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Phenomenology from SIDIS and e+e− multiplicities

Multiplicities and phenomenology - part I

Alessandro Bacchetta1,2,a, Miguel G. Echevarria3,4,b, Marco Radici1,c, and Andrea Signori3,4,d

1INFN Sezione di Pavia, via Bassi 6, I-27100 Pavia, Italy
2Dipartimento di Fisica, Università di Pavia, via Bassi 6, I-27100 Pavia, Italy
3Department of Physics and Astronomy, VU University Amsterdam, De Boelelaan 1081, NL-1081 HV Amsterdam, the Netherlands
4Nikhef, Science Park 105, NL-1098 XG Amsterdam, the Netherlands

Abstract. This study is part of a project to investigate the transverse momentum dependence in parton dis-
tribution and fragmentation functions, analyzing (semi-)inclusive high-energy processes within a proper QCD
framework. We calculate the transverse-momentum-dependent (TMD) multiplicities for e+e− annihilation into
two hadrons (considering different combinations of pions and kaons) aiming to investigate the impact of in-
trinsic and radiative partonic transverse momentum and their mixing with flavor. Different descriptions of the
non-perturbative evolution kernel (see, e.g., Refs. [1–5]) are available on the market and there are 200 sets of
flavor configurations for the unpolarized TMD fragmentation functions (FFs) resulting from a Monte Carlo fit
of Semi-Inclusive Deep-Inelastic Scattering (SIDIS) data at Hermes (see Ref. [6]). We build our predictions
of e+e− multiplicities relying on this rich phenomenology. The comparison of these calculations with future
experimental data (from Belle and BaBar collaborations) will shed light on non-perturbative aspects of hadron
structure, opening important insights into the physics of spin, flavor and momentum structure of hadrons.

1 Introduction

The QCD description of electron-positron annihilation
into hadrons with observed transverse momenta in the fi-
nal states requires the usage of TMD FFs. These are
distributions in 3-dimensional momentum space describ-
ing the probability for elementary quarks and gluons to
generate hadrons, composite states bounded by the color
force. Here we calculate multiplicities for annihilation
into two hadrons, focusing on the input brought by non-
perturbative QCD. The contribution coming from gluons
radiated with low transverse momentum by the fragment-
ing quark must be phenomenologically parametrized and
different choices drive to different shapes in the multiplic-
ity. The second source of non-perturbative information
that we take into account is the flavor structure of TMD
FFs. Previous analyses (see Ref. [6–8]) revealed that the
the TMD part of FFs depends on the quark flavor, con-
firming the physically intuitive picture of quarks fragment-
ing into different hadrons with different probability ampli-
tudes. Here we investigate to which extent the annihilation
rate is modified according to different flavor configurations
for the intrinsic transverse momentum of quarks.

ae-mail: alessandro.bacchetta@unipv.it
be-mail: miguelge@nikhef.nl
ce-mail: marco.radici@pv.infn.it
de-mail: asignori@nikhef.nl

2 SIDIS multiplicities and partonic flavor
structure

In Refs. [6–8] a phenomenological investigation of un-
polarized SIDIS multiplicities is presented, focusing on
the flavor dependence of the intrinsic partonic transverse
momentum in TMD parton distribution functions (PDFs)
and FFs. There are convincing hints on the flavor depen-
dence of unpolarized TMD FFs, supporting the physically
intuitive picture of different fragmentation probabilities
for different flavor configurations. The results concerning
distribution functions are weaker, but phenomenology is
pointing towards different distributions at least for valence
and sea quarks. In this approach unpolarized TMD PDFs
and FFs are parametrized as the product of the collinear
distribution and a Gaussian function with both flavor and
kinematic-dependent variance. Transverse momenta are
defined as in Fig. 1. TMD PDFs read

f a
1 (x, k2

⊥; Q2) = f a
1 (x; Q2) exp

{
−

k2
⊥〈

k2
⊥,a

〉
(x)

}
, (1)

whereas TMD FFs are

Da→h
1 (z, P2

⊥; Q2) = Da→h
1 (z; Q2) exp

{
−

P2
⊥〈

P2
⊥,a→h

〉
(z)

}
.

(2)
The kinematic x and z dependence of the variances is fully
described in Ref. [6] (and partially in Sec. 4). The flavor
dependence in TMD PDFs consists in considering three
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Figure 1. Definition of transverse momenta involved in unpolar-
ized SIDIS.
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Figure 2. Kinematic-independent distribution of average
squared transverse momenta in TMD FFs: 〈P2

⊥,unf〉/〈P
2
⊥,fav〉 vs.

〈P2
⊥,uK〉/〈P

2
⊥,fav〉.

different widths in the Gaussian distributions, one for up-
valence quarks, one for down-valence quarks and one for
sea quarks:

〈k2
⊥,uv〉 , 〈k

2
⊥,dv〉 , 〈k

2
⊥,sea〉 . (3)

Concerning TMD FFs, instead, three distinct favored pro-
cess and one class of unfavored processes have been dis-
tinguished, assuming charge conjugation and isospin sym-
metry. This results in four different Gaussian widths:〈
P2
⊥,u→π+

〉
=

〈
P2
⊥,d̄→π+

〉
=

〈
P2
⊥,ū→π−

〉
=

〈
P2
⊥,d→π−

〉
≡

〈
P2
⊥,fav

〉
,〈

P2
⊥,u→K+

〉
=

〈
P2
⊥,ū→K−

〉
≡

〈
P2
⊥,uK

〉
,〈

P2
⊥,s̄→K+

〉
=

〈
P2
⊥,s→K−

〉
≡

〈
P2
⊥,sK

〉
,〈

P2
⊥,all others

〉
≡

〈
P2
⊥,unf

〉
. (4)

The fit is performed on SIDIS data sets from Hermes , con-
sidering proton and deuteron targets and pions and kaons
in the final state. Since the covered Q2 range is narrow, the
analysis has been carried out at a fixed Q2 = 2.4 GeV2 ne-

glecting any effect from QCD evolution. Despite this limi-
tation, the available phenomenology is rich, because of the
multidimensional binning in x, z and Q2. The fit relies on
M = 200 Monte Carlo replicas of the original data set, in
order to getM best values for each fit parameter. This is
a powerful procedure, because it allows to calculate sta-
tistical distributions for physical observables. The Monte
Carlo fit indicates that, on average, the Gaussian distribu-
tion of sea quarks is 20% wider than the one for up-valence
quarks, which, in turn, is 20% wider than the distribution
for down-valence quarks. Moreover, the flavor indepen-
dent configuration lies at the boundary of the 68% confi-
dence region (see Ref. [6]), so it is not ruled out by statis-
tics. Results concerning TMD FFs are described in Fig. 2,
comparing the ratio 〈P2

⊥,unf〉/〈P
2
⊥,fav〉 vs. 〈P2

⊥,uK〉/〈P
2
⊥,fav〉.

On average, the width of unfavored and u→ K fragmenta-
tions are about 20% larger than the width of favored ones.
All points are concentrated in the upper right quadrant: we
have the clear outcome that 〈P2

⊥,fav〉 < 〈P
2
⊥,unf〉 ∼ 〈P

2
⊥,uK〉

and that the flavor-independent configuration (the crossing
point of the dashed lines) is well outside the 68% confi-
dence region, meaning that the flavor dependence is statis-
tically much more evident than in TMD PDFs. It is im-
portant to stress that from this Monte Carlo fit of SIDIS
multiplicities, there areM = 200 configurations available
for TMD FFs, all equivalent from the χ2 point of view,
but different from the perspective of flavor dependence:
in each of them, the ratios of transverse momenta assume
different values, so they represents different flavor configu-
rations. More details about the theoretical framework, the
phenomenological assumptions and the data analysis are
available in the Refs. [6–8].

3 e+e− multiplicities

In this contribution we want to investigate the multiplicity
M[h1, h2] for e+e− annihilation into two hadrons. The defi-
nition of this observable, as described in Sec. 3.1, involves
the expression of cross sections for production of one and
two hadrons:

e+e− → h1 jet X (5)
e+e− → h1 h2 X (6)

They key mathematical objects involved in the analysis
are TMD FFs, in particular their flavor structure and QCD
evolution. In order to calculate cross sections and multi-
plicities for e+e− annihilation into hadrons at Q2 = 100
GeV2 (typical value at the Belle experiment) we use re-
summation techniques (see Refs. [9, 10]) to evolve the
low-energy distributions extracted from SIDIS data at
Q2 = 2.4 GeV2. Evolution of distribution functions
is performed in impact parameter space. The evolution
operator acts on Da→h

1 (z, bT ; Q2), defined as the Fourier-
conjugated of the TMD FF Da→h

1 as a function of the par-
tonic transverse momentum kT . According to the defi-
nition of Da→h

1 (z, P⊥; Q2) and its normalization given in
Ref. [6] in terms of the hadronic transverse momentum
P⊥, the expressions for the upolarized TMD FF and its
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Fourier transform as a function of partonic transverse mo-
mentum are:

Da→h
1 (z, k2

T ; Q2
0) = Da→h

1 (z; Q2
0)

exp
{
−

k2
T〈

k2
T,a→h

〉}
π z2 〈k2

T,a→h〉
, (7)

Da→h
1 (z, b2

T ; Q2
0) =

Da→h
1 (z; Q2

0)
z2 exp

{
−

b2
T

〈
P2
⊥,a→h

〉
4z2

}
.

(8)

Phenomenological predictions for the specific process in
Eq. (5) are presented in Ref. [11].

3.1 Multiplicities for production of two hadrons

We define multiplicities for e+e− annihilation into two
hadrons exactly as in the SIDIS case, namely as the ra-
tio between the cross section for the process in Eq. (6)
differential with respect to the transverse momentum of
one hadron and the collinear “one-particle more inclusive”

cross section, the one related to Eq. (5) integrated over
transverse momentum:

M[h1, h2] =

dσh1h2

dz1dz2dq2
T dy (e+e− → h1 h2 X)

dσh1

dz1dy (e+e− → h1 jet X)
. (9)

z1 and z2 are the light-cone momentum fractions of the two
produced hadrons, qT is the transverse momentum of the
virtual photon emerging from e+e− annihilation and y is
the rapidity variable. A complete description of notations
and conventions is available in Ref. [12]. The experimen-
tally accessible transverse momentum is defined to be the
momentum of h1 transverse with respect to the momentum
of h2. As in Ref. [13], it is defined as:

P⊥,1 = −z1qT . (10)

As described in Ref. [12], the cross section for
the production of two hadrons (see Eq. (6)) dif-
ferential with respect to the square modulus of
the transverse momentum of the photon is:

dσh1h2

dz1 dz2 dq2
T dy

=
6πα2

Q2 AH z2
1z2

2

∑
q

e2
q

∫ ∞

0
dbT bT J0(qT bT )

[
Dq→h1

1 (z1, b2
T ; Q2) Dq→h2

1 (z2, b2
T ; Q2) + (q↔ q)

]
+ Y , (11)

where A = A(y) is a function of the rapidity and H =

H(Q) is a hard coefficient, function of the energy scale
(see Ref. [12] for further details). Y = Y(q2

T ,Q
2) is the

term correcting the factorized formula for the kinematic
region where q2

T ∼ Q2. Relying on the same assumptions,
the cross section for production of one hadron (see Eq. (5))
integrated over its transverse momentum is:

dσh1

dz1dy
=

12πα2

Q2 A
∑

q

e2
q Dq→h1

1 (z1; Q2) . (12)

In this study we will make predictions for pion multi-
plicities M[π+, π−], built from Eqs. (11) and (12) with
{h1, h2} = {π+, π−} and kaons multiplicities M[K+,K−],
obtained evaluating the same equations with {h1, h2} =

{K+,K−}. Mixed multiplicities (like M[π+,K−] and the
like) will be left for future investigations. The summation
over flavors is limited to up, down and strange quarks (the
ones included in the analysis of SIDIS data in Ref. [6], for
which we can provide a TMD FF).

3.2 QCD evolution of TMD FFs

From SIDIS data we gained a working flavor-dependent
Gaussian parametrization of TMD FFs at an initial scale
Q0. Using QCD evolution we can calculate the fragmenta-
tion function Dq→h

1 (z; Q2) and Dq→h
1 (z, bT ; Q2) at some fi-

nal scale Q, thus making predictions for the transverse mo-
mentum dependence of processes in Eqs. (5) and (6). The

collinear FF in Eq. (12) is evolved through the DGLAP
evolution, acting on the renormalization scale µ, which
we set equal to Q. TMD distributions, instead, generally
depend on two scales, ζ an µ, and they satisfy evolution
equations with respect to both of them (see Refs. [9, 10]).
The evolution with respect to ζ is determined by a process-
independent soft factor, whereas the evolution in µ is de-
termined by renormalization group equations. Here we
follow the approach of Ref. [9] and use the so-called b∗T
prescription to separate perturbative and non-perturbative
regions. b∗T is defined as

b∗T =
bT√

1 +
b2
T

b2
max

. (13)

The parameter bmax represents the value where we stop
trusting perturbative QCD (pQCD). Despite knowing the
full operator structure, for bT > bmax a model is required
to work out phenomenological calculations. For sake of
simplicity we make the following choices for the initial
and final scales:

µ2
i = ζi = µ2

b , µ2 = ζ = Q2 , (14)

where µb = 2e−γE/b∗. Considering the distri-
bution at Q as the action of an evolution op-
erator on an input distribution at Q0 we get:
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Dq→h
1 (z, b2

T ; Q2) = exp
{
−

∫ Q

µb

dµ̄
µ̄

(
Γcusp ln

Q2

µ̄2 + γV
)} (Q2

µ2
b

)−D(b∗T ;µb)− 1
4 g2 b2

T

×
∑

j=q,q̄,g

∫ 1

z

dx
x

Ĩq← j(z/x, b∗T ; µb) D j→h
1 (x; µb)

( µ2
b

Q2
0

)− 1
4 g2 b2

T

e−
1
2 g1 b2

T , (15)

configuration bmax [GeV−1] g2 Ref.
A 0.5 0.68 [2]
B 1.0 0.41 -
C 1.5 0.18 [3]

Table 1. The three configurations for bmax and g2 explored in
this study and their source (reference).

where the first line represents the evolution operator and
the second one is the input TMD distribution. Here the
large-bT region is inspired to the model in Ref. [1], to the
BLNY model (see Ref. [2]) and to Ref. [6]. In the present
context the parameter g1 is related to the flavor and kine-
matic dependent Gaussian widths of Ref. [6]:

g1 ≡

〈
P2
⊥,a→h

〉
(z)

2
. (16)

Other parametrizations are available for the large-bT re-
gion (see, e.g., Refs. [3–5]) and multiple parameter sets
could describe presently available data. Considering our
choice of functional form, we do not know which values
of the parameters {bmax, g2} are the best ones in order to
reproduce the transverse momentum spectrum of e+e− an-
nihilation into hadrons. The same holds for the flavor-
dependent widths of the Gaussian FFs. From the SIDIS
point of view there are 200 equivalent sets of values, but
we do not know which ones work best considering pro-
cesses in Eqs. (11) and (12). This study is exactly aimed
at underlying the sensitivity of e+e− multiplicities to the
non-perturbative parameters (concerning flavor structure
and evolution) and our predictions are collected in Sec. 4.

4 Predictions for e+e− → h1 h2 X

The parameters bmax and g2 are anti-correlated. This is be-
cause the first one selects the bT value where we do not
trust pQCD any more and the second one shapes the ef-
fects of gluon radiation for bT > bmax. So, lowering bmax
results in a larger bT -range where the evolution needs to be
parametrized and, eventually, in a higher value for the g2
parameter. In Tab. 1 we summarize the three different con-
figurations of values for bmax and g2 explored in this study.
We recall that the flavor dependence of unpolarized TMD
FFs is encoded in four different Gaussian widths (and frag-
mentation processes):〈

P2
⊥,fav

〉
,

〈
P2
⊥,uK

〉
,

〈
P2
⊥,sK

〉
,

〈
P2
⊥,unf

〉
. (17)
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Figure 3. Logarithm of the pion multiplicity M[π+, π−] with
z1 = z2 = 0.7 as a function of q2

T . The correspondence between
colors and configurations is {green,blue,red} = {A,B,C}. An hy-
pothetical experimental point with uncertainty of 10% is shown.

Each width is also z-dependent:

〈
P2
⊥,a→h

〉
(z) =

〈
P̂2
⊥,a→h

〉 (zβ + δ) (1 − z)γ

(ẑβ + δ) (1 − ẑ)γ
, (18)

where
〈
P̂2
⊥,a→h

〉
≡

〈
P2
⊥,a→h

〉
(ẑ)

and ẑ = 0.5.

The kinematic parameters β, γ and δ are flavor-
independent, contrary to the normalizations. For each pa-
rameter there are 200 sets of values available (see Ref. [6])
and in this study we exploit the first 100.

4.1 Impact of evolution

Fig. 3 shows the impact on pion multiplicity M[π+, π−] of
the non-perturbative parameters related to evolution, for
z1 = z2 = 0.7. In this case the maximum q2

T value (50
GeV2) corresponds to P⊥ = 5 GeV for the detected hadron
h1 (see Eq. (10)). Configuration A is plotted in green, B
in blue and C in red. For each configuration there is a
band and not a single plot, because we exploited 100 out
of the 200 values of the Gaussian widths in TMD FFs.
This demonstrates that, considering the evolution frame-
work in Ref. [9] with Q2

i = 2.4 GeV2 and Q2
f = 100 GeV2,

the pion multiplicity is sensitive to the choice of the non-
perturbative evolution kernel. Estimating an experimental
error of 10% of the multiplicity value (in Figs. 3, 4, 5 the
error is an overestimation of the experimental uncertainty
affecting collinear multiplicities - see Ref. [14]), we see
that experimental data will be able to discriminate among
the configurations A, B and C. The effect is less evident
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Figure 4. Pion (red) vs kaon (green) multiplicities in logarithmic
scale as a function of q2

T , with z1 = z2 = 0.2 and bmax = 1.5
GeV−1, g2 = 0.18 (configuration C).

for lower z1 and z2 values, because of the z2 factor in the
exponent in Eq. (8). The effect is very similar considering
kaon multiplicities M[K+,K−].

4.2 Impact of flavor dependence

In Fig. 4 we compare the pion multiplicity M[π+, π−] (in
red) with the kaon one M[K+,K−] (in green) for configura-
tion C and z1 = z2 = 0.2. The difference in the normaliza-
tion of the two bands is due to the collinear distributions,
namely the fact that it is more likely to produce pions than
kaons. The difference in the slopes, instead, is due to the
different flavor combinations involved in the calculation
of the cross sections. Here two sources of flavor depen-
dence leave their signature. The first one is connected to
the intrinsic transverse momentum of quarks, namely the
different Gaussian widths associated to the fragmentation
processes, Eq. (17). The second one, instead, is related
to the perturbative transverse momentum: evolution equa-
tions (both collinear and TMD) are flavor independent,
but the initial value problem depends on the quark flavor
through the initial condition Dq→h

1 (z; Q = Q0). A flavor
independent configuration for the TMD FFs would not re-
sult in M[π+, π−] and M[K+,K−] having the same slope as
a function of q2

T , they would have just a different behavior
from the one depicted in Fig. 4 (see Ref. [12]). This means
that in order to appreciate the impact of the flavor depen-
dent TMD FFs on the multiplicities we need to disentangle
the two effects. Comparisons with the future experimental
data will certainly help. Raising the z-value the two bands
overlap (again because of the collinear distributions) but
the difference in the slopes is still present. Changing the
evolution configuration does not imply substantial modifi-
cations to this result.

4.3 Impact of kinematic dependence

In Fig. 5 kaon multiplicity M[K+,K−] is plotted for con-
figuration A and different z-values. Here we can appre-
ciate the strong impact of the z-dependence on the pre-
dictions. This dependence does not come only from the

0 10 20 30 40 50

10-3

10-2

10-1

qT
2

M
@K

+
,K

-
D

Preliminary

à

Est. exp. error

z=0.2

z=0.5

z=0.7

Figure 5. Logarithm of kaon multiplicity M[K+,K−] as a func-
tion of q2

T for different z values and bmax = 0.5 GeV−1, g2 = 0.68
(configuration A).

collinear FFs Dq→h
1 (z; Q2), but also from the kinematic de-

pendence of the Gaussian widths (see Eq. (18)). The latter
has a strong phenomenological motivation coming from
the SIDIS side (see Refs. [15, 16]) and it is important
to test it with e+e− data too. It is also shown that with
an overestimated 10% error bar on experimental points,
it will be possible to pin down the subset of replicas of
kinematic parameters which reproduces experimental data
best (the same holds for the flavor parameters, as evident
in Fig. 4). This ability may be reduced for pion multi-
plicities M[π+, π−], because the bands would be narrower.
Changing the evolution configurations slightly affects the
slope of the bands, but without major effects.

5 Summary and conclusions

In this work we present predictions for transverse momen-
tum dependence in pion and kaon multiplicities related to
electron-positron annihilation into two hadrons. Choos-
ing the QCD evolution framework in Ref. [9] dressed with
a model for low partonic transverse momenta inspired to
Refs. [1, 2, 6], we found evidence of a good sensitivity
of the predictions to the non-perturbative parameters in-
volved in the calculations. First of all, both kaon and pion
multiplicities are sensitive to variables parametrizing the
high-bT region in the evolution kernel (with some caveat
concerning the z-values). Moreover, we also showed that
data may be sensitive to the flavor dependence of the un-
polarized TMD FFs, this resulting in different slopes of
the multiplicities for pions and kaons as a function of q2

T .
Eventually, we show how the z-dependence in the Gaus-
sian widths, together with the collinear z-dependence, af-
fects the multiplicities. All these features will be tested
against data that will be released by experimental collabo-
rations Belle and BaBar . We will be able to select the
subset of the 200 flavor dependent TMD FFs extracted
at Hermes which matches and reproduces e+e− data best.
Moreover, we will get hints on the best configuration for
the non-perturbative parameters needed in the evolution
kernel. In the meanwhile, other models for low transverse
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momenta will be explored, together with the fixed scale
evolution operator introduced in Ref. [17]. Updates and
further developments of the current results will be pre-
sented in Ref. [12].
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