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The nudged elastic band (NEB) method is a widely used algorithm for determining minimum energy paths
and transition states in chemical reactions and phase transitions. In this work, we present the implementation of
different NEB algorithm schemes in the Crystal code, a quantum mechanical ab initio program for the calculation
of electronic properties of condensed matter systems, based on Hartree-Fock and density functional theory. The
use of a set of localized Gaussian-type functions to expand the wavefunction permits a very efficient evaluation of
the exact exchange series for the hybrid exchange-correlation functionals. Therefore, our implementation allows
an accurate characterization of transition states in both molecular and condensed phase systems, at the hybrid
functional level of theory. The theoretical framework, including the force projection scheme, tangent estimation,
and optimization strategies, and the extensions of the method with climbing image and variable spring constant
variants, is recalled. Then, the NEB algorithm is validated through a series of benchmark tests: two molecular
reactions (a collinear proton transfer process and the keto-enol tautomerization in formamide) and a proton
exchange process in a periodic chabazite zeolite. Our results are in excellent agreement with experimental and
previous theoretical data, confirming the accuracy and applicability of the implementation. This work opens the
possibility for future studies of complex reactive processes on extended periodic systems, using hybrid functionals.

I. INTRODUCTION

The calculation of energy barriers and transition states
for processes such as surface-catalyzed heterogeneous re-
actions, ion trapping and migration within solid matrices,
defect formation and propagation, as well as phase tran-
sitions, is a current challenge in condensed matter physics
and theoretical chemistry. Despite the great advances in
the computational community for the development of novel
methods and algorithms to accelerate molecular dynamics
simulations,1–4 such phenomena are typically many orders
of magnitude slower than vibrations of the atoms, mak-
ing direct ab initio dynamical simulations an impractical
way to calculate transition rates. At the same time, this
separation of time scales allows the use of statistical ap-
proaches such as the harmonic approximation to transi-
tion state theory (HTST)5,6 or Kramers theory.7 Within
these methods, the activation energy of a transition, rep-
resenting the main factor that determines thermal stabil-
ity, is defined as the energy difference between the local
minimum of the potential energy surface corresponding to
the initial state and the first-order saddle point along the
path connecting the minima of the initial and final states.
Among all the families of theoretical methods and algo-
rithms that have been developed for tackling the problem
of saddle points searching on potential energy surfaces, the
nudged elastic band (NEB) approach, introduced by Jóns-
son and Henkelman,8–13 has been established, since its early
days, as one of the most efficient and accurate. Both its
basic8 and improved versions10,11 are based on interpola-
tion between the initial and final states of transition, con-
verting the search for a first-order saddle point in config-
uration space to an optimization problem in a discretized
path space. In this way, only the evaluation of the first
order energy derivative is required, differently from sur-
face walking approaches14–16 or transition states localiza-
tion techniques.17 Thanks to its efficiency, the NEB method
is widely used in conjunction with electronic structure cal-
culations such as Hartree-Fock or density functional theory
(DFT), which allows for an accurate evaluation of the forces
among atoms, as well as a precise estimation of the poten-
tial energy surface (PES). In particular, in the framework

of DFT, semilocal density functionals can often be insuffi-
cient to achieve a good description of electronic properties
associated with the PES, especially for localized defects or
systems with d and f orbitals. The over-delocalization of
the electrons, due to the intrinsic self-interaction error in
the semilocal functionals, as well as the associated under-
estimation of the band gap, can be mitigated by introduc-
ing hybrid density functionals, which incorporate a fraction
of nonlocal exact exchange. Unfortunately, when study-
ing extended systems, the evaluation of the exact exchange
terms can become very demanding in terms of computa-
tional time, especially for plane waves-based codes. In the
Crystal code, the use of localized Gaussian functions as
basis set for expanding the wavefunction has allowed the
development of very efficient algorithms for the evaluation
of the exact exchange series.18,19 Therefore, the current im-
plementation, combining the accuracy of the saddle-point
searching technique via NEB with the efficiency of the pro-
gram in evaluating the exchange series, can pave the way
for a high-accurate description of transitions states at the
DFT level, by means of hybrid density functionals.
The article is organized as follows. In Section II, the main
theoretical background underlying the nudged elastic band
method is briefly recalled and discussed. In Section III,
with reference to selected test cases, (i) the reliability of
the nudged elastic band method is assessed through com-
parisons with experimental data and (ii) its efficiency is
analyzed in relation to other ab initio quantum mechan-
ical programs. Finally, in Section V, the conclusions are
outlined, together with some future perspectives.

II. THEORY

Although the theoretical framework and methodological
aspects are well known and consolidated, a dedicated
section to presenting the current implementation of the
NEB method is presented, so that users can get the most
out of it, having documented the meaning and effect
of the few parameters to be set and the specific of the
various options. For clarity, a flowchart of the algorithm is
provided in Section 6 of the supplementary material.
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Consider a given nuclear configuration as a collection of N
atoms in a d dimensional space, described by a Nd dimen-
sional vector qi ∈ RNd where each component of the vector
identifies a position of an atom in a given spatial direction.
Using the concept of PES, a map can be established be-
tween each nuclear configuration qi and its ground state
energy E(qi), computed using Hartree-Fock or DFT.
Starting from an initial state q1, the NEB method defines
a scheme to find the minimum energy path connecting the
initial state q1 with a specific final state qm, by sampling
the PES with a set of (m− 2) intermediate nuclear config-
urations. The total set of m configurations thus defined,
called images, can be indicated as q = [q1, q2, ..., qm], where
the endpoints q1 and qm are fixed and correspond to two
local minima of the PES. The positions of the (m − 2) in-
termediate images, which ultimately identify the minimum
energy path (MEP), are found by minimizing the objective
function

S(q) =

m∑
i=1

E(qi) +
1

2

m∑
i=2

ki(i−1) (qi − qi−1)
2 (1)

This function represents a physical system consisting of an
elastic chain formed by m objects, each connected to its
neighbor by a spring with elastic constant ki(i−1), with the
endpoints q1 and qm held fixed. Therefore, the first term in
equation (1) is the sum of the ground state energies of each
nuclear configuration, while the second term is the elastic
potential energy due to the presence of fictitious springs
connecting the images.

A. Generation of the initial path

Firstly, the question arises of how to define the initial guess
for the intermediate nuclear configurations [q2, ..., qm−1]
which enter in the objective function (1) and represent the
initial path between the endpoints in the PES. A simple
yet effective solution is to initialize the intermediate im-
ages by means of a linear interpolation between the initial
q1 and final qm nuclear configurations. For completeness,
the adopted algorithm is detailed in Section 1 of the sup-
plementary material.

B. Forces acting on the intermediate images

Once the initial images are set, the minimization of the
objective function (1), that is, the search for its stationary
points, provides the equation of motion for the displace-
ment of each image towards the MEP. Taking the derivative
of equation (1) with respect to a given nuclear configura-
tion, the form of the force acting on each nuclei in that
image can be devised as

F̄NEB
i = −∂S(q)

∂qi
= Fi + Fs

i (2)

Following this prescription, the nuclear forces (2) will in-
clude two terms, one related to the real nuclear forces
Fi = −∇E(qi), and the other one associated to the elas-
tic forces Fs

i due to the spring interactions. Hence, the
minimization of the total forces (2) acting on each image
leads the initial chain of images to converge to the MEP,
whose first-order saddle points are assigned with transition

states, corresponding to the highest energy points on the
MEP connecting the initial q1 and final qm nuclear configu-
rations. However, this formulation implies two well-known
problems: (i) the component of the real forces parallel to
the path causes the images to move away from high energy
regions towards the energy minima, thereby decreasing the
density of the images in the neighborhood of the saddle
points; (ii) the component of the elastic forces perpendic-
ular to the path tends to prevent the band from following
a curved trajectory, thus avoiding the retrieval of the true
saddle point. The first issue, called the sliding down prob-
lem, becomes relevant for small values of the elastic con-
stant, and can be avoided considering only the component
(Fi)|⊥ of the real forces perpendicular to the path. The
second challenge, known as corner cutting effect, mostly
arises for high values of the elastic constant, and can be
overcome by taking into account only the component (Fs

i )|∥
of the elastic forces parallel to the path, thus leading to the
following redefinition of the total forces acting on the i-th
image

FNEB
i = (Fi)|⊥ + (Fs

i )|∥
= −∇E(qi)|⊥ + (Fs

i )|∥
i = 2, ..., (m− 1) (3)

In order to evaluate the components of the forces with re-
spect to the path, a unitary local tangent vector τ̂i has to
be defined for each i-th image, so that the real and elas-
tic forces can be projected according to equation (3). In
this way, the component of the real forces perpendicular
to the path can be obtained by subtracting the component
parallel to the path to the total real forces vector, that is

(Fi)|⊥ = Fi − [Fi · τ̂i] τ̂i
= −∇E(qi) + [∇E(qi) · τ̂i] τ̂i

(4)

while the component of the elastic forces parallel to the
path can be computed using the well-known formula10

(Fs
i )|∥ = k(∥qi+1 − qi∥ − ∥qi − qi−1∥) τ̂i (5)

Applying equations (4) and (5) for i = 2, ..., (m−1), that is,
for all the intermediate images, and then using the formula
(3), the total nudged elastic band forces can be evaluated
and minimized, thus finding the MEP.

C. Estimation of the tangent to the path

Initially, the calculation of τ̂i was based on a simple esti-
mation of the unit tangent at the i-th image as the nor-
malized line segment between two configurations adjacent
the i-th image.8 Later, the evaluation of this quantity was
made more effective, leading to better localization of the
saddle points and avoiding the formation of kinks in the
path, which cause instabilities and slow down convergence
behavior, by defining it in relation to the energy of the first
closest images, in the following way10

τi =

{
τ+
i if Ei+i > Ei > Ei−1

τ−
i if Ei+i < Ei < Ei−1

i = 2, ..., (m− 1)

with τ+
i = qi+1 − qi and τ−

i = qi − qi−1 (6)

where Ei ≡ E(qi) is the ground state energy of the i-
th image. The previous equation (6) describes the case
where adjacent images have monotonically increasing or
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decreasing energies. For cases where the i-th image is
at a minimum (Ei+1 > Ei < Ei−1) or at a maximum
(Ei+1 < Ei > Ei−1), then the tangent is estimated to be
a linear combination of the vectors defined in equation (6),
leading to the expression10

τi =

{
τ+
i ∆Emax

i + τ−
i ∆Emin

i if Ei+i > Ei−1

τ+
i ∆Emin

i + τ−
i ∆Emax

i if Ei+i < Ei−1
(7)

where the weight coefficients are given by

∆Emax
i = max(|Ei+1 − Ei| , |Ei−1 − Ei|)

∆Emin
i = min(|Ei+1 − Ei| , |Ei−1 − Ei|)

(8)

for i = 2, ..., (m − 1). This definition only plays a role at
stationary points along the path, and it serves to smoothly
switch between the two possible tangents τ+

i and τ−
i de-

fined in equation (6). Otherwise, when one image be-
comes higher in energy than another, the tangent changes
abruptly, which can result in convergence issues.
Finally, the tangent vector associated with each image
needs to be normalized, namely

τ̂i =
τi
∥τi∥

i = 2, ..., (m− 1) (9)

With this modified tangent, the elastic band is well be-
haved and it converges reliably to the MEP, provided that
a sufficient number of images are included in the path. In
the cases of images with degenerate energies, the simple
definition of the tangent as the normalized line segment
connecting the previous and the next images to a given
i-th image in the chain is recovered. Moreover, if the tan-
gent vector has to be estimated also for the initial and the
final fixed nuclear configurations, the previous definition
becomes ambiguous, and a specific choice has to be done.
All technical aspects are reported in Section 2 of the sup-
plementary material.

D. Path minimization methods

At each step of the NEB method, after the calculation of
the tangent at each image, the total forces vector can be
computed, by means of equation (3), for each image along
the path. At this point, the total forces vector has to be
minimized for all the intermediate images. Two main min-
imization methods have been implemented in the Crys-
tal code to find the MEP, starting from the initial nudged
elastic band path: (i) the steepest descent (Sd), and (ii)
the conjugate gradient (Cg) optimization methods. Details
about the equations involved and their implementation are
reported in Section 3 of the supplementary material, for
the three considered path minimization methods.
To consider the minimization process convergent towards
the minimum energy path, two criteria must be satisfied for
each intermediate image, both associated with the real nu-
clear force vector orthogonal to the path: (i) its Euclidean
norm and (ii) the root-mean-square of its Cartesian com-
ponents must be less than given tolerances

(i) ∥(Fi)|⊥∥ < Ωn

(ii) Rms [(Fi)|⊥] < Ωr
∀ i = 2, ..., (m− 1) (10)

These requirements are based on the fact that, for an im-
age located in the energy minimum, the real nuclear force
component perpendicular to the path vanishes. The de-
fault values for the two tolerances in (10) are Ωn = 0.05
eV/Å = 0.001 Ha/Bohr and Ωr = Ωn/2.

E. Beyond regular nudged elastic band method

The main goal of the NEB method is the search for tran-
sition states, corresponding to saddle points in the PES.
However, there are cases in which the resolution of the MEP
near the saddle point is poor and the estimate of the acti-
vation energy obtained from the interpolation is subject to
large uncertainty. Aiming at a better detection and char-
acterization of the saddle points, two main variants of the
basic NEB have been developed,11 as described below.

1. Climbing Image method

The climbing image approach constitutes a small modifica-
tion to the basic NEB scheme.11 After a few iterations with
the regular NEB, the image imax with the highest energy is
identified. The force on this image is then computed using
a modified version of equation (3), given by

FNEB
i = (Fi)|⊥ − (Fi)|∥

= Fi − 2(Fi · τ̂i) τ̂i
for i = imax (11)

Equation (11) represents the full force due to the real po-
tential, but with the component along the elastic band in-
verted. By using this force expression for the maximum en-
ergy image, it becomes completely unaffected by the spring
forces, so that the spacing between adjacent images will be
different on each side of the climbing image. As it moves to-
wards the saddle point, the images on one side will become
compressed, while those on the other side will spread out.
Qualitatively, the climbing image moves up the potential
energy surface along the elastic band and down the poten-
tial surface perpendicular to the band. The only challenge
remained at this point is ensuring there are enough images
near the climbing image to obtain an accurate estimate of
the reaction coordinate, since this determines the climbing
direction.

2. Variable Spring Constants method

Since the saddle point is the most important point along
the MEP, it is preferable to have more resolution in the
neighborhood of the saddle point than near the endpoints.
Indeed, as the images are moved closer to the saddle point,
the approximation of the tangent will become more accu-
rate. In such cases, it is more efficient to distribute the
images unevenly along the path. This can be accomplished
by using higher values of the elastic constants near the sad-
dle point. On the base of Ref.11, a scheme can be used
where the spring constant depends linearly on the energy
of the images, in such a way that images with low energy
get connected by a weaker spring constant. This can be
accomplished using the formula

ki =

kmax −∆k

(
Emax − Eik

Emax − Eref

)
if Eik > Eref

kmax −∆k = kmin if Eik ≤ Eref

(12)

with ∆k = kmax − kmin and for i = 1, ...,m. The energy
Eik is defined as

Eik =

{
max{Ei, Ei+1} for i = 1, ...,m− 1

max{Ei, Ei−1} for i = m
(13)
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and it represents the highest energy between the two images
connected by the i-th spring, while Emax is the maximum
value of Ei for the whole elastic band. Finally, Eref is a
reference value for the energy, defining a minimum value
of the spring constant. In Ref.11, Eref is taken to be the
energy of the highest energy endpoint in the path, that is

Eref = max{EIS, EFS} (14)

where EIS and EFS are the energies of the initial and final
states, respectively. This choice ensures that the density
of images is roughly equal near the two endpoints, even for
highly asymmetric paths. The spring constant is, therefore,
linearly scaled from a maximum value of kmax for highest
energy images to a minimum value of kmax − ∆k = kmin
for the images with energy equal to Eref or lower.
Using the variable spring constants method, the parallel
component of the spring forces for each image is defined in
a slightly different way with respect to equation (5), namely

(Fs
i )|∥ = (ki∥qi+1 − qi∥ − ki−1∥qi − qi−1∥) τ̂i (15)

for i = 2, ..., (m − 1), so that a unique value of the elastic
constant is assigned to each spring that describes the in-
teraction among images. In equation (15), the value of the
elastic constant associated with the spring connecting the
i-th and the (i + 1)-th images only depends on the value
ki of the elastic constant conferred to the i-th image, esti-
mated by means of equation (12).

F. Minimum energy path interpolation

The analysis of the results of a NEB calculation requires an
interpolation between the images, in order to get estimates
of the coordinates of atoms and the energy at maxima and
minima along the MEP. For a good interpolation scheme,
it is better to include the components of the real forces
parallel to the path in the definition of the interpolation
function, that can lead to the identification of extrema in
the MEP, which could not be seen if only the energy data
are taken into account.10
In the Crystal code, a cubic polynomial to represent the
MEP between each pair of adjacent images is used. The
polynomial describing the curve between two points (im-
ages) in the range [qi, qi+1], being qi the starting point
(image) and qi+1 the final point (image) of the i-th line,
can thus be written as

p(q) = ai ∥q − qi∥3 + bi ∥q − qi∥2 + ci ∥q − qi∥+ di (16)

valid for all points q ∈ [qi, qi+1]. The equations describ-
ing the coefficients of the polynomial in equation (16) can
be derived by imposing four conditions for the matching
of both the energy and the force at the two endpoints of
the interval. That is, given a starting point qi with ground
state electronic energy Ei ≡ E(qi) and real forces compo-
nent parallel to the path provided by the projection

Fi ≡ Fi · τ̂i = −∇E(qi) · τ̂i (17)

as well as a endpoint qi+1 with ground state electronic en-
ergy Ei+1 ≡ E(qi+1) and component of the real forces par-
allel to the path defined following equation (17), the four
conditions are

p(qi) = Ei p(qi+1) = Ei+1 (18)

[∇p(q)]|q= qi
= −Fi [∇p(q)]|q= qi+1

= −Fi+1 (19)

By imposing these conditions on the cubic polynomial (16),
the four parameters for the interpolation curve between two
adjacent images have the form

ai =
2(Ei − Ei+1)

∥qi+1 − qi∥3
− Fi + Fi+1

∥qi+1 − qi∥2
(20)

bi =
3(Ei+1 − Ei)

∥qi+1 − qi∥2
+

2Fi + Fi+1

∥qi+1 − qi∥
(21)

ci = −Fi (22)

di = Ei (23)

The cubic polynomial interpolation discussed above is typi-
cally quite smooth.10 It is worth noting that the cubic inter-
polation introduced above does not guarantee the continu-
ity of second derivatives at the images. However, adopting
interpolation polynomial of higher orders, although ensur-
ing continuous second derivatives, can add spurious oscil-
lations between couples of images.10 Thus, if a continuous
second derivative is not essential, the straightforward cubic
interpolation outlined above is likely the preferred choice.

III. RESULTS AND DISCUSSION

To assess the accuracy and the general applicability of the
NEB implementation in the Crystal code, a set of test
cases covering different chemical environments and reaction
types were selected. These include elementary gas-phase
reactions and more complex processes, relevant in solid-
state chemistry. In particular, we examined two molecular
reactions, namely, the collinear proton transfer reaction,

H2 + H → H + H2 (R1)

and the keto-enol tautomerization of formamide,

HC(=O)NH2 → HC(-OH)NH (R2)

These tests are discussed in Section IIIA and provide a
well-balanced set of systems in terms of complexity and
chemical diversity, allowing for a comprehensive validation
of the NEB algorithms in the molecular regime. In addition,
a bulk process involving a proton transfer between two oxy-
gen atoms in a chabazite zeolite was simulated to test the
method in a fully periodic condensed phase environment.
The results and the analysis of this process are discussed
in Section III B. Together, these tests aim to demonstrate
the flexibility and reliability of the NEB algorithm in the
Crystal code across different length scales and chemical
contexts.

A. Gas Phase reactions

1. The collinear proton transfer reaction (R1)

The collinear proton transfer reaction (R1) in the frame-
work of Hartree-Fock and DFT has been extensively stud-
ied by B. S. Jursic,20,21 using Gaussian 94 computational
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package.22 In particular, using a cc-pVQZ basis set, the ac-
tivation barrier for the reaction (R1) has found to be equal
to 16.8 kcal/mol ≈ 0.7285 eV and 2.4 kcal/mol ≈ 0.1041
eV, respectively using Hartree-Fock Hamiltonian and BLYP
exchange-correlation functional.21 The experimental acti-
vation barrier used in literature to be compared with theo-
retical results has been computed by W. R. Schulz et al.23
from reaction rate versus temperature data over a temper-
ature range of about (330, 444) K,23 for which the simple
Arrhenius form was suitable and for which reaction rates
were available, and it has a value of 9.70 kcal/mol ≈ 0.4206
eV.23 However, it has been observed24 that the experimen-
tally deduced activation barriers depend on the tempera-
ture range used for the Arrhenius fit and that this compli-
cates a direct comparison with reaction barriers computed
quantum mechanically. Indeed, the previously mentioned
ab initio calculations by B. S. Jursic,20,21 together with
more recent theoretical results,24,25 confirm the finding that
neither hybrid nor gradient-corrected density functionals
methods are capable of reproducing the experimental re-
action barrier found by W. R. Schulz et al.,23 and only a
coupled-cluster theory with single, double, and perturba-
tive triple substitutions [CCSD(T)] approach,26 can reach
activation energy values comparable to the experimental
one.24,25

In this work, avoiding the debated and controversial com-
parison with experimental data, for the sake of testing
our implementation against other theoretical methods and
quantum mechanical packages, we employed unrestricted
Hartree-Fock (UHF) Hamiltonian, using an all electron ba-
sis set consisting of 6 atomic orbitals for each hydrogen
atom,27 and we compare our results with those obtained us-
ing the Orca code,28 within the same computational setup
and NEB methods. The total number of images along the
path is taken equal to m = 9, including the initial and final
states of the reaction. The initial and final states of the re-
action are shifted with respect to the corresponding center
of mass of the system, before starting the NEB calculation.
The nuclear positions for the initial, final and intermediate
states at each NEB step for all the calculations listed in
Table I are made available through a Zenodo repository.29
The initial reaction path is obtained through linear inter-
polation between the Cartesian nuclear coordinates of the
atoms in the initial and final states, while the minimization
of the NEB path towards the MEP is analyzed using two
algorithms, namely, steepest descent (Sd) method, with an
optimization step equal to ds = 1.0 Bohr2/Ha, and the con-
jugate gradient (Cg) technique, with ds = 0.8 Bohr2/Ha.
The calibration of the optimization step for the path min-
imization methods is detailed in Section 8 and Table 3 of
the supplementary material.
The results obtained using the different NEB techniques, in
conjunction with the three procedures for path optimiza-
tion, are listed in Table I, together with the corresponding
results computed with the Orca code.28 The energy bar-
riers, at the UHF level, are in striking agreement with the
ones found by the Orca code, as well as with the other
theoretical references. For all the calculations, the vibra-
tional frequencies of the transition state structure have one
imaginary eigenvalue, whose value is reported in Table I,
thus confirming the detection of a saddle point in the PES.
Examples of the symmetric form of the MEP computed with
the basic, climbing image (CI-NEB) and variable spring
constants (VARK-NEB) methods, using the steepest de-

Reaction (R1) with m = 9 images - UHF method

Method nopt Ea [eV] ν [cm−1]

Basic NEB
Sd 58 0.721139 2267.5720 i
Cg 76 0.721134 2266.9278 i
Orca-Lbfgs 20 0.721145 2231.0023 i

CI-NEB
Sd 58 0.721139 2267.5719 i
Cg 76 0.721134 2266.9285 i
Orca-Lbfgs 20 0.721145 2246.6890 i

VARK-NEB
Sd 58 0.721139 2267.5727 i
Cg 76 0.721134 2266.9284 i
Orca-Lbfgs 27 0.721145 2217.8591 i

B. S. Jursic21 0.72852 2476 i
B. G. Johnson et al.25 0.721145 2296 i

TABLE I. Number of optimization steps nopt required to find
the MEP, activation energy Ea and imaginary frequency ν of the
transition state. Different NEB methods (see Section II) and
various optimization schemes (see Section II D) are compared
with the results obtained with the Orca code,28 adopting the
same computational setup. The optimization steps in the Sd
and Cg path minimization algorithms are reported in the main
text of Section III A 1.

scent minimization algorithm, are reported in Figure 1, su-
perimposed to the corresponding minimum energy paths
obtained using the same computational setup within the
Orca code, showing a perfect agreement between the re-
sults of the two programs.

2. The keto-enol tautomerization of formamide (R2)

The tautomerization reaction (R2), describing the proton
transfer from the hydroxyl group to the amino nitrogen in
formimidic acid to produce the amide form of formamide,
has been extensively investigated in literature by several
first principle electronic structure studies. Among these,
the pioneering work by Schlegel et al.30 already highlighted
the energetic preference of the amide form over the enolic
tautomer, with an estimated tautomerization enthalpy of
about 12 kcal/mol ≈ 0.52 eV, including zero-point energy
corrections and MP2-level electron correlation. Later, more
refined benchmark calculations conducted by G. Fogarasi31
confirmed this result, reporting a best-estimate energy dif-
ference of about 10.6 kcal/mol (0.46 eV) between the two
forms at the CCSD(T)//MP2/aug-cc-pVTZ level of theory.
C. Adamo and coworkers32 further analyzed this reaction
using B3LYP functional and post-Hartree-Fock methods,
finding a barrier for direct intramolecular proton transfer
in gas phase equal to 46.2 kcal/mol ≈ 2.00 eV when com-
puted at the B3LYP/6-31G(d,p) level, the same value also
computed by G. Fogarasi31 using the same level of theory.
In the present work, we investigate reaction (R2) using the
B3LYP exchange-correlation functional and an all-electron
basis set consisting of 57 atomic orbitals (see Section IV
for further details). The number of images for the NEB
calculations was set equal to m = 9, including the initial
and final states of the reaction. The minimization of the
NEB path towards the MEP is computed using two differ-
ent algorithms, namely, the steepest descent (Sd) method,
with an optimization step equal to ds = 1.0 Bohr2/Ha,
and the conjugate gradient (Cg) technique, with ds = 0.8
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FIG. 1. Minimum energy paths obtained with the basic NEB (left panel), the climbing image (CI-NEB, central panel) and the
variable spring constants (VARK-NEB, right panel) methods, using the steepest descent (Sd) algorithm with an optimization step
of ds = 1.0 Bohr2/Ha to converge the reaction path towards the minimum energy path. Details about the activation barrier, as
well as about the vibrational frequencies for the transition state configurations, are reported in Table I. The interpolation of the
minimum energy paths is done using 72 points. The method used for the interpolation is described in Section II F.

Bohr2/Ha. For a detailed discussion on the computational
setup, refer to (i) Section 8 and Table 4 of the supplemen-
tary material for the choice of the optimization step for the
path minimization procedures, as well as to (ii) Section IV
for the climbing image and the variable spring constants
methods.
The nuclear positions for the initial, final and intermediate
states at each NEB step for all the calculations listed in
Table II are made available through a Zenodo repository.29

The bond lengths of the optimized structure for the reac-
tant and the product of the reaction (R2), used as initial
and final states in the NEB calculations, as well as the
geometry configuration lengths of the transition states ob-
tained through the NEB methods listed in Table II, are re-
ported in Table 2 of the supplementary material, together
with the experimental values33 for the initial and final ge-
ometry structures, and the theoretical results obtained by
C. Adamo and coworkers.32

A picture of the initial, final, and transition state configura-
tions, the latter obtained by means of the CI-NEB method
in conjunction with the steepest descent path minimization,
is reported in Figure 2.
The computed activation barriers, summarized in Table II,
range from 1.95 eV to 2.00 eV (depending on the NEB
method and the reaction path minimization scheme em-
ployed), which are in excellent agreement with the theo-
retical value of 46.2 kcal/mol ≈ 2.00 eV reported by C.
Adamo et al.32 as well as by G. Fogarasi,31 obtained using
B3LYP functional in conjunction with the 6-31G(d,p) basis
set. Furthermore, the calculated tautomerization energy
obtained from the energy difference between the reactant
(formamide) and product (formamidic acid) states amounts
to ∆Er ≈ 0.55 eV, in good agreement with the best es-
timates from previous studies.30,31 The transition state
has been characterized by a vibrational frequency analysis,
identifying the presence of a single imaginary eigenvalue,
with values (reported in Table II) consistent with a proton
transfer phenomenon, thus confirming the identification of
a first order saddle point. Moreover, our calculated val-
ues are in good agreement with the imaginary frequency
of 1894 i cm−1 reported by G. Fogarasi,31 calculated at the
MP2/cc-pVTZ level of theory. The MEPs obtained using the
three NEB methods (i.e., basic, CI-NEB and VARK-NEB),
in conjunction with the steepest descent path optimization,

are reported in Figure 3.
As in the collinear proton transfer case of Section III A 1,
we observe that the three NEB variants, combined with
the selected minimization schemes, lead to consistent re-
sults, and all the transition state geometries exhibit a well-
defined imaginary frequency associated with the reaction
coordinate.

FIG. 2. Initial (IS), transition (TS) and final (FS) states for the
keto-enol tautomerization of formamide reaction. Dark olive,
blue, red and white spheres represent carbon, nitrogen, oxy-
gen and hydrogen atoms, respectively. The transition state is
computed using the CI-NEB method in conjunction with the Sd
path minimization scheme. The associated MEP is reported in
the central panel of Figure 3.

Reaction (R2) with m = 9 images - B3LYP functional

Method nopt Ea [eV] ν [cm−1]

Basic NEB
Sd 117 1.949339 1825.8207 i
Cg 149 1.949700 1826.4288 i

CI-NEB
Sd 111 2.000514 1905.1026 i
Cg 143 2.000514 1905.1072 i

VARK-NEB
Sd 75 1.986986 1870.2894 i
Cg 98 1.986956 1870.1877 i

C. Adamo et al.32 2.00 –
G. Fogarasi31 2.00 –

TABLE II. Number of optimization steps nopt required to find
the MEP, activation energy Ea and imaginary frequency ν of
the transition state, resultant from different NEB methods (see
Section II) and various optimization schemes (see Section IID)
for the search of the minimum energy path. The optimization
steps in the Sd and Cg path minimization algorithms are re-
ported in the main text of Section IIIA 2.
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FIG. 3. Minimum energy paths obtained with the basic NEB (left panel), the climbing image (CI-NEB, central panel) and the
variable spring constants (VARK-NEB, right panel) methods, using the steepest descent (Sd) algorithm with an optimization step
of ds = 1.0 Bohr2/Ha to converge the reaction path towards the minimum energy path. Details about the activation barrier, as
well as about the vibrational frequencies for the transition state configurations, are reported in Table II. The interpolation of the
minimum energy paths is done using 72 points. The method used for the interpolation is described in Section II F.

B. Proton exchange process in chabazite bulk

As a validation test for the implementation of the NEB
method in the Crystal code in three-dimensional periodic
systems, the proton jump between two Brønsted sites in the
acidic chabazite was analyzed as a test case.
The acidic chabazite zeolite consists of a network of dou-
ble six-membered alumino-silicate rings, connected by four-
membered rings. The unit cell contains 37 atoms, with
formula unit HAlSi11O24. This system is widely stud-
ied in the literature as an exemplary case of reactivity
in zeolites. M. Sierka et al.34 have studied the proton
jump in several proton-exchanged alumino-silicates, includ-
ing chabazite. In their work, periodic calculations were
carried out adopting the QM-Pot approach, in which the
QM region, (involving the reaction site) was computed at a
B3LYP level combining an Ahlrich’s Gaussian double-zeta
polarized (for H, Si and Al atoms) with a triple-zeta polar-
ized (for O atoms) basis set, whereas the long range contri-
bution was handled by molecular mechanics embedding.34
The energy barrier computed in this way, related to the
proton transfer between oxygen sites O1 and O2 in dry
chabazite (see Figure 4) is equal to 17.6 kcal/mol ≈ 73.6
kJ/mol.34 At the same time, A. Rimola35 and coworkers
have implemented in the Crystal code the distinguished
reaction coordinate (DRC) method for the location of the
transition states, using a set of redundant internal va-
lence coordinates, with a localization of the saddle point
based on the calculation of the Hessian matrix of the ini-
tial guess structure.35 For the proton-exchanged process
in the acidic chabazite zeolite bulk, modeled with B3LYP
exchange-correlation functional, they obtained an energy
barrier of 15.0 kcal/mol ≈ 62.8 kJ/mol using the basic DRC
method, a value of 18.3 kcal/mol ≈ 76.6 kJ/mol adopt-
ing the DRC method with fixed cell approach, and of 17.1
kcal/mol ≈ 71.5 kJ/mol using the basic DRC method with
a triple zeta polarized basis set.35

In order to analyze the same proton-exchange process us-
ing the NEB method implemented in the Crystal code,
a path with m = 9 images is considered, including initial
and final states. The values of the elastic constants used for
the basic, CI-NEB and VARK-NEB methods are reported in
Section IV, together with other details about the NEB cal-
culation setup. The geometry of the initial image was fully
optimized, allowing relaxation of both atomic positions and

lattice parameters, in the absence of symmetry constraints.
On the contrary, the structure of the final image has been
optimized keeping the volume and the lattice parameters
constant and equal to those obtained by optimizing the ini-
tial image. This corresponds to a fixed cell approach, as all
the images have the same reference cell, with a = 9.4445
Å, b = 9.3940 Å, c = 9.3711 Å, α = 93.83◦, β = 94.47◦,
γ = 94.79◦. The search of the MEP was performed using
two minimization algorithms, namely, the steepest descent
(Sd) and the conjugate gradient (Cg), both with a con-
stant optimization step of ds = 0.8 Bohr2/Ha.
The initial, final and the transition state geometrical config-
urations in the surrounding of the proton exchange center,
obtained using the CI-NEB method in conjunction with the
steepest descent path minimization scheme, are reported
in Figure 4. The nuclear positions for the initial, final and
intermediate states at each NEB step for all the calcula-
tions listed in Table II are made available through a Zen-
odo repository.29 The values of the distances between the
atoms involved in the proton exchange process for the tran-
sition state configuration, obtained with the three different
NEB techniques, are reported in Table IV, together with
the corresponding values of other theoretical works previ-
ously mentioned. The values for the activation barriers,
as well as the imaginary frequencies associated with the
transition state found using different NEB schemes within
our current implementation, together with the theoretical
literature values, are reported in Table V.

Configuration d(O1-H) d(O2-H) d(O1-Al) d(O2-Al)

IS
0.9694 2.5645 1.8988 1.7028
0.969 [a] 2.565 [a] 1.899 [a] 1.703 [a]

FS
3.3976 0.9713 1.7062 1.8801
3.398 [a] 0.971 [a] 1.877 [a] 1.705 [a]

TABLE III. Distances [Å] between the relevant atoms involved
in the proton exchange process for the transition state configu-
ration of the acidic chabazite, in the initial (IS) and final (FS)
structures used as first and last images for the nudged elastic
band calculations. Results labeled with [a] are taken from A.
Rimola and coworkers.35 The labels of the atoms refer to Figure
4. All the calculations reported are performed using the hybrid
B3LYP exchange-correlation functional.
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FIG. 4. Initial (IS), transition (TS) and final (FS) states for
the proton exchange process in the acidic chabazite bulk. Yel-
low, purple, red and white spheres represent silicon, aluminum,
oxygen and hydrogen atoms, respectively. The transition state
is computed using the CI-NEB method in conjunction with the
Sd path minimization scheme, as implemented in the Crystal
code. The associated MEP is reported in the central panel of
Figure 5. Details about the computational setup are given in
Section III B of the main text.

Transition state (TS) configuration
Number of images m = 9 - B3LYP functional

Method d(O1-H) d(O2-H) d(O1-Al) d(O2-Al)

Basic NEB
Sd 1.6115 1.0399 1.7679 1.8673
Cg 1.6113 1.0399 1.7679 1.8673

CI-NEB
Sd 1.2316 1.2647 1.8280 1.8193
Cg 1.2316 1.2647 1.8280 1.8193

VARK-NEB
Sd 1.2113 1.2876 1.8314 1.8158
Cg 1.2115 1.2874 1.8313 1.8158

DRC 1.222 [a] 1.245 [a] 1.830 [a] 1.820 [a]

TABLE IV. Distances [Å] between the relevant atoms involved
in the proton exchange process for the transition state config-
uration of the acidic chabazite, resultant from different Neb
methods (see Section II) and various optimization schemes (see
Section II D) for the search of the minimum energy path, com-
pared with other theoretical results. Results labeled with [a] are
taken from Rimola et al.,35 with [b] from Sierka and coworkers.34

The labels of the atoms refer to Figure 4.

While the basic NEB method is not capable of reproducing
the bond lengths nor the activation barriers found in other
theoretical studies, both the CI-NEB and the VARK-NEB
approaches lead to values in very good agreement with the
existing literature.
The inability of the basic NEB method to capture the cor-
rect transition state is evident when looking at the pro-
file of the MEP reported in the left panel of Figure 5, as
the number of images is not sufficient to correctly locate
the transition state. On the other hand, both the CI-NEB
and the VARK-NEB methods, characterized by an increase
in the resolution around the saddle point (see central and
right panels of Figure 5, respectively) provide a good de-
scription of the transition state, even with m = 9 images
along the whole path.
In order to better characterize the transition state in the
case of the basic NEB method, a greater number of im-
ages has been used to discretize the reaction path. The re-
sults of these calculations are outlined in Table VI, and the
corresponding minimum energy paths obtained using the
steepest descent path minimization method are reported
in Figure 3 of the supplementary material, highlighting an
increasing in the accuracy for the calculation of the activa-
tion energy as the number of the images increases. How-

ever, even with a value of m = 25, the activation energy
and especially the imaginary frequency associated to the
transition state found by the basic NEB method are not in
good agreement with the results obtained with the climb-
ing image and the variable spring constants approaches, as
well as with the theoretical literature values. In this case,
the basic NEB method proves to be less accurate and less
efficient in locating the transition state with respect to the
other two improved methods, that are the climbing image
and the variable spring constants strategies, with a much
greater number of images required to correctly characterize
the transition state.

Number of images m = 9 - B3LYP functional

Method nopt Ea [eV] ν [cm−1]

Basic NEB
Sd 1038 0.475143 (0.364577) —
Cg 1035 0.475451 (0.364885) —

CI-NEB
Sd 508 0.799548 (0.688982) 1343.1208 i
Cg 511 0.799556 (0.688990) 1343.1214 i

VARK-NEB
Sd 532 0.797144 (0.686577) 1322.5652 i
Cg 532 0.797199 (0.686633) 1322.9498 i

DRC 0.6504 [a] 1218 i [a]
DRC fixed cell 0.7935 [a] 1334 i [a]
DRC triple ζ 0.7415 [a] 1308 i [a]
QM-Pot 0.7628 [b] 1151 i [b]

TABLE V. Number of optimization steps nopt required to find
the MEP, activation energy Ea and imaginary frequency ν of
the transition state. Different NEB methods (see Section II) and
various optimization schemes (see Section IID) for the search of
the minimum energy path are compared with other theoretical
results. Results labeled with [a] are taken from Rimola et al.,35

with [b] from Sierka and coworkers.34 The optimization steps in
the Sd and Cg path minimization algorithms are reported in
the main text of Section III B.

Basic NEB - B3LYP functional

Images Method nopt Ea [eV] ν [cm−1]

m = 9
Sd 1038 0.475143 (0.364577) —
Cg 1035 0.475451 (0.364885) —

m = 12
Sd 1760 0.697654 (0.587087) 441.0805 i
Cg 1766 0.697345 (0.586779) 438.2428 i

m = 15
Sd 565 0.649948 (0.539381) 414.8259 i
Cg 538 0.644330 (0.533763) 388.3860 i

m = 18
Sd 539 0.704545 (0.593979) 744.4183 i
Cg 544 0.705515 (0.594949) 749.0149 i

m = 25
Sd 537 0.749974 (0.639408) 1050.4820 i
Cg 541 0.748394 (0.637828) 1040.1668 i

TABLE VI. Number of optimization steps nopt required to find
the MEP, activation energy Ea and imaginary frequency ν of
the transition state, obtained with the basic NEB method (see
Section II) using different number of images m and various op-
timization schemes (see Section IID) for the search of the min-
imum energy path. The optimization steps in the Sd and Cg
path minimization algorithms are reported in the main text of
Section III B.

The excellent agreement between our results and the other
theoretical calculations, at the B3LYP level, confirms the
reliability of all the NEB algorithms, implemented within
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FIG. 5. Minimum energy paths obtained with the basic NEB (left panel), the climbing image (CI-NEB, central panel) and the
variable spring constants (VARK-NEB, right panel) methods, using the steepest descent (Sd) algorithm with an optimization step
of ds = 0.8 Bohr2/Ha to converge the reaction path towards the minimum energy path. Details about the activation barrier, as well
as about the vibrational frequencies and the geometrical distances among the atoms involved in the proton exchange process for
the transition state configurations are reported in Tables IV and V. The interpolation of the minimum energy paths is done using
72 points. The method used for the interpolation is described in Section II F.

the Crystal code, in computing the activation energy and
finding the transition state for local transitions in periodic
crystalline systems.

IV. COMPUTATIONAL DETAILS

The new implementation of the NEB algorithm described
in this work has been performed within a beta version of
the Crystal23 package for ab initio quantum chemistry
and physics of solid state.19
Geometry optimizations, for which the default convergence
thresholds were adopted,36 are performed using analyti-
cal gradients with respect to atomic coordinates, within
a quasi-Newtonian algorithm combined with the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) formula.37–41 The de-
fault convergence thresholds were adopted.19,36
Harmonic frequencies, computed at the Γ point, are ob-
tained through the diagonalization of the mass-weighted
Hessian in Cartesian coordinates, where the second deriva-
tives of the energy with respect to atomic displacements
are evaluated numerically by means of a central-difference
formula.42,43 In the calculation of frequencies for the tran-
sition states, any residual symmetry has been removed, to
ensure consistency with the NEB calculations performed
within the P1 space group. The self-consistent field energy
threshold was set equal to 10−12 Ha per unit cell, for all
the systems.
The NEB calculations for the reaction (R1) were per-
formed using an unrestricted Hartree-Fock Hamiltonian.
The Coulomb and exchange series, summed in direct space,
are truncated using overlap criteria, with thresholds given
by [20, 20, 20, 20, 20].36 The threshold for the self-consistent
field algorithm convergence on the total energy is chosen
equal to 10−8 Ha. An all electron basis set, consisting of
contracted Gaussian-type atomic orbitals (AOs) functions,
named 5-11 G∗, was used.27 Details on the NEB parameters
are reported in Section IIIA 1.
The NEB calculations for the reaction (R2) were performed
in the framework of DFT, using the B3LYP exchange-
correlation functional. The Coulomb and exchange series,
summed in direct space, are truncated using overlap crite-
ria with thresholds set to [20, 20, 20, 20, 20]. The threshold
for the self-consistent field algorithm convergence on the

total energy is fixed at 10−8 Ha. The all-electron basis set
by C. Gatti et al.44 were adopted for the different elements,
resulting in 57 AOs for the whole molecular system.
The NEB calculations for the proton exchange process in
the acidic chabazite were performed in the framework of
DFT, using B3LYP exchange-correlation functional. The
DFT exchange-correlation contribution was evaluated by
numerical integration over the unit cell volume, using a
pruned grid,45,46 consisting of 75 radial points and a max-
imum number of 974 angular points in regions relevant for
chemical bonding.36 The diagonalization of the Fock ma-
trix and the integration over the reciprocal space is carried
out using the Monkhorst-Pack mesh,47 consisting in a grid
of 14 k points in the irreducible part of the first Brillouin
zone (IBZ). The Coulomb and exchange series, summed
in direct space, are truncated using overlap criteria, with
thresholds given by [6, 6, 6, 6, 14].36 The threshold for the
self-consistent field algorithm convergence on the total en-
ergy is chosen equal to 10−8 Ha. A set of 5-11 G∗ type
all-electron basis were used for the different elements, with
a total of 557 AOs per unit cell.27
A default values of the few parameters controlling the NEB
algorithm have been defined and used in all tests. In the
basic and CI-NEB approaches, the value of the elastic con-
stant was set to k = 0.1 Ha/Bohr2. The CI-NEB technique
is activated after 10 NEB iterations, i.e. starting from the
eleventh NEB step. The minimum and maximum values
of the spring constants in the VARK-NEB approach are set
equal to kmin = 0.1 Ha/Bohr2 and kmax = 0.5 Ha/Bohr2,
respectively, and the method is active from the beginning
of the simulation. The values of the optimization steps
adopted for each simulation is reported in Section III, for
all the analyzed systems. The thresholds for the path min-
imization regarding (i) the Euclidean norm and (ii) the
root-mean-square of the components of the real nuclear
force vectors orthogonal to the path are 10−3 Ha/Bohr and
5·10−4 Ha/Bohr, respectively.

V. CONCLUSIONS

This work documents the implementation of the NEB
method within the Crystal code, a quantum mechanical
ab initio program, capable of modeling systems with dif-
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ferent periodicity, based on localized Gaussian wavefunc-
tions as basis set. This algorithm allows to compute re-
action paths for molecular and periodic systems, using hy-
brid density functionals, opening the possibility to obtain
accurate and efficient determination of minimum energy
paths as well as activation barriers and transition state
configurations in solid state reactions, surface processes,
and chemical-physical transformations in molecular and ex-
tended periodic environments. To validate the implemen-
tation, we analyzed the reliability and efficiency of differ-
ent NEB variants (namely, basic, CI-NEB and VARK-NEB)
on representative molecular and bulk reactions. The re-
sults demonstrate that: (i) the implementation is reliable,
robust, versatile and general purpose; (ii) the parameter
associated with the step for the path minimization has a
strong impact on the convergence speed, while maintain-
ing a good and consistent accuracy up to a reasonable high
value; (iii) the CI-NEB and the VARK-NEB methods proved
to be the most efficient in identifying the correct transition
state, and (iv) the steepest descent algorithm for finding
the MEP outperforms the conjugate gradient method. The
integration of the NEB procedure into the Crystal code,
which is able to perform quantum mechanical hybrid den-
sity functional calculations on periodic systems at a reason-
ably low cost, lays the foundation for future investigations
of complex chemical-physical processes in condensed phase
systems, at a high level of theory.
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