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Shell model for quasi-two-dimensional turbulence
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Università di Torino, via P.Giuria 1, I-10125 Torino, Italy

2CNRS, Lab. J.A. Dieudonné UMR 6621,
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We discuss the possibility to introduce geometrical constraints in shell models of turbulence in order to mimic
the turbulent dynamics that takes place in fluid layers with large aspect ratio. By using a scale-dependent set of
coupling parameters, we are able to resolve both scales larger and smaller than a geometrical dimension of the
flow. The proposed model is able to resolve with high accuracy the split energy cascade phenomenon recently
observed in such flows, and allows us to investigate in detail the scaling properties of turbulent convection
confined in narrow convective cells.
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The dynamics of fluid layers whose depth is much smaller
than their extension attracts a broad attention within the
research in fluid mechanics, not only because of its funda-
mental relevance in geophysical applications, but also because
of the scientific interest provoked by its peculiar behavior.
The phenomenology of such flows is somehow puzzling. At
horizontal scale much larger than the depth h of the fluid
layer it exhibits specific features of idealized two-dimensional
(2D) flows, in spite of the fact that at small scales the
flow can have a genuine three-dimensional (3D) turbulent
behavior [1,2].

Investigating these properties by means of direct numerical
simulations of Navier-Stokes equations can be very challeng-
ing, because it requires resolving both the 3D turbulent flow
at scales much smaller than h, up to the viscous scale η, and
the 2D flow, which take place at scales much larger than h.
The extension of the two inertial ranges which can be
simultaneously achieved by exploiting actual computational
resources is still rather limited.

An alternative approach with respect to direct numerical
simulation can be provided by the shell models of turbulence.
A large number of these models have been proposed in the
past (see, e.g., [3–8]) in order to mimic the phenomenology
of turbulent cascades by means of simplified equations for the
complex variables un (with 1 � n � N ), which are thought of
as representatives of the Fourier components of the velocity
field associated to the wave numbers kn. The latter are chosen
to be geometrically spaced as kn = k0λ

n, thus allowing us
to achieve a broad inertial range even with a small number
N of variables. Here we show that a simple modification
of standard shell models of Navier-Stokes and Boussinesq
equations provides suitable models which reproduce many
interesting features of the turbulent cascades of quasi-2D fluid
layers.

Let us consider the shell model

dun

dt
= i�n(u,u) − Dnun + fn, (1)

where the nonlinear operator �n(u,u), which models the
interaction between shells, is chosen as in [7] �n(u,u) =
akn+1u

∗
n+1un+2 + bknu

∗
n−1un+1 − ckn−1un−1un−2. The exter-

nal force fn is active on the shell n = nf and the dissipative

term has the form Dn = νk
2p
n + μk

−2q
n , where ν and μ are

the viscosity and friction coefficients, respectively. This shell
model has two inviscid conserved quantities:

E = 1

2

N∑
n=1

|un|2, H = 1

2

N∑
n=1

(a

c

)n

|un|2, (2)

provided that the coefficients (a,b,c) satisfy the relation a +
b + c = 0, and it is able to reproduce the phenomenology of
2D and 3D turbulent cascades, depending on the value of the
ratio c/a. The 3D-like regime is obtained for −1 < c/a < 0.
In this range of parameters the only positive definite inviscid
invariant is the energy E, which is transferred by the interaction
between shells toward large wave numbers, mimicking the
direct energy cascade of 3D turbulence. In the range 0 < c/a <

1 also the inviscid invariant H is positive definite, and can be
conveniently rewritten (up to a numerical constant k

β

0 ) as H =
1
2

∑N
n=1 k

β
n |un|2 where β = ln(a/c)/ ln(λ). For λ−2/3 < c/a <

1 it has been shown that the system displays a 2D-like regime
characterized by a double cascade of E and H , with a negative
flux of E toward small wave numbers and a positive flux of
H toward large wave numbers [9]. It has to be noticed that
in this range of parameters H has not the physical dimension
of enstrophy, being 0 < β < 2/3. The value c/a = λ−2, at
which H has the same dimension of enstrophy, is at the border
between a regime of equipartition of E and H (for 0 < c/a <

λ−2) and a regime of equipartition of E and direct cascade of
H (for λ−2 < c/a < λ−2/3) [9–11].

A suitable shell model for a fluid layer of depth h should be
able to mimic both the 3D behavior at high wave numbers kn >

kh ∼ 1/h and the 2D phenomenology for kn < kh. Because
shell models have no dimensionality, this can be obtained by
allowing the coefficients (a,b,c) to assume two different sets
of values for a different range of shells. For the dynamics
of shell variables un with n > nh one sets the parameters to
values corresponding to the 3D-like behavior of the model,
i.e., −1 < c/a < 0. Conversely the parameters for the shells
n < nh are chosen in the 2D-like range λ−2/3 < c/a < 1. The
crossover shell nh defines the depth of the layer as h � 1/kh,
with kh = k0λ

nh . Denoting with (an,bn,cn) the coefficients in
�n(u,u) for the generalized shell model (with an−1 + bn +

066302-11539-3755/2011/83(6)/066302(4) ©2011 American Physical Society

http://dx.doi.org/10.1103/PhysRevE.83.066302


G. BOFFETTA, F. DE LILLO, AND S. MUSACCHIO PHYSICAL REVIEW E 83, 066302 (2011)

10-16

10-12

10-8

10-4

100

10-6 10-4 10-2 100 102 104 106

|S
3(

k n
)|

kn/kf

kh/kf

kn
-1

kn
-1

10-16

10-12

10-8

10-4

100

10-6 10-4 10-2 100 102 104 106

|S
3(

k n
)|

kn/kf

kh/kf

kn
-1

kn
-1

FIG. 1. Absolute value of the third order structure function
|S3(kn)| (circles). The sign of S3(kn) is positive (full circles) for
kn < kh and negative (empty circles) for kn � kh. Here kh/kf = 27.

cn+1 = 0 for energy conservation) we adopt the following
choice:

an = 1, bn = −1 − λ−1/2, cn = λ−1/2 for 1 � n � nh,
(3)

an = 1, bn = −1 − 1/2, cn = 1/2 for nh � n � N.

In spite of its simplicity this model is able to reproduce some
interesting features of turbulence in thin layers. In particular
it has been recently shown that a split energy cascade [12]
may be observed if the flow is sustained by an external force
with a correlation length larger than the depth of the fluid. A
finite fraction of the energy which is injected by the forcing is
transferred to lower wave numbers, thus developing an inverse
energy cascade. The remnant energy is transferred toward high
wave numbers in a direct energy cascade.

In order to investigate such a phenomenon in the shell
model we performed numerical simulations of Eq. (1) where
the coefficients (a,b,c) are chosen according to Eqs. (3). We
allow the shell nh, associated to the fluid depth, to vary in
the range nf � nh < N . In the simulations the number of
shells is N = 40, and the forcing shell is fixed to nf = 20.
The amplitude of the forcing is chosen in order to provide
an energy input εI = 1 and the coefficients of the dissipative
term are ν = 10−14, μ = 102, and p = q = 1. The scale ratio
between neighboring shells is λ = 2 and k0 = 1/2.

Following [9,11], let us define the third order structure
function S3(kn) = Im

{〈un−1unu
∗
n+1〉

}
, whose sign allows us

to discriminate the direction of the energy flux. As shown in
Fig. 1, two distinct scaling ranges can be identified. At small
wave numbers kn < kf the third order structure function scales
as S3(kn) ∼ k−1

n and has positive sign, indicating the presence
of an inverse cascade of energy with Kolmogorov scaling. The
same scaling behavior is recovered also at high wave numbers
kn > kh, but with a negative sign of S3(kn), which signals the
reversal of the direction of the cascade.

In order to quantify how the energy splits among the two
cascades we computed the energy flux defined as �(kn) =∑N

j=n Re{�j (u,u)u∗
j }, which shows two plateaus �(kn) =

−εμ for 1 � n < nf and �(kn) = εν for nf < n � N (see
Fig. 2). The energy balance in the statistically steady state,
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FIG. 2. Energy flux �(kn) normalized with the input εI

for increasing values of kh/kf from top to bottom: kh/kf =
20,21,23,25,215. The shell kh is indicated by black dots on each
curve. Inset: Energy flux in the direct energy cascade εν as a function
of the scale separation kh/kf . Dashed line represents the prediction
εν/εI ∼ (kh/kf )−β .

which is achieved after an initial transient in which the two
cascades develop, imposes that the sum of the fluxes in the
inverse cascade εμ and direct cascade εν equals the energy
input εI . The ratio of the two fluxes depends on the scale
separation between the forcing shell kf and the shell associated
to the thickness of the fluid layer kh. The flux of energy
of the inverse cascade reduces as the thickness h ∼ 1/kh

increases, and vanishes almost completely when kh ∼ kf . This
is in qualitative agreement with the results of direct numerical
simulations [12]. Recent experimental results [1] have shown
that an inverse energy cascade can take place also in fluid
layers whose depth exceeds the forcing correlation scale. The
upscale energy transfer is enhanced by nonlocal interactions
due to large coherent structures emerging because of spectral
condensation. Of course, this phenomenon is out of reach for
shell models, in which only local interactions are included by
construction.

An estimate of the amount of energy which is transferred
toward high wave numbers can be given by the following
argument. In the modified shell model the quantity H is no
longer globally conserved by the dynamics. On the other
hand it is still locally conserved by the interactions among
the shells with n < nh, allowing for the development of a
direct cascade with constant flux of H in the wave number
range kf < kn < kh. Such cascade transports also a residual
amount of energy �(kn) � εI (kn/kf )−β up to the scale kh,
where the coefficients (a,b,c) change their values and the
3D-like cascade sets in with a constant flux of energy εν �
εI (kh/kf )−β . The fluxes measured in numerical simulations
of the model for different values of the scale separation
kh/kf are in perfect agreement with this prediction (see inset
of Fig. 2).

In analogy with the results obtained for the shell model,
it would be tempting to conjecture that in the split cascade
process, which takes place in a turbulent layer of depth
h, the fraction of energy which is transferred toward small
viscous scales should be determined by the flux of a partial
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FIG. 3. Absolute value of the third order structure function
|S3(kn)| for the velocity u (circles), and temperature θ (squares),
for nh = 20 (black symbols) and nh = 26 (empty symbols). Sθ

3 has
been multiplied by a factor 10−3 for plotting purposes.

cascade of enstrophy, which could develop from the forcing
scales 
f down to the scale h. It should therefore decay as
εν ∼ εI (h/
f )2. It would be interesting to test such conjecture
with the results of direct numerical simulations.

The geometrical splitting of the energy cascade can be
extended to other systems of physical interest. Recently, we
have investigated this feature in a Rayleigh-Taylor setup of
turbulent convection. In the following we show that also in
this case a shell model is able to reproduce the observed
phenomenology. We consider a shell model for convective
turbulence, in which the turbulent cascade is sustained by an
unstable mean temperature gradient γ in the vertical direction.
Within the Boussinesq approximation, the shell model for the
coupled dynamics of variables representing the velocity un

and temperature fluctuations θn reads [13]

dun

dt
= i�n(u,u) − Dnun + βgθn, (4)

dθn

dt
= iLn(u,θ ) − κk2

nun + γ un, (5)

where g is the gravity acceleration, β is the volume expansion
coefficient, and κ is the thermal diffusivity. Here, the nonlinear
term �n(u,u) and the dissipative term Dnun are chosen as in
Eq. (1). The operator Ln(u,θ ), which models the advection
term in the equation for the temperature fluctuations, is chosen
as Ln(u,θ ) = kmθm−1u

∗
m + km+1θm+1um+1.

If the coefficients (a,b,c) of the nonlinear term �n(u,u) are
chosen according to Eq. (3), the model provides a suitable tool
to investigate the scaling behavior of velocity and temperature
fluctuations of a turbulent flow confined in a narrow convective
cell, in which one of the two horizontal directions h is
much smaller than the other. In general, two different scaling
behaviors are expected in turbulent convection. The balance
between the buoyancy and inertia forces, which holds for
scale larger than the Bolgiano scale 
B , leads to the Bolgiano-
Obukhov [14,15] scaling δu(
) � ε

1/5
θ (βg)2/5
3/5 and δθ (
) �

ε
2/5
θ (βg)−1/5
1/5, where εθ is flux of the direct cascade of

temperature fluctuations. At small scales 
 � 
B the buoyancy
force becomes negligible, and the temperature fluctuations

are passively transported by the turbulent cascade, leading to
the Kolmogorov-Obukhov [16,17] scaling δu(
) � ε1/3
1/3,
δθ (
) � ε

1/2
θ ε−1/6
1/3. The flux of kinetic energy ε can be

estimated by matching the two scaling regimes at the Bolgiano
scale ε = 


4/5
B (βg)6/5ε

3/5
θ .

Understanding the dependence of the Bolgiano scale on
the control parameters of a real flow is a long standing issue
in turbulent convection [18]. Here we use the modified shell
model to investigate the dependence of 
B on the confinement
scale h. We performed numerical simulations of Eqs. (4) and
(5) where the coefficients (a,b,c) are chosen according to
Eq. (3), for various values of the shell nh, which is associated
to the confinement scale h ∼ 1/kh. The values of the other
parameters used in the simulations are βg = γ = 1, κ = ν =
10−16, μ = 103 p = 1, q = 2 , λ = 2, and k0 = 1/2.

As shown in Fig. 3, the third order structure functions,
which in the case of the temperature has been defined as
Sθ

3 (kn) = 〈|θn|3〉, clearly show two distinct scaling regimes.
At wave numbers kn � kh Kolmogorov-Obukhov scaling is
observed for temperature and velocity, i.e., S

u,θ
3 (kn) ∼ k−1

n .
Conversely at small wave numbers kn � kh the structure
functions follows the Bolgiano-Obukhov scaling Su

3 (kn) ∼
k

−9/5
n and Suθ

3 (kn) ∼ k
−3/5
n . The collapse of structure functions

obtained for different nh on the scale kh is remarkable
and provides compelling evidence that in the shell model
considered here the Bolgiano scale is determined by the scale
of confinement, i.e., 
B � k−1

h . This result confirms our recent
findings based on high-resolution direct numerical simulations
of turbulent Boussinesq flow confined in a narrow convective
cell [19].

It is interesting to observe that the Bolgiano scale is
located exactly at the point where the sign of Su

3 (kn) changes,
indicating the reversal of the energy transfer in the turbu-
lent cascade. In particular the Bolgiano-Obukhov scaling is
observed only in the wave-number range where an inverse
energy cascade takes place. This is in agreement with previous
numerical [13,20] and experimental observations [21,22]
which have shown that two-dimensional convective flows
are characterized by Bolgiano-Obukhov phenomenology, and
corroborates the conjecture that such scaling is associated to
an upscale energy transfer.

In conclusion, we have shown that shell models with scale-
dependent parameters provide a useful tool for investigating
the phenomenology of turbulent cascades in fluid layers with
large aspect ratio. The proposed model is able to reproduce
different phenomena emerging when a 2D dynamics at large
scale coexists with a 3D dynamics at small scales. When
mechanically forced Navier-Stokes turbulence is considered,
the 2D-3D shell model exhibits a split energy cascade, recently
observed in direct numerical simulations and experiments,
and allows a detailed study of the dependence of energy
partitioning on the thickness of the layer. In the more complex
case of turbulence driven by a thermal gradient, the model
helps to clarify the natural emergence of the Bolgiano scale
from the geometrical confinement of the system. Our results
suggest the possibility to apply similar modeling to systems
comprising several scale intervals with different dynamical
behavior, which are challenging to tackle by means of direct
numerical simulation.
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