalous at the
quantum level and thus must be considered only as an effective,
large-distance description of the flux tube of Yang-Mills theories.
Notwithstanding this, precise Monte Carlo simulations of sev-
eral different LGTs proved that it is indeed a highly predictive
effective model (for recent reviews see for instance [4–6]).

The reason of this success is in the so called ”low energy uni-
versality” [4,7–13] which states that, due to the symmetry con-
straints imposed by the Poincaré invariance in the target space,
the first few terms of the EST large-distance expansion are uni-
versal and coincide with those of the Nambu-Gotō action [14,15].
As a consequence, the EST turns out to be much more predic-
tive than typical effective models and its predictions depend



Chapter 1 – Introduction 3

only on one free parameter: the string tension σ of the Nambu-
Gotō model.

It is thus clear that a central role in this game is played by the
Nambu-Gotō action. Its predictions can be immediately com-
pared with the results of Monte Carlo simulations of essentially
any confining LGT (two exceptions are the three dimensional
U(1) model and trace deformed LGT). Thus, a precise under-
standing of the Nambu-Gotō physical properties could improve
our knowledge of the confining regime of Yang-Mills theories.

A major progress in this context was the recent observation
that the Nambu-Gotō model is actually an exactly integrable,
irrelevant, perturbation of the two-dimensional free Conformal
Field Theory (CFT) [11] of D − 2 free bosons which represent
the transverse degrees of freedom of the string. This irrelevant
perturbation is driven by the T T̄ operator of the D − 2 free
bosons [16–18]. Over the past few years, the EST community
has begun to explore terms beyond the Nambu-Gotō action, one
of the most intriguing and challenging open questions in the EST
modeling [19–25]. One of the main tools to address this issue
is the comparison between the results of high-precision LGT
simulations and effective string predictions; however, very few
EST results are known exactly.

We shall see below that several results are analytically known
for the partition function of the Nambu-Gotō action, which can
be explicitly calculated for essentially all the geometries which
are relevant for the comparison with LGT results. On the con-
trary, much less is known on the correlation functions, and in
particular on the one that measures the density of the chromo-
electric flux in presence of quark sources: this quantity has an
important meaning in LGT, since it allows to study the shape
of the flux tube. In principle, one could address this prob-
lem by treating the Nambu-Gotō action as a spin model and
regularizing it on a two-dimensional lattice, where one could
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perform Monte Carlo simulations. However, due to the strong
non-linearity of the model, it turns out that performing such
simulations using standard algorithms is highly inefficient [26].
The problem is instead perfectly suited for a completely differ-
ent numerical approach, based on deep learning architectures
and non-equilibrium statistical mechanics. In this respect it is
important to stress that the spin model that we obtain discretiz-
ing the Nambu-Gotō action is critical for the whole set of values
of the string tension. Its continuum limit is in fact, as men-
tioned above, the theory of a free bosonic massless degree of
freedom perturbed by the T T̄ operator. This makes this model
a perfect laboratory to test different algorithms in a particularly
challenging setting.

In recent years, the exponential growth of machine learning
applications has stimulated the introduction of novel methods
for numerical studies of quantum field theory [27–37]. In partic-
ular, deep learning approaches [38], a branch of machine learn-
ing originally investigated in the field of representation learn-
ing [39] that strongly rely on deep neural networks, have shifted
the computational paradigms in fields like computer vision [40],
game playing [41], protein folding [42], and natural language
processing [43]. An intriguing factor that contributed to this
revolution is the emergence of phenomena such as the double
descent [44,45] or meta-learning [46,47], which arise when neu-
ral networks operate in the so-called over-parameterized regime.

Among the various applications of deep neural networks, a
recently popular approach is represented by deep generative al-
gorithms capable of generating new data with surprisingly high
quality. A remarkable example is provided by Generative Pre-
trained Transformers [43, 48], a class of large language models
that is significantly impacting society at different levels. An-
other important example is given by diffusion models [49,50], a
popular class of deep generative models that has recently been
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applied to lattice field theory as well [51–54], with roots deeply
connected to non-equilibrium statistical mechanics.

In theoretical physics, two classes of algorithms that have re-
cently emerged as promising tools to overcome the problems of
standard sampling methods are Variational Autoregressive Net-
works (VANs) [55] and Normalizing Flows (NFs) [56–58]. Both
approaches are deep generative methods that provide access to
the exact density of the generated samples. This feature, in com-
bination with variational techniques, can be leveraged to obtain
unbiased estimations of observables and partition functions of a
target Boltzmann distribution [59–61]. Furthermore, these Neu-
ral Generative Samplers can be used to tackle problems such as
critical slowing down [60, 62], thus overcoming the main draw-
backs of standard Markov Chain Monte Carlo approaches.

VANs are popular in the statistical mechanics community
since they are practical for applications involving discrete de-
grees of freedom [55, 63–65]. NFs cannot be used to study dis-
crete domains, but, they are particularly well-suited and highly
promising when applied to continuous systems such as lattice
scalar field theories [26,60,61,66–71], LGT [72–78] and QCD [35,
79, 80]. While these variational deep learning techniques have
provided great results in small systems, they struggle to scale to
state-of-the-art lattice studies [65, 66, 76, 81, 82]. Notwithstand-
ing these challenges, a promising route to scaling up these ap-
proaches is by combining them with other computational frame-
works to enhance their scalability. In the case of VANs, the
state-of-the-art in terms of lattice volumes is the so-called Renor-
malization informed Generative Critical Sampler (RiGCS) [65],
a hierarchical VAN whose design is inspired by the renormal-
ization group. NFs, on the other hand, can be combined with
non-equilibrium methods based on out-of-equilibrium statistical
mechanics [83–85] to obtain Stochastic Normalizing Flows [86,
87]. Non-equilibrium methods are a stochastic approach with a
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framework similar to NFs, widely applied in lattice field theory
to compute free energies, and have recently been used to tackle
critical slowing down and topological freezing as well [85,88–93].
The most appealing feature of this class of algorithms is their
scalability, ensured by the non-equilibrium picture that charac-
terize this methods, and, when combined with NFs, the resulting
SNFs inherit this properties, thus providing a scalable hybrid
flow-based sampler [78].

As we shall show in further sections, both neural and non-
equilibrium methods address the problems of standard methods
by rethinking how expectation values over a target ensemble
are computed, using a variational and a stochastic approach,
respectively.

In this thesis, mostly based on refs. [26, 78, 87, 94], we used
a NF-based sampler approach to study the partition function,
the shape and the width of the flux tube of a lattice-regularized
version of the EST model. Thanks to the exact knowledge of the
partition function of the Nambu-Gotō theory we can benchmark
the correctness of this novel numerical approach and then use
the results to obtain information on the shape of the flux tube.
This rather unusual approach to EST calculations is interesting
for several reasons that we discuss in the following.

• It allows to study large values of the string tension σ which
are not accessible in LGT simulations; they are of great
interest since they correspond to the perturbative regime
of the T T̄ perturbation which is controlled by 1/σ [17, 18].

• On the LGT side, it allows for a precise study of the flux-
tube shape predicted by the EST model, which can be used
as a benchmark to compare results from LGT simulations.
In this context, for instance, we will confirm the predictions
of [95–97] and the conjecture by [98].

• It is the first step toward an analytic study of the correc-
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tions beyond Nambu-Gotō, which have been recently the
subject of great interest in the EST community [19–24].

• It allows for the first studies of the width and shape of the
higher-order corrections to the Nambu-Gotō EST.

• It allows to study in detail the role of lattice artifacts in
the Nambu-Gotō predictions for LGTs.

• Last, but not least, this is the first numerical study of the
lattice realization of a T T̄ perturbed model and could pro-
vide a tool to test in a non-trivial setting various predictions
obtained in the last few years on this class of models.

Among the research activities conducted during this Ph.D.,
two notable works, in which the author was involved, are briefly
mentioned in this thesis: the RiGCS VAN architecture [65] and
a study on entanglement entropy using flow-based samplers in
scalar field theory [71]. The former has been discussed briefly
earlier in this chapter, while the latter will be mentioned in Sec-
tion 4.4. These works are not discussed in more detail, as they do
not constitute the primary focus of this thesis. Additionally, al-
though the theoretical aspects of non-equilibrium methods pre-
sented in Chapter 6 are primarily based on refs. [78, 87], the
corresponding numerical results are not included here, as they
specifically concern lattice scalar ϕ4 and lattice SU(3) gauge the-
ory, respectively.

This manuscript is organized as follows. In Chapter 2, we
briefly outline EST, its lattice regularization, and the known
analytical results. In Chapter 3, we introduce standard Markov
Chain Monte Carlo methods and discuss their limitations, in
particular in this setting. In Chapter 4, we introduce the Neu-
ral Generative Samplers approach and Normalizing Flows, while
in Chapter 5, we present numerical results for a proof-of-concept
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application of flow-based samplers to the study of EST. In Chap-
ter 6, we introduce non-equilibrium methods and Stochastic
Normalizing Flows, while in Chapter 7, we present numerical
results obtained with the latter architecture, with particular em-
phasis on the width and shape of the effective string. The last
chapter is devoted to some concluding remarks.



Chapter 2

Effective String Theory on the
lattice

In the last few decades Effective String Theory (EST) has estab-
lished itself as a very powerful and predictive approach for the
understanding and modeling of the non-perturbative behavior of
confining Yang-Mills theories. In this framework, the confining
flux tube that connects a quark-antiquark pair is represented as
a thin vibrating string [14, 15, 99–101]. In particular, the cor-
relator between two Polyakov loops is related to the sum over
all the surfaces bordered by the two Polyakov loops weighted by
the EST action:

⟨P (0)P †(R)⟩ ∼
∫

DX e−SEST[X] ≡ Z

where R denotes the distance between the two Polyakov loops.
The simplest choice for SEST is the well known Nambu-Gotō

action: this theory is known to be anomalous at the quantum
level and in fact it should be considered only a large-distance
approximation of the actual (anomaly-free) EST. Despite this,
the Nambu-Gotō action, whose partition function can be solved
exactly, has been shown in the last few years to describe to high-
precision the interquark potential in several different LGTs [4–
6]. As we commented in the introduction, the reason of this

9
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effectiveness lies in the so-called ”low energy universality”: even
if the Nambu-Gotō action is only a first order approximation of
the actual effective string describing the confining flux tube, the
first few terms of any EST must coincide with those of the NG
action. Exploring the terms beyond the Nambu-Gotō action is
one of the most interesting and challenging open problem in the
EST approach [19–25].

Besides the exact solution of the Nambu-Gotō partition func-
tion and a few one-loop calculations of other observables, one has
to resort to approximate estimates or to educated conjectures,
since analytical calculations are often too challenging. A well-
known example is the (quantum) width of the effective string,
whose counterpart in gauge theories is a correlation function
that measures the thickness of the confining flux tube: for this
observable the only available analytical solution is a perturba-
tive calculation up to the second order, see refs. [95–97]. The
situation is even worse if one is interested in terms in the EST
action beyond the NG term, for which even the partition func-
tion (i.e. the interquark potential measured in LGT simulations)
is not known.

2.1 Nambu-Gotō effective string

The simplest choice for SEST fulfilling the constraints imposed by
the Lorentz invariance in the target space is the Nambu-Gotō
action [14,15] that is defined as follows:

SNG = σ

∫
Σ

d2ξ
√
g, (2.1)

where g ≡ det gαβ and

gαβ = ∂αXµ ∂βX
µ (2.2)

is the metric induced on the reference surface Σ by the mapping
Xµ(ξ), called worldsheet, and ξ ≡ (ξ0, ξ1) denote the worldsheet
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τ ϵ P†P

(a)

(b)
ξ0 ξ1

Figure 2.1: (a) Schematic representation of a flux tube, where the red and
blue points represent the quark and anti-quark, respectively. (b) Schematic
representation of the worldsheet X(ξ0, ξ1), under the physical gauge in D = 3.
As the flux tube evolves in time, it traces out a surface, which is modeled by
X.

coordinates. This term has a simple geometric interpretation:
it measures the area of the surface spanned by the string in the
target space and has only one free parameter: the string tension
σ.

SNG is manifestly reparametrization-invariant and the first
step is to fix this invariance. A typical choice is the so-called
“physical gauge”. In this gauge the two worldsheet coordinates
are identified with the longitudinal degrees of freedom of the
string: ξ0 = X0, ξ1 = X1, so that the string action can be
expressed as a function only of the (D − 2) degrees of free-
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dom corresponding to the transverse displacements, X i, with
i = 2, . . . , (D − 1) which are assumed to be single-valued func-
tions of the worldsheet coordinates. In the following, for simplic-
ity, we assume D = 3 so as to have only one transverse direction.
We thus eliminate the index i and simply denote as X(ξ) the
remaining degrees of freedom. See fig. 2.1 for a schematic rep-
resentation of the flux tube and the effective string, in D = 3,
under the physical gauge.

It is well known that this gauge fixing is anomalous at the
quantum level, as it cannot account for surfaces with handles or
other complex topological structures. Consequently, the result-
ing EST action should be regarded only as a long-distance ap-
proximation of the true string action. This is the reason why we
define this approach as an ”effective” string description of con-
finement. With a suitable redefinition of the fields, X = ϕ/

√
σ,

we can write explicitly this large distance expansion as follows

SNG = σRL +
1

2

∫
d2ξ

[
∂αϕ · ∂αϕ− 1

8σRL
(∂αϕ · ∂αϕ)2 + · · ·

]
.

(2.3)
where R denotes, as above, the distance between the two Polyakov
loops and L their length. The first term of this expansion is ex-
actly the gaussian action, i.e. a two dimensional Conformal Field
Theory (CFT) of a free bosonic field which represents the only
remaining transverse degree of freedom of the string in D = 3.
Remarkably enough, all the remaining terms of the expansion
combine themselves to give an exactly integrable, irrelevant per-
turbation of this CFT [11], driven by the T T̄ operator of the
D − 2 free bosons [16–18].

2.1.1 Partition function

Using the zeta function regularization it is possible to evaluate
exactly the partition function of the Nambu-Gotō theory to all
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orders; the result is [8, 102]

⟨P (x)P †(x + R)⟩ ∼ √
σL

∞∑
n=0

wnK0(EnR) (2.4)

where K0 is the modified Bessel function of order 0, wn is the
multiplicity of the closed string states which propagate from one
Polyakov loop to the other, and En their energies:

En(L) = σL

√
1 +

8π

σL2

[
n− 1

24

]
. (2.5)

From the Polyakov loop correlator it is possible to obtain the
interquark potential, which is defined as follows

V (R,L) = − 1

L
log ⟨P (x)P †(x + R)⟩ (2.6)

and in the large-R limit we have, as expected, a linearly rising
potential whose slope is controlled by the ground state energy
of the EST

V (R,L) =
E0(L)

L
R = σ(L)R (2.7)

where

σ(L) = σ

√
1 − π

3σL2
(2.8)

encodes the dependence of the string tension on the physical
temperature. Thus, the logharithm of the partition funcion Z
is found to be:

− logZ =
1

2
log

R

L
+ σ(L)RL + C (2.9)

where the constant C has no further dependence on R or L and
the term 1

2 log R
L comes from the open-closed string duality that

we shall discuss shortly.
In the following, for our comparisons we will perform an

expansion in powers of 1
σRL of the action. Much earlier than
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eq. (2.4), the first few terms of this expansion were derived by
Dietz and Filk [103], by treating the next-to-leading terms which
appear in eq. (2.3) as small perturbations of the gaussian free
action. In particular the first term is the well-known partition
function of the free bosonic c = 1 CFT

⟨P (x)P †(x + R)⟩ ∼ e−σRL

η(τ)
(2.10)

where η(τ) denotes the Dedekind η function

η(τ) = q
1
24

∞∏
n=1

(1 − qn) ; q = e2πiτ ; τ = i
L

2R
. (2.11)

To understand the meaning of this result it is useful to expand
it in the two limits R ≪ L and R ≫ L, in which we can neglect
the qn terms in the infinite product of the Dedekind function.
These limits correspond in the LGT language to the low- and
high-temperature limits of the confining regime1 while from a
string point of view, in D = 3, they correspond to the open and
closed string channels respectively:

V (R,L) = σR− π

24R
for R ≪ L (2.12)

V (R,L) = σR− πR

6L2
+

1

2L
log

2R

L
for R ≫ L (2.13)

where the term 1
2L log 2R

L comes from the modular transformation
τ → −1

τ of the open-closed string duality. In particular, under
this transformation, the Dedekind function changes as:

η(τ) =

(
2R

L

) 1
2

η
(
−1

τ

)
(2.14)

1To avoid confusion let us stress that with ”high-temperature” we mean a region near
the deconfinement transition, but still in the confining phase.
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where the new term
(
2R
L

) 1
2 is the one whose logarithm appears

in eqs. (2.9) and (2.13).
The − π

24R term in the first limit (eq. (2.12)) is the well known
”Lüscher term” which has been widely studied in the LGT con-
text. The next-to-leading term (i.e. the 1/σRL correction) can
be recast in the following combination of the Eisenstein func-
tions E2 and E4 [103]:

⟨P (x)P †(x + R)⟩ ∼ e−σRL

η(τ)

(
1 +

π2L

1152σR3

[
2E4(τ) − E2

2(τ)
])

(2.15)
where E2 and E4 can be expressed in power series

E2(τ) = 1 − 24
∞∑
n=1

σ(n)qn (2.16)

E4(τ) = 1 + 240
∞∑
n=1

σ3(n)qn (2.17)

and σ(n) and σ3(n) are, respectively, the sum of all divisors of
n (including 1 and n) and the sum of their cubes.

For the range of values of σ, R and L that we shall study
in this paper the terms proportional to q can be systematically
neglected and we end up with the following expressions in the
two limits:

V (R,L) = σR− π

24R
− π2L

1152σR3
+ · · · for R ≪ L

(2.18)

V (R,L) = σR +
1

2L
log

2R

L
− πR

6L2
− π2R

72σL4
+ · · · for R ≫ L

(2.19)
It is important to stress the role in these calculations of the

zeta function regularization, which eliminates all the ”bulk”,
divergent terms of the above partition functions.
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2.1.2 Width

The second observable of interest in this work is the width of
the string, given by

σw2(R) = ⟨ϕ2(ξ0, R/2)⟩. (2.20)

The only known analytical expression for the width in EST is
a perturbative calculation up to the second order in 1/σ, see
refs. [95–97]. In the low-temperature regime L ≫ R we have
that

σw2(σ, L,R) =
1

2π
log

R

Rc

(
1 − π

4σR2

)
+

5

96

1

σR2
+ . . . (2.21)

where Rc is a new scale of the model, which emerges from the
regularization of the correlator defining the string width. This
scale sets a threshold below which the EST picture cannot be
trusted anymore and in LGTs applications it is associated to
the so called ”intrinsic width” of the flux tube (see ref. [104] for
a discussion of this issue). We will comment further on the role
of this scale in our case later in this contribution.

In the high-temperature regime R ≫ L the expected be-
haviour is

σw2(σ, L,R) =
1

2π
log

L

Lc
+

R

4L
+

π

24

R

σL3
+ · · · (2.22)

where the new scale Lc has the same origin of Rc but, interest-
ingly, it does not affect the R dependence of the string width.

In the high-temperature limit it has been conjectured, us-
ing the Svetitsky-Yaffe mapping of the LGT into a suitable
two-dimensional spin model, that the the terms multiplying the
R/4L factor can be resummed [98]:(

1 +
π

6σL2
+ · · ·

)
=

1√
1 − π

3σL2

=
σ

σ(L)
.
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Thus, the behaviour of the linear term in R of the Nambu-Gotō
string width is expected to be:

w2(σ, L,R) =
1

σ(L)

R

4L
+ · · · (2.23)

A reliable numerical test of this conjecture is one of the main
goals of this thesis.

Finally, to avoid confusion, let us stress that the string width
that we discuss in this section is a purely quantum effect, as at
the classical level the Nambu-Gotō string has zero width. This
is one of the reasons behind the difficulty in obtaining analytical
results for this quantity.

2.1.3 The Nambu-Gotō string as a T T̄ perturbation

As we show in the previous sections, in the physical gauge the
Nambu-Gotō action in D = 3 can be seen simply as an ordi-
nary two-dimensional QFT of a single bosonic degree of freedom.
What is less obvious, but important for what follows, is that the
Nambu-Gotō action is actually a very peculiar case of a QFT.
In fact it can be shown [16, 18] that it describes the irrelevant
perturbation of the free two-dimensional bosonic action, driven
by the T T̄ operator. The perturbing parameter is exactly the
inverse of the string tension and for large values of σ the action
flows towards the theory of a Free Boson. This is easy to see
if one performs a 1/σ expansion (which for dimensional reasons
corresponds to a large distance expansion) of eq. (2.32).

Following ref. [18], we can define the component of the energy-
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momentum tensor in Euclidean and complex coordinates as:

Tξ0ξ0 = − 1

2π

(
T + T − 2Θ

)
Tξ1ξ1 =

1

2π

(
T + T + 2Θ

)
Tξ0ξ1 =

i

2π

(
T − T

) (2.24)

where:

T =
T

π
= − ∂L

∂(∂φ)
∂φ, T =

T

π
= − ∂L

∂(∂φ)
∂φ, (2.25)

and

θ =
Θ

π
=

1

2

(
∂L

∂(∂φ)
∂φ +

∂L
∂(∂φ)

∂φ− 2L
)
, (2.26)

with L is the Lagrangian of the theory to perturb. The pertur-
bation along the ”time” t of the energy spectrum of a conformal
field theory leads to an equation for the free energy of the theory:

∂t

(
βF (R,L, t)

)
= −⟨

∫ R

0

dξ0
∫ L

0

dξ1
(
T T (z, z)

)
⟩ (2.27)

where (R,L) are the characteristic lengths of the perturbed
2−dimensional QFT, z = ξ0 + iξ1, and:

T T (z, z) = T (z, z)T (z, z) − θ2(z, z). (2.28)

The dynamics of the Lagrangian under the perturbation is:

∂tL = −T T (z, z); (2.29)

in the case of the free bosonic CFT:

SCFT =
1

4

∫
dξ0dξ1(∂ξ0φ)2 + (∂ξ1φ)2 =

1

2

∫
dzdz∂zφ∂zφ

=

∫
dξ0dξ1∂φ∂φ,

(2.30)
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solving (2.29) leads to:

L(z, z, t) =
1

2t

(
−1 +

√
1 + 4t∂φ∂φ

)
(2.31)

By rescaling the fields 2φ = ϕ, we found that the perturbed
action is equal to:

L(x, y, t) =
1

2t

(
−1 +

√
1 + t(∂ξ0ϕ)2 + (∂ξ1ϕ)2

)
that is equivalent to the Nambu-Goto action (2.33) with t =
1/(2σ).

We shall make use of this framework in the following, to con-
struct one of the algorithms used in this work by mimicking the
T T̄ flow and leveraging the fact that the Free Boson action can
be sampled as easily as a Gaussian distribution.

2.2 Lattice Nambu-Gotō theory

Leveraging the physical gauge discussed in the previous section,
for D = 3, the Nambu-Gotō action can be rewritten as:

SNG[X] = σ

∫ L

0

dξ0
∫ R

0

dξ1
√

1 + (∂ξ0X)2 + (∂ξ1X)2, (2.32)

The latter can be regularized on the lattice by discretizing the
worldsheet on a two-dimensional square lattice Λ with size L×R,
step size a = 1, and index x = (τ, ϵ). Following the usual
conventions of the finite difference for the discrete derivative we
obtain (see ref. [105] for further details):

SNG(ϕ) = σ
∑
x∈Λ

(√
1 + (∂µϕ(τ, ϵ))2/σ − 1

)
(2.33)

where

(∂µϕ(x))2 =
(
ϕ(τ, ϵ)−ϕ(τ−1, ϵ)

)2
+
(
ϕ(τ, ϵ)−ϕ(τ, ϵ−1)

)2
(2.34)
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and ϕ(x) =
√
σX(x) is a real scalar field representing the trans-

verse degree of freedom of the string; in the context of lattice
gauge theories this quantity corresponds to the density of chro-
moelectric flux.

While this lattice discretization holds in principle for any
type of lattice, in view of the application to the description of
Polyakov loop correlators in LGTs we are interested in particu-
lar on a cylinder geometry: we fix Dirichlet boundary conditions
along the ϵ direction (the lattice points at ϵ = R are considered
part of the lattice volume) and periodic boundary conditions
along the τ direction; see fig. 2.2 for a schematic representation
of a lattice configuration.

As in the previous section we can expand eq. (2.33) in powers
of 1/σ:

SNG ∼ SFB + O(σ−1) (2.35)

where

SFB[ϕ] =
1

2

∑
x∈Λ

(∂µϕ(x))2 (2.36)

is the lattice discretization of the CFT free boson theory.
The lattice discretization has two main effects: the first is

the appearance of a set of ”bulk” constants, which diverge in
the continuum limit2, the second is the appearance of finite size
corrections which are proportional to negative powers of the
lattice sizes R and L and vanish in the continuum limit3. Both
sets of terms are not universal, but depend on the details of the
lattice regularization and are automatically eliminated by the
zeta function regularization which selects only the adimensional
terms in the expansion. These adimensional terms are the only
ones which are ”universal” in the renormalization group sense

2These constants are proportional to L (a ”bulk” boundary term due to the Polyakov
loops) or to RL (area term). Due to the periodicity in the time direction, no term pro-
portional to R can appear.

3Since we are keeping the lattice spacing fixed to a = 1 the continuum limit corresponds
to the R,L→ ∞ limit.
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Figure 2.2: Schematic representation of a lattice configuration: cyan and
magenta sites represent the active volume of the lattice, while yellow sites
represent the Dirichlet boundaries where the field is fixed to 0; the boundary
in ϵ = R is considered as a part of the lattice. The width σw2 of eq. (2.45)
is computed averaging only on the magenta sites.

and survive in the continuum limit. One of the main goals in the
following will be the comparison of our numerical results with
the zeta function predictions for these universal terms.

While the non-universal terms are in principle undetermined,
with a few simple choices for the lattice regularization, the con-
tribution to the partition function of SFB can be evaluated ex-
actly also on a finite lattice, thus allowing to use them too as
benchmarks of our calculations.
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2.2.1 Finite size CFT and non-universal terms

In order to obtain the finite size solution of the partition for the
discretized CFT free boson theory we can diagonalize the action
SFB using the transformation:

ϕ(τ, ϵ) =

L,R−1∑
m=1,n=1

Ψ(τ, ϵ,m, n)y(m,n) (2.37)

with orthonormal eigenfunctions:

Ψ(τ, ϵ,m, n) =
2√

2LR

(
cos

(
2mπτ

L

)
+sin

(
2mπτ

L

))
sin

(
nπϵ

R

)
(2.38)

Under this redefinition of the fields, the action can be written
as:

SFB(y) =

L,R−1∑
m=1,n=1

λm,ny
2(m,n) (2.39)

where eigenvalues are found to be:

λk ≡ λm,n = 4 sin2

(
mπ

L

)
+ 4 sin2

(
nπ

2R

)
. (2.40)

(see Appendix A.1 for a rigorous derivation of λ). Performing
the Gaussian integrations we obtain

ZFB =

∫
Dϕe−SFB[ϕ] =

L,R−1∏
m=1,n=1

√
2π

λm,n
(2.41)

or equivalently

− log(ZFB) = −1

2

L,R−1∑
m=1,n=1

log

(
2π

λm,n

)
. (2.42)

This sum is divergent and is usually regularized with the zeta
function. However, as mentioned above, in the present case we
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are interested also in these non-universal terms, because they
will appear in the simulation of the whole Nambu-Gotō action,
and we can use the exact solution of the free bosonic part to fix
them.

Indeed the sum in eq. (2.42) can be evaluated numerically
with any precision and besides the Dedekind function one finds
two divergent contributions, which are proportional respectively
to the area RL and to the length of the boundary L:

− logZFB = AFB RL + CFB L + log η(τ) (2.43)

with

AFB = −0.3358177.., CFB = 0.478252... (2.44)

being the constants which we shall use in Section 5 to benchmark
our numerical results.

2.2.2 Width and Shape

In the lattice version of EST, the width can be computed as

σw2(R) = ⟨ϕ2(τ, R/2)⟩τ . (2.45)

where the ⟨. . . ⟩τ expectation value takes the average only over
the temporal extension, and the scalar fields ϕ are fixed to be
at the half-distance R/2 between the color sources, see fig. 2.2.

The numerical approaches described in the next chapters al-
lows in principle for the calculation of any observable over the
probability density of the EST model under study. Thus, we
focus our attention also on a new observable defined as a combi-
nation of the quartic and quadratic moments of the flux density
in the midpoint ϕ(τ, R/2):

U = 1 − ⟨ϕ4(τ, R/2)⟩τ
3⟨ϕ2(τ, R/2)⟩2τ

. (2.46)
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As in eq. (2.45), the expectation values ⟨. . . ⟩τ are computed
fixing the spatial coordinate to R/2. In the literature (albeit in
different contexts) the quantity U is called the Binder cumulant
and we shall denote it as such in the following. It is identically
zero if ϕ(τ, R/2) follows a Gaussian distribution: in this sense, it
can be used as a probe of the non-Gaussianity of the flux density.
In the LGT framework it is used to describe the ”shape” of the
flux tube, see ref. [106].

Although the numerical approach presented in this thesis of-
fers advantageous generality, as discussed in the previous sec-
tion, the study of finite-size EST requires accounting for non-
universal terms. However, these corrections have a smaller im-
pact when analyzing observables, as they are normalized by par-
tition functions. Furthermore, since the Binder cumulant is ex-
pressed as a ratio of observables, it helps mitigate issues related
to divergent terms.

2.3 Higher-order terms beyond the Nambu-

Gotō action

The study of the higher-order corrections beyond the Nambu-
Gotō action represents one of the most interesting open prob-
lems in EST. These corrections must respect Poincaré invari-
ance in the target space and thus the first few allowed terms for
a three-dimensional target space are4

SEST =

∫
Σ

d2ξ
√
g
[
σ + γ1R + γ2K2 + γ3K4 · · ·

]
(2.47)

where γi are coupling constants, R represent the Ricci scalar,
and K is the extrinsic curvature. This expansion is strongly
constrained by the so called ”low energy universality” which

4In four dimensions, due to the presence of two transverse fields two different invariants
can be constructed at level four.
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states that the first two terms can be neglected when study-
ing ordinary non-Abelian LGTs [4]. In fact R is a topological
invariant in two dimensions and it can be neglected. Further-
more, the K2 term is proportional to the equation of motion
of the Nambu-Gotō action and can be eliminated by a suitable
field redefinition. There are however a few exceptions to the last
statement: the most interesting one for our purposes is repre-
sented by the Polchinski-Yang solution of the rigid string [107],
in which the Nambu-Gotō term is treated as a small perturba-
tion of the K2 one. This particular case seems to be realized in
the so called ”reconfined phase” of trace-deformed Lattice Gauge
Theories [108]. For this reason we studied (separately) both the
inclusion of the K2 and of the K4 term in the EST action look-
ing at the following two ”Beyond Nambu-Gotō ” (BNG) actions,
namely:

S1
BNG

= SNG + SK2 (2.48)

S2
BNG

= SNG + SK4. (2.49)

It is interesting to notice that the first of these two actions has
indeed a long history. Originally introduced to describe the
physics of fluid membranes [109–111], it was later proposed by
Polyakov and by Kleinert as a way to stabilize the Nambu-Gotō
action [112, 113]. It is often denoted as ”rigid string” since the
K2 term is expected to increase the stiffness of the string. As
we shall see below, our results on the string width confirm this
intuition. To the best of our knowledge, this is the first time that
an explicit quantitative evidence of the effect of the rigidity term
in the width of the rigid string is reported.

Following ref. [19] we approximate K2 to the first order:

K2 ∼
(
(∂0∂0ϕ(x))2 + (∂1∂1ϕ(x))2 + 2(∂1∂0ϕ(x))2

)
. (2.50)

Thus, we can write the discretized version of the two terms as
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follows:

SK2(ϕ) = γ2
∑
x∈Λ

LK2(ϕ(x)) (2.51)

SK4(ϕ) = γ3
∑
x∈Λ

(
LK2(ϕ(x))

)2
(2.52)

where:

LK2(ϕ(τ, ϵ)) =
(
ϕ(τ + 1, ϵ) − 2ϕ(τ, ϵ) + ϕ(τ − 1, ϵ)

)2
+

+
(
ϕ(τ, ϵ + 1) − 2ϕ(τ, ϵ) + ϕ(τ, ϵ− 1)

)2
+

+
1

8

(
ϕ(τ + 1, ϵ + 1) + ϕ(τ − 1, ϵ− 1)+

− ϕ(τ + 1, ϵ− 1) − ϕ(τ − 1, ϵ + 1)
)2

(2.53)

Some special care has to be taken on the boundary ϵ = R: the
regularization must take into account the Dirichlet boundary
conditions. The non-vanishing terms are:

LK2(ϕ(τ, R)) =
(
ϕ(τ, ϵ− 2) − 2ϕ(τ, ϵ− 1))2+

+
1

2

(
ϕ(τ − 1, ϵ− 1) − ϕ(τ + 1, ϵ− 1)

)2 (2.54)

One of the main results of this thesis is the numerical study of
the actions of eqs. (2.51) and (2.52). Our goal is to understand
how the shape and thickness of flux tube change as a conse-
quence of the addition of the K2 or K4 terms.

2.4 Lattice gauge theory in the EST picture

We shall conclude this chapter with some final remarks on the
comparison between LGT simulations and EST predictions. As
mentioned in Section 2.1.1, the EST partition function pro-
vides a prediction for the interquark potential computed through
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Figure 2.3: Ground state of SU(2), SU(3) and SU(6) as a function of the
physical temperature T . The lines represent the EST predictions, the solid
black line is the Nambu-Gotō prediction while the dotted lines include also
the higher-order corrections.

correlators of Polyakov loops. In fig. 2.3, results for the in-
terquark potential in SU(2), SU(3), and SU(6) LGT are pre-
sented and compared with the Nambu-Gotō and BNG predic-
tions [20,25]. In the infrared regime, all the simulations converge
to the Nambu-Gotō prediction. This behavior is not surprising
and it is stated by the low energy universality. However, as we
approach the deconfinement transition, higher-order corrections
become fundamental for discriminating between different gauge
groups.

Beyond the interquark potential, two important observables
for the comparison between EST and LGT and for the study of
the confinement mechanism are the shape and the width of the
chromoelectric flux tube. In LGT theory, the main ingredient
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Figure 2.4: Width of the SU(2) LGT, for two values of β, as a function of the
interquark distance R, the dotted line represents the conjectured behavior
from eq. (2.23).

needed to compute the shape is the three-point function:

ρ(L,R, y) =
⟨P (0)P †(R)U(y)⟩

⟨P (0)P †(R)⟩ − ⟨U(y)⟩ (2.55)

where P are Polyakov loops at a distance R, and U is a plaquette
situated at transversal distance y from the center of the plane
drawn by the Polyakov loops. In this setup, we refer to ρ(y)
as the shape of the string, which, in lattice EST, corresponds
to the distribution of the central field configurations ϕ(τ, R/2).
The width and the Binder cumulant are then associated with the
second and fourth moments of the distribution defined by the
shape of the string. In figure 2.4, the width for SU(2) is plotted
in the high-temperature limit and compared with the conjec-
tured solution for the Nambu-Gotō EST (see Section 2.1.2). As
evident from the plot, the EST conjectured predictions match
the LGT results with great agreement. We anticipate that a
rigorous numerical validation of the high-temperature Nambu-
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Gotō EST width is one of the main results presented in this
thesis. On the other hand, in LGT, the shape of the flux tube is
characterized by a Gaussian peak with an exponentially decay-
ing tail. In particular, outside the Gaussian regime, the shape
follows an exponential form: ρ(y) ∝ e−λ|y|. As a consequence,
a new scale, λ, known as the ”intrinsic width” [106], emerges
and can be analyzed by examining the Binder cumulant. Since
this observable measures the Gaussianity of a theory, in LGT,
the Binder cumulant is found to deviate significantly from zero.
However, as we shall show in Chapter 7, the shape of the EST is
Gaussian, confirming the assumption that the EST is widthless
and does not include the intrinsic width, at least in its simplest
form.



Chapter 3

Markov Chain Monte Carlo

The main goal when studying a lattice QFT is to evaluate the
vacuum expectation values (v.e.v.) of a general observable O
over a distribution p:

⟨O(ϕ)⟩ϕ∼p =

∫
dϕp(ϕ)O(ϕ) (3.1)

where p follows a Boltzmann distribution weighted by the action
S of the target theory:

p(ϕ) =
1

Z
e−S(ϕ) (3.2)

In general, v.e.v. are evaluated numerically by sampling N equi-
librium configurations {ϕi}Ni=0 from p and using the Monte Carlo
estimator:

⟨O(ϕ)⟩ϕ∼p ≃
1

N

N∑
i=1

O(ϕi) (3.3)

The crucial challenge in this approach is the sampling proce-
dure for the configurations ϕi. The primary approach in lattice
QFT is based on Markov Chain Monte Carlo (MCMC) meth-
ods. Over the last few decades, numerical Monte Carlo sim-
ulations of lattice-regularized QFT have become the primary
non-perturbative tool for studying strongly-interacting theories
from first principles. In the context of lattice QCD, MCMC

30
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simulations have provided a robust framework for high-precision
theoretical calculations that are routinely compared with exper-
imental results (see, for example, refs. [114,115]).

Despite the great success, lattice MCMC calculations still
suffer from considerable shortcomings: for example, one such is-
sue emerges when simulating the theory close to a critical point,
where the autocorrelation of a sequence of field configurations
sampled via MCMC diverges, giving rise to the so-called critical
slowing down [62]. In order to state this issue quantitatively, one
introduces the integrated autocorrelation time τint(O), which
estimates the number of effectively independent samples over
which the observable of interest O is measured. The formal
definition of the autocorrelation time is:

τint(O) =
1

2
+

∞∑
t=1

ρO(t) (3.4)

where the function ρO(t) is given by

ρO(t) =
⟨O(ϕi)O(ϕi+t)⟩ϕ∼p − ⟨O⟩2ϕ∼p

⟨O2⟩ϕ∼p − ⟨O⟩2ϕ∼p
(3.5)

and measures the autocorrelation between the samples ϕi gen-
erated by the MCMC. When approaching criticality, τint(O) di-
verges with the correlation length ξ of the system, and one typ-
ically observes that τint(O) ∼ ξz. Thus, the cost of generating
independent samples can increase unsustainably as the system
approaches the critical point ξ → ∞, causing the critical slow-
ing down. The value of the exponent z depends on the MCMC
algorithm and the observable O.

Another issue with standard MCMC methods is that, in gen-
eral, it is extremely hard to obtain reliable estimates of the free
energy, F = − logZ, with this approach. A partial solution
to this problem is that MCMC approaches can more efficiently
compute free energy differences ∆F . It is well known, however,
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that typically this involves significant computational costs: com-
monly used methods to perform such calculations are based on
the numerical integration of a derivative with respect to some
parameter [116] or on reweighting the field configurations of a
simulated ensemble to a target ensemble, specified by different
parameter values [117]. The former of these methods, however,
introduces a systematic uncertainty due to the discretization of
the integration interval; the latter, on the other hand, is often
hampered by the fact that the overlap between the most typi-
cal configurations in the simulated and in the target ensemble
becomes exceedingly small in the thermodynamic limit.

The challenging nature of these two problems continues to
motivate the search for alternative techniques to standard MCMC
methods. As we will see, these issues create significant obsta-
cles for the numerical simulation of EST on the lattice. On the
one hand, the primary observable in EST is the free energy; on
the other hand, the large correlation length, due to the strong
non-linearity of the Nambu-Gotō action, significantly increases
τint(O) for the width and Binder cumulant of the effective string
as showed in figure 3.1, where we computed the τint for the widht
σw2.

In the following, we briefly outline the main characteristics of
standard MCMC approaches and introduce the Hybrid Monte
Carlo method; readers can refer to the textbooks [105,118] for a
more detailed introduction from the perspectives of lattice field
theory, and Bayesian inference, respectively.

Furthermore, the following chapters introduce two poten-
tial approaches, one variational and the other based on non-
equilibrium thermodynamics, that, by rethinking the calcula-
tion of v.e.v. from the ground up, provide a robust alternative
to the MCMC methods discussed in this section.
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Figure 3.1: τint for the width computed with standard MCMC methods (see
Section 5.5 for more details on the numerical experiments) at fixed σ as a
function of the volume for L × L (left plot) and fixed volume 20 × 20 and
different σ (right plot).

3.1 Hybrid Monte Carlo

An MCMC is a sequence of random variables {ϕ}∞i=0, where,
in the case of a scalar field theory, each ϕi ∈ Rd is generated
by updating from the previous sample ϕi−1. The update is a
stochastic process with a specified transition probability P [ϕ →
ϕ′] that must, of course, satisfy:∫

dϕ′P [ϕ → ϕ′] = 1 (3.6)

Accordingly, the equilibrium density p of the new sample ϕ′ is:

p(ϕ′) =

∫
dϕP [ϕ → ϕ′]p(ϕ) (3.7)

with ∫
dϕp(ϕ) = 1. (3.8)

By definition, a stochastic process satisfying these conditions
is called a Markov process, and the resulting sequence of con-
figurations is a Markov Chain. Given an appropriately chosen
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initial state ensemble drawn from the density p0, applying a long
enough sequence of updates leads to the canonical equilibrium
ensemble p:

lim
k→∞

P kp0 = p (3.9)

Thus, the target density is a fixed point of the transition prob-
ability P :

Pp = p (3.10)

To ensure that this fixed point of the MCMC is achieved, it is
sufficient (though not necessary) to impose the detailed balance
condition:

P [ϕ → ϕ′]p(ϕ) = P [ϕ′ → ϕ]p(ϕ′) (3.11)

which implies:∫
dϕP [ϕ → ϕ′]p(ϕ) =

∫
dϕP [ϕ′ → ϕ]p(ϕ′) = p(ϕ′) (3.12)

matching the result in eq. (3.10). With a suitable update proce-
dure, a “reasonable” starting point for the MCMC is typically
achieved through a process known as thermalization. This pro-
cess involves generating a sequence of configurations from an
arbitrary initial distribution p0 until a configuration ϕj ∼ p is
obtained, thanks to the MCMC properties. At this point, sam-
pling begins to build the desired equilibrium ensemble. Ther-
malization is one of the essential steps in MCMC because, when
p is a highly complex distribution, obtaining the initial equilib-
rium configuration ϕj can be challenging.

One of the most popular update methods for building an
MCMC is the so-called Hybrid Monte Carlo (HMC) [119], which
combines molecular dynamics (MD) with Metropolis-Hastings
(MH) accept-reject steps. The first step in HMC is to extend
our target density p by introducing some fictitious Gaussian mo-
menta π:

p(ϕ, π) =
1

Z
e−HHMC(ϕ,π) (3.13)
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where the new Hamiltonian is given by:

HHMC(ϕ, π) = S(ϕ) +
1

2

∑
x∈Λ

π2(x) (3.14)

In this augmented space, we can obtain a proposal ϕ′ from an
initial configuration ϕ by integrating Hamilton’s equations of
motion:

dϕ

dt
=

∂H

∂π

dπ

dt
= −∂H

∂ϕ
(3.15)

where we have introduced the Monte Carlo time t. Since the
energy H is conserved during this integration, it constitutes a
micro-canonical update. However, because the Hamilton’s equa-
tions of motion cannot be solved exactly numerically, proposal
configurations ϕ′ may be biased. To correct this, a Metropolis
accept-reject step is applied at the end of the MD integration.
Given the previous state of the chain (ϕi, πi) and the proposal
(ϕ′, π′) obtained by integrating eqs.(3.15), the new sample is
accepted, i.e., ϕi+1 = ϕ′, with probability:

A(ϕ → ϕ′) = min

[
1,

p(ϕ′, π′)

p(ϕ, π)

]
(3.16)

where

p(ϕ′, π′)

p(ϕ, π)
= e−∆H ; ∆H = H(ϕ′, π′) −H(ϕ, π) (3.17)

If the sample is rejected, then ϕi+1 = ϕi. To prove the detailed
balance for this accept-reject step, we can first define the pro-
posal of the MD as the kernel q(ϕ → ϕ′); observe that in general:

p(ϕ)q(ϕ → ϕ′) ̸= p(ϕ′)q(ϕ′ → ϕ) (3.18)

since the discretized MD dynamics don’t satisfy the detailed
balance due to finite size errors. The effect of the accept-reject
step with probability A restores the detailed balance:

p(ϕ)q(ϕ → ϕ′)A(ϕ → ϕ′) = p(ϕ′)q(ϕ′ → ϕ) (3.19)
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where A must be fixed such that:

A(ϕ → ϕ′) =
p(ϕ′)p(ϕ′|ϕ)

p(ϕ)p(ϕ|ϕ′)
(3.20)

where the min [1, A] is taken to normalize the kernel A. In the
case of HMC, the kernels q(ϕ → ϕ′) and q(ϕ′ → ϕ) are equal
and thus:

A(ϕ → ϕ′) =
p(ϕ′)

p(ϕ)
(3.21)

We will return to this algorithm in the following sections.
In summary, the HMC algorithm proceeds as follows: given

a sample ϕj from the MCMC, a new proposal is generated by
integrating the MD equations of motion from eq.(3.15) and is
then accepted or rejected according to the MH step in eq.(3.16).
Generally, after each update, the momenta π are refreshed; how-
ever, alternative implementations may partially resample using
a Gaussian noise.

3.1.1 Leap-frog integrator

Among the various integrators used to solve the Hamilton’s
equation of motion (3.15), most of them rely on the repetition
of two elementary steps:

I1(ε) :(ϕ, π) → (ϕ + ε∇πH(ϕ, π), π)

I2(ε) :(ϕ, π) → (ϕ, π − ε∇ϕS(ϕ))
(3.22)

where ε is the time shifts of the discretize equation of mo-
tion’s (3.15). One of the most simple integrator is the Störmer-
Verlet integrator, generally refereed to as the leap-frog, which
corresponds to the composition of:

Jε(ϖ) =
[
I1(ε/2)I2(ε)I1(ε/2)

]Ns (3.23)

where ϖ = Nsε is the length of a MD trajectory.



Chapter 4

Neural Generative Samplers

In the previous chapter, we addressed the problem of precisely
estimating vacuum expectation values (v.e.v.):

⟨O(ϕ)⟩ϕ∼p =

∫
dϕp(ϕ)O(ϕ) (4.1)

by sampling equilibrium configurations from the distribution p.
However, sampling directly from the desired distribution is not
always necessary. Notably, using a reweighting technique called
Importance Sampling (IS), we can compute the v.e.v. by draw-
ing configurations from an auxiliary distribution q:∫

dϕp(ϕ)O(ϕ) =

∫
dϕq(ϕ)

p(ϕ)

q(ϕ)
O(ϕ) = ⟨p(ϕ)

q(ϕ)
O(ϕ)⟩ϕ∼q (4.2)

The main drawbacks of IS calculations are as follows: q must
have good support on p to achieve precise estimations of v.e.v.;
additionally, the importance weight w(ϕ) = p(ϕ)

q(ϕ) must be com-

putable, which requires q(ϕ) and p(ϕ) to be evaluated at least in
the unnormalized form. Is thus obvious that q must be chosen
carefully.

In recent years, thanks to the rapid progress of deep learn-
ing, new techniques have been developed to provide robust and
expressive variational Ansatz for the auxiliary distribution q. In

37
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particular, by using deep neural network architectures, it is pos-
sible to build computable parametric densities qθ that are trained
to approximate the target p. Two prominent examples in phys-
ical applications are Variational Autoregressive Networks [55]
and Normalizing Flows [56–58], both of which belong to the
field of variational inference [120]. The former has been widely
investigated in the statistical mechanics community, primarily
for sampling Boltzmann distributions on discrete domains (e.g.,
the Ising model, Potts model, spin glass etc.) [55, 63–65], while
the latter has gained significant popularity in lattice field the-
ory for sampling configurations with continuous degrees of free-
dom [35]. These kind of application are generally referred to
as Neural Generative Samplers [59, 121], and provide a new,
promising route to extend standard MCMCM methods.

In this thesis, we focus on Normalizing Flows: in the fol-
lowing sections, we discuss this class of generative models, ex-
plore specific implementations, outline strategies for training,
and demonstrate how to obtain unbiased estimators for the tar-
get distribution p.

4.1 Normalizing Flows

Normalizing Flows (NFs) [56–58] are a class of deep generative
models able to build variational auxiliary distribution qθ. The
key idea behind NFs is to provide a trainable and expressive
variational Ansatz for the auxiliary distribution qθ by leverag-
ing parametric diffeomorphisms to establish an exact mapping
between qθ and a simpler distribution q0. Specifically, an NF
gθ is a differentiable and invertible function that enables the
exact computation of the density of the transformed samples
ϕ = gθ(ϕ0) using the change of variables theorem. Given a sam-
ple ϕ0 drawn from a prior distribution q0, the density of the



Chapter 4 – Neural Generative Samplers 39

output ϕ is:

qθ(gθ(ϕ0)) = q0(ϕ0)| det Jgθ(ϕ0)|−1 (4.3)

where J is the Jacobian matrix of gθ.
The idea of leveraging diffeomorphisms to obtain exact den-

sities given a base distribution that is easy to sample from has
a long history: the first example is the Box-Muller transforma-
tion [122] from 1958, used to obtain Gaussian-distributed sam-
ples from uniform noise. In the last years, thanks to the explo-
sion of deep learning, neural networks have been exploited to
obtain flexible and expressive parametric diffeomorphisms, i.e.,
NFs. The main idea of NFs is that the parameters, generally
denoted by θ, are optimized so that the learned variational dis-
tribution qθ closely approximates the target distribution. It is
important to emphasize that qθ is only an approximation of the
target. Nonetheless, as we will discuss below, methods like IS
allow us to obtain asymptotically unbiased estimations of v.e.v.
despite this approximation.

4.1.1 Coupling Layers

One of the most popular ways to implement the diffeomorphisms
g is through the so-called coupling layers [123, 124], a class of
transformations that, by leveraging specific masking patterns,
provide tractable triangular Jacobian determinants. A coupling
layer glθ keeps a subset of the sample fixed (e.g., the fields cor-
responding to the even sites of the lattice) while transforming
the remaining degrees of freedom using parametric, invertible
transformations. This approach results in a triangular Jacobian,
allowing the logarithm of the determinant of J to be computed
as the trace of log J .

A notable example is the RealNVP [124] layer, where the
parametric functions are affine transformations whose param-
eters are determined by a neural network. Readers can refer
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to the textbooks [120, 125] for a general introduction to neural
networks.

Given a sample ϕl and a mask b, a coupling layer ϕl+1 = glθ(ϕl)
acts as:

ϕl+1 = bϕl + (1 − b)
(
ϕle

−sθ(bϕl) + tθ(bϕl)
)

(4.4)

where s and t are the outputs of a neural network that takes as
input the unchanged, “frozen,” partition bϕ0.

Normalizing Flows gθ can generally be constructed by inter-
leaving N coupling layers glθ with alternating masks:

gθ(ϕ0) =
(
gNθ ◦ · · · ◦ g1θ

)
(ϕ0), (4.5)

Because the masking pattern ensures that the Jacobian of each
coupling layer is triangular, and the determinant of a composi-
tion det(gl+1 ◦ gl) is equal to the product of the determinants
det(gl+1) det(gl), the output density for the RealNVP NFs of
eq. (4.5) is:

log qθ(gθϕ0) = log q0(ϕ0) − log | det Jgθ(ϕ0)| (4.6)

with:

log | det Jgθ(ϕ0)| = −
N∑
i=1

siθ(biϕi−1) (4.7)

where ϕi = giθ(ϕi−1), and bi is the mask for layer i.

4.1.2 Continuous Normalizing Flows

An intriguing alternative to NFs based on coupling layers are
Continuous Normalizing Flows (CNFs). In CNFs, the diffeo-
morphism gθ is defined as the solution of a Neural Ordinary
Differential Equation (NODE) [126] over time t ∈ [0, T ]:

dϕ(t)x
dt

= vθ(ϕ(t), t)x with z ≡ ϕ(0) and ϕ ≡ ϕ(T ) (4.8)
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where x is a site of the lattice Λ, and the vector field vθ is param-
eterized by a neural network. The concept of NODE originates
from the observation that the Euler discretization of the NODE
in eq.(4.8):

ϕ(t + δt)x = ϕ(t)x + δtvθ(ϕ(t), t)x (4.9)

resembles the so-called residual connections, a widely popular
neural network layer [127].

NODEs can be leveraged to construct a NF by noting that the
total change in the density of the samples ϕ(t) can be determined
through the ODE:

d log qθ(ϕ(t))

dt
= −Tr Jvθ(ϕ(t), t) (4.10)

where the trace of the Jacobian corresponds to the divergence
of the neural vector field:

Tr Jvθ(ϕ(t)) = (∇ϕ(t)vθ)(ϕ(t), t) (4.11)

see ref. [126] for a rigorous derivation of this result.
The key advantage of CNFs, as evident from eq.(4.10), is that

they eliminate the need to compute Jacobian determinants (a
primary limitation of discrete NFs). However, efficient imple-
mentation of CNFs depends on the use of high-order integrators
to solve the NODE in eq.(4.8), which can be computationally
expensive, and the outputs may be biased due to discretization
errors in the ODE.

4.2 Training

The key aspect of NFs is that it is possible to optimize the pa-
rameters θ of the models to approximate a target distribution
p. In the case where p is chosen to be a Boltzmann distribu-
tion, p = exp(−S)/Z, we can train a NF gθ by minimizing, with
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respect to the parameters θ, the Kullback-Leibler (KL) diver-
gence:

DKL(qθ||p) =

∫
dϕqθ log

qθ(ϕ)

p(ϕ)
(4.12)

The KL divergence is a popular metric used to estimate similar-
ity between distributions, and, by definition is always positive
definite: DKL(qθ|p) ≥ 0, while being equal to 0 when qθ and p
are equal. Observe that, since Z does not depend on any pa-
rameters, we can minimize the KL divergence by studying the
so-called variational free energy :

F(θ) =

∫
dϕqθ

(
S(ϕ) + log qθ(ϕ)

)
(4.13)

Let us emphasize some important points about the KL di-
vergence introduced above. First, note that the expectation
value of the variational free energy is calculated over the self-
generated samples from the NFs. Consequently, this training
procedure, unlike standard machine learning methods, does not
require any “training data” but only the functional form of the
unnormalized target distribution (e.g. the target action). An-
other crucial aspect of the KL divergence is that it is, in general,
not symmetric under the exchange q ↔ p (trivially, the expec-
tation value is computed over different distributions). It is well
known that optimization using DKL(qθ|p) can suffer from mode
collapse [120, 128], meaning that if the target p is multimodal,
the learned variational distribution qθ may collapse onto a single
mode of p. This issue can be mitigated by enforcing symmetries
that reflect the multimodal nature of p into the NFs. Neverthe-
less, since lattice EST belongs to a unimodal class of theories,
in this thesis, we did not focus our attention on symmetries for
NFs.

The variational free energy F is just the first step in obtaining
a reliable loss function to train NFs. Although in this thesis we
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trained all the models using F , it is important to mention that a
whole family of loss functions can be derived by studying semi-
analytically the gradients of F . Two noteworthy examples are
the reinforce loss with control variates [55,129], implemented for
NFs by [130], and the path gradient [131–133].

4.3 Estimators

Let us now revisit the Importance Sampling (IS) method that
we introduced at the beginning of this chapter. Given a NFs gθ,
with density qθ trained to approximate the target p = exp (−S)/Z,
it is possible to obtain unbiased v.e.v. using the reweighting for-
mula:

⟨O(ϕ)⟩ϕ∼p =

∫
dp(ϕ)ϕO(ϕ) =

∫
dϕqθ(ϕ)

p(ϕ)

qθ(ϕ)
O(ϕ) (4.14)

In order to evaluate the latter, we can now define the unnormal-
ized importance weight :

w̃(ϕ) =
e−S(ϕ)

qθ(ϕ)
(4.15)

Observe that:

1 =
1

Z

∫
dϕqθ(ϕ)w̃(ϕ) , (4.16)

thus, IS also provides an estimator for the partition function
itself:

Z = ⟨w̃(ϕ)⟩ϕ∼qθ (4.17)

Knowing this, we can compute the v.e.v. as:

⟨O(ϕ)⟩ϕ∼p =
⟨O(ϕ)w̃(ϕ)⟩ϕ∼qθ

⟨w̃(ϕ)⟩ϕ∼qθ
(4.18)

The estimators for the partition function and general observ-
ables are asymptotically unbiased [59, 61]; however, the quality
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of the corresponding Monte Carlo estimators depends on the
overlap that the variational density qθ has on p. Observe that
since NFs provide maps between distributions, the autocorre-
lation of the IS observables matches that of the prior samples.
Therefore, NFs can naturally mitigate critical slowing down by
carefully choosing the prior distributions.

A popular metric used in the flow-based sampling community
to test the quality of the IS (and thus of the training of qθ) is
the so-called Effective Sample Size (ESS), defined as:

ESS(qθ) =
⟨w̃(ϕ)⟩2ϕ∼qθ
⟨w̃(ϕ)2⟩ϕ∼qθ

(4.19)

The ESS is bounded in (0, 1) : 1 ≥ ESS ≥ 0, and it is equal to
1 when there is a perfect overlap between qθ and p.

An alternative way to correct the variational distribution qθ
is by using an independent Metropolis-Hastings (iMH) algo-
rithm [60]. In practice, a standard MCMC is run; however,
the proposal ϕ′ doesn’t depend on the previous sample ϕi but is
sampled independently from qθ and accepted with probability:

A(ϕi → ϕ′) = min

[
1,

p(ϕ′)qθ(ϕ)

p(ϕi)qθ(ϕ′)

]
= min

[
1,

w̃(ϕ′)

w̃(ϕi)

]
(4.20)

The latter satisfies detailed balance; the proof is the same as
for the Metropolis-Hastings steps of the HMC from Section 3.1.
Since the proposals are independent, we can rewrite the proposal
kernel as q(ϕi → ϕ′) = qθ(ϕ

′), where, in general:

p(ϕi)qθ(ϕ
′) ̸= p(ϕ′)qθ(ϕi). (4.21)

Thus, to impose detailed balance, we choose A such that:

p(ϕi)qθ(ϕ
′)A(ϕi → ϕ′) = p(ϕ′)qθ(ϕi). (4.22)

with:

A(ϕ → ϕ′) =
p(ϕ′)qθ(ϕi)

p(ϕi)qθ(ϕ′)
=

w̃(ϕ′)

w̃(ϕ)
(4.23)
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where the min is taken to normalize the kernel A.
The iMH is a well-known algorithm that is closely related to

IS: the MCMC tends to select configurations with high impor-
tance weight while discarding configurations with low values. In
the asymptotic limit of eq. (3.9) it will produce samples from
the target p. However, samples drawn with this procedure are
affected by autocorrelation. Nevertheless, since the proposals
are independent, the autocorrelation of the chain is generated
only when a sample is rejected. As in the case of IS, the proposal
variational density qθ must have good support on p in order to
obtain high acceptance and thus less autocorrelation. For this
reason, iMH is just an alternative to IS, the performances are
practically equal and can be tracked through on the ESS.

4.4 Normalizing Flows in lattice QFT simu-

lations

In recent years, the effectiveness of sampler techniques based
on NFs, generally called flow-based samplers, has been widely
investigated using various approaches across numerous lattice
models. These range from scalar theories [26, 60, 61, 66–71],
gauge theories [72–78], and fermionic theories [134–136], to QCD
[35, 79, 80]. NFs are also widely popular in quantum chem-
istry, where they are generally referred to as Boltzmann Gen-
erators [137]. In this field, they address challenges similar to
those in lattice field theory, such as sampling complex energy
landscapes [138] and computing free energies [139]. Other no-
table applications of NFs, which yield nontrivial results for the
study of the fine details of confinement in gauge theories, are
the works discussed extensively in this thesis [26,94].

Despite the demonstrated benefits for lower-dimensional the-
ories and their potential to mitigate critical slowing down more
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generally, flow-based samplers currently suffer from poor scaling
when applied to large lattice volumes, as noted in refs. [66, 76,
81,82].

Although the precise reasons for this poor scaling remain un-
clear, it is evident to the flow-based sampling community that a
physics-informed design—where a priori physical knowledge is
incorporated into the model design—leads to improved perfor-
mance [81]. A notable example is provided in ref. [71], where the
entanglement entropy is computed for a scalar lattice field theory
using the replica trick. In this context, the key observables are
free energy differences between replica ensembles, where repli-
cas are partially glued through a defect. The central innovation
of ref. [71] is the introduction of a defect coupling layer, a cou-
pling layer that operates locally on the defect. At present, this
work is one of the few examples where pure NFs have been em-
ployed to compute physically meaningful observables, reaching
state-of-the-art performances.

Another intriguing and promising approach to scale up NFs is
to combine them with Non-Equilibrium MCMC methods, based
on out-of-equilibrium statistical mechanics, to obtain Stochas-
tic Normalizing Flows [78, 86, 87]. In the following chapter, we
present a proof-of-concept of the application of flow-based sam-
plers to compute interesting quantities in EST. Afterward, in
Chapter 6 we introduce Non-Equilibrium MCMC, emphasizing
how non-equilibrium thermodynamics can be harnessed to go
beyond the standard equilibrium approach for MCMC. In Sec-
tion 6.3, we will combine these NFs and non-equilibrium meth-
ods to develop Stochastic Normalizing Flows.



Chapter 5

A Proof-of-Concept: simulating
EST with Continuous
Normalizing flows

In the following, we present a proof-of-concept for the applica-
tion of flow-based samplers to study EST on the lattice. We
first introduce our architecture, a CNF, and show that it can
be successfully applied to numerically study EST. The focus of
our simulations is the computation of both the partition function
and the string width in two different regimes of the Nambu-Goto
theory: high-temperature (HT) (R ≫ L) and low-temperature
(LT) (L ≪ R). Afterward, we show that flow-based samplers
can clearly outperform the standard MCMC method in the cal-
culation of the width of the string.

In general, observables are computed through the IS proce-
dure described in Section 4.3 using 106 configurations sampled
with trained CNFs at fixed σ, L, and R.

5.1 Architecture

For the proof-of-concept presented in this thesis, we consider a
CNF architecture inspired by [67]. The vector field gθ that we
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use is defined as:

gθ(ϕ(t), t)x =
∑
y,f

K(t)fWd,x,yϕ(t)y (5.1)

where the time kernel K(t) ∈ RF is given by the first F coef-
ficients of a Fourier expansion, while W ∈ RF×V×V is a tensor
of learnable weights with V = L× (R− 1) being the volume of
the active variables of the configurations ϕ(t). The divergence
of the gθ defined in eq. (5.1) is trivial and is found to be(

∇ · gθ)(ϕ(t), t) = Tr

[∑
f

K(t)fWf

]
. (5.2)

This model corresponds to a continuous-time extension of the
classical linear neuron y = Wϕ.

For all the models, we use F = 3 for the temporal kernel and
integrate the NODE over 13 steps with T = 1.

5.2 Simulation setup

The performances of the CNFs have been tested using as a met-
ric the ESS. We generally use models with ESS ≥ 0.1. Due to
the limits of the architectures used in this work, we report results
for σ > 5.0 in the HT regime and for σ > 10.0 in the LT regime.
We initialize the elements of the vector field to 0 (identity initial-
ization) and train the CNFs for 1000 Adam [140] iterations with
10000 samples, 0.0005 initial learning rate, β1 = 0.8, β2 = 0.9,
and a cosine annealing scheduler. To reduce the computational
cost of the simulations, we trained each combination of L and R
for σ = 5.0, 10.0, 25.0, 100.0 (σ = 5.0 only for the HT regime);
we then used these models as the initialization for CNFs with
different string tensions. When performing this transfer learn-
ing procedure between models, we train the new CNFs with
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100 Adam iterations with 0.00001 as the initial learning rate.
The error is estimated using a jackknife procedure. The code is
based on the PyTorch library [141] and a simple implementation
can be found in [142]. We ran the computation on Tesla V100
GPUs, with a total cost of approximately 650 GPU hours.

For the high-temperature regime we considered 1804 combi-
nations of L, R and the string tension σ. More precisely, we
performed simulations for 11 even values of R between 50 and
100, 9 values of L between 4 and 12, 21 values of σ between 5
and 300 for L < 8 and 16 values between 10 and 300 for L ≥ 8.

In fig. 5.1, the ESS is reported as a function of R, for different
σ and L = 10. This metric indicates that the overlap between
the learned and target distribution is very good, even if the
scaling with the volume and with σ can be a limiting factor for
the architectures under consideration in this study.
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Figure 5.1: Effective Sample Size for CNFs as a function of R for fixed L = 10
and various σ. Error bars are not visible due to the very small statistical
errors.

In the low-temperature regime, we performed simulations
with 1008 different combinations of L, R and the string ten-
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sion σ. We extracted results for eight values of R between 8 and
22, six values of L between 84 and 94 and 21 values of σ between
10.0 and 300.0. In fig. 5.2 we report the ESS as a function of
R for different σ and L = 90. Due to the larger volumes under
consideration in this regime the quality of the flows is gener-
ally lower than in the HT regime, but it guarantees an efficient
sampling of the target distribution nonetheless.
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Figure 5.2: Effective Sample Size for CNFs as a function of R for L = 90
and different σ.

5.3 Partition Function

As mentioned above we benchmark our approach using results
for the partition function. Since we focus on the study of the
large-σ region, we used only data for σ ≥ 40. The most direct
check is in the low-temperature regime.



Chapter 5 – A Proof-of-Concept: simulating EST with Continuous
Normalizing flows 51

R pca
(0)
LT (R) pca

(1)
LT (R) pca

(2)
LT (R) pca

(3)
LT (R) χ2/d.o.f.

8 -2.224701(3) -1.750(1) 0.5(1) 2(2) 1.29
10 -2.893064(5) -2.280(1) 0.6(1) 7(3) 1.18
12 -3.562534(5) -2.810(2) 0.5(1) 12(4) 1.15
14 -4.232608(5) -3.344(2) 0.9(1) 9(4) 0.74
16 -4.903077(6) -3.878(2) 1.1(1) 9(4) 0.86
18 -5.573818(8) -4.410(3) 1.4(2) 7(6) 1.28
20 -6.244732(8) -4.943(3) 1.7(2) 4(6) 1.00
22 -6.91576(1) -5.480(3) 2.2(3) -1(7) 0.96

Table 5.1: Results for the coefficients of the fit of logZ of eq. (5.3) in the LT
regime.

5.3.1 Low-temperature regime (L ≫ R)

Following the discussion of Section 2.1.1, we fitted our data for
the partition function for each value of R, assuming a linear
dependence on L which keeps into account both the area and
the perimeter terms; then we looked at the first few terms of the
1/σ expansion of this linear behaviour

− logZ(σ, L,R) =

(
pca

(0)
LT (R)+

+
pca

(1)
LT (R)

σ
+

pca
(2)
LT (R)

σ2
+

pca
(3)
LT (R)

σ3

)
L .

(5.3)

where the left superscript pc refers to Proof-of-Concept. Results
of these fits are reported in table 5.1.

Then we used the pca
(0)
LT (R) coefficient to further validate our

results, since its behavior should coincide with that of the lattice
discretization of the free bosonic action (i.e. the σ → ∞ limit
of the Nambu-Goto action). Fitting these values according to

pca
(0)
LT (R) = pcA

(0)
LTR +

pcB
(0)
LT

R
+ pcC

(0)
LT (5.4)
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pcA
(0)
LT

pcB
(0)
LT

pcC
(0)
LT χ2/d.o.f.

−0.335820(2) −0.1309(2) 0.47822(4) 0.93
True −0.3358177... −0.13089969... 0.478252...

pcA
(1)
LT

pcB
(1)
LT

pcC
(1)
LT χ2/d.o.f.

−0.2669(2) −5(1) 0.393(4) 0.56

Table 5.2: Results for the fit of pca
(0)
LT (R) of eq. (5.4) (upper table) and of

pca
(1)
LT (R) of eq. (5.5) (lower table) in the LT regime.

led to values for the constants pcA
(0)
LT and pcC

(0)
LT which are com-

patible with those reported in eq. (2.44) (see table 5.2).

Moreover, the coefficient pcB
(0)
LT coefficient is compatible with

the coefficient of the Lüscher term − π
24 = −0.13089969..., which

is the only remnant in this limit of the Dedekind function. The
agreement with the expectation is clearly visible in fig. 5.3,
where we plotted the quantity pca

(0)
LT (R) − pcA

(0)
LTR − pcC

(0)
LT as

a function of R and compared it to the Lüscher term − π
24R .

A similar analysis can be performed also for the higher order
terms of the 1/σ expansion. We report for completeness in the

second line of tab. 5.2 the results for pca
(1)
LT (R), fitted with the

expression:

pca
(1)
LT (R) = pcA

(1)
LTR +

pcB
(1)
LT

R3
+ pcC

(1)
LT . (5.5)

5.3.2 High-temperature regime (R ≫ L)

A non trivial aspect of this regime is that, due to the resum-
mation of the infinite set of exponentials in the Dedekind func-
tion in eq. (2.11), a logarithmic term appears in the partition
function: thus, the analogous of the Lüscher term has a differ-
ent coefficient moving from − π

24R to − π
6L2 (see eq. (2.13)). We

first performed a set of preliminary fits keeping the coefficient of
the logarithmic term as a free parameter: since the result was
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Figure 5.3: Plot of pca
(0)
LT (L) − pcA

(0)
LTR − pcC

(0)
LT of eq. (5.4) as a function of

R compared to the Lüscher term − π
24R

(solid line).

compatible with very high precision to 1/2, we then fixed the
coefficient to this value, subtracted the log term from the data
and fitted again with the following function:

− logZ(σ, L,R) − 1

2
log

(
2R

L

)
=

=

(
pca

(0)
HT (L) +

pca
(1)
HT (L)

σ
+

pca
(2)
HT (L)

σ2
+

pca
(3)
HT (L)

σ3

)
R+

+ pcc
(0)
HT (L) +

pcc
(1)
HT (L)

σ
.

(5.6)

Results are listed in table 5.3.
Then, in analogy to the low-temperature regime, we fitted

the pca
(0)
HT (L) coefficient with

pca
(0)
HT = pcA

(0)
HTL +

pcB
(0)
HT

L
+

pcB1
(0)
HT

L3
+

pcB2
(0)
HT

L5
(5.7)

and the corresponding results are reported in table 5.4. The
value of pcA

(0)
HT is again compatible within two standard devia-
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L pca
(0)
HT (L) pca

(1)
HT (L) pca

(2)
HT (L) pca

(3)
HT (L) pcc

(0)
HT (L) pcc

(1)
HT (L) χ2/d.o.f.

4 -1.477442(2) -1.0654(5) 0.37(4) 1(1) 1.9137(1) 1.61(1) 0.98
5 -1.785398(3) -1.3318(6) 0.52(5) 0(1) 2.3921(1) 1.95(1) 1.14
6 -2.103064(3) -1.5973(8) 0.52(6) 2(1) 2.8699(2) 2.34(2) 1.17
7 -2.426093(4) -1.8627(9) 0.58(6) 3(2) 3.3488(2) 2.67(2) 1.05
8 -2.752383(4) -2.1280(9) 0.64(7) 4(2) 4.3051(2) 3.43(2) 1.11
9 -3.080823(4) -2.3952(9) 0.77(7) 4(2) 4.3051(2) 3.43(2) 0.86
10 -3.410762(5) -2.661(1) 0.87(9) 3(2) 4.7835(2) 3.79(3) 1.08
11 -3.741772(5) -2.928(1) 1.0(1) 4(3) 5.2612(3) 4.21(3) 1.29
12 -4.073607(5) -3.194(1) 1.0(1) 5(2) 5.7400(3) 4.56(3) 0.99

Table 5.3: Results for the coefficients of the fit of logZ of eq. (5.6) in the HT
regime.

pcA
(0)
HT

pcB
(0)
HT

pcB1
(0)
HT

pcB2
(0)
HT χ2/d.o.f.

−0.335823(2) −0.5234(2) −0.179(7) −0.51(7) 1.89
True −0.3358177... −0.523598...

pcC
(0)
HT

pcD
(0)
HT χ2/d.o.f.

0.47827(3) 0.0007(2) 1.50
True 0.478252...

pcA
(1)
HT

pcB
(1)
HT χ2/d.o.f.

−0.26612(3) −0.07(2) 0.43

Table 5.4: Results for the coefficients of the fit of eq. (5.7) (upper table), for
the coefficients of eq. (5.8) (middle table) and for the coefficients of eq. (5.9)
(lower table).

tions with AFB and pcB
(0)
HT is compatible with the expected value

−π
6 = −0.523598.... The quality of this agreement is visible in

fig. 5.4 where pca
(0)
HT (L) − pcA

(0)
HTL is plotted as a function of L

and compared to the Dedekind function prediction − π
6L .
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Figure 5.4: Plot of pca
(0)
HT (L)−pcA

(0)
HTL of eq. (5.7) as a function of L compared

to the Dedekind function prediction − π
6L

(solid line).

In a similar way we also studied the L dependence of the
”perimeter” term pcc

(0)
HT (L) by fitting:

pcc
(0)
HT (L) = pcC

(0)
HTL + pcD

(0)
HT . (5.8)

Results are listed in table 5.3, where we see that the dominant
term pcC

(0)
HT is in excellent agreement with the expected value

CFB. We report for completeness also the results of the fit to the
1/σ term pca

(1)
HT (L). Using

pca
(1)
HT (L) = pcA

(1)
HTL +

pcB
(1)
HT

L3
(5.9)

we found the values reported in table 5.4.

5.4 Width of the flux tube

The main results of this proof-of-concept is to show that with
a NF-based simulation it is possible to compute numerically
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the next-to-leading correction to the flux tube width, which has
never been measured before in LGT simulations. At the same
time we shall use the agreement of our results with the lead-
ing order predictions for the flux tube width as a further sanity
check of our approach. For the analysis of the flux tube width
we used all the values of σ, R and L at our disposal. In the
low-temperature regime the next-to-leading corrections are too
small and will be below our resolution; however, in the high-
temperature regime they are larger and within the precision of
our numerical approach.

5.4.1 Low-temperature regime (L ≫ R)

Following the discussion of Section 2.1.2 we fitted our results
with

σw2 =

(
1 +

pce
(0)
LT

σ
+
pce

(1)
LT

σR2

)(
pcfLT log(R) + pcgLT

)
+

+
pch

(0)
LT

R2
+

pch
(1)
LT

σR2

(5.10)

where we expect (in agreement with eq. 2.21) pcfLT = 1
2π =

0.159155... for the leading correction, pce
(1)
LT = −π

4 = −0.785398...

and pch
(1)
LT = 5

96 = 0.05208... for the next-to-leading ones. The
results for the various coefficients are reported in table 5.5. For
the leading term we found an excellent agreement with the ex-
pected analytical values while, as anticipated, for the next-to-
leading ones the statistical uncertainty of the fits is of the same
order of the corrections we aim to detect. In fig. 5.5 we re-
port values of σw2 as a function of R for different L at fixed
σ = 100.0, with the corresponding curve from the fit.



Chapter 5 – A Proof-of-Concept: simulating EST with Continuous
Normalizing flows 57

pce
(0)
LT

pce
(1)
LT

pcfLT gLT
pch0

LT
pch1

LT χ2/d.o.f.

1.016(3) -4(2) 0.15919(9) 0.1854(3) -0.023(6) 1(1) 1.02
True 0.785398... 0.159155... 0.05208...

Table 5.5: Results for the coefficients of the fit of the string thickness of
eq. (5.10) in the low-temperature regime.
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Figure 5.5: σw2 in the LT regime as a function of R with σ = 100.0 and
different L. Dotted line represents the best fit of the measures. The error
bars are narrower than the points.

5.4.2 High-temperature regime (R ≫ L)

The situation is more interesting in the high-temperature regime.
In agreement with eq. (2.22) we fitted our data with

σw2(σ, L,R) =

(
1 +

pci
(0)
HT

σ
+

pci
(1)
HT

σL2

)
·

·
(
pcjHT

R

L
+ pckHT + pclHT log(L)

) (5.11)

where we expect for the leading term pcjHT = 1
4 , pclHT = 1

2π =

0.159155..., and for the next-to-leading correction pci
(1)
HT = π

6 =
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0.523598...; results are reported in table 5.6. We see an excellent
agreement with the expected values for all the constants, with a
relative error on the next-to-leading correction which is less than
10%. As we mentioned in Section 2.1.2, a non-trivial behaviour
of the flux tube width in the HT regime is its linear increase
with the interquark distance R. This feature is clearly visible in
fig. 5.6, where we plotted the results of the simulations, together
with the best fit curves for a few selected values of L as a function
of R. In the same figure it is also possible to appreciate the fact
that, as L increases, the angular coefficient of the linear term
decreases with 1/L.

Then, in order to isolate the next-to-leading contribution, we
looked at the following quantity:

⟨σw2
NLO⟩R(σ, L) = ⟨ σw2(σ, L,R)

pcjHT
R
L + pckHT + pclHT log(L)

−1−
pci

(0)
HT

σ
⟩R,

(5.12)
where we used the best-fit values for the coefficients pcjHT , pckHT ,
pclHT and pci

(0)
HT and we took the average over different values of

R (as represented by the ⟨...⟩R parentheses). Namely, we are
assuming to have encoded the whole dependence on R of the
width in the R/L term at the denominator. Thus, ⟨σw2

NLO⟩R
should behave as π

6σL2 [95–97]: in fig. 5.7 we plot it as a function
of σ for three values of L. The same behaviour for L = 4 in the
σ < 50 region is shown in fig. 5.8, together with the expected
behaviour of the two-loop calculation [95–97]. The agreement
with the theoretical expectation can be easily appreciated in the
plots.
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pci
(0)
HT

pci
(1)
HT

pcjHT
pckHT

pclHT χ2/d.o.f.

0.991(2) 0.55(5) 0.25007(4) −0.032(1) 0.1579(5) 1.02
True 0.523598... 0.25 0.159155...

Table 5.6: Results for the coefficients of the fit of the string thickness of
eq. (5.11) in the HT regime.
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Figure 5.6: Plot of σw2 in the HT regime as a function of R with σ = 100.0
for several values of L. The dotted lines represent the best fit; the error bars
are narrower than the points.
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to log π
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5.5 Comparison with Hybrid Monte Carlo
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Figure 5.9: Bias on σw2 between CNFs and HMC from simulations on L ×
R = 20 × 20 volumes.



Chapter 5 – A Proof-of-Concept: simulating EST with Continuous
Normalizing flows 61

In order to further validate the efficiency of our approach, we
compared the results obtained with flows with simulations per-
formed using the Hybrid Monte Carlo (HMC) algorithm [119].
We performed five simulations at fixed volume L×R = 20× 20
and σ = 10, 25, 50, 75, 100 in order to measure the width σw2.
We trained and evaluated the CNFs using the same procedure
described at the beginning of this section, whereas for the HMC
we generated 100000 thermalized configurations for each value
of σ. For each molecular dynamics trajectory we fixed ϵ = 0.1
and integrated over 10 steps. We compute errors and autocorre-
lations for results generated with the HMC algorithm using the
Γ−method [143,144] implementation by [145].

In fig. 5.9, we report the bias between the CNFs and the
HMC simulations: the results are fully compatible well within
the statistical error. Furthermore, in fig. 5.10 we show the er-
ror of both methods multiplied by the square root of the sam-
pling time for a transparent comparison between the cost for the
measurements in the two cases. The trained flows appear to be
more precise than the HMC simulations by as much as a factor
4. This strongly indicates that in the numerical simulation of
the Nambu-Goto string CNFs possess a clear advantage with re-
spect to the more traditional Monte Carlo approach. One of the
reasons for the effectiveness of flow-based samplers is, as shown
in fig. 3.1, that standard MCMC methods suffer from large au-
tocorrelation times in large volumes or small coupling regimes.
This problem is avoided by NFs, as they generate uncorrelated
samples, eliminating critical slowing down.

Furthermore, we also mention the fact that in traditional
Monte Carlo simulations only ratios of partition functions are
directly accessible and their computations via integration meth-
ods are notoriously cumbersome. On the other hand, Normaliz-
ing Flows offer the possibility (at least in relatively simple mod-
els) to compute directly the partition function itself. In light of
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the results for the flux tube, where the partition function itself
has the important physical meaning of the interquark potential,
CNFs clearly represent the more efficient option. However, since
a careful analysis of the efficiency of the two approaches in com-
puting logZ is beyond the scope of this work, we refer to [61] for
a rigorous comparison (albeit with a different NF architecture).
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Figure 5.10: Error on the thickness ∆σw2 multiplied by the square root of
sampling time.

5.6 Summary

Let us conclude this chapter with a brief summary of the re-
sults obtained. Using a simple CNF architecture, we studied
the lattice-regularized Nambu-Gotō EST in the large coupling
regime. In particular:

• We numerically computed the leading-order contribution to
the Nambu-Gotō partition function in both the high- and
low-temperature regimes, benchmarking the physical and
non-physical terms.
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• We analyzed the width of the Nambu-Gotō EST, recov-
ering the well-known leading-order results. In the high-
temperature regime, we also observed the next-to-leading
correction computed in refs. [95–97].

• We demonstrated that CNFs can outperform standard MCMC
methods for equilibrium calculations of v.e.v..

Despite these robust findings, the CNFs used in this chap-
ter still suffer from poor scaling with the string tension σ. In
the following, we address the scaling issues of flow-based by
exploring how v.e.v. at equilibrium can be generalized using
non-equilibrium thermodynamics.



Chapter 6

Non-equilibrium methods and
Stochastic Normalizing Flows

In Chapter 4 we discussed an approach for the calculations of
v.e.v. that leverages the sampling over an auxiliary variational
distribution qθ; in this section, we will rethink the v.e.v.:

⟨O(ϕ)⟩ϕ∼p =

∫
dϕp(ϕ)O(ϕ) (6.1)

using a stochastic, out-of-equilibrium approach, indeed, going
beyond the equilibrium canonical ensembles. This problem has
been faced in non-equilibrium thermodynamics that, thanks to
the so-called fluctuation relations [146], has provided a frame-
work to compute equilibrium quantities from non-equilibrium
experiments. Non-equilibrium statistical mechanics was intro-
duced in 1993 by Evans, Cohen, and Morris with the aim of
studying how macroscopic, irreversible phenomena can arise from
microscopic, fully reversible systems, and to generalize the Sec-
ond Law of thermodynamics [147]. By doing so, Evans et al.
introduced a new kind of ensemble, the transient ensemble, that
generalizes the standard canonical ensembles [148–152]. Some
years later, Jarzynski and Crooks provided an estimator and a
fluctuation relation that can be leveraged to obtain equilibrium
quantities by means of transient ensembles [83,153].

64
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Consider a general thermodynamic transformation starting
from a distribution q0(ϕ0) = exp (−S0(ϕ0))/Z0 and ending in
the distribution p(ϕ) = exp (−S(ϕ))/Z. Crooks’ fluctuation the-
orem states that the ratio of the forward and reverse probability
densities characterizing the thermodynamic transformation is
equal to the exponential of the (dimensionless) dissipated work
done on the system during the evolution. Thus:

q0(ϕ0)Pf [ϕ0 → ϕ]

p(ϕ)Pr[ϕ → ϕ0]
= eWd(ϕ0,ϕ) (6.2)

where Pf and Pr are the forward and reverse transition probabil-
ity densities of the thermodynamic transformations, Wd is called
dissipated work and it is equal to Wd(ϕ0, ϕ) = W (ϕ0, ϕ) − ∆F ,
with ∆F being the free energy difference between the prior and
target, and W is the (dimensionless) work done during the trans-
formation.

One immediate and intriguing consequence of the Crooks’
theorem is that, if we average over all the possible forward real-
izations described by Pf , the inverse of Crooks’ theorem yields:

1 =

∫
dϕ0dϕq0(ϕ0)Pf [ϕ0 → ϕ]

(
p(ϕ)Pr[ϕ → ϕ0]

q0(ϕ0)Pf [ϕ0 → ϕ]

)
=

=⟨e−Wd(ϕ0,ϕ)⟩ϕ0,ϕ∼qPf

(6.3)

It is straightforward to observe that:

e−∆F = ⟨e−W (ϕ0,ϕ)⟩ϕ0,ϕ∼qPf
(6.4)

which corresponds to Jarzynski’s equality [83]. Let us stress that
the average ⟨· · · ⟩ϕ0,ϕ∼qPf

is general and no assumption about the
equilibrium of samples ϕ has been made. In general, as we
will prove in the following, we can also compute v.e.v. using
Jarzynski’s equality as:

⟨O(ϕ)⟩ϕ∼p = ⟨O(ϕ)e−Wd(ϕ0,ϕ)⟩ϕ0,ϕ∼qPf
(6.5)
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which provides a powerful estimator for equilibrium quantities
over non-equilibrium transient ensembles.

In the following, we outline how to design general Pf and Pr

with an MCMC method, discuss the thermodynamic aspects of
this approach, and explore its application to lattice QFT. After-
ward, we will combine NFs and NE-MCMC to obtain Stochastic
Normalizing Flows, a class of hybrid neural variational and out-
of-equilibrium algorithms for which a fluctuation theorem can
be written and leveraged to obtain equilibrium quantities.

6.1 Non-EquilibriumMarkov Chain Monte Carlo

In the previous paragraph, we discussed the Crooks fluctuation
theorem for general thermodynamics transformations. These
transformations can be implemented, and leveraged to compute
equilibrium quantities, using an algorithm called Non-Equilibrium
Markov Chain Monte Carlo (NE-MCMC). A NE-MCMC sim-
ulation is composed of an ensemble of out-of-equilibrium evo-
lutions from a prior distribution q0 = exp(−S0)/Z0 to the tar-
get distribution p = exp(−S)/Z that we wish to sample from.
Each of these evolutions is generated by drawing a sequence
of nstep configurations ϕn using a varying transition probability.
The starting configuration ϕ0 of this sequence is sampled from
the prior q0 and then driven towards the target distribution p
through a sequence of Monte Carlo updates that define the tran-
sition probabilities Pc(n). These transition probabilities depend
on a set of parameters c(n), known as the protocol, which con-
trols the intermediate steps of the system’s evolution, and drive
the configurations sequence from the initial state toward the
target distribution, i.e.

ϕ0

Pc(1)−→ ϕ1

Pc(2)−→ ϕ2

Pc(3)−→ . . .
Pc(nstep)−→ ϕnstep ≡ ϕ (6.6)
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where we note that the last transition probability is fixed to be
the one of the target distribution, i.e. Pc(nstep) ≡ Pp.

Formally, after fixing nstep and the protocol c(n), we can in-
troduce the forward Pf probability distribution of each evolution
[ϕ0, ϕ1, . . . , ϕ] ≡ Φ, which can be written as:

Pf [Φ] =

nstep∏
n=1

Pc(n)(ϕn−1 → ϕn) ; (6.7)

similarly, the reverse probability distribution Pr takes the form
of:

Pr[Φ] =

nstep∏
n=1

Pc(n)(ϕn → ϕn−1). (6.8)

Provided that the transition probabilities Pc(n) satisfy detailed
balance, using these definitions we can state Crooks’ theorem [153],
which relates the probability distributions of forward and reverse
evolutions to the dissipation of the evolution Φ:

q0(ϕ0)Pf [Φ]

p(ϕ)Pr[Φ]
= exp(W (Φ) − ∆F ). (6.9)

In this expression, ∆F = logZ/Z0 is the free energy difference
between the states described by q0 and p, and W represents the
dimensionless work done on the system during its transformation
from the initial to the final state:

W (Φ) =

nstep−1∑
n=0

{
Sc(n+1) [ϕn] − Sc(n) [ϕn]

}
. (6.10)

We also introduce the dissipated work Wd(Φ) = W (Φ) − ∆F ,
which serves as a measure of the dissipation of the transforma-
tion between q0 and p uniquely defined by nstep and the protocol
c(n). Interestingly, we can rewrite the work as

W (Φ) = S(ϕ) − S0(ϕ0) −Q(Φ), (6.11)
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where Q denotes the pseudo heat exchanged during the evolu-
tion, defined as:

Q(Φ) =

nstep∑
n=1

{
Sc(n) [ϕn] − Sc(n) [ϕn−1]

}
. (6.12)

The quantity Q tracks the energy difference at each step as the
system is updated at each step n with the transition probability
defined by the protocol c(n). It is the natural quantity that
arises when deriving eq. (6.9) from the definition of forward and
reverse probabilities; in particular we remark that the detail
balance condition must be satisfied by the Monte Carlo updates:

Pc(n)(ϕn−1 → ϕn)

Pc(n)(ϕn → ϕn − 1)
=

pc(n)(ϕn)

pc(n)(ϕn−1)
(6.13)

where pc(n) ∝ exp(−Sc(n)) is the distribution fixed in the Markov
kernels.

The NE-MCMC algorithm introduced above is equivalent to,
and derived independently from, the so-called Annealed Impor-
tance Sampling (AIS) [84]. In the following, we show how NE-
MCMC can be leveraged to obtain equilibrium quantities from
non-equilibrium measures by exploiting Jarzynski’s equality.

6.2 Jarzynski’s equality and Non-Equilibrium

iMH

Let us now focus on how to use NE-MCMC to compute the
expectation value of an observable O over the probability dis-
tribution p. First, as done at the beginning of the section, we
introduce the average ⟨. . .⟩Φ∼q0Pf

over all the possible forward
evolutions drawn accordingly to q0Pf , that we naturally define
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as:

⟨. . .⟩Φ∼q0Pf
=

∫
dϕ0 . . . dϕ q0(ϕ0)Pf [ϕ0, . . . , ϕ] . . .

=

∫
dΦ q0(ϕ0)Pf [Φ] . . .

(6.14)

where we used the shorthand dΦ = dϕ0 . . . dϕ for the integra-
tion over all possible configurations. Since the reverse sequence
ϕ, . . . , ϕ0 starts from configurations drawn accordingly to the
target p, computing O(ϕ) over p or Pr is equivalent:

⟨O⟩p =

∫
dϕ p(ϕ)O(ϕ)

=

∫
dΦ p(ϕ)Pr[ϕ, . . . , dϕ0] O(ϕ)

=

∫
dΦ q0(ϕ0)Pf [Φ]e−Wd(Φ)O(Φ)

(6.15)

where in the last step we used Crooks’ theorem (6.9). We finally
obtain the reweighting-like formula

⟨O(ϕ)⟩p = ⟨O(Φ)e−Wd(Φ)⟩Φ∼q0Pf
(6.16)

where we correct for the fact that the probability distribution
generated at the end of the evolution does not correspond ex-
actly to p. In order to determine ∆F we just set O = 1, obtain-
ing

1 = ⟨e−Wd(Φ)⟩Φ∼q0Pf
(6.17)

that in turn leads to Jarzynski’s equality [83]:

⟨e−W (Φ)⟩Φ∼q0Pf
= e−∆F . (6.18)

The computation of free energy differences between two distribu-
tions using Monte Carlo simulations is notoriously cumbersome,
as it generally requires a large number of samples from interme-
diate distributions at equilibrium. Thus, eq. (6.18) represents a
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powerful estimator of free energy differences, as the intermedi-
ate distributions can be sampled without ever letting the system
thermalize.

Note that no assumptions regarding thermalization were made
during the construction of the NE-MCMC evolutions: the only
exception is that if the prior distribution q0 is sampled with a
MCMC, it must be at equilibrium. While the starting and end-
ing states of the transformations are fixed, there are in principle
no restrictions on the protocol, either in the velocity of the evo-
lution (i.e. nstep) or in the functional form of c(n); thus, the
intermediate and final configurations ϕn, with 0 < n ≤ nstep, are
in principle allowed to lie arbitrarily far from equilibrium.

In practice, however, the reliability of NE-MCMC estima-
tors is deeply connected to how far from equilibrium evolutions
defined by a given protocol are. Namely, it is of the utmost
importance to understand how the design of a NE-MCMC (in
particular, different choices in terms of nstep and c(n)) can affect
its performance.

An intriguing consequence of this non-equilibrium framework
is that the average dissipated work Wd over all the possible evo-
lutions of the NE-MCMC, is equivalent to the Kullback-Leibler
(KL) divergence between the forward and reverse probability
densities Pf and Pr, i.e.:

⟨Wd(Φ)⟩Φ∼q0Pf
= ⟨log

q0(ϕ0)Pf(Φ)

p(ϕ)Pr(Φ)
⟩Φ∼q0Pf

= DKL(q0(ϕ0)Pf∥p(ϕ)Pr) ≥ 0

(6.19)

The KL divergence of eq. (6.19) measures the similarity between
two distributions and, in this non-equilibrium context, provides
a way to study the reversibility of a stochastic thermodynam-
ical transformation. Large dissipation, which physically corre-
sponds to strong irreversibility, leads to a large KL divergence;
conversely, when the evolution is fully reversible we have for-
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ward and reverse evolution are indistinguishable, resulting in
DKL(q0Pf∥pPr) = 0. Intriguingly, since the KL divergence is
positive-definite eq. (6.19) implies the Second Law of thermody-
namics for these non-equilibrium transformations, i.e.

⟨W (Φ)⟩Φ∼q0Pf
≥ ∆F (6.20)

providing a natural interpretation in terms of the thermodynam-
ics of Markov Chain Monte Carlo.

The KL divergence of eq. (6.19) represents a crucial metric to
determine the reliability of NE-MCMC when sampling a finite
number of evolutions. To understand why, we start by looking at
the probability distribution of the last configuration U ≡ Unstep,
i.e. the one generated by a given protocol at the end of the
evolution. We can write it as:

q(ϕ) =

∫
dϕ0 . . . dϕnstep−1 q0(ϕ0)Pf(Φ) (6.21)

and it is in general intractable unless we let the system thermal-
ize. In order to quantitatively describe the overlap between q

and the target p, we would like to estimate the KL divergence

DKL(q∥p) =

∫
dΦ q(ϕ) log

(
q(ϕ)

p(ϕ)

)
= ⟨log

q

p
⟩Φ∼q0Pf

. (6.22)

It is easy to prove that the divergence of eq. (6.19) represents
an upper bound for DKL(q∥p):

DKL(q0Pf∥pPr) −DKL(q∥p) = ⟨log
q0Pf

pPr
− log

q

p
⟩Φ∼q0Pf

= ⟨log
q0Pf

qPr
⟩Φ∼q0Pf

≥ 0
(6.23)

where the last inequality holds since DKL(q0Pf∥qPr) is itself a
KL divergence. It is then clear that studying the reversibility of
a NE-MCMC with DKL(q0Pf∥pPr) provides a reliable metric to
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evaluate the quality of the sampling of the target distribution. In
particular, protocols far from equilibrium lead to estimators of
eqs. (6.18) and (6.16) with poor overlap with p, whereas quasi-
reversible evolutions are guaranteed to sample it efficiently.

One can understand this by observing that irreversible evolu-
tions characterized by W (Φ) ≫ ∆F will have a vanishing weight
in eqs. (6.16) and (6.18): conversely, transformations with neg-
ative dissipation, which violate the Second Law (W (Φ) < ∆F ),
provide the largest weights; a good sampling of such evolutions
is instrumental for a reliable estimation of the non-equilibrium
averages.

As in the case of NFs, another metric that is useful to evaluate
the performance of non-equilibrium algorithms is the ESS, that
in the context of NE-MCMC is defined as

ˆESS =
⟨exp(−W )⟩2Φ∼q0Pf

⟨exp(−2W )⟩Φ∼q0Pf

=
1

⟨exp(−2Wd)⟩Φ∼q0Pf

. (6.24)

This quantity is an approximate estimator of the ratio

Var(O)p
Var(O)NE

= ESS

where the variance at the numerator is the one of an observable
O computed directly on the target distribution p, whereas at the
denominator we find the variance of the estimator of eq. (6.16).
The interpretation in terms of NE-MCMC evolutions is straight-
forward: it is indeed easy to see that

Var(exp(−W )) =

(
1

ˆESS
− 1

)
exp(−2∆F ) ≥ 0. (6.25)

The positivity of the variance directly implies 0 ≤ ˆESS ≤ 1.
More generally, this quantity gives us a quantitative description
of the distribution of the weights of exp(−W (Φ)) across different
evolutions: indeed, investigating this distribution represents an
effective way to monitor the overlap with the target distribution.
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One simple and effective approach to either reduce the KL
divergence of eq. (6.19) or to increase the ESS of eq. (6.24) is to
increase the number of steps in the NE-MCMC protocols, i.e.
going towards the nstep → ∞ limit: smoother, “quasi-static”
transformations keep the thermodynamic transformations close
to equilibrium, thereby maintaining small dissipation. A more
elaborate and potentially much more effective strategy is to
optimize the functional form of the protocol c(n) itself: this
approach remains one of the main challenges for implementing
more efficient NE-MCMC algorithms. We refer to ref. [154] for
a recent review on the matter.

Since NE-MCMC effectively builds maps between samples,
the autocorrelation on samples obtained from the estimators of
eqs. (6.16) and (6.18) cannot be larger that the one of the start-
ing distribution q0. In this sense this approach can be exploited
in a novel strategy to mitigate critical slowing down: for in-
stance, configurations at coarser lattice spacing can be sampled
with reasonable autocorrelation and each of them can then be
used as starting point for a NE-MCMC. Eq. (6.16) can be used
to compute unbiased expectation values at at finer lattice spac-
ing, where we expect critical slowing down to be more severe.

An alternative unbiased way to build estimator over p, is
by leveraging a Non-Equilibrium iMH (NE-iMH) Markov Chain
that sample from pPr using as proposal qPf . The derivation is
the same of the iMH of Section (4.3), with acceptance:

A(ϕ(j−1) → ϕ′) =

= min

(
1,

p(ϕ′)Pr[Φ
′]

p(ϕ(j−1))Pr[Φ(j−1)]

q(ϕ
(j−1)
0 )Pf [Φ

(j−1)]

q(ϕ′
0)Pf [Φ′]

)
(6.26)

Thanks to the Crooks’ fluctuation relation we can compute the
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non-trivial term as:

p(ϕ′)Pr[Φ
′]

q(ϕ′
0)Pf [Φ′]

q(ϕ
(j−1)
0 )Pf [Φ

(j−1)]

p(ϕ(j−1))Pr[Φ(j−1)]
= e−

(
W (Φ′)−W (Φ(j−1))

)
(6.27)

A qualitative explanation of the latter is that we want to ”filter”
the equilibrium configurations from the non-equilibrium distri-
bution q0Pf . As in the case of the iMH for NFs, the autocorre-
lation of the chain is refreshed every time a new configuration is
accepted and the performance strictly depends on the support
that q0Pf has on pPr. Intriguingly, with this NE-iMH we are
collecting the samples that either violate the forward or reverse
Second Law:

⟨W ⟩Φ∼q0Pf
≥ ∆F ≥ −⟨W ⟩Φ∼pPr

(6.28)

thus the samples for which the dissipated work Wd (either for-
ward or reverse) is smaller than 0: Wd ≤ 0.

6.2.1 Jarzynski’s equality in lattice QFT simulations

In the context of lattice gauge theories Jarzynski’s equality has
seen a wide range of applications in the last few years, see
refs. [85,88–93]. In ref. [85] out-of-equilibrium Monte Carlo sim-
ulations were applied for the first time in lattice field theory to
compute the interface free energy in the Z2 gauge theory. Over
the last decade these methods have been employed with great ef-
fectiveness for high-precision lattice calculations across a variety
of domains, including the equation of state of SU(3) Yang-Mills
theory [88], the running coupling in SU(N) gauge theories [89],
the entanglement entropy in gauge theories [90,91] and topolog-
ical freezing [92, 93]. We stress that the implementation of the
protocol is not limited to changes in the coupling of the theory
(controlling the lattice spacing); it can also involve variations
in the geometry of the lattice configurations. In ref. [85] the
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free energy of an interface was computed changing the bound-
ary conditions. In refs. [90, 91], the entanglement entropy of
lattice quantum field theories was computed using evolutions
that connect replica spaces with different geometries. Addition-
ally, ref. [92] addresses directly topological freezing by leveraging
non-equilibrium evolutions between a system with open bound-
ary conditions and one with periodic boundary conditions.

6.3 Stochastic Normalizing Flows

NE-MCMC evolutions often require large number of steps to
provide a reliable sampling tool, especially in the case of non-
optimal protocols. One intriguing way to tackle this problem
is to augment NE-MCMC with NFs to obtain Stochastic Nor-
malizing Flows (SNFs) [86], thus combining variational and non-
equilibrium methods. In particular, our proposal is to interleave
deterministic, NFs functions gnθ , with the Monte Carlo updates
of the NE-MCMC. In practice, the sequence of eq. (6.6) becomes

ϕ0
g1−→ g1θ(ϕ0)

Pc(1)−→ ϕ1
g2θ−→ g2(ϕ1)

Pc(2)−→ . . . (6.29)

The idea of combining stochastic and deterministic transfor-
mations to enhance NE-MCMC-like methods was already inves-
tigated in refs. [155–157]. The Crooks’ theorem for this algo-
rithm can be written defining the transition probability for the
gn as δ function:

Pgnθ (ϕn−1 → ϕn) = δ(ϕn − gnθ (ϕn−1)) (6.30)

and modifying Pf and Pr appropriately. Eq. (6.9) then still holds
if we naturally generalize the work W of eq. 6.11 as:

W (Φ) = S(ϕ) − S0(ϕ0) −Q(Φ) − log Jθ(Φ), (6.31)
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where the new term:

log Jθ(Φ) =

nstep∑
n=1

log Jgnθ (ϕn−1) (6.32)

corresponds to the sum of the logarithms of the Jacobian deter-
minant of the NF layers and comes from the use of the change
of variables theorem. In particular we have more explicitly that

W (Φ) =

nstep−1∑
n=0

Sc(n+1)

[
gn+1
θ (ϕn)

]
− Sc(n) [ϕn] +

− log Jgn+1
θ

(ϕn).

(6.33)

Setting gn to the identity we immediately recover NE-MCMC.
Naturally, we want to tune the parameters {θ(n)} of the func-
tions gnθ to improve the performances of NE-MCMC. In a very
natural way, we optimize the SNF by computing the appropriate
generalization of the KL divergence of eq. 6.19 and minimizing
it:

min{θ}DKL(q0Pf∥pPr) = min{θ}⟨Wd(Φ)⟩f (6.34)

Numerically, this optimization tunes the parameters of the cou-
pling layers in such a way to minimize the dissipated work Wd

of each trajectory as much as possible. From a thermodynamic
perspective, the optimized SNF generates a more reversible set
of non-equilibrium evolutions compared to a NE-MCMC with
the same protocol. SNFs thus offer a way to optimize NE-
MCMC, forcing the evolutions to be as reversible as possible
through deterministic maps, while inheriting the scalability of
the stochastic updates.

A similar approach to SNFs is the Continual Repeated An-
nealed Transport Flow (CRAFT) [158] method, in which Se-
quential Monte Carlo [159], an evolution of AIS, is combined
with NFs. In this approach, each NF layer of the variational
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NE-MCMC is trained separately by minimizing the KL diver-
gence DKL(qn|pc(n)), where ϕn = gnθ (ϕn−1) and ϕn−1 ∼ pc(n−1),
to optimize the transition between the preceding and succes-
sive Markov kernel of the deterministic transformation. Alter-
native approaches that combine machine learning models and
non-equilibrium identities explore the application of Langevin
dynamics for sampling and computing observable from Boltz-
mann distributions [160,161].

6.3.1 SNFs in lattice QFT

In lattice field theory, SNFs have been first applied to the ϕ4

scalar field theory in two dimensions [87], and then to more
challenging theoretical setups such as the sampling of Effective
String Theories on the lattice [94] (this thesis) and the computa-
tion of entanglement entropy in scalar field theories in two and
three dimensions [71]. Recently, SNFs have establish as the most
promising class of flow-based samplers in lattice QFT; namely,
in ref. [78] an SNF for pure SU(3) lattice gauge theory have been
provided, showing a promising soft polynomial scaling with with
the degrees of freedom of the system.



Chapter 7

EST results with Stochastic
Normalizing Flows

In this chapter, we present the main numerical results obtained
using flow-based samplers to study lattice regularized EST. In
particular, after introducing the SNFs used in our numerical cal-
culations and showing that they outperform all existing base-
lines, we test the algorithm on the well-known results for the
Nambu-Gotō partition function. Afterward, we present new re-
sults for the width and shape of the EST, studying both the
Nambu-Gotō theory and its higher-order corrections.

7.1 Architecture and simulation details

In this thesis, we took inspiration from the T T̄ irrelevant in-
tegrable perturbations [17, 18] (see Section 2.1.3) to design the
SNF used in our simulations. Specifically, we used as a prior
distribution a massless free field regularized on the lattice:

Sc(0)[ϕ] = S0[ϕ] =
1

2

∑
x∈Λ

(∂µϕ)2, (7.1)

while we chose the intermediate actions for the non-equilibrium
Monte Carlo updates to correspond simply to the Nambu-Gotō

78
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action with a string tension σn, i.e.

qc(n)[ϕ] = exp(−Sc(n)[ϕ])/Zn

Sc(n)[ϕ] = σn
∑
x∈Λ

(√
1 + (∂µϕ(x))2/σn − 1

)
.

(7.2)

The specific protocol for σn that we have followed in this work is
a linear interpolation in the inverse of the string tension, start-
ing from 1/σ = 0 (i.e. the action of eq. (2.36)) and ending
at the inverse of the target value of the string tension. In the
case of the higher-order corrections we use as a prior distribu-
tion the Nambu-Gotō theory (again obtained with a SNF) and
then the couplings γ2 or γ3 are switched on using a linear pro-
tocol. The prior qc(0) can be sampled exactly using a procedure
similar to the one used in ref. [81]: we first sample a Gaussian
distribution with identity covariance, and then we rescale the
samples using the eigenvalues of the theory to obtain free field
configurations in the momentum space. Finally, we transform
the samples using the eigenfunctions of the analytical solution.
See Appendix (A.2) for further details on this procedure.

The SNFs used in this work are made up by nstep blocks, each
of which is composed of two affine coupling layers with even-odd
masks (see Section 4.1.1) and one HMC update that follows the
TT protocol described above (see Section 3.1). The two coupling
layers of each block share the same convolutional neural network.
The number of channels and layers depends on the specific set
of simulations (generally between 8 and 32 channels and 1 and
4 layers), balancing performance and computational costs. The
same reasoning has been followed for the total number of blocks.
The HMC update uses a leapfrog integrator with 10 steps and
a stepsize of 0.1.

To train the models, we strongly rely on transferring the pa-
rameters of the networks between volumes. We first trained a
single PI-SNF for a 40 × 40 lattice at fixed target coupling for
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Figure 7.1: ESS as a function of 1/σ on 40× 40 lattices for CNFs and SNFs.

5000 iterations of the Adam algorithm [140] with batch size 32
and learning rate 0.0001; we then used the weights of this flow
as the initialization for the other lattice volumes and trained for
100 iterations with learning rate 0.00001.

The partition function and the expectation value of the width
are computed using the reweighting procedure described in sec. 6.2.
In order to study the Binder cumulant we used the output of the
PI-SNFs as a proposal for the NE-iMH algorithm described in
Section 6.2: the expectation values of eq. (2.46) are then com-
puted on the configurations of the new Markov Chain. The code
is based on the PyTorch library [141] and the statistical analysis
is performed using pyerrors [145].

7.2 Comparison between SNFs, NFs, and NE-

MCMC

In order to compare different architectures, we used the ESS es-
timator introduced in the previous chapters. As a first step, in
fig. 7.1, we show a comparison between SNFs and CNFs used
in Chapter 5 at a fixed volume of 40 × 40: as can be observed
from the plot, SNFs outperform CNFs and can target far smaller
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values of σ (at least two orders of magnitude). In fig. 7.2, we
present a comparison between SNFs, and the underlying NFs
and NE-MCMC as a function of the number of blocks dived by
the target volume, at a fixed σ = 1, and volumes 40 × 40 and
20 × 20. It is noteworthy to observe that both pure NFs and
NE-MCMC exhibit poor performance in this σ regime with the
given architecture. However, both algorithms show a positive
trend when increasing the number of layers. This behavior is
theoretically expected for the latter, while for the former, it is
more surprising since, in general, NFs in standard setups do not
exhibit a clear scaling. Furthermore, the results for each algo-
rithms roughly collapse on the same curve, meaning a soft poly-
nomial scaling with the degree of freedom as showed in ref. [78].
Altogether, SNFs clearly outperform the underlying algorithms
at a fixed number of steps, inheriting a clear scaling from NE-
MCMC while boosting the performance of the underlying NFs.
We also stress that the CNFs used in Chapter 5 outperform
standard MCMC methods in the calculation of observables.

7.3 Nambu-Gotō: partition function

We start our simulations by using analytical results for the
Nambu-Gotō partition function as a benchmark of our approach.
In particular, our goal is to test the ability to clearly distinguish
the prediction of the NG action from that of the free bosonic
action, i.e if we are able to see the effect of the higher order
terms in the NG action beyond the first order approximation.

In order to pursue this program, we had to reach small values
of the string tension σ while keeping the lattice sizes reasonably
large. This is a particularly demanding setting even for flow-
based approaches, as the CNF used in Chapter 5 could sample
only values of σ ∼ O(10). The SNF architecture used in this
work represents a substantial improvement in the scaling with
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Figure 7.2: ESS as a function of the number of steps divided by the target
volume for SNFs and the underlying NFs and NE-MCMC. Colors represent
target lattice volumes.

the string tension, as values of σ ∼ O(10−2) are now accessible.
In order to make the analysis more straightforward, we set

our simulations in the high-temperature regime in which the
expected behaviour of the NG free energy is given by eq. (2.9).
We computed the partition function of the NG model for σ =
1/30 and σ = 1/50 and for lattices with R ∈ [60, 100] and
L ∈ [10, 15]. We first fitted the results for − logZ in R with an
expression inspired by eq. (2.9), namely

− logZ = a(L)σR + b(L) + c(L) log(R). (7.3)

The results for the various coefficients are reported in table A.1.
Next, we take a closer look at the coefficient a(L) by using

a functional form reminiscent of the NG behaviour of eq. (2.8).
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Figure 7.3: Results for the coefficient a(L) of the partition function of the
lattice Nambu-Gotō model, for various values of L and for σ = 1/30 (left
panel) and σ = 1/50 (right panel). The expected behaviour for the Free
Boson and the Nambu-Gotō actions are also shown.

In particular, we fit a(L) in L using

a(L) =

(√
1 − a0

σL2
+ a1

)
L (7.4)

where a1 is an undetermined bulk constant, while according to
eq. (2.9) we expect a0 = π

3 = 1.047 . . . . Results of the fits are
reported in table 7.1 and the corresponding curves are displayed
in fig. 7.3.

σ a0 a1 χ2
red

1/30 1.03(2) −52.517(3) 0.33
1/50 1.04(7) −98.99(1) 1.56
True 1.047 . . .

Table 7.1: Results for the coefficients of the fit of a(L) of eq. (7.4).

We find in both fits an excellent agreement of the parameter
a0 with the expected result π

3 = 1.047 . . . . Crucially, the dif-
ference between the whole square root behaviour of eq. (7.4),
a clear fingerprint of the NG action, and the free bosonic ac-
tion is clearly visible in our data (see fig. 7.3). This provides
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compelling evidence that other observables can be reliably and
efficiently addressed using a SNF architecture.

7.4 Nambu-Gotō: string width

The natural next step in this program is to use numerical simula-
tions to compute observables that lack an analytical description.
In particular, as we mentioned above, we are interested in the
string width σw2 (see eq. (2.45)): we performed independent
simulations with R ∈ [30, 100] and L ∈ [5, 20] at fixed σ = 1/10.

We focus our analysis on the high temperature (R ≫ L)
setting; mimicking the behaviour of eq. (2.23) we fitted the R

dependence of our results with the following expression:

σw2(L,R) = f(L)R + g(L); (7.5)

the results of the two fit parameters are reported in table A.2.
Then, we fit again in L the coefficient f(L) using

f(L) =
1

4L

 1√
1 − f0

σL2

+ f1

 (7.6)

where f1 is an undetermined bulk constant and f0, according to
the conjecture mentioned in Section 2.1.2, should take the value
π/3. Results of the fit are reported in table 7.2.

f0 f1 χ2
red

1.01(9) 12.35(1) 0.47
True 1.047 . . .

Table 7.2: Results for the coefficients of the fit of f(L) of eq. (7.6).

Looking at table 7.2 we see that our result f0 = 1.01(9) re-
markably agrees with the conjectured coefficient π/3 = 1.047....
This can be appreciated in fig. 7.4 as well, where we compare
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Figure 7.4: Results for the numerical prediction of the term σ/σ(L), which
corresponds to the coefficient f(L) of the string width for σ = 1/10, after
removing the divergent term f1 and multiplying by 4L. The solid curve
corresponds to the true value from eq. (2.8).

our data for the combination 4Lf(L) − f1, which corresponds
to the numerical prediction for the term σ/σ(L), with the true
value reported in eq. (2.8). Notice that the free bosonic solu-
tion would correspond to a flat horizontal line at the value of 1,
which is clearly excluded by the data.

7.5 Beyond Nambu-Gotō: the string width

in presence of the K2 and K4 terms

We performed numerical simulations in the presence of a K2

term both in the high- (L ≪ R) and low- (L ≫ R) temperature
limits, where the theoretical expectations for the free bosonic
string have simple analytical expressions, see eqs. (2.21) and
(2.22). We set γ2 ∈ [−0.05, 0.1], we fixed σ = 100: all results
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for the width are plotted in fig. 7.5 for both regimes.
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Figure 7.5: Results for the width σw2(R,L, γ2) at high temperature (R ≫
L = 20, left panel) and at low temperature (R ≪ L = 80, right panel). The
γ2 = 0 case is equivalent to the Nambu-Gotō action.

As it can be seen from both panels of fig. 7.5 the rigidity term
has a strong effect on the string width. As γ2 increases the width
of the string decreases; its dependence on R changes as well and
it becomes flatter. This is consistent with the qualitative picture
in which the rigidity term ”squeezes” the quantum fluctuations
of the string: yet, the magnitude of this change is surprising.
We made an attempt to analyse the contribution of the rigidity
term by fitting our data with a functional form inspired by the
free boson behaviour (σ → ∞) of eqs. (2.21) and (2.22).

Studying the high-temperature regime first, we fixed L = 20
and chose values of the spatial extent so that R ≫ L; then
we fitted the R dependence of our results using the following
functional form

σw2
(HT)(R,L, γ2) = a(HT)(γ2)

R

4L
+ b(HT)(γ2) (7.7)

This two-parameter fit works extremely well for all values of γ2:
the results are reported in table A.3 and the parameter a(HT)(γ2)
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is displayed in fig. 7.6 as well. The γ2 = 0 result for a(HT) is quite
close to 1, which is the value expected for the Free Boson action
and consistent with the large value of σ. More interestingly,
deviations from this value at γ2 ̸= 0 are quite remarkable and
clearly visible.

The same happens in the low-temperature regime, which we
realized by fixing L = 80 and choosing this time R ≪ L. In
this case we fitted the data with the following functional form
inspired by eq. (2.21):

σw2
(LT)(R,L, γ2) = a(LT)(γ2)

logR

2π
+b(LT)(γ2)+c(LT)(γ2)

1

R2
(7.8)

Results for the various coefficients are reported in table A.4, with
a(LT)(γ2) being plotted in the left panel of fig. 7.6 as well. Inter-
estingly, the behaviour of the coefficient of the logarithm looks
qualitatively similar to that of a(HT)(γ2) in the high-temperature
limit.

Finally, we can relate the Rc(γ2) term as it appears in eq. (2.21)
with the b(LT)(γ2) coefficient simply assuming

Rc(γ2) = exp
(
−2πb(LT)(γ2)

)
; (7.9)

we show the values of this term in the right panel of fig. 7.6.
Interestingly, all the values of Rc (and in particular the one

at γ2 = 0 which corresponds to the pure Nambu-Gotō model)
are below one lattice spacing, providing evidence that we can
trust our model down to very small values of R or L. Further-
more, a value of Rc smaller than one lattice spacing is perfectly
consistent with the absence in our model of an intrinsic width
of the flux tube. Conversely, the value of Rc measured in non-
Abelian LGTs is usually rather large, of the order of the inverse
of the glueball mass. Thus, these results suggest that the value
of Rc computed in non-Abelian LGTs is mostly if not entirely
due to the intrinsic width, with essentially no contribution from
the quantum fluctuations of the EST.
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Figure 7.6: Results for a(HT)(γ2) and a(LT)(γ2) (left panel), and for Rc(γ2)
(right panel).

Modeling the γ2 dependence of our coefficients is beyond the
scope of this work. In the spirit of our approach, we hope that
our numerical results, reported in tables A.3, A.4, A.5, A.6 could
be used to inspire and possibly benchmark future analytical
studies of the string width in presence of the K2 correction.

We turn now to the study of the EST model described by
eq. (2.49), i.e. with inclusion of the K4 correction. We performed
a similar analysis, both in the high- and low-temperature limits,
choosing the same values of σ, R and L and γ3 ∈ [−0.0005, 0.1].
On a qualitative level, we found very similar results for the string
width, which are fully reported in fig. 7.7.

As before, we fitted our data with the same functional forms
discussed above, namely eqs. (7.7), (7.8) and (7.9), and we found
the results reported in tables A.5 and A.6 and plotted in fig-
ure 7.8 as a function of the γ3 coefficient.

We conclude this section by stressing a few important con-
sequences of our analysis. The most interesting outcome of our
simulations is that the effect of both the K2 or the K4 term on the
string width is very strong. Conversely, in ordinary non-Abelian
LGTs the behaviour of the string width is very well described
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Figure 7.7: Results for the width σw2(R,L, γ3) at high temperature (R ≫
L = 20, left panel) and at low temperature (R ≪ L = 80, right panel). The
γ3 = 0 case is equivalent to the Nambu-Gotō action with no K4 term.

by the pure Nambu-Gotō prediction: our results suggest that
in the EST describing the gauge theories terms beyond the NG
approximation should be either absent (as it is the case for the
K2 term, due to the low energy universality) or very small (as it
has been recently observed for the K4 term in refs. [20, 24, 25]).
At the same time it is clear that the string width represents a
powerful tool to detect the possible presence of a rigidity term in
other gauge theories on the lattice, such as the trace-deformed
LGTs [108] or the three-dimensional U(1) model [162].

Furthermore, it is particularly interesting to study the be-
haviour of the critical radius Rc as a function of γ2 and γ3. Look-
ing at figures 7.6 and 7.8 we see that in both cases Rc increases
as a function of γ2 or γ3, but with different shapes. Modeling
this behaviour might provide a tool to distinguish between the
two types of corrections: in particular the critical radius seems
to scale linearly with γ2 in the K2 case. In this respect it is inter-
esting to notice that a qualitatively similar behaviour of Rc was
recently observed in the three-dimensional U(1) model [162]: in
this setting confinement, thanks to the Polyakov solution [163],
is indeed expected to be described by a rigid string. More pre-
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Figure 7.8: Results for a(HT)(γ3) and a(LT)(γ3) (left panel), and Rc(γ3) (right
panel).

cisely, in this model the rigidity term is expected to become more
and more important as β (the coupling constant of the model)
increases and, remarkably, also Rc is observed to increase as β

increases [162].

7.6 Binder Cumulant

We compute the Binder cumulant U using eq. (2.46) and we use
it as a quantitative probe to understand whether the distribution
of the field variable ϕ(τ, R/2) (which contains info about the
flux tube profile) is compatible with a Gaussian distribution
(for which U = 0) or not.

7.6.1 The Nambu-Gotō action

In fig. 7.9 we report the results for U , for square lattices, in the
case of the pure Nambu-Gotō action for decreasing values of σ
and various values of the volume L× L of the lattice.

As expected, the cumulant is almost vanishing for large val-
ues of σ: in this regime we are very close to the Free Boson
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Figure 7.9: Results for the Binder cumulant U as a function of 1/σ for a
20×20 lattice (right panel) and for various lattice volumes L×L (left panel)
in the Nambu-Gotō lattice model.

limit and we expect the profile of the flux tube to be Gaussian.
Interestingly, for decreasing values of the string tension, the cu-
mulant becomes negative before reaching what appears to be
a plateau for σ ≲ 1/3, see left panel of fig. 7.9. This might
suggest that the profile of the flux tube (i.e. our field variable
ϕ) is not Gaussian anymore as soon as the Free Boson approx-
imation is not valid. However as we increase the lattice size
L this trend becomes weaker and weaker, see the right panel
of fig. 7.9, suggesting that a finite-size effect due to Dirichlet
boundary conditions might be responsible for a nonzero U .

A possible way to test this issue is to study the NG model
in an asymmetric setting, i.e. either in the high- or in the low-
temperature limit, in which either R or L is very large. In
fig. 7.10 we report the results we obtained for the cumulant U
as a function of

√
σR, for several combinations of σ and R.

In the high temperature case we observe values of U differ-
ent from zero only for very small values of

√
σR. These values

have large errors and fluctuate randomly around zero. This be-
haviour agrees with the idea that the deviations are only due
to the Dirichlet boundary conditions which are almost negligi-
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Figure 7.10: Results for the Binder cumulant U as a function of
√
σR in the

high-temperature limit (R ≫ L = 8, left plot) and in the low-temperature
limit (L = 80 ≫ R, right plot). Different colors represent different values of
the string tension σ.

ble in the high temperature limit. In the low temperature limit,
i.e. when L (the direction along which we fix Dirichlet boundary
conditions) is large and the Dirichlet b.c. play a more important
role, we see a systematic deviation of the Binder cumulant for
small values of

√
σR, which is exactly the region of parameters

in which the effect of the Dirichlet boundary conditions may
propagate more easily in the bulk.

7.6.2 The Binder cumulant in presence of the K2 or
the K4 terms

We performed a similar analysis also for the actions which in-
clude the K2 or the K4 correction terms following a strategy
similar to the one used in Section 7.5. We set σ = 100 and then
we varied the coefficients γ2 or γ3 and the lattice sizes L and R:
results are reported in fig. 7.11 and in fig. 7.12 respectively. In
both figures we report in the left panel a scan in the γ2 or γ3
coefficients for a 20 × 20 lattice, while in the right panel a scan
in R for a fixed value of γ2 or γ3 and selected values of L.

In the case of the K2 action (the ”rigid” string) we see essen-



Chapter 7 – EST results with Stochastic Normalizing Flows 93

0.00 0.25 0.50 0.75 1.00 1.25
γ2

−0.0050

−0.0025

0.0000

0.0025

0.0050

0.0075

U

0 20 40 60 80 100
R

−0.010

−0.005

0.000

0.005

0.010

U

L = 20

L = 80

Figure 7.11: Results for the Binder cumulant U in the NG model with the
inclusion of the K2 term, as a function of γ2 for a 20 × 20 lattice (left panel)
and as a function of R for fixed γ2 = 0.02 (right panel); in both plots σ = 100.

tially no deviations with respect to U = 0. On the contrary, in
the K4 case a small deviation from a vanishing Binder cumulant
can be detected even for rather small values of γ3, see fig. 7.12.
Interestingly, this deviation is positive, i.e. it goes in the oppo-
site direction with respect to what we observed in the NG case.
As in the NG case its intensity decreases as R increases and thus
seems to be again a boundary effect.

Let us close this section with a final important remark. In
ordinary LGTs the Binder cumulant of the flux tube is typi-
cally always negative, much larger in magnitude than the values
that we have found in the current work; furthermore, it shows
a different dependence on R. As discussed in Section 2.4, this
behavior arises from the exponential decay of the tails of the
LGT flux tube shape. A quantitative explanation of its origin
can be found in the intrinsic width of the confining flux tube
mentioned above. Standard EST, therefore, can only describe
the peak of the shape and model its width. Nonetheless, the
prediction for this observable is remarkably precise (see fig. 2.4
from Section 2.4).
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Chapter 8

Conclusions and final remarks

In this thesis, we addressed the problem of sampling field con-
figurations for different Effective String Theory (EST) actions
regularized on the lattice. Our aim is to provide a reliable nu-
merical framework that can work in synergy with analytical ef-
forts to solve these models.

As discussed in Chapter 2, EST is a powerful approach to
quantitatively describe confinement in pure Yang-Mills theories.
However, the study of challenging observables, such as the width
and shape of the effective string, imposes significant limitations
on investigating LGT from the EST perspective. To tackle this
issue, we introduced a new approach that involves regularizing
the EST functional on the lattice, enabling the evaluation of
general vacuum expectation values using numerical methods.

As shown in Chapter 3, due to the strong non-linearity of the
EST model, standard MCMC approaches struggle to provide
reliable estimates of relevant EST observables. Furthermore, one
of the key observables in EST is the partition function, which
is notoriously challenging to compute using standard MCMC
methods.

To address these numerical challenges, in Chapter 4, we in-
troduced a numerical method based on neural variational deep
generative models, specifically Normalizing Flows (NFs). This

95
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class of algorithms is able to provide a reliable approximation
of a given unnormalized Boltzmann distribution (e.g., the EST
action) and can be leveraged to obtain asymptotically unbiased
estimations over the target ensemble. Additionally, NFs provide
an efficient way to compute partition functions.

In Chapter 5, we presented a proof-of-concept application
of NFs to compute partition functions and the width of the
Nambu-Goto EST using a Continuous NFs. Although the nu-
merical findings replicated the well-known behaviours from pre-
vious EST calculations, and the models used could not reach
small values of the string tension, we provided the first numeri-
cal verification of the next-to-leading correction to the flux tube
width, originally computed in [95–97]. Furthermore, we demon-
strated that flow-based samplers are significantly more efficient
than standard MCMC methods for computing EST-related ob-
servables.

In order to address the scaling issues of the flow-based sam-
plers used in Chapter 5, in Chapter 6, we introduced an or-
thogonal non-equilibrium approach based on Crooks’ fluctua-
tion theorem and Jarzynski’s equality, called Non-Equilibrium
MCMC (NE-MCMC). This method can be used to efficiently
compute free energy and mitigate critical slowing down. Sub-
sequently, in Section 6.3, we combined NFs with NE-MCMC to
develop Stochastic Normalizing Flows (SNFs), a powerful class
of hybrid neural out-of-equilibrium algorithms. SNFs could out-
perform both NFs and NE-MCMC (see Section 6.3) and could
afford regimes of the parameters of the Nambu-Gotō theory, as
well as models with additional terms proportional to quadratic
and quartic powers of the extrinsic curvature, which are inac-
cessible to the other baselines. A natural focus of our numerical
efforts was the behavior of the quantum width of the string, for
which very few analytical results exist.

Our results have several important implications for LGT stud-
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ies of confinement. First, we successfully measured the contri-
bution of the terms included in the Nambu-Goto string to the
string width beyond the free bosonic approximation. In partic-
ular, we confirmed a conjecture about this behavior proposed a
few years ago in ref. [98].

Concerning terms beyond the Nambu-Goto action that are
proportional to powers of the extrinsic curvature, we have shown
that they have a significant effect on the string width. This ob-
servable clearly serves as a natural probe for identifying the role
of these higher-order terms. In particular, the fact that in Monte
Carlo simulations of ordinary non-Abelian LGTs, the width of
the flux tube closely follows the expected Nambu-Goto behavior
provides further evidence that for these models, the K2 term is
absent (in agreement with the so-called “low energy universal-
ity”) and that the K4 term has a very small coefficient [20,24,25].

Furthermore, we have shown that a powerful tool to detect
the presence of a rigidity term in the action is the critical radius
Rc (the scale below which the EST predictions are not valid),
which, in the presence of a SK2 term in the action, qualitatively
grows linearly with the coefficient γ2. See eq. (2.51), as also
observed in ref. [162] for the U(1) model.

Finally, we have shown that the corrections to the Gaussian
behaviour are in general very small and show a dependence on
R perfectly compatible with boundary effects. Crucially, the
behaviour of the Binder cumulant in LGTs is quite different
from the one that we have observed for the EST models ana-
lyzed in this work. These results support a picture in which
the shape of the flux tube in LGTs cannot be quantitatively
described by the EST alone but requires the addition of a fur-
ther contribution, the so-called “intrinsic width” [104]. In the
EST language, this contribution is associated with the critical
radius Rc, which identifies the scale below which the EST de-
scription is no longer valid. This finding can be clearly appre-
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Figure 8.1: Comparison between the shape of the flux tube in lattice SU(2)
gauge theory and Nambu-Gotō EST. The shape has been normalized by the
width to absorb the dependence of the string tension and rescaled such that
the peaks of both shapes coincide. The solid line represents a standard
Gaussian with unit variance.

ciated in fig. 8.1, where we compared the shape of the SU(2)
gauge flux tube and the Nambu-Gotō model, computed as de-
scribed in sec. 2.4. The shapes have been normalized with unit
variance (to absorb the effect of the string tension) and rescaled
such that the peaks coincide. As evident from the plot, the peak
of the SU(2) shape is Gaussian and matches the one provided by
the EST. This explains why the Nambu-Gotō width prediction
describes the width of the SU(2) flux tube with excellent agree-
ment (see fig. 2.4). However, as mentioned above, a new set of
ingredients is needed in order to model the intrinsic width.

We think that the same methods could be applied to several
other models, both in the context of more complicated EST
constructions or in the study of other classes of effective theories.
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In particular, a natural candidate for further exploration is the
extension of our model to two transverse degrees of freedom,
which is the basic requirement for a EST description of four
dimensional LGTs. In this context it would be interesting to
study the so called ”axionic string” which has been proposed in
ref. [164] as a possible EST candidate for four dimensional LGTs.
Similarly, another candidate for further numerical work would
be the Polchinski-Yang limit of the rigid string [107], for which
an exact solution of the free energy exists, but no information
of the width and shape is available.

Regardless of the EST applications—which we emphasize once
more as a rather unusual yet entirely novel and original ap-
proach—an additional objective of this thesis was to investigate
the fundamentals of these new neural and non-equilibrium meth-
ods for numerical calculations in lattice field theory, particularly
their combination into SNFs. Our findings indicate that, despite
the low dimensionality of the EST models, these theories present
a challenging setup for numerical methods. It is thus clear that
SNFs provide a promising new route for scaling up lattice sim-
ulations, particularly in lattice SU(3) and QCD.

Natural future developments of this thesis include addressing
critical slowing down and topological freezing in d = 3+1 lattice
SU(3) (the former has already been studied in ref. [78]). Sub-
sequently, a natural extension of this work is its application to
the same issue in gauge theories with dynamical fermions, such
as Lattice QCD itself.

Let us conclude this manuscript with a final remark. Both
neural and non-equilibrium methods address the limitations of
standard MCMC approaches by rethinking the estimators com-
monly used to measure vacuum expectation values over a desired
target ensemble. In one of its most general and elegant defini-
tions, physics is the science of what can be measured. Therefore,
paradigm shifts in modeling and understanding natural phenom-
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ena can arise from rethinking the very way we measure. SNFs
thus serve as a prime example of this process, demonstrating how
the interdisciplinary fusion of machine learning, non-equilibrium
thermodynamics, and MCMC methods can lead to significant
advancements in lattice field theory.
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Appendix A

Appendix

A.1 Free boson analytical solution

Consider the free boson CFT action regularized on a lattice Λ
of size L×R:

SFB[ϕ] =
1

2

∑
x∈Λ

(∂µϕ(x))2 =
1

2

∑
x∈Λ

ϕ(x)□ϕ(x)

□ϕ(x) =
2∑

µ=1

(
2ϕ(x) − ϕ(x + µ̂) − ϕ(x− µ̂)

) (A.1)

where ϕ(x) ∈ R, □ is the discrete d’Alembert operator, µ̂ is
a unit vector pointing on the direction µ and x = (τ, ϵ). The
boundary conditions are fixed to be periodic along temporal
extension L : ϕ(τ, ϵ) = ϕ(τ + L, ϵ) and Dirichlet along R :
ϕ(τ, 0) = ϕ(τ, R) = 0. The partition function of the theory is
defined as:

Z =

∫
D[ϕ]e−SFB[ϕ] (A.2)

where D[ϕ] =
∏

x∈Λ′ d[ϕ(x)] and Λ′ is the lattice without the
fixed sites of the Dirichlet boundary conditions. The action
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(A.1) can be diagonalized using the orthogonal transform:

ϕ(x) =

L,(R−1)∑
m=1,n=1

Ψ(τ, ϵ,m, n)y(m,n) (A.3)

with m = 1, .., L, n = 1, .., R− 11 and:

Ψ(τ, ϵ,m, n) =
2√
LR

(
cos

(
2mπτ

L

)
+ sin

(
2mπτ

L

))
sin

(
nπτ

R

)
(A.4)

Substituting (A.3) in (A.1) results in:

S[ϕ] =
1

2

∑
τ,ϵ

∑
m,n

Ψ(τ, ϵ,m, n)y(m,n)□
∑
k′

Ψ(τ, ϵ,m′, n′)y(m′, n′)

=
1

2

∑
m,n

∑
m′,n′

λ(m,n),(m′,n′)y(m,n)y(m′, n′)

(A.5)

Since λ(m,n),(m′,n′) is the element of a diagonal matrix, we can
write S in term of m,n only:

S[ϕ] =
1

2

∑
m,n

λ(m,n),(m,n)y(m,n)2 (A.6)

The eigenvalues can be computed as:

λ(m,n),(m,n) ≡ λm,n =
∑
τ,ϵ

Ψ(τ, ϵ,m, n)□Ψ(τ, ϵ,m, n)

□Ψ(τ, ϵ,m, n) =
2∑

µ=1

(
2Ψ(τ, ϵ,m, n)+

− Ψ(x + µ̂,m, n) − Ψ(x− µ̂,m, n)
)
.

(A.7)

The separability of the transformation (A.4) allows to compute
the eigenvalues separately; for the spatial extension, using using

1Observe that:
∑

x ψ(x,m,R) = 0
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bisection and prosthaphaeresis:

□Ψ(ϵ, n) =2c sin

(
nπϵ

R

)
− c sin

(
nπ(ϵ + 1)

R

)
− c sin

(
nπ(ϵ− 1)

R

)
=2c sin

(
nπτ

R

)
− 2c sin

(
nπϵ

R

)
cos

(
nπ

R

)
=2Ψ(τ,m)

(
1 − cos

(
nπ

R

))
=4 sin2

(
nπ

2R

)
Ψ(ϵ, n).

(A.8)

where for simplicity we defined c = 1√
LR

In the case of the peri-
odic boundary conditions:

□Ψ(τ,m) =2c

(
cos

(
2mπτ

L

)
+ sin

(
2mπτ

L

))
+

− c

(
cos

(
2mπ(τ − 1)

L

)
+ sin

(
2mπ(τ − 1)

L

))
+

−
(

cos

(
2mπ(τ + 1)

L

)
+ sin

(
2mπ(τ + 1)

L

))
(A.9)

thus:

2c cos

(
2mπτ

L

)
− c cos

(
2mπ(τ − 1)

L

)
− c cos

(
2mπ(τ + 1)

L

)
= 2c cos

(
2mπτ

L

)
− 2c cos

(
2mπτ

L

)
cos

(
2mπ

L

)
= 2c cos

(
2mπτ

L

)
(1 − cos

(
2mπ

L

)
)

= 4 sin2

(
mπ

L

)
c cos

(
2mπτ

L

)
(A.10)
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and:

2c sin

(
2mπτ

L

)
− c sin

(
2mπ(τ − 1)

L

)
− c sin

(
2mπ(τ + 1)

L

)
= 2c sin

(
2mπτ

L

)
− 2c sin

(
2mπτ

L

)
cos

(
2mπ

L

)
= 2c sin

(
2mπτ

L

)
(1 − cos

(
2mπ

L

)
)

= 4 sin2

(
mπ

L

)
c sin

(
2mπτ

L

)
(A.11)

Finally:

□Ψ(τ,m) = 4 sin2

(
mπ

L

)
c cos

(
2mπτ

L

)
+ 4 sin2

(
mπ

L

)
c sin

(
2mπτ

L

)
= 4 sin2

(
mπ

L

)
Ψ(τ,m)

(A.12)

The explicit expression for the eigenvalues is found to be:

λm,n = 4 sin2

(
mπ

L

)
+ 4 sin2

(
nπ

2R

)
(A.13)

using Gaussian integral, the partition function can be computed
as:

Z =

L,R−1∏
m=1,n=1

√
2π

λm,n
. (A.14)
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A.2 Exact sampling of the Free Boson

Given the exact eigenfunctions and eigenvalues for the free boson
theory:

SFB[ϕ] =
1

2

∑
x∈Λ

(∂µϕ(x))2 =
1

2

∑
x∈Λ

ϕ(x)□ϕ(x)

□ϕ(x) =
2∑

µ=1

(
2ϕ(x) − ϕ(x + µ̂) − ϕ(x− µ̂)

) (A.15)

see Section 2.2.1 and Appendix A.1, it is possible to exploit
them to provide an exact sampler for this theory. The sampling
procedure follows the steps:

• Configurations z are sampled from a multivariate Gaussian
with covariance identity, zero mean and density q0

• Free boson samples y in the space of momenta are obtained
by re-scaling the Gaussian configurations with the eigenval-
ues:

yk =

√
2

λk
zk; (A.16)

the density q1 of the new samples can be easily computed
as:

ln q1(y) = ln q0 +
1

2

∑
k

ln
(λk

2

)
(A.17)

• Free boson samples ϕ in the configuration space are ob-
tained using the orthonormal transformation:

ϕ(x) =
∑
k

Ψ(x, k)y(k), (A.18)

by definition of the eigenfunctions:

ln q(ϕ) = ln q1(y) (A.19)
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The latter procedure have been leveraged to obtain the prior
configurations for the TT -inspired SNF used in this work. Ob-
serve that this way of sampling can be imagined as an exact,
non-parametric, NF.
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A.3 Fits of numerical results

σ L a(L) b(L) c(L) χ2
red

30 10 -516.87(3) 19.8(2) 0.78(8) 0.63
30 11 -568.17(4) 22.5(3) 0.6(1) 0.89
30 12 -619.60(5) 24.4(4) 0.6(1) 1.17
30 13 -670.95(4) 27.1(4) 0.5(1) 0.90
30 14 -722.38(4) 29.3(4) 0.5(1) 0.98
30 15 -773.85(5) 31.1(4) 0.5(1) 1.05
50 11 -1080.5(1) 25.2(5) 0.6(2) 1.87
50 12 -1178.26(7) 27.6(3) 0.6(1) 0.65
50 13 -1276.04(6) 30.2(4) 0.5(1) 0.69
50 14 -1373.93(7) 32.4(3) 0.6(1) 0.58
50 15 -1471.57(7) 36.1(4) 0.2(1) 0.6

Table A.1: Results for the coefficients of the fit of logZ of eq. (7.3).
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L f(L) g(L) χ2
red

5 0.683(3) 2.6(1) 1.12
6 0.562(3) 3.1(1) 0.85
7 0.480(2) 3.5(1) 1.78
8 0.411(2) 3.79(7) 1.12
9 0.372(1) 4.12(5) 0.57
10 0.335(1) 4.33(6) 1.35
11 0.3052(7) 4.55(3) 0.462
12 0.2779(9) 4.81(4) 0.80
13 0.2584(9) 4.89(4) 0.93
14 0.2387(7) 5.17(3) 0.64
15 0.2231(8) 5.29(4) 0.91
16 0.2092(6) 5.46(3) 0.71
17 0.1961(7) 5.60(3) 1.01
18 0.1852(8) 5.76(4) 1.16
19 0.1754(7) 5.88(3) 1.17
20 0.1669(6) 5.98(3) 0.98

Table A.2: Results for the coefficients of the fit of σw2 of eq. (7.5).

γ2 a(HT)(γ2) b(HT)(γ2) χ2
red

-0.05 1.275(8) 0.613(7) 1.13
-0.04 1.214(6) 0.565(5) 0.90
-0.03 1.149(7) 0.535(6) 1.34
-0.02 1.101(6) 0.496(5) 1.22
-0.01 1.062(5) 0.462(4) 1.09
0.0 1.013(4) 0.445(4) 1.01
0.01 0.964(5) 0.429(4) 1.19
0.02 0.931(5) 0.408(4) 1.14
0.03 0.905(5) 0.385(4) 1.29
0.04 0.867(4) 0.375(3) 0.80
0.05 0.838(4) 0.362(4) 0.98
0.06 0.816(4) 0.344(4) 1.05
0.07 0.784(4) 0.338(4) 1.01
0.08 0.760(5) 0.327(4) 1.33
0.09 0.747(4) 0.310(3) 0.73
0.1 0.723(5) 0.304(4) 1.31

Table A.3: Results for the coefficients of the fit of eq. (7.7) in the high-
temperature limit.
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γ2 a(LT)(γ2) b(LT)(γ2) c(LT)(γ2) χ2
red

-0.05 1.354(5) 0.256(2) 0.07(2) 1.17
-0.04 1.253(5) 0.241(2) 0.0(2) 1.63
-0.03 1.172(3) 0.227(1) -0.04(1) 0.77
-0.02 1.111(4) 0.211(2) -0.03(2) 1.55
-0.01 1.056(3) 0.200(1) -0.04(1) 0.80
0.0 1.008(3) 0.188(1) -0.04(1) 1.16
0.01 0.966(4) 0.178(2) -0.048(2) 2.29
0.02 0.928(2) 0.170(1) -0.04(1) 0.74
0.03 0.902(2) 0.1579(9) -0.015(8) 0.59
0.04 0.871(2) 0.1508(7) -0.021(7) 0.46
0.05 0.841(3) 0.145(1) -0.03(1) 1.28
0.06 0.817(2) 0.138(1) -0.02(1) 1.10
0.07 0.795(2) 0.1314(8) -0.010(7) 0.62
0.08 0.770(3) 0.127(2) -0.02(1) 2.25
0.09 0.758(3) 0.119(1) 0.01(1) 1.66
0.1 0.738(3) 0.114(1) 0.02(1) 1.35

Table A.4: Results for the coefficients of the fit of eq. (7.8) in the low-
temperature limit.

γ3 a(HT)(γ3) b(HT)(γ3) χ2
red

0.0 1.016(4) 0.440(4) 0.82
0.005 0.893(5) 0.371(4) 0.79
0.01 0.807(6) 0.348(5) 0.88
0.02 0.729(7) 0.299(5) 1.14
0.03 0.671(6) 0.272(5) 1.35
0.04 0.628(4) 0.253(4) 0.69
0.05 0.598(5) 0.234(4) 1.10
0.06 0.571(5) 0.222(4) 1.09
0.07 0.544(4) 0.217(3) 0.72
0.08 0.526(4) 0.206(3) 0.77
0.09 0.502(4) 0.205(4) 0.57
0.1 0.485(5) 0.198(4) 0.92

Table A.5: Results for the coefficients of the fit of eq. (7.7) in the high-
temperature limit for a model including both the NG and K4 terms in the
action.
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γ3 a(LT)(γ3) b(LT)(γ3) c(LT)(γ3) χ2
red

-0.0005 1.031(4) 0.195(2) -0.05(2) 1.08
0.0 1.008(4) 0.189(2) -0.06(2) 1.35

0.005 0.889(3) 0.146(1) 0.02(1) 0.71
0.01 0.820(4) 0.128(2) 0.05(2) 1.02
0.02 0.742(4) 0.104(2) 0.7(1) 0.91
0.03 0.689(5) 0.091(2) 0.09(2) 2.03
0.04 0.655(4) 0.080(2) 0.11(2) 1.43
0.05 0.631(3) 0.070(1) 0.12(1) 0.90
0.06 0.603(4) 0.067(2) 0.10(2) 1.66
0.07 0.586(3) 0.061(1) 0.121(9) 0.58
0.08 0.567(3) 0.057(1) 0.107(9) 0.69
0.09 0.553(3) 0.053(1) 0.11(1) 0.91
0.10 0.534(3) 0.052(1) 0.10(1) 0.77

Table A.6: Results for the coefficients of the fit of eq. (7.8) in the low-
temperature limit for a model including both the NG and K4 terms in the
action.
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