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We prove the following inclusion
WPF,(u) CWF,(Pu)UY, ue€é&.(Q),

where W F, denotes the non—quasianalytic Beurling or Roumieu wave front set, €2 is an open subset of R", P
is a linear partial differential operator with suitable ultradifferentiable coefficients, and X is the characteristic
set of P. The proof relies on some techniques developed in the study of pseudodifferential operators in the
Beurling setting. Some applications are also investigated.
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1 Introduction

The ultradifferentiable functions are intermediate classes between real analytic and C*° functions. Depending on
their topological structure they can be classified as classes of Beurling or of Roumieu type. Moreover, according
to the Denjoy-Carleman theorem the ultradifferentiable functions can also be classified in quasianalytic and non-
quasianalytic classes, where, roughly speaking, the quasianalytic ones are functions whose Fourier transform has
a stronger decay at infinity. We refer to [2, 19, 17, 10] for the different ways to introduce these classes and to
[8] for an exhaustive comparison between them. We emphasize that the Gevrey classes are particular cases of
non-quasianalytic ultradifferentiable functions of Roumieu type.

We establish some basic results on propagation of singularities for solutions of linear partial differential oper-
ators with coefficients in certain smooth classes, in a wider setting than the one of classical distributions or, even,
ultradistributions of Gevrey type, and from the micro-local point of view, i.e., via wave front sets. The notion of
wave front set was introduced by Hérmader in 1970 to simplify the study of the propagation of singularities of
(ultra)distribution solutions of linear partial differential operators.

It is known that partial differential operators with ultradifferentiable coefficients, or even pseudodifferential
operators of ultradifferentiable type, reduce in most cases the singular support and the wave front set of ultradis-
tributions, [1, 3, 4, 5, 14, 16, 17, 18, 22, 23]. The main aim of this paper is to prove a suitable converse result,
more precisely, we prove that if P = P(x, D) is a linear partial differential operator with ultradifferentiable
coefficients on  C R then the following inclusion holds

WF,(u) C WF,(Pu)UX, (1.1)

for all ultradistributions with compact support u € &/ (§2), where ¥ is the characteristic manifold of P, i.e., the
set where the principal symbol of P vanishes. We cover both Beurling and Roumieu cases in inclusion (1.1).
The analogous inclusion for the C'°°-wave front set and classical distributions was proved by Hérmander [16].

* Corresponding author: D. Jornet e-mail: djornet@mat.upv.es, Phone:+34 963 877 000, Fax: +34 963 879 494
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2 A. Albanese et al: Wave front sets. ..

Actually, Hormander [17] (see also Kato [18]) established the validity of inclusion (1.1) also for wave front sets
of classical distributions in the setting of certain quasianalytic (and non-quasianalytic) classes of Roumieu type
including the spaces of real analytic functions. On the other hand, the present authors extended (1.1) for wave
front sets of classical distributions to the Beurling and Roumieu cases at the same time in [1] when the weight
functions (quasianalytic or not) and the corresponding spaces of ultradifferentiable functions are considered from
the point of view of Braun, Meise and Taylor [10]. We point out that results of this type are a powerful tool in
the study of the problem of iterates from a micro-local point of view (see, for example, [3, 4, 5, 23]). Here we
mainly deal with non-quasianalytic classes of Beurling type in the sense of Braun, Meise and Taylor [10], and we
prove inclusion (1.1) for ultradistributions of Beurling (and of Roumieu) type with compact support. Since the
growth of the Fourier transform of compactly supported ultradistributions of Beurling (or even Roumieu) type is
rather different to the one of classical distributions, we cannot use here the techniques of Hérmander [17], as we
did in [1]. Thus, we need to follow a different approach. Precisely, we use some techniques coming from the
theory of pseudodifferential operators of Beurling type and infinite order developed in [13, 14]; observe that in
non-quasianalytic classes the use of test functions is allowed and hence, the machinery of [13, 14] can be used.
We obtain first the Beurling case. Then, using [14, Proposition 2], a comparison between Beurling and Roumieu
wave front sets (such a comparison has been recently extended in [1] also to cover the case of quasianalytic
weight functions; see Proposition 2.6 for details), we obtain immediately the corresponding Roumieu version of
inclusion (1.1). Because of the topology, in the Beurling case we need to take the coefficients of the operator
P in a smaller class. This is not the case in the Roumieu setting. In both cases we need weight functions that
are equivalent to sub-additive weight functions. An extension to classical properly supported pseudodifferential
operators of the inclusion (1.1) is also obtained. Finally, we mention that the different properties that we prove
on pseudodifferential operators are obtained, as in [14], avoiding the difficult techniques of wave front sets of
kernels (as it is usual in the literature; see for example, [22, Section 3.4] or [16, Chapter VIII]). An application to
the study of wave front sets of solutions of partial differential operators is provided.

2 Notation and preliminaries

In this section we recall the definition of ultradifferentiable classes and ultradistributions of Beurling and Roumieu
type, as well as the definition and some needed results concerning wave front sets.
Throughout this article | - | denotes the euclidian norm on R™ or C™.

Definition 2.1 A non-quasianalytic weight function is an increasing continuous function w : [0, oo[— [0, o]
with the following properties:

(o) there exists L > 0 such that w(2¢) < L(w(t) + 1) forall ¢ > 0,
@) [ 2Pdt < oo,
(7) log(t) = o(w(t)) as t tends to oo,

(0) p : t — w(et) is convex.

A weight function w is equivalent to a sub-additive weight if, and only if, the following property holds:
(o) ID >0 FHog>0VA>1 VE>1tg: w(At) < ADw(t).

For a weight function w we define @ : C — [0, 00[ by @(z) := w(|z|) and again denote this function by w.
The Young conjugate ©* : [0, 00[— R of ¢ is given by

©*(s) := sup{st — o(t),t > 0}.

There is no loss of generality to assume that w vanishes on [0, 1]. Then ¢* has only non-negative values, it is
convex and ¢*(t)/t is increasing and tends to 0o as t — oo and p** = .

Example 2.2 The following are examples of non-quasianalytic weight functions (eventually after a change
on the interval [0, 4] for a suitable § > 0):

D wlt)=t*0<a<l,
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@ w(t) = (log(1 +1))", B> 1;
3) w(t) =t(logle+1)"7, B> 1
Definition 2.3 Let w be a weight function. For an open set Q C RY we let
Ew)(Q) :={f € C(Q) | f llxkr< oo, forevery K CC Q and every A > 0},

and
Ery(Q) := {f € C=(Q) : forevery K CC Qthere exists
A > Osuchthat || f ||x < oo},

where

| f llgx:= sup sup |f(z)|exp (—)\go* (fj')) .
xeK aeNé\’

The space £(,,)(€2) is Fréchet and nuclear, while £, (€2) is a projective limit of an inductive limits of Banach
spaces. The elements of £,,)(£2) (resp. £y} (€2)) are called ultradifferentiable functions of Beurling type (resp.
Roumieu type) in . When w(t) = ¢4, d < 1, the corresponding Roumieu class ;1 (€2) is the Gevrey class
with exponent 1/d. Writing  for (w) or {w} we denote by D, (K) = &,(Q) N D(K) if K is a compact set.
We define D, ($2) = ind,, D, (K;,), where (K5,) is any compact exhaustion of €2. Its dual is denoted by D, (€2)
(resp. D%w} (2)) and it is called the space of the ultradistributions of Beurling (resp. Roumieu) type on 2. Since
D(w)(€2) C Dy,}($2) and the inclusion is continuous and has dense range, D, (€2) can be identified with a
subset of DEw) (€2). The corresponding spaces of ultradistributions of Beurling and Roumieu type with compact
support £.(Q) (i.e., EL(£) is the strong dual of £,(£2)) can be considered as well.

Given an ultradistribution u € D’ () we define the *-singular support of u, denoted by sing, supp u, as the
complementary in € of the biggest open set U C (2 satisfying u|y € E.(U).

Definition 2.4 Let w be a weight function and (¢, &) € Q x (RY \ {0}).

(i) If u € Dy, (), we define the wave front set W F(,,(u) of u to be the complement in € x RN\ {0})

of the set of points (z9,&p) such that there exist ¢ € D,(€2), ¢ = 1 in a neighborhood of ¢, a conic
neighborhood T of £, and a sequence {C, } of positive constants satisfying

[Pu(§)] < Cn exp(—nw(E))
forevery ¢ € 'andn € N.

(i) Ifu € Df{w}(Q), we define the wave front set W Fy,}(u) of u to be the complement in  x (RV \ {0})

of the set of points (g, &p) such that there exist ¢ € D,1(£2), ¢ = 1 in a neighborhood of x¢, a conic
neighborhood I of £, and two constants C, € > 0 satisfying

|pu(€)| < Cexp(—ew(€))

forevery ¢ € T

Remark 2.5 The following elementary properties are well known (see for example [15]). Let £ be an open
subset in RY. Then:

(a) Given two weight functions w and ¢ such that w(t) = O(o(t)) as t tends to infinity, we have the following
continuous inclusions

E)(Q) CEW)(Q), &1 () C Ey ().
(b) If, in addition, w(t) = o(c(t)) as t tends to infinity, we have the following continuous inclusion:

(0} () C Ew) ().
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4 A. Albanese et al: Wave front sets. ..

(¢) If w(t'/") = o(o(t)) as t tends to infinity for some constant 0 < r < 1, then for all A,z > 0 there exists
C,, > 0such that for all j € Ny, we have

/WS(%) <Cpu+ msoiz(%),

where ¢} and ], are the Young conjugate functions corresponding to the weight functions ¢ and w.

We recall some known facts concerning wave front sets (cf., for example, [14]). We observe that if w and o
are weight functions satisfying w = O(o) then

WF(M) (u) C WF(U) (u)

for every u € D(,, () C DZU) (€2), and this inclusion is in general strict.

The Roumieu wave front set can be expressed in terms of Beurling wave front sets in the following way (see
[1] for a version with quasianalytic weight functions and classical distributions).

Proposition 2.6 ([14],[1]) Let us consider u € £ Ew}(Q). Then there exists a weight function cg = o(w) such
that u € 5(’00)(9) and we have

WF{U_,}(’U,) = U WF(U)(’U,)
oces

for S = {o weight function: oy < o = o(w)}.

Analogously to the C'*° case the following result holds.

Theorem 2.7 Let us consider u € Dzw)(Q). Then the projection of W F\.(u) on the first variable is the
(w)-singular support of u.

We now recall the definition of Beurling pseudodifferential operators.

Definition 2.8 ([13]) Let Q be an opensetin RY,0 < < p < 1,d := p — 4, and assume that w(t) = o(t%)

as t — oo. An amplitude in S];*(€) is a function a(z, y, §) in C°( x Q x RY) such that for every compact

set Q C 2 x  there are R > 1 and a sequence C,, > 0, n € N, with

|D$D;D§a(gj, y,8)| < Cne(P*tS)mp*(Iﬁl/n)e(pfﬁ)nw*(lwrvl/n)emwﬁ)|§|\a+v\5*\ﬁ\p’ 2.1

forevery n € N, (z,y) € Q, and £ with log(%) > l—gltp*(l%‘)

If we replace e(P—9)7¢" (IB1/1) ip the formula (2.1) by the constant B'BIP! for some B > 0 that depends only
on () and on the amplitude, then the corresponding class is written as AS;"&“(Q). Since w(t) = o(t?) with
d := p — ¢, it follows that AS";* () C 575 (2) (see [13]). An amplitude in AS]";*(€) is said to be of finite
order if it satisfies the inequality (2.1) with (1 + |¢|)™ instead of e™<(%),

In the case a(z,y,&) = p(x,&), the function p(z, ) is usually called symbol. The definition of amplitude
given in [13] is slightly different from the one given here, but it is equivalent due to the convexity of *.

We recall from [13] that every amplitude a(z,y,§) in SZ”(;‘“(Q) defines a continuous and linear operator
A Dy (Q) — Ewy () given by the iterated integral

An@ = [ ( [awcp 90 ) dy) de. 1 e Dy,

The operator A is called pseudodifferential operator of (w) class and type (p, d). In the case a(z,y, &) = p(z,§),
the corresponding pseudodifferential operator P := P(x, D) : D,y (2) — &(,)(£2) can be written in terms of
Fourier transforms in the following way

P(z,D)f = / (. ) EF(€)de . € Dy (9).

Several examples of amplitudes, symbols, and the corresponding operators in this setting can be found in [13,
Example 2.11, Proposition 2.12]. In particular, in [13] the following result has been proved.

Copyright line will be provided by the publisher
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Theorem 2.9 ([13]) The pseudodifferential operator A associated to the amplitude o(x,y,€) in SZ&W(Q)
admits a unique continuous and linear extension

A&, (Q) — D, (Q).

An important property is that pseudodifferential operators defined by amplitudes are (w)-pseudolocal, i.e.,
they shrink the (w)-singular support.

Theorem 2.10 ([13]) Let A : 5éw)(Q) — Dzw)(Q) be the pseudodifferential operator associated to the
amplitude a(x,y, &) in SZ?(;“(Q). Then

sing ) supp (Ap) C sing,, supp (1),

forevery u € Sgw)(Q).
More recently, in [14] it was proved that pseudodifferential operators defined by symbols are (w)-micro-

pseudolocal, i.e., they also shrink the (w)-wave front set. The proof in [14] does not use the machinery of wave
front sets for kernels, but it relies on some Lo techniques.

Theorem 2.11 ([14]) Let P(x, D) : £,\(Q) — D(,, () be a pseudodifferential operator of class (w) and
type (p, 0) given by a symbol in S}'s* (2). Then

WF () (P(z,D)u) C WEF(u) (2.2)
Sor every u € 5(’w)(Q).
For each ¢/ € N, we set
E(®Y) = {1 € O%(RY) : |fls:= sup sup [ (@) exp (~ " (lo]/0) < +o0},  23)

z€RN aeNYY

where (* is the Young conjugate corresponding to the weight function w.
Let G(z) € H(CY) be an entire function such that log |G(2)| = O(w(2)) when |z| tends to infinity. Then, the

continuous and linear convolution operator G(D) : Dzw) RN) — 'DEW) (RY) defined by

()
GO = 3 i O pe g,

al
aeNY

is called (w)-ultradifferential operator.
Now, we can recall the following extension of Komatsu’s second structure theorem for ultradistributions due
to Braun [9] (see also Langenbruch [20]).

Theorem 2.12 Given an ultradistribution with compact support i € 5{w)(RN ) and ¢ € N, there exist an
elliptic (w)-ultradifferential operator G(D) and a function f € E(RN) such that

p=G(D)f.

3 Micro-local symbolic calculus and wave front sets

We begin stating (and proving) some auxiliary definitions and results.
Proposition 3.1 Given an amplitude a(z,y,§) in S::(;w({)), a test function ¢ € D(,,)(Q), a compact set K in

Q, n € Nand A > 0, there exist C,, > 0 and a constant A such that for |n| < Al¢| and y € K the following

inequality is satisfied

emw(n)+log(Ag)

TR onet(lal/n)
en(p—8)w(Ag) ’

‘Dﬁ/emga(ay,n)w(x)dx < Culpln

where ||, is defined according to (2.3).

Copyright line will be provided by the publisher



6 A. Albanese et al: Wave front sets. . .

Proof. The proof follows first by integrating by parts with respect to « and then proceeding as in [14, Propo-
sition 4]. O

Definition 3.2 Let a(z, y, &) be an amplitude in S7';*(€2). The pseudodifferential operator A associated to
a(z,y, &) is said to be (w)-micro-regularizing in  x I'y for some open cone I'y C RY if

(QxTo) NWEF(Au) =0 forall u € &, (Q).

In the next result we give a sufficient condition for a pseudodifferential operator A to be (w)-micro-regularizing.
Theorem 3.3 Let a(x,y,&) be an amplitude in S;"(‘;”(Q). If a = 0in Q x Q x I'y for some open cone
[y C RY, then the pseudodifferential operator A associated to a(z,y, &) is (w)-micro-regularizing in Q x T.

Proof. We fix an ultradistribution u € E’w)(Q) and ¢ € N. By Theorem 2.12 we can find f € &(RY) and
an elliptic (w)—ultradifferential operator G(D) such that u = G(D) f in Q.

We observe that if G(D) is given by the entire function G(2) = 3~ anz®, then G(D)f = Y i!%laq f(@) in
D, ().

We now fix a test function x € Dy, () equal to 1 in a neighborhood of suppu. Then we have Au =
S, i ag A(x () weakly in D{,(€2) as, for every ¢ € Dy, (£2),

(Au,p) = (u,A'p) = (u,xAlp) = (O il®lan f), xAlp) =
= Zi‘alaa<Xf(a)vAtS0> - Zila‘aaM(Xf(a)),sD)«

Since &(,)(€?) is a Fréchet-Montel space, it follows that (pAu) (&) = 3 il®las (@A(xf*)) "(€) uniformly
on the compacts subsets of RN for every p € D, () (see [10, 21]). So, to conclude the proof, it suffices to
estimate each one of the terms (cpA(X f (a))) “(€) for £ in an appropriate cone and an arbitrary fixed function
RS D(w) (2), and then to sum in «. In order to do this, we first show, for £ in a certain cone, that

(soA(xf(“’)) ©) = // e~ o (y, & n)x () f (y)dydn, 3.1

where o(y, &,1) = [ ¢ Da(z, y,n)p(z)dz.

We fix o € I'g. We will estimate |Dyjo(y, §,1)| when y € supp x, n € R¥ and ¢ is in a neighborhood I}y of
&o such that 'y CC T'y. Forn € Ty, a(z, y,n) = 0 by hypothesis, and for ¢ I'g and £ € I'{y we can find A > 0
with |€ — n| > A(|€] + |n|). By the Proposition 3.1, for every n, s € N,

emw(n)+log(AlE—n])

D < Conl@lsn _ snp™(|al/(sn)) 3.2
| yO'(y,f,’l’]” = |4P| esn(p—d8)w(A(§—n)) ¢ 7 oY

where C,,, and A are suitable positive constants depending only on n,s and A. Since sne*(|a|/(sn)) <
ne*(|a|/n), we obtain (changing s € N and the constant Cs,, if necessary), for { € I'{, and ) ¢ T',

|D;‘a(y, £,n)| < C«me—snw(n)—snw(f)ew*(Ia\/n) (3.3)

This implies that the equality (3.1) is satisfied for all n € R and ¢ € T},
Integrating by parts with respect to y in (3.1) and using that \77||°‘1‘ < ene"(leal/n)gnw() | we obtain, for s
sufficiently large,

|(pAG ) ()] =

2 <a1,52, a3> //efiyn(_i”)alafff(%f’n)x(“”(y)f(y)dydn <

altastaz=a

< m(suppX)Dsne—an(f)gbé‘encp*(\avn)/e—(s—l)nw(n)dn’

Copyright line will be provided by the publisher
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where m(-) denotes the Lebesgue measure. We know from the properties of G(z) that there exists k¥ € N such
that |as| < eke—ke (al/k) for each . So, taking n = L%k in the last inequalities, we obtain, for & € F6 and s
large enough,

A (O < Y laal| (240 ) ()]
< O S [ag 3ol e (al/(E7) <
< Ekse—sw(f)z:(g/e?)\al.
The proof is now complete. O

In order to study the propagation of singularities, we introduce a micro-local version of the symbolic calculus
for pseudo-differential operators as follows. We consider neighborhoods of the type A = U xU xI'or A = U xT’
where U is a relatively compact open set of RY and I" is an open cone in RV \ {0}. We fix also A* = U* xU* xI'*
as a set of the same type (or A* = U* x I'*) such that U C U* and ' N SV—1 C I'*. This notation will be used
throughout the rest of the section.

Definition 3.4 Let 0 < 0 < p < 1, d := p — 4, and assume that w(t) = o(td) as t — oo. We denote by
M5 (A) the space of all amplitudes a(z,y,{) € C°°(A*), where A =U x U x I'and A* = U* x U* x I'*
are as in the notation above, with I' CC T'*, satisfying the following condition: there are R > 1, B > 1 and a
sequence C', > 0, n € N, with the property

DDy Dla(x,y,€)] < C B Blele=me” (570 gme€) a3 1510 (34
forevery n € N, (z,y,£) € A*, with log(%) > ﬁgp*(%)
If a(z,y,£) = p(x,€), we have a similar definition for symbols, and we anyway write that p(z,£) €

MST(A).
p,6
We want now to construct pseudodifferential operators for such type of symbols and amplitudes. So, we
assume w(t) = o(t"), 0 < r < 1, p < r. Moreover, we take 1(§) € Epry(RY) such that ¢y = 1ina
neighborhood of T', and supp ¢ C I'* for large |¢|, satisfying

B8l
|DPy(¢)] < ang (3.5)

for log(l%l) > " (I—Zl) (we refer to [13, Example 2.11.(2)] for a description of ¢ (¢) when the corresponding

weight function is a Gevrey weight of type w(t) = ", 0 < r < 1, and also to [22]). For a weight o with
w(t!/?) = o(o(t)), we also fix ¢ € Dy,3(U*) with ¢ = 1 in a neighborhood of U. Finally, we set for p(z,£) €
MS5°(A),

P(z, D) f(z) = / e ()l €)6(E) (B V(E)de, (3.6)

and more generally for a(z, y,§) € MS]*(A),

(Af)(z) = / / =V G(x)alz,y, ) (€)d(y) f (y)dyde. 3.7)

The following lemma explains why we select ¢ and v is this a way, and it will be useful in the following
results.

Lemma 3.5 Let Q2 be an open subset of R with U* C Q. If the amplitude a(z,y,€) is in MS;"%‘” (A), then
the function b(x,y,€) = ¢(x)p(y)a(w,y, )Y (§) is an amplitude in AS]'; (2).

Copyright line will be provided by the publisher



8 A. Albanese et al: Wave front sets. . .

Proof. Since U* C Qand ¢ € Dioy (€2), in view of Remark 2.5, for each n € N there is E,, > 0 such that

sup [DY¢(x)| < Enelr=dnel(5h), (3.8)
z€RN

We write ¢ = ©*, and ) = supp ¢. Then, using equations (3.4) and (3.5), the convexity of ©*, and the fact
that Za1<a (“) < 2lel we obtain, for 2,y € Q and n € N,

a1

|Dg Dy DEb(, y,€)

a\(B\( ) ) ) oy vt
<3 5 S (2)(5) ()10 ewnr et ey Dl ale )
ar<afi<fyigy N/ NI/ AT
< C’nEgDnQ\aJr“/le(P*Mmp*(w) . Z <5>ﬁ!Bﬁ§|z§|a+wlp|B,@1|r|,61|’
B1<p

for ¢ € RY with log(%) > ﬁg@*(%) An application of [13, Lemma 1.3.(2)] and the fact that p < r concludes

the proof. O

We will see that the pseudodifferential operators defined in cones have similar properties to the standard ones.
We will check first that a pseudodifferential operator corresponding to a standard amplitude shrinks the (w)-
wave front set when the operator acts on relatively compact open subsets. For this, we recall from [13, Example
2.11.(4)] that if © is an open set of RY then a continuous linear operator 7' : D,y () — £(,(2) admiting a

continuous and linear extension 7" : 5(’w) (2) — &£y (Q) is called (w)-smoothing operator. These operators are
exactly the integral operators defined by kernels in £y (€2 x €2).

Lemma 3.6 Let Q be a relatively compact open subset of RY. Let a(x,y,£) € S;?(;w (Q) be given. Then, the
corresponding pseudodifferential operator A : £, (Q2) — D, (2) shrinks the (w)-wave front set, that is,

WF(w) (Au) - WF(W) (u),
Sor every u € 5('w)(Q).

Proof. The restriction of A to D(w) (), by [13, Theorem 3.13], can be decomposed as the sum A = P + R,
where P is a pseudodifferential operator given by a symbol in S7';*(€2) and R : Ely () = &y (Q) s a (w)-
smoothing operator. Since the extension of A to £((€2) is unique, we have that A = P + R also in £, (2).
Now, it suffices to apply Theorem 2.11 to conclude.

We observe that in the following result we do not use techniques of wave front set of kernels, as it usual in the
literature for such type of results.

Theorem 3.7 Let §2 be an open subset of R with U* C . Then A in (3.7) satisfies the following properties:

() A is a properly supported linear continuous map from D(,,)(2) to D, (), and admits a continuous and
linear extension from D, (2) to D{ ().

(i) A shrinks the (w)-wave front set in Q). In particular, it shrinks also the (w)-singular support in Q.

Proof. We first observe that a(z,y,£) = a(z,y, &) (§) defines an amplitude in AS{T(;“’(U*) by the prop-
erties of 1) (see Lemma 3.5). Moreover, the map A is the composition B o T' o B, where B is the multiplica-
tion operator by the fixed test function ¢, and T is the pseudodifferential operator associated to the amplitude
i, y,€) = a(z,y, (&) in U* x U* x RV

Suppose that supp ¢ C Q; C U*, being 2; a relatively compact open subset of 2. Then the multiplication
operator by ¢ maps Dzw) (Q) into € (’w) () continuously and hence, the operator A can be viewed as the following

composition of continuous and linear operators

B T B
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where we use the fact that T" can also be extended as a linear and continuous operator from 5( ) (1) to D( ) ()
as we have the natural inclusion D) (1) C D,)(2) (Theorem 2.9). The last arrow follows from the fact
that the restriction mapping &) (£2) — &(.)(£21) is continuous and hence, the inclusion &\ (1) C £/, (1) is

continuous. Then, A is linear and continuous operator acting from D(,, (2) to D(,(2). Similarly, we can prove

that A is also linear and continuous operator from Dy, (2) to Dy, (€2). Consequently, A is properly supported.
Then property (i) is proved. By Lemma 3.6, all the operators involved, even the last inclusion, shrink the (w)-
wave front set. An application of Theorem 2.7 gives the same conclusion for (w)-singular supports, which proves
(i1) and concludes the proof. O

The next proposition shows that the action of A does not depend on the choice of ) and ¢.

Proposition 3.8 Ler i)', ¢’ denote other functions with the properties of 1, ¢ after Definition 3.4, and let A’
the corresponding operator defined according to (3.7). Then the map A — A’ is (w)-micro-regularizing in A.

Proof. Lemma 3.5 shows that the functions

b(z,y,§) = o(x)o(y)alz,y, )Y (§)

and
V(z,y,8) = ¢'(2)¢' (y)a(z,y, )Y (€)
are amplitudes in ASm’”(Q) corresponding to the operators A and A’, respectively. Since w(t) = o(t%), d =

p — 0, these amphtudes are also in S ¥ (). On the other hand, b(x,y, &) — b'(x,y,£) = 0in A. Therefore, to
conclude the proof we only have to apply Theorem 3.3. O

Now, we can develop a micro-local symbolic calculus for this type of operators, that will allow us to construct
parametrices in this setting (see also [13, 3.1]).

Definition 3.9 We denote by 7'M S]';* (A) the set of all formal sums 3, a;(2,y,§) suchthata;(z,y,§) €
C°(A*), with A and A* defined as in Definition 3.4, and there are R, B > 1 and a sequence C,, > 0, n € N, of
constants satisfying

| DS Dy Dfaj(x, y, )|
< C, BIPIg1elp=0ne” ((Jatyl+5)/n) gmw(€) | ¢ |la+716=1Blo—(p=0);

for every j € Ny, (z,y,§) € A* with log(|¢|/R) > EIES go*(‘ﬁljj).

In a similar way we define the equivalence between formal sums, and, as a particular case, between symbols
and formal sums, via a natural identification between symbols and formal sums.

Definition 3.10 Two formal sums > a; and 3_b; in FMS)";%(A) are said to be equivalent, and we write
Zj>0 a; ~ ijo b, if for A and A* defined as in Definition 3.4 there are R, B > 1 and two sequences C), > 0

and N,, > 0, n € N, of constants satisfying

DD (4 = b) (. :€)
<M
< CnBlﬁlﬁ!e(pfé)nw*((\a+v|+M)/n)emw(€)|§|\a+7\5*\ﬁ\p*(p*5)M

for every (z,y,£) € A*, M > N, with log(|¢|/R) > IESTA4 *(

Proposition 3.11 Consider p(z,£) € MS)'i*(A) and assume that p(z,£) ~ 0 in FMS";*(A). Then the
operator P(x, D) defined as in (3.6) after Definition 3.4 is (w)-micro-regularizing in A.

\ﬁ|+M).

Proof. We choose ¢, v as in the definition (3.6). Proceeding as in the proof of Lemma 3.5 we can see that
the symbol p(z, &) = ¢(z)p(x, &)y (§) in AS]'5” () is equivalent to 0 as a formal sum in FFAS]";* () (see [13,
Definition 3.1] for the definition of the class F' AS:)n “(€2)). By [13, Theorem 3.5], the corresponding operator
P(z, D) is (w)-smoothing in Q. But P(z, D) = P(x, D) — (P(x, D) — P(x, D)) is the sum of a (w)-smoothing
operator in 2 and a (w)-micro-regularizing operator in A by Proposition 3.8, which gives the conclusion. O
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The proof of the following two results is similar. In particular, we assume that w(t) = o(t%), ford < p — 0,
d < 1, and that € is a relatively compact open set.

Theorem 3.12 Let a(z,y,€) € MS]';(A) be given and let A be defined as in (3.7). Let p(x,§) €
MS;%“’ (A) withp ~ 3.~ pj, where

pix,€) = Y ()19 Dyalz,y,)ly=.

lev|=3
If P = P(z, D) is given as in (3.6), then the map T = A — P is (w)-micro-regularizing in A.

Proof. We consider the amplitude a(z,y, &) = ¢(z)d(y)a(z, y, )y (§) in AS]';*(S2) and deﬁneiﬁj(ac7 ) =
Z|a\:j (a!)*la‘?D;“d(x, Y, &) |y=z- By [13, Theorem 3.13] we obtain a pseudodifferential operator P with sym-
bol p ~ > .5 Py, such that if A is the pseudodifferential operator associated to @, then T = A — P is (w)-

smoothing in 2. Since T — T is (w)-micro-regularizing in A, we deduce that T is also (w)-micro-regularizing in
A. O

The formal sum p o ¢ can be also defined (see [13, Definition 3.15]) and the following result holds.

Theorem 3.13 Consider p(z,£),q(x,&) € MS;'?(;W(A) and let P = P(xz,D),Q = Q(z,D) be defined
according 1o (3.6). Then P o Q = R+ T, where T is (w)-micro-regularizing in A and R = R(x, D) is defined
as in (3.6) for r(z,§) € MSZ;?""(A) with r(z,€) ~ (2m)Np(x,€) o q(x,€) in FMSZZ?"”(A).

Proof. It suffices to proceed as in Theorem 3.12 and apply [13, Theorem 3.18]. 0

We can now state and prove a sufficient condition for a linear partial differential operator to be (w)-micro-
hypoelliptic at some point (z,&y) € Q x (RN \ {0}), via the construction of a micro-local parametrix. In this
case we assume that o is a weight function satisfying property () (see after Definition 2.1), and then o turns to
be equivalent to a sub-additive weight function.

Theorem 3.14 Let ) be a relatively compact open subset of RY, and 0 < § < p < 1, w a weight function
and o a weight function satisfying (o) such that w(t'/(?=%)) = o(o(t)) ast — oo. Let P = P(x,D) be a
partial differential operator with symbol p(z,§) € A IT(;“’ (Q). Let U be a neighborhood of x¢ in Q and T an
open conic neighborhood of &y # 0. Assume there exist some other neighborhoods U*, I'* as in Definition 3.4,
with U* C , and constants A,C > 0 and n € N such that

1
(@, &) > e forz € U, € €T, [¢] > A, (39
|D2Dp(x,€)| < CloH I g1em o (e €)[(1+ [¢])0le =1l (3.10)

SJorall (a,8) # 0, x € U*, £ € T*, |§] > A. Then there is a properly supported map @ with kernel in
DEw)(Q x Q) such that Q is (w)-micro-pseudolocal in Q and Q o P = I + T, where I is the identity operator

and T is (w)-micro-regularizing in A = U x T. In particular, the following holds

ANWE ) (Pu) = ANWF,)(u) forall u € £,(Q).

Proof. Arguing as in the proof of [12, Theorem 3.4] we can construct g(z,§) € MS]'3*(A) such that
gop ~ lin FMSZZ;“’(A). So, we can define Q = Q(x, D) according to (3.6) using the symbol g¢(z,&).
By Theorem 3.13 we deduce (WQ) oP = R+ T, where T is (w)-micro-regularizing in A. Moreover, if
R = R(z, D) is the pseudodifferential operator defined by r(z,&) € MS]'i*(A), we have r(x,£) — 1 ~ 0 in
FM S;’(gw(A). An application of Proposition 3.11 gives the conclusion. O

Since linear partial differential operators always shrink the support, we can now obtain the main result of the
paper for arbitrary open sets.
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Theorem 3.15 Let Q) be an arbitrary open set in RN, w and o be two weight functions such that w(t) =
o(a(t)) as t tends to infinity and o satisfies property (o). Let P = P(z,D) =}, <, @a(x)D* be a linear
partial differential operator with coefficients in £(,(2). Then we have

W F(y) (1) C WE ) (Pu)US,

forallu € E{w) (Q), where ¥ is the characteristic manifold of the principal symbol of P.

Proof. Since supp (Pu) C suppu and u is compactly supported, without loss of generality we can assume
that Q is relatively compact. Let (z9,&p) ¢ X and p,,(x, &) be the principal symbol of P. We fix neighborhoods
A=UxT, A" =U* x T of (9, &) conic with respect to the second variable, with U* and I"* satisfying the
conditions of Definition 3.4, and sufficiently small such that p,,(z,£) # 0in A*.

Denote by p(z, §) the symbol of P. By homogeneity c|{|™ < |pm,(z,§)| for (z,£) € A* for some constant
c > 0 (U* is relatively compact). On the other hand, for some constants A, C > 0,

p(2,8) = pm(2,€) S CA+ N, (2,6) € A, [¢] > A,

thereby obtaining, if A is large enough,

c(I+[E)™/2 < Ip(x,&)], (2,§) € A, [€] > A, (G.11

which proves (3.9) in Theorem 3.14. By hypothesis
D2 DEp(x, )] < DBlen 12 (14 ¢y 17, (3.12)

for z € U* and ¢ € RY. Combining (3.11) and (3.12) we obtain (3.10) of Theorem 3.14 for (x,¢) € A* and
|€] > A. So, we can apply Theorem 3.14 for p = 1 and § = 0 to obtain the existence of a micro-local parametrix
Q. Then, for every (z¢, &) ¢ X we find a neighborhood A of this point, conic with respect to the second variable,
such that

AN WF(W)(PU) =AN WF(w)(u) forall u € géw)(Q),

which concludes the proof. O

The Roumieu version of the result follows as a corollary. We observe that in this case we can avoid to take the
coefficients of P in a smaller class.

Corollary 3.16 Let ) be an arbitrary open set in RY. Let w be a weight function satisfying property (o).
Let P = P(x,D) = 3|, <y @a(x)D* be a linear partial differential operator with coefficients in ;. (€2).
Then we have

WF{W}(U) - WF{U_,}(PU) U,

forallu € & ~/{w} (Q), where X is the characteristic manifold of the principal symbol of P.

Proof. In view of Proposition 2.6 there exists a weight function o such that op = o(w), u € 5('00) () and
Wy (u) = | WFyu (3.13)
oes

for S = {o weight function: 0y < 0 = o(w)}. Since u € &, () forall ¢ € S, we can apply Theorem 3.15 to
obtain

WF(U)(’LL) C WF(U)(PU) U,
for all o € S. The conclusion follows directly from (3.13). O
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Remark 3.17 We recall that a pseudodifferential operator P(x, D) with symbol in AS;”(;‘” () is said to be
classical if its symbol p(z, £) admits an asymptotic expansion of the kind

+oo
p(xaf) ~ me—j(xvg)v
=0

where p,,—;(x,&) is positively homogeneous of order m — j with respect to {. The results of Theorem 3.15
and Corollary 3.16 continue to hold for classical properly supported pseudodifferential operators with symbol
in AS]'5(2),0 < 6 < p < 1. In fact, let us consider p(z,§) € AS];*(Q2). We observe at first that if the
corresponding pseudodifferential operator P(x, D) is classical then X is well defined. Moreover, since P(x, D)

is properly supported we have
P(z,D): wa)(Q) — 5éw)(Q). (3.14)

The proof of Theorem 3.14 holds for general pseudodifferential operators with symbol in ASZL(;“’ (€2). Concerning
Theorem 3.15, we have only to show that €2 can be assumed to be relatively compact, and then the proof works
in the same way. For every fixed u € £ ’w) (Q), from (3.14) we have that also P(z, D)u has compact support and
hence, we can take €2 as a relatively compact open set containing both supp u and supp(P(z, D)u). Corollary
3.16 can then be deduced for pseudodifferential operators in analogous way from Theorem 3.15.

4 Some applications

The aim of this section is to give some applications of the results obtained in the paper. First, we obtain the
relation between ellipticity and hypoellipticity as an immediate consequence of Theorem 3.15. Let us consider
an elliptic linear partial differential operator P = P(x, D) satisfying the hypotheses of Theorem 3.15. Then the
characteristic set of P is empty and hence, we have

WF(“,)(’LL) C WF(M)(PU)
for every u € 8(’“}) (€2). Since the opposite inclusion is also true, P then satisfies
WF(w) (u) = WF(W) (Pu)

for every u € ng) (€2). This means that P(x, D) is (w)-micro-hypoelliptic and then (w)-hypoelliptic, too, in
view of Theorem 2.7. The same conclusion holds in the Roumieu setting by using Corollary 3.16.
We want now to study the wave front set of the solutions for the following (non hypoelliptic) partial differential
operator of principal type in R™:
0
P=_—.
395 N

We write * for (w) or {w}. Observe that the characteristic set of P is

Y= {(z,8) eR¥™ : x5 =0, £ £0).

Moreover, we point out that u € D.(RY) is a solution of Pu = 0 if, and only if, u = v ® 1 for some
v € D! (RN~1), being 1 the function identically 1 in the xy-variable. Indeed, if u is of the form v ® 1, then
3$N (v ® 1) = 0. On the other hand, if Pu = 0, then u satisfies 7pu = u for every h = (0,...,0, hy), where
Tru denotes the h-translation of the distribution u (see, for example, [22]). From this fact, by an approximation

procedure, it is easy to conclude that v must be of the form v ® 1, for some distribution v € D, (RN 1),

Proposition 4.1 Let w be a weight satisfying property (o), and write, as usual,  for (w) or {w}. Let
u € EL(RN) be a solution of the equation Pu = 0. If (T,€) € WF.(u), then (z,€) € %, and splitting
RN 3z = (2/,2n) = (v1,...,TN_1,TN), we have that the straight line

L= {(f/,wN,f), TN € R}

is contained in W F, (u). Moreover, for every (T,€) € X there exists a solution u € E.(RY) of Pu = 0, whose
x-wave front set is given by the straight line L.
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Proof. We will only deal with the Beurling case, as in the Roumieu case the result follows using the same
arguments and Corollary 3.16.
Letu € Ezw)(RN ) be a solution of Pu = 0. Then by Theorem 3.15 we have

WF(M) (u) [@DIN
and v = v ® 1 for some v € ng)(RN_l). We claim that

WEF)(u) = {(z,8) € X: (¢, &) € WF(,(v)}- .0
To prove (4.1) we proceed as follows.

Let us fix (z,8) € . If (7,€) ¢ W F,)(v), then, by Definition 2.4, there exists ¢ € D(,)(RV 1), p =1

in a neighborhood of Z’, and a conic neighborhood I'" of EI such that for every m € N there exists a positive
constant C,,, satisfying
PO(E)] < Crpe™™E)

for every &' € I". Let x € D) (R) be a function equal to 1 in a neighborhood I of Ty. Let I' be a conic
neighborhood of (€,0) ((z,€) € ¥, so we have £y = 0) with T'N {¢5 = 0} C I". Then there exists a positive
constant ¢; such that

| < al€]

in I'. Then we obtain, for every m € N,
(2 ® x)u)" ()] = [BV(E)X(En)] < Cpem@ENHwlen), (4.2)

Since w satisfies the property (ayg), we have w(§) < w(|'| + |En]) < w((1+e)|E]) < (14 ¢1)Dw(E’) <
C(w(¢") +w(&n)) for some positive constant C' independent of €, and for every £ € T'. Thus, by (4.2) we deduce
that for every m € N there exists a constant C,:L > 0 such that

(@ X)) (€)] < Cre ™,
for every £ € T. This means that (Z, §) ¢ W F{,(u). So, we have proved that
{(z,8) e X: (2,€) e WE,)(v)} C WE,)(u).
In order to obtain (4.1) we have now to prove the opposite inclusion, i.e., if (Z,£) € ¥ and (7, &) ¢ W F,)(u)

then (7,€) ¢ W F(,)(v).

Let (z,£) ¢ WF,)(u). Then there exists ¢ € D) (RY), ¢ = 1 in a neighborhood U of T, and a conic
neighborhood T of ¢, such that for every m € N there exists a positive constant C,,, such that

|pu(€)] < Crpe™ ™)

for every { € I'. Without loss of generality, we can assume that ¢(z) = ¢1(2")¢2(zn), with $2(0) # 0,
eventually by multiplying by a tensor product test function with support contained in U. Then, we have

|610(6)ba(En)| < Crpe™ ™

for & € " and hence,

o C’ ,
10(¢)] < e,
o= o

for¢’ e IV =T N {&{n = 0}. It follows that (f’,?) ¢ W F(,)(v). This concludes the proof of (4.1).
Applying (4.1), we immediately conclude that if (z,§) € W F{,)(u), u being a solution of Pu = 0, then

every point of the kind (7', 2, ) with zy € R belongs to WF(,,)(u), i.e., the straight line L is contained in
WF(W) (u)
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Let us fix now (7, &) € . We want to construct a solution u € E.(RY) of Pu = 0, * = (w) or {w}, such that
WPF,(u) = {(z,6) e RN x RV \ {0} : 2 = (T, zn), £ = A, xy € R, A > 0}.
Since u = v ® 1, by (4.1) it is enough to construct v € £ (RN 1) such that
WPF,(v) = {(z,&) e RN x RV1\ {0} : 2/ =7, & = A, A >0} 4.3)

We know from Example 1 in [14] that it is possible to construct 4 € Eéw)(R) whose Beurling wave front set

is given by {0} x (0, +00). The same construction holds for the Roumieu case, and can be easily extended to
dimension greater than 1. Therefore, there exists o € £/ (RN 1) satisfying

WE.(0) = {(2,) e RY T xRV I\ {0} 12" =0, & = (0,...,0,6n1), €v-1 > 0}
By a linear change of variable and a translation we then find v satisfying (4.3). O

Observe that an analogous result holds for the equation Pu = f, where we can take for example f €
C>(RY). Indeed, every solution of Pu = f can be written as

u(z) = ug(x) —I-/O i fl@' tydt, z= (2 2n)e€ RY,

where ug is some solution of Pu = 0. If (z,£) € ¥ and (%, &) ¢ WFE,(f), then (z,£) € W F,(u) implies that
(@, xn,€) € WF,(u) for zy in a suitable interval I containing z. In fact, if (Z,€) ¢ WF,(f) then there
exists a neighborhood U of (T, £) with empty intersection with W F, (f). Consequently, in a neighborhood of 7,
the wave front set of u is determined by the wave front set of uy.
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