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A NUMERICAL SCHEME FOR STOCHASTIC DIFFERENTIAL
EQUATIONS WITH DISTRIBUTIONAL DRIFT

TIZIANO DE ANGELIS, MAXIMILIEN GERMAIN, ELENA ISSOGLIO

ABSTRACT. In this paper we introduce a scheme for the numerical solution of one-dimensional
stochastic differential equations (SDEs) whose drift belongs to a fractional Sobolev space of
negative regularity (a subspace of Schwartz distributions). We obtain a convergence rate in
a suitable L'-norm and, as a by-product, a convergence rate for a numerical scheme applied
to SDEs with drift in LP-spaces with p € (1, 00).

1. INTRODUCTION

The aim of our paper is to obtain a numerical algorithm (and its convergence rate) capable
of approximating the solution of a one-dimensional SDE of the form

(1) dX; = b(t,Xt)dt + dW,, Xg==x, tc [O,T],

where W is a Brownian motion on a probability space (£2, F,P) and b is a distributional drift.
In particular, b(t) takes values in a fractional Sobolev space of negative order (defined in

Section 2.1) for each ¢t € [0,7], and t — b(t) is Holder continuous (i.e., b € C*([0,T7; H(i)g’o)
for k € (1/2,1), Bo € (0,1/4) and suitable gp and ¢p). Existence and uniqueness of solutions
for d-dimensional versions of (1) were first derived in Flandoli et al. [9], where the authors
give a mathematical meaning to the term fg b(s, Xs)ds by introducing the concept of wvirtual
solution. The latter is needed since pointwise evaluation of b(t, -) is meaningless. Further
theoretical work on equations of a similar kind can be found, for example, in Cannizzaro and
Chouk [4], Delarue and Diel [6], Flandoli et al. [10], Issoglio and Jing [17], Issoglio and Russo
[18]. Besides their theoretical interest in the context of regularisation by noise, these singular
SDEs usually provide models for random irregular media. For example, Russo and Trutnau
[37] use them in the study of singular Stochastic Partial Differential Equations (SPDEs).
Other works such as [4, 6] explain how certain SDEs with distributional drift can be used
to describe the infinitesimal behaviour of the so-called polymer measure (a singular measure
on the space of continuous functions) with links to the celebrated KPZ equation. Another
example of SDE with distributional drift is contained in Hu et al. [15] which studies the so-
called Brox diffusion, introduced by Brox [2] as an example of random process in a random
medium. In the framework of [15] the drift has the regularity of the distributional derivative
of a two-sided Brownian motion.

For practical implementation, mathematical models as the ones mentioned above require
numerical schemes designed to handle distributional drifts. Our work provides results and
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tools in that direction. We devise a 2-step algorithm for the numerical solution of (1): we
first regularise the drift and then apply Euler-Maruyama scheme. This produces a sequence
(X™)n>1 of solutions of SDEs with a smooth drift and a sequence (X™™),,>1 of correspond-
ing Euler-Maruyama approximations for each N > 1. We prove in Theorem 3.5 that the
scheme converges to the original virtual solution of (1) and obtain a strong L!-rate of conver-
gence when we let (N,m) — oo simultaneously, i.e., we obtain a rate of convergence for the
limit

lim sup E [|Xt — ng’m } .
(N;m)—+00 0<t<T

In order to regularise the drift we first pick a sequence of functions (b"¥)y>1 that converges
to b in the appropriate norm for the fractional Sobolev space of negative regularity (i.e., it
converges in C*([0,T]; H i "quo)). Then, we further mollify the functions b by convolution
with the heat kernel (we refer to it as randomisation procedure). The first step removes
the difficulty of working with distributions, while the randomisation allows us to control the
convergence rate of the overall scheme as (N, m) — oo simultaneously. As explained in detail
at the beginning of Section 6, this approach gives us a better convergence rate than the one
we would obtain if we omitted the randomisation procedure and relied upon known (tight)
bounds in Euler-Maruyama schemes for SDEs with bounded measurable drift.

Due to the distributional nature of our drift, the actual numerical implementation of the
scheme is non-trivial and, in particular, the choice of the approximating functions b, in the
first step of the algorithm, needs to be addressed carefully. In general, an explicit representa-
tion of b can be provided in terms of an infinite sum of Haar wavelets (see Appendix A) and
we construct the sequence (bV) ~N>1 by suitably truncating such series representation. The
main reasons for this choice are: (i) these wavelets form a basis for the fractional Sobolev
spaces of negative order which are needed to accommodate the original drift b; (ii) they enjoy
the so-called multi-resolution property, which improves the computational efficiency of the
algorithm; (iii) since Haar wavelets are piecewise constant functions, their convolution with
the heat kernel only requires knowledge of the cumulative Gaussian distribution, hence requir-
ing no additional computational effort for our randomisation procedure. Crucially, thanks to
property (i) above, we are able to determine the convergence rate of bV to b (see Proposition
3.3).

A special case of distributional drift is obtained when b is of Dirac-delta type. That leads
to one-dimensional SDEs with local-time and the celebrated skew Brownian motion (see Har-
rison and Shepp [14]; see also Etoré and Martinez [7] for the time-inhomogeneous case). Such
SDEs have been widely studied in the literature, including several works on numerical approx-
imations (see, e.g., Etoré and Martinez [8] and various contributions by Lejay and co-authors
[24, 25, 26]). Properties of the transition density and resolvent of the process, together with
links to It6 and McKean’s theory of one-dimensional diffusions ([20]), enable efficient numer-
ical methods. Those methods cannot be applied in our setting, where the process X solution
of (1) is not necessarily a semi-martingale, as shown in Flandoli et al. [11, Cor. 5.11].

Except for the case of skew diffusions, our work seems to be the first to address numerical
methods for a class of SDEs whose drift is merely a distribution. This advancement on all the
existing results hinges on the concept of virtual solution given by Flandoli et al. [9], which
links the SDE in (1) to a class of partial differential equations (PDEs) with distributional
drift studied in Issoglio [16]. It is worth emphasising that our algorithm does not require
a numerical solution of the PDE and instead it deals directly with the SDE in (1). Hence,
the methods that we use here can be adopted to complement/extend the existing studies on
numerical schemes for SDEs whose drift is a function with low regularity.
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The literature on Euler-Maruyama approximation of SDEs whose drift is some function
with low regularity is very vast and here we only provide a short overview. Early contri-
butions are due to Gyongy and Krylov [12] who obtain convergence in probability for SDEs
with continuous coefficients. A few years later Yan [45] proves weak convergence for SDEs
with particular discontinuities of the coefficients and an L'-rate of convergence under the
assumption of a Lipschitz-continuous drift and a Holder-continuous diffusion coefficient, in a
one-dimensional setting. Also Halidias and Kloeden [13] prove strong convergence in L? (but
with no rate) when the coefficients allow certain types of discontinuity.

More recent results include work by Miiller-Gronbach and Yaroslavtseva [31], who obtain
an LP-rate of 1/2 (for any p > 1) for one-dimensional SDEs with discontinuous drift, and work
by Neuenkirch et al. [33] where analogous results are obtained in a multi-dimensional setting
with respect to an L?-norm. Neuenkirch and Szdlgyenyi [32] instead find an L?-rate of up to
3/4 for one-dimensional diffusions with possibly discontinuous drift (with Sobolev-Slobodeckij
type regularity). Further related results can also be found in Leobacher and Szolgyenyi [27]
where an L2-rate of convergence of 1/2 is obtained for (possibly degenerate) multi-dimensional
SDEs. Notice that in [27] the Euler-Maruyama scheme is applied to a process obtained as a
suitable transformation of the solution of the SDE. Similar ideas were also used in another
paper by the same authors ([28]) to find an L2-rate of convergence of 1/4 but, differently
from [27], the convergence in [28] is for the approximation of the original SDE. Numerical
schemes for non-degenerate SDEs with irregular coefficients are also addressed in works by
Ngo and Taguchi [34] (multi-dimensional setting, rate 1/4) and [35] (one-dimensional setting,
rate 1/2).

Our approach is close in spirit to the one adopted by Dareiotis and Gerencsér [5], who
use the regularising effect of the Brownian noise to obtain a strong convergence rate of 1/2
for multidimensional SDEs with continuous drift and, in the one-dimensional case, for SDEs
with bounded drift. We discuss extensively differences between their approach and ours
at the beginning of Section 6. Prior to their work, Menoukeu-Pamen and Taguchi [29] had
obtained strong rate of convergence in L? of order pf/2 for d-dimensional SDEs with -Holder
continuous coefficients. Finally, we would like also to mention a new approach developed by
Butkovsky et al. [3], who use regularisation by noise and a so-called stochastic sewing lemma
to obtain convergence rates for SDEs driven by fractional Brownian motion and a convergence
rate of 1/2 for SDEs with continuous drift and multiplicative Brownian noise.

There are also numerous results on weak convergence of Euler-Maruyama approximation
of SDEs, however a detailed review falls outside the scopes of our paper. For example, when
coefficients are smooth, convergence with rate up to 1 was obtained by Bally and Talay [1]
(also work by Mikulevicius and Platen [30] contains further results in that direction). In the
case of irregular drift, a scheme in two steps is analysed by Kohatsu-Higa et al. [22]. They
first regularise the drift of their SDE and then apply Euler-Maruyama scheme to the more
regular process and obtain a rate of weak convergence.

We note that a direct comparison of the rate we obtain in the case of distributional drift
and the rates obtained in the various papers mentioned above is not necessarily meaningful:
the methods used in those papers require that the drift be a function and do not allow easy
extensions to the distributional case. Finally, it is worth noticing that our results also apply
to SDEs with drift in LP-spaces with p € (1,00) (Remark 3.6) for which no rate is known yet.

The paper is organised as follows. In Section 2.1 we introduce the necessary notation,
including the fractional Sobolev spaces of negative order that our drift belongs to. Then in
Section 2.2 we introduce the numerical scheme. In Section 3 we present the main results of
the paper, whose proofs are then provided in Sections 5 and 6. Background material on SDEs
with distributional drift, which is needed to understand our arguments of proof, is presented
in Section 4. The paper is completed by a technical appendix that accounts for important



4 T. DE ANGELIS, M. GERMAIN, E. ISSOGLIO

properties of Haar wavelets and a short appendix on standard estimates for the (killed) heat
semigroup.

2. SETTING AND NUMERICAL SCHEME

2.1. Notation. Here we introduce the functional analytic framework needed for the well-
posedness of equation (1). Throughout the paper we will use V and A for the spatial gradient
and Laplacian of a function, respectively, and 0; for its partial derivative with respect to time.

For any Banach space (B, | - ||[g) we denote by C ([0,T]; B) the space of B-valued con-
tinuous functions of time. This is again a Banach space when endowed with the norm
[ flloo.z = suPo<i<r || f(t)l| - For future reference we also introduce on C ([0,7; B) the family
of equivalent norms

(2) 1£10) 5 = sup e | f(t)] 5, for p=0.
0<t<T
For a € (0,1) we introduce the subspace C*([0,T]; B) of functions f € C([0,77]; B) such that
t)— f(s
(3) [.ﬂa,B = sup Hf( ) f<a>HB < 00
sttefor) |t — 8]

This is also a Banach space when endowed with the norm || f||, 5 = | fll 5 + [fla,B-

For 1 < r < oo we have the usual L"(R)-spaces endowed with the norms || - |- and we use
the short-hand notation L". We denote by C*Y(R) and C'°(RR) the closure of the space S(R) of
Schwartz functions with respect to the norms || f|| ;o and || f|| e + ||V f|| o respectively. For
simplicity of notation we just write C%% and C'°. Further, we define the space of continuous
functions (respectively, continuously differentiable functions) which are a-Hélder continuous
(respectively, with a-Holder continuous first derivatives) for 0 < o < 1, that is the spaces

CO(R) := {f € C*°(R) such that ||f]co.. < o0},
CH*(R) := {f € C"*(R) such that ||f||¢1a < o0},

where the norms are defined as

= 1f(z) — F(y)l
Plene = 17 lae + o =l =y
[ fllere == 1l + IVl + sup ID = VI
T#YER |z -y

For simplicity of notation we write C%® and C1® instead of C%“(R) and C1®(R), respectively.

For all s € R and r € (1,00) we denote by H?(R) the fractional Sobolev spaces (or Bessel-
potential spaces) defined as the image of L"(R) through fractional powers of A := I — %A,
i.e., H}(R) := A=%/2(L"(R)) (for more details on fractional powers of A see [43, Remark 1.2]).
This representation corresponds to

HH®) = {f € S'(®) | §7 (1 +167)35f) e 7},

where § is the Fourier transform and &’ the space of Schwartz distributions ([40, Sec. 2.2.2,
Eq. (11)]). For instance, HZ(R) with s = o — 1 contains the distributional derivative of a-
Holder-continuous functions with compact support (see, e.g., [16, Prop. 4.1]). These spaces
are Banach spaces when equipped with the norm

£l sy = 1A fll £ w),

and A¥/? is an isomorphism from H?(R) to H5~¥(R) for all v € R, see again [43)].
We observe that if s < 0 then H?(R) does actually contain distributions, while when s > 0
it only contains (measurable) functions. For s = 0 we have the special case H?(R) = L"(R).
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These spaces enjoy the following inclusion property: for 1 <r <wu < ooand —oo <t < s < 0
such that s — % >t — % we have

(4) H}(R) C H,,(R)

(see [41, Theorem 2.8.1]) and, in particular, H;(R) C H;7(R) for v > 0. Setting H, ,(R) :=
Hy(R) N HZ(R), by interpolation we have that if f € H, (R) then f is an element of all
spaces HZ(R) for p A g < r < pV q. For simplicity we will use H; for the space H:(R) and,
analogously, we denote the associated norm by | - || 7.

We denote by (F;)i>0 the (killed) heat semigroup on L™ generated by —A, that is, the
semigroup with kernel p(t, z) = e~*(2xt)~1/2 exp{—“é—i}. This is a bounded analytic semigroup
and D(A%/?) = H? for s € R, see [18, 39] for details. Moreover for all t > 0 and all s € R the
operator P, maps H; into itself and, furthermore, for any f € H,® and for any € > 0 there is
a constant ¢ = ¢, > 0 such that

1P fll e < 01l gy s
1Py f = fll s < ct2(1f | pgs

These bounds can be obtained (as in, e.g., [19]) using the following facts: (i) P; is a contraction
on L”, (i) for s > 0 the operators A%/? and P; commute by [36, Theorem I1.6.13] and (iii)
A%/? is an isomorphism as mentioned above. For more details, see Appendix B.

We will also need estimates for the L°°-norm of P,f and of its gradient. To get those
estimates, we use the fractional Morrey inequality ([39, Theorem 2.8.1, Remark 2]) which
guarantees the embeddings

(6) HY(R) c C%(R) and H!™(R)c C'*(R),

()

if o := v —1/r > 0. Then, using arguments similar to those for (5), combined with fractional
Morrey inequality, one obtains that for all f € H% t € (0,7] and v > 1/r we have

1Py fllzoe < ct= 2| £l

(7)
IV (P )l < et CFHI2) ]y

where ¢ >0 varies from line to line and depends on T'. For more details, see Appendix B.

2.2. Description of the scheme. Our numerical scheme for (1) is based on two subsequent
approximations and a randomisation procedure. In order to justify pointwise evaluation of the
distributional coefficient b, we approximate it by a sequence of bounded functions (b™)xn>1
that converges to b in a suitable norm (see Assumption 2). We further mollify the sequence
(bN)n>1 by convolution with the (killed) heat kernel and then we apply a generalised Euler-
Maruyama scheme. The mollification can be interpreted as a randomisation procedure in
space and it allows us to obtain a uniform rate of convergence for the overall scheme (see the
discussion at the beginning of Section 6).

To fix notation, let us consider a bounded measurable function b : [0,7] x R — R and fix
a constant ny > 0. Then the SDE

(8) Ax)Y = (P ™) (¢, XN dt +aw;,, X ==,

admits a unique strong solution. Note that in (8) we slightly abuse the notation, because the
solution X depends both on N and ny but we only indicate the dependence on N. Here
and in what follows we always consider ny — 0 as N — oo.

Let m € N and let us consider an equally-spaced partition of [0, 7] by setting t; := % for
k=0,1,...,m. Further, let us define

k(t) := sup{k : t;, < t}.



6 T. DE ANGELIS, M. GERMAIN, E. ISSOGLIO

hjm ()
1 ——
: I m+1

I : 27
m | | x

27 | |

|

. N

FIGURE 1. The Haar wavelet h; ,, for j € N and m € Z.

Then the Euler-Maruyama approximation of the solution X% is given by

t
9) XN / (Pax V) (11, X0 ds + W,
0
and it is computed numerically according to
N, N, N,
(10) X, "= th(,:l + (va bN) (tk(t)ath(?;> (t— tk(t)) + /= i) Eks

with (eg)g 1.i.d. standard Gaussian random variables.

In general, the numerical implementation of the scheme is more complicated than a stan-
dard Euler scheme since the mollified drift P, bYN may not be easily computable. However, we
choose b as a finite linear combination (with time-dependent coefficients) of Haar wavelets,
which are piecewise constant functions with a very simple structure. Haar wavelets are con-
venient because they form an unconditional Schauder basis for the space H; for —% <s< %
and P,, b" reduces to a finite sum of terms of the form

_ ~1/2 _ —1/2
(11) (P Ljay ) (@) = €@ (w2 — )iy %) — e @ (w1 — iy %),
where ® is the cumulative distribution of a standard normal and x; < 9 are suitable real
numbers (see Appendix A for details and Figure 1 for an illustration of a Haar wavelet). This
procedure introduces no additional numerical complication and suggests that Haar wavelets
are a natural candidate for a numerical implementation of the scheme.

3. MAIN THEORETICAL RESULTS

The main theoretical result of the paper, given in Theorem 3.5, states a rate of conver-
gence of the numerical scheme in an L'-norm. To prove this result, we first find the rate of
convergence of XV to X in terms of the rate of convergence of bV to b (Proposition 3.1 and
Proposition 3.3). Then, for fixed IV, we obtain the rate of convergence of the Euler-Maruyama
scheme (Proposition 3.4). Finally, combining the two we obtain a global rate of convergence
for the scheme (Theorem 3.5).

Let us start by introducing the main assumptions on b and b" which are needed for the
results of this section.

Assumption 1. Let By € (O, i) and qg € (4, %) and fir Go := (1— o) L. For some k € (%, 1)

we take b € C“([O,T];H;O{gqoo).
Notice in particular that b € C”([O,T];HQ_BU) by interpolation, since 1 < o < 4/3. For
future reference we also set

1
(12) Yo:=1—Fp— —
q0

and notice that under Assumption 1 we have vy > %
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Example. A simple example of a (time-homogeneous) drift b that satisfies our Assumption
1 is constructed as follows: b(t,x) = f'(x), where f’ is the distributional derivative of a a-
Holder continuous function f with compact support and o € (%, 1). Indeed, arguing as in
[16, Proposition 4.1] it can be shown that any a-Holder continuous function f, with compact
support and « € (0, 1) belongs to H;/ (R) forany 1 < p < +o00 and 0 < o < a.. Therefore, f'is
a distribution in H]‘j‘l_l(]R) foralll < p < ocoand 0 < o < « and so it satisfies our Assumption

lifa>d > %. In that case By = o’ —1 € (O,i), as needed, and f’ € H(;O%O = quoﬁo ﬂHJOBO.
For completeness, it is worth mentioning the two key steps in the proof of [16, Proposition
4.1]. Let f be any a-Holder continuous function with compact support and « € (0, 1). First,

using an equivalent norm (see [42, Eq. (10.19)]) it is shown that f € B;‘,/Q(R) for 0 < o < «
and p’ > 1, where B;‘,’Q(]R) is a Besov space. Then, the proof is completed by the embedding
B]’j‘,/g(R) C Hgi;/(R) (see [42, Eq. (11.17)]) for all p” > p' and o = o/ — ]% + 1%‘ O

Assumption 2. Let (bY)n>1 C C%([O,T];Hgo’qo) be such that

lim oY =b in C3([0,T]; H™).

N—o0

The rate of convergence of X to X is given in the next proposition.

Proposition 3.1. Let Assumptions 1 and 2 hold. Take any (53,q) such that 5 € (o, %) and
qo > q > G > qo, where ¢ := (1—3)"1. Then, for any 1/2 < v < 7 there is a constant C, > 0
such that

(13) sup E[|X)Y—X|] < Cyl|Ppy b =021,
0<t<T 00, Hg

as N — oo.

The proof of this result builds on a number of lemmas and we give it in Section 5 (the
constant Cy > 0 is found explicitly). It is worth noticing that on the right-hand side of (13)
we use the Hy Anorm with (B, q) possibly different from (8p,qo). The reasons for this will
become clear later (see in particular Proposition 3.3) and in the next remark we show that
the right-hand side of (13) is well-defined.

Remark 3.2. Let us fix (5o, qo) according to Assumption 1 and let us pick (8,q) such that
B e [B07%) and qo > q > 4 > Go, where § := (1 — B)~t. This is always possible thanks to
Assumption 1 and, as a special case, we can pick ¢ = 2 as needed in Proposition 3.3 below.
In this setting:

(i) The embedding H(if;o - H(;(’]B holds. Indeed H;ﬁo Cc H" by embedding of Sobolev

0,90 40,90
spaces of negative order, see (4), and we also have Hq_oﬁqo C Hq_qﬁ by interpolation of
LP-spaces. Combining the above we have

be C™((0,T); Hy ™) < ¢™([0,T); HY)

and, in particular, b € C"‘([O,T];Hq_ﬁ). Thanks to (5) also P, b belongs to the same
space as b. Similarly, b™, P, bV € C%([OvT]SHng)-
(ii) For (WN)n>1 as in Assumption 2 we have Py b™ — b in C([O,T];Hq_ﬂ) as N — oo.

Indeed, b, P,;,b and PanN belong to Hq_ﬁ due to the item above and, thanks to (5),
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we have
HP N — H 7H(;B < HPnN(bN - b)Hoo,H;B + HPUN b— bHooH*ﬁ
<6 = bl s + 1 Poy =0l

<Y = bll g gre + C77N2 ||b||

1>

If B > By, the last term clearly goes to zero as ny — 0. Moreover, since — By — 6 =

—B — % by assumption, using (4) we have Hq_oﬁ0 - Hq_ﬁ. Hence
N N
|6 — b”oo,Hq‘ﬁ <clp™ — bHoo,Hq‘O"O —0 as N — .

In order to obtain a convergence rate in our scheme as we let (N, m) — oo simultaneously
we need to write the right-hand side of (13) explicitly in terms of N. For that we define
a specific sequence (b"V)y>1 that satisfies Assumption 2. In particular, the approximating
sequence (b™)y>1 is defined via a suitable truncation of the series expansion of b in Haar
wavelets. Let

{hjm, j € NU{-1}, m € Z}
be a system of Haar wavelets on R (Definition A.1). Since b(t) € Hq_ﬁ for any 8 € [Bo, 3),
q € [qo,qo0] and all ¢t € [0,T], by Remark 3.2 part (i), then we have (see [43, Theorem 2.9] or
(69) and Theorem A.2)

+o00
= 3 >t 2 b,
j=—1meZ

with f1m(t) defined via the dual pairing of b(t) and hj, as

(14) i (t) = 2FTTD (b(1), By ),

for each t € [0,T]. We remark that ju;m(t) = pjm(t; 5, q) only depends on § and ¢ via the
exponential term and not via the dual pairing (see Remark A.4). Later on we will use

(15) pim(t:8,9) = 2770700 0 (8 Bo, @),
From [43, Theorem 2.9 and eq. (2.114), Sec. 2.2.3] we have
(16) 1bll . 8 < 00 <= sup |lu(t; B,9)|fg2ll < oo,
e te[0,T

where p(t; 8,q) = {1jm(t; B,q)}jm and a definition of its f, y-norm with further details is
provided in Appendix A.1 for completeness. In particular, if ¢ = 2 we have

(17) sMMMMWwﬁZmem}

te[0,T 0,17 j=—1méeZ

Thanks to (17), for 8 € (8o, 3) and N € N fixed, we can define 7(N) € N as the smallest
integer for which

(18) sup Z |1g,m (t; B, 2)‘2

0T > 7 (N)
forall j =0,---,N. Then we set
N 7(N)

(19) V) =S Y ()27 Dy,

j=—1m=—7(N)

o~ (N-+1)(6Fo) 0.2
< ———— sup ||p(Z; Do,
N+1 o1
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where for j = —1 the sum in m only takes the term with m = 0.

Clearly b™ (1) € Hgm o C Hg, '6;00 by construction. Since b is k-Ho6lder continuous in time with

values in H, 6;0, then also the coefficients t — p;,,(t) are k-Holder continuous with values in

R. Thus we have bV € C*([0,T); Hgo,qo

convergence of bV to b in the space C([0,T]; H,

). Now we have a simple way of estimating the rate of
h ), as illustrated below.
Proposition 3.3. Let Assumption 1 hold and let the sequence (b™)n>1 be defined as in (19).
Then (bN)n>1 satisfies Assumption 2 and for any 3 € (o, %) we have

N —(N+1)(B—
(20) 167 = bl g < c27EFVER o

—Bg -
00, H,

Proof. As already observed (b™)n>1 C C*([0,T]; Hy ) by construction. Recall also that

b(t),bN (t) € HQ_B for all B € (8o, 3) by Remark 3.2, part (i).
Thanks to (16) and (19) (see also (77) and (78) in Appendix A.1) it is immediate to see

that ||bN(¢) — b(t)”H(;]BO decreases to zero as N — oo. Moreover t > ||b™(t) — b(t)HH&)ﬁo is

continuous and therefore by Dini’s theorem b~ — b in C([0, T'; H;O’B ?) as N — oo. Thanks to
the equivalence of the norms (16) it is immediate to see that

N N _
1o (&) = b7 (8)l] -0 11 (£ Bo. a0) — 1 (53 Bo. 40) | £ o
sup ~ su ,

t#£s€[0,T] |t — s|® t#s€[0,T] |t — s|®

where we use the symbol “~” to indicate equivalence of the norms and u™(-; 39, q) =
{1jm(;B0,q),7=-1,...,N,m=—7(N),...,7(N)} contains the coefficients that appear in
the expression for b™(-) in (19). Since the series expansion of b contains a finite subset of
the terms in the series expansion of b, then

1™ (85 o, g0) — 1™ (55 Bo, 00)| o 2

t#5€[0,T] |t — s|”
(5 Bo, qo) — (55 Bo, o) f,,
B R S
t#£s€[0,T] |t — s Fotlag

for some constant ¢ > 0 that arises from the equivalence of norms. Then (b")y>; is also a
bounded subset of C*([0, T7; Hq_oﬁo). Recalling that x € (3,1) we can conclude that b™ — b

in C%([O,T];Hq_oﬁo) as N — oo since the embedding Cz C C* is compact. Hence, (WM N>1
satisfies Assumption 2.

It remains to prove (20). For ¢ = 2 and a suitable constant ¢ > 0, using (15), (17) and (18)
we have

[ (0) = b(o)

N
C(ZZ\Mm(t;BJ)\QJrZ > \uj,m(t;5,2)\2>

j>N meZ J=0 |m|>7(N)
< (2D S 5 1 2+ 27 s 2 )
>N meZ
< 227 2NHDER) | u(t; Bo, 2)| fa |-

IN

Taking supremum over ¢ € [0, 7] and recalling (16) we conclude by incorporating the factor 2
into the constant c. 0
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Global Rate with gg = 1/8p Global Rate with g =0
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Bo %

(A) Convergence rate for go =~ 1/ (B) Convergence rate for 5y = 0

FIGURE 2. Convergence rate of the scheme as function of the parameter 5y €
(0,1/4) (left panel) and gp > 4 (right panel) when the other parameter is fixed.

Since the drift in the SDE for XV is Lipschitz in space and 1/2-Hélder continuous in time
we expect a standard strong convergence rate of 1/2 for the Euler-Maruyama scheme. This
is confirmed in the next proposition where, however, we are particularly interested in the
dependence of the multiplicative constants on N. By controlling those constants, later on,
we will establish an overall rate of convergence for the scheme as we let (N, m) — oo at the
same time.

Proposition 3.4. Let Assumption 1 hold and let b € C%([O,T];Hgquo) for some fized N.
Then, as m — 0o, we have

(21) sup E “XtN’m—Xth < Oy(N)m™' + C3(N)ym™2
0<t<T

with

) Co(N) 1= ¢ [Py bV e o0 (14 9Py b loo,z )

Ca(N) = ¢ (IV (P b™lloe,ze + [Py 1)

and ¢, > 0 constants independent of (N, m).

The proof of the proposition is given in Section 6.

Combining the results above we obtain the full convergence result, that summarises the
theoretical findings in the paper.
Theorem 3.5. Let Assumption 1 hold, let (V") n>1 be defined as in (19) (so that Assumption
2 holds too) and let 0, := £[3 — Bo(vo — %)]_1 with 7o as in (12). Then, as m — oo, taking
ny =m~% and N = 20" logy m| we have
(23) sup E “XtNW_Xt’} <ec. (m—%(é—ﬁo)(’m—%)-&-a)’

0<t<T

where € > 0 can be arbitrarily small and c. > 0 is a constant depending on €.

Before proving the theorem, we offer some basic insight into the meaning of the rate in (23)
(in Figure 2 we also plot two examples).

Remark 3.6.
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o If qo = 1/By, which is the largest possible qo, then the rate decreases as [y increases,
and the best rate is obtained when By is close to zero. The rate is illustrated in
Figure 2a as a function of py € (0, %)

e For By =~ 0 we have gy ~ 1 and we can pick any 4 < qo < oco. Then we obtain a
convergence rate for SDEs with drift in C*([0,T]; L' N L®) for k > % The rate is
tllustrated in Figure 2b as a function of qo > 4. While existence of strong solutions for
SDEs with drift in LP([0, T]; L7)-spaces was obtained by Krylov and Réckner in [23], we
are not aware of convergence rates results for numerical schemes if b € C*([0,T]; L)
and 1 < qg < oo.

e In the extreme case when By ~ 0 and gy — oo (i.e. b € C*([0,T); L' N L>®) with k > )
we obtain a convergence rate of m~/5. However, if we assumed b € C*([0,T]; L™)
from the start, we would have been able to obtain a better rate from the Euler-Maruyama
scheme using ideas from Dareiotis and Genrencsér [5] (notice though that the con-
stants in [5, Lemma 2.2] depend exponentially on ||b||re~). The approach we take in
Section 6 allows us to avoid that the constants in Proposition 3.4 depend exponen-
tially on the L>®-norm of bN, which is essential when b is a distribution. Clearly, if
b e C*([0,T]; L) that caution is no longer needed.

Proof of Theorem 3.5. Fix ¢ > 0 and let ¢ > 0 be a constant that may vary from line to

line, possibly depending on ||b]| o0, H=50 and € > 0 but independent of N and m. In the rest
40,90
of this proof we will use Proposition 3.1 with 7:70—%5 so that the constant C., is absorbed
inc. > 0.
Using triangular inequality, (13) from Proposition 3.1 (with ¢ = 2) and (21) from Proposi-

tion 3.4 we obtain

(24) swp E[|X" x|
0<t<T

<e (HPanN DI 5% + 1Py b= B 5% + Co(N >m1+cs<N>mé>.

The L°°-norms appearing in the constants C2(N) and C3(N) in (22) can be estimated
further by using (7). Recall that (b"V)y>1 fulfils Assumptions 2 thanks to Proposition 3.3.
The most favourable estimates in (7) are obtained for r = qo, s = Sy and v = q% + ¢. Then,
we have

—1(Bo+L+e) L(1—~o+e)
[P b lloe,oe < emy™ 0BV s S emy® b o
5 (1+Bo+ - St N L(2—g+e)
1Py bz < ey’ NI e < iyt anoo,H;fm
3(Bot g5 +e) —1(1-v0+e)
[PanN]% <c 77 [bN]l H, 50 <eny® ’ [b} H, 50’

PR

where the final inequality in each of the above expressions follows from the convergence
1
limy 00 b = bin C2([0, T); H, ) and we used Bo+1/qo =1—7p and 1+ o+ 1/q0 = 2— 0.
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Using also (5) to bound the first two terms on the right-hand side of (24) (where ¢, may
change from line to line) we have

sup E [\XtN’m—th
0<t<T

(25) < oI =l L IR

i -13- 2ote) 1L N2(2 ”/0+a)m_é>’

where for the final two terms we selected the leading order in 7y by using that ny € (0,1),
with no loss of generality, and 1+ 5y + q% > 2(Bo + q%)’ since By € (0, 1).

Thanks to Proposition 3.3, and abusing slightly the notation by letting € > 0 vary from
the first to the second inequality, we have

(26) [N — b‘|270};};5 < 9~ (N+1)(B=B0)(270—1-¢) < 9=N3(B—Fo)(ro—3)+¢
00,9

The aim is to let N and m diverge to infinity and ny — 0 at the same time. In order to
do so we choose suitable N and 7y depending on m. Take ny = m~? for some 6 > 0 to be
determined. The last three terms in (25) read

(27) m—0(B—=Bo)(vo—3)+e + m—1+30(3—270+e) + m—3+30(2—0+e)

and, as m — oo, the leading terms are the first and last one. By comparing (26) and (25) we
notice that there is no loss of generality in choosing N = |26 log, m|. Finally, plugging (26)
and (27) back into (25), ignoring terms of lower order in m, we obtain

sup E [|Xthm_Xt|] <e. <m—9(6—60)(70—§)+e+m 1ylo(2— 70+5)>
0<t<T

<e. <m—0(§—ﬂo)(vo—;)+s + m—%+§0(2—vo)+e> :
where for the second inequality we have chosen the best possible 3, which is just below %, and
with a slight abuse of notation we have allowed ¢ to vary from line to line. It remains to select
0 > 0 that gives the fastest convergence rate. Notice that the first term on the right-hand
side of the expression above is decreasing in 6 whereas the second one is increasing. Then the
optimum is attained when the exponents are equal and we get

1
0, = *[ —Bolvo—3)|
as claimed. O

Remark 3.7. For practical use of our numerical scheme one must compute the coefficients
Wjm from (14). It is shown in Theorem A.9 and Remark A.10 that such computation is very
easy when b(t,-) is supported on a bounded interval on R.

Remark 3.8. When implementing the scheme, the coefficients in the formula for bN are
computed offline and stored in the memory at the beginning of the algorithm. The complexity
of the algorithm is determined by the number of operations involving such coefficients and
the Haar functions (multiplications and summation) and by the number of time steps in the
Euler scheme. In particular, we count the number of terms in the sum and we multiply that
by the number of time-steps in the Euler scheme. From (10) and (19), the overall complezity
of the algorithm is O(mNT(N)). Hence, by taking N = 20*logym as in the statement of
Theorem 3.5 we obtain a complexity of O(mlogym 7(|20%logym|)). Unfortunately 7(N) can
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be difficult to compute in general but, in the special case of b supported on a bounded interval
I, we have
400 29—1 .
b(t) = oo + 3 3 pym(2 (7

§=0 m=0

j7m

(see (73) in Appendiz A, where we take I = (0,1) for simplicity and with no loss of generality).
Then we can define bV as

20 -1

N 1
BN (t) = po(ho + > wjm ()27 (757§)hj,m7

j=0 m=0
and, in the proof of Proposition 8.3, we have

271

HbN(t) - b(t)HZ;B <c Z Z ‘,uj,m(t;ﬁ,Q)‘Q < 62_2(N+1)(5_6°)HH(75; 50,2)|f£2“2-

j>N m=0

In that case the complexity is O(m2") hence by taking N = |20*logy m| we obtain a com-
plexity of O(m?). Notice that the computation of the semigroup in (11) does not modify the
complexity.

4. BACKGROUND MATERIAL ON VIRTUAL SOLUTIONS

As anticipated, the proofs of Proposition 3.1 and Proposition 3.4 rely upon a few tech-
nical lemmas. To set out clearly our arguments and keep the exposition self-contained it is
convenient to review and complement some results from [9].

We will work in the framework of [9] but we restrict our attention to [0,7] x R rather
than working with [0,7] x R? as in the original paper. Throughout this section we make the
following standing assumption.

Assumption 3. Let § € (O, %), fix ¢ := ﬁ and let q € ((j, %) We take b € C([O,T];H;qﬁ).

Notice that Assumption 3 is implied by Assumption 1 (with (5, qo) instead of (53,¢) and
g > 4). It was shown in [9, Theorem 28] that under Assumption 3 for every x € R there
exists a unique in law wirtual solution of (1). A virtual solution of (1) is given in terms
of a stochastic basis (2, F,F,P, W) and an F-adapted, continuous stochastic process X :=
(Xt)iejo,r) (shortened as (X, F)) such that the integral equation

(28) Xe =2z +u(0,z) —u(t,X¢) + (A +1) /t u(s, Xs)ds
0

+/0 (Vu(s, Xs) + 1)dW,

holds for all ¢ € [0,7], with probability one. Here u is the mild solution of the following
parabolic Kolmogorov-type PDE

(29)

du+ sAu+bVu— A+ 1Lu=-b on[0,7] xR
uw(T)=0 on R

with A > 0. The mild solution u is unique in C([0, T7; H;*‘S), for any (0,p) € K(B,q), where
the set K(8,q) is defined as

K(B,q) :={(6,p) | B<6<1-8, 5 <p<q}
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3 (01,p1)
1-— :
b (€27P2)

(9,p)

s | L

t

=
—_
|
=
I
Q=
S

g

FIGURE 3. An illustration of the set K(f, ¢) (figure modified from [9]). Given
a couple (3, q) according to Assumption 3, there exists a unique mild solution
u € C([0,T]; Hy™) for the PDE (29), for all (6,p) in the grey triangle. For
any two points (d1,p1), (62,p2) € K(B,q), it is always possible to find (J,p) €
K(83,q) such that H;;”Sl C H;M and H;Q‘M? C HZ}M, see dotted lines for
embeddings.

The set K(8, q) is drawn in Figure 3 for the reader’s convenience and it is not empty thanks to
Assumption 3. Notice that the stochastic integral that appears in (28) is well-defined thanks
to fractional Morrey’s inequality (6).

Remark 4.1 (Uniqueness). We remark that, thanks to the shape of K(8,q) and to the
embedding (4), given two couples (d1,p1),(02,p2) € K(B,q), it is always possible to find
(0,p) € K(B,q) such that H;j‘sl C H;M and H;QMQ C H;*‘S, see Figure 3. Since the so-
lution u to (29) is unique in the space H;‘HS, 1t follows that it must coincide with the solutions

found in the spaces H]}j‘sl and HI};‘S?. Hence, the solution of (29) is unique in the whole
triangle K(B, q).

It is worth noticing that the concept of virtual solution follows a Zvonkin-type transfor-
mation based on heuristic application of Itd’s formula to w(¢, X;). This allows to replace the
drift term b(¢, X;)d¢ in (1) with the terms in (28) depending on v and Vu. The reader might
have noticed that the PDE (29) and the virtual SDE (28) depend on an extra parameter A,
while the original SDE (1) does not. This is due to a technical step in the proof, that leads to
good properties of u. However, it is possible to show that the virtual solution is independent
of A\, as shown in [9, Section 3.3].

For the numerical scheme illustrated in Section 2.2 we also need to consider the approxi-
mating PDE

(30)

Opu’ + FAuN + aNVuN — (A +1)uN = —a™ on [0,T] x R
uN(T) =0 on R,

where oV := P,,NbN, for each N > 1.

We will now review the arguments that guarantee existence, uniqueness and regularity of
the solutions to (29) and (30). Under Assumption 3 and for (4,p) € K(83,q), [9, Theorem 14]
guarantees that for each A > 0 there exists a unique solution u) € C([O,T];H;*‘S) to (29).
Since the time derivative and the second spatial derivative of u) are not well defined, u) is
a so-called mild solution (for details see, e.g., [16]), and it is obtained as a fixed point in the

space C([0,T7; H;*‘;) equipped with the norm H-HEDZ)HH(;, with p >\ sufficiently large. Using
»iEp
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fractional Morrey’s inequality (6) it is possible to embed the fractional Sobolev space H;Jr‘s
in smoother spaces. In particular we have

(31) uy € C([0,T];C1Y),  withy=6—1/p.

Analogously, (30) admits a unique solution u} € C([0,77; H;Jr‘s) (regularity of u} could of

course be upgraded to C12([0,T) x R) N C([0,T] x R) by virtue of higher regularity of a but
this will not be needed for our purposes).

Next, [9, Lemma 20] gives useful bounds for the gradient of uy and uf\v . We give a statement
which is adapted to our notation'.

Lemma 4.2. Let (§,p) € K(B,q). There exists Ao >0 such that, given any X\ > Ao, letting
u=uy and v’ =ul be the mild solutions in C([O,T];H;‘HS) to the corresponding problems
(29) and (30), respectively, we have

sup  |Vu(t,x)| < % and sup  |Vul¥(t,z)| < %
(t,z)€[0,T|xR (t,)€[0,T]xR

Furthermore, [9, Lemma 21] also guarantees that
(32) u, u¥, Vu, Vu € C([0,T] x R).

The next result is a refined statement of [9, Lemma 23]. In particular our equation (33) is
contained in the final part of the original proof in [9].

Lemma 4.3. Let (6,p) € K(B,q) and let u = uy and u” = u} be the mild solutions in
C([O,T];H;*‘S) to (29) and (30), respectively. Then, if a™ — b in C([O,T};Hq_ﬂ), there is a
constant cq > 0 such that

5+8—1
[l s +1) 0
N ( OO,H N
(33) Ju =™ s < co s 16— a™ll g gy
Hy 1= co (Bl s 0™ 5 + 201

for any p > X that is sufficiently large to guarantee that the denominator above is positive.

For future reference we define

5+8—1
co (Jlull? yis +1) 07
(34) C(p) = d+8—1 9
1= co (bll g gy ™5 + 2071

for p > 0 large enough so that the denominator is positive.

Remark 4.4. Notice that in Lemma 4.2 we can choose N > Ny, sufficiently large, so that \g
HoP because a’¥ — b in C([O,T];HJ’B). Then, in Lemma 4.3
we can choose p > pg so that the denominator in (33) is positive and py > No (as needed for
the fized point in [9, Theorem 14]).

depends only on 6,3 and ||b]|__

From now on we will simplify our notation and set u = wu), for some A sufficiently large
so that Lemma 4.2 holds. In order to solve equation (28) and find a virtual solution of (1),
one has to transform the SDE (28) into a more standard one. This is achieved by setting
Y: = ¢(t, X;), where

(35) p(t,2) == 2+ ult, ).

IWe note that there is a typo in the statement of [9, Lemma 20]. Indeed it can be easily checked from the
proof that the condition p< A is not needed therein.
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Notice that ¢ € C([0,T];C") thanks to (32). Moreover by Lemma 4.2 x + ¢(t, ) is invertible
for each fixed t € [0, 7], with its inverse denoted by

(36) P(t,-) = (t,).

By Lemma 4.2, (¢, -) is 2-Lipschitz, uniformly in ¢. Then, solving (28) is equivalent to solving
the standard SDE for Y below

t t
(37) Vo= o+ Ot 1) [ (s, (s, Y)dst [ (Vuls, (5, Y)+DAW,,
0 0
where yo = ¢(0,z). Existence of a weak solution for (37) is guaranteed by [38, Theorem
10.2.2] since its coefficients b(t,y) := (A + D)u(t, ¥ (t,y)) and (¢, y) := Vu(t,¥(t,y)) + 1 are
bounded continuous with & uniformly non-degenerate (see [9, Proposition 27] for details).
Likewise, letting o™ (t,z) := x +u™ (¢, 2), %' := ¢™(0,2) and PV (¢, ) := (cpN)_l (t,-), the
analogue of (37) for the approximated SDE (8) is given by an SDE for YV := o™ (¢, X}V).
That is

t
(38) vy =y{)V+(A+1)/OuN (s,9™ (s, YY) ds

+ /Ot (Vul (s,0" (5,YN)) + 1) dW.

Moreover, ¥ (t,-) is 2-Lipschitz, uniformly in ¢, by Lemma 4.2.

Remark 4.5. In [9] the authors work in d dimensions and find weak solutions for the SDE
for Y. However, for d = 1 both equations (37) and (38) admit a unique strong solution if
v:=09—1/p > 1/2. That holds because the diffusion coefficient is ~y-Hélder continuous (see
(31)) and the drift is Lipschitz continuous. This result is used in the proof of Proposition 3.1
to justify the use of the same Brownian motion when estimating YN —Y |

It then follows that X; = (t,Y;) and XN = N (t,Y,N) are adapted to the Brownian
filtration and, in that sense, they are ‘strong’ virtual solutions to (1) and (8), respectively.
Moreover, they are unique up to indistinguishability because of the one-to-one mapping between
Y, YN and X, XV: for example, if two different solutions X and X of (1) exist, they give rise
to two different solutions Y and Y of (37), which is impossible by uniqueness of the solution
to (37).

We conclude this section with some further remarks on the set (3, ¢) and on the different
choices (4, p), and we explain the implications for the solution u. To facilitate the discussion,
let us consider (S, qo) as in Assumption 1 and let us define

(39) H(Bo,q0) :={(d,p) € K(Bo,q0) |6 —1/p>1/2}.
The sets H(Bo, qo) and K(Bo, qo) are illustrated in Figure 4.

Remark 4.6. Let b € C"([O,T],H;Oﬁ;o), where (Bo, qo) is fized and satisfies Assumption 1.

Recall that Assumption 8 is automatically satisfied.

(i) The set H(Bo,qo) defined in (39) is not empty (see the black triangle in Figure /).
(ii) Although our drift b satisfies Assumption 1, in Propositions 3.1 and 3.3 we chose to
look at it as an element of a larger space. In particular, we used the embedding (see

Remark 3.2)
beC((0,T); H, ) (o, 1); H, %),

for0<Bo<Bi <3 andqo>aq > a1 > Go.
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)
H(Bo, ) §-1=1
L- gt
b 3 K(Bo. q0);
1% N |
By | i K(B1,q1) i
S |
R U o O N
I I 1 1 ' 1
Bo L 1 2 1-fy=:g P

FIGURE 4. The sets K(Bo, q0) (large grey triangle), (51, ¢q1) (small light grey
triangle) and H (0o, go) (small black triangle) are drawn here.

(iii) Since the solution of (29) is unique in K(Bo,qo) (see large triangle in Figure 4), then
we can always pick (5,p) € H(Bo,qo) such that u € C([0,T]; HY*?) and Vu(t, -) € CY
fory =46 — 11) > 1/2 and all t € [0, T). The largest Holder exponent we can find in

H(Bo,q0) is vo — €, where v = 1 — By — 1/qo and € > 0 is arbitrarily small. This
means that for the solution of (29) we have Vu(t, -) € CY for all t € [0,T] and any

Y <-

5. CONVERGENCE RATE OF XV — X

In this section we prove Proposition 3.1. It turns out that in order to show the convergence
rate of XV to X stated in Proposition 3.1 we must provide an upper bound for the local time
at zero of Y — YN, Recall that for any real-valued continuous semi-martingale Y, the local
time LY(Y) is defined as

1

t
O/vy 18 _ \/
(40) LYY) = lim - /O L qd(Y)s, P-as.

for all t > 0. Now we derive a bound on (40) that will be needed later on.

Lemma 5.1. For any ¢ € (0,1) and any real-valued, continuous semi-martingale Y we have
t — —
(41) E [L{(Y)] <4e —2E [ / (]1 (Voo + 1 {YS>6}61—YS/5> av; ]
0 >

1 t Ve ars
+ EE [/(; ]l{?s>s}el Y/ d<Y>S] .

Proof. For ¢ € (0,1) and y € R we define (see Figure 5)

9:(9) 1= 0+ Liyeoy + Yl posyeey + [2— €797 Moy,
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2t e e

FIGURE 5. The function y — g-(y).

Straightforward calculations allow to show that g. € C}(R\ {0}) and it is semi-concave, in
the sense that y +— g-(y) — y? is concave. Moreover, we have

(42) 0<g:(y) <2, foryeR
9:(y) = Lio<y<ey + el_y/a]l{yzg}, for y e R
92 |(=00,0) = 9%l (0,6) = O,
(43) gl (y) = —etelVE fory > e
Now, an application of Ito-Tanaka formula gives
9:(Y2) — ge(Yo)

t B B 1 t _ _
= [ a0 s ¥t 5 [ 05 005, AT,

+510L(04) — gL EI(Y)

where ¢/ (0£) denotes the left /right limit of the derivative at zero. Rearranging terms, taking
expectations and using (42)-(43) gives (41). O

The next lemma controls the approximation error between u and u?. We recall that
aV =P, bV,
Lemma 5.2. Let Assumption 3 hold and fix (6,p) € K(B,q). Let u,u” € C([O,T];Hg*‘s) be
the mild solutions to (29) and (30), respectively. Then, for p > py and N > Ny as in Remark
4.4, and all t € [0,T] we have

[ (8) = u()]| oo < 50 ||b— “NHOO,H;‘?

(44) N N
[Vul'() = Vu(®)|| oo <5 [lb—a Hoo7Hq_ﬁ
with
Kp:i=c-c(p)- el
where c(p) > 0 is given in (34) and ¢ > 0.
Proof. Let v :== § — 1/p. Since v > 0, by the fractional Morrey’s inequality (6) we have
H;*“S C CY7 and we can find ¢ > 0 such that for all ¢ € [0, 7] it holds

{Hu%) —u®) e < VO = ul®)|ors < e ) = )] s

W U0 - e <O~ ut)ons < el (0 — )] e
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Then, recalling (2) and (33) we easily obtain

(46) H“N - uHoo,H;+5 < et H“N - “Hiz),H;” < c(p)e”t Hb - aNHoo,H,;B :

Combining (45) and (46) gives (44). O
Now we provide a bound on the difference ¢ — ", where v is defined in (36).

Lemma 5.3. Take p>pg and N > Ny as in Remark 4.4 and k, as in Lemma 5.2. Under
Assumption 8 we have

(47) sup v (@) — N (t,2)| < 26, [[b— V||

—B .
H
(t,z)€[0,T] xR o Ha

Proof. Recall that ¢ € C([0,7T];C") was defined in (35). For any y,y’ € R we have
ot y) — o(t,y)?
> ‘U(t,y) - U(t,y,)|2 + |y - y,|2 - 2|U’(tay) - U(t, y/)Hy - y/|
2
= (ly =o' = lu(t,y) —u(t.y))" = Zly — '

where the final inequality uses Lemma 4.2. Now, taking y = ¢(t,2) and v/ = ¥V (¢, z) in the
above inequality gives

o (0 (t,2)) — o (89N (t,2))] >
The latter implies
0 () =™ (t2)] <2 [o () — ¢ (9N (t,2))]
=2 |V (LN (t2) — ¢ (9N (t,2))]

where the final equality uses ¢(t,¢(t,z)) = = = @™ (¢,9N (t,z)). By definition of ¢ and ¢V
and (44), from Lemma 5.2 we also obtain

[N (&N (@) — @ (897 (t2))|
= ‘uN (t,wN (t, x)) —u (t,wN (t, a:))‘

< Jlut) =¥ @] o < rpllo = ]

|0 (8, 2) = (t,2)|.

N | =

oo,Hq_’8 :

Combining the above expressions we get (47). O

In the next proposition we provide an upper bound for the local time at zero of Y — YV,
For r > 0 we denote by o(r) a generic function with o(r)/r — 0 as r — 0.

Proposition 5.4. Let Assumption 1 and 2 hold. Take arbitrary (3, q) that satisfy Assumption
3 and such that € [y, %) and qo > q > G > Go. Then, for any 1/2 < v < 7y, we have

T
(15) B (L0 - V)] <oyl — 0L 408 | [ - vilay
g 0

N 2y—1
+o(lla — b7 L)
as N — 00, with ¢, ¢ > 0 given constants (cy depending on 7).
Proof. Tt is clear that H (5, qo) # 0 by Remark 4.6 and that we can choose (3, ¢) as indicated,

thanks to Assumption 1. Let us also recall Remark 4.6, part (iii), so that for the solution u
of (29) we have Vu(t, -) € C7 for all 1/2 < v < 7.



20 T. DE ANGELIS, M. GERMAIN, E. ISSOGLIO

Thanks to (37) and (38) it is easy to derive the dynamics of Y := Y¥ — Y (recall that YV’
and YV are strong solutions by Remark 4.5). Then, applying Lemma 5.1 we obtain

(49) E[LY(YN - Y)] < 4e

t _
—2(1+/\)E|:/0 (11{1756(0,6)}+]1{Y325}€1_Y5/5> (UN(87 wN(s, Y;N))—u(s, w(s, Y;))) d3:|

1 t
+E [ /0 Lyoyiseyel ™07 (VN (5,48 (5, YI)) = Vuls, (s, 4))) ds]

where we have removed the martingale term. Adding and subtracting terms we have
™ (s, ™ (5, Y,¥)) —uls, (s, Ye))]
< ‘uN(Sa wN(Sa YSN)) _U(S? QpN(S7 Y;N))| + ‘U(S, T/JN(& YSN)) —U(S, ¢(87 }/;N)){
+ |uls, (s, Y) —uls, (s, Y))|.

In order to estimate the right-hand side of the expression above we use Lemma 4.2, Lemma
5.2 and Lemma 5.3, upon recalling that a’¥ — b in the space C(]0, T); H;ﬁ), by Remark 3.2
part (ii). Since 4(s,-) and ¥V (s,-) are 2-Lipschitz, and u(s,-) and u(s,-) are 3-Lipschitz,
uniformly in s € [0,7] we have

(50) [ (5, 9™ (5, YY) — (s, (5, Ya))| < 26plb = a™[| o0 + VST = Vi,

for p>pg and N > Ny as in Remark 4.4 and s, as in Lemma 5.2. Similarly, for the term in
(49) involving the gradient of v and u’¥ we get

(51) [V (s, 9™ (5, YY) = Vu(s, (s, Ys))]
<kpllb — GNHOO,H;ﬂ + 27+1"¢ZH“||oo,cl«v b — CLNHZQH;&
+ ‘VU(sﬂb(S’Y;N)) - VU(S,w(S,}/S))‘ 3

where for the second term on the right-hand side above we used that Vu(t, -) is y-Holder
continuous for any 1/2 < v < 59, and then used Lemma 5.3. Now, plugging (50) and (51)
into (49) and using the well-known inequality

(x1 420+ ... +ap)? <k(z?4...+23)
we obtain

(52) E[L{(YY -Y)]
t
<de +4(1+N) (2/€ptHaN = bl 8 + EU YN — Y;\dsD
’ 0
1 N 21 N 2 2 N 2y—1
+ 23tlla”™ = bl gps </<p||a = bllog e +42p) TS 1 lla™ =B

1 t
+ 23 [ /O Ly oy, sepe ™08 0/ [Wu(s, (s, YY) = Vuls, v(s, V)| ds] :

For simplicity, we denote by ItN  the last term in (52). To find an upper bound for IV
we pick ¢ € (0,1) such that v¢ > 1/2 and recall that e € (0,1) so that ¢ > . Using the fact
that Vu(s,-) is y-Holder continuous uniformly in s € [0, T] with constant ||ul/o, c1.+, that 1 is
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2-Lipschitz and that Vu is uniformly bounded by 1/2 thanks to Lemma 4.2, we get

1 t
(53) < 3E [ /0 ﬂ{gdsw_ysggqel‘(yf‘YSWW||u||§o,cmmN—YSFVds]

1 t
+ 3k {/1{YSN—YS>54}6’1_(YSN_YS)/€(2||VU|L°°)2d8]
0
1 -
<< (3T227||uu§o,cl,we%< + 37l 1) .
With no loss of generality we can take ¢ = ||a’¥ — bl|  -#. Combining (52) and (53) we then
g
find
E[L}(YY —Y)]

2v—1 2 1
=0y = Il o

N
<cilla —bHoo’Hq_ﬁ+02Ha s +eslla

N _ 1
Fela 0l e (1- o - bH;Hq_ﬂ)
t
+ csE U ]YSN—Y;]ds},
0

c1 = 448T(1+ Nk, + 3Tk, ca = 12T(2k,)* |JullZ o1
=372 ull o1 ca=3T, =41+ ).

where

Since ¢ € (0, 1), the term containing the exponential goes to zero faster than any polynomial
as N — o0o. Moreover, ¢ can be taken arbitrarily close to one and 1/2 < v < =y was also
arbitrary, hence (48) holds and the proof is complete with ¢, = ¢3 and ¢’ = ¢s. O

We are now ready to prove Proposition 3.1, which we recall below for the reader’s conve-
nience.
Proposition 3.1. Let Assumptions 1 and 2 hold. Take any (53,q) such that 5 € (o, %) and
qo > q > G > qo, where § := (1—B)"1. Then, for any 1/2 < v < 7y there is a constant C, > 0
such that

(54) sup B [IXN 1] < 1By 0 071
0<t<T
as N — oo.
Proof. Recall the embedding b € C([0, T7; H-%) ¢ C([0,T]; H ) (Remark 3.2 part (i)) and

40,90
notice that a® = P, b — b in C([0,T ],H(;’B) as N — oo (Remark 3.2 part (ii)). Next we
note that

X = X =™ (YY) — u(t, V)
<[, YY) — (V) + [ (4 YY) — gt )|
<gllb—aV | _ o+ 2V ¥
where in the final inequality we have used Lemma 5.3 and that (¢, -) is 2-Lipschitz, uniformly

in t € [0,7] (Lemma 4.2). Therefore it is sufficient to find a bound for |V, — Y;|.
From Ito-Tanaka formula we get

t
. 1
Y = Vil = o = ol + [ sin(vY - Yod(r - v + 31007 - ).
0
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Taking expectation, using (37) and (38) and removing the martingale term we obtain
E (" -]

=u™ (0, ) — u(0,z)| + %E [L)(YY - V)]
+(1+NE {/0 sign(YsN—YS) (uN(s, 1/JN(3, YSN))—uN(s,w(s, Y;)) ds}
<Ju (0,) — u(0,2)] + 3 [0V ~ )]

t
210N~ @ o + N | [ - ilas]
’ 0

where the inequality follows from the bound (50) used in Proposition 5.4. Using (44) we have

|UN(O,$) —u(0,z)| < Kp||aN - bHOO,H;B'

Thanks to Proposition 5.4, we have an upper bound for the local time and, in particular, for
any 1/2 <y < 79 we have

t
27-1 2v—1
B[ Y] < Cle¥ — 2L, + C'R [ |- mds] ol —bZ7L),

as N — 0o, where
C = 32T ull’ crh, O =3(1+ ).
By an application of Gronwall’s lemma we conclude the proof and the constant C, > 0 in

o 2y—-1 2y—1
(54) can be taken as Cy = (1+C)e’" since o(||a — b”oz,H;B) < |la™ - b”oz,Hgﬁ for N large

enough. O

6. CONVERGENCE RATE FOR EULER-MARUYAMA SCHEME

In this section we prove Proposition 3.4, which gives a bound for
E[1x - x|,

where N is fixed and m tends to infinity. Let us start with some initial considerations.

For each N the drift in the equation for X* is certainly bounded, %—Hélder continuous in
time and Lipschitz continuous in space, since b is bounded measurable. Therefore we could
use classical results (see, e.g., [21]) on the convergence of the Euler-Maruyama scheme in order
to obtain a rate of convergence of order m~1/2. Following this approach, the multiplicative
constant in front of the rate m~/2 depends exponentially on the Lipschitz constant of the
drift, i.e., in our case on the exponential of ||V (P, b")| oo,z

Substantially more refined results for SDEs with additive noise were obtained recently by
[5], who found a strong convergence rate of order m~1/2 under the sole requirement of a
bounded (time-homogeneous) drift; see [5, Theorem 1.2]. In that theorem the multiplicative
constant that appears in front of the rate m~—1/2 depends exponentially on the L°°-norm of
the drift ([5, Lemma 2.2]), i.e., in our case on the exponential of || Py, b" ||, Lo

Both ||[V(Py0™)|lco, o0 and || Py b ||co. o explode as N — oo (and ny — 0) at a rate
depending on the inverse of 7, hence increasing the overall approximation error exponentially
as we send (N, m) — oo at the same time. Of course one could let ny — 0 very slowly, in
order to compensate for the exponential explosion, but this would produce a very slow rate
of convergence of X" — X (see Proposition 3.1) hence deteriorating, once again, the overall
convergence rate. Here we find a compromise by contenting ourselves with a convergence rate
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for the Euler Maruyama scheme of order m~1/2 (see (21)) but with a multiplicative constant
(see (22)) which grows polynomially with the inverse of ny (rather than exponentially).

We use a transformation which is the analogue of the one used to define the virtual solutions.
That is, we transform the processes XV and XV into new processes Y~ and YV whose
dynamics are expressed in terms of Itd’s diffusions with ‘nice’ coefficients.

Throughout this section Assumptions 1 and 2 are enforced. Since the index N is fixed, it
is convenient to simplify the notation and write

~

X:=xV Xxm:=xNm  g.=d" =P, a:=u"

)

and denote
p(t,x) =" (t,x) =x +a(t,x) and Pt x) =N (t, ).

Using this notation we can define Y; := @(t, X;) and Y™ := @(t, X/) so that X; = ¢ (¢, Y})
and X™ = (¢, Y"). Recalling that (¢, -) is 2-Lipschitz, uniformly in ¢, we obtain

(55) E 1% - %] < 2B [|9" - Til].

In order to estimate the right-hand side in the expression above, we first find the dynamics
of Y and Y™ in the next lemma.

Lemma 6.1. The dynamics ofi? s given by

56 Fi= o001 [ Tos [ (Vats,bis T+

for all t € [0,T]. Moreover, for any m > 1 the dynamics of Ym s given by

57) T = 90,0+ +3) [ il s, TN+ [ (Vs s, T+ 1)Wc+ P

for all t € [0,T], where the ‘error process’ E™ can be written in terms of X™ gs

~

EM .= /0 t (&(tk(s), R ) —als, )?;ﬂ)) (1 + Vs, )?;n)) ds.

Proof. We start by proving (56). Since @ € C'(R), the unique mild solution 4 of the associated
PDE (30) must be a classical solution, i.e., & € C?([0,T) x R). Then, applying It6’s formula
we obtain

~

t t
a(t, Xy) :a(o,x)+/ (02 + LAd + ava) (s,Xs)ds+/ Vi(s, X,)dW,
0 0

=0(0, z) +/Ot ((1 + N)a(s, Xs) — a(s,)?s)) ds + /Ot Vii(s, Xs)dWs.

Plugging this into the definition of Y and using the SDE (8) for X we get

upon recalling that X, = 1&(5, }A/s)
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The proof of (57) follows the same ideas but we have the additional error term E}", due to
the special drift of X™ in (9). By Itd’s formula indeed we obtain

~

t
(58)  a(t, X™) =a(0, ) +/ [(ata +5Aa) (s, X]") + altys), Xy, )Va(s, X)|ds
0
t
+ / Va(s, X™)dW,.
0
Using the PDE (30) we can substitute
(3t + LA4) (5, X™) = [(1 + N)a — aVa — a](s, X™)
in (58) to obtain
A~ t A~
it Xp) =a(0.0) + [ (14 Wl T - (s, X)) ds
0
t
+/ Vi(s, X™)dW, + B,
0
with
1 ¢ v v v
BEM = /O (d(tk(s), xm ) - a(s,X;”)) Va(s, X™)ds.
Using the SDE (8) for X™ and the definition of Y™ we get
A~ t ~ AN t A~
T =p(0.0)+(14) [ (s, (s T st [ (T, o5, )+ 1AV
0 0
+ Etl,m +EtQ,m

where
¢
B2 /0 (altage, X2 — (s, X)) ds.
Hence, (57) follows by setting E/" = E/"™ + E2™. O

To find a bound for (55) and prove the rate of convergence of the scheme, we will proceed
similarly to the proof of Proposition 3.1. Indeed, we will apply It6-Tanaka formula to |Y™ —Y|
and estimate the resulting terms. Preliminary bounds are obtained in the next two lemmas.

Lemma 6.2. Let s — |dEY"| be the infinitesimal variation of E™. Then

N

t
(59) E [ / |dE;”|] < e (Nym~t + eo(N)ym~ 3,
0
with
3
c1(N) = 6T ||a™ ||oo, Lo + ZT2|W@NHO<>,L°°HaNHoo,LOo and

3 3
es(N) = T3 Va" oo, + S[a]y T,

N|w
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Proof. By definition of E/* and using |Vi(s, X™)| < 3 from Lemma 4.2 we have

o[

t
ng [/ \&@k(s)v)%sﬂ —als, X )’ ds]
0

4 k(t)—1
<3IE[/
<3|

tr41
a(0,x) — af(s, Xm ds + Z /
tg

k(t)—1

3 tey1
+ 51[4:[ 3 /tk

k=1

a(te, X1) — &(tk,f(;”)‘ ds}

t
alt, K1) — as, K7 ds + / altegey, K22) = als, K27 ds].

U(t)

The first and last term in the final expression above are bounded by G%H&Hoo, oo, recalling
that 0 <t —ty) < T/m. In the third term we recall the Holder seminorm (3) and obtain

D=1 i BO-1 g
S [ at & —as X|as| < 3 [ E(lat) - 4] ds
k=1 “tk k=1 Ytk
. KOt 1 N 3 1
Slilye > [ G-t < faly e TEm
* k=1 7tk >

where in the final inequality we use that there are at most m terms in the sum.
Finally, for the second term we have

k(t)—1

N trt1
E| > /tk

k=1

k(t)—1 tigt

ol ) = att K] 0o | < Vil 3
ti

E H)?gg _

s }ds.

Thanks to (9), each term in the sum above can be easily estimated as

tea1 N
f, e lm-
tr
tht1
= / E [ ] ds
ti

< [ (Naleein s — 1) + BV, - Wtk>r1)ds

ti

S]ds

ate, XM)(s — t) + (Wy — Wy

tet1

L.
= iHCLHoo,Lw(thrl — )2 +E W] (s — )2

tg
1. T
= laloee () + 2EIWN (),
m

where again we used tg11 — tg = T/m.
Combining all of the above estimates we conclude

[

T 3 1 2 3
<6]floe. o~ + S Valloo.z (5 alloe.co T2~ + ZT3m 7 ) + Sfaly poTom ™5,

Njw

Rearranging terms gives (59). O
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Lemma 6.3. The following holds

T T
E[L%.Y - Ym)} <4(1+ \E U v — Ys]ds] +2E U \dE;"]] .

0 0
Proof. This estimate uses arguments analogous to those in the proof of Proposition 5.4. By
Lemma 5.1 and using the dynamics (56) and (57), and the fact that a(¢,-) and ¥(t,-) are
Lipschitz (uniformly in ¢ € [0,7]) we obtain

60) E [LOT(? - ?m)}

T
<4e+4(1+NE [/ Y,—ym
0

ds] 28 [/OT |dE;n@

1 T o Om ) A~ . PSEINE:
+-E { /0 L5, ey €7 [T, 15, T2) = Vs, (s, V)| ds]

having removed the martingale term. Notice that the last term is analogous to ItN “in (53)
and with very similar calculations we get

~

1 r —(YsY™) /e ~ N e ~ n m 2
(1) ZE /0 U5, goeye ™ TV V(s (s, V) = Vs, (s, 1) ds]

<

M| =

(% 1,22 T + Texp(1 - 7)) .

with 1/2 < v < 79 and any ¢ € (0,1) such that 2¢ > 1. Hence the right-hand side of (61)
tends to zero as € — 0. Noting that also 4¢ — 0 in (60) concludes the proof. g

We are now ready to prove Proposition 3.4, which we recall below for the reader’s conve-
nience.
Proposition 3.4. Let Assumption 1 hold and let bN € C%([O,T];Hgo qo) for some fized N.
Then, as m — oo, we have 7

(62) sup B{1X - XN | < CoWym™ 4 Cy(Nym ™3

with
Co(N) = ¢ [ Py bV oo,z (14 [V (P b oo.z )
C3(N) = ¢ (IV (Pyb™)loc oo + [P o)

and ¢, > 0 constants independent of (N, m).

Proof. Since TZJ(t, ) =N (t,-) is 2-Lipschitz we have

~

s ]) =x[fier on] < i)
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We apply It6-Tanaka formula to ‘}A/tm — Y|, using (56) and (57), and removing the martingale
term by taking expectation. Thus we obtain

S

=(1+ME [/Ot sign(Y" —

5)
VR
>
)
<
=
3
\
=
\.Cn
<
=
(\Zj)
N
o,
VA
[E—

t R R 1 R R
+E [ / sign(¥Y™ — Y;)dE;”] +E [L?(Ym - Y)}
0

<(1+NE Uot

where we have also used that, 1™ (¢,-) is 2-Lipschitz, uniformly in ¢ € [0,7] and 4 is %—
Lipschitz. Applying Lemma 6.3 to the term featuring the local time we get

E[|7" - %] <301+ ME Uot ds}+2E[/0t|dE§1|]

Then, by Lemma 6.2 we obtain

v Y,

ds} +E [/Ot |dE§”!] + %E [LQ(?m _ ?)] ,

Y-,

S

~

S

<3(1+ ME [/Ot

with ¢1,co > 0 as in Lemma 6.2. By Gronwall’s inequality we get

Y-,

S

ds] + 2c1(N)m ™! + 202(N)m_%

(64) E[|7 - %] < $Ca(Nym™ + SCs(Nym 3
where
Cy(N) := 4 (NS and  C(N) = dey(N)e30HNT
Then, finally plugging (64) into (63) we obtain (62). O

APPENDIX A. HAAR AND FABER BASIS

In this appendix we introduce Haar and Faber functions and discuss some of their key
properties. These functions form a basis for certain fractional Sobolev spaces, which we use
throughout the paper. Roughly speaking, Haar functions are ‘step functions’ that form a
basis for H? with —1/2 < s < 1/r and 2 < r < oo, while Faber functions are ‘hat functions’
(obtained by integrating Haar functions) that form a basis for H with 1/2 < s < 1/r+1 and
2<r<oo.

Using these bases it is possible to represent an element f from either of those fractional
Sobolev spaces in terms of infinite sums. Moreover, the sums can be cut to finite sums as a
way of approximating the original function f. This procedure can be made rigorous thanks
to the theory of fractional Sobolev spaces and to the properties of Haar and Faber function.
The link between Haar and Faber representations is useful for numerical implementation and
worth commenting on. Distributional drifts as those we consider in this paper can be often
obtained as the (distributional) derivative of a function g in H? with 1/2 < s < 1/r 4+ 1 and
2 <r < oo. In that case, it is easy to obtain the coefficients on the Haar basis expansion by
evaluating ¢ at a finite number of points (see Remark A.10). Below we recall the key results
and definitions that we use in this paper.

Throughout the section we denote by S the space of Schwartz functions, and by &’ its dual
(the space of Schwartz distributions). Moreover we use D = C2° to indicate C*°-functions
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with compact support and D’ for its dual. Next we introduce the Haar wavelet system on R,
see [43, equations (2.93)-(2.96)].

Definition A.1 (Haar wavelets on R). Let us define the mother wavelet x — hyr(x) by
hy = ]1[0 1y = ]l[; 1) The Haar wavelet system on R is given by
i) PR

(65) {hjm :j e NU{-1}, meZ}

where h_1m(x) == V2|hp(x —m)| for m € Z, and hjm(x) == hpr (292 —m) for j € N and
m € Z. Alternatively we can rearrange the system (65) as follows

(66) (ki eNU{-1}, keZ, m=0,...,2 -1}

where hlim(x) = h_1,(x) for all k € Z, cmdh m (@) = hjm(z—k) foralljeN, keZ and
m=0,...,2 —1.

See Figure 1 for the plot of a generic Haar function h; ,,. For future reference note that

1 ifae [, 2
(67) hjm(@) =S —1 ifx € [MHH2 mil)
0 else.

It turns out that the Haar wavelets system (65) (or equivalently (66)) is an unconditional
basis for fractional Sobolev spaces on R of order “close to zero” (i.e. —1/2 < s < 1/r), as
detailed in the theorem below which is taken from [44, Theorem 3.3 and Remark 3.4].

Theorem A.2. Let 0 < r < 00, —3 < s < *, and let f € S'(R). Then f € H:(R) if and
only if it can be represented as

271

(68) FZZZM2 T

j=—1k€Z m=0
with unconditional convergence in S'(R) and locally in any space H? (R) with o < s. Here

Zfi;& means m = 0 when j = —1.

The representation is unique, with the coefficients given by

= 2670 [ @l (@)
R

where the integral is to be understood in the sense of dual pairing. Moreover the system
{2—f(5—%)h§7m . jeENU{-1}, k€Z, m=0,...,29 — 1}
is an unconditional normalised basis of HZ(R).
It is shown in [43, Theorem 2.9 and Remark 2.12] that (68) can be equivalently written as

(69) f= Z > w2 by,

j=—1meZ
where f1;, = M?,m and h;, are as in (67).

Remark A.3. Let us denote
(70) i =2 [ @ (e) do = PCD L

It follows from Theorem A.2 and (69) that M;m = [Ljm, where fij.m, is defined as in (70) but
with hﬁm replaced by hj .
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Moreover, from (68) we get the more compact representation

271

(1) /= Z 2 D

Remark A.4. The coefficients [L;m do not actually depend on r or s. More precisely, if

fe H(R)N Hf,,/ (R) for some r # 1’ and s # s' then the representation (71) is exactly the
same in both spaces, with the same coefficients.

In what follows we analyse fractional Sobolev spaces on an open bounded interval I C R.
Let us recall [43, Definition 1.24 (i)]: let I be an open set in R, then

H;(I):={f eD'(I): f = hy for some h € H;(R)}
endowed with the norm
£l sy = {2l grs (my; 7 € H(R) with f = Ryr}.

With no loss of generality we specialise to I := (0,1) for simplicity of exposition. Next we
introduce the Haar wavelet system on I (see [43, equations (2.128) and (2.129)] for details)
which is useful for the fractional Sobolev space H:(I).

Definition A.5 (Haar wavelets on I = (0,1)). The Haar wavelet system on I is given by
(72) {ho,hjm:7 €N, m=0,...,27 —1}
where
ho(x) :=1;(x)
and hjm is as in (67).

Notice that the system (72) is essentially the restriction of (65) to the interval I. In
particular, h;,, is now restricted to values of m between 0 and 27 — 1 rather than m € Z
as in Definition A.1. Moreover, the set of elements h_1 ,,, defined on R, with m € Z, has
been replaced by hg, defined on I. For the fractional Sobolev spaces on HZ(I) we have again

a representation in terms of Haar functions, as illustrated below. For more details see [43,
Theorem 2.13].

Theorem A.6. Let 2 <r < oo, —3 <s <2 andlet f € D'(I). Then f € H:(I) if and only
if it can be represented as

400 27 —1

(73) f = moho + Z Z ftjm277 i(s=7) hjm,

7j=0 m=0

with unconditional convergence in any space HZ (I) with o < s. The representation is unique,

with the coefficients given by
o= [ faho(o)ia
and, for j € N and m =0,...,27 —1, by
i =2 [ @b (o)

where the integrals are to be understood in the sense of dual pairing. Moreover the system
{ho,Q_j(s_%)hjm L jeN, m=0,...,2 — 1}

is an unconditional normalised basis of HE(I).
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Notice that (73) can be written in terms of fi;,, (see Remark A.3) as

+o00 27 —1

(74) f=moho+> > ftjmhjm.

§=0 m=0

Of course a distribution f defined on I can be seen as a distribution defined on R but only
supported on I (in the sense that f(¢) = 0 for all ¢ € D supported on R\ I). The link
between the series representations on I and on R is given in the next lemma.

Lemma A.7. If f € H}(R) and supp(f) C I then its representation on R given by (71) (or
equivalently by (68)) coincides with its representation on I given by (74).

Proof. First we remark that in this case the restriction of f to I (denoted again by f) belongs
to HZ(I) by definition of the latter space. Since supp(f) C I, it follows that ﬁf}m =0 for all

k # 0 because the functions hﬁm are supported on (k,k + 1) while f is supported on (0,1)
which implies that the dual pairing between h;‘?’m and f is non-zero only if k = 0. Hence the
Haar representation (71) becomes

271

D30 NN

j=—1k=0 m=0
400 27—1

=Y D Bimhim

j=—1m=0
400 29 —1

= fi—1,0h—10+ Z Z fjmPjm,

§=0 m=0

where we used the fact that [L;{m = [ij,m- The proof can be concluded by noticing that
fim10h-10=2" 1/ f(x x)dzh_19
= 271 /l; f(x)\/i]].(()’l) (x)dx\/é]l(OJ)

= /If(iﬁ)]l(o,l)(%)dx]l(o,l) = poho- H

Next we recall the definition of Faber functions. They are denoted by vj,, and are hat-
functions, defined as the normalised integrals of the Haar functions hj, on I. Notice that
the Faber series representation holds in general only on bounded domains in R. Here we only
recall their definition on the unit interval I = (0,1). More details can be found in [44, Section
3.2.1].

Definition A.8 (Faber basis on I). The Faber system on (0,1) is given by
{fuo,ful,v]m j€ENmMm= —1}

where
vo(z):=1—=x and vi(z) =2z

for 0 < x <1 (and zero outside I), and the hat-functions are defined as

V(1) = 271 /0 B (),
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that is
29+ (g — 279m) if x € [, ™2
Vim(®) = Q2127 (m + 1) —x) ifx € [P, mid)
0 else.

Using the Faber system on [ it is possible to represent elements of fractional Sobolev spaces
on domain [ for 1/2 < s <1+ 1/r and 2 < r < oo as we see below. For a proof see [43,
Theorem 3.1 and Corollary 3.3].

Theorem A.9. Let g € H:(I) for 2 <r < oo, and 3 < s <14 1. Then we have the unique
Faber representation for g

400291
g = [ovo + H1v1 + Z Z Hj,mVjm
7=0 m=0

with unconditional convergence in C(I) and in HZ(I) with o < s. Here the coefficients i are
explicitly given by

i =1 (83, 19) 0m)
(75) o =g(0)
p =g(1)

and where (A2 g)(z) := g(z + 2h) — 2g9(x + h) + g(x).

This representation of g using Faber functions is fundamental to calculate the coefficients
for the Haar representation of ¢’, as we see below.

Remark A.10. In the proof of the above theorem (see [43, Theorem 3.1, Corollary 3.3]) the
following expansion for ¢ € HS~Y(I) is derived

40027 -1

g = (i1 —fo)ho+ > > P jmbm.
=0 m=0

Comparing it with (74) from Theorem A.6, with f = ¢', we obtain an explicit representation
of the coefficients [ijm and po that appear in (74), that is
(76) Mo = fi1 — fig and  Jijm =27 i .

The link expressed in (76) together with the explicit expression (75) is crucial to evaluate
numerically the coefficients in the Haar expansion of an element f € H~1(I) for % <s< 1+%
and 2 < r < oo. Indeed to do so we only need to evaluate the associated function g at (a
finite number of) mesh points

po  =g(1) —g(0)
Fam = =2 (9(%5) = 20("52) + ().

A.1. Equivalent norms and coefficients of Haar series. For each t € [0, 7] we have, from
[43, Theorem 2.9 and eq. (2.114), Sec. 2.2.3], that the norms [|b(t)| ,—s and |[u(t; 3,9)|f, >
q K

are equivalent, where

o q 1

It B, ) fall =] / (3 S [rimlt: B, 0025 s sy (0)[F) ]

j=—1mez
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We note that if ¢ = 2 the expression above simplifies to

N

(77 et 8,2) sl =] /R (3 3 It 8,212 s 2 gy () ) |

j=—1meZ

o A
- Z Z |“J7m(t?ﬁ’2)‘22j/R]l[2—jm,2—j(m+1))(37)dx]2

T j=—1meZ

=[ 3> w82,

T j=—1meZ

where we can swap the sums and the integral by monotone convergence. Since the norms are
equivalent for all ¢ € [0, 7] then

(78) [1bl] oo g8 <00 <= sup ||u(t; B,q)|f .l < oo
e t€[0,T
APPENDIX B. SOME ESTIMATES FOR THE (KILLED) HEAT SEMIGROUP

Outline of the derivation of Eq. (5). Let us start from the first equation in (5). To show
that P; is a contraction on H,® for s > 0 we write

1P e = A2 PA2 A2 f|| 1 = | PA2f| 1,

where in the final equality we use that for s > 0 the operators A%/2 and P, commute by
(36, Theorem I1.6.13]. Since A=*/2f € L"(R) and P, is a contraction on L"(R) we get
|PATS2 |l < JJAT2f||1r = £+, as needed. To prove that P is a contraction for

H? the idea is the same but we write P, f = A—S/2A8/2p, f.

Let us now prove the second equation in (5). First we recall that || Pg—g||r- < ct*/2||A%/?g|| L
if g € D(A®/?), from [36, Theorem 11.6.13]. For f € H.* we choose g = A~(+9)/2f and we
get

IPef = fll ooy = [ATCFR(Pf = fllr = I(PATCH2f — A2 )1,
where in the final equality we use again that A%/2 and P, commute. Since A=%/2f € L" then
g=A"6+2f ¢ g5 = D(A%/?) so we get

[(PA=CF2f = AZCHOR p)| e < et AP | r = et fl| ==,
as needed.

Outline of the derivation of Eq. (7). Let us start from the first equation in (7). By [36,
Theorem 11.6.13], for t € (0,T), v > 0 and g € L" we have that ||A%/2P,g||p- < ct=*/2||g]|L-.
Then choosing & = v + s, g = A~%/2f, and using again that P, and A%/2 commute, we get

1P £l =l A2 Pif||or = [A¥ T2 PAT2 f|| 1
Sct—(u+s)/2”A—s/2fHLr _ Ct_(y—i_S)/z”fHH*S'
Now if v > 1/r we can use fractional Morrey inequality and obtain
1P fllzoe < Bifllcoe < 1Pl my,

by which we conclude. Similarly for the second bound in (7), simply replace v by 1+ v and
use [|VPfllree < [[Pifllcre < (| Pefllgr+v to conclude.
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