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HOLOMORPHIC EXTENSION OF SOLUTIONS OF SEMILINEAR
ELLIPTIC EQUATIONS

MARCO CAPPIELLO AND FABIO NICOLA

ABSTRACT. We prove sharp analytic estimates and holomorphic extensions in
sectors of C? for the solutions of a wide class of semilinear elliptic differential and
pseudodifferential equations in R?, improving earlier results where the extension
was shown for a strip. Moreover, we derive exponential decay estimates for such
extended solutions. The results presented apply in particular to solitary wave
solutions of many classical nonlinear evolution equations as Kdv-type, long-wave
type and Schrédinger equations.

1. INTRODUCTION

The main concern in this paper is the study of holomorphic extensions of the
solutions of semilinear elliptic equations in R%. Broadly speaking, we deal with
equations of the form

(1.1) Pu = Flul,

where P is a linear elliptic differential, or even pseudodifferential, operator in R?
and F'[u] is a nonlinearity, possibly involving the derivatives of u. For a wide class
of equations of this type it is known that every solution u sufficiently regular and
with a certain decay at infinity, actually is analytic on R? and it extends to a
holomorphic function in a strip of C¢ of the form

(1.2) {z=z+iycC: |yl <e},
for some ¢ > 0, satisfying there the estimates
(1.3) lu(z + iy)| < Ce= !

for some C' > 0, ¢ > 0. A pioneering work on this subject was the paper by Kato and
Masuda [24]. Later the problem of the holomorphic extension in a strip has been
intensively studied in connection with the applications to solitary wave equations.
In particular it was noticed in dimension 1 that several model equations like the
Korteweg-de Vries equations and its generalizations, Schrodinger-type equations,
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2 MARCO CAPPIELLO AND FABIO NICOLA

long wave-type equations admit solitary wave solutions which extend to meromor-
phic functions with poles out of a strip of the form (1.2) and having a decay of type
(1.3). Among the main contributions in this sense we recall the papers by Bona
and Li [8], [9], Grujic’ and Kalisch [21], Bona, Grujic’ and Kalisch [6], Bona and
Weissler [10]. We also recall the paper [22] by Hayashi on well-posedness of the
generalized KdV equation in Bergman-Szego spaces of holomorphic functions in a
sector. Apart from its interest “per se” in the analysis of regularity properties of
the solutions of differential equations, the study of complex singularities of solitary
waves could give information also on the onset of real blowup; we refer to Bona
and Weissler [10] for a fascinating discussion in this connection.

Recently, the properties described above have been proved for some general
classes of semilinear elliptic equations in any dimension, even with variable coeffi-
cients; see for example Biagioni and Gramchev [5], Gramchev [20] and Gramchev,
Cappiello and Rodino [11, 12, 13, 14, 15]. The results in these papers have been
stated and proved in terms of estimates in the Gelfand-Shilov spaces of type S, cf.
[19]. We refer to Nicola and Rodino [27, Chapter 6] for a self-contained account of
these results.

Nevertheless in the above mentioned papers some relevant issues remained un-
explored. The first one is the identification of a maximal holomorphic extension.
In other words, the problem is to understand what is the biggest complex domain
on which a holomorphic extension is possible. The second one is related to a dual
aspect and concerns the identification of the maximal domain on which the decay
properties on R? of solutions remain valid.

To be precise, let us introduce a class of operators which the above results and
those in the present paper apply to. First, one can consider differential operators
with polynomial coefficients

(1.4) P = Z Capt’ D,
loe|<m, |B]<n
m>1,n2>0, cop € C, with symbol
(1.5) pl, &)= > capz’
lo|<m, |B]<n

of G-elliptic type, namely satisfying the following global version of ellipticity:

(1.6) > capr’ #0, zeRY A0,
la]=m, |8]<n
(1.7) Y capr’#0, z#£0, EERY

la|<m, |B]=n
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(1.8) > capr®#£0, w#£0, EA£0.
loe|=m, |B]=n
If P has constant coefficients (that is n = 0) then (1.6), (1.7), (1.8) are satisfied if
and only if P is elliptic and its symbol p(§) satisfies p(£) # 0 in R%. As a relevant
model one can consider the operator P = —A+ X\, A € C, A ¢ R_ U {0}.
More generally we deal with pseudodifferential operators. Namely, given real
numbers m > 0, n > 0 we consider symbols p(x, £) satisfying the following estimates

(1.9) |0802p(x, €)| < ClTHFFL Q181 (g)m=lel ()= 1A

for every (z,¢) € R?? a,3 € N? and for some positive constant C' independent
of a, 3 (we denote as usual (z) = (1 + |z|?)"/?). Notice that every polynomial
p(z,€) as in (1.5) satisfies such estimates. For this general class the condition of
G-ellipticity can be stated by requiring that

(1.10) p(z,8)] = (O™ ()", 2|+ 18] = C,

for some positive constants ¢, C. It is known that a symbol of the form (1.5) satisfies
(1.10) if and only if it satisfies the three conditions (1.6), (1.7), (1.8) simultaneously
(see [32, Proposition 1.4.37]) or [27, Theorem 3.2.9]).

Finally, concerning the nonlinear term F'[u] in (1.1), we assume here that it is of
the form

l
(1.11) Flul=>" " Fuopprpz" [ [ 0,
k=1

h,l pi,--p1

where h € N¢, with 0 < |h] < max{n—1,0}, pp € N¢with 0 < |px| < max{m—1,0},
leN, I >2and Fjy,, ., € C (the above sum being finite). Moreover, we allow
some of the factors in (1.11) to be replaced by their complex conjugates.

As a simple example, consider the equation

(1.12) —Au+u = |u|tu,

with [ € N, [ > 2 odd, which arises e.g. when looking for standing wave solutions
for the Klein-Gordon or Schrodinger equation, as well as travelling wave solutions
for the Klein-Gordon equation (cf. Berestycki and Lions [4]). The existence of
solutions in H'(R?) and their exponential decay was studied in [4], whereas the
possibility of extending them holomorphically on a strip has been recently shown
in [13] (incidentally, the exponential decay generally drops for elliptic equations
which are not globally elliptic, such as —Au = |u|' " u).

The above more general class of operators includes, in dimension d = 1, the
solitary wave counterpart of several evolution equations of Korteweg-de Vries type,
as well as of long-wave type; see [9] and below. This also motivated the statements
of the results for pseudodifferential operators, or at least for Fourier multipliers
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(e.g. p(§) = €Coth& + A\, A > —1, for the intermediate-long-wave equation; see
[9))-

Now, it is known from [9] and [13, Theorem 7.3] that (for classes of nonlinearities
that intersect the above one), if P is G-elliptic, then all the solutions u of (1.1) with
ue HR?Y), s > 4+m—1forn >0 (respectively (z)*°u € H*(R?), s > $+m—1
for n = 0) actually decay at infinity like e=l, ¢ > 0, and extend holomorphically
on a strip of the form (1.2).

Here we shall improve this result by showing that the holomorphic extension and
the exponential decay actually hold in a sector of the complex domain. Namely, we
have the following result, which seems new even for the simplest equation (1.12).

Theorem 1.1. Let P be a pseudodifferential operator with symbol p satisfying
(1.9), m > 0, n > 0, and assume that p is G-elliptic, that is (1.10) is satisfied.
Let Flu] be of the form (1.11) (possibly with some factors in the product replaced
by their conjugates). Assume moreover that u € H*(R?), s > & + max{|ps|}, is
a solution of (1.1). In the case n = 0 assume further (z)0u € L*(R?), for some
g0 > 0. Then u extends to a holomorphic function in the sector of C?

(1.13) C.={z=a+iyecC?: |yl <e(l+|z)},
for some e > 0, satisfying there the estimates (1.3) for some constants C' > 0,¢ > 0.

It will follow from the proof that the width of the sector depends in general
on the solution u considered, in fact on upper bounds for the norm ||lu| s (and
| {(z)%°ul| 2 if n = 0), although for nonlinearities of special type one could even
replace these norms by others, corresponding to a lower regularity (see Section 5.1
below). In any case, for a given nonlinear equation the width of the sector cannot
be expected to be the same for all the solutions; this is best seen for autonomous
equations, where the width in fact must depend on u, because one can exploit the
invariance with respect to translations to move the complex singularities parallel
to R%.

The shape of the domain of holomorphic extension as a sector is sharp, in the
sense that, even in dimension d = 1, for any angle # # 0, 7 we can find G-elliptic
equations with constant coefficients admitting Schwartz solutions whose meromor-
phic extensions have a sequence of poles along the ray argz = 6. We refer to
Section 5 below for details on this point and also for remarks on the a priori regu-
larity assumptions in Theorem 1.1.

The linear case (F[u] = 0) deserves a separate discussion. Indeed, the analysis
of the linear equation Pu = 0 is important for the holomorphic extension and the
decay of eigenfunctions of G-elliptic operators and their powers; see Maniccia and
Panarese [25] and Schrohe [31]. Moreover in the linear case it is possible to relax
the assumptions on the regularity and decay of u, admitting solutions with a priori
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algebraic growth and in that case the width of the sector is independent on the
particular solution considered; see Theorem 5.1 below.

Finally we present an application of the above result to solitary waves. Following
[9], we consider the following class of Korteweg-de Vries-type equation

(1.14) v+ v, + Flv], — (Mv), =0, (t,z) € RxR,
and long-wave-type equations
(1.15) v+ vy + Flu], + (Mv), =0, (t,z) € R xR,

where M = p(D) is a Fourier multiplier, F'[v] is a polynomial with real coefficients,
F(0) = F'(0) = 0, and subscripts denote derivatives. We look for solutions v(t, z)
of solitary wave type, i.e. v(t,x) = u(z — V't), for some function u of one variable
and some constant velocity V. We have the following result.

Theorem 1.2. Let p(&) satisfy the analytic symbol estimates of order m € R,
namely

(1.16) 0°p(§)] < A*Tlal(e)™ ™, £€R, a €N
for some constant A > 0, as well as the lower bounds
(1.17) p(€) 20, E€R,  p(§) = C7HEm, €] = C,

for some constant C' > 0. Suppose moreover m > 1.

Let v(t,z) = u(x — V) be a weak solution of (1.14) or (1.15), with V > 1,
u € L>®(R), lim, o u(x) = 0. Then u extends to a holomorphic function u(x + iy)
in the sector

(1.18) {z=2+iyeC: |y <e(l+]z|)}
for some e > 0, satisfying there the estimates (1.3) for some constants C' > 0,¢ > 0.

Notice that the estimates (1.16) are satisfied by any polynomial p(§) of degree
m. More generally, the condition (1.16) is equivalent to saying that p(§) extends to
a holomorphic function p(§ + in) in a sector of the type (1.18), and satisfies there
the bounds |p(¢§ + in)| < C'(§)™ (see Proposition 5.2 below). This remark makes
(1.16) very easy to check in concrete situations, where typically p(§) is expressed
in terms of elementary functions.

We also observe that, under the hypotheses of Theorem 1.2, we already know
from [9] that u extends to a holomorphic function on a strip and displays there
an exponential decay of type (1.3), hence Theorem 1.2 can be regarded as an
improvement of this result. For the existence of solitary waves for these equations
we refer to the detailed analysis in Albert, Bona and Saut [1], Amick and Toland
2], Benjamin, Bona and Bose [3], Weinstein [34].

Finally we mention that similar extensions results should hopefully be valid for
other classes of non-linear elliptic equations, e.g. with linear part P = —A +
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|z|> (cf. [11]). Similarly, even non-elliptic hypoelliptic operators and dispersion
managed solitons could share similar properties, possibly with the sector replaced
by a smaller domain (but larger than a strip). We plan to investigate these issues
in a subsequent paper.

The paper is organized as follows. Section 2 collects notation and some prelim-
inary results about G-pseudodifferential operators (composition, boundedness on
Sobolev spaces, parametrices, etc.). In Section 3 we introduce a suitable space of
analytic functions on R¢, which admit a holomorphic extension to sectors in C¢,
and we prove some relevant properties used in the sequel. In Section 4 we prove
Theorem 1.1. The proof is based on the application of an iterative Picard scheme in
the space of analytic functions defined in Section 3. In Section 5 we prove Theorem
1.2 and treat in detail the linear case Fu] = 0, see Theorem 5.1. We moreover
show some other examples and counterexamples and test on them the sharpness of
our results.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Factorial and binomial coefficients. We use the usual multi-index nota-

tion for factorial and binomial coefficients. Hence, for a = (ay,...,aq) € N? we
set ! = ay!...ay! and for B, € N¢, 3 <, we set (g) = Wlﬁ)'

The following inequality is standard and used often in the sequel:

(2.1) (g) < gl

Also, we recall the identity

> <z,): <|j) i=0,1,...]al,

lo/|=j4
o/ <a

which follows from Hle(l +1)% = (1 +t)l*l, and gives in particular

(2.2) (Z) < (:;D a,3eN, B<a.

The last estimate implies in turn, by induction,

al la!
> = =0+ ...+,
( 3) (51'5]' - ’(51|'|5J|" a 1+ + j
as well as
! [
20 . d <«
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Finally we recall the so-called inverse Leibniz’ formula:

—1\)hl a
(2.5) 200u(x) = Y M(V)aawﬁwx».

1<ca B!

2.2. G-Pseudo-differential operators. Pseudo-differential operators are formally
represented as integral operators of the type

(2.6) pl, Du(z) = (27)~ / ¢ p(z, €)a(E) de,

Rd

where
u(é) :/ e~y (x) da
Rd

denotes the Fourier transform of w and p(z, &) is the so-called symbol of p(z, D).
According to the symbol spaces which p belongs to, one can consider u in several
classes of functions or distributions and symbolic calculi and boundedness results
on Sobolev spaces are available. We briefly recall this for the class of the so-called
G-pseudodifferential operators (also named SG or scattering pseudodifferential op-
erators in the literature). They are defined by the formula (2.6), where p(z,§)
satisfies, for some m,n € R, the following estimates: for every o, 3 € N? there
exists a constant C, g > 0 such that

2.7) 08 02p(x,€)] < Ca ) ()™

for every z, & € R?. The space of functions satisfying these estimates is denoted by
G™"(RY), whereas we set OPG™"(R?) for the corresponding operators. We endow
G™"(R%) with the topology defined by the seminorms

Ipl” = sup sup {|9¢0p(z,&)|(x) g Y, N e,
la[+|BI<N (z,£)eR?d
As a prototype one can take P = —A + X\, A € C, of order m = 2, n = 0.
More generally, the case of Fourier multipliers, where the symbol p(£) depends
only on ¢ (hence n = 0) is of great interest, mostly for applications to solitary
waves and ground state equations, see [13]. As another example, we have z°9% €
OPGIHAI(RY).

The classes OPG™"(R?) were introduced in [28] and studied in detail in [16],
[17], [26], [30], [32]. They are in fact a particular case of the general Hormander’s
classes, see [23, Chapter XVIII], and turn out to be very convenient for a series of
problems involving global aspects of partial differential equations in R?.

We now summarize some properties which will be useful for us later on; beside
the above mentioned papers, we refer to [27, Chapter 3] for a detailed and self-
contained presentation.
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First, if p € G™"(R?) then p(z, D) defines a continuous map S(R?) — S(R?)
which extends to a continuous map &'(RY) — S'(R?). The composition of two
such operators is therefore well defined in S(RY) and in S’(R?); more precisely,
if pp € G™™(R?) and p, € G™™(R?), then py(x, D)py(z, D) = ps(x, D) with
p3 € Gmitmznmitnz(RA) and the map (pi,ps) — p3 is continuous G™ ™ (RY) x
Gm2.n2 (Rd) — (matmz,nitne (Rd)

It is useful to consider the action of such operators on the standard Sobolev
spaces

1/2
R = (we S ulli= ([ RO +IePrde) < ool
and on the weighted versions
H (R = {u € SR ¢ [[ullsys, = [[(z)™uls, < 00}
Notice that
U B2 R =S R  and (| 2R = S(RY).

s1,52€R s1,82€R
Indeed, if p € G™"(R?) then
(2.8) p(z, D) : H*V(R?) — H* ™27 (R?)

continuously, and

G
(2, D) || 3152 (mty o1 -1 2-ma zayy < C|lp]|

for suitable C' > 0, N € N depending only on sy, $3, mq, mo and on the dimension
d (see [27, Theorem 3.1.5]). In particular, for s, = 0 we see that, if n < 0 then
p(z, D) : H*(RY) — H*™(R?) continuously for every s € R. We also recall
that () G™"(R?) = S(RY). In particular, operators with Schwartz symbols are

m,nER

(globally) regularizing, i.e. they map continuously &'(R¢) into S(R?).

Remark 2.1. The complex interpolation for the spaces H*'*2(R?) works as one
expects, i.e. for s1,89,t1,t0 ER, 0 <0 < 1,

(2.9) [HV"(RY), H2™2(RY)]y = H¥(RY), 5= (1—0)s,+0sy, t = (1—0)t,+0ty,

see for example [18, 33]. The property (2.9) will be useful in the sequel in view of
the following consequence: suppose that u € H*(R?) and (x)*u € L*(R?) for some
g0 > 0. Then for every s' < s there exists ¢ > 0 such that {x)*u € H* (R?).

A symbol p € G™"(R?) (and the corresponding operator) is called G-elliptic if it
satisfies (1.10) for some constants C, ¢ > 0. For example, P = —A + X is G-elliptic
if and only if A € R_U{0}. More generally, as we mentioned before, for an operator
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with polynomial coefficients as in (1.4), G-ellipticity is equivalent to (1.6), (1.7),
(1.8) to hold simultaneously (see [32, Proposition 1.4.37] or [27, Theorem 3.2.9]).

The importance of G-ellipticity in the subsequent arguments relies in the fact
that this condition guaranties the existence of a parametrix £ € OPG~™~"(R?) of
P = p(z, D). Namely we have the following result, see [16, 28] for the proof.

Proposition 2.2. Let p € G™"(RY) be G-elliptic. Then there exists an operator
E € OPG~™ "(R?) such that EP = I+ R and PE = [+ R, where R, R’ are (glob-
ally) regularizing pseudodifferential operators, i.e. with Schwartz symbols. Hence
R and R are continuous maps S'(R?) — S(RY). The operator E is said to be a
parametriz for P.

Remark 2.3. We emphasize the fact that in the following (see Proposition 4.3
below) actually we shall not use the fact that the remainder R in Proposition 2.2

has arbitrarily small orders. To prove our results it is sufficient to consider it as a
symbol in G~H7H(RY).

Finally we point out for further reference the following formulas, which can be
verified by a direct computation: for a, 8 € N

(2.10) 2P Pu = Z(—l)'”' (5) (Dgp)(w,D)(:)sﬁ_Vu),

V<8

(2.11) o Pu=Y" (‘;‘) (8°p)(x, D).

0<a
3. A SPACE OF ANALYTIC FUNCTIONS

We introduce here a space of analytic functions in R?, already considered in [12]
(and denoted there by S}*(R?)), which is tailored to the problem of the holomorphic
extension to subsets of C? of the form (1.13), as shown by the subsequent Theorem
3.2.

Definition 3.1. We denote by Ascx(R?) the space of all functions f € C(R?)
satisfying the following condition: there exists a constant C' > 0 such that

(3.1) 12°0% f(z)| < ClHFH max{|al, |3[}!, for all a, B € N%.

Theorem 3.2. Let f € Ayeet(RY). Then f extends to a holomorphic function
f(x +iy) in the sector of C¢

(3.2) C.={z=a+iyecC: |yl <e(l+|z|)}
for some € > 0, satisfying there the estimates
(3.3) [f(z +iy)| < Ceell,

for some constants C' > 0, ¢ > 0.
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Proof. First we show the estimates
(3.4) |2°0° f ()| < Ol alle==l for |8] < |a.

Indeed, since |z|* < k"3, [27| for a constant k > 0 depending only on the
dimension d, by (3.1) we have (assuming C' > 1 in (3.1))

<3 (e S Fiﬁrxﬁ+vaaf<x>

n=0 [y|=n

(ck)" Z 02\a|+lvl+1M‘

<
]!

NE

Il
=)

n [v|=n

Since the number of multi-indices v satisfying |y| = n does not exceed 2¢7"~1 an
application of (2.1) gives (3.4) for a new constant C, if ¢ is small enough.
Now, (3.4) and the estimate |a|! < d*la! give

(35) 07 f(@)] < CRHal (@) ol

for a new constant C' > 0. This shows that the power series

(36) > ETE aye,

for any fixed x € R? converges in a polydisc in C? defined by |z, — x| < %,
1 < k < d. The union of such polydiscs, when z varies in R? cover a subset
C. C C? of the type (3.2), for some ¢ > 0. Since on the intersection (when not
empty) of two such polydiscs these extensions agree (R¢ C C? is totally real), f(x)
extends to a holomorphic function on C.. For z € C., using the representation (3.6)
as a power series with = Re z and (3.5), we also get the desired estimate (3.3)

for a new constant C' > 0. 00

In the sequel we will use the following characterization of the space Asect(Rd) in
terms of H*-based norms.
Set, for f € S'(RY),

(3.7) SE =)

a, B

€|a‘+‘:@|

max{|al, |5]}!

Proposition 3.3. Let f € Asect(Rd). Then for every s > 0 there exists € > 0 such
that S2°[f] < oc.

lz70% £l
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In the opposite direction, if for some s > 0 there exists € > 0 such that S3°[f] <
oo then f € Ageer(RY).

Proof. Assume f € A,.(R?). It suffices to argue when s = k is integer. Then
|70 flle < C" Y 107 (270° F) | 2.

IyI<k
Now, if M € N satisfies M > d/4 we have
(3.8) 107 (270 ) [l < C"I|(1 + |2[*)M 07 (270 f) | .

On the other hand we have, by Leibniz’ formula and (3.1),

|
1L+ |20 (%0 f) = <> (Z)ﬁH(HI:vIQ)Mxﬁ“’W*’Y‘”fHLw

o<v,0<p

< Gy |BIP Pl max {201 + |81, o] + [y}

Since max{2M + |8, la| + 7]} < max{|8],|a]} +2M + 7] and |57 < O, by
(2.1) we get
%0 Flle < G max{ o, |61}
for some constant Cy, > 0. Hence S%¢[f] < 0 if £ < C} 1.
In the opposite direction, we may take s = 0; hence assume S%¢[f] < oo for some

e > 0. Then (3.1) holds with the L norm replaced by the L? norm. If M is an
integer, M > d/2, we have

[270° fllpe < C Y (07 (207 f) || 2.
|v|<M

Hence an application of Leibniz’ formula and the same arguments as above show
that f € Ager(R?). |

4. PROOF OF THE MAIN RESULT (THEOREM 1.1)

In this section we prove Theorem 1.1. In fact we shall state and prove this result
for the more general non-homogeneous equation

(4.1) Pu= f+ Flul,

where P and F[u] satisfy the assumptions of Theorem 1.1 and f is a function in the
space Ageqt(R?) defined in Section 3. Moreover we shall restate our result in terms
of estimates in Aget(RY). Namely, in view of Theorem 3.2, it will be sufficient to
prove the following theorem.
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Theorem 4.1. Let P be a pseudodifferential operator with symbol p satisfying
(1.9), m > 0,n > 0 and assume that p is G-elliptic, that is (1.10) is satisfied. Let
Flu] be of the form (1.11) (possibly with some factors in the product replaced by
their conjugates) and f € Aseet(RY). Assume moreover that u € H*(R?), s > 4 +
max{|p|}, is a solution of (4.1). In the case n = 0 assume further (x)*°u € L*(R?)
for some g9 > 0. Then u € Ageer(RY).

In fact we always assume that F'u] has the form in (1.11), and we leave to the
reader the easy changes when some factors of the product in (1.11) are replaced by
their conjugates.

We start by showing that, under the assumptions of Theorem 4.1, u is in fact a
Schwartz function.

Lemma 4.2. Let P, m, n, Flu], f be as in Theorem 4.1. Let u be a solution
of (4.1) satisfying (z)*u € H*(RY) for some s > %+ max{|py|}, €0 > 0. Then,
when n > 0, we have (z)*+°2(D)7'u € H*(R?) for every oy < min{m,1}, and
oy < min{n,1}. If n = 0 and we assume in addition ey > 0, then we have
(x)sotoz(DYory, € H*(R?) for every oy < min{m, 1} and oy < min{eg, 1}.

Proof. We first consider the case n > 0. Let E € OPG™™"(R%) be a parametrix
for P; hence R := EP — I € OPG~%71(R%). We have from (4.1)
(4.2)

(@) (D) = (2)74 (D)7 Ef — (@) (D) Ru + (a)+7(D)" EFlu,

Since 0, < 1 and o5 < 1, the operator (z)°2(D)"*R € OPG*°(R?) is bounded
on H%(R9); cf. (2.8). Taking also into account the assumptions on f it follows
therefore that the H*-norm of the first two terms in the right-hand side of (4.2) is
finite. Concerning the last term, observe that, by the assumptions on 01,0, and
h, the operator (x)72(D)° o E o z" € OPG~m+ou—n+o2+lhl(R4) belongs in fact to
OPG—max{m=10}10(R4) " As a consequence, since M := max{|py|} < max{m—1,0},
it is bounded H* M (RY) — H*%(R?). Hence by Schauder’s estimates (recall
that s > d/2 + M) we have

l
H<x>50+0'2<D>UIEF . < C, Z Z H EOHapkuHsfM
k=1
l
<y Z Iz TTo ul-
<cly N H ()% 0% ulla-nr < CI Y |l{a)0ull}, < oo.

L p1ypr k=1 l
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We treat now the case n = 0, hence h = 0 in the nonlinearity (1.11). We consider
again (4.2). For the terms (z)**2(D)'Ef and (x)°"72(D)?*Ru we argue as
before. For the nonlinear term observe that, since M := max{|px|} < max{m —
1,0}, we have that (D) E € OPG~™*{m=L0L0(R?) is hounded H* M0 (RY) —
HsEo(RY), for every [; see (2.8). Hence for oy < gy < go(l — 1) we get

l{e) (D) EF[]l, < G Y @) (D) E]] 0% ull,

Pls--+5P1
l
< A Y e Lo ulu
L p1,pt k=1
l
< a0 S Ty o ula
L p1ypr k=1

< Oy ) Pull < oo,
l

where we applied again Schauder’s estimate and, in the last inequality, (2.8) to O°*.
O

Let us observe that, when n > 0, an iterated application of Lemma 4.2 shows
that, under the assumptions of Theorem 4.1, (z)™(D)™u € H*(R?) for every 7, >
0,7 > 0, that is u € S(R?). The same is true when n = 0, because the assumptions
u € H5(RY), s > d/2 + max{|px|}, and (z)*0u € L?(R%), g > 0, imply that for
new values of s and gy as above we have (x)*°u € H*(R?) (see Remark 2.1), and
Lemma 4.2 still allows us to upgrade regularity and decay.

In particular, the sum S3[u] is finite for every N € N.

In order to prove Theorem 4.1 it suffices to verify that S%°[u] < oo, in view
of Proposition 3.3. This will be achieved by an iteration argument involving the
partial sum of the series in (3.7), that is

clal+13]

B aa
a1 O e

(4.3) SYI=">

e +[BI<N

We shall treat separately the cases m > 1 and 0 < m < 1, since the study of the
nonlinearity requires different arguments.

4.1. Proof of Theorem 4.1: the case m > 1. We need several estimates to
which we address now. It is understood that they hold for arbitrary N > 1, with
constants independent on N.
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Proposition 4.3. Let R € OPG~V"LY(RY). Then for every s € R there exists a
constant Cy > 0 such that, for every e < 1,N € N and u € S(R?), we have
€|a|+‘5|

2. max{|al, |5]}!

0<|a|+|BI<N

IR(z"0%u)lls < Coe Sy [ul.

Proof. We first estimate the terms with o = 0, hence 3 # 0. Let j € {1,...,d}
such that 3; # 0. Since R o z; € OPG1(R?) is bounded on H*(R?) we have'

o o
WHR(SU u)lls < ngwﬂx Julfs.

Similarly one argues if 5 = 0, o # 0. If finally a # 0, S # 0, hence for some
g,k e{l,...,d}, we have a; # 0, (i, # 0, we write

2P0 = 0 0 O — BP9

and use the fact that Rd; o z;, € OPG**(R?) is bounded on H*(R?). We get

€|a|+‘ﬁ| ||R( Baa )H C 9 8‘a|+|/6‘_2 || ﬁ e 804 e ||
——————||R(2"0%)||s < Cse" ————~||z"*0“ “u
max{|a, |3|}! T 7 max{|al, |81} ’
clal+81-2
+ C,e? |25~ 9% |,

max{|a| —1,[5] — 1}!

(we understand that the second term in the right-hand side is omitted if 5; = 0).
These estimates give at once the desired result if ¢ < 1. a

Proposition 4.4. Let P = p(x,D) be a pseudodifferential with symbol p(z,§)
satisfying the estimates (1.9), with m >0, n > 0. Let E € OPG=™"(R%). Then
for every s € R there exists a constant Cs > 0 such that, for every € small enough,
N € N and u € S(RY), we have

clal+18) X N

0<|al+|BI<N

Proof. We have
[P, 2°0] = [P, 2"]0" + 2° [P, 0"].

We denote by e; the jth vector of the standard basis of R,
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Hence, using (2.10), (2.11), we get

(4.5) [P, 20 = Z (—1)'7‘)'“(5>(Dgop)(:c,D)(a:ﬁVoﬁo‘u)

0£70<3 o
- Z ( ) 585pr)6’0‘ J

0#£0<a

Given (3, 0, let § be a multi-index of maximal length among those satlsfymg 6] < |9
and 6 < 8 (hence [d] = |8] unless 3 — 0 = 0). Writing 2° = 2°2°~9 in the last term
of (4.5) and using again (2.10) we get

(4.6)

Paforfu=Y" > (—1)hoi <5 5) < 5) (DY p)(w, D) (P 0097%n).

0o yp<p-4b T
(6,70)#(0,0)

We now look at the operator 28919~ Given Y0, @, 0, let 79 be a multi-index
of maximal length among those satisfying |5o| < |70| and 79 < o —§. We write, by
the inverse Leibniz formula (2.5),

(4.7) 2P0 ga—0 _ 18— gioga—i—Go _ gio o pB-0=10ga—0-70

+ Z (_1)‘71l(ﬁ —0- ,YO)! (ﬁ()) oo ¢ I,B—S—Vo—“ﬂaa—é—%‘
071 <B—5—0 B=b0=r—m) \n

71 <%0

We now look at the operator gP=9=w-nga=5=%_  We denote by 4, a multi-index of
maximal length among those satisfying %] < ||, 1 < @ — & — 0. Again by the
inverse Leibniz formula we have

(4.8) :Eﬁ_g_%_%@a_‘s_% = mﬂ—g—vo—%aﬁlaa—é—%—%
— Mo xﬁ—g—vo—w Ho—0—F—N

+ ¥ (zﬁl)lvz;; (B—0—2%—m) (%) 12 o 50— ga—d-Fo—A1_
To—N

- — Y)! 2
0£7v2<B—6—v9-m1 72)' "
v2<91
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Continuing in this way and substituting all in (4.6) we get

h
[P, xﬁ(‘?a]u = Z Z Z Z T Z Ca,ﬁ,5,“/0,’717~~7’)’j

0<a j=0 ~v<p-8 0#v1<B-5-7 077 <B=3—v0—-—7j—1
(6,70)#(0,0) 71 <90 Yi<7i—1

X Do B0 1 (z,D) (lﬁ*S*“{O*u-*’Yj aa,(;,%,m,%u) ,

where 7; is defined inductively as a multi-index of maximal length among those

satisfying |7;| < |yj| and 4y <a =60 =50 — ... — F5-1,
al( —0)! ! V-1
|Ca,ﬂ,6, Vs j‘ = N
Y0, Y1 5eee5Y. (04—5)'(5'”)/0'(&_5_70__P)/J)'kl_{ Vk
(4.9) ’a|!‘ﬁ~_ ql! 90+ 4751
e =oll0l|B =6 =0 — ... —

cf. (2.4) and (2.1), and

(410) pav/B»(sv’YO»Wl:-"v'ﬁ (I‘, 5) = 'T(; (Dgoaffp) (x7 6)5’70771+&17...77j+'7j7 j Z 07

(if 7 = 0 in (4.9) we mean that there are not the binomial factors, nor the power
of 2). Observe that, since we have ; # 0 for every j > 1, this procedure in fact
stops after a finite number of steps.

Now we observe that, by (1.9), (2.1), and Leibniz’ formula, for every 6,0 € N¢
we have

(4.11) ]028;]961,575,%7%7""% (x,9)| < C\’Yo|+|5\+1,yo!5!<$>n—\a\<€>m—\9|7

for some constant C' depending only on 6 and o. In fact [§| < |d], [Fo—y+51—. . .—
v + il < 3ol < ||, and the powers of |§] and || which arise can be estimated
by Chol+8+1 for some C' > 0.

We now use these last bounds to estimate £ 0 ps g.540.41....; (%, D). To this end,
observe that this operator belongs to OPG%°(RY), and therefore its norm as a
bounded operator on H?*(R?) is estimated by a seminorm of its symbol in G%°(R%),
depending only on s and d. Such a seminorm is in turn estimated by the product
of a seminorm of the symbol of E in G~ ~"(R%) and a seminorm of pa,g540,71,....7;
in G™"(R?), again depending only on s,d. Hence we see from (4.11) that

(4.12) 1B © Pagsnom.ns (@ D) lsgarsreyy < CPOHPHAglal,
Let now |G| > |a|. Then |§| = |§|. Using moreover the estimate

1|3 = 4! _ la!(|B] = |6])! .,
Bt = 6]t |81 (el — |oDt —




HOLOMORPHIC EXTENSION FOR ELLIPTIC EQUATIONS
together with (4.9) and (4.12), we obtain

(4.13)
clal+3] b
W|Oa7/6767707717"'77]‘|||Eopa7/6757707717"'77]‘(x7D)(:I; T 7]8 0T FYJU)HS

s L - glalHBI=10l=ho+ 45 =0+ 4751l
< CS(OSE)l [+ v+ 475 |+ Fo+.. .+ —1]

[ Er——
v ||x5_5_70_'“_7j8"‘_5_%_'“_%u||5.

Similarly, if || > |3| we have |Jx| = ||, 0 < k < j, and

M= — Ay — ... — A
(4.14) |3 — d|!|a (f o — .. — 4! <1,
ool 50— — |
(recall that if |0] < |6 then B —d =71 =... =7, =3 =...=5; = 0).
By (4.9), (4.12) (4.14), we get in this case
(4.15)
clal+18] By v
! |anﬁ757707717---,7j|||EOpaaﬁ75,707717m,7j(x7D)(x T TN GATOTIOT T gy ) ||

s L - glalHIBI=10l=ho+ 45 =0+ 4751l
< CS(OSE)l [+ |vo+--- 475 |+ Fo+.. .+ —1]

PR R—
< Hxﬂfgfwf-.f’waaféf%f..f%uHS.

Since, if |3| > ||, we have

max{|f —d -0 —...—ylla=0-F—... =G} =18-0—%—... =l
whereas if |o| > |3] it turns out
ma{1 8 — 50—~ yl o~ 00— ..~} = |a b —Fo— ...~ %,
we deduce from (4.13) and (4.15) that, if € is small enough,
> BLP, a%orl
_ x70%u
' Y S
clal+13 . h
< C, Z fwuxﬁaauuszz Z (OS€)|5\+|70+71+...+W\
|d|+|,§|§N—1 maX{|OK|7 |/8|} 7=0 ¢ ¥1#0,..., v #0

70: (6,70)#(0,0)

h
< SyTalu] Y (Cley™ < CUeSie [ul.
=0

J

17
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We now turn the attention to the nonlinear term.

Proposition 4.5. Let E € OPG™ (RY), m > 1, n > 0, and h € N¢, |n| <
max{n — 1,0}, pr €N, |pp| <m —1, for 1 <k <1, 1>2.

Then for every s > d/2 + maxi{|pk|} there exists a constant Cys > 0 such that,
for every € small enough, N € N and u € S(R?), the following estimates hold:

clal+18] !
4.16 e ———— l; xﬂéyl xh 8pku
W10 2 arpm F@ 0 [Lom)
< Coe(lull5 1Sy [u] + (SY1[u)')
ifn>1 and
41 Y ey IE( ﬁaaﬁapk )
. —_—— X Uu
< Coe ()T Tulls Sy [u] + (SyZ4[u])').
if0<n<l1.

Proof. Let n > 1, (hence |h| < n —1). In the sum (4.16) we consider the terms
with o = 0. Namely, we prove that

(4.18) > |ﬁ|,||E 2’ hnap’“ s < Cellully SK2 4 [ul.

0#|B|<N
Given 3 # 0,let j € {1,...,d} such that 3; # 0. Since Eox;z" € OPG~™"+hI+1(RY)
is bounded H*M(R%) — H*(R?), with M = max,{|px|} (because |h] < n — 1,
lpr] < m — 1), and applying Schauder’s estimates (recall that s — M > d/2) we
have

18l -1 )
LS hH@”’“ Is < Coera—ylla® 0" ulloarljul™

Then (4.18) follows by ertlng

(4.19) AT ; . (zﬁl)fle(]@—_’ye)j')‘ (?)8917@56]’7@.

v<p1

in view of(2.5), and using

(6_6]‘)! < 1
(’ﬁ| - 1)'(ﬁ— €, —’y)! - (‘ﬁ‘ 11— ‘7‘)"

(4.20)
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cf. (2.4).

For 0 <n < 1, consider first the terms in (4.17) with a = 0. We prove that

> %\: I1E( ﬁHapk s < Cuell (@) rull 1S3 [ul.
0AIB1<N
To this end, given § # 0, let j € {1,...,d} such that §; # 0. Since E is bounded
HS*M(]Rd) — Hs(Rd) M = maxg{|pk|}, by Schauder’s estimates we have
!

= ﬂHaﬂ e S el e, T 0%l
E ru)lls < O 2P0 | sl R s
|w NI il .

| -1 .
< l/ B—ej ap1 Py -1
cf. the action on weighted Sobolev spaces described in Section 2. Then the claim
follows by applying again (4.19) and (4.20).
We now treat the terms with a # 0 in the sums (4.16) and (4.17). Namely, we
prove that (both in the cases 0 <n <1 and n > 1)

5|a‘+|/8|

(4.21) > WHEW@& (" T o u))lls < Coe(Syalul)'-

0<|a|+[BI<N
a#0

Let a # 0 and j € {1,...,d} such that a; # 0. We can write

l
o (2" T] 07u) = Q57 [u] + Q57 [ul,

with
% H a%xﬂaa € hHapk
$Pu] = —BaP 9% (2" H % u).
k=1
Now we estimate — f!alot‘l%},HEQ [u]l|s. To this end observe that, by Leibniz’
formula,
l
aBr 1 (o —¢;)! h! h—6o .3 Op+p
vl =, 5 Zf Sl ol (h— oo © [[ o
0+o1+. .o =a—e¢; k=1
so<h

Let now &y be a multi-index of maximal length among those satisfying 100 < |00
and 0y < 3. Observe that Ed,, o z"%z% ¢ OPG~™+L="+(R) is bounded
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H>M(R?) — H*(R?) with M = max;{|px|} (because |pr| <m —1for 1 <k <1
and |h| < max{n — 1,0} <n). Hence

clal+18

—  _EQY ]|
T NE A
<c Z glal+1Al (a—¢j)! h!
< G e T, max{|a|, |G|} doldr!. .. & (b — dp)!
so<h

l
> ||x5—50 H 85k+pku||S_M
k=1
We can now write

l l
(4.22) 2B H oty — H 2Rk PRy,
k=1 k=1

where v 4. . .+, = B—do and, if | 3| < |a|—1, with |y,| < |65] for 1 < k < (which
is possible because in that case |3 — do| < |a — 0o — 1; observe that if || < |do]
then § — &y = 0), whereas, if 18] = |af, with [y]| > |5k| for 1 < k <[ (which is
possible because in that case |8o] = |do| and |3 — do| > | — do| > |ov — dp| — 1).

Hence we get by Schauder’s estimates

5\a|+|ﬁ\

(428) il 1aTy!

EQS[u]lls

cce Y0

S0+81+..+o=a—ej k=1 max{wk" ‘5k|}!
50<h

el l+10k]

||x'Yk85k+Pku||s_M’

where if |G| < |a] — 1 we used the inequality
1 (a—e;)! < 1
(Ja| = D) olor! ... o8 = |do|!oa]!. .- ||V
which is (2.3), whereas if |o| < |§] we applied
1 (a—¢g)! - 1
BV dol- ..t ™ [do|!yalt. . !

which also follows at once from (2.3).
Now, we write a7 % Py = 9Pk (27%9%u) + [x70%, OP+]u in the last term of
(4.23), so that

“kaaéﬁpkuHS_M < ||x7k85ku|ls + ||<D>_‘Pk|[x7k85k7apk]u”S'

(4.24)

(4.25)
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Using this last estimate we get

clel+sl HEQ‘M[ I
9. u s
max{|al, |G}1" !
: vl 135
<ce > i {lam &P ull+ 3 14D P o, o7]ul,
— 6 7 )
’ S50+81+... 46 =a—e; k=1 ma‘X{|’ykf|7|5k|}' ’ ’
051+t o—a—c; he yl<m—1
so<h
(recall that the 7;’s depend on 3, dy,...,d;). We now sum the above expression

over |a| + |8 < N, a # 0. When « and 3 vary, every term in the above product
also appears in the development of

clal+15]

{ ¥ —{weu s ¥ ot o)

|&|+|8|<N—-1 ly|<m—1

and is repeated at most, say, L times, with L depending only on A and the dimension
d. Hence we obtain
clal+1Bl

Tl 1A EQaﬁu s
Z ol g B9 Wl
<o { Z clal+15] {H Bya [ Z 1(D)~P] Epe Ou| }}l
<Cfe — = 2%0%, + 112895, 9w,
i igren— medlal 181 [yl <m—1

1" 5, " _ Qs l " S,€
< ng{sj\}—l[u] + C 551\1-2[“]} < 5(SN—1[U])Z7

where we used Proposition 4.4 applied with @ and (D)~ in place of P and E
respectively, and we understand S*][u] = 0.
We finally show that

o]+
(4.26) > el AT EQ Bl < Cue(S37 )

|a]+[BI<N
a#0

Since the arguments are similar to the previous ones, we give only a sketch of the
proof.
We can write

!
(o — ej)! h! h—80 ..f—e; 5
Qy’[u] = B; g0 B=ei TT a0 trry.
50+§1+§l_&_6j dolo1!. ..o (b — dp)! kl:[l
so<h

If 3; # 0, we choose a multi-index do of maximal length among those satisfy-
ing 0] < |&] and dy < B — ej. Next, we use the fact that E o z"~%z% &



22 MARCO CAPPIELLO AND FABIO NICOLA
OPG—™+h(R?) is bounded H*M(R?) — H*(R?) with M = max;{|ps|} and
we apply the decomposition

l l
$ﬂfrﬁoIla%+%u::lewa%+%u7

k=1 k=1

with v, + ...+ = 8 —¢; — b, and || < |0x] for 1 < k < 1, if |8 < |al, or
|ve] > |0k] for 1 < k <, if |a] < |B|. Moreover, if |3| < |«| one uses

Bj 1 (&—6]‘)! < 1
o] (Ja] = 1)1l ... o0 = [So![oull- .- 10|V

in place of (4.24), whereas if || > |3| (hence |5o| = |do|) one uses

ﬁ 1 (a0 —e;j)! < 1
161 (18] = D' ool ..ol = (oot ! .. ]!

in place of (4.25). Therefore we get the same formula (4.23) with Q5 in place of
Q?’ﬁ . The proof then proceeds as that for Q?’ﬂ without other modifications. 0

We are now ready to conclude the proof of Theorem 4.1.

End of the proof of Theorem 4.1 (the case m > 1). It follows from (4.1) that, for
a,BeN >0,

ol ek . clal+1 A
ma{Jal, 11} ma{Jal, 1A} max{Jal, |7}
so that
clal+18] clal+8] clal+8]
ol B @0 = e O e
sl PO Fu).
max{Jal, |1}

We now apply to both sides the parametrix £ of P. With R = FP — 1 €
OPG~ 1V 1(R?) we get

—— 2P0 u=————"""—R(2"0%) + ————— 27 0%|u
max{|al, [5[}! max{|al, |3|}! max{|a|, |3|}!
|| +18 lee|+16]
b B(aP0f) + ———— E(2"0° Flu]).
max{]|al, [5[}! max{|al, |3|}!
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Taking the H® norms and summing over |a| + || < N give

. clal+18] X
(4.27) Sylul < lufls + Z WHR(@’B@ u)|s
0<la|+|8|<N ’ '
clal+IBl
+ Y —————— || E[P,2%0ul
l
oclaip<y maxilel, B[}
clof+13]
+ Y, ——— B,
l
o2y Mol [BT}
5|0‘|+‘6|
B aa
* 2 e P D
0<|a|+|BI<N

The second and the third term in the right-hand side of (4.27) can be estimated
using Propositions 4.3 and 4.4 while the term containing f is obviously dominated
by S22[f]. For the last term we can apply Proposition 4.5. Hence, for n > 1, we
have that, for € small enough,

1) <l + C.SE1+ O (Sl + 3 (Sl + ™ S50
whereas if 0 <n <1 we get

STl < ully + CoS3 1] + Coe (SN[l + D ((S2alu]
l

" umﬁwﬁs&:wn)-

In both cases we obtain S2f[u] < oo if ¢ is small enough, which implies u €
Aseet(R?) by Proposition 3.3 (or, more simply, by the standard Sobolev embeddings,
since s > d/2).

0

4.2. Proof of Theorem 4.1: the case 0 < m < 1. In this case the nonlinearity
has the form

(4.28) Flu] =) Fpad,
h,l

where [ € N, [ > 2, h € N with |h| < max{n — 1,0} and F},; € C, the above sum
being finite.
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We follow the same argument used for the case m > 1. In particular we can
estimate the first four terms in the right-hand side of (4.27) as before since Propo-
sitions 4.3 and 4.4 hold in general for m > 0. Hence, to conclude, it is sufficient to
prove an estimate for the nonlinear term. We have the following result.

Proposition 4.6. Let P satisfy the assumptions of Theorem 4.1 for 0 < m < 1
and let E be a parametriz of P. Letl € N, 1 > 2, h € N?, |h| < max{n —1,0}.
Then, there exists a constant C, > 0 and, for every T > 0, there exists C; > 0 such
that, for every € small enough, N € N and u € S(R?) we have

clal+18l

— || E(z"0* (z"! s < TC; ” i—lSs,s u
oqgw max{|047|ﬁ|}!” (@70 (@"w))ls < TCully Sy [u]
(4.29) F O (eC, + 7+ &) (S5 [u])! + Clell () a1 857 ul.

Proof. We first consider the terms in (4.29) with o = 0. Since Eoz" € OPG™™°(R?)
is bounded on H*(R?), we have, by Schauder’s estimates:

IE@"Fu)ls < Cille®' [l < Yl ulls - flaju™" s
if, say, 3; # 0. Then we get

5‘6| " 1 — S,
(4.30) > B < Clell (@) Tl SR [ul.

|
0<|BI<N 181
Consider now the terms in (4.29) with o # 0. We may write

h al
220 (2" = 2MPoY () + ( )—x’”ﬁ—wa—v !
(a"a) h+ Y ()at ()

0#v7<a
v<h

_ xhaj (xﬁaa—ej (ul)) . /Bjxh+ﬂ_3jaa—€j (ul>

h al h+0B—yqga—y/(, 1l
(4.31) +; (7) G 8 (ulh).
y<h

Since E is bounded H* ™ (R?) — H?*(R%), we then obtain
1E(270%("u))]ls < Cllloj(@”0°7 (u)ls—m + Co3; |27~ 0° 7 (u!)[|s-m

(4.32) +CL > (h>ﬁ||xﬁ—m“—”(ul)lls_m.

Let us estimate the first term in the right-hand side of (4.32). We observe that for
every 7 > () there exists a constant C’, > 0 such that

(€& < 7l + O
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Hence

10; (270 (u))ls=m = [KD)~™"0; (270~ (')l

VARVAN

+CT||$ﬁ8a_6j (UZ) [s-
Now we replace

| l
00‘(1/) = lul_lﬁo‘u + Z ﬁ H 0‘5’%
1:...0;: 1

61+..4+6l:a
SpFa vk

7)10;(x79°7% (u'))[|s + Crlla"0° = (u) ],
7Bl 007 (W)|s + 7ll2"0% (u) s
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in the last estimate and we come back to (4.32). We get, for a new constant C? > 0,

1E@ 0% (z"u)]ls < CLCHa"07% (W)l|s + Ci(L + 7) 8|2~ 077 (ul) I

+7CJull T 270l s

!
al
o 3 e T,
Loy Pt

§1+...+o =
SpFavk

(4.33) 1 (1) Sl o

Y

0#y<a
v<h

We have now to estimate the terms in the right-hand side of (4.33).

the first one, applying Leibniz’ formula we obtain

l
e a—ej)!
||£L‘[3@04 J(ul>||5 < Z —ESl| g?l ||xﬂHa5ku||s
Loooog! Pl

61+...+(5l=0¢—6j

If || > ||, then we can argue as in the previous section and find v, ...

such that y1 + ...+ = 3 and |y,| > |0x| for every k = 1,...,
observe that the following estimate holds:

—e)!
1 (a—¢)) < 1

4.34 — )
434 Bl ool = Tl ol

Then

(4.35)
claf+13]

) AL LD DIDD o

la|+[BISN 61 +...+0=a—e; k=1

la|+|BI<N
0<|a|<|B] 0<|a|<|B

X la7 0™ ulls < C"e(SiZ4 [u])"

Concerning

N € Nd
[. Moreover, we
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On the other hand, for |3| < |a] — 1 we can choose multi-indices 71, ..., such
that y1 + ...+ = § and |y,| < |dg| for any £ = 1,...,[ and observe that

1 (a—e;)! < 1

4.36 '
e (Jaf =)t aut..al = [ait...|a!
Then
clal+18l
(437) —Hxﬂaa—ej(ul)ns
a|§<1\7 max{|oz|, |B|}'
0<[BI<]|a| -1

5|7k|+\ Ok

<cl ) > | | Hfﬂ’“a‘s’“UH < Cle(Sy7, ),
[a|+[BISN 61 +...+0=a—e; k=1
0<|Bl<|al-1

for new constants C? and C'.

For the second term in the right-hand side of (4.33) we can argue as before, with
M4 ...+ =0—¢;and |y| < |0k] for k=1,...,1, if || <|a| or |y > |0k| for
k=1,...0,if |f] > ||, using the estimates

B 1 (a—e;)! < 1
1B (18] — D) or oot = bl

respectively,

6]‘ 1 (a—ej)! 1
i <
o (Ja] = Dol .6l = ol [o,]!

instead of (4.34), respectively (4.36). We obtain, for a new constant C?, > 0,

g‘aH‘Wl

(4.38) >l e W < (S ).

|| +[BI<N
a#0

Concerning the fourth term in (4.33), we can decompose similarly 3 =7, +... 4+
and argue as before, taking into account that now |y;+. . .+y+d1+. ..+ = |a+/|,
so that we do not longer gain € as a factor in the estimate. Hence we get

lal+5] ! !
—6 o 1o} 1) 11 O1S,E l
489 3 e, 2 ar e Tl < G )
lat+B|<N ’ 61+ 48 =a k=1
a#0 SpFavk

for a new constant C!. Finally, for the last term in (4.33), we first observe that
max{|a — 7|, |5 — 7|} = max{|a|, |3|} — |7|. Then we can argue as before obtaining
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the estimate

(4.40)
clof+18] P ey
> et 2 (o) ol 0l ol
la+B|<N 0#y<a
a#0 ’y<h

The estimates (4.30), (4.35), (4.37), (4.38), (4.39), (4.40) applied in (4.33) yield
(4.29). O

End of the proof of Theorem 4.1 (the case 0 < m < 1). Using the same argument
as in the case m > 1, by Propositions 3.3, 4.3, 4.4, 4.6 we obtain

S5 lu] < llull + CUSES] + CleSialul + 3 (rOUull S5
l

+ CUeC, + 7+ o) (SN ) + Clell (@) P rull 3y [u])

for every N > 1 and e small enough. Now, choosing 7 < (2, C/|lull5™) ™ we
obtain

S5 lu) < 2ull. + 20,851 F) + 200837 y[ul +
+ 37 (200(eCr + 7+ (S5 )l + 205l (@) Frul Sy u])-
l

Then we can iterate the last estimate observing that, shrinking 7 and then ¢, the
quantity €C; + 7 + € can be taken arbitrarily small. This gives S5°[u] < oo and
therefore u € A,eet(R?).

5. REMARKS AND APPLICATIONS

5.1. Lower a priori regularity. For special nonlinearities, in Theorem 1.1 we can
assume lower a priori regularity on the solution u. For example, if Fu] = (0°u)',
lp| < min{m —1,0},1 € N, [ > 2, or even F[u] = |0°u|'"*0"u, |p| < min{m — 1,0},
[ €N, 1> 2odd (asin (1.12)), then we can assume u € H*(R?), with s > ¢ — ”;:'1’)‘,
s > |p|. Indeed, such a solution is actually in H*(R?); see e.g. [5, Lemma 4.1,
Remark 4.1] (where that threshold is also proved to be sharp). We also refer to [5]

for other types of non-linearities.

5.2. Eigenfunctions of G-elliptic operators. In the linear case, the assump-
tions on the a priori regularity of u can be relaxed assuming u € S'(R?). Then, we
have the following result.

Theorem 5.1. Let P be a G-elliptic pseudodifferential operator with a symbol
p(z, &) satisfying (1.9). Then there exists € > 0 such that every solution u € S'(R?)
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of the equation Pu = 0 extends to a holomorphic function in the sector of C¢
Cc={r=z+iyeC’: [y <e(l+[z])},
satisfying there the estimates (1.3) for some constants C' > 0,c > 0.

Proof. 1t follows from the existence of a parametrix (see Section 2) that any so-
lution v € §'(RY) of Pu = 0 is in fact a Schwartz function. Hence we can apply
Theorem 1.1 directly without using Lemma 4.2. Moreover it follows from the clas-
sical Fredholm theory of globally regular operators (see e.g. [27, Theorem 3.1.6])
that the kernel of P is a finite dimensional subspace of S(R?), which implies that
there exists a sector where all the solutions extend holomorphically. a

The main application of Theorem 5.1 concerns eigenfunctions of G-elliptic oper-
ators of orders m > 0, n > 0. Indeed, in that case, if P is G-elliptic also P — A
is G-elliptic for every A € C, and one can apply Theorem 5.1 to P — \. As re-
gards existence, we recall that if P € OPG™"(R?), m > 0, n > 0, is formally
self-adjoint (i.e. symmetric when regarded as an operator in L?(R¢) with domain
S(R?)) then it has a sequence of real eigenvalues either diverging to +o0o or —oo,
and L?(R?) has an orthonormal basis made of eigenfunctions of P (cf. e.g [25] or
[27, Theorem 4.2.9]). As an example in dimension 1, one can consider the operator
Pu=—(1+2*)u+ z*u—2zv/, x € R.

5.3. Solitary waves. The present subsection is devoted to some applications to
solitary waves, in particular to the proof of Theorem 1.2. First we report the
following useful characterization of the condition (1.16).

Proposition 5.2. The estimates (1.16) are equivalent to requiring that p(§) extends
to a holomorphic function p(§+1in) in a sector of the type (1.18), and satisfies there
the bound |p(§ +in)| < C'(&)™.

Proof. The sufficiency of (1.16) for the holomorphic extension with the desired
bound follows exactly as in the last part of the proof of Theorem 3.2, where in
(3.5) the exponential factor is now replaced by (£)™.

In the opposite direction, we obtain (1.16) from Cauchy’s estimates applied to a
disc in C with center at ¢ and radius €’'(§) for some small ¢’ > 0 (independent of

£). O

Proof of theorem 1.2. Consider first the equation (1.14). We observe that u satisfies
the equation

(5.1) Mu+ (V = 1)u = Flul,

cf. the proof of [9, Theorem 3.2.1]. By (1.17) and the condition V' > 1 the symbol
of the linear part of the equation (5.1), that is p(§) + V' — 1, is G-elliptic: for some
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constant ¢ > 0

(5.2) p)+V-1=2c™, ¢(eR

Moreover by (1.16) it satisfies the analytic symbol estimates (1.9) (with n = 0). To
conclude the proof it is sufficient to show that u € H*(R?) and (z)%u € L*(R?) for
some g9 > 0, s > d/2, and to apply Theorem 1.1. The fact that u enjoys the above
properties will follow from [9, Theorem 3.1.2, Corollary 4.1.6] once we observe that
the function )
K= grv—

satisfies | K ()| < C{€)™™ for some C' > 0 and belongs to H>*(R%). This is clear,
because (5.2) and (1.16) give

0K ()] < Cale)™™1,

and m > 1.

The case of the equation (1.15) is completely similar: in place of (5.2) one
just has V Mu 4+ V — 1 = Fl[u|, and the above arguments apply to the function
K(&) = (Vp&)+V -1)""

The theorem is then proved. a

As an example where the solutions are known in closed form, consider the gen-
eralized Korteweg-de Vries equation

(5.3) v+ Uy 4+ V' + Vg = 0,

where [ > 1 is a positive integer. Here we have p(§) = £2. The solitary wave
solutions have the form v(z,t) = u(z — Vt), where V > 1 and

u(z) = \l/(l + )+ 2)(V - 1>Cosh72/l (—\/?la:),

B 2
which singularities at the points z = z'(il;i_)f, k € 7Z. Also, the exponential decay

in sectors containing the real axis predicted by Theorem 1.2 is confirmed.

During the years 1990-2000, several papers were devoted to 5-th order and 7-
th order generalization of KdV, see for example Porubov [29, Chapter 1]. The
corresponding stationary equation is of the type

(5.4) f: aju? + Qu] = 0,
j=0

where @ is a polynomial, Q[u] = Z]Aiz bju’ and ag # 0. Because of physical as-
sumptions, the equation Z;n:o a;N = 0 has no purely imaginary roots, and then all
the solutions of the corresponding linear equation have exponential decay/growth.
This condition can be read as G-ellipticity of the symbol of the linear part of
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the corresponding stationary equation: Z;":O a;(i€)? # 0 for £ € R, in particular
€24V —1 # 0 in the case of (5.3). Non-trivial solutions u of (5.4) with u(z) — 0 as
x — Foo may exist or not, according to the coefficients a;, b;, and when they exist,
in general they do not have an explicit analytic expression. Holomorphic extension
and exponential decay on a sector are granted anyhow by Theorem 1.2.

5.4. Standing wave solutions of the Schrodinger equation. Consider the
Schrodinger equation in R,

i0w + Av = plv|" v, (t,z) € R x RY,
with [ € N, [ > 2 odd, u € C, and look at standing wave solutions, i.e. v(t,z) =

e“tu(x), w > 0. The corresponding equation for u is

Au — wu = plu| " u.

Since the operator A —w is G-elliptic (because w > 0), when solutions u exist, with
ue H\RY), s >4 — 2 s>0, and (z)®u € L*(R?), for some o > 0, then Theo-
rem 1.1 and the remark in Subsection 5.1 assure that u extends to a holomorphic
function on a sector of the type (1.13) and displays there an exponential decay of
type (1.3). This applies, in particular, to the bound states in H'(R?) exhibited in

d
[4] when [ < 2 d > 3.

5.5. Sharpness of the results. Here we show the sharpness of Theorem 1.1 as
far as the shape of the domain of holomorphic extension is concerned.

Consider in dimension d = 1 the equation

—2i

2
where —m < 0 < 7, |0] # 5. This equation is G-elliptic, since it is elliptic and
€2+ e729 £ 0 for every ¢ € R. An explicit Schwartz solution is given by

—i6
u(z) = Z’)Coshd(e2 x)

—u" + e—gzau —

The function u extends to a meromorphic function in the complex plane with poles
at z = e'¥+™/2)(2k + 1), k € Z. This shows that in Theorem 1.1 we cannot replace
the sector (1.13), e.g., with a larger set of the type

{z=a+iyeC’: |yl <e(l+|z])y(x)},

for any continuous function ¥ (z) > 0, with ¢(z) — 400 as |z| — +o0.
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