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Summary

The main goal of this Thesis is the mathematical modelling of certain problems
in the context of Biomechanics. In particular we have focused on:

« the remodelling of fibre-reinforced biological tissues, with particular attention
focused on the articular cartilage of the (human) knee (we address this tissue
because it is the one for which we have the largest number of experimental
data);

o growth and growth-induced structural transformations in the case of tumour
masses and multicellular spheroids;

 the effective behaviour of highly heterogeneous media subjected to a reorgan-
isation of their internal structure, with particular attention to layered tissues
like the bone.

The scientific activity has been conducted by developing theoretical and compu-
tational studies in the field of Nonlinear Continuum Mechanics, with the purpose of
addressing different aspects of the research lines enlisted above. The main results
of this Thesis can be summarised as follows.

First, we review some fundamental aspects of growth and remodelling, by
switching to non-local theories of inelastic processes to capture phenomena that,
otherwise, is not possible to catch.

Second, we adapt some models of growth and remodelling available in the lit-
erature to more realistic benchmarks, with the possibility to disclose results which,
to best of our knowledge, were not accounted for by other Authors.

Third, we enrich models of growth and remodelling by selecting suitable vari-
ables describing the structural transformations of a tissue and by studying their
evolution. Such an evolution is respectful of some mathematical restrictions, pre-
dicted by our theoretical framework.

This Thesis is mainly conceived for the broad and growing intersection between
the Physico-Mathematical and Engineering communities that focuses on biome-
chanical problems from the theoretical, computational and experimental point of
view. In this respect, the mathematical models proposed for this class of prob-
lems require, or could require, the development of dedicated numerical procedures,
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which could bring to the opening of new research lines in the field of computational
mechanics (for studying the robustness and the stability of algorithms, multi-grid
techniques, solution of coupled problems, discretisation, linearisation methods and
solvers for very large linear systems), but also new interpretations of theories al-
ready present in the literature, as well as conceptual generalisations to include and
investigate some aspects of theirs that are hidden in them and not sufficiently ex-
plored. An example is given by the standard theories of growth, which often only
rely on decompositions of the deformation gradient tensor of the BKL-type, without
resolving explicitly the point dependence of the involved tensor fields. With this at-
titude in mind, the purpose of this Thesis is not the investigation of "biomechanical
applications”, but rather the study of a modelling process of logic-deductive type
that tries to describe a certain class of phenomena of biomechanical interest that
are often left out from the majority of models available in the literature. Only later
the mathematical models developed and presented in this Thesis are specialised to
cases of interest, for which we know all the necessary experimental data. In the
chapters of this Thesis, we will refer to articular cartilage, as an example of fibre-
reinforced soft tissue, to tumour masses, as a reference medium in which growth
and (growth-induced) remodelling take place, and to the bone tissue, as a proto-
type of highly heterogeneous layered medium, undergoing a transformation of its
internal structure.

The present Thesis is based on the following list of papers:

1. Ramirez-Torres, A., Di Stefano, S., Grillo, A., Rodriguez-Ramos, R., Mero-
dio, J., Penta, R. An asymptotic homogenization approach to the microstruc-

tural evolution of heterogeneous media. International Journal of Non-Linear
Mechanics, 2018, 106, 245-257. DOI: 10.1016/j.ijnonlinmec.2018.06.012

2. Di Stefano, S., Ramirez-Torres, A., Penta, R., Grillo, A. Self-influenced
growth through evolving material inhomogeneities. International Journal of
Non-Linear Mechanics, 2018, 106, 174-187. DOI: 10.1016/ j.ijnonlinmec.2018.
08.003

3. Crevacore, E., Di Stefano, S., Grillo, A. Coupling among deformation,
fluid flow, structural reorganisation and fibre reorientation in fibre-reinforced,
transversely isotropic biological tissues. International Journal of Non-Linear
Mechanics, 2019, 111, 1-13. DOI: 10.1016/j. ijnonlinmec.2018.08.022

4. Grillo, A., Di Stefano, S., Federico, S. Growth and remodelling from the
perspective of Noether’s theorem. Mechanics Research Communications, 2019,
97, 89-95. DOI: 10.1016/j.mechrescom.2019.04.012

5. Grillo, A., Di Stefano, S., Ramirez-Torres, A., Loverre, M. A study of growth
and remodelling in isotropic tissues, based on the Anand-Aslan-Chester theory
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Chapter 1

General Introduction:

An overview of the main topics
of the Thesis

This Thesis focuses on the study of some aspects of remodelling of fibre-reinfor-
ced biological tissues, as is the case of articular cartilage (Part I), and growth and
remodelling of tumour masses (Part II).

With the term “remodelling” we refer to a class of transformations occurring
in a biological tissue and pertaining to the evolution of its internal structure (we
do not consider phase transitions among those transformations). In general, this
transformation results in a change of the tissue’s macroscopic mechanical proper-
ties. As reported in Chapters 2, 3 and 4, in this Thesis we consider two different
types of remodelling: one consists in the manifestation, at the tissue scale, of struc-
tural rearrangements representable in terms of inelastic distortions, while the other
one is the reorientation of the fibres in fibre-reinforced tissues. The former process
is described, by exploiting the Bilby-Kroner-Lee decomposition of the deformation
gradient tensor, in terms of a non-integrable, mixed, second-order tensor, which ac-
companies the change of shape of a tissue and the flow of its interstitial fluid. The
latter process studies the change of the mechanical properties of a fibre-reinforced
tissue in response to the evolution of the fibres’ orientation. The two types of re-
modelling mentioned above are studied together in Chapters 2 and 3, where we
highlight some possible interactions between the development of inelastic distor-
tions and the reorientation of the fibres. In Chapter 4, instead, we focus only
on the remodelling intended as production of inelastic distortions, and we address
tissues that do not feature fibre reinforcement, but that are characterised by a
highly heterogeneous, layered structure. We study these tissues with the aid of the
Asymptotic Homogenisation Theory and we hypothesise absence of fibres in order
to simplify the resulting mathematical setting.
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General Introduction: An overview of the main topics of the Thesis

With the term “growth”, we denote two classes of phenomena: one is referred
to as appositional, or surface, growth and consists of the deposition or removal of
material from an existing one (see e.g. [222, 17]), while the second one is said to be
volumetric growth and consists of the redistribution and time variation of the mass
density of a medium (see e.g. [210, 222, 72]). In this Thesis we consider exclusively
volumetric growth. This will be introduced in Section 1.2 and in Section 1.6, and
subsequently addressed in Chapters 5, 6 and 7 within different theoretical settings.

For completeness, we anticipate that the type of remodelling studied in this
Thesis does not produce variations of mass and is characterised by time scales
strongly separated from those related to volumetric growth (for instance, in tumour
spheroids growth occurs over time scales of the order of days or weeks, whereas
remodelling occurs on the time scale of minutes or seconds, also depending on
the experiment that is considered). In addition to this consideration, we emphasise
that, in none of the chapter devoted to remodelling, we shall speak of mass variation
induced by remodelling. Furthermore, whereas growth may induce remodelling,
due to the distortions that accompany the uptake or loss of mass, remodelling itself
induces no growth.

Some parts of this introductory chapter are taken from [61, 56, 62, 114].

1.1 Remodelling of fibre-reinforced tissues

Biological tissues tend to adapt themselves to the stimuli to which they are
exposed and to the environment in which they are placed [222]. By “stimulus” it is
meant here any interaction, or combination of interactions, that yields an evolution
of mass, composition, shape, and internal structure of a given tissue. An interaction
of this kind can be genetic or epigenetic, physiological or pathological, and may be
related to the occurrence of phenomena of various nature, associated with different
time and length scales (see [61] and references therein).

In this work, emphasis is put on the evolution of the internal structure of fibre-
reinforced soft tissues saturated with an interstitial fluid and exchanging mechanical
interactions with it. For a model describing the exchange interactions between the
fluid and the solid phase of a tissue experiencing anelastic phenomena, we refer, for
example, to Garikipati et al. [98]. The fibres consist of collagen and are assumed
to be directed according to a spatially inhomogeneous statistical distribution of
orientations that makes the tissue anisotropic [151, 22, 100, 83, 79]. The fibres can
be described as filiform elements with circular section. Within the mathematical
models presented in this Thesis, a generic fibre is rectified in a neighbourhood
of a given material point and a unit vector attached to that point is introduced
to define the local direction of anisotropy of the material. On the other hand, the
mechanical properties of the fibres are accounted for in the anisotropic contribution
of the tissue’s energy density function. Hence, at the tissue’s scale and within a

2
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1.1 — Remodelling of fibre-reinforced tissues

large deformation framework, our models lose the resolution of the fibres” geometry.
Other details concerning the fibres’ structure and mechanical properties are given in
[76, 134, 158, 88]. The interactions with the fluid are usually accounted for under
the hypothesis of validity of Darcy’s law [138, 199, 17] (see [61] and references
therein).

Within the modelling framework outlined above, we address a type of struc-
tural reorganisation that may be associated with two types of phenomena. The
first one, which is often encountered in the study of cellular aggregates and tumour
spheroids, occurs through the reorganisation of the extracellular matrix of the con-
sidered tissue, and leads to the change of the adhesion properties of the tissue cells
[198, 104, 112]. The second phenomenon, studied in the mechanics of bone, consists
of the emergence of irreversible strains in conjunction with the formation of micro-
cracks in diseased or injured tissues [97] (we emphasise, however, that, whereas
the reference to the work by Garcia et al. [97] serves to highlight the vastity of
the biomechanical problems that can be addressed by suitably re-interpreting the
Theory of Plasticity, no model of damage is considered in this Thesis). To give a
small illustration of the type of remodelling that we investigate in this Thesis, let
us consider an aggregate of cells of spherical shape. When such cellular aggregate
is subjected, for instance, to centrifugation, the shape of the aggregate as a whole,
as well as the shape of the cells that it contains, change, and it is possible to exper-
imentally observe that, after a sufficiently large amount of time, the cells tend to
reach a stress-free state (see [86]). Moreover, the cells change their positions and
redistribute their shape and orientation in a permanent manner, so that the aggre-
gate does not spontaneously tend to recover its original configuration, regardless of
the absence of external loads. Although some Authors (as Forgacs and Co-authors
in [86]) use the theory of viscoelasticity to model the experiment described so far,
the inelastic behaviour of the cellular aggregate may also suggest interpretations
close to viscoplasticity. Indeed, the internal structure of the aggregate changes as
a consequence of the fact that the cells, relaxed or not, have modified their shape
and arrangement inside the tissue. Therefore, at least in our opinion, to account for
the just depicted phenomenology, it may be necessary to borrow concepts from the
theories of plasticity or viscoplasticity, since these are able to describe the tissue’s
internal kinematics in a way that is similar to the motion of the defects in solids.

In spite of the fact that the aforementioned phenomena have different nature,
both of them may be described by suitably re-interpreting some fundamental con-
cepts of the theory of Plasticity (a general introduction to the Theory of Plasticity
can be found in [161, 176]). More specifically, it is stipulated that both the re-
modelling of a tissue’s extra-cellular matrix and the irreversible strains arising in
the case of damaged or overloaded tissues can be expressed in terms of plastic-like
distortions. The physical meaning of such distortions can be captured by relating
them to the concept of residual stresses, which are often believed to accompany
the structural changes of a tissue. The Reader is referred to [90, 92, 93, 89, 103]
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General Introduction: An overview of the main topics of the Thesis

for a presentation of the role played by residual stresses in the study of biological
tissues, with particular emphasis put on articular cartilage and to [120] for arterial
walls. We also mention [6, 49, 86, 87, 91, 100, 139, 140, 144, 147, 149, 183, 219,
220] for a treatment of residual stresses in biological tissues, also with reference to
growth. Since residual stresses persist even when all the loads applied to the tissue
are switched off, even an unloaded configuration, taken as reference for the tissue’s
evolution, may happen to be in a stressed state (see [61] and references therein). We
remark that there exist also other approaches to study residual stresses in biological
tissues, as reported, for instance, in [49, 175].

Accordingly, it is possible to identify the plastic distortions with the transfor-
mations that bring a considered tissue (such as articular cartilage or tumour masses)
from the stressed state associated with the chosen reference configuration to a
stress-free state, i.e., a state reached by eliminating all applied loads and relaxing
all residual stresses [176, 210]. We recall that a similar definition is given in [196]
for the remodelling associated with growth. We also remark that the types of
tissues addressed in this work do not comprise muscles for which the mathematical
formulation, in spite of some similarities with the present one, requires to account
for active strains (see, for instance, [102]), which are conceived within a different
phenomenology.

The study of fibre-reinforced composite materials is of great interest in Biome-
chanics, since it permits to understand various aspects of the mechanical behaviour
of biological tissues. In the literature, there are works dedicated to fundamental
questions, e.g. [140, 174, 228, 170], that focus on the formulation of constitutive
models for fibre-reinforced tissues with a statistical distribution of fibres (arteries,
articular cartilage, etc.) and, therefore, they require a “correct” definition of suit-
able operators of directional averages, studies that infer the elastic and hydraulic
properties of a tissue on the basis of micro-scale information, e.g. [203, 84, 83, 82,
80, 194, 195], and studies devoted to the formulation of computational methods
and algorithms (see e.g. [64, 234, 79, 40, 131, 130] and [56]).

For fibre reinforced tissues, it is essential to provide a robust theoretical back-
ground to study their growth, structural reorganisation, and damage (see e.g. [157,
154, 72, 98, 13, 233]), and to relate such processes to the evolution of the material
properties. This knowledge, indeed, is helpful for predicting the behaviour of in-
jured or diseased tissues, and it may supply indications in the design of engineered
tissues (see [56] and references therein).

1.2 Growth and remodelling of biological tissues

The volumetric growth of a biological tissue consists of the variation and redis-
tribution of its mass, and is the consequence of processes that influence each other
reciprocally in spite of their being characterised by different time and length scales
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1.2 — Growth and remodelling of biological tissues

[55, 91, 222] (see [114] and references therein).

Besides genetic, bio-chemical, and bio-physical phenomena, which pertain to
the molecular and intra-cellular scales, the growth of a tissue also depends on
interactions that occur at the inter-cellular level, as well as on those that involve
the tissue as a whole. The latter two types of interactions are often studied with
the purpose of describing how a tissue evolves, for instance, by adapting its internal
structure and material properties in response to the changes of its environment (see
[114] and references therein).

In fact, the structural adaptation of a tissue may manifest itself in several dif-
ferent ways, and it may involve one or more classes of phenomena, which are often
referred to with the common name of remodelling. For the types of problems
addressed in this Thesis, in which a tissue is viewed as an aggregate of cells, a
reorganisation of its internal structure is assumed to occur through the dissolution
and reformation of the adhesion bonds among the cells [9, 198, 104], or through a
rearrangement of the position, shape, and orientation of the cells in the aggregate
[87, 86]. In both cases, remodelling acquires the character of a configurational pro-
cess at the inter-cellular scale, and may result in an inelastic change of shape of the
tissue as a whole. More generally, however, when the extracellular matrix (ECM) is
accounted for, or in the case of fibre-reinforced tissues, the structural changes take
place through the distortion of the ECM’s collagenous network [200], or through
the reorientation of the collagen fibres (see [114] and references therein).

The problem of fibre reorientation has been addressed in several works, some-
times in connection with growth, and for different types of tissues, these ranging
from blood vessels (see e.g. [64, 127, 171, 183]) to articular cartilage (see e.g. [234,
203, 21, 116, 108, 56]). In other situations, as is the case for bone, the concept of
structural adaptation is introduced to interpret the formation of cracks [97], the
onset of damage, and the occurrence of inelastic distortions that are remnant of the
phenomenon of plasticity in metals (see e.g. [161, 176] and [114]).

To describe the processes mentioned so far, a tissue may be viewed as a contin-
uum, or a mixture of continua, and its dynamics may be revealed, at least partially,
by formulating mathematical models based on the laws of continuum mechanics (see
[114] and references therein).

When a tissue is modelled as a mixture of continua —typically a fluid phase
and one or more solid phases— [38, 17, 11, 110, 104, 105], its growth is usually
identified with an inter-phase exchange of mass. Such process is assumed to yield
either an accretion of the solid mass at the expenses of the fluid or a loss of solid
mass, induced by the disintegration of the tissue cells, which become necrotic and
are then dissolved into the fluid. In such a framework, the solid phase is taken as
a representation of the tissue cells (and, where appropriate, of the ECM), and a
mathematical model of growth should be able to relate the mass variation of the
solid phase with the availability of nutrients and with the structural transformations
that possibly accompany growth. As already mentioned above, the latter ones are
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General Introduction: An overview of the main topics of the Thesis

assumed to have inelastic nature and may refer to the redistribution of the solid
mass, to the change of the cells’ arrangement inside the tissue, so as to mimic the
result of the dissolution and reformation of the cellular adhesion bonds, or to a
combination of both phenomena (see [114] and references therein).

We remark that some models available in the literature study the mechanics of
growth and remodelling as independent processes, with the aim of capturing the
most important aspects of these two phenomena (see, for instance, [116, 5, 6, 7,
104, 38, 26]). In general, this is possible when the time scales characterising the
growth and the remodelling of a biological tissue are well separated. In general,
when it is not possible to appreciate such separation of scales, the two phenomena
should be studied as coupled, as is the case of the problems of growth and growth-
induced remodelling in tumour masses addressed in the Thesis (Chapters 5,6,7).
Hence, understanding how growth and remodelling are related to each other is a
necessary step towards the comprehension of the evolution of biological tissues.
In this respect, we remark that the coupling of growth and remodelling has been
investigated in several papers (see e.g. [9, 105, 166] and the references therein),
without considering strain-gradient constitutive laws, while second-order theories
have been proposed e.g. in [47, 48, 50] to investigate the transport of mass in the
presence of morphogenesis (see also [72] for a discussion on this issue).

1.3 Summary of the Thesis and research ques-
tions

In this section, we give a brief presentation of the contents of each of the fol-
lowing chapters, and we highlight the research questions driving this Thesis.

1.3.1 Part I: Remodelling

We formulate two descriptions of remodelling for two different types of tissues.

In Chapters 3 and 4, we focus on hydrated, fibre-reinforced, soft tissues and
select articular cartilage of the (human) knee as the representative member of this
class of tissues. We make this choice because we are aware of many experimental
data that specify the material properties of articular cartilage, such as elasticity and
permeability, and that can thus be used for the numerical simulation of benchmark
problems and proofs of concepts. Starting from the well-established constitutive
theory of fibre-reinforced materials in biological context, especially in the case of
statistical distribution of fibres (see [151, 22, 100, 83, 79]), we conjecture how the
reorganisation of the tissue’s internal structure affects its mechanical, hydraulic and
structural properties in terms of stress distribution, fluid flow, pore pressure, and
evolution of the structural degrees of freedom.
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1.3 — Summary of the Thesis and research questions

In Chapter 5, we consider an idealised version of a biological tissue that, within
its lowest approximation, can be regarded as a layered medium (not a hydrated
tissue, this time) consisting of several layers of isotropic materials, each of which is
characterised by its own elastic properties. The resulting medium is highly hetero-
geneous and we are interested in looking at how the evolution of the micro-structure
of each layers affects the overall elastic properties of the layered medium. For this
purpose, we adopt the Theory of Asymptotic Homogenisation.

Research questions of Part I

In this section, we expose the specific research questions addressed in the forth-
coming Chapters 2, 3, 4.

We rely on existing literature, in which the remodelling of a given soft tissue
is understood as a continuous evolution of the tissue’s mechanical properties, that
is achieved through a stress-driven rearrangement of its cellular adhesion bonds
[198, 104, 112] (note that, according to this vision, the identification of remodelling
with the structural adaptation of the tissue is respected). Then, we conjecture
that this approach can be “imported” to the description of remodelling of a fibre-
reinforced tissue, like articular cartilage, for which, in addition to the evolution
of the elastic properties, also the capability of conveying the interstitial fluid is
affected by its structural reorganisation. In particular, this latter aspect is put in
connection with the deformation of the solid phase of the tissue, i.e., its matrix,
which, in turn, induces a variation of the porosity. Furthermore, on the basis of the
previous models put forward in [176, 200, 198, 199, 104, 112, 111], and by adapting
the theoretical framework proposed therein to our problem, we also conjecture that
the above introduced inelastic distortions are triggered by stress, when it exceeds
a threshold, regarded as a material property. Within this modelling framework, we
set ourselves the following specific research questions:

2.1 By comparing the (hypothesised) behaviour of the considered tissue with
that of well-known elastoplastic materials, can one expect that remodelling
—intended as onset and development of inelastic, or plastic-like, distortions—
leads to an optimised re-distribution of stress and fluid pressure? Our answer
is positive, as shown in Section 2.5 (see Figures (2.2), (2.4) and (2.5)).

2.2 Since, to the best of our knowledge, inelastic distortions are often studied in
the biological context for the case of isotropic materials, could there be an
interplay, or a combined effect, between anisotropy and inelasticity that gives
rise to new material behaviours? We answered this question in Section 2.5
(see Figures (2.1), (2.2), (2.4) and (2.5)).

2.3 Since the interstitial fluid plays a major role in the mechanical behaviour of
the tissue, should one see, at least in the numerical simulations of the well-
known benchmark problems addressed in the sequel, some specific phenomena

7
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General Introduction: An overview of the main topics of the Thesis

concerning fluid flow? We answered this question in Section 2.5 (see Figure

(2.1)).

By extending the modelling framework outlined above, we also focus on the re-
orientation of the reinforcing collagen fibres embedded in the tissue’s extracellular
matrix. Such phenomenon consists in a structural process of remodelling, which
accompanies the deformation and the structural adaptation of the tissue’s extracel-
lular matrix, as well as the evolution of the flow of the interstitial fluid. We start
from different results available in the literature [21, 108, 116] in which the alignment
of the fibres are described by a probability density, which measures the probability
that a (rectified) fibre is aligned along a given direction. Such probability function
depends constitutively on different scalar parameters. The reorientation of the fi-
bre is determined by the evolution of such parameters. In our model, we select the
so-called fibre-mean angle as structural parameter associated with the kinematics
of fibres. The fibre mean angle is associated with the most probable direction, at
each material point of the tissue, with respect to which the fibres tends to align
themselves. In addition, we also adopt the concept of “target angle” [64, 21, 127,
183], i.e., a preferred direction that contributes to drive the direction of orientation
of the fibres, and it is a functional of the deformative and/or of the stress state of
the tissue.

We conjecture a constitutive framework in which, through the definition of a
suitable energy density function, we describe the mutual interactions, at different
length scales, of the structural evolution of the tissue —intended as stress-driven
evolution of inelastic distortions of the matrix and fibres’s reorientation— with the
deformation and the fluid flow and the role played by the target angle. In particular,
we answer the following research questions:

3.1 By comparing the model developed in our work with other published works
concerning the reorientation of fibres, we ask ourselves: In which way does
the coupling among the above mentioned phenomena influence the main me-
chanical quantities (pore pressure, deformation, hydraulic properties, stress
distribution) characterising a sample of tissue? We discussed the answer to
this question in Section 3.5.

3.2 What is the role played by the target angle on the reorientation of the fibres?
Is it possible to find stationary solutions of the evolution equation of the fibre
mean angle? The answer to this question is given in Section 3.5.

3.3 Which are the generalised forces dual to the generalised velocities associated
with the structural changes that are accounted for in the model and what
is the generalised force that drives the reorientation of the fibres produced
by the target angle? The answer to these questions are given in Section 3.4
and in Section 3.4.1, and we anticipate that we have individuated an effective

8
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1.3 — Summary of the Thesis and research questions

Mandel stress tensor which comes from the constitutive form of the chosen
strain energy density. In fact, the latter involves the coupling between the
variables associated with the plastic-like distortions and the gradient of the
fibre mean angle, since we are dealing with a gradient theory with respect to
such variable, in order to explicitly resolve its spatial distribution within the
tissue.

Finally, we focus on a class of heterogeneous materials with evolving micro-structure,
which can be used to suitably model certain types of tissues, such as the bone tis-
sue. In particular, we study materials comprising two hyperelastic media, which
manifests an evolution of their internal structure. It is, in fact, this evolution that
we understand here as a manifestation of remodelling for heterogeneous media. We
assume that the evolution of the micro-structure is an inelastic process that, to
a certain extent, resembles the phenomenon of Perzyna-type plasticity [176, 161].
This is done on the basis of previously published mathematical models [200, 198,
199], all showing agreement with biological evidence [86, 87]. We assume, in partic-
ular, that the tissue is a layered medium and we conjecture that the variation of the
internal structure of a given layer is represented by the development of inelastic dis-
tortions, which are set off when the mechanical stress in that layer exceeds a certain
threshold. Within this picture, the heterogeneity of the overall medium gives rise
to a multi-scale problem in which a scale-dependent remodelling takes place. For
such reason, we apply the asymptotic homogenisation technique to the equations
describing the dynamics of a heterogeneous material with evolving micro-structure,
thereby obtaining a set of upscaled, effective equations. We answer the following
research questions:

4.1 What is the role played by plastic-like distortions in the effective form of
the equations describing the dynamics of heterogeneous media whose internal
structure evolves? The answer to this question is given in Section 4.5.1.

4.2 What is a suitable evolution law for inelastic distortions in this framework?
The answer to this question is given in Section 4.5.2.

4.3 Also in the case of a simplified microstructure (as is the case of a layered
micro-structure), which could the most suitable computational tools be to
run our numerical simulations of a problem stated in this framework? The
answer to this question is given in Section 4.6.

Although the results we have obtained seem to us plausible, at least from the
logical and deductive point of view, there is, up to now and to the best of our knowl-
edge, no experimental evidence that our predictions occur in a real tissue. However,
our hope is, at least, to suggest targets for new experimental investigations.
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1.3.2 Part II: Growth

We study the volumetric growth of isotropic biological tissues by adhering to
three different modelling scenarios. More specifically, within this part of the Thesis,
we focus on the growth of tumours in avascular stage, i.e., before the onset and
development of vascularisation processes. Furthermore, as representative example
of this class of tumours, we select the ductal carcinoma, a kind of tumour that
develops inside the breast ducts. Such choice is motivated by the availability in the
literature of experimental data and benchmark problems [167, 166, 7, 8], which we
use as comparison to test our own models. The latter one, in fact, are generalisa-
tions of pre-existing models [104, 105, 66, 11, 38|, and, as such, they require new
parameters that are neither known nor extrapolable from those used in the previous
studies which we refer to [167, 166, 7, 8, 104, 105, 66, 11, 38]. To circumvent this
lack of information, we perform a sweep of the new parameters, thereby evaluating
their influence on the obtained results. Starting from different models of tumour
growth available in the literature, we conjecture how structural, or configurational,
processes can affect the growth of a tumour, in addition to the well-studied ones of
biological and mechanical type.

In Chapter 5, we propose a model based on a gradient theory of tumour growth.
Within such a theory, in addition to the growth tensor, which represents the inelastic
distortions induced by growth in a tumour [66, 69, 72, 47], we consider the material
gradients up to the second-order of the growth tensor, thereby explicitly accounting
for the resolution of inhomogeneities within the tumour. Note that, with the term
“inhomogeneity”, we mean that, at different material points, the growth-induced
distortions are different, i.e., material points are not equivalent, and the gradients
of the growth tensor capture the self-interactions between neighbouring points [66].

In Chapter 6, we enrich the model proposed in the previous chapter in the fol-
lowing way: we conjecture that, together with growth, also another type of inelastic
distortions may arise in a growing medium. As discussed in [198, 104, 112] , this
second type of distortions describes the reorganisation of the internal structure of
the medium. In order to keep the model at a reasonable level of complexity, our
theory is of grade zero in the growth-induced distortions (no gradients of the growth
tensor are accounted for) and of grade one in the second type of distortions. To
this end, we adapt to our purposes the theory of Anand, Aslan and Chester [15]
and rephrase it for saturated porous media.

In Chapter 7, we assume that the time scale characterising the growth of a
tissue is represented by a thermodynamic quantity called internal time [117, 176,
227]. We study this aspect with reference to two different theories of growth and
we compare our results with phenomenological laws of growth [72, 60, 166].
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1.3 — Summary of the Thesis and research questions

Research questions of Part II

In this section, we expose the specific research questions addressed in the forth-
coming Chapters 5, 6 and 7.

We adhere to models of tumour growth in which the tumour is described as a
biphasic medium comprising a solid phase and a fluid phase. The former consists
of two families of cells, the proliferating and the necrotic cells, while the latter
is the interstitial fluid, which conveys various biological molecules and chemical
agents to activate or deactivate several biological processes. In particular, growth
is studied as a process of mass transfer among the constituents of the phases,
through the definition of suitable source and sink terms. Such terms take into
account, for example, the availability of nutrients within the tumour, their diffusion
and transport through the interstitial fluid and mechanical interactions among the
phases. In our work, we conjecture that the growth of the tumour gives rise to the
onset and development of material inhomogeneities, which contribute in producing
structural changes within the tumour tissue.

In Chapter 5, we study such material inhomogeneities by extending the standard
kinematic description of growing tumours, in order to account for configurational
effects associated with such material inhomogeneities, together with biological and
mechanical stimuli [66, 62, 166]. To this end, we introduce a non-integrable, mixed,
second-order tensor, called “growth tensor”, with which we build a non-Riemannian
growth-induced metric [66, 62, 235, 236, 106]. The scalar curvature of the Levi-
Civita connection associated with such a metric has been employed as kinematic
descriptor of our theory. We reformulate the terms describing the gain/loss of mass
by introducing non-standard terms, expressed as functions of the growth-induced
scalar curvature. This way, we rephrase the standard ordinary differential equation
governing the growth of a tumour into a partial differential equation. Such an
approach permits to capture the spatial variability of the growth and the influence
of the material inhomogeneities produced by growth on the growth itself [62]. More
specifically, we answer the following research questions:

5.1 In which way, both qualitatively and quantitatively, does the evolution of the
material inhomogeneities influence the main mechanical entities (displace-
ment, pore pressure, distribution of stress) and biological processes (tumour
evolution, development of necrotic cells, distribution of nutrients) of a growing
tumour? The answer to this question is given in Section 5.5.

5.2 What is the physical interpretation of the evolution of material inhomo-
geneities accompanying growth? The answer to this question is given in
Section 5.6.

5.3 In which way does the evolution of the material inhomogeneities affect the
material symmetries of the growing tissue? The answer to this question is
given in Section 5.6.
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In Chapter 6, in order to generalise the framework of tumour growth outlined
above, we investigate the way in which a tumour grows and remodels by virtue
of growth. When a tissue remodels, the cells tend to change their positions and
to redistribute their shape and orientation in a permanent manner, so that the
tissue does not spontaneously tend to recover its original configuration, regardless
of the absence of external loads. Moreover, experiments suggest the existence of
an incompatible, stress-free state in which the tumour finds itself after growth,
which is consistent with the description of the tumour as an elasto-plastic material
[86]. By bearing in mind such phenomena, we are interested in accurately describe
the onset of development of growth-induced remodelling which, in turn, influence
growth itself. More specifically, we conjecture that remodelling is characterised by
a two-scale behaviour and we introduce a suitable kinematic variable that captures
the evolution of the inhomogeneities associated with remodelling at the finer scale.
In doing this, we study the growth and remodelling of a biological tissue on the
basis of a strain-gradient formulation of remodelling. In particular, we recall that
the type of remodelling studied in this Thesis is understood in the following two
fashions: on the one hand, it can be related to the reorganisation of the adhesion
bonds among the tumour cells, and, on the other hand, it leads to a visible change
of shape of the tissue, which is generally not recovered when external loads are
removed. For our purposes and following the model proposed by Anand, Aslan
and Chester in [15], we formulate a strain-gradient framework with respect to the
variable describing the fine scale remodelling. We answer the following research
questions:

6.1 To which extent, do the onset and evolution of material inhomogeneities asso-
ciated with a finer scale remodelling impact the principal physical quantities
that determine the growth of the tumour (displacement, growth parameter,
distribution of the stress and of the pore pressure, diffusion of the nutrients,
temporal evolution of the proliferating cells)? The answer to this questions
is given in Section 6.7.

6.2 In which way does the fine scale remodelling interact with the remodelling
phenomena taking at the scale of the tissue? The answer to this questions is
given in Section 6.7.

6.3 What kind of remodelling phenomena can be addressed by adhering to the
strain-gradient framework developed in Chapter 67 The answer to this ques-
tions is given in Section 6.1.

In Chapter 7, we introduce a thermodynamic quantity, called internal time,

in order to represent the characteristic time scale of a body’s structural changes
associated with growth [117, 113]. This study has been conducted by referring to

12
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1.4 — Methodology

Vakulenko’s Endochronic Theory [176, 227] and by employing a variational pro-
cedure based on the use of Noether’s Theorem [117, 113] in the context of two
different theories of growth [72, 60]. We answer the following research questions:

7.1 In which way does the choice of a theory of growth between the two considered
in this Chapter influence the definition of the internal time? The answer to
this question is given in Section 7.5.

7.2 How can Noether’s Theorem help in understanding some issues related to
growth mechanics? The answer to this question is given in Section 7.3.

7.3 Is it possible to recast some growth laws used in the literature in a fully varia-
tional fashion, whereas they are generally supposed to be phenomenologically
written? The answer to this question is given in Sections 7.5 and 7.6.

1.4 Methodology

To use a jargon adopted in my research group, this Thesis provides the basis for
building a logic-deductive “mathematical infrastructure” [56] for studying a “class
of equivalence” of biomechanical problems. Then, for exemplification purposes, it
focuses on some specific, selected problems, taken as representative elements of this
class. In doing this, we worked for catching analogies and differences among several
theories of biological remodelling and growth available in the literature, and for
extending previous mathematical models employed for studying these topics. In this
perspective, the solution of the problems presented in the forthcoming chapters has
required the use of specific technical tools, but with the peculiarity of highlighting
a theoretical substrate common to each of them.

The mathematical models characterising this Thesis are formulated in a rather
general way, in order to cover the mechanical behaviour of a large class of tissues.
Subsequently, they are specialised, by way of benchmarking, in order to address
specific topics concerning, for instance, articular cartilage, tumours and idealised
layered tissues, such as the bone tissue. Indeed, for these tissues, we have enough
experimental information. More specifically, we refer to articular cartilage, for
example of the human knee, as the prototype of the fibre-reinforced tissues in
which remodelling occurs, and to tumour masses, such as tumour spheroids or
ductal carcinoma, as prototypes of the tissues in which growth or the binomial
remodelling and growth take place. Analogously, we refer to the bone tissue as
representative of a class of strongly heterogeneous biological tissues, undergoing
remodelling and whose effective behaviour is studied by means of the Asymptotic
Homogenisation technique. We emphasise that our scope is not the biomechanical
analysis of the tissue itself, but the establishment of a mathematical framework
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General Introduction: An overview of the main topics of the Thesis

capable of describing the anelastic phenomena of remodelling and growth in the
addressed class of tissues.

We need to clarify that the results presented in this Thesis are not ready for
being employed within a medical context for therapeutic purposes, or to explain,
in their complexity, the biological processes which we discuss (for instance, the
growth of a tumour or the degradation of articular cartilage due to osteoarthritis).
Similarly, we have not performed the experiments described in the Thesis, but
we referred to standard experimental protocols reported in the literature, such as
the unconfined compression test for investigating the mechanical properties of the
articular cartilage of the knee. Rather, the results of the Thesis set themselves the
scope of helping in the understanding of some physical aspects (more specifically,
mechanical aspects) of the studied phenomena.

In fact, the results reported in the following extend some models already present
in the literature, re-interpreting them, above all, from the mechanical point of view.
Although such results can have, at this stage, a mainly speculative and deductive
value, they are meant to give indications and suggestions for the research of new
experimental goals. In this sense, it is important to underline that, mostly for the
studies concerning articular cartilage, both the Thesis and the papers which it is
based on, re-propose well-consolidated numerical experiments available in the lit-
erature, which have the aim of simulating laboratory experiments. Such numerical
experiments are used to estimate the impact of the theoretical generalisations pro-
posed in the Thesis on the experimental results. In this perspective, the case that
can be considered as representative of this view is the “syringe effect”, obtained
as an outcome of the study of anisotropic remodelling of articular cartilage. To
the best of our knowledge, it has not been observed in the context of “classical”
experimental protocols yet (unconfined compression test of a cylindrical specimen
of articular cartilage in elastic regime). In a different way, the same approach also
applies to the case of tumour growth, even though, in this case, the computational
cost of our models has imposed us to restrict ourselves to benchmark problems of
academic rather than biological interest (growth in a cylinder duct studied as a
one-dimensional problem).

In light of the above discussion, the methodology employed in this Thesis can
be summarised as follows:

1. Given a biological tissue, we investigate its mechanical properties, its response
to external or internal stimuli, which lead to the evolution of the internal
structure of the tissue itself.

2. We individuate a class of phenomena characterising the evolution of a bio-
logical tissue. In this Thesis, we focused on remodelling and/or growth, also
with the purpose of paving the way towards the study of even other types of
processes, like damage and ageing.
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1.5 — Main concepts and notation in the study of remodelling

3. We develop methodologies for describing remodelling and growth in a whole
class of tissues, characterised by fibre-reinforcement, chemo-mechanical inter-
actions and evolution of the micro-structure. This is done in a way that is kept
on purpose as general as possible, in the attempt of constructing a unifying
framework to the formulation of the above mentioned problems. Whereas the
main drawback of this approach is the impossibility of accounting for several
details, the advantage is the flexibility of the proposed models. This, in fact,
can particularised in a second stage, when relevant biological facts must be
considered.

4. Finally, to test our models, we specialised them to cases of interest, of which
we know parameters and experimental measurements, in order to have a com-
parison with results available in the literature.

With respect to this last point of the list above, we highlight that the Thesis
is denoted by a strong Physico-Mathematical character. Moreover, although its
structure is of logic-deductive type, the Thesis is not limited to pure speculative
statements. Rather, it tries to stimulate the interest of the experimental commu-
nity. This is the case, for instance, for the models of tumour growth presented
hereafter, which involve the derivatives of order higher than the first of the tensors
of anelastic distortions associated with growth and remodelling. In this perspective,
even though our models are not verified from the experimental point of view, noth-
ing forbids, at least in principle, that experimental procedures could be developed
to find evidences of the effects predicted by our models.

1.5 Main concepts and notation in the study of
remodelling

In this section, we present the main concepts, definitions, modelling hypothesis
and notations necessary for the development of the specific topics related to the
remodelling of fibre-reinforced tissue within the forthcoming chapters.

1.5.1 Modelling hypothesis

We regard the tissue under study as a mixture comprising a solid and a fluid.
The solid represents a porous medium and is assumed to feature a matrix and
reinforcing collagen fibres. The matrix is composed of biological polymers and
tissue cells. The fluid consists of water and several other chemical substances.

Remark 1.5.1. In spite of its major role on the tissue’s dynamics, in this study
we neglect the presence of chemical substances other than water. Clearly, this
is just a simplifying modelling assumption, which is not meant to contradict the
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statement about the presence of chemical substances in the interstitial fluid. The
latter, indeed, is a fact. However, to motivate our approach, we notice that, on the
one hand, this modelling choice precludes the resolution of the phenomena related
to the tissue’s chemistry. On the other hand, however, it is capable of accounting
for a strong entanglement among the flow of the fluid, the deformation of the tissue,
the reorganisation of its internal structure, and the reorientation of the reinforcing
fibres, while containing computational costs. Moreover, the results predicted by our
model can be used as inputs for studying the evolution of chemical agents when the
coupling between their dynamics and the aforementioned processes is weak enough.

We are aware of the efforts of some Authors to account for the stress contribu-
tion stemming from the ionic phases of articular cartilage. For example, Huyghe
et al. [143] developed a “quadriphasic theory” for tissues like cartilage with the
purpose of reformulating, within the context of porous media, the chemo-electro-
mechanical interactions typically studied for membranes. In the context of articular
cartilage, Ateshian [17] elaborated a model in which the stress of the tissue’s solid
phase features, apart from the classical contributions due to the pore pressure and
the (assumed) hyperelastic response of the solid phase, also a contribution related
to the electric potential in the tissue itself and the electric valence of its ionic
constituents. More recently, Bongué-Boma et al. [32, 1] formulated a model of
articular cartilage in which, under the hypothesis of Donnan equilibrium, the stress
consists of a hyperelastic term, a term of electric type and a contribution due to
osmotic pressure.

As reported by Ateshian [17] within the context of cartilage mechanics, great
attention has been drawn on osmosis, on its relations with residual stresses, and
on the issue of swelling stress. As explained in [17], this stress is attributed to
the matrix of articular cartilage and is related to “Donnan osmotic pressure in the
interstitial fluid” [17]. By re-interpreting the explanation given in [17], osmotic
pressure stems from the electro-mechanical interactions between the polymers con-
stituting the matrix of articular cartilage, which are charged negatively, and the
ions (both anions and cations) dissolved in the interstitial fluid, under the con-
straint of electroneutrality of the overall solution. These interactions result in an
“increased pressure”, whose main effect is to produce a nonzero-stress state in the
tissue’s matrix, even when the matrix itself is free of external tractions. Because of
this evidence and the inhomogeneous distribution of the negatively charged poly-
mers in the cartilage, the osmotic pressure is also distributed inhomogeneously,
thereby giving rise to residual stresses [17]. Under the light shed by the preceding
comments, it is possible to infer that the physics at the basis of the onset of the
just defined residual stresses is different from the one that triggers those residual
stresses related to the structural reorganisation (remodelling) of the solid phase
of articular cartilage and to the anelastic distortions accompanying such phenom-
ena. For this reason, and since we are currently interested in a purely mechanical
model of cartilage, we have opted for a simplified description of this tissue, in which
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1.5 — Main concepts and notation in the study of remodelling

the presence of the chemical substances dissolved in the interstitial fluid is disre-
garded. Hence, we have concentrated our study only on the anelastic aspects of
the solid phase ascribable to the transformation of its internal structure and to the
mechanical interactions with the interstitial fluid.

In this Thesis, as mentioned above, we focus on the remodelling of articular
cartilage, as representative example of the equivalence class of fibre-reinforced bi-
ological tissues we have in mind. To this end, the mathematical models discussed
in this Thesis rest on the following main hypotheses (see [56]):

(i) the solid is hyperelastic and the fluid macroscopically inviscid;

(ii) both constituents are intrinsically incompressible, so that the change of vol-
ume of the tissue as a whole is due to the variation of porosity (since the
saturation condition applies, such variation is expressed through the varia-
tion of the volumetric fraction of the solid or of the fluid);

(iii) the dynamics of the fluid adheres to Darcy’s law;

(iv) all body forces acting on the solid are negligible, with the exception of those
describing the momentum exchange with the fluid;

(v) growth is not accounted for in the model, so that the fluid and the solid locally
preserve their mass.

1.5.2 Kinematics

We recall some concepts of the kinematics of biphasic mixtures. To this end, we
adopt the theory put forward in [202], and used in [40, 108, 112, 225]. Moreover,
we adopt with slight variations the covariant formalism of Continuum Mechanics
presented in [165].

Accordingly, we introduce the set # C . as the reference placement of the
solid phase. Then, given the interval of time .#, the motion xy : & x ¥ — . is a
smooth mapping such that %(t) = x(%,t) C 7 is the configuration of the solid
at time t € #. Moreover, %;(t) is the portion of . occupied by the fluid at the
same instant of time. Finally, Z(t) := %Bs(t) N B;(t) C . is the region of space in
which the solid-fluid mixture finds itself at ¢ € .. Even though x(-,t) : & — .%
is not invertible, the map X(-,t) : & — %(t), defined by {(X,t) = x(X,t) for
all (X,t) € B x ., is invertible and such that & = {'(%(t),t). In general, it
occurs that ¥ '(#(t),t) C %. However, in all the cases studied in this Thesis, it is
possible to apply the kinematical hypothesis ¥ *(Z(t),t) = 2, since the identity
Bs(t) = A(t) is verified for all t € & (see Figure (1.1) ). For this reason, # can
be viewed as a reference placement for the mixture as a whole [56].

With each x € Z(t) we associate the spatial volumetric fractions ¢s(z,t) and
¢¢(z,t), which measure, respectively, the local volumetric content of solid and fluid
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with respect to a representative volume of the mixture. Since the mixture is as-
sumed to be saturated, it holds that ¢s(xz,t) + ¢¢(x,t) = 1, for all x € H(t) and
for all . Along with ¢s and ¢¢, we also introduce ®4(X,t) = ¢s(x(X,t),t) and
De(X,t) = de(x(X, 1), 1), for X € {1 B(t),1) (see [56]).

X('at)

Figure 1.1: Schematic representation of the considered kinematics of mixtures [56].

For every x € & and X € £, T, and Tx % are the tangent spaces of .7
and £ at x and X, respectively. The disjoint unions 7. = U,csT,.¥ and
TH = UxexnTx P are the tangent bundles of . and #A. The spaces dual to T,.7
and T'x % are referred to as co-tangent spaces and denoted by 7% and T% %,
while T*. 1= U,e s T5 and T*B := UxezT %A are the co-tangent bundles (see
[61] and references therein).

We identify the deformation gradient tensor of the solid phase with the tangent
map of x, ie., F(-,t) = Tx(-,t) : TA — T., so that, for every X € £,
F(X,t):Tx%# — T\(x- maps vectors of TxZ into vectors of T\ (x .. Once
the two local systems of coordinates {X“4}4—123 and {2%},=1 23 are chosen in &
and ., the components of F read F'%, = 9x?/0X*4 = X* 4, with a, A =1,2,3. The
determinant J = det F', called volumetric ratio, is strictly positive at all points
X € & and at all times (see [61] and references therein).

We denote by g and G the metric tensors associated with . and %, respectively
so that the Cauchy-Green deformation tensor, C = FT.F = FTgF, reduces to
C = G in the absence of deformation [165] (see [56] and references therein). Note
that, in components, we have Cap = (F) 4% F’5 = gupF 4 F" 5.

1.5.3 The BKL decomposition in the case of remodelling

Inelastic distortions are, generally, incompatible [60, 176, 213], i.e., they are
not expressible as the gradient of a deformation. Hence, their descriptor should be
at least a non-integrable second-order tensor field over # (see [56] and references
therein). We remark that, in this Thesis, the terms “distortions”, “inelastic distor-
tions” and “structural transformations” are regarded as synonyms of “remodelling”.

Following the same line of thought as Elastoplasticity, this tensor is called dis-

(1))

tortion tensor and denoted by F},, where the subscript “p” stands for “plastic-like
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1.5 — Main concepts and notation in the study of remodelling

distortions”™ A rationale for F}, is given by invoking the BKL decomposition of the
deformation gradient tensor (see [56] and references therein).

Consequently, F' is written as F' = F.F},, where F, is said to be the tensor of
clastic distortions and J = JeJ,, with J, := detF, > 0 and J, := detF, > 0. In the
literature, decompositions of the deformation gradient tensor have been extensively
used to address problems of biomechanical interest (see e.g. [210, 72, 160, 5, 6, 96,
110, 112, 111}). The physical and geometrical meaning of the BKL decomposition
have been explained in detail, for instance, in [176, 106] and they have been recently
used to study the structural evolution of a growing tumour in [62]. For every pair
(X,t) € B x S, Fp(X,t) maps TxZ into a vector space, denoted by A#x(t) and
consisting in the image of T'x # through F}, (X, t) [62], whose vectors represent body
elements in a stress-free state [60]. The way in which F,(X,t) operates on T'x A is
illustrated in Figure (1.2).

In light of the BKL decomposition, each vector associated with the natural state
ux(t) € Ax(t) can be distorted elastically into u,(t) = Fo(X,t)ux(t) € T,.7,
with = x(X,t). Moreover, we introduce the tensor H(X,t) : Ax(t) — Tx%#
as the inverse of F,(X,t), so that the relation Ux = H (X, t)ux(t) € Tx % holds
true. Finally, we notice that, since F(X,t) : Tx# — T,S is such that w,(t) =
F(X,t)Ux(t), with x = x(X, ), it also holds true that

u,(t) = F(X,))Ux = F(X,0)H(X, ux(t) = F.(X, ux(t).  (1.1)

It follows from this chain of equalities, which has to be respected for all ux(t) €
A% (t), that the elastic distortion tensor is given by F, = FH'. We remark that
this result goes far behind the simple renaming of F ' with H, for it actually
discloses the possibility of exploring some comparisons of the BKL decomposition
with the theory of material uniformity [70, 169, 72, 69, 197] (quoting verbatim from
[72] “a body is said to be materially uniform if all its points are made of the same
material”). However, we do not speculate here on this comparison because it is out
of the scope of this Thesis (see [61]). Similarly to F},, we introduce the determinant
of H, Jg := detH > 0, such that J, = JJg.

Finally, we introduce the metric tensor n, associated with the tissue’s natural
state, which allows to define the tensors C,, = FI;F F, = FpT nF, and B, = C I =
F; lnlep_ T. We keep n formally different from g and G, although, in some cases,
it could be taken equal to one of those (see e.g. [183]). For future use, we also
define the right elastic Cauchy-Green tensor C, = F.'.F, = F'gF, = H'CH
(see [56] and reference therein).

For further use, we introduce A, := HH ' = —F;le and L, = Fngl to
denote two rates of anelastic distortions associated with remodelling.

We highlight that the symbol H, used in this Thesis, corresponds to the symbol K in [72]
and to the symbol P in [169, 70, 69).
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Reference Actual
configuration configuration

/ b'e
S Natural

collection of natural states state

Figure 1.2: BKL decomposition in the case of remodelling ([61] and [56]).

1.5.4 The fibre pattern

Following the framework presented in [84, 80, 225, 40, 108, 107], we study
fibre-reinforced tissues in which the fibres are oriented statistically. We recall that,
even though the study concerning the fibre pattern could be employed to study
other fibre-reinforced tissues, here we focus on articular cartilage, as reported in
the previous parts of the Thesis.

The first assumption of our approach is that, at each material point X that
finds itself in a natural state, the tissue is transversely isotropic with respect to
the direction associated with the unit vector my, which defines the direction of
local alignment of the fibre passing through X. The second assumption is that
the fibres’ directional distribution is such that the tissue as a whole is transversely
isotropic with respect to a global symmetry axis, identified with the unit vector my.
Moreover, in the sequel we restrict our attention to a sample of tissue characterised
by cylindrical shape and material properties that vary only along its geometrical
axis. The sample is thus homogeneous on each cross section. A consequence of
this setting is that the sample’s geometric axis coincides with the axis of transverse
isotropy, which is then also symmetry axis of the tissue.

To account for the statistical orientation of the fibres, we adhere to the frame-
work discussed in [80] and we introduce the function py : S2A4%(t) — R, with

SEPAx(t) == {mx € Ax(t): |mx]| =1}, (1.2)

and py(my) measuring the probability density that a (rectified) fibre passing
through X be directed along my.

With respect to an orthonormal vector basis {e,}>_, of A%(t), such that es is
parallel to my, a unit vector myx € Ax(t) can be expressed in spherical coordinates
as my = my (¥, ), where the vector-valued function iy : [0, 7] x [0,27[— S A% (¢)
is given by

My (Y, p) = sind cos g e; + sin v sin p eg + cos es. (1.3)
20
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Accordingly, a physical quantity §x depending on the local direction of fibre align-
ment, and thus defined over the set S?.#x(t), can be rewritten as a function of 9
and o, ic., Fx(myx) = Fx(Mx (9, ¢)) = x(9,9). In particular, the probability
density becomes px(myx) = Oy (U, ¢) and, since the tissue as a whole is assumed
to be transversely isotropic with respect to mg, ¢ is not allowed to depend on the
longitude, . Consequently, the equality px(myx) = O (¢) must be fulfilled.

By adopting the formalism of [81], the directional average of Fx is defined as

v

(Sx(mx)) = / Fx(mx)px(my) = /0 ZWO Fx (0, 0)px (9) sin g ddde. (1.4)

S2 Ay (t)

All physical quantities featuring in the mathematical model, including the proba-
bility density, are assumed to be invariant under the reflection my — —my, for all
my. This permits to rephrase the directional average (1.4) as

(Tx(mx))=2 SHWX@)@X(mx)px(mx)z/jﬂ/fﬁ@x(ﬁ, @) (V) sind ddde, (1.5)

where S*T_#%(t) is the “northern” hemisphere [40], i.e.,
S Ak (t) = {mx €SP A5 (1) : [|[mx| =1, mx.my > 0}, (1.6)

and the probability density v + :[0,7/2] = Ry is defined by the equality 0 () =

Ux (x (0, )), for all (0, ) € [0,7/2] x [0,27[, with ¢y = 2px |52+ [40]. As done

in previous works [85, 40], we assume that 0 « 18 the pseudo-Gaussian distribution
. 3 (9

wX(ﬁ) = /2 « X( ) . )

27 Jo " A x () sin 'd

2

x@) = (<20
where q and w are referred to as fibre mean angle and standard deviation, respec-
tively. Since, as anticipated above, q and w are hypothesised to vary only along
the axis of the sample, they can be written as functions of the normalised axial
variable £ € [0,1], which is zero at the sample’s lower boundary and equal to one
at the upper boundary. In particular, the normalised axial variable £ is given by
£ = XT3, where X? is the coordinate along the geometrical axis of the cylindrical
specimen, and L is its height in the reference configuration. Hereafter, we take the
expressions [85]

a€) =2 {1-cos (538 +2¢] )}, wo =100 -0g +3.10% (8)

which qualitatively reproduce the alignment of fibres in articular cartilage [179].
According to (1.8), the mean angle takes on the values q(0) = 0 and q(1) = 7/2,
and the standard deviation attains its minimum at £ = 0 and £ = 1. Hence, the
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fibres are more likely to be found aligned with the sample’s symmetry axis at the
bottom of the sample, and more likely to be lying on transverse plane at the top.
Moreover, at £ = 1/2, the standard deviation reaches its maximum, thereby tending
to randomise the fibre orientation and, consequently, to make the tissue isotropic in
the middle of the sample. Note that m : 8 — 4(t) indicates the vector field such
that m(X) = my, and A(t) := UxegAx(t) is the bundle of all spaces Ax(t).

1.6 Main concepts and notation in the study of
growth and remodelling

In this section, we present the main concepts, definitions, modelling hypothesis
and notation necessary for the development of the specific topics related to the
growth and remodelling of biological tissues within the forthcoming chapters.

The problems under investigation involve the motion of the solid phase, the
motion of the fluid phase, the distortions related to growth, and plastic-like distor-
tions, which are associated with the reorganisation of the tissue’s internal structure.
The definitions supplied in this section can be encountered in many works address-
ing Mixture Theory, and have been recently used for establishing the theoretical
framework of previous works [225, 108, 62, 56].

1.6.1 Basics of Mixture Theory

The motion of the solid phase is described by the smooth mapping x : Zx ¥ —
<, where 4 is the tissue’s reference configuration, .# is an interval of time and .¥
is the three-dimensional Euclidean space. For each pair (X,t) € # x ., the spatial
point occupied by the solid phase is given by = = x(X,t) € .. By differentiating
x with respect to its arguments, we obtain the deformation gradient tensor, i.e.,
the tangent map of x, defined by F(X,t) = Tx(X,t) : Tx# — T\(xn-7 [165],
and the solid phase velocity Vi(X,t) = x(X,t). Here, Tx% and T,(x .7 are the
tangent space of # at X and the tangent space of . at x(X,t), respectively [165],
and the superimposed dot means partial differentiation with respect to time. For
completeness, we recall the relationship between V; and the Eulerian velocity of
the solid phase, i.e., vg(z,t) = vs(x(X,1),t) = V4(X,t), so that the composition
vs( -, t)ox(-,t) = Vi(-,t) holds true for all t € .# (see [114] and references therein).
Remark 1.6.1. The “classical” definition of reference placement, or configuration,
although widely used in Solid Mechanics, may not apply to biological tissues. To
the best of our knowledge, this is particularly true for a medium undergoing ap-
positional growth, i.e., the process in which material particles are either deposited
on the growing medium, or depleted from it. In both cases, the “number” of ma-
terial particles constituting the medium varies with time and, consequently, it is
impossible to define a unique reference configuration for the medium, at least in
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the classical sense [17]. Rather, as reported in [17], “the reference configuration of a
material point is defined at the time it is deposited,” which means that, at different
times, the medium has to be associated with different reference configurations. In
our setting, however, we deal with volumetric growth. This type of growth, in fact,
still permits the definition of a fixed reference configuration for a growing medium
if, as stated in [72], the addition or depletion of material is assumed to occur “in
such a way that material points preserve their identity”. With the aid of this hy-
pothesis, we can assume the existence of a fixed reference configuration for the

medium under investigation (see [62] and reference therein).

The fluid motion is described by the Eulerian velocity wve¢(z,t), evaluated at
every point x € .% occupied by the fluid and at time ¢t € .#. Note that, since the
system under investigation is a mixture, the fluid co-exists with the solid at every
point x € . at which the tissue is observed. Thus, the point x can also be viewed
as the image of X through the solid motion, i.e., x = x(X,t), and the fluid motion
can be studied by means of the composition Vi(-,t) = v¢(-,t) o x(-,t), such that
Vi(X,t) = ve(x(X,t),t) (see [114] and references therein).

Finally, w = vy — vy is the velocity of the fluid relative to the solid. Note that
the product ¢rw is often referred to as filtration velocity [138], although it actually
represents a specific mass flux vector [25] (see [114] and references therein).

1.6.2 Kinematics of growth and remodelling

A number of papers has been produced in which growth and remodelling have been
described by adopting the language and formalism of continuum theories (see e.g.
[173] and the references therein). In some works devoted to the theoretical founda-
tions of volumetric growth (see e.g. [72, 160, 60]), emphasis is put on the necessity
of defining variables that, together with the descriptors of the tissue’s standard me-
chanical state, are capable of catching its structural transformations. In [72], this
is done by having recourse to the theory of uniformity [67, 69], and introducing the
concepts of “archetype” and “transplant operator” [72, 67, 69]. On the other hand,
in several other contexts, the Bilby-Kréner-Lee (BKL) multiplicative decomposi-
tion of the deformation gradient tensor is adopted, along with its generalisations,
in order to frame remodelling in terms of “plastic-like distortions” (see e.g. [112]).

Remark 1.6.2. (Plastic-like distortions and remodelling).

In the presence of remodelling, the structural transformations of the tissues consid-
ered in this work recall the plastic distortions of non-living, elasto-plastic materials.
Sometimes, we use the adjectives “plastic” and “remodelling” interchangeably: we
take this liberty when a physical quantity, historically conceived for the theory of
plasticity, has to be re-interpreted in compliance with the physical context of the
present work. A relevant example is the accumulated plastic strain, a variable for
which we use both its original name and the name accumulated remodelling strain.
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In other cases, however, we use quotation marks for “plastic” and “plasticity”, if
we need to recall that we are borrowing terms from the theory of plasticity. For
instance, we use this convention when we speak of micro-scale plasticity (see [114]
and references therein).

The BKL-decomposition in the case of growth

A major character of our theory is the BKL-decomposition, F' = F.F,. From
the Mechanical point of view, F, describes the inelastic changes of the tissue’s
internal structure that are induced by growth, while F, is the accommodating part
of F, and is assumed to be elastic. Both F, and F, are non-singular, and their
determinants, J, = det F, and J, = det F,, are strictly positive (see [62] and
references therein).

For every pair (X, t) € # x .#, we prescribe that F (X, t) maps vectors of Tx %
into “relaxed” vectors of another tangent space. Such space is denoted by A% (t),
and can be identified with the image of T'x # through F, (X, t) [106]. Coherently, we
write F', (X, t) : Tx % — Ax(t), and, putting together this result and the definition
of F(X,t), we express the elastic part of F(X,t) as Fo(X,t) : Ax(t) = Txn
(see [62] and references therein).

We notice that, at this stage, F, is not subjected to any restriction. Hence,
granted the polar decompositions F.,(X,t) = R,(X,t)U,(X,t) and F,(X,t) =
V,(X,t)R,(X,t), which hold true for each pair (X,t) € Z x .#, F,(X,t) is gener-
ally obtained by combining one of the inelastic stretches, U, (X,t) : Tx# — Tx %
and V., (X, t) : Ax(t) = A% (t), with the rotation tensor R (X,t) : Tx % — Nx(t).

In general, the tissue may find itself in a stressed state both in the current and
in the reference configuration. Stresses may have different origin but, in the present
context, they are generated either by growth or by the loading history undergone by
the tissue. Since in our framework growth is the only process regarded as inelastic,
it produces stresses that cannot be eliminated by simply switching off the applied
loads. Indeed, even though all such loads were suppressed, the tissue would still
occupy a configuration in which the growth-induced stresses are nonzero (see [62]
and [56]).

To achieve a state in which every part of the tissue is free of stress, one should
virtually disassemble the tissue into a “conglomerate” of completely relaxed pieces
[148]. Each of such pieces can be thought of as an arbitrarily small neighbourhood
of a point x € A(t), and, for infinitesimally small neighbourhoods, the body piece
associated with x can be identified with the tangent space T,%(t). In this case,
the whole relaxation can be viewed as a linear mapping between tangent spaces. In
particular, since the relaxation is elastic, it is represented by F!(xz,t) : T,2(t) —
Nx(t), with X = 7! (x,t) (see [62] and references therein).

The vector space A (t) depends on time, and is associated with a state of the
tissue characterised by an important property: it is free of stress, and is obtained
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1.6 — Main concepts and notation in the study of growth and remodelling

by distorting the elements of Tx &, or the elements of T, %(t), in a generally incom-
patible way. Hence, neither F,(X,t) nor F, '(x,t) can be taken from the outset as
the tangent maps of deformations that determine a configuration of the tissue as a
subset of the Euclidean space. We recall, however, that A% (f) can be assembled
in a stress-free Riemannian manifold, endowed with the curved metric induced by
F, (cf. e.g. [148, 147, 106]). Moreover, for all X € %, the vectors of Ax(t) are
associated with the natural, or ground, state of the tissue, i.e., with the state in
which the tissue is free of stress. Such state encompasses the whole structural evo-
lution undergone by the tissue, which occurs from the reference configuration in
the form of the distortional tensor map F,(X,t) : Tx# — T Ax(t). A sketch of
the explanation given so far is given in Fig. (1.3), where A4 (t) is represented as a
“conglomerate” of stress-free body pieces [148].

For further use, we introduce £, := F 117"7 and L, := Fva; ! to denote the
rate of anelastic distortions associated with growth.

1.6.3 Phenomenology of the growth tensor

The introduction of the growth tensor, F.,, produces many similarities among
growth, finite strain elastoplasticity, and the theory of defects in solids (see e.g.
[161, 176] for a review) and, in fact, many biological aspects of growth can be re-
interpreted in terms of the evolution of inelastic distortions. One similarity with
elastoplasticity is the definition of a stress-free “intermediate configuration”, which
exemplifies the conceptual separation between growth and deformation. Actually,
the “intermediate configuration” is a collection of tissue pieces rather than a true
configuration, and is obtained in two steps: First, by removing all the loads acting
on the current configuration of the tissue, and then, by ideally chopping the tissue
in small, stress-free pieces [176]. These can be assembled in a reference configuration
by means of a transformation that is identifiable with F_- ! Hence, growth can be
understood as the reverse process, which maps the tissue pieces from the reference
configuration into the intermediate one (see [62] and references therein).

Tensor F.- Lis formally related to the existence of growth-induced inhomo-
geneities, [72, 66, 69, 67]. We have emphasised the adverb “formally” because,
in our theory, we are not using the concept of “archetype” [66, 69, 67]. This notion,
instead, is used to define an inhomogeneous body as a body for which it is possible
to define a non-singular tensor field, whose inverse is non-integrable [72, 66].

Clearly, the way in which the inhomogeneities evolve depends on the biological
problem under study and, thus, on the proposed model of growth. For instance,
in [72], a prototypal evolution law for the growth inhomogeneities is set in the form
of a relation between Eshelby stress and the rate at which the inhomogeneities
themselves are produced. In this case, the law is obtained by following a reduc-
tion procedure that requires its compliance with the body’s material symmetries,
and with the principles of uniformity, objectivity, and independence of the reference
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configuration. A different perspective is considered e.g. in [98, 172], where some phe-
nomenological growth laws are discussed within a chemo-mechanical framework. For
arteries [183], an evolution law for the growth tensor is obtained in terms of a gen-
eralised Onsager’s relation, in which the driving force of growth is identified with
the difference between a suitable measure of mechanical stress and a target stress,
referred to as “homoeostatic stress” (see [62] and references therein).

—FW

w F(X,0) 70} F
R\\\\fig%z,,/"”“_—.__——\““\\\\\ ;((Xft) /////////"”"_—__—:;;5\‘\\\\\\\\\
O

L% F
H( 18— T4 —"— T5w
E(X,0) EXx,0 J j J
)
X B &~ B0

X, 3
W =EW \_/

Stress-free conglomerate X

Figure 1.3: Schematic representation of the introduced mappings [62].

A different geometric picture about growth

Before going further, we mention that a different formulation of the BKL-
decomposition is presented in [197, 46]. The core of such formulation is the use
of two mappings that define a base and a “target” [46] configuration for each of the
factors of the BKL-decomposition. In summary, one indicates by F, and Fj the
accommodating and the growth part of F', so that F' = F, F, holds true, and intro-
duces the differentiable mappings x. and x, such that F, and F, are expressed as
F,=(Tx.)H, and F, = (T'xy)H, [46]. Here, T'x, and T'x, are the tangent maps
of xa and x4, and they represent the compatible contributions to F, and F,. On the
contrary, in general H, and H, cannot be identified with the tangent map of any
deformation. Indeed, H, describes the generally incompatible structural changes
due to growth, while H, models the elastic distortions that may have to be applied
to the grown body pieces to restore a global configuration (see [62] and references
therein).

For every t € ., the map x,( -, t) is identified with the diffeomorphism x,(-,?) :
PB — 6., where €, is referred to as “intermediate configuration”, while Tx,(-,t)
and Hy( -, ) are defined in terms of maps between tangent spaces, i.e., T'xq(X,?) :
Tx# — Ty, xn6 and Hy(X,t) : TxB — TxPB, respectively [46]. Analogous
Considerations hold for x,( - ,t) 16, — A(t) and for T'x, (-, t), and H,(-,t) (see [46]
for details). A drawing summarising the view of the BKL-decomposition presented
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in [46] is given in Fig. 1.3 (right). We notice that H, plays the same role as F., in
the present context (see [62] and references therein).

We emphasise that, although we do not use here the approach by [46], we find
it important to draw attention on it because, through x, (or x,), it introduces
an additional degree of freedom that, along with F,, could be useful for other
applications of the BKL-decomposition (see [62] and references therein).

1.6.4 The role of stress

Mathematical models of growth and remodelling should capture the “two-level”
nature of the phenomena that they are meant to resolve, thereby trying to connect
the visible transformations of a tissue with the chemical, electrical, and mechanical
interactions occurring inside it. For instance, in the case of growth, a connection
of this kind is established by mechanotransduction [51, 166, i.e., the modulation
that mechanical stress exerts on the tissue’s growth rate due to its interplay with
the tissue’s mass sources (see [114] and references therein).

To move forward in the comprehension of how growth and remodelling inter-
act, an important question to answer is how to relate mechanical stress with both
phenomena (see e.g. [173, 12]). For example, the tearing of the inter-cellular bonds
in a tumour, which can be interpreted as an expression of remodelling [9, 198],
leads to the relaxation of stress, and stress, apart from mechanotransduction, may
play a role on the growth of the tumour. Indeed, a recent result presented in
[166], seems to show that remodelling enhances the growth of a tumour in the avas-
cular stage by increasing the speed at which the tumour’s boundary advances in
space . The observed behaviour was the consequence of the smoothing effect of the
plastic-like distortions on mechanical stress, and such effect was transferred to the
term describing growth through the mechanotransduction (see [114] and references
therein).

The type of remodelling induced by mechanical stress can be viewed as a plastic-
like behaviour and, if one assumes plastic response to be triggered by a yield stress
(as is the case, for instance, in rate-independent [176, 124] or in Perzyna-like plas-
ticity [176]), one may conclude that remodelling commences in the regions of the
tissue in which the stress exceeds a certain threshold. Since in a growing tissue
such regions are those in which the growth is predominant and the deformation is
inhibited, it is very important to resolve accurately the plastic-like distortions. This
exigency becomes stringent when the “plastic” strains accumulate in very narrow
zones. In such cases, a useful tool of investigation could be to switch from a local to
a “non-local” model of plasticity and this aspect will be discussed in the following
(see [114] and references therein). We conclude by summarising some of the main
symbols employed in the Thesis and introduced in the introductory chapter.
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structural tensor in the spatial configuration

left Cauchy-Green deformation tensor

elastic left Cauchy-Green deformation tensor

spatial diffusivity tensor

metric tensor associated with the spatial configuration
identity tensor associated with the spatial configuration
permeability tensor associated with the spatial configuration
spatial solid velocity

spatial fluid velocity

structural tensor in the reference configuration

right Cauchy- Green deformation gradient tensor

right Cauchy-Green tensor associated with remodelling
right Cauchy-Green tensor associated with growth
elastic right Cauchy-Green tensor

material diffusivity tensor

deformation gradient tensor

remodelling tensor

growth tensor

accommodation tensor

metric tensor associated with the reference configuration
orthogonal invariants of C

orthogonal invariants of C.

fourth invariant of C'

fourth invariant of C,

identity tensor associated with the reference configuration
determinant of F'

determinant of Fj,

determinant of F,

determinant of F',

inverse of the remodelling tensor

first Piola-Kirchhoff stress tensor

second Piola-Kirchhoff stress tensor

external and internal generalised forces

generalised growth velocity
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material solid velocity

material fluid velocity

growth stretches

growth rotation tensor

metric tensor associated with the natural state
motion

growth parameter

variance

Cauchy stress tensor

Mandel stress tensor

spatial volumetric fraction of the solid phase
spatial volumetric fraction of the fluid phase
referential volumetric fraction of the solid phase
referential volumetric fraction of the fluid phase
rate of anelastic distortions (reference configuration)
rate of anelastic distortions (natural state)

rate of growths (reference configuration)

rate of growth (natural state)
three-dimensional Fuclidean space
three-dimensional Fuclidean space

reference placement of the solid phase

current configuration of the solid phase

current configuration of the fluid phase

natural state

structural tensor in the natural state

field of unit normal

fibre mean angle

29



30



1279

1280

1281

1282

1283

1284

1285

1286

1287

1288

1289

1290

1291

1292

1293

1294

1295

1296

1297

1298

1299

1300

1301

1302

1303

1304

1305

Chapter 2

Anelastic reorganisation of
biological tissues

The work reported in this chapter has been previously published in [61].

2.1 Anelastic processes and structural changes

In this Chapter, we contribute to the study of the structural reorganisation of
biological tissues in response to mechanical stimuli. We specialise our investiga-
tion to a class of hydrated soft tissues, whose internal structure features reinforcing
fibres. These are oriented statistically within the tissue, and their pattern of ori-
entation is such that, at each material point, the tissue is anisotropic. From in
its natural, stress-free state, the tissue can be distorted anelastically into a global
reference configuration, and then deformed under the action of external mechan-
ical loads. The anelastic distortions are responsible for changing irreversibly the
internal structure of the tissue, which, in the present context, occurs through both
the rearrangement of the bonds among the tissue cells and the deformation-driven
reorientation of the fibres. The anelastic strains, in addition, are assumed to model
the onset and evolution of micro cracks in the tissue, which may be triggered by the
mechanical loads applied to the tissue in the case of traumatic events, or diseases.
For our purposes, we formulate an anisotropic model of remodelling and we con-
sider a fully isotropic model of structural reorganisation for comparison, with the
aim of studying if, how, and to what extent the evolution of anelastic distortions is
influenced by the tissue’s anisotropy.

Determining physically sound evolution laws for the distortions characterising
the structural adaptation of biological tissues is a crucial task, which has been
undertaken by several authors (see e.g. [72, 160, 98, 5, 157, 99, 183, 110]). One
of the main challenges of mathematical modelling is to predict how the structural
evolution of a tissue is modulated by mechanical stress. This issue is particularly

31



1306

1307

1308

1309

1310

1311

1312

1313

1314

1315

1316

1317

1318

1319

1320

1321

1322

1323

1324

1325

1326

1327

1328

1329

1330

1331

1332

1333

1334

1335

1336

1337

1338

1339

1340

1341

Anelastic reorganisation of biological tissues

relevant when also other phenomena, such as growth [200], mechano-transduction
[51], and interactions with other stimuli [159, 167, 62], have to be accounted for.
Moreover, since the formulation of models for the structural evolution of tissues
allows for a certain freedom, and since a model that is reliable for a certain tissue
may be inaccurate for another one, it is difficult to find a unified criterion for
determining a priori how such models should be constructed. To our knowledge,
however, Epstein and Maugin [72] prescribed a series of conditions that should be
satisfied in order to formulate acceptable structural evolutions. These rules, in
turn, are based on the theory developed, for example, in [70, 169, 69].

With the purpose of seeking for a unified form of the structural evolution laws of
biological tissues, we take a phenomenological law of remodelling in isotropic media
[104] and, by following the rules put forward in [72], we rephrase it for the case of an
anisotropic tissue. To this end, we elaborate the anisotropic hyperelastic model of
fibre-reinforced tissues developed in [84, 80, 225], in which the interaction with an
interstitial fluid is considered, and we extend it to the case of nonlinear elastoplastic
material behaviour. Then, after specifying the equations governing the deformation
of the tissue, the fluid flow, and the evolution of the plastic-like distortions, we test
our model by solving numerically dedicated benchmark problems. The main goal
of our work is to evaluate the interplay between remodelling and the anisotropy of
the tissue. This interplay is highlighted by comparing the results of our anisotropic
model with those predicted by an isotropic model taken as reference [112].

2.2 Constitutive laws

At each material point, the solid phase of the tissue is modelled as a hyperelastic
material. This hypothesis allows to describe the mechanical behaviour of the solid
phase entirely in terms of a strain energy density, and to express the latter as a
function of the elastic part of the deformation, only. More precisely, if we denote
by Wr = WR(C’ , X, t) the strain energy density of the solid phase, written per unit
volume of the reference configuration (note that the the material inhomogeneities
and their evolution are accounted for by the explicit dependence of Wg on the
material points and time, respectively), it is possible to write [53, 72]

Wa(C, X, ) = Jo(X, Wi (Co( X, 1), X) = MVV,(Ce(X, 0.X), (1)

where W, is measured per unit volume of the natural state (see the subsection
Kinematics of Section 1.5.1 for the notation employed in (2.1) and hereafter). We
remark that, in Equation (2.1), the explicit dependence of strain energy function
on material points is given through £. In the following, however, for the sake of a
lighter notation, the explicit dependence of W, on material points, X, is omitted
but understood. We adapt to the present framework a strain energy density used
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in previous works [84, 80, 225, 40, 111, 107], i.e.,

W/(Ce) - CDSVU(Je) + cI)OSVVT/O(Cje) + CI)ISVWen<Ce)7 (22)
where
(I)Usu = e¢057 (23&)
(blsu = egblsy (23b)
q)su - (I)Osu + (I)lsu - e¢s (23C)

are the volumetric fractions of the non-fibrous matrix, fibres, and solid phase as a
whole, respectively, all measured per unit volume of the natural state. Similarly
¢os and ¢4 are the volumetric fractions of the non-fibrous matrix and of the fibres,
respectively, misured per unit volume of the actual configuration and such that
s = Gos + do1s. Moreover U(J,), Wo(C.), and Wey(C,) are given by

- _ [Je - Jcr]Qq

U(Je) - aOH(Jcr - Je)Wv (24&)

Wo(C) = a exp (aq[l1e — 3] + agllze — 3]) _ (2.4D)
0 e 0 [Ige]o‘3 ) .

I/i/en((je) = Wli<ce) + <<W1a(Cea m)>> (24C)

In (2.4a)—(2.4c), ap = 0.125 MPa, a; = 0.778, as = 0.111, a3 = aq + 209 = 1,
g > 0, and r €]0,1] are material parameters, J,, €]®,,1] is a critical value of
Jo (in this work, we take ¢ = 2, r = 0.5, and J, = ¥, + 0.1), [, = tr(C,),
I = %{[tr(Ce)}Q — tr(C?}, and I3, = det C, are the principal invariants of C,,
W is the isotropic part of the strain energy density of the fibres (it has the same
functional form as (2.4b), but it features different coefficients), and Wy,(C.,, m)
reads

Wia(Co,m) = H(Lse — 1) ie[lhe — 12, (2.5)

where Ije = Co - m@m = C : (Hm® Hwm) and ¢ = 7.46 MPa. In (2.4a) and (2.5),
‘H is the Heaviside function, i.e., H(s) = 1 for all s > 0, and H(s) = 0 for all s < 0.
Finally, it is possible to define the unit vector field

Hwm

= 7”Hm” (2.6)

Consequently, the structure tensor field in the natural state, i.e., @ = m ® m,
transforms as

HaH"

A=MeM=————7 "
@ (H' .H) : a’

(2.7)
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Anelastic reorganisation of biological tissues

with A being the structure tensor field associated with the reference configuration,
and the invariant Iy, becomes Iy, = I4141, where we used the notation

I,=C:A, Lg=(H"H):a. (2.8a)

The energy U (Je) is zero for J, above the critical volume ratio J., (which, in general,
is a function of material points), and diverges for J. tending to ®y, from above,
thereby preventing the elastic distortions from violating the unilateral constraint
Jo > ®,. The constitutive part of the first Piola-Kirchhoff stress tensor associated
with the solid phase is given by

P,.=F UHH (%Z(Q)) HT] : (2.9)

Consequently, P can be expressed constitutively as a function of F' and H, i.e.,
P, = PSC(F, H). Also in this case, the explicit dependence on material points is
omitted but understood.

The mathematical model presented in the following is based on the hypothesis
that the interstitial fluid obeys Darcy’s law. This requires the introduction of a
permeability tensor for the tissue. In this work, we adapt to our problem the
constitutive framework developed in [83, 82, 80, 225, 108]. Hence, we assume that

the spatial permeability tensor reads [225]

[JJH - (I)lsu]2 —1 [JJH - q)lsu]q)lsz/ << a >> T T
k=ky——————" FH{— )YH'F 2.1
kO JQJIZI g + kiO J2J125[ ]—4e ) ( 0)

where kg is taken to be of the Holmes and Mow type [138], i.e.,

JJH - (I)su

kD:kOV[ 11—

ro exp @mo[ﬁJ}iI - 1]> : (2.11)

where kg = 0.0848 and my = 4.638 are model parameters, and kg, is a reference
permeability. As done elsewhere (e.g. in [225]), kg, is taken as a function of the axial
coordinate, £, and its functional form is defined in (2.14). From (2.10) and (2.11)
we notice that, since the product JJg = J, has to be greater than, or equal to,
®,,, the permeability tensor is positive semi-definite for JJg > &g, > Py, and,
in particular, it is positive definite when the strict inequality is satisfied, i.e., when
JJIg > O,

For future use, we compute the Piola transform of k, i.e., K = JF 'kF~ ",
which reads

[‘]JH - qDlSV]Q —1 [‘]‘]H - q)lsu]q)lsu << a >> T
K=k —C k H{—)YH". 2.12
) B2 I (2.12)
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2.3 — Description of Remodelling

Clearly, since k is positive semi-definite, K is positive semi-definite too. Note also
that K can be written as K = K (F, H), where the dependence on F is through
C because of objectivity, and the dependence on X is understood. In fact, in the
case of inhomogeneous materials, the dependence of kp, on material points can
be taken into account by expressing kg, as a function of the void ratio associated
with the natural state, e, = (1 — ®g,)/Ps,, and specifying how the volumetric
fraction ®y, depends on the normalised axial coordinate £ (we recall, indeed, that
the material is assumed here to be inhomogeneous only axially). In this work, we
assign the volumetric fractions of matrix and fibres in the tissue’s natural state,
®p, and Py, and we compute thus the volumetric fraction of the solid phase as
Oy, = Doy, + Pig,. In particular, we prescribe [225]

Dog, = Dpsy (€) = —0.0626% + 0.038¢ + 0.046, (2.13a)
Dy, = Py (€) = 4006262 — 0.138€ + 0.204, (2.13D)
D, = Dy, (€) = —0.100€ + 0.250. (2.13¢)

Following the constitutive framework adopted in previous works, we assume that
ko, depends on e, as suggested by Holmes and Mow [138]. Hence, given the constant
referential void ratio e(”) = 4 and the constant referential scalar permeability k(()g) =
3.7729 - 1073 mm*(Ns) ™!, we assign kg, through the expression [225]

kOI/ €y " mo 1 + ey ?
il = (3 (5) 1) .
In summary, the constitutive framework adopted here describes a hydrated,
fibre-reinforced tissue, whose solid phase is hyperelastic, transversely isotropic with
respect to a global symmetry axis (the direction of which is identified by the unit
vector my), and inhomogeneous along this axis. We emphasise that, within the
employed approach, the inhomogeneity is due to the fact that the volumetric frac-
tions of matrix and fibres, ®¢s, and @4, the standard deviation of the probability
density, w, and the mean angle of fibre orientation, ¢, depend on the normalised
axial coordinate through the expressions (1.8), which are in qualitative agreement

with the histological features of articular cartilage, as revealed by X-ray diffraction
experiments [179].

2.3 Description of Remodelling

The mathematical model of the physical system under study is characterised
by two dissipative phenomena. First we consider the one related to the fluid flow,
which is affected by dissipative forces exchanged between the fluid and the solid
phase. We prescribe that these forces depend linearly on the filtration velocity
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Anelastic reorganisation of biological tissues

q = ¢¢|vs — vg] and, by disregarding the influence of gravity on the flow, we obtain
Darcy’s law, which reads ¢ = —k grad p in spatial form [17], and Q@ = —K Gradp
in the so-called “material” form. Here, Q := JF 'q is the Piola transform of
the filtration velocity, and Gradp = FTgrad p is the “material” pressure gradient,
obtained by differentiating p with respect to the coordinates associated with the ref-
erence configuration. We remark that the filtration velocity represents the specific
mass flux vector associated with the motion of the fluid relative to the solid.

The second dissipative phenomenon addressed in this work is due to the re-
organisation of the tissue’s internal structure. This process is described here in
analogy with the theory of finite strain plasticity through the introduction of H
[72]. The rate with which the anelastic distortions associated with H evolve in time
is given by A, = HH™! and it will be referred to as tensor of rate of remodelling.
In the sequel, we shall assume that remodelling is a volume-preserving process,
which yields the restriction Jg = 1 and implies that A, is a deviatoric second-order
tensor. Within this framework, the generalised force power-conjugate to A, is the
Mandel stress tensor ¥ = C'S [70, 169], where § = F~' P, is the constitutive part
of the second Piola-Kirchhoff stress tensor of the solid phase.

2.3.1 Dissipation Inequality

By accounting for the contributions due to the flow and remodelling, denoted
by Dgow and Dyem, respectively, the dissipation of the system under study can be
written as [112]

Dr = K : [Gradp ® Gradp] —X : A, > 0. (2.15)
——

DAow=>0 Drem

Since the positive semi-definiteness of K guarantees that g, is non-negative
for all pressure gradients, the fulfilment of the inequality ®g > 0 is equivalent to
requiring the condition Dy, = =2 ¢ A, > 0 for all 3 and A,. Moreover, the
physical observation that remodelling is triggered by stress suggests to relate 3 to
A, in such a way that the aforementioned restriction is respected. This should be
done, however, by exploiting the fact that 3 complies, by construction, with the
symmetry condition XC = CSC = (XC)" [70, 169]. Upon setting Y := CSC,
this yields the chain of equalities

A, = (CSC): (A,C™) =Y : sym(A,C7Y), (2.16)
which allows to rephrase D e, as [70]
Diem = —Y :sym(A,C™1) > 0. (2.17)

We recall that the stress tensor Y can be obtained by expressing the strain energy
density as a function of the Piola strain £ = 1[G™' — C~'] [70, 169].
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2.3 — Description of Remodelling

We prescribe here that Y and sym(A,C ') are related to each other through
an expression of the type

sym(A,C™ ') = —R, (2.18)

where R is a tensor-valued function that has to be specified constitutively. Equa-
tion (2.18) shall also be referred to as the remodelling law.

To satisfy the condition ®,e, > 0, we assume here that R can be written as
R =T :Y, where T is a fourth-order tensor endowed with the major symmetry
and such that the inequality e, =Y : T:Y >0 (i.e., T has to be positive semi-
definite). The constitutive expression defining T specifies the law of remodelling
that one is interested in. It should be noticed, however, that since A, is deviatoric
(i.e., trA, = 0), the right-hand-side of (2.18), R, must comply with the restriction
tr(CR) = 0. This requires T to fulfil the condition tr[C(T:Y)|=C :T:Y =0,
for all Y.

2.3.2 Remodelling laws

Equation (2.18) is the remodelling equation and it describes how the anelas-
tic phenomena evolve during all the deformative process. It is formulated as an
evolution law for H through the tensor A, = HH "

In this work, we assume that remodelling occurs at a given material point when

the Frobenius norm |[|deve| = \/ gap|deve|*g.yldeva]® of the deviatoric part of

the constitutive solid phase Cauchy stress, o = J ' P FT, exceeds at that point a
threshold equivalent stress, oy, termed “yield stress” in analogy with Plasticity. To
take this requirement into account, we write T as T = (I, where ( is a scalar stress-
dependent “remodelling switch”. Hence, following [104], we prescribe a Perzyna-like
model [176]

|dever|| —/2/3 0y
+

where A\(¢s) is a material parameter depending on the volumetric fraction of the
solid phase, and the operator [ - | extracts the positive part of the function to which
it is applied (see also [56]). In this work, we assume that the yield stress is constant,
and we set oy = 0.002 MPa. We emphasise that A(¢s) vanishes for vanishing ¢,
since no remodelling may occur if the solid phase is absent. In the following, we
adopt the simple law A(¢s) = \gd? = A\o[ Py, /S JH]?, with \g = 0.5 (MPa -s)~!. We
also remark that, since the condition Jg = 1 applies in this context, the equality
¢s = dy,/J allows to rephrase the dependence of A on ¢g in terms of the volume
ratio J alone, rather than in terms of J and Jg.
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Anelastic reorganisation of biological tissues

To complete the description of remodelling, it is necessary to specify the fourth-
order tensor IL. In this work, we consider the expression

L=M:D:M", (2.20)

where M* and M*T are specified in Appendix A. The fourth-order tensor D encodes
information about the material properties of the tissue and, in general, is a function
of C and H. With the notation introduced in Appendix A, D transforms tensors
of ([TA]3,sym) into tensors of ([T A3, sym). According to (2.20), the tensor R
featuring in (2.18) reads

R=T:Y=(L:Y=(M":D:M":Y. (2.21)

We remark that the double-contraction of M** with Y extracts the deviatoric part
of Y with respect to the metric C), i.e.,

MT:Y =Y - ltr(C7'Y)C. (2.22)

Moreover, by introducing the tensor Z := D : M*T : Y, the left-multiplication by
M* in (2.21) leads to

R=(M":Z=(|Z-i(CZ)C], (2.23)
which guarantees the compliance with the constraint
0=trA, =tr [C sym(ApCfl)} —tr(CR) = —(tr[C(M*: Z)] = 0. (2.24)

For the sake of simplicity, in the following we set D = I** (see Appendix A for the
definition of I**), which implies

Z=1"MT:Y=8-1ittz(CS)C"'=M":85=385, (2.25a)
L:Y=M:Z=M":T" M"Y =M":Y, (2.25b)

where S is said to be the deviatoric part of S with respect to the metric C, and
M* is defined in Appendix A. Furthermore, since M* is idempotent (i.e., it holds
that M* : M* = M*), we obtain the identity

M':Z=M':M:8=M":85=27Z7. (2.26)
Thus, Equation (2.23) reduces to
R=C(M:Z=(Z=(|S-it(CS)C], (2.27)

and the remodelling law takes on the form

sym(A,C™') = —C |S — 3tx(CS)C7| = —( 8, (2.28)
thereby satisfying the requirement (2.24).
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2.3 — Description of Remodelling

Model M1: Fully isotropic model We use this model for comparison with
the other ones, and we obtain it in the limit of vanishing volumetric fraction of the
fibres. Hence, we set &, = 0, which implies &y, = Py, and we rewrite the strain
energy density (2.2) as

W, (C.) = @, U(J.) + Do, Wo(C.). (2.29)

Consequently, the second Piola-Kirchhoff stress tensor consists of the isotropic con-
tribution only, i.e.,

! oU oW\ .1
Siw =7 -H [z@sy (806 3¢ )] H", (2.30)

and the permeability tensor reduces to K, = JkoC . Furthermore, we prescribe
the remodelling law

sym(A,C™") = —R1) = —(L: Y. (2.31)

with Y, = CS;s,C. By substituting Y, into (2.31) and performing all the
necessary algebraic calculations, we obtain

sym(A,C™") = —R (1) = —(Sico, (2.32)
with Siso =M*: Siso = Siso - %tr(CSiSO)C’fl.
Model M2: Semi-isotropic model In this model, we use the full permeability

tensor defined in (2.12) and the transversely isotropic strain energy density (2.2),
which produces the second Piola-Kirchhoff stress tensor

S = Si + Sa7 (233)
with
1 oU oW, oW 45 T
= —H |20, — +2byy, —— + 201, —— | H 2.34
Sl JH [ sv 8Ce + Osv (9Ce + 1lsv 8Ce ) ( 3 a)
1 a«[t 1a>> T
o= —H |20, — | H. 2.34b
Se= T l aC, (2.34b)

Note that S; and S, represent, respectively, the isotropic and transversely isotropic
contributions to the overall constitutive part of the second Piola-Kirchhoff stress
tensor of the solid phase, S.

In spite of the fact that both the elastic and the hydraulic response of the tissue
are transversely isotropic, we consider the same remodelling law as in the Model
M1. Hence, we set

sym(A,C ) = —R@ = —(L:Y, (2.35)
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Anelastic reorganisation of biological tissues

where Y splits additively as Y = CSC = CS;C + CS,C. Analogously to the
Model M1, also in this case the remodelling law can be written as

sym(A,C ') = —Rp) = —¢ [8i + 84, (2.36)

with
S;=M:8; =5, - Ltr(CS;)C ™, (2.37a)
S,=M": 8, =8, itr(CS,)C" (2.37b)

being the deviatoric parts of S; and S,, respectively, with respect to the deformed
metric C. We remark that, according to (2.36), the presence of the fibres supplies
a direct contribution to the remodelling law through S.,.

Remark 2.3.1. Each remodelling law, i.e., (2.31) or (2.35), is in general equivalent
to a set of six scalar differential equations in the components of H. However, when
the isochoric condition Jg = 1 is enforced, as is the case in this work, the number
of independent equations is five, because the constraint tr(A,) = tr(HH ') = 0
has to be respected. Since, in general, H possesses nine independent components,
which become eight when the isochoric condition Jg = 1 applies, the remodelling
laws are not closed. To obtain the closure, we perform the polar decomposition of
H ie, H=V.R=VGR, where R is a rotation tensor and V is a symmetric
and positive-definite tensor. In this work, we impose that the rotations associated
with remodelling are not allowed, so that only V' is unknown. Since it has only six
independent components (actually five, because it holds that Jg = det V' = 1), the
remodelling laws become closed. We also notice that the identity A, = HH!'=
V'V ! holds true.

2.4 Benchmark test and numerical settings

We formulate a finite strain poroplastic problem for a porous medium in which
the interstitial fluid obeys Darcy’s law and the solid phase exhibits hyperelastic
behaviour. Given the reference configuration of the tissue 4 C S and the interval
of time Z C R, find the motion Y, pressure p, and V such that

Div (K Gradp) = J, in Zx1I, (2.38a)
Div (~Jpg 'F~" + Py) =0, in B x I, (2.38b)
sym(A,C') = —R, in #x7I, (2.38¢)

where R can be equal to R() or R, depending on whether the model M1
or M2 is computed. We emphasise that, by construction, both Ry and Rz

A

have to be understood as functionals of x, and V, ie., R = R (x, V), for
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2.4 — Benchmark test and numerical settings

a € {1,2}. Whereas (2.38¢c) expresses the general form of the investigated remod-
elling law, (2.38a) and (2.38b) represent, respectively, the mass balance law and
the momentum balance law for the biphasic system with which the tissue is ap-
proximated. We recall, indeed, that the tissue is assumed here to consist of a solid
phase, which comprises a porous matrix and the reinforcing fibres, and an inviscid
interstitial fluid obeying Darcy’s law. Equations (2.38a)—(2.38¢c) are determined
under the hypotheses that the mass densities of the solid and the fluid phase are
constant (a condition implying the intrinsic incompressibility of both phases), and
that all the external body forces —including the inertial ones— as well as all the
quantities of order higher than the first in the relative velocity vg := v — v are
negligible. More specifically, the mass balance law (2.38a) implies that the opposite
of the divergence of the specific (material) mass flux Q@ = —KGrad p is compen-
sated for by the time derivative of the volume ratio J. Furthermore, the momentum
balance law (2.38b) defines the overall stress tensor of the biphasic system under
study as Pioy = —Jpg ' F~ T+ P, where the pressure p is the Lagrange multiplier
associated with the incompressibility and the saturation constraints.

The logical steps leading to (2.38a) and (2.38b) have been presented elsewhere
(cf. e.g. [115, 80, 225, 109, 116, 112, 40, 111]), and will not be repeated here. In
addition to them, the remodelling law (2.38¢c) supplies a further coupling among
deformation, pressure, and plastic-like distortions.

Equations (2.38a)-(2.38¢) shall be solved for simulating an unconfined compres-
sion test of the sample under study. This test represents a typical benchmark
problem for investigating the elastic and hydraulic properties of biological tissues
(cf. (2.38a) and (2.38b), respectively), and has been adapted here in order to also
account for the reorganisation of the sample’s internal structure (cf. (2.38¢)). In
the experiment simulated in this work, a specimen of tissue of cylindrical shape is
positioned between two rigid, parallel plates, and compressed. The two plates are
impermeable to the fluid flow. The compression takes place in displacement control
and, in particular, by displacing the upper plate according to a given loading ramp.
The lower plate is instead kept fixed, and the specimen is clamped on it. The
upper plate constitutes a frictionless glide surface for the specimen, whose upper
boundary is thus allowed to deform radially in axial-symmetric way. The lateral
boundary is assumed to be free of contact forces, thereby requiring that both the
pressure and the radial component of the overall stress vanish on it (see (2.39b)).

By introducing a reference frame with origin O coinciding with the centre of the
lower boundary of the sample, and orthonormal Cartesian basis vectors {E;}3_,
emanating from O, such that Ej is the unit vector directed along the specimen’s
symmetry axis, the experiment described above is represented by the boundary
conditions [40, 108]:

s f
(u)
{ (—KGradp).N =0 on A, (2.39a)
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_ 1T

{ ;_Jgg F™" 4 Py). N =0 on 9BV, (2.39b)
X(X,t) —x(X,0)=0 (L)

{ (— KGradp).N — on 08", (2.39¢)

In (2.39a), x? is the axial component of the motion, and f is the loading ramp

sy = | b Tt for 8 € [0, Tramp),
N L — ur, for t € }Tramp; Tend]7

(2.40)

where ur = 0.20 mm is the target displacement imposed to the sample and L =
1 mm is the sample’s initial length. The initial cross section of the sample has
diameter D = 3 mm. The target displacement is reached at the end of the loading
ramp, i.e., at Tiamp = 20 s, and is then kept constant until 73,q = 300 s. Moreover,
in (2.39a)-(2.39¢c), 0.8™, 08" and 0" are the upper, lateral and lower part of
the boundary 0.4, such that 028 = 0% 11 0%V U 0L, Finally, N is the unit
vector normal to 0.%.

It is assumed that, at the initial time, the sample finds itself in an undeformed
state, with zero pressure, and in the absence of anelastic distortions. These require-
ments lead to the initial conditions

X(X,0) =X, VX €A, (2.41a)
p(X,0) =0, VX € %, (2.41Db)
V(X,0) =G X) VXezR (2.41c)

The numerical solution of (2.38a)—(2.38¢c), with (2.41a)—(2.41c) and (2.39a)—
(2.39¢), is achieved by performing Finite Element simulations. In particular, fol-
lowing [112, 40], (2.38a) and (2.38b) are put in weak form, and solved according to
a given Finite Element scheme, while (2.38¢) is solved only at the integration points
of the finite elements. To this end, by searching for the motion x and pressure p in
the Sobolev spaces (H'(# x Z,8))? and H* (% x Z,S), respectively, and enforcing
the boundary conditions (2.39a)—(2.39¢), the model equations (2.38a)—(2.38¢c) are
reformulated as

Fy = j?X(X,p, V) :/ZP(X,p, V):gGrad u =0, (2.42a)
F, = Fybon V) = [{(Grad K (o V)(Gradp) + 57} =0, (242b)
Fv=Fv(,V)=sym(VV ) +R(x,V) =0, (2.42¢)

where @ and p are the test functions associated with the velocity and pressure and
are sometimes referred to as “virtual velocity” and “virtual pressure”, respectively.
We notice that the functionals F v and F » depend linearly on the virtual fields @
and p. However, for the sake of a lighter notation, we have omitted this dependence
in their definitions.
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2.5 — Results

2.5 Results

In this section, we present and discuss the main results of our simulations (see
Figures 2.1-2.5). In particular, we show (i) how remodelling modulates the mechan-
ical and hydraulic response of the tissue, and (ii) how the fibre reinforcement, which
makes the tissue transversely isotropic, influences the evolution of the anelastic dis-
tortions. To highlight the consequences of remodelling, we run a set of simulations
in which remodelling is switched off, and we compare the corresponding results with
those stemming from the set of simulations in which the models M1 and M2 are
implemented. Moreover, in order to see the role played by the fibre reinforcement,
we compare the results predicted by the model M1, in which an ideal isotropic
tissue without fibres is simulated, with those predicted by the model M2, in which
the presence of the fibres is accounted for. In all the plots (Figures 2.1-2.5), we
evaluate the physical quantity of interest at the point Xy of Cartesian coordinates
given by (1.3,0.0,1.0) [mm], which is on the upper boundary and close to the lateral
boundary of the sample. In Figure 2.1a, we report the time trend of the magni-
tude of the (spatial) filtration velocity, ||q(Xuy,t)||, evaluated at the point Xy for
t € [0, Tenal, where we let Tinq be arbitrarily greater than Ti.mp. We show both
the case of no remodelling and the case of remodelling, as described by the models
M1 and M2. In the absence of remodelling, the magnitude of the filtration velocity
grows monotonically until the target displacement is reached, i.e., until £ = Tiamp.
Then, it relaxes asymptotically towards zero for increasing time. When remodelling
occurs, the trend of ||g(Xy,t)|| depends on whether or not the fibres are accounted
for. In the simulation performed by applying the model M1, the influence of re-
modelling on ||q(Xy,t)||m1 is twofold: on the one hand, it lowers considerably the
maximum value of ||gq(Xy,t?)|, which is however attained at ¢ = Tiamp, and, on
the other hand, it leads to a much slower relaxation time. Hence, even though
|lg(Xu,t)||a decreases monotonically towards zero, the curve associated with M1
intersects the curve of no remodelling, and it holds that

Hq(XU7t)HM1 > Hq(XUat)Hno-rema (243)

forall t > T4, with T} > Tiamp being the time at which the two curves intersect each
other. The simulation performed considering the model M2 leads, instead, to quite
different results. First of all, the maximum value of ||g(Xv,t)||m2, always attained
at T'" = Tyamp, is smaller than the one reached in the case of no remodelling and
bigger than the one predicted by M1. Moreover, the relaxation of ||q(Xuy,t)|m2
towards zero is slower than that observed in the case of no remodelling, but slightly
faster than the one obtained by employing the model M1. The most noticeable
results, however, are given by the loss of monotonicity of ||q(Xuy,t)|lm2 in the inter-
val [Tramp, Tenda[, and by the presence of the point of non-differentiability, hereafter
denoted by T, between Tamp and ¢ = 50s. This behaviour is due to the fact that,
when remodelling occurs and the anisotropy of the fibre pattern is considered, the
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Figure 2.1: Norm of Darcy velocity vs time (a) and radial component of
Darcy velocity vs time (b), evaluated at the point Xy of Cartesian coordinates
(1.3,0.0,1.0) [mm]. The anisotropic model predicts an inversion of the filtration ve-
locity, which yields thus an inflow of fluid after a critical instant of time is reached.
This behaviour is not captured by the isotropic model M1.

radial component of the filtration velocity decreases for ¢ > Ti,mp, becomes nega-
tive until it attains a global minimum and, subsequently, it grows asymptotically
towards zero for a sufficiently long time (see Figure 2.1b). The above discussion
contributes to answer the research questions 2.2 and 2.3.

The change of sign in the radial velocity may be interpreted as a “syringe effect”,
thereby meaning that, for t > T, the fluid tends to flow back into the tissue. Since
the fluid filtration velocity complies with Darcy’s law, this behaviour is accompanied
by a change of sign of the radial pressure gradient, which implies that the pressure
at Xy becomes smaller than zero for ¢ > T, (we recall, indeed, that our boundary
conditions prescribe that, on the lateral boundary of the sample, the pressure is
zero at all times). This observation seems to be supported by the results shown in
Figure 2.2. In the absence of remodelling, pressure grows until a global maximum is
reached, and it relaxes then towards zero for increasing time. A qualitatively similar
trend is also observed when remodelling is switched on and the model M1 is used,
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Figure 2.2: Pressure vs time, p(Xy,t), evaluated at the point Xy of Cartesian co-
ordinates (1.3,0.0,1.0) [mm]. The isotropic model M1 predicts a dramatic decrease
of pressure due to the progression of remodelling. In the case of the model M2,
instead, the interplay between the evolution of the plastic distortions and the tis-
sue’s anisotropy contains the pressure fall and induces a loss of monotonicity in the
time trend. This is consistent with the inversion of the filtration velocity observed
in Figure 2.1.

even though the maximum value of pressure is much smaller than the one obtained
in the case of no remodelling. The model M1 predicts, indeed, that [p(Xuy,t)|n
consists of two monotonic branches, one increasing over the interval [0, Tyamp) and
the other one decreasing over [Tiamp, Zena[. The decreasing branch intersects the
relaxing branch of the pressure curve of no remodelling and tends towards zero
more slowly than the latter one. The curve determined by simulating the model
M2 grows rather steeply until the maximum pressure is attained, and this maximum
places itself in between the values obtained in the case of no remodelling and that of
model M1, respectively. Then, [p(Xy,t)]m2 decreases much faster than it happens
in the other cases, becomes negative, and reaches a global minimum. Afterwards it
grows again, and it then tends to zero from below at a rate comparable with that
of no remodelling. We remark that the instant of time at which pressure equals
zero coincides with T, i.e., the time at which the radial component of the filtration
velocity changes its sign.The above discussion contributes to answer the research
questions 2.1, 2.2 and 2.3.

In Figure 2.3, we study the time trend of porosity at Xy. We notice that, both
in the case of no remodelling and in the case of the model M1, porosity decreases
monotonically in time. In the absence of remodelling, porosity varies very smoothly,
and the amplitude of the variation between its initial and asymptotic values is bigger
than in the other case. The model M1, in turn, predicts a rather pronounced change
of slope of the porosity curve, and the asymptotic value of porosity is reached more
slowly. A quite different behaviour can be observed when the tissue’s anisotropy
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Figure 2.3: Porosity vs time, 1 — @y, (Xy)/J(Xu,t), evaluated at the point Xy of
Cartesian coordinates (1.3,0.0,1.0) [mm]. Whereas the case of no remodelling and
the model M1 predict quantitatively different, but qualitatively similar, results, the
model M2 is characterised by a trend that is both quantitatively and qualitatively
different from the other two. The loss of monotonicity is, in fact, consistent with
that of Figures 2.1 and 2.2, and represents an opening of the tissue’s pores (with
corresponding increase of porosity) on the way towards the stationary state.

is accounted for. Indeed, in accordance with the inversion of the fluid filtration
velocity (see Figure 2.1) and the change of sign of the pressure (see Figure 2.2), the
model M2 prescribes that porosity varies in time in a non-monotonic way. More
specifically, it decreases until it comes to a global minimum, which corresponds to
the end of the loading ramp, and then it grows towards a stationary value. This
behaviour is consistent with the fact that, to permit the inflow of fluid, the tissue
must increase its porosity, and it seems to be a consequence of the interplay between
the tissue’s anisotropy and the evolution of the anelastic distortions. The above
discussion contributes to answer the research question 2.3.

In terms of F},, a measure of the magnitude of plastic-like distortions is the
Frobenius norm of the anelastic strain tensor

E,=}|F,.F,-G|. (2.44)
Since it holds that F}, is the inverse of H, E, may be rewritten as
E,=H"H'-G|=-Agy, (2.45)

where Apg is the Almansi-Euler-like strain tensor associated with H. Finally, by
enforcing the polar decomposition H = V.R, E,, becomes

E,=iviv'-aG]. (2.46)

Equation (2.45) suggests which tensor field should be used to address remodelling
within the theory of uniformity [70, 169, 53, 197].
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Figure 2.4: Frobenius norm of E, = 1[V"'.V ' — G] vs time, | E,(Xy, )|, evalu-
ated at the point Xy of Cartesian coordinates (1.3,0.0,1.0) [mm]. The magnitude of
the plastic strains is bigger in the transversely isotropic model M2. In the isotropic
model M1, instead, the plastic strains are rather small, but they tend to the sta-
tionary state much more slowly than predicted by the model M2.

The Frobenius norm of E|, is now evaluated at Xy and its variation in time is
reported in Figure 2.4. We notice that the magnitude of the anelastic distortions
as predicted by the model M2 is much bigger than that obtained by the model M1.
Thus, the anisotropy of the tissue seems to enhance the growth of the plastic distor-
tions, whose magnitude increases quite rapidly and tends to approach a stationary
value. In the case of the model M1, instead, || E,(Xvy,t)| grows much more slowly
(and almost linearly) towards a stationary value. The above discussion contribute
to answer the research questions 2.2 and 2.3.

Finally, we investigate how the onset of plastic distortions modulates the stress
borne by the tissue. To this end, we plot in Figure 2.5 the von Mises equivalent
stress at Xy, and we notice that the curve corresponding to the model M1 is, until
about 200 s, bounded from above by the curve pertaining to the model M2. This
means that, even though the plastic distortions are characterised by a magnitude of
E, that is bigger in the anisotropic case than in the isotropic one, the level of stress
reached in the first case is higher. We remark that the onset of remodelling occurs
only when the von Mises equivalent stress, ||deve||, overcomes the yield stress,
oy. In fact, there exists an instant of time such that the condition of incipient
remodelling, i.e., |[deve| = oy, is verified, and the von Mises equivalent stress is
bigger than oy for all subsequent times. To highlight this behaviour, we plotted in
Figure 2.5 the yield stress (which is constant in time in this work), and we showed
that, in all the considered cases, the von Mises equivalent stress exceeds the yield
stress after a quite short interval of time.The above discussion contributes to answer
the research questions 2.1, 2.2 and 2.3.
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Figure 2.5: Equivalent stress vs time, evaluated at the point Xy of Cartesian
coordinates (1.3,0.0,1.0) [mm]. The equivalent stress is the Frobenius norm of
the deviatoric part of the constitutive Cauchy stress tensor, i.e., ||deve||, with
o = J'FSF™. The 2nd Piola-Kirchhoff stress tensor S is given by (2.30) for the
model M1, and by (2.33) both for the model M2 and for the case of no remodelling
(in which, however, the identity V' = G~ applies).

2.6 Conclusions

In this work, we employed an inhomogeneous and transversely isotropic poro-
plastic model of fibre-reinforced biological tissue in order to study how the variation
of the tissue’s internal structure (i.e., the process of remodelling), which manifests
itself through the onset and evolution of anelastic distortions, is influenced by the
material symmetries of the tissue itself.

For our purposes, we rephrased the poroelastic model of hydrated, fibre-reinfor-
ced tissues summarised in [80, 225] in order to account for the presence of anelastic
distortions (the definition of the hyperelastic strain energy energy is developed from
[84, 80] and the tissue’s permeability has been adapted from [83, 82, 80, 225]). Then,
we formulated and solved numerically the two different descriptions of structural
remodelling denoted by model M1 and model M2. We recall that, while the tissue
has been simulated as inhomogeneous and transversely isotropic both in the case of
the model M2 and in the reference case of no remodelling, it has been regarded as
inhomogeneous but isotropic in the model M1. We emphasise that this idealisation
serves as a basis for comparison with the transversely isotropic model M2, and has
been done to highlight the interplay between the tissue’s material symmetries and
the development of plastic distortions. These, indeed, drive an evolution of the
group of material symmetries, but they do not change it (see [68, 69] for further
details).

Among the obtained results, represented graphically in Figures 2.1-2.5, we give
prominence to the “syringe effect” discussed in Section 2.5, which is observed in
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our simulations only when remodelling occurs in the tissue modelled as an inhomo-
geneous and transversely isotropic material (cf. model M2). Such effect seems to
be an evidence of the change of the tissue’s mechanical and hydraulic behaviour.
Such alteration of material response could characterise a diseased or damaged tis-
sue, and could thus also provide some indications on how the tissue might behave
in non-physiological conditions.

Finally, since the observed changes of material behaviour occur both qualita-
tively and quantitatively in the case of anisotropy (while the change is only quanti-
tative in the case of isotropy), our results could be used for studying the interplay
between growth and remodelling in anisotropic tissues. For example, this could
be of interest for elaborating more detailed and more accurate models of tumour
growth, in which the onset of remodelling has appreciable consequences on the
tumour evolution [167, 166].

In summary, the research questions 2.1-—2.3 have been answered in the following
way:

o The “syringe effect”, discussed in Section 2.5, is observed in our simulations
only when remodelling occurs in the tissue described as inhomogeneous and
transversely isotropic material. We, thus, conclude that this behaviour is an
output of the interplay between anelasticity and anisotropy.

o The observed changes of the material behaviour occur both qualitatively and
quantitatively in the case of anisotropy, while the change is only quantitative
in the case of isotropy.

o Changes of the tissue’s mechanical properties manifest themselves through
stress relaxation, loss of monotonicity in the temporal evolution of the poros-
ity and through the production of plastic-like distortions, whereas the changes
of the tissue’s hydraulic properties involve the filtration velocity and the pres-
sure distribution in time and space.
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Chapter 3

Structural reorganisation and
fibre reorientation in
fibre-reinforced biological tissues

The work reported in this chapter has been previously published in [56].

3.1 Introduction

We highlight some mechanical aspects of the coupling among deformation, fluid
flow, structural evolution, and reorientation of fibres in fibre-reinforced, hydrated,
soft biological tissues. For our purposes, we elaborate a model in which the tissue’s
interstitial fluid is inviscid and obeys Darcy’s law, and the solid constituents are
transversely isotropic, hyperelastic materials. Within this setting, we consider two
different types of remodelling: One consists of the reorientation of the fibres, while
the other one is the manifestation, at the tissue scale, of structural rearrangements
representable in terms of inelastic distortions. Our focus is on the interplay between
the latter ones and the fibre reorientation. In our model, such interplay is a conse-
quence of the constitutive framework, which resolves explicitly the space variability
of a parameter, the “fibre mean angle”, that determines the direction along which
the fibres tend to align themselves. Our main results concern the description of a
Mandel-like stress tensor, which drives the inelastic distortions when the fibre mean
angle is distributed inhomogeneously throughout the tissue, and of a diffusion-like
tensor depending on the inelastic distortions, which guides the evolution of the fibre
mean angle.

With these motivations, we propose to improve and extend the model presented
in [108], where the reorientation of fibres was studied in a transversely isotropic
fibre-reinforced tissue, with fibres aligned according to a prescribed probability
density. Such probability density was parametrised by an angle denominated “fibre
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mean angle” and determining, at each material point, the direction of the most
probable fibre alignment.

In the present work, there are three relevant differences with respect to [108].
The first and major difference is that we now account for plastic-like distortions
and study their influence on the reorientation of the collagen fibres by adhering
to the formalism introduced in [61]. Plastic-like distortions are meant to describe
the onset and progression of irreversible strains in the tissue, which may arise in
response to diseases or injuries [97], or the reorganisation of the tissue’s extracel-
lular matrix, as is the case for cellular aggregates and tumour spheroids [198, 104,
112]. In the literature, the concept of inelastic distortions is often related to that of
residual stresses, an issue typically investigated with the aid of the Bilby-Kroner-
Lee decomposition of the deformation gradient tensor. A rather different point
view, however, has been recently proposed in [175], where a study on the impact of
residual stresses on the mechanical behaviour of tissues is presented. The second
difference is related to the rationale with which the concept of target angle is ac-
counted for. We recall that the “target angle” is a preferred angle that, depending
on the deformation or stress state in the tissue, contributes to direct the evolution
of the fibre mean angle. In fact, it can be thought of as the generator of an ex-
ternal force that drives the fibre mean angle towards the value determined by the
interactions of the fibres with the environment in which they are embedded. After
mentioning the approaches proposed, for example, in [64, 21, 127, 183], we select
for our purposes a modification of the target angle put forward in [64]. The third
difference is a re-definition of the constitutive framework and, in particular, of the
free energy density of the Allen-Cahn type [108], which models the reorientation of
the fibres and constituted the crux of [108].

The most significant contribution of our work is the enrichment of the constitu-
tive framework through the definition of two “non-standard” terms in the total free
energy density of the system, W,. One of these terms, denoted by Wgyaq, is said to
be the “gradient part” of IV, since it features the material gradient of the fibre mean
angle, q. The energy density Wgraq keeps track, already at the constitutive level,
of the ezplicit dependence of q on material points [108]. Thus, such dependence is
not inherited from the quantities involved in the evolution equation of q. Rather,
it is accounted for a priori by enrolling Gradq among the constitutive arguments of
W,. This gives rise to a generalised force that, by embodying the inhomogeneity of
q, contributes to drive the evolution of q itself. As a consequence, the coupling of
q with the dynamics of the plastic-like distortions introduce a novelty with respect
to [108].

The other non-standard term in W, is referred to as the “structural part” and is
denoted by Wy,. In our view, it represents the potential energy that pertains to a
given distribution of ¢, and its existence is postulated a priori, regardless of the fact
that the tissue is deformed elastically or distorted inelastically. In fact, W, can be
non trivial also in the absence of deformation and plastic-like distortions, although
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3.2 — Dynamical equations

we do allow for its coupling with these kinematic variables. The way in which this
is done here is another novelty of our work, for we strongly modify the coupling
previously defined in [108]. Moreover, we compare our concept of structural energy
with the one introduced in [21], within a setting rather different from ours.

The proposed constitutive framework leads to the key point of this work: The
coupling among the kinematic variables is such that the dynamics of the system
can be depicted as a “game among three players”, i.e., the motion, the plastic-like
distortions, and the fibre mean angle.

In our model, plastic-like distortions are assumed to be set off, for instance, when
the tissue undergoes irreversible strains [97], when the cells of the tissue redistribute
their adhesion bonds, or when the tissue’s extracellular matrix rearranges the cross-
links forming its structure [112]. In these cases, the solid constituent of the tissue
experiences transformations that cannot be described in terms of shape changes,
and that necessitate, thus, new descriptors. As suggested in [60], such descriptors
should be regarded as independent kinematic variables that represent the structural
degrees of freedom of the tissue. Within this picture, and by regarding the tissue
as a deformable porous medium permeated by an interstitial fluid, our goal is to
describe the interactions among deformation, fluid flow, and the aforementioned
structural changes, emphasising the coupling between the plastic-like distortions
and the fibre reorientation.

3.2 Dynamical equations

According to the mathematical model presented in Chapter 2, also in this case
the flow of the fluid and the deformation of the considered tissue are accounted for
by the mass balance law and the linear momentum balance law for the tissue as a
whole, i.e.,

J = Div [KCradp), in 8 x .7, (3.1a)
Div |-Jpg 'F™" + P..| =0, in B x 7. (3.1Db)

We first consider the reorganisation of the tissue due to the production of in-
elastic distortions. Then, in accordance with [60], we introduce a set of generalised
forces dual of the virtual velocity associated with F,, and we distinguish between
the internal and the external forces of this kind, denoted by Y™ and Y, re-
spectively. Hence, by invoking the Principle of Virtual Powers, we obtain the force
balance [60]

Y™ =Y™ in%x.I, (3.2)
where the subscript “v” means that Y™ and Y are defined with respect to the
natural state of the tissue [44]. Finally, using the jargon of [60], we remark that
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Eq. (3.2) is consistent with a “grade zero” theory, in which no gradient of F}, is
accounted for.

We now turn to the reorientation of the reinforcing fibres. As reported in [21,
108, 116], the alignment of the fibres in the tissue is governed by a probability
density that depends on a given set of scalar parameters. The variation of these
parameters is responsible for the reorientation of the fibres. In our model, we
select one parameter only, which we indicate with q and employ to describe the
kinematics of the fibres. In particular, q acquires the meaning of “fibre mean angle”.
Analogously to the reasoning that has led us to (3.2), we consider both internal and
external generalised forces dual of the (scalar) virtual velocity v associated with q.
In this case, however, since we aim at resolving explicitly the point dependence of ¢,
we also need to account for the kinematic descriptor Grad q, along with its virtual
counterpart Grad v. Then, by employing again the Principle of Virtual Powers, and
restricting it for brevity only to the sub-problem of the fibre reorientation, we find

/ {y@v + y") Grado} = / h Oy + hW o, (3.3)
B B OABN

where 3 and y(" are a scalar and a vector-like internal force, defined as the dual
entities of v and Gradv, respectively, h(?) is an external force, (") is an external
contact force, 0%y is the Neumann boundary of 0%, and the virtual velocity v
is assumed to vanish identically on the Dirichlet portion of 04, i.e., on 0ABp =
0B\0Ay. Equation (3.3) leads to the balance laws

y© — DivyM = p0, in & x 7, (3.4a)
y . N = p, on 0By x I (3.4b)

Upon setting, in the case of isochoric plastic-like distortions,

Z = hO), (3.5a)
Z™ =y — DivyW, (3.5D)

we can rephrase (3.4a) as
R =R, in Bx I, (3.6)

thereby generalising the results in [183, 116].

Equations (3.1a), (3.1b), (3.2), reformulated for the case of isochoric plastic-like
distortions, and (3.6) describe the dynamics of the system under study. Their solu-
tion determines the model unknowns, identified with p, x, F},, and q. Among those,
a true configuration of the solid is obtained by specifying the triple of descriptors
(x, Fp,q). In the sequel, we refer to q and F}, as to remodelling variables, and to
Y Yt it and 29 as to generalised remodelling forces.

54



1904

1905

1906

1907

1908

1909

1910

1911

1912

1913

1914

1915

1916

1917

1918

1919

1920

1921

1922

1923

1924

1925

1926

1927

1928

1929

1930

3.3 — Constitutive laws

3.3 Constitutive laws

To constitutively characterise the fibre-reinforced medium under study, we as-
sign a free energy density consisting of two terms, both of which are written per
unit volume of the material in its natural state, i.e. [108],

Wl/ = Wstd + Wrem- (37)

The term Wy takes into account the hyperelastic behaviour of the solid mate-
rial, and relies on a mechanical model of fibre-reinforced media, in which the fibres
are oriented statistically [84, 83, 80]. In this respect, we denote the corresponding
strain energy density by Wyiq, where the subscript “std” stands for “standard”. The
other term, Wi, is not standard and it has been introduced in order to specifi-
cally account for remodelling [21, 108, 138]. The energy density W,ey, is assumed
to exist independently of deformation and, in fact, it is conceived as the energetic
contribution that characterises each possible directional distribution of the fibres
in the tissue. For this reason, W, may be nontrivial also in the undeformed
configuration of the tissue [108].

3.3.1 “Standard” Constitutive laws

Following [Sfl, 83, 80, 108, 116], we define Wyq as a function of C, and q, i.e.,
we set Wyg = Wga(Ce, q), with

I/T/std(c’ea CI) :q)SVU(Je) + q)OSVWO(Ce) + élsu [Wli(ce) + W1a<cea Cl)} . (38)

For the expressions of ®g,, o, and Py, we refer to Egs. (2.13a)-(2.13c) and Table
3.1. The definitions of the U(J.) and W(C,) are reported in Eqs. (2.4a) and
(2.4b), respectively, while W1;(C,) has the same functional form of W(C.), but
with different coefficients. For convenience of the Reader, in Table 3.1 the material
parameters involved in (3.8) are reported. The latter term of (3.8), Wi,, is defined
through the directional average [228, 83, 80, 79, 151, 100]

Wia(Ce,q) = (#1a(Coym)) (@) = [ #1a(Coym)¥(m,q).  (39)

S2%

where VA/M(Ce,m) is the transversely isotropic strain energy density of a single
fibre, and m is a field of unit vectors individuating the direction of space along
which the fibres are locally oriented.

A possible explicit constitutive expressions VA/la(Ce, m) is given by [80, 225]

7A/1a(ce,m) = 7V/1a(f4e) = "/v/la([4e)7'l([4e —1), (3.10a)

v k1 9

Y 1a(Lse) = o {exp (kallie — 112) =1} (3.10b)
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The constitutive expression of ¥4, is taken from [183, 139].

Here, the probability density function W is assumed to depend only on the
direction of the local fibre orientation and on the remodelling variable, q. However,
in more general contexts, it can depend on several other parameters. It is important
to remark that, in this work, it is taken transversely isotropic with respect to a
direction my for the tissue as a whole. To justify this assumption, we consider a
specimen of tissue of cylindrical shape, and we assume that the symmetry axis of
the cylinder coincides with my.

Symbol Definition = Units H Symbol Definition Units
r 0.50 1 || Posv 0.046 4 0.038¢ — 0.062¢2 [—]
q 2.00 ] || Prsw 0.204 — 0.138¢ + 0.062¢2 []
o 0.125 [MPa] || T’ 1-10* [Pa. s]
a; = i 0.778 ] || Do 1-1074 [N(rad)~1]
g = Qo 0111 [ || ¢ 050  [(MPas)™']
o 7.59 [MPa] || e, (1-a,,)/®,, [—]
Jer 0.1+ ®g (&) [ | e 4.0 [—]
ks 13.00  [kPa] || kg 0.0848 [—]
ks 12.20 [] || mo 4.6380 []
oy 0.002 [MPa] || & 3.7729-103  [mm*(N s) "]
D, Do + iy —] || % (K1 /k2)(4.387 £2:228 4 1) [kPa]

Table 3.1: Parameters used in the numerical simulations. See [80, 225], and the
references therein, for the values in the first seven rows on the left.

We remark that 7/13(Ce, m) depends on m through the structure tensor a :=
m ® m and, since a is invariant under the transformation m — —m, it also holds
that #1.(Ce(X, 1), my) = #1.(Ce(X, ), —my), for all X € 2 and for all times.

While the strain energy density of a single fibre, VA/la(Ce,m), is transversely
isotropic with respect to m, the directional average (3.9) models a material that
is transversely isotropic with respect to mgy. To guarantee this property, for all
X € % in the natural state, we first choose a triad {e,(X)}3_, of basis unit
vectors, with ez(X) parallel to my. Then, we introduce the polar coordinates
(9, ) € [0, 7] x [0,27[, so that mx reads

my = mx (Y, p) =sind cos ey + sind sin g ey + cos U e, (3.11)
and we enforce the condition
U(my,q) = U(i@x (9, 9),q) = ¥(J,q). (3.12)

Since the probability density W (1, q) re-defined in (3.12) is independent of ¢, the
directional average (3.9) has to be transversely isotropic with respect to my. Several
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3.3 — Constitutive laws

functional forms can be used to express @(19, q). For example, it can be a pseudo-
Gaussian distribution [21, 108, 116, 85], defined by

A9, q,w)

\I/PG(ﬁﬂ q) = \I/PG(ﬁa q7w> = W? (3138‘)

. (¥ —q)?

7(197 q, w) = €xXp <_2w2> 5 (313b)
w/2

N(q,w) = 27 /0 (0, q,w) sin ¥ do. (3.13¢)

In (3.13a)-(3.13c), w? > 0 is the variance of the pseudo-Gaussian distribution,
N (q,w) is the normalisation factor, and the remodelling angle q is the angle, taken
from myg, that denotes the semi-aperture of a cone of fibres with the apex in X.

The angle q is conceived in such a way that Wi(q, ¢) represents the set of most
probable directions of fibre alignment, with ¢ varying in € [0,27[. We remark that,
according to the definitions(3.13a)—(3.13c), the values of ¥ that are admissible for
Upg range in [0,7/2]. For this reason, also q is allowed to vary within the same
interval only.

Other forms of the probability density can be found e.g. in [21, 100]

3.3.2 “Non-Standard” constitutive laws

The energy density associated with remodelling is given in the form [108]
Woem (Fe, Fy, q, Grad q) = @10, [War(Ce, )+ Waraa (Fe, Fy, Grad q)|,  (3.14)

where Wstr(Ce, q) and WGrad(Fe, F,, Grad q) are referred to as the structural part
and the gradient part of the strain energy density, respectively. Although (3.14) has
recently been introduced in [108], in the present work the constitutive expressions
of Wstr and WGrad are rather different from those supplied in [108].

The first difference concerns Wstr(Ce, q), which is assumed here to be trans-
versely isotropic, and to depend on C, only through C, = J;?/3C,, i.e.,

Wstr(Cea q) = %gZ(q) |} + @ <<%1a(j4e)H(I4e - 1)>> (q>1 ) (315)

where T4 = C,, : (m®@m) = J 2314, o is a point-dependent material coefficient,
and Z(q) a double-well function of the fibre mean angle [108], i.e

2(q) = (W/l4>4q2 (q - 7;)2 (3.16)

As noticed above, a more complete constitutive approach would call for expressing
¥ 1. as a function of Iy and I, [59]. However, since such a modelling choice does

not change the “philosophy” of our work, we opt here for an easier form of V4 la-
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The second difference concerns the definition of Wgpaq, which is assumed to
depend also on the plastic-like distortions through the expression

Werad = 3d : grad®q @ grad®q = 3 F, ' F,'dF. "F, " : Gradq ® Gradq, (3.17)

where we employed the identity grad *q(x,t) = F~ (X, t)Grad q(X, t), with °q( -, t) :
A(t) — [0,7/2] being the spatial version of the fibre mean angle. Among the many
possible choices for expressing the second-order tensor d, which has the physi-
cal meaning of angular stiffness per unit length [108], we select d = Dgb,, where
b, = F,.F. is the elastic left Cauchy-Green deformation tensor, and the coefficient
Dy is assumed to be constant. In general, Dy should be a function of material
points. However, in this work, we attribute the dependence on material points
to the “effective” coefficient ®q4, Dy, which features in the definition of Wien, and
is obtained by multiplying Wgpaq by ®is,, as done in (3.14). Upon substituting
d = Db, into (3.17), we can rephrase Wgraq as a function of F}, and Gradg, i.e.,

Wearad = WGrad(Fp, Gradq) = %DOBp : Grad g ® Grad g. (3.18)

3.4 Residual Dissipation Inequality and Remod-
elling Equations

We adapt the study of the dissipation inequality from [108, 110] and, to avoid

lengthy calculations, we report here only the results that are most important for this

work. By exploiting the identity C, = F; TCFP_ ! we can rephrase the constitutive
expression of the overall free energy density W, as a function of C, F}, and q, i.e.,

W, = W,(C, F,, q,Crad q). (3.19)
By assuming isochoric plastic-like distortions, i.e., J, = 1, we obtain
oW,
oc )’
Pi=—(J]—®,)pg 'F T, (3.20b)

P,=—-0,pg 'F T+ F (2 (3.20a)

where P, and P; are the first Piola—Kirchhgff stress tensors of the~solid and the
fluid, respectively. Next, we write Wsqa = Wa(C, Fy, q), Wir = Wee(C, Fy,, q),
and Warad = Waraa(Fp, Gradgq). Subsequently, we introduce the Mandel stress

tensors

OW oW
Saa = —FJ aFtd —C (2 actd> , (3.21a)
p
oW oW
T str o str
2Jstr Fp (Cblsu an ) C <2q>lsu 80 )
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3.4 — Residual Dissipation Inequality and Remodelling Equations

= (fDev (CF;'aF; ")) (3.21b)
oW oW
T Grad | Grad
Yarad = —F, <<I>1S,, OF, ) = Gradq® (q)ls'j@(}radq) : (3.21¢)
where the factor f is defined by
f = 201090 2(a) I3 ko[ Lie — Nexp (ka[lse — 1]?) H(Lie — 1). (3.22)

We highlight that, with the Eqs. (3.21a), (3.21b) and (3.21c) we contribute to
answer the research question 3.3.
Hence, we obtain the residual dissipation inequality

oW, . W, _
Dies = — o7 'm0 FQ + {y<°> - 8q} q+ {y“) - } Gradg
+{F, T (FYY " + Saa + Zar + Barad) Fy | Ly > 0, (3.23)

where 74 is the force density describing the exchange of linear momentum between
the solid and the fluid, and @ = JF~'q is referred to as material filtration velocity,
i.e., the backward Piola-transformation of the filtration velocity q = ¢¢[ve — vg].

With reference to (3.21a)—(3.21c), 2gq can be found in several theories on re-
modelling available in the literature (see e.g. [98, 13]); Xy, represents a structural
generalised force that descends from the coupling between the deformation and the
evolution of the fibres accounted for by Wi,; 3graq stems from the coupling of the
plastic-like distortions with the evolution of the fibres, and is a direct consequence
of the introduction of the free energy density Wgyaq.

Tensor Xgaq can be interpreted as a generalisation of the Korteweg stress ten-
sor. Coherently with Waq, it represents a generalised configurational force that
is power-conjugate to L, = Fpr_ ! and that results from the coupling between F,
and q. We also remark that, since in our model Wg,.q is independent of C', the
differentiation of W aq with respect to C'is null, thereby implying that W,.q does
not contribute to the second Piola-Kirchhoff stress tensor of the solid. Therefore,
Y armad cannot possess the same properties as the Mandel stress tensors X4 and
Y. defined in (3.21a) and (3.21b), respectively. For instance, it cannot be written
in terms of the product of C with (2®14,0W graa/OC), and it does not fulfil the
symmetry conditions g qC = (B5qC)T and Xy, C = (X4, C)*. These stem from
the coupling among F', F},, and q, a coupling that is accounted for by Wa and
Wsm but not by WGrad- We notice that Xqaq satisfies the symmetry conditions
B3¢ = (ByXara)® [169].

In (3.23), we perform the identification

W _ oW,

= =&, DyB .24
Yy aGradq 1sv 0 pGl"adCl, (3 )
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which amounts to require that ") has no dissipative contribution, and, by recalling
the definition of Z™ given in (3.5b), we introduce the dissipative parts of the
internal generalised forces 2™ and Y,™:

int ,__ ,,(0) aWV

vd T Yy é)(]
FIYD = dev(FLY") 4 dev(Bga + Zotr + Lerad), (3.25b)

=Z™ — &(q,Grad q), (3.25a)

where &(q, Grad q) is the scalar generalised force given by

oW, oW,
& dq):=—~< —Div|——"]. 2
(q, Grad q) r iv <8Gradq> (3.26)
Hence, .. becomes
Dies = — ¢ 'ma FQ + 05 + Fy ' (FJY)S) Fy : Ly > 0. (3.27)

By recalling the force balances (3.2), reformulated for the case of isochoric plastic-
like distortions, and (3.6), which allow to substitute %) with Z;* in (3.25a) and
Y™ with Y in (3.25b), we obtain [108, 183, 110]

i = & — &(q,Grad q), (3.28a)
FIYDL =dev(FYS") + dev(ZBga 4+ Botr + Bcirad)- (3.28Db)

If 2 and Y, can be related constitutively to q and Ly, respectively, (3.28a)
and (3.28b) become evolution laws for q and F},. For this purpose, we study the
dissipation inequality, and we require here each summand of (3.27) to be non-
negative independently on the other ones [112], i.e.,

Dppow = —¢5 7. FQ >0, (3.29a)
Dy = A,0 > 0, (3.29D)
D, =F," (FJY}§) Fy : L, > 0. (3.29¢)

First, we consider the inequality Dg. > 0, and, by hypothesising a linear relation-
ship between gy and Q [132, 27], we obtain Darcy’s law, i.e.,

Q = — K Gradp. (3.30)

Then, to satisfy D, > 0, we assume j,nctl = I'q, with " being a strictly positive
quantity (in general, it suffices that I" be non-negative).

Finally, we turn to ®,, and we assume that the plastic-like distortions evolve

according to a modified rate-independent formulation of plasticity, compatible with
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3.4 — Residual Dissipation Inequality and Remodelling Equations

an associative normality rule [124]. Moreover, we hypothesise that Y is iden-
tically null [44] and, by performing the change of variable H = F ! and setting

A, = HH™', we obtain

HTYM = dev(Ega + Betr + Scrad) = devBeq, (3.31a)
Dp = —Xer 1 Ap = —(devEeg) : A, > 0, (3.31b)

where Y. is referred to as the effective Mandel-like stress tensor and is the sum of

Ystds str, and Xgraa. We remark that, because of the constraint det H =1, A, is

deviatoric and, consequently, it selects only the deviatoric part of 3.q in D,
Next, we use g to define the effective Cauchy-like stress tensor

Ooi '=J g ' F TS gF". (3.32)

We remark that, because of the presence of Xqraq, Xeg is not a true Mandel stress
tensor and, analogously, o.q is not a true Cauchy stress tensor. Rather, o4 only
represents the spatial counterpart of g, constructed as shown in (3.32), but it
does not necessarily satisfy the properties that a true Cauchy stress tensor should
fulfil. For example, it is not symmetric. Still, we employ o.¢ to formulate a yield
criterion of the von Mises type. To this end, we introduce the yield function

Y = ||devoeg|y — 1/ (2/3) oy, (3.33)

where oy, is a strictly positive yield stress, and, to comply with the condition J, = 1,
only the deviatoric part of o is considered. We remark that the norm ||deveeg||g
is computed with respect to the spatial metric g, i.e.,

|devoelly = /g : (devorer)g(devaes)T. (3.34)

By expressing the norm ||devoeg||, in terms of g, i.e.,

|devoeg|ly = J | devEer] e, (3.35a)
|devEeg]lc = /O : (devEeg)C(devEeq)T, (3.35h)

we rephrase % in terms of X4 and C, thereby obtaining

YW =W (C,Beg) = J || devBeg|lc — 1/(2/3) 0y, (3.36)

We use (3.36) to maximise ®,, over all the possible stresses [218]. For this pur-
pose, we adopt the Karush-Kuhn-Tucker technique [218], along with the modified
dissipation

D, (C, e, \) = —devEeq : Ay — AV (C, Zer) > 0, (3.37)
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where A is a Karush-Kuhn-Tucker (KKT) multiplier, to be determined. The search
for maximisers of @p(C , Xefi, A) is accomplished by differentiating 55p with respect
to Xeg and A, and leads to the Karush-Kuhn-Tucker optimality conditions [218].
Since in this work the yield stress, oy, is assumed to be a given model parameter,
such optimality conditions read

9, oY
azeff (C, Eeﬂ?, )\) = —Ap — AaTeﬂ-(C7 Eeﬁf) = 0, (338&)
A>0, H(C. ) <0, IV(C,B)=0. (3.38h)

3.4.1 Reorientation of the fibres

By substituting %5 = I'q into (3.28a), and writing &'(q, Grad q) explicitly, Eq.
(3.28a) takes on the form

a(I/T/vla + Wstr)

I'q = Div [®1,,DoB,Grad q] — ®14, 5

+ R (3.39)

The first term on the right-hand-side of (3.39) contributes to the evolution of the
fibre mean angle by resolving the spatial variability of q. The coefficient ®4, D
multiplies the inverse (plastic) metric tensor B, thereby leading to the tensorial
coefficient ®,4,D9B,,. We notice that, in spite of some formal similarities with
a diffusion-reaction equation, (3.39) describes no diffusion, since it is not a mass
balance, but the evolution of an order parameter [122].

To solve (3.39), we need to provide Z<*. In two previous papers on this subject
[108, 116], one of us reviewed some results presented by other authors, e.g. [127,
183], who defined the external remodelling force Z¢** by introducing the concept
of target angle, qr. The target angle is an angle that defines the direction of space,
which we may call target direction, along which the fibres “would like to be aligned”.
By definition, the fibres tend to orient themselves along the target direction and it
has been observed that, in a tissue subjected to mechanical stress and deformation,
the target angle depends on stress [127, 183] or deformation [64, 21].

Although the issue of the target angle was discussed in [108, 116], the focus in
those papers was on the particular situations in which no external force Z* was
active, i.e., when the condition Z* = 0 applies in (3.39). In these cases, indeed, a
“target angle” may be identified with a stationary solution of (3.39), i.e., a function
(oo satisfying

a(VAVIa + I/T/str)

Div [CI>1SZ,D0BpGrad Cl] — (I)lsy aq

=0, (3.40)

together with time-independent boundary conditions. Since 8W3tr/8q does not
vanish when B, = G~' and the tissue is undeformed, (3.40) admits solutions of
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3.4 — Residual Dissipation Inequality and Remodelling Equations

sigmoidal shape that interpolate between the zeroes of the double-well potential
2(q), ie, qo = 0 and q; = 7/2. Always in the absence of deformation, such
profiles can also be obtained as the stationary solutions of (3.39), when the initial
distribution of q is a random function of material points [108].

In the case of vanishing Dy, the energy density Wqraq is null, and we end up
with a description of remodelling determined by ordinary differential equations. In
such situations, and for Z=* = 0, the search for stationary solutions amounts to
seek for the zeros of the equation

a(V/[\/la + I/T/vstr)
dq
In general, however, (3.41) may admit either no solutions or multiple solutions, i.e.,

different target angles. Whereas the existence of multiple stationary solutions to
(3.41) can be a normal fact, because the Cauchy problem

_CI)lsu

— 0. (3.41)

a(Wla + Wstr)
dq
q(X,0) = gin(X), (3.42D)

Iq=—dy, : (3.42a)

if well-posed, selects a unique solution, the case of no stationary solution may be
non-physical. Similar circumstances may occur when the right-hand-side of (3.42a)
features only 5W1a/ aq.

By introducing a non-vanishing Z°*, relating it to the concept of an a priori
defined target angle, qr, and assuming the existence of a stationary limit q3°, the
non-physical case of no stationary solutions is eliminated at source. Indeed, it
suffices to notice that a stationary angle is attained when the external force <
balances the internal ones under the condition ¢ = 0. This implies that the following
equality has to be verified [183]

6<Wla + Wstr)

L@ext — (I) <
v 1 aq

(3.43)

=97

This result can also be generalised to the case in which the target angle is not
stationary, so that Eq. (3.42a) is rewritten as

aWa WST aWa WST
(Wia + t)+q)lsu (Wia + W)

I'qg=-9 sv
q 1 a4 a4

, (3.44)

qa=qr

where the term on the right-hand-side is computed for a non-stationary target angle
qr, driven by stress or deformation.

Even more generally, when the remodelling equation is given by (3.39), the
external force Z5* may be defined as

%SXt = (g)(qT, Grad qT)
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a(I/T/vla + Wstr)
9q

= —Div [<I>1SVDOBpGraqu] + (I)lsu , (345)

a=qr

thereby obtaining the following generalisation of [108, 183, 116]:

O(W s + W)
dq
a(Wla + Wstr)
dq

Fq =Div [CblsyDonGrad q] — (I)lsy

— Div [(I>1SVDOBpGrad qT] + @151,

(3.46)

a=qr

We highlight that, within the above discussion, we contribute to answer the research
question 3.3.

3.4.2 Evolution of the plastic-like distortions

The explicit computation of the derivative of % with respect to g, see (3.36),
permits to rewrite (3.38a) as

C '(devEs)C
——J A KA
Ap HdevEeffHC

(3.47)

which implies || Al = \/C’ : Ap(Z'_lApT = J7'A > 0. Moreover, since A, is given
by A, = HH™', (3.47) can be recast in the form of an evolution equation for H
or, equivalently, for F, = H e,

(3.48)

-1
i - {_J—l)\ C (devEeﬁ)C} ITe

||deVEeff ||C

Within the classical framework of finite Elastoplasticity, the KKT-multiplier \ is
determined by enforcing a condition known as “consistency condition” [218], which
has to be solved together with the flow rule —represented here by (3.48)— and
the other model equations. Very often, the consistency condition is solved algo-
rithmically (see e.g. [218]). In this work, however, we propose a rather different
approach, which is motivated by the need of keeping our calculations at a minimum
level of complexity. In fact, we prescribe A from the outset, and, for our purposes,
we define it as

A=T606, ldeveranly—/(2/3) 0, =G [T levBllo—/(2/3) o, | . (3.49)

where (o5 > 0 is a constant model parameter, and [A], = A, for A > 0, and
[A]; = 0, otherwise. We notice that the equality &y, = J¢s is verified, because
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3.4 — Residual Dissipation Inequality and Remodelling Equations

it holds that J = J., since the condition J, = 1 applies. Finally, by substituting
(3.49) into (3.48), we obtain

77— CoPsy [J_lHdeVEeffHC —/(2/3) UyL C_l(devZeff)CH
N J HdevEefch ’

(3.50)

i.e., the ordinary differential equation describing the evolution of H.

Equation (3.50) looks like an evolution law of the Norton-Hoff type [181] and,
with some modifications, might be rated among those. However, compared with
that in [181], our (3.50) features three differences: (i) the full tensor devX.g is
considered in lieu of its symmetric part only (see [181] for some remarks on this
issue); (ii) the “transformed” generalised stress C~'dev.sC, rather than dev.y,
is regarded as the driving force for H; (iii) our X contains Xgaq, which is a
fundamental character of our framework.

We notice that the coefficient A in (3.49) has the form of the activation factor
featuring in the flow rule of a Perzyna-like model of viscoplasticity [176]. Dimen-
sional analysis shows that the parameter (, can be expressed as (y = (7.0.) !, where
T. is the characteristic relaxation time of H, and o, is a reference value of stress.
The time scale 7. is available in the literature, and we choose 7. = 22s, as suggested
in [104], where the inelastic behaviour of cellular aggregates is studied by means of
a Perzyna-like flow rule. However, there seems to be some freedom in the choice of
the reference stress o.. In principle, indeed, o, could be taken equal to oy, if one
wants to normalise A with the yield stress, or it could be defined by combining the
material parameters involved in the definition of o.¢. In the latter case, one should
use parameters, such as Dy and ., that, being other than the standard elastic co-
efficients, are not available in the literature, at least to the best of our knowledge.
Thus, we refer here to a value of o, that has already been used in [104], within a
framework similar to ours. To this end, by comparing (3.49) with the flow rule in
[104], we identify o, with o, = 240(Ps,), where pg is the shear modulus of the ma-
trix, and (®y,) is the mean value of the solid phase volumetric ratio. Hence, upon
computing o = 2(a1 + az)ag =~ 0.222MPa [138] and (d,) = [} O, (£)dE = 0.2
(see Table 3.1), we find 0. &~ 0.09 MPa and (; ~ 0.50 MPa~!s™! (cf. Table 3.1).
Such o, is obtained by considering only the isotropic part of the standard energy
of our model, whereas considering also the other terms of the energy would lead to
higher values of o, and, then, to smaller values of (;. On the other hand, smaller
values of o, are conceivable, but they could result into too high values of (; for the
problem at hand, thereby leading to non-physical time scales for the evolution of
H.
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3.4.3 Summary of the model equations and technical de-
tails

After enforcing the left polar decomposition of H, i.e., H = V.R [165], we
study only the case in which R reduces to a shifter [165], so that the unknown
determining the plastic-like distortions becomes the symmetric, second-order tensor
V. Even though this choice has the disadvantage of restricting the investigation
to the case of no plastic-like rotations, it allows to work with V', which, being
symmetric, is computationally cheaper. In summary, thus, our mathematical model
consists of the following set of four, highly non-linear, coupled equations,

J — Div (K Grad p) = 0, (3.51a)
Div(~Jpg'F™" + P.) =0, (3.51b)

W a 7 Str

T4 = Div [Py, Do B,Grad q] — <I>1S,,a( ! a: Wer)
— Div [B1, Do By Grad qr] + @1, a(Wla; Wew)| (3.51¢)

q q=qr
. A Cl(devEeg)C> ]

V =—sym||—= Vi, 3.51d
Y KJ |devEesllc ( )

in the unknowns p, x, q, and V', respectively. Note that we take the symmetric part
of the right-hand-side of (3.51d) in order to ensure that V', and its time discrete
form, be symmetric. Moreover, the material permeability tensor is given by [138,
84, 82, 80]

- (I) sv 2 - (I) sv (I) sV
K= kLm0 o U= 1a) P gy <“> HT (3.52a)
J J [4e
J - (I)sy "0
ko = oy [1_@] exp (3mo[J2 — 1]) . (3.52b)

The material parameters ko and mg are reported in Table 3.1.

We solve Egs. (3.51a)-(3.51d) for a cylindrical specimen of tissue, of initial
height L = 1mm and initial radius ® = 1.5mm, and whose boundary can be
written as 0% = 0%y U 0%, U 0%,, where the subscripts “U”, “L”, “¢” stand
for “upper”, “lower” and “lateral”, respectively. Then, we complete Eqs. (3.51a)—-
(3.51d) with the following boundary and initial conditions

—(K Gradp).N =0, on 0%y U 0Ay, (3.53a)
p=0, on 0%y, (3.53b)

(X(X,0) — x(X,t)].es = u(t), on 0Ay, (3.53¢)
X(X,t) — x(X,0) =0, on 04y, (3.53d)
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3.4 — Residual Dissipation Inequality and Remodelling Equations

(—Jpgle_T + PSC) N =0, on 0%, (3.53e)
(P15, Do B, Grad q).IN = 0, on 0By U 0%, (3.53f)
q(X,t) =0, on 04, (3.53g)

X(X,0) = xo(X), in A, (3.53h)

q(X,0) = guise (X)), in A, (3.53i)

V(X,0) = G (X), in 4. (3.53))

In (3.53a), (3.53¢), and (3.53f), N is the field of unit vectors normal to 04; in
(3.53c¢), the imposed displacement wu(t) is given by

a(t) = 10 (1) Z Ot = tramy)] + UmaxO(F — Lrarm), (3.54)

tramp

where ©(s) = 1, for s > 0, and O(s) = 0, for s < 0, Upax = 0.20mm is the
maximum imposed displacement, and ¢,,mp = 20s is the final time of the loading
ramp. In the simulated compression test, uma, is kept constant until £ = 120s.
In (3.53h), xo(X) represents the initial placement and, in this work, it returns
the points X of the reference configuration #. In (3.53i), quist(X) denotes the
initial distribution of the fibre mean angle, and is taken here to be equal to an
experimentally observed “histological” profile [85], given by

) } , (3.55)

T Tl 2/Xx3\° 5X3
(X)=2-{1= S P et e
st (X) 2{ C%<2[3<L>+3L

where X3 is the axial coordinate. Finally, the initial value V' (X,0) is taken in
(3.53j) equal to the inverse metric tensor associated with %, which means that no
inelastic distortions occur before the deformation process commences.

We remark that (3.51a)—(3.51d) are valid in general, in the sense that they apply
to the studied system, under all the specified hypotheses, but without any speciali-
sation to a particular benchmark problem. In fact, they can be adopted for a variety
of case studies, and to formulate a proof of concept for testing a proposed model. In
our work, we employ (3.51a)—(3.51d) for analysing the coupling among fluid flow,
deformation and structural reorganisation of the matrix, and fibre reorientation in
the tissue under study. For this purpose, we solve numerically a well-documented
benchmark test consisting in the unconfined compression of a cylindrical specimen
of tissue. The latter is assumed here to be articular cartilage because of the avail-
ability of experimental data, but the test can also be performed on other tissues.
For the considered test, a sample of tissue is placed between two plates, assumed
to be rigid and impermeable (see (3.53a)), as shown in 3.1. The lower plate is
fixed and the specimen is clamped to it, so as to simulate the adhesion of the carti-
lage to bone (see (3.53d)). The upper plate, instead, compresses axially the sample
(see (3.53c)), in such a way that the deformation remains axial-symmetric over the
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meable lower plane boundary

Figure 3.1: Panel describing the considered benchmark test

whole duration of the simulation. The lateral surface of the sample is assumed
to constitute a free boundary, which means that both the pressure and the radial
stress have to be equal to zero (see (3.53b) and (3.53e)).

We also have to impose boundary conditions on the fibre mean angle, q. These
are specified by (3.53f) and (3.53g). The Dirichlet condition (3.53g) forces the
fibres to remain orthogonal to the bone-cartilage interface for the whole duration
of the simulation. Due to the geometry of the specimen and the symmetry of
the problem, this restriction implies that, on the lower boundary, the fibres are
maintained parallel to the specimen’s symmetry axis. Furthermore, the Neumann
condition (3.53f) requires that the normal component of y® = &, DyB,Gradq
vanishes on the upper and lateral boundary of the sample. We notice that the
coupling between q and F',, accounted for by B, = F 1.F; T affects the way
in which (3.53f) is satisfied and, consequently, the way in which q approaches the
boundary. Indeed, in the absence of plastic-like distortions, i.e., for B, = G,
(3.53f) requires that the normal derivative of q is zero on d%yI0%,. For B, + G,
this result is no longer true, and the gradient of ¢ is no longer orthogonal to IN.

Remark 3.4.1. To clarify the physical meaning of (3.53f), we recall that, in our
model, g and Gradq are kinematic descriptors and, consistently with (3.3), the
vector y() is the internal generalised force conjugated with Gradq. Thus, y™") plays
the role of stress and, as anticipated in (3.4b), y).N is the stress component
that has to balance the generalised “contact” force h(!), defined on the Neumann
boundary of the sample. It follows from these considerations that (3.53f) rephrases
(3.4b) in the particular case in which no such forces are active, thereby yielding
yO.N = b)) = 0. This amounts to say that 0%y LI 0%, is a free boundary with
respect to ¢.
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3.5 — Results

3.5 Results

To perform a comparative study of the various phenomena accounted for in our
work, we consider four different sub-models, which we denominate M1, M2, M3,
and M4.

Model M1 (poroelasticity with #Z* = 0) As reference case, we consider a
deformable porelastic material, in which the evolution of the fibre direction is driven
by deformation only. Thus, we solve (3.51a)-(3.51c), along with (3.53a)—(3.53i). In
the computations we set 2" equal to zero, which amounts to ignore in (3.51c) all
the terms containing the target angle qr. We do that with the aim of providing an
estimate of the importance of the target angle on the guidance of the fibre evolution.
Indeed, even in the absence of Z%*, the inhomogeneity of the fibre mean angle and
the generalised forces <I>1SV8(W13 + Wstr) /0q are capable of triggering the evolution
of the fibres. By dealing with a poroelastic model, V' is kept equal to its initial
value, G™!, thereby switching off the evolution of the plastic-like distortions.

Model M2 (poroelasticity with Z¢ # 0) This case is the completion of the
model M1, as fibre re-orientation is also driven by the target angle. To this end, we
solve the same set of equations and initial and boundary conditions as implemented
in M1. In M2, however, all the terms appearing in (3.51c) are activated, and qr is
computed as

1 1 2 3 Cé C(e
qr=arctan (0633 {% ; C.:er(p)® eR(SD)dwbzarctan <2[110;;22]> 7

(3.56)

where er(p) = cospe; + singey is a unit vector orthogonal to the specimen’s
symmetry axis, and oriented radially. Note that other definitions are possible. For
example, one may define the target angle as a function of stress [64, 21, 127, 183]
or as a function of the deformation [21]. The expression of qr given in (3.56) takes
inspiration from [64, 21], and assumes that the target angle is entirely determined
by C,. Specifically, the factor %[C’en + Clg2] is the in-plane directional average of
the radial component of C,, while C.33 is the axial component of C,. Under the
considered loading conditions, (3.56) implies that, for increasing radial dilatation
and increasing axial contraction, $[Ce11 + Ceza]/Cess tends towards infinity, and qr
tends towards /2. In this limit, the target angle indicates that the fibres should be
preferably aligned orthogonally to the specimen’s symmetry axis. Clearly, the way
in which the fibre mean angle complies with this condition is modulated both by
the deformation and the plastic-like distortions. To us, another physically relevant
situation occurs in the absence of deformation and elastic distortions, i.e., when
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(3.56) prescribes qr = 7/4, and (3.51¢) becomes

: dZ
I'q = Div[®y, DyG ' Gradq] — <I>1S,,%d—q. (3.57)
In this case, the concept of target angle qr as manifestation of external force is not
explicitly present in (3.57), and the evolution of q is self-driven, with the target
angles being identified with the stationary solutions of (3.57).

Model M3 (full model, with Z* = 0) This case study is complete, since it
requires to solve the whole set of the model equations (3.51a)—(3.51d) together with
(3.53a)—(3.53g) and (3.53h)—(3.53j). However, as done in M1, in the computations
we set Z* equal to zero.

Model M4 (full model) As for M3, also M4 describes the complete model and
requires the solution of the same list of equations, with the same boundary and
initial conditions. However, in M4 the target angle is accounted for.

Computational aspects To determine the numerical solution of our problem,
we perform Finite Element simulations for each of the sub-models M1, M2, M3,
and M4. This requires the weak formulation of (3.51a)—(3.51d), the generation of
a grid for the discretisation of # and 04, and the selection of a time integration
scheme. Since the problem is nonlinear, a linearisation procedure is necessary. In
general, the grid is unstructured and the interpolations adopted for p, x, and q are
different from each other. Equation (3.51d) is solved only at the integration points
of the finite element discretisation, for it does not contain partial derivatives of V'
with respect to the spatial variables. Hence, we do not provide any weak form for
(3.51d), nor do we introduce in this work test functions associated with V.

A Backward Euler scheme of the fifth order is used for the integration in time
of all the model equations and boundary conditions. Moreover, in each sub-model,
the directional averages of the constitutive functions are computed by employing
the Spherical Design Algorithm (see e.g. [79, 126]) as implemented in [40], i.e., the
integrals over S2.% are evaluated for each time step and at each iteration of the
Newton method.

In our work, the numerical simulations were performed with the aid of the
commercial software COMSOL®v5.3. Details about the algorithms used for the
Finite Element solution of a problem involving (3.51a), (3.51b), and an evolution
equation similar to (3.51d) can be found in [112, 111].

Comments to figures Within the following discussion, we answer the research
questions 3.1 and 3.2.To sample the data, we took four measuring points, located
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Figure 3.2: Pressure. 3D contour plots of the pressure for the models M2 (panel
a) and M4 (panel b), whilst showing the deformation undergone by the tissue.
The models M1 and M3 are not reported since they would lead to no observable

difference with respect to M2 and M4, respectively.

along the vertical axis, and with Cartesian coordinates X, = (0,0, L), X3r1 =
(0,0,3L/4), X142 = (0,0,L/4), Xo = (0,0,0).

First of all, we present a three-dimensional view of the deformed tissue at the
end of the loading history. Figure 3.2 depicts the differences in the deformation of
the sample and in the pressure distribution for the models M2 and M4. The radial
displacement of the tissue appears relatively contained in M2 (Fig. 3.2a), while it
is more pronounced in M4, i.e., when plastic distortions are active (Fig. 3.2b). A
peculiar characteristic of this case is given by the shape of the profile of the deformed
lateral boundary. Indeed, in M2, such profile undergoes a gradual deformation from
the bottom to the top, whereas in M4 it experiences an abrupt deformation close
to the bottom, while it remains almost parallel to the symmetry axis in the middle
and in the upper parts of the sample. A possible explanation of this phenomenon
can be outlined through the analysis of the fibre mean angle, as shown in Fig. 3.5.

Another peculiarity of Fig. 3.2 concerns the values attained by the pressure.
In contrast to the elastic case, when plastic-like distortions are accounted for, the
pressure goes lower than zero, thereby leading to a “syringe effect” [61]. To better
describe this phenomenon, Fig. 3.3 presents the time variation of the pressure in
Xo. No significant differences can be observed for models M1 and M2, in which,
after the increase due to the loading ramp, the pressure monotonically decreases
toward zero. On the other hand, for both models accounting for the plastic-like
distortions, i.e., M3 and M4, after a first rapid increase at the beginning of the
loading experiment, we observed a rather slow increase of the pressure values. Af-
terwards, when the loading ramp terminates, we assist to an abrupt pressure drop,
that leads to negative pressure values. This sudden change is then followed by a
slow recovery, that would lead to null pressure in the long term.

A key point of this work is the role played by the fibre mean angle and by the
target angle. To analyse their evolution we present Fig. 3.4. The top panels of
Fig. 3.4 depict the evolution of the fibre mean angle, q, along the symmetry axis,

71



2337

2338

2339

2340

2341

2342

2343

2344

2345

2346

2347

2348

2349

2350

2351

2352

2353

2354

2355

2356

2357

2358

Structural reorganisation and fibre reorientation in fibre-reinforced biological tissues

105
16 T T T T T

=t 11

Pome Pressura [Pa]

1 L I
a 20 40 &0 an 100 120

Figure 3.3: Time-evolution of the pore pressure. For all the implemented models,
the temporal evolution of the pore pressure is monitored in Xj.

starting from the initial histological profile (3.53i), to the final fibre distribution
obtained within M2 (Fig. 3.4a) and M4 (Fig. 3.4b). Note that, thanks to the upper
boundary condition (3.53f), the value of q corresponding to the upper surface is free
to evolve. Interestingly, the greater variations are registered in the plastic case (M4)
and, enhanced by the introduction of the gradient term, the variability extends to
the tissue beneath. While in the middle-upper portion of the tissue we assist to a
smooth change of the fibre mean angle, on the lower part there is quite an abrupt
variation from the histological profile. This might be due to the Dirichlet boundary
condition on the lower boundary of the specimen.

To understand the role of qr and to further describe the behaviour of q, the
temporal evolution of the fibre mean angle is shown in the lower panels of Fig. 3.4,
where the trend of the target angle qr is presented alongside the fibre mean angle,
evaluated in two different sampling points. Indeed, by comparing M1 with M2,
and M3 with M4, it is evident that the introduction of gy strongly modulates q
by controlling, and then by reducing, its variation, especially in M2. In particular,
looking at Fig. 3.4d, we see how q is driven upward by the presence of qr (M2 and
M4), especially during the loading ramp.

Comparing Fig. 3.2 with Fig. 3.4c and Fig. 3.4d, we notice that the behaviour of
q influences the way in which the tissue deforms. Indeed, the more the variation of
q is contained in time, the less the sample tends to deform radially. This behaviour
is model dependent and is more evident for M3 end M4 than it is for M1 and M2.

The analysis of the target angle is worth of a separate discussion. Once again,
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Figure 3.4: Fibre mean angle. In panels a and b, 10 seconds time-laps recording
the evolution of the fibre mean angle along the vertical axis, for M2 (a) and M4
(b); arrows indicate the increase of time. In panels ¢ and d, the temporal evolution
of both the fibre mean angle and the target angle, observed in X314 (c) and X,/
(d), for all the presented models. The target angle is implemented in M2 and M4
only.

by making reference to Fig. 3.4c and Fig. 3.4d there are appreciable differences
among the elastic and the plastic case studies, concerning both the evolution and
the stationary limit of q7. The most relevant variations of qr can be appreciated in
M2, in which the relatively high values of the target angle, reached at the end of the
loading ramp, seem to affect the stationary limit. In this case, different values of
q7 are recovered at a different depth. On the other hand, in M4 elastic distortions
fade after the loading ramp, practically leading to the recovery of the stationary
value 7 /4 throughout the whole tissue.

To complete the analysis, Fig. 3.5 depicts the norm of the deviatoric part of
the effective stress tensor, i.e. ||devoeg|l,. With the exception of the bottom of
the sample (see Fig. 3.5d), where the specimen is tied to the tidemark, ||devoegllq
reaches its maximum at the end of the loading ramp. The consequent decrease
towards a stationary value is monotonic for the elastic cases M1 and M2, while it
is not for the plastic models M3 and M4 (see Figs. 3.5a and 3.5¢). In the insert

of Figs. 3.5a and 3.5b, \/2/30, is reported to highlight when and where plastic-like
distortions are de-activated. In Fig. 3.5a we note that, after approximately 70 s,

the effective stress is below the threshold 4/2/30,, thereby implying a temporary
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Figure 3.5: Effective stress tensor. For all the presented models, the norm of the
effective stress tensor is evaluated in the measuring points Xy, (a), Xsr/4 (b), X1/4

(c) and Xy (d).

switch-off of the plastic-like distortions. Figure 3.5 also reports ||deve||,, evaluated
for model M4. Although not visible at the length scale selected for our figures, we
do measure differences between the effective stress, o.¢, and the “standard” Cauchy
stress o, which does not take into account Xqaq. In turn, Xgp.q is influenced by
¥, and By, and it vanishes gradually on the way to X, because of the Neumann
zero boundary condition on q on 0Ay.

3.6 Discussion

The key aspect of our work is the mutual interaction among the motion, y, the
tensor of plastic-like distortions, F,, and the fibre mean angle, q. Firstly, we notice
that F}, and q interact with y through the constitutive law expressing Pi. in (3.51b).
Secondly, x and q interact with F}, through the term between parentheses in (3.51d).
Such interaction manifests itself through C' and Y.¢. Thirdly, the interaction of x
and F, with q finds its expression in the generalised forces ® 1, [D(W 1, 4+ W) /4]
Finally, F;, and q interact with each other through ®,,, DyB,Grad g, i.e., in such a
way that only two players out of three interact.
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3.6 — Discussion

Role played by the free energy density Wgaq In the form given in (3.17),
Waraa constitutes the lowest-order approximation of the self-interaction of the scalar
field q. The strength of such self-interaction is measured by Dy. As in [108], we
consider the particular case in which WGrad is independent of deformation, but we
do allow it to depend on the plastic-like distortions through B, whose presence
generates Xqaq. This tensor is purely configurational, and has no direct geometric
counterpart, since it emerges as a consequence of the coupling between the struc-
tural degrees of freedom q and F,. More importantly, ¥gy.q features as a summand
of ¥eg among the configurational forces that drive the evolution law of the plastic-
like distortions in (3.50). Hence, differently from other models on the subject (see
e.g. [183]), in which the configurational stress that triggers remodelling can be
obtained from Cauchy stress, in our theory we have the configurational force X gpaq
that exists on its own, and participates to activate the structural reorganisations of
the tissue. In fact, it might be interpreted as the contribution to the structural re-
organisation given by the reorientation of the fibres, i.e., the output of the interplay
between F}, and q alone.

Role played by the free energy density Wy, The energy density Wy, defined
in our model is such that the “structural” contribution to the overall second Piola-
Kirchhoff stress tensor, Sg, = 2<I)1SV(8WStr /OC), and the “structural” contribution
to the overall elasticity tensor, Cy, = 4(82Wm /OC?) vanishes in the natural state.
The function 2% Z(q) coincides with the structural energy in the natural state,

ie., Wi?g(q) = o, (q). We notice that such functional form is adequate for

describing large fluctuations of the order parameter ¢ from the two reference values
o) .
i

qgo = 0 and q; = 7/2, each of which returns the global minimum of Wsm €.,

Wi(t)r)(O) = Wi?r) (m/2) = 0. As discussed in [108], an example of this behaviour is

provided by the articular cartilage used for mechanical tests [85] in which, prior to
the application of any loading history, a “histological profile” of the fibre mean angle
can be defined [108, 85], which varies throughout the tissue, taking on the values
qo and g; at the interface with the bone and at the articular surface, respectively
[31].

One may wonder whether the introduction of Wy, is really necessary and, if it
is, why it should have the functional form suggested in this work. To answer these
questions, let us first notice that there are studies in which the structural energy is
tacitly used. Baaijens et al. [21], for example, prescribe that the fibre mean angle
evolves according to the law

q=—1la—arl, (3.58)

where 7 is a model parameter describing the system’s relaxation coefficient, q is the
angle that the fibres in a blood vessel form with the symmetry axis, and the target
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angle, qr, determines the preferred alignment of the fibres (in the case of a blood
vessel, 2q is the angle between the two families of fibres coiled helically around the
vessel). Looking at (3.58), and comparing it with our (3.44), which is obtained in
the limit of vanishing Dy, we notice that (3.58) can be recovered from (3.44) by
neglecting the force <I>1SV(8W1a/ dq), and retaining only <I>1S,,(8W5tr /0q), with the
constitutive choice

~ ~ _quad 1

War(a) = Wy, (@) = 35[0 — qret]”, (3.59)

where the superscript “quad” stands for “quadratic”, x is an angular stiffness den-
sity (thus, having units of force per unit area), and gy is a reference angle. Indeed,

~ _quad
computing the derivative of W;r with respect to q, and substituting the result
into (3.44) yield

Fq = _(I)lsl/’%[q - qT]7 (360)

and (3.58) is re-obtained upon identifying 1/7 = ®14,k/T.

In the absence of deformation and plastic-like distortions, W4 vanishes identi-
cally, regardless of the value taken by q, and the energetic content of the tissue is
the integral over % of the remodelling energy density

+-(0)

A~ (0
W "

(q, Gradq) = 51 Dol|Gradq]|* + @10, W, (9), (3.61)

which is nonzero for q other than the constant values q = qo and q = q; [108].
Hence, as reported in [108], the “natural state” of the tissue, which corresponds
to the state of zero mechanical stress, is not necessarily its ground state, which is

A

attained when the residual energy density Wﬁi’n reaches its global minimum. The
ground state, in fact, is individuated by either q¢ = q¢ or q = q;, for which each
term on the right-hand-side of (3.61) is identically null. In our case, the probability
density, \i'("z?, qo), depicts the situation in which the fibres are most likely oriented
along the tissue’s symmetry axis, whereas \11(19, q1) describes the case in which the
fibres tend to align themselves perpendicularly to the symmetry axis. Any other
distribution of the fibre mean angle corresponds to a deviation from the ground
state, and is associated with nontrivial energies. The coefficient &% defines the
height of the energy barrier that has to be overcome to pass from one ground state
configuration, e.g. (o, to the other one, g, or vice versa. In our model, such height
is assumed to depend only on ®q,, which is point-dependent. However, when
deformation and plastic-like distortions are active, we allow for a modulation of 2%
by means of the terms between brackets in (3.15). Note that, since the directional
average in (3.15) depends on ¢, the modulation also represents a self-interaction of
the fibre-mean angle.
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3.7 — Conclusions

3.7 Conclusions

We proposed two conceptual results that, to the best of our knowledge, might
be regarded as novelties: First, our calculations naturally lead to a Mandel-like
stress tensor, denoted by Xqaq, which contributes to the onset and evolution of
the plastic-like distortions. These, in turn, contribute to the evolution of the fibre
mean angle through the term &, DyB,Gradq. Secondly, we define a structural
energy that generalises some other choices available in the literature (see e.g. [21]).
These results characterise the interplay between the reorientation of fibres and
plastic-like distortions.

As anticipated above, our model can be used, with some modifications, for a
generic tissue with fibre-reinforcement and evolving internal structure. The major
strength of our model is its flexibility, since it establishes the “mathematical in-
frastructure” for describing transverse isotropy and for resolving interactions that
are usually not resolved in more “classical” theories (see e.g. [21, 183, 116]). In
turn, its major weakness is that it does not account for growth, which is crucial for
tissues like cellular aggregates and tumours.

Describing growth requires to reformulate the present setting to consider dif-
ferent cell populations, include chemical substances, and account for the coupling
among stress, structural reorganisation, and variation of mass. These modifications
result in the introduction of an evolution equation for the inelastic distortions re-
lated to growth, and in one mass balance law for each chemical species and cell
population considered in the model. All these equations should be combined with
(3.51a)—(3.51d), and new interactions should be resolved. These also call for a
review of the constitutive framework.

Another possible specific problem for which our theory could be useful is “inverse
poroelasticity” [65]. Finally, the theory presented in this work could be compared
with that developed by Capriz in [39], and this is subject of our current investiga-
tions.

By summarising the results obtained in this chapter, we answer the research
questions 3.1-—3.3 in the following way:

o Also in this case, the “syringe effect” is observed, thereby leading to a macro-
scopic change of the hydraulic properties of the tissue. The evolution of
the fibre mean angle produces a contribution in the “effective Cauchy stress
tensor”, which, in turns, is no longer monotonic. As a consequence of this
behaviour, there exists an instant of time for which the effective stress is be-
low its threshold value, which causes a temporary switch-off of the evolution
of the plastic-like distortions.

o The visible deformation of the sample of the tissue is affected by the time
and space evolution of the fibre mean angle. Indeed, the magnitude of the
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Structural reorganisation and fibre reorientation in fibre-reinforced biological tissues

radial deformation of the tissue decreases with decreasing amplitude the time
variation of q.

In the model M2, the stationary limit of the target angle is influenced by
the high values attained by the target angle itself when the loading ramp
reaches the target displacement. In the model M4, the target angle is capable
of recovering the stationary value 7/4 throughout the whole tissue station-
ary value 7/4 throughout the whole tissue, since the the elastic distortions
diminish.

An effective Mandel stress tensor arises from the chosen constitutive frame-
work. In fact, the latter involves the coupling between the variables associated
with the anelastic distortions and the gradient of the fibre mean angle (see
Egs. (3.21a), (3.21b) and (3.21c)).
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Chapter 4

An Asymptotic Homogenisation
Approach to the micro-structural
evolution of heterogeneous media

The work reported in this chapter has been previously published in [205].

Note that in this Chapter, and only in this Chapter, we employ the symbol H to
denote the “material gradient of the displacement”.

4.1 Asymptotic Homogenisation and remodelling

In the present work, we apply the asymptotic homogenisation technique to the
equations describing the dynamics of a heterogeneous material with evolving micro-
structure, thereby obtaining a set of upscaled, effective equations. We consider the
case in which the heterogeneous body comprises two hyperelastic materials and we
assume that the evolution of their micro-structure occurs through the development
of plastic-like distortions, the latter ones being accounted for by means of the Bilby-
Kroner-Lee (BKL) decomposition. The asymptotic homogenisation approach is
applied simultaneously to the linear momentum balance law of the body and to
the evolution law for the plastic-like distortions. Such evolution law models a
stress-driven production of inelastic distortions, and stems from phenomenological
observations done on cellular aggregates. The whole study is also framed within
the limit of small elastic distortions, and provide a robust framework that can be
readily generalized to growth and remodelling of nonlinear composites. Finally, we
complete our theoretical model by performing numerical simulations.

The study of material growth, remodelling and ageing is of great importance in
Biomechanics, specially when the tissue, in which these processes occur, features a
very complex structure, with different scales of observation and various constituents.
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An Asymptotic Homogenisation Approach to the micro-structural evolution of heterogeneous media

2538 In the literature, the study of heterogeneous materials follows several approaches.
253 In this work we focus on the multi-scale asymptotic homogenisation technique [20,
a0 23, 28, 52, 214], which exploits the information available at the smallest scale char-
a1 acterizing the considered medium or phenomenon to obtain an effective description
a2 Of the medium or phenomenon itself valid at its largest scale. This is achieved by
a3 expanding in asymptotic series the equations constituting the mathematical model
»sas formulated at the lowest scale. As a result, the coefficients of the effective governing
a5 equations encode the information on the other hierarchical levels, as they are to be
a5 computed solving micro structural problems at the smaller scales. The multi-scale
a7 asymptotic homogenisation approach has been successfully applied to investigate
asas various physical systems due to its potentiality in decreasing the complexity of the
sa9  problem at hand. Biomechanical applications of asymptotic homogenisation may
250 be found mainly in nanomedicine [223], biomaterials modelling, such as the bone
51 [185, 186], tissue engineering [75], poroelasticity [190], and active elastomers [191].
52 Most of the literature concerning applications of the asymptotic homogenisation
53 technique focuses on linearised governing equations, as in this case it is possible
54 t0 obtain, under a number of simplifying assumptions, a full decoupling between
55 scales, which leads to a dramatic reduction in the computational complexity, as also
256 noted for example in [191]. In fact, homogenisation in nonlinear mechanics is usu-
»s7  ally tackled via average field approaches based on representative volume elements
s or Eshelby-based techniques (see e.g. [141] for a comparison between the latter
5 and asymptotic homogenisation), as done for example in [43]. These homogenisa-
60 tion approaches are typically well-suited when seeking for suitable bounds for the
s61  coefficients of the model, such as the elastic moduli, while asymptotic homogeni-
62 sation can provide a precise characterization of the coefficients under appropriate
263 regularity assumptions (namely, local periodicity).

2564 However, to the best of our knowledge and understanding, there exists only a
s few examples, e.g. [54, 201, 211, 162], dealing with the asymptotic homogenisation
»66 in the case of media undergoing large deformations. In [201], the static micro-
se7  structural effects of periodic hyperelastic composites at finite strain are investi-
»6s gated. In [211], the interactions between large deforming solid and fluid media at
60 the microscopic level are described by using the two-scale homogenisation technique
0 and the updated Lagrangian formulation. In [54], the effective equations describing
»n the flow, elastic deformation and transport in an active poroelastic medium were
»s72 - obtained. Therein, the authors considered the spatial homogenisation of a coupled
73 transport and fluid-structure interaction model, incorporating details of the micro-
74 scopic system and admitting finite growth and deformation at the pore scale. Some
;s works can be also found dealing with homogenisation in the case of elastic perfectly
257 plastic constituents [221, 226].

2577 Here we embrace the asymptotic homogenisation approach and consider a het-
»s7s - erogeneous body composed of two hyperelastic solid constituents subjected to the
579 evolution of their internal structure. We refer to this phenomenon as to material
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4.1 — Asymptotic Homogenisation and remodelling

remodelling and we interpret it with the production of plastic-like distortions. The
wording “material remodelling” is used as a synonym of “evolution of the internal
structure” of a tissue, and is intended in the sense of [55], who states that “biolog-
ical systems can adapt their structure |...] to accommodate a changed mechanical
load environment”. In this case, always in the terminology of [55] and [222], one
speaks of epigenetic adaptation (or material remodelling). In the framework of the
manuscript, such adaptation is assumed to occur through plastic-like distortions
that represent processes like the redistribution of the adhesion bonds among the
tissue cells.

It is worth to recall in which sense the concept of “plastic distortions”, conceived
in the context of the Theory of Plasticity (cf. e.g. [161, 176]), and originally referred
to non-living materials such as metals or soils, can be imported to describe the
structural evolution of biological tissues. To this end, it is important to emphasize
that the wording “plastic distortions” is understood as the result of a complex of
transformations that conducts to the reorganization of the internal structure of a
material, and that —as anticipated in the Introduction— such reorganization is
referred to as “remodelling” in the biomechanical context.

The ways in which the structural transformations may take place in a given
material depend on the structural properties of the material itself. For this reason,
the plasticity in metals is markedly different from that occurring in amorphic ma-
terials. In the case of metals, indeed, for which the internal structure is granular
and characterized by the arrangement of the atomic lattice within each grain, plas-
tic distortions are the macroscopic manifestation of the formation and evolution
of lattice defects. As reported in [176], such defects can be due, for example, to
edge dislocations, wedge disclinations, missing atoms at some lattice sites, or to
the presence of atoms in the lattice interstices. To describe how the defects evolve,
thereby giving rise to the plastic distortions, one should compare the real lattice
at the current instant of time with an ideal lattice, and decompose the overall de-
formation (i.e., shape change and structural transformation) into an elastic and
an inelastic contribution [176]. The elastic contribution describes the part of defor-
mation that is recoverable by completely relaxing mechanical stress, whereas the
inelastic contribution represents the structural variation, which, in general, is of
irreversible nature.

Clearly, metals have structural features markedly different from those of living
matter. Still, some of the fundamental mechanisms that trigger the reorganization
of their internal structure can be adapted to describe the remodelling of biological
tissues.

For instance, in the case of bones, plastic-like phenomena are due to the for-
mation of micro cracks that, in turn, favours the gliding of the material along the
direction of the opening of the cracks [57]. Lastly, as anticipated above, in the case
of biological tissues such as cellular aggregates, the phenomenon analogous to the
generation of dislocations is the rearrangement of the adhesion bonds among the
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x2 cells or the reorganization of the extracellular matrix due to the reorientation of
x23  the collagen fibres or their deposition and resorption, as is the case for blood vessels
220 [154]. Also in all these situations, the comparison of the real configuration of the
w25 tissue with an “ideal” one, taken as reference, permits the separation of the overall
x26  deformation into an elastic part and a structure-related, “plastic-like” part.

2627 Here, taking inspiration from the theory of finite Elastoplasticity [176, 218,
s 112], we describe the plastic-like distortions by invoking the Bilby-Kroner-Lee
0 (BKL) decomposition of the deformation gradient tensor, and rephrasing it in a
x30 scale-dependent fashion. We remark that, at each of the medium’s characteristic
x31  scales, a tensor of plastic distortions is introduced, which accounts for the fact that
x2 the structural variations of the medium cannot be expressed, in general, in terms
%33 of compatible deformations. Our study is conducted within a purely mechanical
x3  framework and under the assumption of negligible inertial forces. These hypothe-
%3 ses imply that the model equations reduce to a set comprising a scale-dependent,
3 (uasi-static law of balance of linear momentum and an evolution law for the tensor
sy of plastic-like distortions. The latter one is assumed to obey a phenomenological
%3 flow rule driven by stress.

= 4.2 Theoretical background

w0 4.2.1 Separation of scales

2601 The homogenisation of a highly heterogeneous medium is only possible when
262 the characteristic length of the the local structure (¢y) and the characteristic length
263 Of the material, or of the phenomenon, of interest (L) are well separated. This
ssas  condition of separation of scales can be expressed as

g =— < L (4.1)

xsss ' There may exist more than two coexisting scales and, if they are well separated
assas  from each other, a homogenisation approach is possible. In this case, we then move
267 from the smallest scale to the largest one by homogenisation [4, 28, 163, 224, 207].
2648 Condition (4.1) is taken as a base assumption for all homogenisation processes.
xs0  The two characteristic length scales fp and Ly introduce two dimensionless spatial
x5 variables in the reference configuration, Y = X/, and X = X/Lg, where X is said
xs1 t0 be the physical spatial variable, whereas Y and X represent the microscopic and

252 the macroscopic non-dimensional spatial variables, respectively. By using (4.1),Y
253 and X can be related through the expression

Y =¢,'X. (4.2)

2654 Given a field ¢ defined over the region of interest of the heterogeneous medium,
255 the separation of scales allows to rephrase the space dependence of ¢ as ¢(X) =
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4.2 — Theoretical background

v ~

(X (X),Y (X)), and the spatial derivative of ® takes thus the form
Gradx® = L;" (GradX(i) + ealGrady/(f) . (4.3)

By following this approach, all equations should be written in non-dimensional form.
In the literature, the switch to the auxiliary variables X and Y is often omitted.
However, as shown for example in [20], both paths are equivalent, provided that the
dimensional formulation of the problem consistently accounts for any asymptotic
behaviour of the involved fields and parameters (see e.g. [188] and the discussion
therein concerning problems where such a behaviour is actually deduced via a non-
dimensional analysis). By exploiting this result, in what follows, our analysis is car-
ried out directly in a system of physical variables X and Y. Moreover, by adopting
the approach usually followed in asymptotic multi scale analysis, we assume that
each field and each material property characterizing the considered medium are
functions of both X and Y, with Y = £;'X. Roughly speaking, the dependence on
X captures the behaviour of a given physical quantity over the largest length-scale,
while the dependence on Y captures the behaviour over the smallest one. We ex-
press this property by introducing the notation ®°(X) = ®(X,e,'X) = ®(X,Y)
[192]. Moreover, for a fixed X, we assume that ®(X,Y") is periodic with respect to
Y.

In the classical theory of two-scale asymptotic homogenisation [23, 28, 52], the
small scaling dimensionless parameter ¢y is constant. However, in the case of a
composite material subjected to deformation and change of internal structure (as
is the case, for instance, when plastic-like distortions occur), the characteristic
macroscopic and microscopic lengths, which refer to the body and to its hetero-
geneities, respectively, depend on X and ¢, and should thus be denoted by ¢(X,t)
and L(X,t). Therefore, the corresponding scaling parameter, obtained as the ratio
e(X,t) = (X,t)/L(X,t), is also a function of X and ¢, which need not be equal
to €g in general. This variability notwithstanding, if £(X,¢) is bounded from above
for all X and for all £, and if the upper bound is much smaller than unity, we can
indicate such upper bound with e, and use this constant as a scaling parameter for
our asymptotic analysis.

4.2.2 Kinematics

Let us denote by B¢ a continuum body with periodic micro structure, and by
S the three-dimensional Euclidean space. Furthermore, we denote by Bj the ref-
erence, unloaded configuration of B¢, in which the body’s periodic micro-structure
is reproduced. Now, let us assume that x° : B x 7 — S describes the motion of
the heterogeneous body, where T = [to, /] is an interval of time. Then, the region
occupied by the body at time ¢t € T is B := x°(B5§,t) C S and is said to be its cur-
rent configuration. Each point x € Bf is such that x = x°(X, t), with X € Bj being
the point’s reference placement. The deformation from B to Bj is characterized
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204 by the deformation gradient, F¢(X,t), which is defined as F*(X,t) = Tx*(X,1)
205 [165], with T'x® being the tangent map of the motion x¢, defined from the tangent
2606 space 1x B into T, S. In the sequel, however, since our focus is on Homogenisation
s0r ' Theory, we find it convenient to use the less formal definition

F© =1 + Gradu®, (4.4)

x0s  where I is the second-order identity tensor and Gradu® denotes the gradient op-
w00 erator of the displacement u®. The condition J¢ = detF* > 0 must be satisfied
a0 in order for x° to be admissible. The symmetric, positive definite, second-order
so tensor C° = (F°)TF® is the right Cauchy-Green deformation tensor induced by
22 F°. For our purposes, we partition B5 into two sub-domains B} and B, such that

2703 1_3(1) U Bﬁ — BB, and B(l) NB:2 = BN Bﬁ = (), where the bar over a set denotes its clo-
200 sure. We let IS stand for the interface between B and B3. Particularly, B} denotes
205 the matrix of B° (also referred to as host phase) and B a collection of N disjoint
06 inclusions. The periodic cell in the reference configuration is denoted by ). The
o707 portion of matrix contained in ) is mdlcated by yo, while yo is the 1nclu51on in

a8 Vp. In each cell, yg and yo are such that yo uyo Yo and yO myo yo myo 0.
a0 'The symbol Iy indicates the interface between JJO and y . In the present work, we
oo assume that the periodicity of the body’s micro-structure is preserved even though
o the body evolves by both changing its shape and varying its internal structure.
o2 In general, however, this is not the case. Clearly, our hypothesis is unrealistic in
o3 several circumstances, but it might be helpful to describe those situations in which
ona the breaking of the material symmetries occurs at a scale different from those of
o5 interest, as is the case, for instance, when the plastic distortions occur in a tissue
e with evolving material properties [159], that are not directly related to the change
o7 of the tissue’s micro-geometry. On the other hand, for nonperiodic media, the
ans macro model is still valid when one assumes local boundedness. In that case, the
ane  coefficients are simply to be retrieved experimentally, as the “cell” problem is no
2120 longer to be computed on the cell but on the whole micro domain, which would be
2721 more complex than the original problem.

2722 Moreover, we define xi := x°|g : By x T — S such that B} := xi(Bs,1)
o3 denotes the host phase at the current configuration and x5 := x°| B B2xT —S,
2724 with 82 X5 (B2, t) denoting the inclusions. Specifically, we enforce the condition

2725 B UB = BB;, with B NB? = B} ﬂf)’? = (), and denote by I the interface between B}
a6 and Bf. In addition, we let ); indicate the periodic cell in the current configuration,
a7 with jii U)_)? =), J_Ji NY? =y} 03_/? = (), and with I} being the interface between
o V) and V7 (see Fig. 4.1). We emphasize that )} is the portion of matrix and )}
o9 18 the inclusion in );. We note that inside a single cell it can be present also a
a0 collection of inclusions and, in such a case, we should consider multiple interface
21 conditions [189]
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4.2 — Theoretical background

4.2.3 “Multi scale” BKL decomposition

When the body B° is subjected to a system of external loads, the change of
its shape could be accompanied by a rearrangement of its intrinsic structure. This
process is generally inelastic and may not be described just in terms of deformation.
Moreover, when mechanical agencies are removed, the body is generally unable to
recover the unloaded configuration Bf, and may occupy a configuration character-
ized by the presence of residual stresses and strains. To bring the body into a fully
relaxed state, an ideal tearing process has to be introduced [176]. More specifi-
cally, for each material point X € B°, we individuate a small neighbourhood of
X, referred to as body element, we ideally cut it out from the body, and we let
it relax until it reaches a stress-free state. Such state is the ground state of the
relaxed body element and is called natural state. This concept, originally used in
the theory of elasto-plasticity (see [161, 176]), has been used in the biomechanical
context by various authors like, for instance,[72, 210, 106, 96, 95, 145, 183, 60, 176,
112, 61]. Before going further with the use of the BKL decomposition, we mention
that, in the literature, there exist other approaches to the issue of residual stresses
in biological tissues, which call neither for the multiplicative decomposition of the
deformation gradient tensor, nor for the introduction of an “intermediate, relaxed
configuration”. One recent publication adhering to this philosophy is for example
[49], in which the authors warn that the intermediate configuration may “not exist
in physical reality and must be postulated a priori”. Although we are aware of the
fact that a framework based on the BKL-decomposition may lead in some cases to
assume unrealistic results —as any other framework would do—, we prefer here to
adhere to the BKL approach for consistency with previous works of ours.

By performing the ideal process described above for all the body points, a
collection of relaxed body pieces is obtained, in which each piece finds itself in
its natural state. We denote such collection by BS. In the language of continuum
mechanics, these physical considerations lead to the BKL decomposition [176, 112].
Although summarizing these theoretical results is useful for sake of completeness,
the consequences of the BKL decomposition are well-known, as it is one the pillars of
Elastoplasticity. For this reason, we do not fuss over its theoretical justification, and
we highlight, rather, the fact that one of the purposes of this work is to investigate
the use of a scale-dependent BKL decomposition. In detail, by referring to Figure
4.1, we invoke a multiplicative decomposition of the deformation gradient F*° that
is parametrized by the scaling ratio ¢, i.e.,

F* = F°F:, (4.5)

where the tensors F, and F} describe, respectively, the elastic and the inelastic
distortions contributing to F° Along with (4.5), we also define the determinants
JS = det Fg and J; = det F, which are both strictly positive. Consistently with
the notation introduced above, it holds true that F;(X) = F.(X,Y), F;(X) =
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F,(X,)Y), and F°(X) = F(X,Y) as well as JS(X) = J(X,Y) and J5(X) =
Jo(X,Y).

In this work, we focus on remodelling, i.e., plastic-like distortions that occur to
modify the internal structure of B°. Although this phenomenon is not visible, it
could lead to the alteration of the mechanical properties of B°.

B " Be

21 1
B2 B

h

Figure 4.1: Schematic of a composite material with periodic internal micro-
structure and subjected to inelastic remodelling distortions. From left to right:
Magnification of an excerpt of material and description of its nested, periodic micro-
structure. Change of shape of the body from the reference to the current configura-
tion, and definition of the conglomerate of relaxed body pieces, each in its natural
state. Magnification of an excerpt of material, taken from the body’s current con-
figuration, and description of its deformed, and remodelled, micro-structure.

4.3 Formulation of the problem

We consider a composite material comprising two solid constituents, whose
point-wise constitutive response is hyperelastic. Therefore, to model its mechanical
behaviour, we introduce the scale-dependent strain energy function, defined per
unit volume of the natural state,

TLV(X7 t) = wi(Fs(Xﬂ t)viE(Xv t)) = wu(Fe<X7Y'7 t)vi(Xv Y, t))v (46)

where ¢ is defined by the expression i(X,Y,t) = (X,Y), i.e., i extracts the spatial
pair (X,Y) from the triplet (X,Y,¢). From (4.6) we can derive the first Piola-
Kirchhoff stress tensor,

P = g;ﬁ (Fo) (4.7)
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4.3 — Formulation of the problem

where J5 = detFy. In particular, if we neglect body forces and inertial terms, the
balance of linear momentum reads,

DivP° =0, inBj\I§xT,
P°-N=P, onopByxT, (4.8)
=u, on 0,85 x T,

1LE

where P and @ are, respectively, the prescribed traction and displacement on the
boundary 9B = 0rB5 U 0,85 with drBs N 0,85 = 0B N 9,B5 = 0 and N
is the outward unit vector normal to the surface 0B;. Continuity conditions for
displacement and traction are imposed,

[u]=0 and [P°-Ny]=0, onlyxT, (4.9)

where [o] denotes the jump across the interface between the two constituents and
Ny defines the unit outward normal to I'g. Moreover, problem (4.8) must be
supplemented with an appropriate evolution law for Fy. It is worth mentioning that
the homogenisation process can be performed regardless of the particular choice
of external boundary conditions (Dirichlet-Neumann in this case). This means
that the formulation presented in this work is potentially applicable also to other
external boundary conditions, such as e.g. those of Robin-type. This is due to the
fact that, as pointed out in [207], also in the present study the homogenisation is
applied in regions sufficiently far away from the outer boundary of the considered
medium. For problems in which it is necessary to homogenize also close to the
outer heterogeneous boundaries, we refer to [28, 184, 152].

Remark 4.3.1. In the present work, we impose conditions (4.9) for displacements
and tractions just to exemplify the homogenisation technique applied to heteroge-
neous media with evolving micro structure. In other words, we assume that the
contact interface between the constituents is ideal. This means that the displace-
ments are congruent, and thus continuous, and that linear momentum is conserved
across the interface, which in our context, implies the continuity of the tractions.
However, the hypothesis of the ideal interface can be relaxed in some biological sit-
uations. For instance, in cancerous tissues, there exist cross-links between normal
and malignant cells, whose density and strength determine a spring constant that
relates the normal stresses on each cell surface, thereby making it non-ideal [153,
125]. Another example of non-ideal interface is the periodontal ligament, which
represents the thin layer between the cementum of the tooth to the adjacent alve-
olar bone [101]. In the context of composite materials, when non-ideal interfaces
are accounted for, the interface conditions are suitably reformulated [128, 129, 30,
29]. In particular, the asymptotic homogenisation technique has been applied for
linear elastic periodic fibre reinforced composites with imperfect contact between
matrix and fibres (see e.g. [121]).
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= 4.4 Asymptotic homogenisation of the balance of
29 linear momentum

2820 A formal two-scale asymptotic expansion is performed for the displacement u°,
2221 which thus reads

+oo
uw (X, t) =uD (X, 1) + Y uP (X, Y, ), (4.10)
k=1

%2 where, for all k> 1, u®) is periodic with respect to Y. Following [201] we consider
223 the leading order term of the expansion (4.10) to be independent of the fast variable
224 Y. From formula (4.4), the expansion (4.10), and taking into account the property
25 Of scale separation, it follows that the deformation gradient tensor can be written
2826  AS

+oo
Fe(X,t) =Y FW(X,Y, t)F, (4.11)
k=0
2527 with the notation
FO .= I + Gradxu® + Gradyu®, (4.12a)
F® .= Gradyu™® + Gradyu**Y, Vv Ek>1, (4.12Db)

s where Grady and Grady are the gradient operators with respect to X and Y,
20 Tespectively. Now, the following two-scale asymptotic expansion is proposed for
2830 the first Piola-Kirchhoff stress tensor P°,

“+00
P (X, t) =Y PW(X,Y )", (4.13)
k=0

xn where the fields P*®) are periodic with respect to Y. By substituting the power
23 series representation (4.13) into (4.8), using the scale separation condition, and
2633 multiplying the result by e, the following multi-scale system is obtained

—+00
Div P =Y okt =, (4.14)
k=0
2834 With
D) .= Divy P, (4.15a)
D" .= Divy P*V 4 Divy P® | ¥V k> 1. (4.15b)

23 We require that the equilibrium equation (4.14) is satisfied at every e, which
283 amounts to impose the conditions

Divy P =0, (4.16a)
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4.4 — Asymptotic homogenisation of the balance of linear momentum

Divy P*™ Y 4 Divy P¥) =0, VEk>1. (4.16b)

At this point we introduce the average operator over the microscopic cell, i.e.

© = e (@17

where || represents the volume of the periodic cell ); at time ¢. Indeed, because
of the deformations and distortions to which the microscopic, reference periodic
cell is subjected, ), is different at every time instant. Averaging (4.16b) over the
microscopic cell yields, for £ =1,
1

Divy P") + PY . NdY =0, 4.18

< X > ’ yt’ oV, ( )
where, on the left-hand side, we have applied the divergence theorem. Since the
contributions on the periodic cell boundary 0); cancel due to the Y-periodicity,
the integral over ) is equal to zero, and (4.18) becomes

(Divx P©) = 0. (4.19)

Here, we restrict our analysis to the particular case in which the periodic cell can
be uniquely chosen independently of X, which implies that the integration over )
and the computation of the divergence commute. This assumption is also referred
to as macroscopic uniformity, see also [35, 137, 187] for examples dealing with
non-macroscopically uniform media in the context of poroelasticity and diffusion.
Therefore, Equation (4.19) can be recast as

Divx (PY) = 0. (4.20)

Equations (4.16a) and (4.20) represent, respectively, the local and the homogenised
equation associated with the original one, stated in (4.8). Both equations still
need to be supplemented with the corresponding interface, boundary, and initial
conditions. Note that, although both problems feature no time derivative, initial
conditions are required because P depends on the variable F ), which satisfies
an evolution equation in time.

We remark that the leading term PO = pO (X,Y,t) of the multi-scale expan-
sion (4.13) is the unknown, both in (4.16a) and in (4.20). To identify P?, we
propose here to expand F and ¢} as

F:(X,t) ZF’“ XY, t)e (4.21a)
YE(X,t) Z¢ W(Fo(X,Y,1), X,Y)ex, (4.21D)
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260 Where F ) and ¥ are periodic in Y. By using (4.5), (4.11) and (4.21a), we can

261 deduce a series expansion for F: in powers of ¢, where the leading order term Fefo)
2,62 1S given by

FO = pO(FO-1 (4.22)

p

zes Following [54] and [201], P is therefore supplied constitutively as

0
pO _ 50
p aFe(O)

(FHT, (4.23)
ze with 0 = pO(FO(X Y, t), X,Y) and J1§0> = detFI()O). To obtain the cell problem,
265 equation (4.14) must be supplemented with the corresponding interface conditions.
66 Lhis is done by substituting the asymptotic expansions of u® and of P° into the
27 interface conditions [u®] = 0 and [P - Ny] = 0. Both conditions are satisfied at
xes  any order of £. At the order €%, we simply obtain [P® - Ny] = 0 for the stresses,
xe0 and that the condition [u(®] = 0 is trivially satisfied, because u(®) depends solely
0 on X and t. Thus, the interface condition on the displacements is written only for
xn ul) and reads, [u)] = 0. By summarizing these results, the cell problem at zero
sz order of the epsilon parameter can be stated as

DiVyP(O) = 0, in YV \ IH % T,
[«V] =0, on Ty x T, (4.24)
[P® Ny]=0, onlyxT.

13 'Together with the cell problem, we also need to formulate the macro-scopic ho-
7« mogenised problem. To this end, we take equation (4.20) and complete it with a
25 set of boundary conditions. This is done by substituting the asymptotic expansions
2 of P° and uf into the boundary conditions P° - N = P and u® = u, respectively.
»7 Thus, equating the coefficients at order £, and averaging the results over the unit
a7 cell, we find the homogenised problem,

DIVX< 9y =0, inByxT,
(P ) N=P, onoB, xT, (4.25)
u® =, on 0,8, x T,

79 where By, denotes the homogeneous macro-scale domain in which the homogenised
280 equations are defined.

2881 The problem (4.25) has to be solved along with a homogenised evolution equa-
82 tion for Féo) and the initial condition associated with it. In addition, we remark
293 that, according to (4.25), the boundary tractions acting on drB;, are balanced only
xs Dby the normal component of the average of the leading order stress, P, and
25 only the leading order displacement, u(?), has to be equal to the displacement u,
2886 impOSGd on 8uBh
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4.5 — Constitutive framework and evolution law

Remark 4.4.1. In the medical scientific literature, there exist studies that identify
the existence of anatomical boundary layers interposed between the brain surface
and tumours (see e.g. [208]). Here we do not address boundary layer phenom-
ena, which are usually neglected in the asymptotic homogenisation literature. The
homogenisation process described in this work is fine for regions far enough away
from the boundary so that its effect is not felt because, close to the boundaries,
the material will not behave as an effective material with homogenised coefficients.

To properly account for boundary effects, the so-called boundary-layer technique
could be used [28, 184].

4.5 Constitutive framework and evolution law

In this section, we prescribe a constitutive equation for the response of the
material and, independently, an evolution equation for the tensor of plastic-like
distortions.

4.5.1 Constitutive law

In the following, we formulate the local and homogenised problems for a specific
constitutive law. In general, this process can be rather cumbersome for complicated
strain energy densities, and it becomes even more involved when plastic-like distor-
tions are accounted for. To reduce complexity, we choose a very simple constitutive
law for ¢7, such as the De Saint-Venant strain energy density,

Yy = ;EZ 1 6°: EL, (4.26)
where E. = %((FZ)TFi —1I ) is the elastic Green-Lagrange strain tensor and
¢°(X) = F(X,Y) is the positive definite fourth-order elasticity tensor, which
satisfies both major and minor symmetries, i.e. G = Cjirt = Cijik = Chiij-
Particularly, we consider that the constituents of the heterogeneous material are
isotropic, and thus

G = 3EH + 2 M, (4.27)

where k(X)) = k(X,Y) is the bulk modulus, p*(X) = p(X,Y) is the shear mod-
ulus, and the fourth-order tensors # = (I ® I) and .# = & — ¢ extract the
spherical and the deviatoric part, respectively, of a symmetric second-order tensor
A ie, H : A= 3tr(A)] and 4 : A = A — 3tr(A) = dev(A) [231, 232]. We
remark that the fourth-order identity tensor .# is the identity operator over the
linear subspace of symmetric second-order tensors. Indeed, for every A such that
A = AT it holds that .# : A = A. In terms of I, an explicit expression of .# is
given by & = % [I®I + I®I] (in components: Zjx = % (Ll + Lulji) [57]).
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2019 We can identify the leading order term in the expansion of the constitutive law
2920 (426), which reads

(4.28)

2 with B = : ((Fgo))TFgO) - I). We recall that, although the expression of ¢(?)

2022 in (4.28) depends only on Ego), the material coefficient ¢ is still a two-scale func-

223 tion and should be thus interpreted as €(X,Y). As a consequence, 1{*) is not
2024 homogenised yet.

2025 By taking into account the major and minor symmetries of %, we obtain
o0
0 _ ZPv . p0) _ (0) (0)
L= 8Eg0) =% :E) = r(E)I +2uE", (4.29)

226 where S0 is the leading order term of the second Piola-Kirchhoff stress tensor

v

2007 written with respect to the natural state, A = k — %u is Lamé’s constant, and Ego)
208 18 given by

EY = (FO) " (B© — EY) (F") ", (4.30)

p

200 With E(O) = % ((F(O))TF(O) — I) and EE)O) = % ((FIEO))TF;EO) _ I)
2030 By pulling S'l(,o) back to the reference configuration, and recalling that the

20u  plastic-like distortions are assumed to be isochoric in our framework, (i.e. Jy = ),
2032 we obtain the second Piola-Kirchhoff stress tensor

SO = ¢ (EY — EY), (4.31)

p

2033 where

Grn=(F)  2F)) (R T (F)T

p

=3\ + 2u.70), (4.32)

2034 is the elasticity tensor pulled-back to the reference configuration through FI()O), and,
23 upon setting B = (F) =} (F{*)~T, we employed the notation

#© = 1B o BO, (4.33a)
70 =1 BB + BY@B| . (4.33b)

203 We remark that e%/p(o) extracts the “volumetric part” of a generic second-order
2037 tensor, taken with respect to the inverse plastic metric tensor Bl(jo) ie. for all

ms A= A" it holds that #(© : A = ttr(BY A)B{"). Furthermore, () transforms
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4.5 — Constitutive framework and evolution law

A into ZV : A = BS))ABS)) and A" = 70 — (0 extracts the “deviatoric
part” of A with respect to the metric tensor BE)O), ie. e//léo) A= BS))ABS)) —

%tr(BéO)A)BS)). We note that similar results have been obtained in the case of

non-linear elasticity in [77].
Next, we notice that F© can be written as

FO=-1+H, (4.34)

with H = Gradxu'® + Gradyu™®. Thus, by substituting (4.34) in E”, the result
into (4.31), and retaining only the terms linear in H, 8 can be linearised as

SO =& (symH — Eéo)). (4.35)

lin
We recall now that, at the leading order, the first Piola-Kirchhoff stress tensor reads
PO = FOSO  Hence, its linearised form is given by
P{) = %y :symH — (I + H) (% : E). (4.36)

Looking at the definition of €% in (4.32), it can be noticed that our model resolves
at the macro-scale the structural evolution of the considered medium through the
dependence of R on Fl()o), which indeed describes the production of material inho-
mogeneities [69, 70, 72]. Additionally, our model is also capable of simultaneously
resolving the material heterogeneities at both the micro- and macro-scale through
the dependence of g on X and Y. The latter dependence in fact, keeps track of
the variability of the elastic coefficient at both scales.

Because of Equations (4.33a) and (4.33b), ¥R possesses the same symmetry
properties of %, i.e.

(Cr)1sxr = (6r)ixr = (6r) 1ok = (6R)K L1, (4.37)

and therefore, Pl(ion) can be written as

P{) =%y :H — (I+H)(%: EY). (4.38)

Local problem Substituting (4.38) in the equation of the local problem (4.24),
the linear momentum balance law is rephrased as

Divy [%r : H — (I + H)(%x : EQ)] =0, (4.39)
or, equivalently,

DiVY [CKR : Gradyu(l) - Gradyu(l)(%R : EI()O))} =
— Divy {CKR . Gradyu® — (I 4 Gradxu®) (% : EI()O))]. (4.40)
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»e1 In the absence of plastic distortions, i.e., when F = I, Equation (4.40) coincides
262 with the equation of the classical cell problem encountered in the homogenisation
2063 Of linear elasticity, which is known to admit a unique solution, up to a Y-constant
w6 function, if the average over the cell of the right-hand-side vanishes identically (in
265 the jargon of Homogenisation Theory, this condition is referred to as solvability con-
206 dition or compatibility condition) [23]. In our case, since the pulled-back elasticity
2067 tensor €x is periodic in Y, while u(©) is independent of Y, the solvability condition
2068 1S satisfied, i.e.,

<DiVy [CKR . GI‘aqu(O) — (I + Gradxu(o))((fR . EI()U))]> =0. (441)
w60 Bxploiting the linearity of equation (4.40) in u®), we make the ansatz
uM(X,Y,t) = £(X,Y,t) : Gradxu O (X, 1) + w(X,Y, 1), (4.42)

20 where € and w are a third-order tensor field and a vector field, both periodic in Y.
2071 We now require that & and w satisfy two independent cell problems. The cell
22 problem for £ reads

Divy [% : TGrady€ — TGrady£(6y : EY)]
= Divy | - %x + I2(% : BY)], in Yo\ I x 7T,
[€] =0, on Iy x T, (4.43)
[[%x : TGrady € — TGrady &(Gx - EY)
+6r — I9(%r : BY)] - Ny] =0, on Ty x T.
2073 Before going further, some words of explanation on the notation are necessary.

s First, we notice that Grady§ is a fourth-order tensor function, which admits the
205 representation Grady€& = (0apc)/(0Yp)ea @ ep ® ec ® ep. Then, T'Grady€ is
26 a fourth-order tensor function obtained by ordering the indices of Grady & in the
277 following fashion

TGrady& = (T'Grady &) apcpea ® eg ® ec ® ep

= (Grady§)acppes ® ep ® ec @ ep

_ Oacp
0Yg

218 The cell problem for w is given by

eps®epRec®ep. (4.44)

Divy {%R : Gradyw — Gradyw(%x : EI(DO))}

= Divy|[%n : B, in Yo \To x T,
[w] =0, on Iy x T, (4.45)
[[(ch : Gradyw — Gradyw (%R : Eg)))

—bR : EI(DO)> Ny =0, on [pxT.
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219 By virtue of the linearisation process, we obtain two auxiliary cell problems where
280 the macroscopic term Gradxu(® is not explicitly present. Indeed, this is in general
231 possible only when accounting for the linearised deformations’ regime, see also [54].
282 Then, the dependence of the macro-scale variable is given through the tensor FIEO),

203 which describes the plastic-like distortions. Moreover, if FIEO) only depends on time,
20 as is the case in [10], the cell problems are also decoupled in the spatial micro- and
2085 macro-variables provided that the elasticity tensor solely depends on the micro
2086 scale variable. The cell problems are in any case time-dependent, as they encode
257 the evolution of the material response and its link with the plastic-like distortions.
2088 This section answers to the research question 4.1.

2 Homogenized problem From (4.36) and (4.42), the homogenised problem rewrites

DiVX {%R . Gradxu(o)} = —DiVX [DR}, in Bh X T,
(€r : Gradxu®)- N +Dp-N =P, ondB,xT, (4.46)

ul® =, on 0,8, x T,

2000 where

Cr = <‘5R + 6r : TGrady & — T'Grady £(6r : EI(DO)) — I®(%r : Eéo))>’ (4.47a)
Dy = <<€R : Gradyw — Gradyw(%k : EI()O)) — i ES))>- (4.47b)

201 Remark 4.5.1. In the absence of distortions, that is for F', = I, the cell problems
200 (4.43) and (4.45) reduce to one single cell problem,

DiVy[Cg +C TGradyﬁ] =0, in Yy \ IH x T,
€] = o, on Ty x T, (4.48)
[(¢€+ % :TGrady&) - Ny =0, onlIyxT.

2003 This is due to the fact that the symmetric tensor EI()O) appearing in (4.40) is equal
204 to zero. On the other hand, the homogenised problem is rewritten as follows,

DivX[‘g : Gradxu®] =0, in B, xT,
(¢ : Gradxu®) - N =P, on dpB, x T, (4.49)
ul® = q, on 0,8, x T,

w05 where ¢ = (6+% : TGrady€) is the effective elasticity tensor. Formulations (4.48)
200 and (4.49) are the counterparts of (4.24) and (4.25), respectively, when plastic-
207 like distortions are neglected and a linearised approach for the deformations is
2008 considered. Particularly, (4.48) and (4.49) identify identically with classical results
200 in the asymptotic homogenisation literature [23, 214].
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w0 4.5.2  Evolution law

3001 Several procedures can be adopted to establish a proper evolution law for the
w02 inelastic distortions. One choice is to follow a phenomenological approach, which
s03  should be based on experimental evidences and comply with suitable constitutive
w04 requirements [104]. On the other hand, one could invoke some general principles,
;005 such as the invariance of the evolution law with respect to a class of transforma-
206 tions and thermodynamic constraints [69, 70, 72]. Within the latter approach, and
w07 adapting the theoretical framework explored in [69, 70, 72, 104], an evolution equa-
s tion for the inelastic distortions has been studied in [61]. Therein, the plastic-like
0s  distortions describe a remodelling process with the following assumptions: (i) Fj,
;o0 1s restricted by the constraint J, = 1, (éi) the solid phase exhibits hyperelastic
son  behaviour, and (ii7) the considered system remodels when the stress induced by
sz external loading exceeds a characteristic threshold. An evolution law for F), sat-
03 isfying these conditions, and compatible with the Dissipation inequality [44, 107,
;s 110, 112], is given by

dev(X)C

|dever]|

sym (CF;le) =y [||deV0'|| - \/gay] (4.50)
+
s where o is the Cauchy stress tensor, dev(X) = X —3tr(3)I, is the deviatoric part of
so6  the Mandel stress tensor X = C'S being the Mandel stress tensor, and § = F~'P
;o7 the second Piola-Kirchhoff stress tensor. Moreover, v is a strictly positive model
;s parameter, o, > 0 is the yield, or threshold, stress, and the operator [A] is such
;0 that, for any real number A, [A], = A, if A > 0, and [A]; = 0 otherwise. As
s20 anticipated in the Introduction, in the present context the physical meaning of the
s1 plastic-like distortions, represented by Fj, is that of structural reorganization, i.e.
w22 remodelling, as is the case in biological tissues when the adhesion bonds among
3023 cells or the structure of the ECM reorganize themselves.
3024 Although Equation (4.50) has been successfully used to describe some biological
35 situations in which the onset of remodelling is subordinated to the excess of the
s yield stress oy, the homogenisation of the evolution law (4.50) is too complicated.
27 For this reason, in this work, we replace (4.50) with a much easier law of the type

sym (C(Fp)_le) =vdev(X)C, (4.51)

s2s according to which no stress-activation criterion is supplied. Clearly, this choice
s20  may turn out to be unrealistic in many circumstances, but it can still be useful to
s understand the essence of some stress-driven remodelling processes.

3031 We need to clarify that, although in some sentences of this work we mentioned
32 growth, our model focuses on pure remodelling. This is reflected by the condition
213 detF', = 1, and, more importantly, by the fact that the evolution laws (4.50)
s and (4.51) are triggered and controlled exclusively by mechanical factors. On the
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one hand, the requirement detF', = 1 means that the plastic-like distortions are
isochoric and, thus, unable to describe volumetric growth. On the other hand, the
evolution laws for F'y, i.e., Egs. (4.50) or (4.51), imply that remodelling is viewed as
a consequence of the mechanical environment only: When mechanical stress exceeds
a given threshold (see also [104, 112]), the internal structure of the tissue starts to
vary. In other words, in the present framework, no biochemical phenomena are
accounted for as possible activators of remodelling. This is a remarkable difference
with growth, which, in contrast, occurs only when the concentration of nutrients
is above a certain threshold value [10, 38, 5, 96, 166]. Our results do not apply
to growth as they stand, nonetheless, the theory can be adapted to model growth
by doing some necessary modifications. This is the reason why in the abstract we
stated that our study offers “a robust framework that can be readily generalized to
growth and remodelling of nonlinear composites”.
To homogenize (4.51), the first step is to rewrite it as

sym (CE(FS)_1F§> = y°dev(X°)C", (4.52)
by admitting that v¢(X) = (X, Y') is a rapidly oscillating strictly positive function.

Moreover, by performing the power expansion for 3:°,

+oo
(X)) =Y BW(X, Y, 1)k, (4.53)

k=0

and using (4.31), the leading order term of ¢ is

£ = ¢4 : (B — EY)]. (4.54)

p

In the limit of small elastic deformations, in (4.54) we must neglect non-linear terms
in H. Therefore, £ is approximated with

El(ion) = %R :symH — (I + QSymH) (ch : EI(>0))'
By virtue of (4.12a), symH splits additively as the sum of
symH = EY' + By, (4.55)

where, for £k = 0,1, and j, = X, Y,

Eglz) = %[Gradjku(k) + (Gradjku(k))T}. (4.56)
By using (4.55) and (4.42), we can now rewrite El(ion) as
El(ion) = /i : Gradxu® + %y : Gradyw — Cx : ES)), (4.57)
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3057 with

oy = Cr + Cr : TGrady§ — IQ(%x : BV)
+ [1e(%r : BY)| : [TGrady€ +'(TGrady€)], (4.58a)
PBr =G +13(6n : EV). (4.58b)

w8 In Equation (4.58a), the symbol ‘(e) transposes the fourth-order tensor to which
ws0 it is applied by exchanging the order of its first pair of indices only, i.e., given an
we0 arbitrary fourth-order tensor 7 = Jupcpes @ ep Q ec @ ep, L7 reads

tg = Tpacpes D e R ec R ep. (459)

w61 Note that in the calculations performed to obtain @7z and %y in (4.57), we employed
w2 the following properties: given two second-order tensors A and U, with A being
s63  symmetric, it holds that

UA=(IA):U, (4.60a)
UTA=(IRA):U. (4.60D)

3064 Finally, by substituting the expansions of 3¢ and F} in (4.52), equating the lead-
w65 ing order terms, excluding non-linear terms of H and averaging, the homogenised
;66 evolution law for the plastic-like distortions is

sym[<c<°><FgO>)—1F§0>>} = —(vdev(S{)) = (4(Gn : EQ)(CY - 1)), (4.61)

lin lin P lin

wr where B\ is given in (4.57) and

lin
cYV =1+ 2symH

lin

=I+2(5 +.7 : TGrady€) : Gradxu'® + 2.7 : Gradyw. (4.62)
368 We note that, to compute Cl(ion) , we must first determine £ and w, which is done by
260 solving the local problems (4.43) and (4.45). Furthermore, Equation (4.61) needs
so0 o be supplemented with an initial condition for FISO). We highlight that, with the
s formulation of Eq. (4.61), we answer the research question 4.2.

sz Remark 4.5.2. In the linearised theory of elasticity, even when the individual con-
w3 stituents of a given composite material are isotropic, the effective elastic coefficients
74 May turn out to be anisotropic, depending on the geometric properties of the micro-
sors structure. In fact, when the Homogenisation Theory is applied, the anisotropy
w76 arises quite naturally due to the solution of the local cell problems [23, 28]. In
sor7 - fact, the homogenised material is anisotropic also in the case of rather simple cells,
s see for instance [190], where an explicit deviation-from- isotropy function is intro-
a9 duced in the context of cubic symmetric elasticity tensors arising from asymptotic
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4.5 — Constitutive framework and evolution law

homogenisation. This has noticeable repercussions also on the evolution law that
should be chosen for a correct description of remodelling. To see this, we first notice
that, for an isotropic medium, the evolution law of the plastic-like distortions can
be formulated in terms of tensor B, since the constitutive framework is such that
F, does not feature explicitly in any constitutive function (see e.g. [218]). In such
cases, a possible evolution law for B, may be given in the form

B, = vB,dev(X). (4.63)

Equation (4.63) is, in fact, in harmony with the symmetry properties of the material
Mandel stress tensor, X, i.e., B,X = (B,X)" [169]. However, if one writes an
equation of the same type as (4.63) at the scale of a cell problem (which seems
to be a justified choice, because the material is isotropic at that scale), and then
homogenizes, one ends up with a material for which the Mandel stress tensor 3 no
longer obeys the symmetry condition B,X = (B,X)". This is because the material
is not isotropic at the macro scale and, thus, the description of remodelling based
on B, becomes inadequate. Therefore, if one wants to homogenize, one should
start with evolution laws at the micro scale, which have to be suitable to account
for anisotropy, even though the single constituents are isotropic at that scale. These
considerations lead us to Equation (4.52), as suggested in [70, 72|, and subsequently
employed in [61].

Remark 4.5.3. Equations (4.50) and (4.51) can be obtained by adhering to the
philosophy presented in [44, 60], and subsequently adopted, for example, in [5]
for growth, in [183] for growth and remodelling, and in [116, 107] for remodelling
only. Accordingly, F', is regarded as the kinematic descriptor of the structural
degrees of freedom of the medium, and Fp as the generalized velocity with which
the structural changes occur. Within this setting, it can be proven that for growth
and remodelling problems, the dissipation inequality reads

D=Y,:L,+ Dy >0, (4.64)

where Dpecn = Y, 1 Ly is the mechanical contribution to dissipation, with Y,
being the dissipative part of a generalized internal force, dual to L. In our work,
however, Y, can be identified with the tensor Y, = Jy lF; TEFS, so that Dpjech
coincides with the mechanical dissipation encountered in the standard formulation
of Elastoplasticity, i.e., Dyeen = J; ' FyTSF} : L, = JJ'S: F'F,,.

In the terminology of [149, 106], D, is referred to as “non-compliant” contri-
bution to the overall dissipation. Physically, it summarizes a class of phenomena
that are not —or cannot be— resolved in terms of mechanical power at the scale
at which the dissipation inequality is written. For instance, in the case of growth,
D, may represent biochemical effects contributing to the overall dissipation.

The inequality (4.64) can be studied in several ways, depending on the problem
at hand. First, we consider a growth problem. To this end, we assume that D, can
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a7 be written as D,. = rA, where r is the rate at which mass is added or depleted
sus  from the system (its units are given by the reciprocal of time), and A is the energy
so  density (per unit volume) associated with the introduction or uptake of mass. In
si0 this setting, it is possible to conceive a particular state of the system in which the
a1 mechanical stress is null, i.e., X = 0, while r and A are generally nonzero. When this
siz2 - occurs, the system grows without mechanical dissipation, i.e., Dyecn = 0, Whereas
a3 the overall dissipation of the system reduces to the non-compliant one:

D=D,.=rA>0. (4.65)

3124 The second case addresses the situation of pure remodelling, for which we set
a5 Dy = 0, so that the dissipation inequality (4.64) becomes

D=Duee =Y, : Ly=J'S: F,'F, > 0. (4.66)

sz It is possible to show that the evolution laws (4.50) and (4.51) are in harmony with
sz (4.66).

a2 4.6 A computational scheme for small deforma-
20 tions

3130 The macro-scale model given by the problems (4.46) and (4.61), together with
a1 the auxiliary cell problems (4.43) and (4.45), requires dedicated numerical schemes
a1z which are subject of our current investigations. The main computational challenge
a3z 18 due to the fact that the local problems depend on the macro-scale in a time-
a3« dependent way. Therefore, at each time, there is a different cell problem at each
a3 macroscopic point X € Bj. Moreover, one has to transfer the information (repre-
a3z sented by the geometry, material coefficients, and unknowns of the problem) from
a3z the cell problems to the homogenised problem in the domain By, and vice versa.
3138 Here, as a first step towards the numerical study of this kind of problems, we
a3 propose an algorithm adapted from [116] that could be useful in our case. In [116] it
suo is introduced a computational algorithm, named Generalised Plasticity Algorithm
a1 (GPA), to study the mechanical response of a biological tissue that undergoes large
ae2  deformations and remodelling of its internal structure. Following [116], the discrete
sus  and linearised version of the problem constituted by Equations (4.43), (4.45), (4.46)
aau  and (4.61) is formulated in three steps.

sus First step The weak form of the cell problems (4.43) and (4.45), and of the
sus  homogenised problem (4.46) can be formally rewritten as

LY FY, &) =0, (4.67a)
LY (w, F", &) =0, (4.67b)
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4.6 — A computational scheme for small deformations

HY(u, F a) =0, (4.67¢)
where €, @ and @(?) are test functions defined in certain Sobolev spaces, and £, L¥
and HY} are suitable integral operators. Together with (4.67a)-(4.67c), we rewrite
in operatorial form also the homogenised problem (4.61) as

Ho (€, w,u®, FFEO)) =0. (4.68)

Note that (4.68) is not a weak form because the corresponding equation does not
involved spatial derivatives of FFEO)

Second step We perform a backward Euler method [218] for discretising the
evolution law for F’ IEO) given by (4.68), thereby ending up with the following system
of time-discrete equations,

1) (€ F p[n] &) = (4.69a)

](w n]7 n], w) =0, (4.69b)

](U ) n]» al”) =0, (4.69¢)

Hofn) (&) Win), u[(g}) Fé[i}) =0, (4.69d)

where n = 1,..., N enumerates the nodes of a suitable time grid. We notice that

an explicit time discrete method could be also used. However, when dealing with
problems in Elastoplasticity, this election could lead to a less accurate solution.

Third step The operators Ly, L3y, Hij, and Happy, are linear in §

ufg}) , respectively, but they are nonlinear in Fé?rz]. Thus, to search the solution to

(4.69a)-(4.69d), we linearise at each time step according to Newton’s method (with
a linesearch). Therefore, at the kth iteration, k € N, k > 1, Fé?}hk] is written as

[n]> (‘J[71} Ell](i

F(O)

_ 70
plnk] — F plnk—1] T Wi, (4.70)

where Fé(ﬁz k1] is known and W, ;) represents the unknown increment. We intro-
duce the notation

w P w 0 pt
Ll[n,k—l} (S[n} ) €) = £1[n] (5[17,]7 Fé[z’k_l]a s); (471&)
w ~. w 0 ~
£2[n k—1] (‘-‘-’[nh w) = 52[74 (w[n]7 Fé[ﬁ,k,l],w), (4.71b)
- (0 0 0 - (0
gy () i) = M (ug) Fopl i), (4.71c)

Now, for each time step, and at the kth iteration, we solve

L k1) (€[n]7é) =0, (4.72a)
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Ly, 1) (W), @) = 0, (4.72b)
w 0) ~
Hl[n,k—l](ufn])> U(O)) =0, (472C)

and obtain the “temporary” solutions &, ,_1j, Wy k1], and ufg?k_l], respectively.
Then, upon setting
0 0
H2[n,k71] = ,HQ[n} (E[n,kfl]a Win k—1]; ,u’[(n?k:—l]’ Flg[gl,k_”), (473&)
0 0
%’n,k—l] - ‘%’N] (f[n,k—l]’ Win,k—1]; ’u’[(n?k—l]7 F}S[y?qk_l])? (473b)
we linearise (4.69d), i.e.,
Hopmp—1] + Hnp—1] - ®y =0, (4.74)

where 7, 1) is a fourth-order tensor given by the Gateaux derivative of Hyy,,

computed with respect to its fourth argument, and evaluated in F;E[Oz f—1]-

If the residuum FIE?ZM for k greater than, or equal to, a certain k, is less than

a tolerance § > 0, then we set FIE?,)L] = Fé?ﬁ,k*] = F;E?qz,k*,l] + Wik, and We)regard

it as the solution of Newton’s method. Thus, we compute & ] Wn) and ufg].
These three steps are summarized in the algorithm 1.

Algorithm 1

1: procedure

2 forn=1,..., N do
3 State k =1
4 while e > ¢ do (Known F;ﬁz k—l])
5: Solve ,C‘l”[n,k_l] and Eéu[n,k—l] (To find &, —1) and W, k—17)
w (0)
6 Solve Hl[n,k—l] (To find u[n,k—l])
7 Solve 7-{,11"[”’,671] (To find ¥, 1)
(0) (0)
8 Fp[n,k—l] - Fp[n,k—l] + \I’[n,k]
9: Compute e
10: k=k+1
11: er%(():l) whil«(eo)
12: Fp[n] = Fp[n,k—l] + ‘I’["’k]
13: Solve [fl"[n] and L;J[n] (To find &) and wiy,))
14: Solve 9—[11“[7L] (To find ufg]))
15: Update micro and macro geometries

16: end for
17: end procedure

We highlight that this section answers the research question 4.3.

4.7 Numerical results

In this section, the potentiality of our model, which is given by Equations (4.43),
(4.45), (4.46) and (4.61), is shown by performing numerical simulations. In partic-
ular, we make the following considerations.
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4.7 — Numerical results

(i) Geometry We consider the composite body B® to have a layered three-
dimensional structure, and we assume that the layers are orthogonal to the direction
E3, where {€4}3_; is an orthonormal basis of a system of Cartesian coordinates
{X}3_,. In this particular case, the material properties of the heterogeneous body
only change along the €3 direction and, thus, they depend solely on the coordinate
X3. Consequently, the benchmark test at hand can be recast into a one dimensional
problem, that is, the reference configuration of the periodic cell and the body are
considered to be the unidimensional domains Yy = [0, /] and Bj, = [0, L], respec-
tively. We denote with ¢ and L, respectively, the dimension of the periodic cell and
the body along the direction £3. Moreover, we suppose that the interface I'y is the
middle point £/2, so that, each material under consideration has the same volume
in the microscopic cell ).

(ii) Material properties We prescribe the elasticity tensor = to be independent
on the macro scale variable X3, i.e. €°(X3) = €(X3,Y3) = € (Y3), where {Y4}3_,
is a system of micro scale Cartesian coordinates. In addition, as stated above, we
consider that the constituents of the heterogeneous material are isotropic, which
implies that the non zero components of the 6 x 6 symmetric matrix representation
of & are given by

(€1 = [€a2 = [€a3 = A+ 2p, (4.75a)
(€12 = [€]13 = [€a3 = A, (4.75b)
[€aa = [€55 = [€los = %([Cg]n — [€12) = u, (4.75¢)

where A\ and p are Lamé’s parameters. We suppose that & is piece-wise constant,
which means that A and p are defined as

by ; 1 : 1
A =00 g g =3 R
Az, In Yy p2, in Y

Furthermore, we consider that v has the same value in both constituents, which
means that it is already averaged.

(iii) Plastic-like distortions We assume that the matrix representation of the

tensor FIEO) is diagonal with non-zero components [FISO)]H = %, [FP()O)]m = % and

[Féo)]33 = p, where p is defined as the remodelling parameter. Furthermore, we
restrict our investigation to the simpler case of FIEO) depending solely on X3. This
means that, the plastic-like distortions of order € are, in a sense, already averaged,
and thus variable from one cell to the other, not inside them. In other words, we
are interested in the production of distortions in the tissue starting from the cell
scale, rather than from the cell’s micro structure. This, of course, does not mean
that the cell’s micro structure does not change.
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3210 Together the with assumption (i¢), we find that the 6 x 6 matrix representation
sn of the elasticity tensor, pulled-backed to the reference configuration, is symmetric,
212 and its non-zero components are given by

[6R]11 = [GR]22 = (N + 2u)p%, [Grlss = (A +2u)p~", (4.77a)
[Gx]12 = A, [GR)aa = [Grlss = ', (4.77D)
[6R)13 = [GR]2s = A7, [Grles = pp*. (4.77¢)

;13 We remark that g depends on X3 and time through p, whereas it inherits the
214 dependence of € on the micro-scale variable, Y3.

w5 (iv) Initial and boundary conditions In the present context, we impose
sm6  Dirichlet conditions for w(®) on the whole boundary 08, i.e. we do not consider
;2172 Neumann condition and therefore, 0,8, = 0B;. We note that, although the
;218 homogenisation process was developed for mixed boundary conditions, the whole
210 procedure stands, since the type of boundary conditions does not play a role in the
20 derivation of the homogenised model. In particular, we set [u(”]; = 0 at X3 = 0,
01 and [u(o)] 3= “t—?t at X3 = L, where uy, is a target value for the displacement in the
22 direction £3. Moreover, we enforce an initial spatial distribution for the remod-
223 elling parameter p as pi,(X3) = a+ 3 cos(7X3), where o and 3 are constants, such
224 that py,(X3) is always strictly positive.

ws 4.7.1 Discussion of the numerical results

3226 Given the above considerations, we solve the following homogenised equations
s for ’U,(O) and D,

0 - Ou®],.  9[Dgl; ,
— o @l ) = 2 o125 (4.782)
3 3 3
Ip
([Ciles) 5y = 2 (dev(ZR))p = 3 {([rlagnn [ Bplun((Citllas = 1)p,  (4.78b)

s22s  The coeflicients [%R]ijkl, [Dp];; and [C’l(ion)]ij are given by Equations (4.47a), (4.47b)

m0 and (4.62), respectively, and are to be found by solving the auxiliary cell problems
30 for € and w, given by

0 O]z O[Llisis —_—
ayé([g]zgzg aYE)) ) = 83/3 61]“ for 1, k= 172,3, (479&)
0 Iwliy,  0[Qlss .
- ang([ Jisis Y, ) = oy, Ow fori=123, (4.79D)
31 with
[D]iziz = [CRrliziz — (@33, [Ql33 = [ER ]330 [Ep]nn- (4.80a)
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4.7 — Numerical results

In this work, we are not interested to address a real world situation. Our
aim is, instead, to show how the present theoretical framework can be numerically

simulated. For this reason, the parameters used in our computations are arbitrarily
chosen (see Table 4.1).

Parameter Unit Value || Parameter Unit Value
L fem]  28.000 || A, [Pa] 100
ur [cm] 1.0000 || Az [Pa] 2.00
N /5] 1.0000 || s [Pa]  0.10
a -] 1.0035 || p [Pa]  0.06
3 =] —0.0035 || & 8 0.00
N -] 4.0000 || ¢ 8 10.0

Table 4.1: Parameters used in the numerical simulations.

In Fig. 4.2, it is plotted the time evolution of the remodelling parameter p at two
different points of the macroscopic domain, that is at X3 = 7cm and X3 = 21 cm.
We observe that the evolution of p is quite different at these two points. Indeed,
at X3 = 21 cm, p increases and it is always greater than one. On the contrary,
at X3 = Tcm, it is monotonically decreasing and tends to be lower than one. In
Fig. 4.3, we show the spatial profile of the effective coefficients [‘3]33, [CgR]gg and
[Dg]s3. The effective coefficient [#)]ss (see Remark 4.5.1) can be computed by using
the analytical formula (see e.g. [177, 207]),

[@ijer = (€ i — [€)ijp3 (€ pass) " (€] sam)
+ ([ip3([Cpss3) ") (([€)s3e3) ") " {(([Cems) ' [ lmswa)- (4.81)

1.02 4
R e--="% A
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= S L
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£.0098 >
£ o097 >,
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0 2 4 6 8 10
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Figure 4.2: Evolution of the remodelling parameter p at two different points (X3 =
7cm and X3 = 21 cm) of the macroscopic domain.

We observe that even if a loading ramp condition has been imposed on u® at

A

a5 the border X3 = L, the effective coefficient [¢]33 does not vary on time. This is
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sa6  because, in contrast to the case in which the plastic-like distortions are accounted
27 for, the cell and homogenised problems (cf. (4.48) and (4.49)) are decoupled. On
s4s  the other hand, the pulled-back effective coefficients [%R]g,g and [bR]gg, given by
mo  Equations (4.47a) and (4.47b), respectively, do change in time since their equations
ws0 are coupled with an evolution one and, as it can be observed, they are strongly
w5 influenced by the initial distribution of p. In fact, at the spatial point X3 = 21 cm,
22 that is, when p > 1, [€'r]ss decreases and [Dygss increases with time. The contrary
w53 occurs at X3 = 7Tcm, i.e. when p < 1.
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Figure 4.3: Spatial distribution of the effective coefficients [¢]33, [¢'r]33 and [Dg]s3
at different time instants.

3054 Additionally, in Fig. 4.4 it is illustrated the third component of the macro-
w55 scopic leading order term of the displacement u® at three different time instants.
wss  Particularly, we plot the numerical solution of the homogenised problems (4.46)
ws7 and (4.49), represented with [ug)]g and [u(®]3, respectively. We note that, as ex-
wss pected from our election of the boundary condition, the displacement component
w59 increases monotonically in time. However, we notice that the introduction of the
a6  plastic-like distortions has a direct impact on the displacement distribution in the
w61 interior macroscopic points. Specifically, in these points the displacement has a
»s2  higher magnitude.

3263 The situation described in our numerical simulations, although simplified, could
»e4  be a good starting point in the study of the remodelling of biological tissues. For
265 example, the geometrical properties of bone’s osteons permit to model them as
nes  layered composites (see e.g. [205]).

= 4.8 Concluding remarks

3268 In the present work, we studied the dynamics of a heterogeneous material, con-
a6 stituted by two hyperelastic media with evolving micro-structure, by the application
270 of the asymptotic homogenisation technique. The evolution of the micro-structure
»n of the composite media was characterized through the development of plastic-like
w2 distortions, which were described by means of the BKL decomposition.
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4.8 — Concluding remarks
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Figure 4.4: Spatial distribution of the macroscopic leading order term of the dis-
placement with remodelling ([ug © J3) and without remodelling ([u(?]3).

The asymptotic homogenisation method was applied to a set of problems com-
prising a scale-dependent, quasi-static law of balance of linear momentum and an
evolution law for the tensor of plastic-like distortions. After obtaining the local and
homogenised problems, we rewrote them by considering the De Saint-Venant strain
energy density within the limit of small deformations. Although the selection of
the strain energy density was due to its simplicity, it is helpful for the description
of remodelling processes undergoing small deformations. For instance, this could
be the case for describing bone ageing. Then, the theoretical setting developed
in the present work is applicable (Elastoplasticity is actually quite appropriate to
model the bone [209]). In such a case, appropriate constitutive laws describing the
progression of the material properties should be found based on experimental liter-
ature (e.g. [118]). Nevertheless, for studying a larger range of problems, we need to
select nonlinear constitutive laws and write the corresponding cell and homogenised
problems.

As a consequence of the introduction of the tensor of plastic distortions, two
independent cell problems were inferred, which reduce to the classical cell problems
encountered in the homogenisation of linear problems in Elastostatics. Moreover,
we proposed an evolution equation for the inelastic distortions describing a remod-
elling process. Such evolution law models a stress-driven production of inelastic
distortions, as the one that is often encountered in studies of inelastic processes
constructed on the decomposition given by (4.5) [218]. The evolution law is suit-
able for the case of finite strain Elastoplasticity, and for the case of remodelling
of biological tissues. Finally, we outlined a computational procedure in order to
solve the up-scaled problems and we performed numerical simulations for a par-
ticular case of a layered composite body. Besides, we assumed that the leading
order term of the asymptotic expansion of the tensor of plastic distortions, FFEO),
depends only on the macro-scale variable X. This consideration, however, might be
relaxed by allowing F}go) to take into account the heterogeneities of the composite
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material through the microscopic spatial variable Y. The numerical results showed
the influence of the plastic-like distortions on both the effective coefficients and the
macroscopic leading order term of the displacement.

As future work, we intend to deal with the resolution of a particular problem,
like for instance the modelling of bones [159], tumour growth [200, 10, 144, 166,
204, 206], or tissue ageing [68]. A further step could be the study, with the aid
of the Homogenisation Theory, of the coupling between the results presented in
this work and the fluid flow in a hydrated tissue, or in the case of wavy laminar
structures.

In summary, we answer the research questions 4.1—4.3 in the following way

o The macro-scale model and the auxiliary cell problems derived in this chap-
ter require specific methods to be numerically solved. In particular an algo-
rithm taken from the literature proved to be useful of our scopes. Such a
computational algorithm, named Generalised Plasticity Algorithm (GPA) is
introduced in [116] to study the remodelling occurring biological tissues.

o We obtain two auxiliary cell problems and a homogenised problem, which are
coupled with each other, thereby establishing a major difference with the stan-
dard problems solve by means of the Asymptotic Homogenisation Technique.
Such a coupling is determined by the presence of the remodelling tensor and
its dependence on the macro-scale variable. Note that, in the simpler case
in which Fp<0> is a function of time only, it is possible to decouple the cell
problems from the homogenised one. Also in this situation, the problems at
hand are time dependent, because of the time evolution of FIEO), prescribed
by an evolution law.

o Even when the individual constituents of a given composite material are
isotropic, the effective elastic coefficients may turn out to be anisotropic,
depending on the geometric properties of the micro-structure. This has no-
ticeable repercussions also on the evolution law that should be chosen for a
correct description of remodelling. In this sense, the evolution law should
comply with such an effective anisotropy. An example of an evolution of this
kind is given in Eq. (4.52), whose homogenised version in given in Eq. (4.61).
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Chapter 5

Self-influenced growth through
evolving material inhomogeneities

The work reported in this chapter has been previously published in [62].

5.1 Growth-induced inhomogeneities

We reformulate a model of avascular tumour growth in which the tumour tissue
is studied as a biphasic medium featuring an interstitial fluid and a solid phase. The
description of growth relies on two fundamental features: One of those is given by
the mass transfer among the constituents of the phases, which is taken into account
through source and sink terms; the other one is the multiplicative decomposition
of the deformation gradient tensor of the solid phase, with the introduction of
a growth temsor, which represents the growth-induced structural changes of the
tumour.In general, such tensor is non-integrable, and it may allow to define a Levi-
Civita connection with non-trivial curvature.Moreover, its evolution is related to
the source and sink of mass of the solid phase through an evolution equation. Our
goal is to study how growth can be influenced by the inhomogeneity of the growth
tensor. To this end, we study the evolution of the latter, as predicted by two different
models. In the first one, the dependence of the growth tensor on the tumour’s
material points is not explicitly considered in the evolution equation. In the second
model, instead, the inhomogeneity of the growth tensor is resolved explicitly by
introducing the curvature associated with it into the evolution equation. Through
numerical simulations, we compare the results produced by these two models, and
we evaluate a possible role of the material inhomogeneities on growth.

Because of its repercussion on public health, the study of tumour growth is a
very active research field, to which mathematical modelling can give an important
contribution [16, 2, 94]. A rather standard approach is to answer specific questions
at each scale of interest by formulating dedicated models. These can be based on
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Self-influenced growth through evolving material inhomogeneities

Statistical Mechanics [119], Kinetic Theories [26, 36, 37, 164, 212|, and Continuum
Mechanics [13, 142] (and references therein), depending on whether the given prob-
lem involves the molecular, cellular, or the tissue scale. One of the main challenges,
however, is to understand the complexes of phenomena that contribute to initiate
the sprouting of a tumour, and to bridge across the physical scales at which they
occur. The difficulty arises, for instance, when different types of models, conceived
for different scales and disciplines, have to be combined efficiently, and solved si-
multaneously.

Within the framework of Continuum Mechanics, the search for the multi-scale
and interdisciplinary approach outlined above is put into action by formulating
multiphasic models of tumour growth (see e.g. [38, 200, 11, 110, 18, 182]). In such
models, growth is described as the mass variation of the solid phase of the tumour
at the expenses of its fluid constituents, and the mass variation is often viewed as
the result of the cooperation of both chemical ad mechanical factors [14].

As long as tumour growth is concerned, the hypothesis is often made that the
growth tensor is a pure dilatation [230, 180], thereby depending on one parameter
only, denoted by v and referred to as “growth parameter” in the sequel. In such
cases, one has to supply an evolution law for 7 (see e.g. (5.11b) below), which trans-
lates the mass balance law for the tissue’s solid phase into a kinematic constraint
on ~ itself [166, 10, 8, 105]. When this line of thought is followed, the evolution of
the growth tensor is entirely dictated by the law describing the variation of mass
of the tissue, denoted by rg in our notation.

Since 7y is related to the rate of change of v, the problem arises to determine
a generalised force that is conjugate to the variation of v and that, thus, triggers
growth. However, since 7y is almost always assigned on the basis of biological obser-
vations (see e.g. [10, 8]), which may be phenomenological or “micro-mechanically
motivated” [13], it may not be possible to identify mechanical stress with the “driv-
ing force” that moves the growth-related distortions (i.e., the inhomogeneities, in
the jargon of [72, 66]). This is, in fact, a relevant difference with elastoplasticity,
in general, and with the models put forward in [72, 183], in which stress plays a
central role. Indeed, it should be emphasised that the growth of a tumour may
occur also in the absence of stress, whereas it strongly depends on the presence of
nutrients, and may result in a loss of mass when these are unavailable. Still, stress
may contribute to modulate the way in which the mass change takes place [166,
135]. Perhaps, we might say that, whereas stress is the “starring character” of pure
remodelling (be it growth-induced or not), as it can be the trigger of the changes
of the tissue’s structure, it is somehow “downgraded” to a modulating factor in the
case of pure growth.

A rather different approach is suggested in [66], where the concept of “self-
driven” inhomogeneities is introduced. The underlying idea, framed within the
theory of defects in solids, could be rephrased as follows. Assume to have an in-
homogeneous solid medium with a non-uniform distribution of defects, which can

110



3402

3403

3404

3405

3406

3407

3408

3409

3410

3411

3412

3413

3414

3415

3416

3417

3418

3419

3420

3421

3422

3423

3424

3425

3426

3427

3428

3429

3430

3431

3432

5.2 — A model of tumour growth

be modelled as incompatible distortions, and thus associated with F,. Assume, in
addition, that the defects interact with each other, and that the strength of their
mutual interaction is accounted for by the variability of F, (i.e., the more F, varies,
the stronger the interaction is). Then, to adhere to Epstein’s statement [66]:

“The evolution is intrinsic or self-driven if [...| the inhomogeneity
moves just by virtue of its being there, perhaps in its effort to relax
itself”

we claim that the spatial variability of F, is sufficient to initiate a spontaneous
evolution of F, in time.

In our work, we formulate a model of tumour growth based on the theory
presented in [66, 166]. We are interested in quantifying how, and to what extent,
the inhomogeneities produced by growth influence the spatio-temporal evolution of
~. For this purpose, we propose a model that merges the quasi-phenomenological
definition of ry supplied in [166] with the concept of “self-driven” distortions put
forward in [66]. The underlying idea is that the functional form of the source/sink of
mass s should be modified by introducing a term that takes explicitly into account
the scalar curvature, x,, associated with R. Our motivation for undertaking this
task, inspired by [66], is to give a possible answer to the following question:

Let us “prepare” the tissue in some grown configuration, with initial
distribution of 7, 7i, corresponding to nonzero curvature, K. Then,
giving for granted that growth produces inhomogeneities [72, 66, what
is the impact of the initial inhomogeneities on the growth of the tissue
in the subsequent instants of time?

5.2 A model of tumour growth

5.2.1 Growth and curvature

In this work, F, is assumed to induce the Riemannian metric tensor
C,=F'.F, (5.1)

with is said to be the growth metric tensor. As pointed out in [197], C, induces a

Levi-Civita connection with non-trivial curvature [235, 236]. To see this, we first

construct the Christoffel symbols of the connection, which, for a given coordinate

system, are given by [165]
1

_ 0
FAMN — i(c'y 1)AB

(C,)BN L 9(Cy)sm  O(C,)mun
oXM oOXN 0X5B ’
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Self-influenced growth through evolving material inhomogeneities

and are symmetric in the lower indices, thereby implying the vanishing of the torsion
[165], i.e.,

Tor = (I',y — Iy ) E4® EM @ EY = 0. (5.3)

Then, we compute the fourth-order curvature tensor generated by C,, ie., R =
RA%unEA® EP @ EM @ EV | whose components read [235, 236, 165]

RA _ Oy _ g
BMN =g XM OXN

Moreover, by contracting the first and the third index of R, we obtain the Ricci
curvature tensor,

+ T T s = DT (5.4)

R = RpyEP @ EN =R, vEP @ EV, (5.5)

and, by double-contracting R with C_~ ! we determine the scalar curvature associ-
ated with growth, i.e.,

ky=R:C;". (5.6)

5.3 A model of tumour growth

We report on a mathematical model of tumour growth that, in spite of two im-
portant differences, largely follows the path designated in [166]. The first difference
concerns the benchmark problem that we solve, whose geometry is much simpler
than the one used therein. This choice is due to the fact that we are interested
here in purely modelling issues The second difference concerns the definition of the
source/sink term 7.

5.3.1 Growth and balance laws

By adhering to the model of tumour growth developed in [166], we describe
a tumour in avascular stage as a biphasic medium comprising a solid and a fluid
phase. At each point of the tissue, the amount of solid is measured by means of the
apparent mass density @505, where g and g4 are said to be solid volumetric fraction
and true mass density, respectively. Analogously, the amount of fluid is determined
by the apparent density ¢fof, with ¢f and of being the volumetric fraction and true
mass density, respectively. We recall that the true mass density of one of the phases
constituting a mixture is the intrinsic mass density of the considered phase. In
other words, it is the density that the phase would have if it were present in the
mixture with unitary volumetric fraction. For this reason, the true mass density of
a phase expresses its mass per unit volume of the phase itself, whereas the apparent
mass density expresses the phase mass per unit volume of the mixture as a whole.
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5.3 — A model of tumour growth

Within our biphasic model, the tumour represents a saturated porous medium,
so that the condition ¢f = 1 — ¢4 applies. Moreover, the fluid is assumed to feature
only two constituents: nutrients, with mass fraction wy, and “water”, with mass
fraction wy, = 1 — wn. We hypothesise that wy is very small, so that the mass
density of the fluid, of, can be regarded as constant, and approximately equal to
the mass density of water. What we call “water” here is, in fact, a fluid comprising
several substances, among which the constituents of the dead cells that return to
the fluid in order to be expelled.

For simplicity, we prescribe that the solid phase consists of two types of cells
only: the proliferating cells, with mass fraction wy,, and the necrotic cells, with mass
fraction w, = 1 — w,. The former ones describe the gain of mass of the tissue in
response to the consumption of the nutrients. However, they become necrotic when
the nutrients fall below a given threshold. The necrotic cells, in turn, are absorbed
by the fluid, thereby accounting for the tissue’s loss of mass due to cell death. In our
model, the transition of a cell from the proliferating to the necrotic stage preserves
the mass density of the cells. Hence, o is independent of the composition of the
solid phase, and may be regarded as constant, in spite of the fact that the mass
fractions of the solid constituents may change in space and time [38, 166, 105].

To account for the gain and loss of mass pertaining to the proliferating and
necrotic cells, we introduce their mass balance laws, which we write under the
hypothesis that both types of cells move with the same velocity vy, i.e., the solid
phase velocity. By extending the model developed in [166], we write such balance
laws as

at(gosgswp) + diV(@stwpUs) = Tpn + Ttp + Tpys (57&)
O0r(ps0swn) + div(ps0swnVs) = Top + T + Tny, (5.7b)

where 7pn, T, Tnp, Tnf, Tpy, and 7., denote the rates of mass uptake or depletion
for the solid constituents. In particular, r,, describes the portion of proliferating
cells that, per unit volume and unit time, is converted into necrotic cells. In turn,
Tnp is the rate at which the necrotic cells are generated at the expenses of the
proliferating ones, so that the condition 7, + 7, = 0 is respected. Moreover, 7,
measures the growth of the proliferating cells due to the presence of nutrients, while
o Tepresents the depletion of the necrotic cells in the fluid. We remark that rpy,,
Ttp, Tnp, and 7y address processes that are at the basis of tumour evolution and, in
this respect, their physical interpretation is rather intuitive. On the contrary, 7,
and r,, are introduced to investigate possible consequences of the properties of F',
on growth itself. In other words, their task is to establish a feed-back loop among
growth, the distortions that it generates, i.e., F',, and the influence of those on the
mass exchange terms. To the best of our knowledge, the presence of rp,, and 7y,
in (5.7a) and (5.7b) is a novelty in the framework of mathematical modelling of
tumour growth.
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Self-influenced growth through evolving material inhomogeneities

Since the mass fraction of the necrotic cells can be written as w, = 1 — wy,
Equation (5.7b) can be replaced by the mass balance law of the solid phase as a
whole. Indeed, by adding together (5.7a) and (5.7b), we obtain [166]

6t(90s£)swp) + diV(SpstWp'Us) = Tpn + T'tp + T'py, (5.8a)
at(SOSQS) + div(@s@svs) =T, (58b)

where 75 = r, 4o +7py + 1y s the overall source/sink of mass for the solid phase.
In general, this term can be diverted into changes either of density or of volume. In
this work, since o5 is constant, ry is diverted into changes of volume. To show this,
we perform the backward Piola transformation of (5.8a) and (5.8b) by multiplying
both equations by J = det F'. Then, by splitting J as J = J.J,, with J, = det F,
and J, = det F,, we obtain

nyq)sygswp - J[rpn + Ttp Tpy — prS], (59&)
(Jy@sp05) = Jrs = J[rep + Tns + Tpy + Tyl (5.9b)
where @y, := J,ps is the volumetric fraction of the solid phase expressed per unit

volume of the intermediate, stress-free configuration. We require now that &g, is
constant in time. Since g is constant too, the left-hand-side of (5.9b) is proportional
to J, = J tr[F, F,'|. Hence, (5.9a) and (5.9b) become

J[rpn + T + Tpy — Wyl
I, g, 05 ’
J[?”fp +rur + Tpy + Tn,y]
D, 05/, '

(5.10a)

wp:

tr[F,F = (5.10b)

In general, besides varying the mass of a tissue, growth may also induce isochoric
distortions. Accordingly, F., can be written as F., = [det F,]'/*F,, where [det F,]'/3
measures the tissue’s volume changes, and F, is a volume-preserving tensor field

that keeps track of the tissue’s remodelling at constant mass. Thus, by adopting
the notation v = [det F},]/3, we obtain [166]

J[rpn + Tip + Tpy — WpTS]

S 5.11
“ TP 06 ’ (5.11a)
¥ _ Jrep + rog + rpy + rnﬂ,]' (5.11D)
Y 3®SI/QSJ’}/

Remark 5.3.1. The hypothesis of constant true mass density of the solid phase is
due to the fact that such phase is considered to be a representation of the tissue’s
cells. These, in turn, are essentially made of water, whose mass density is constant
in the biophysical range relevant to our work. It follows, thus, that also g5 can be

114



3521

3522

3523

3524

3525

3526

3527

3528

3529

3530

3531

3532

3533

3534

3535

3536

3537

3538

3539

3540

3541

3542

3543

3544

5.3 — A model of tumour growth

safely assumed to be constant. However, if this assumption is relaxed, Eq. (5.8b)
can be recast in the form

QOSQS + @s@sdivvs =Ts, (512)
and, by exploiting the identity J = J(divwvs), one can write
JS‘OSQS + JQOS@S + ‘.]QOSQS = Jrs. (513)

Since it holds that J = JoJg + JeJ, = Jtr[L] + Jtr[L,], with L, = F.F;" and
L, = FA,F;l, one obtains

Jpg0s + Jps0s + Jpsostr[Le| + Jpsostr[ L] = Jrs. (5.14)
Moreover, we require tr[L,] = r5/(¢s0s), so that (5.14) becomes
Ps0s + Ps0s + psostr[Le] = 0, (5.15)

which can be equivalently rearranged as Jegbsgs = 0. Thus, only the product 0s,
which individuates the mass density of the solid phase, is constant in time. Without

loss of generality, it can be expressed with respect to the natural state, i.e., for
Jo =1, as

JeSDst = (I)sugsm (516)

where @, is the volumetric fraction in the natural state, and o4y denotes a constant
reference value of the solid phase mass density. Equation (5.16) implies that ¢sos
is a function of the elastic part of the overall deformation gradient tensor through
Je. In this case, g5 can be either treated as an independent variable of the theory or
specified through a state law. If the first option is chosen, the model necessitates an
additional equation determining the volumetric fraction (cf. e.g. [27, 215, 217]). If,
instead, the second choice is made, and one assumes that g, is a constitutive function
e.g. of the composition of the solid phase, one obtains

®SI/A ®SVA
s = ?s(wp(]) _ J’Y o Qs(wp()) ‘ (517)
Jo0s(wp) Jos(wp)

Here, p,(w,) is the constitutive representation of the true mass density of the solid
phase. As anticipated above, it is specified as a function of the composition of the
solid phase, which, within our model, is determined by the amount of proliferant
and necrotic cells. Since it holds that w, + w, = 1, it suffices to use only one of the
two mass fractions w, and w, to characterise the composition. Upon choosing wy,,
we let o, depend on wy, only, and we take wyg as a reference value for wy,.
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Self-influenced growth through evolving material inhomogeneities

In conjunction with (5.11a) and (5.11b), also the mass balance laws of the
nutrients and the fluid phase as a whole need to be studied

A (prorwn) + div(prorwnvs + Yy) = rp, (5.18a)
Oi(pror) + div(prorvg) = —rs. (5.18b)

In (5.18a) and (5.18b), wv¢ is the velocity of the fluid, yy is the mass flux vector
associated with the motion of the nutrients relative to the fluid phase, and ryp is
the rate at which the nutrients are “eaten” by the proliferating cells. We remark
that, to ensure the conservation of the mass of the biphasic medium under study,
the right-hand-side of (5.18b) is taken equal to the negative of r;.

After some calculations, (5.18a) and (5.18b) can be rephrased as

ororwn + 0rq gradwy + divyy = rnp + WNTs, (5.19a)
1 1

divqg + divo, = ( - ) Ts, (5.19b)
Os Or

where ¢ = ¢¢[vs — vy is said to be filtration velocity. Finally, (5.19a) and (5.19b)
can be pulled-back to the reference configuration, thereby obtaining

(J = Jg@s) 0ron + 0¢Q Gradwy + DivY 'y = J[rxp + wnTs), (5.20a)
. 1 1

DivQ + J = ( — ) Jrs, (5.20b)
Os Of

where Q = JF 'q is the material filtration velocity, and Yy = JF 'yy is the ma-
terial mass flux vector of the nutrients. Under the hypothesis of validity of Darcy’s
law for the fluid, and of Fick’s law for the nutrients, @ and Y x read Q = — K Grad p
and Yy = —osDGrad wy, with K = JF 'EF~T being the material permeability,
p the pore pressure, and D = JF 'dF~" the material diffusivity tensor of the
nutrients in water. The tensors K and D are the backward Piola transforms of the
spatial permeability, k, and of the spatial diffusivity, d, respectively.

To conclude, we introduce the momentum balance law for the biphasic medium
as a whole, which we write directly in material form (see [166] for details), i.e.,

Div (~Jpg ' F™" + R.) =0, (5.21)
where P, is referred to as the constitutive part of the first Piola-Kirchhoff stress

tensor of the solid phase.

5.3.2 Constitutive laws

In this work, the tumour tissue is assumed to be isotropic, and, for simplicity,
k and d are taken “unconditionally isotropic” [19], which means that they are
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5.3 — A model of tumour growth

both proportional to the inverse metric tensor g~!. Hence, we write k = kog~! and
d = dog™!, where ky is given in the form of the Holmes-Mow scalar permeability [19,
138], and dy is defined as a function of J and .J, through the fluid phase volumetric

fraction, i.e.,
q)susof o my J2 - ‘]2
ko = k — T
oo L%SOS] P ( 2 Jz2

T my [J? — J2
= kog | —— 1 — - 0.22
OR [ T 010 1 exXp ( 5 [ JWQ ) ( a)
J — J, D
d() = LpfdQR = %dof{. (522b)

In (5.22a), g = 1 — Dy, is a reference value of the fluid phase volumetric fraction,
mgo and m; are constant material coefficients, and kgr is said to be the reference
permeability of the medium. This quantity is assumed to be a constant in this work,
even though it should be defined as a function of material points in a more general
setting. The factor dog in (5.22b) is the reference diffusivity, which, for simplicity,
is assumed here to be constant. This condition, in fact, may be violated when the
nutrient mass fraction, wy, is sufficiently greater than zero, in which case dgr should
be defined as a function of wy.

By substituting (5.22a) and (5.22b) into the definitions of k and d, and the cor-
responding results into the expressions of the material permeability and diffusivity,

we find

K = JkC™, (5.23a)
D= (J—-J,®,)drC ™" (5.23b)

Besides being isotropic, the solid phase of the tissue is assumed to be hyperelas-
tic. Hence, its mechanical behaviour can be described by means of a strain energy
density function, W, which we express per unit volume of the reference configura-
tion. To account for the variation of internal structure induced by growth, W is
given in terms of a constitutive function, W, of F, F,, and material points, X. The
purely elastic contribution of the material to the overall energy can be measured
by introducing the energy density W,, defined per unit volume of the stress-free
configuration, whose associated constitutive representation, W,, depends on F' and
F, exclusively through F,. Hence, we write [72] (see also [53] for details)

W=JW, W(F,F,X)=JW,(F). (5.24)
For W, (F.), we choose a constitutive law of the Holmes-Mow type [138], i.e.,
W, (F) = W, (C) = W, (11(Ce), 15(C.), 15(C))
= ap {exp(¥(C.)) - 1}, (5.25a)
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A A

\II(Ce) = \i[(jl(ce> I ( ) ( ))
= ai[11(Ce) = 3] + aa[I5(C:) = 3] — asIn(I5(Cy)) (5.25b)
where C, = F.JL.F, is the elastic Cauchy-Green deformation tensor, W,,(Ce) is

introduced to comply with objectivity, and, to account for isotropy, the dependence
of W, on C, is expressed through the principal invariants

L =1(C)=tr(n'C.), (5.26a)
I = 1,(Ce) = 3{[1/(C.)]* — tr[(n ' C.)*]}, (5.26Db)
Iy = I3(C.) = det C,. (5.26¢)

Here, 1 is the metric tensor of the “intermediate configuration” and, by using the
equality C, = F{TCF,;l, it can be eliminated from (5.26a)—(5.26¢), so that the
invariants can be rephrased as functions of C' and C,. Finally, in (5.25b), the
material coefficients ay, a1, as, and as are functions of Lamé’s elastic parameters
[225] (in particular, as in [138], we set a3 = 1), i.e

2+ A 21— A A
= = —_— = 22 . 53.23'7
, Q1 = Qg Qo 0432M_|_>\7 a3 = a1 + 200 ( )

Qo =
4043

Equations (5.24), (5.25a), (5.25b), and (5.26a)—(5.26¢) permit to calculate the con-
stitutive part of the second Piola-Kirchhoff stress tensor of the solid phase:

Sec

. (O, _
= 2valC;1 +2J,b5[LC = C'CC Y + 20,3 1,C 7, (5.28)

with b; = OV, /0L, i € {1,2,3}. Consequently, the first Piola-Kirchhoff stress tensor
P,. can be expressed constitutively as

P.= P (F,C,) = FS8.(C,C,), (5.29)
and, thus, the constitutive part of the Cauchy stress tensor reads
0. = 6..(F,C,) = J'P(F,C,)FT
J
= {2b1be + 205[11b — be.be] + 2b3T3g7'} | (5.30)

where b, = FC_ 'F7 is the elastic right Cauchy-Green deformation tensor.
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5.3 — A model of tumour growth

5.3.3 Sources and sinks of mass

To model growth, it is necessary to describe the mass exchanges among the
constituents of the system under study. In our framework, this requires to provide
mathematical expressions for 7g,, rpn, ™o, and ryp, and to relate each of these
quantities with the appropriate set of chemo-mechanical variables. For rp,,, ¢, mnp
and 7, we adopt the phenomenological expressions suggested in [166], which we
report here with slight changes of notation, i.e.,

WN WN J (I)SV
Tpn B _Cpn <1 B WNer >+ Spswp - _(pn <1 a WNer >+ ’y‘] wp, (531a)
Jy Dy,
'nf = _Cnf(ps[l - wp] = —Cuf ’YJ [1 - wp]v <531b)
WN WN J')/(I)sy

_ N = — , 5.31

"Np CNP WN + WNo Psp CNp WN + WNo J P ( C)
WN — WNer 51 <5>+ PrPs

= - - 1 —
Tfp Cfp <WNenV — WNer >+ [ 62 + <5>+ ©r1o wp

_ Cf < WN — WNer > 1— 51 <6'>+ J — J’\/(I)SZ/ nyq)syw ‘ (531d)

P WNenv — WNer /+ 52 + <5>+ JSOfO J P

The terms rpy, ¢, and ryp are sinks of mass for the constituents to which they re-
fer. In particular, rp,, represents the loss of mass of the proliferant cells that become
necrotic. The term rg,, instead, is a source of mass for the proliferant cells, and rep-
resents the mass gained by this population of cells at the expenses of the fluid. We
need to emphasise that both 7, and 74, represent processes whose occurrence is
strongly controlled by the availability of the nutrients in the tissue. To describe
mathematically the concept of “availability of the nutrients”, we introduce a criti-
cal value of the nutrient mass fraction, wye € ]0,1[, and we model the transfers of
mass associated with 7, and rg, as threshold processes. Accordingly, when it holds
that wx < wer, the proliferant cells die, which means that rp, is active, while 7, is
switched off. On the contrary, for wy > wner, 7pn Must vanish identically, whereas
T, is switched on. Such activation and deactivation of rp, and rg, is formulated
by means of the operator (-),, which returns the argument to which it is applied,
when the argument is greater than zero, and zero otherwise. Thus, it is introduced
to switch off cell death when the mass fraction of the nutrients, wy, is above, or
equal to, the threshold level wne €10,1[, which is assumed to be a constant of the
model.

In our model, the coefficients (pn, Cur, (np and (g, are constants, and can be
related to the characteristic time scales with which, respectively, the proliferating
cells die, the necrotic cells are converted into fluid, the nutrients are consumed and
the interstitial fluid becomes a tumour due to cell growth.

We notice that the sinks defined in (5.31a)—(5.31d) depend on the solid phase
volumetric fraction, ¢s = (J,®s,)/J, in such a way that they vanish for vanishing
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Self-influenced growth through evolving material inhomogeneities

¢s. For the same reason, r,, must be zero for zero w,, ry, must be zero when
wp Or wy is zero, and 7,y must be zero for unitary w, i.e., for zero w, (indeed,
wn = 1 — wp). We remark, in addition, that the dependence of ry, on wy is taken
from Population Dynamics [24], with the constant wyo €]0,1] being a reference
value of the nutrient concentration, introduced to modulate the rate at which their
uptake occurs. The dependence of rg on ¢y and ¢ = 1 — ¢y guarantees that
growth ceases in the limit of compaction, i.e., when all the fluid flows away, and
the porous medium features no voids, or when the solid disappears, which means
that ¢4 becomes zero. Besides, 74, vanishes for vanishing wy,, and is modulated by
stress through the term (7)., where o is defined as

23
52 i=1 001

4 5.32
- (5.52)

(9:0u) =—

W=

g=—

We reserve now a separate treatment for the non-standard terms r,, and 7y,.
In particular, for the sake of simplicity, we set 7,, = 0 and we prescribe 7, as

s - (I)SI/ CI)szz
N e wp] Ky =cC [Cfp on I Iy Jy K. (5.33)

oy = € |G w
pY P p
[ WNer P10 WNer ’]Spf() J

With the formulation of rp, given in (5.33), we assume that 7, is proportional to
Kk~ through the factor ¢ (g, (wn/wner)(9r0s)/ - In this work, the product c (g, is
assumed to be constant and it represents, with respect to a suitable time scale, the
way in which the inhomogeneities induced by growth evolve in the tissue. Moreover,
as explained above for the standard terms (5.31a)—(5.31d), we need to account for
the limit cases in which compaction occurs (¢f = 0) or the solid phase is locally
absent (s = 0). In fact, we ensure that 7, vanishes when ¢ or ¢ vanish. Finally,
we relate the availability of nutrients to growth. In fact, we prescribe that growth
does not take place if wy = 0, and we modulate the growth rate through the
reference value wy.. This factor, indeed, is introduced to re-scale the current
mass fraction of the nutrients, wy. In particular, the effect of s, is amplified for
WN > WNer, and reduced for wy < wyer-

For the sake of a lighter exposition, in the present work we suppress the rotations
related to growth, so that R, reduces to a shifter [165] from 7% to T.4;, and we
assume that U, represents a pure dilatation, i.e., we set U, = vI. This form of U,
also implies J, = 7* and C, = +*G, so that the material metric, G, is rescaled
by 2. Hence, no remodelling is considered in this work, and growth is entirely
expressed in terms of an evolution law for ~, which, for given r, and 7,¢, coincides
with (5.11Db).

We emphasise that the introduction of x, in our model of tumour growth is the
major novelty of our work, and it constitutes the principal difference with respect
to the model developed in [166]. The difference is in the fact that, while (5.11b) is
an ordinary differential equation in [166], it is a partial differential equation in our
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5.3 — A model of tumour growth

model. This feature of our approach allows for an explicit resolution of the spatial
variability of v and, more importantly, it permits to estimate to what extent such
variability influences growth. In fact, going through the calculations leading to (5.6),
we notice that s, features the derivatives of v up to the second order. Hence, by
introducing 7, into (5.11b), we obtain a nonlinear diffusion-reaction like equation
in the unknown . Solving this equation shows how the resolved spatial variability
of v influences the evolution of the other model descriptors, i.e., the mass fraction of
the proliferating cells, the mass fraction of the nutrients, the motion, and pressure.

Looking at (5.11b), and combining it with the definitions (5.31b), (5.31d), and
(5.33), we notice that, when the mass fraction of the nutrients, wy, is below the
threshold wye, (so that rg, = 0), we obtain

Y Cip WN @ ] Cuf
=c|=>= -— Ky — — (1 — wy. 5.34
[3Qs WNer Pfo P 3 [ p] ( )

S

v

In (5.34), indeed, the evolution of 7 is governed by an affine function of &, and is
modulated by the mass fractions w, and wy. More generally, instead, when wy is
above wner, Equation (5.34) becomes:

/.7 Cfp wWN @f Cnf
vl e ——wp | Ky = o —[1 —wp]
7 3Qs WNer Pfo 3@3
- cr 6 Y
L <”N N > [1 o)y ]%w . (5.35)
+ o)+

395 WNenv — WNer a 52 + < @10 P

Equation (5.35) combines two models: The first two terms on the right-hand-side
of (5.35) are an adaptation of the model by Epstein [66] to our biphasic problem,
which requires the introduction of the mass fraction of nutrients and proliferating
cells as well as the volumetric fraction of the fluid phase. The last term, instead, is
taken from the model by Mascheroni et al. [166] and has phenomenological nature
in order to account for the fact that growth occurs when the mass fraction of the
nutrients, wy, is greater than wye, and it is modulated by stress.

Remark 5.3.2. Following [66], one could formulate a more general model, without
the a priori assumptions of no growth-induced rotations and U, = ~I. In this
case, a possible evolution law for F, could be obtained by relating 1‘7‘7 to a known
function of R and GradR [66]. Such an evolution law, however, is out of the scope
of this work. Therefore, for the moment, we simply neglect GradR in the evolution
law for F,, thereby keeping only its derivatives up to the second order. Moreover,
since in our framework it holds that U, = I, we end up with model in which the
evolution of v is a function of the scalar curvature, x,, whereas it does not depend
on the spatial derivatives of v of order higher than the second.
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5.4 Solution of a benchmark problem

5.4.1 Summary of the model

Before addressing the details of the considered benchmark problem, we sum-
marise the model equations, and declare the unknowns to be determined. In doing
this, we perform the following simplifications: (a) since the cells consist mainly of
water, the mass densities o, and g are regarded as equal to each other, so that
the right-hand-side of (5.20a) is zero; (b) the advective term @ Grad wy is consid-
ered to be negligible with respect to the other terms of (5.20a). In conclusion, the
model equations are given by (5.11a), (5.11b), (5.20a), (5.20b), and (5.21), which
we rewrite as

Div [~Jpg ' F™" + P] =0, (5.36a)
J — Div [KGradp] = 0, (5.36b)
33 By, wy A
(J — 7@y, )iox — Div[DGradwy] = J <TNP + W”) , (5.36¢)
Ot J Y
. (pn < WN > Cnf 7
by = —22 (1 — wp + 221 — wp] + 3[1 — wy)~, 5.36d
P T, O [1— wp] +3[1 — wp] S (5.36d)
;Y Cfp WN J — 73(1)51/ J[Tfp + Tnf]
L= SRL 5.36
v~ ° [BQS v J — Iy P 300, (5:36¢)

where ryn¢, rnp, and rg, are defined in (5.31b), (5.31c), and (5.31d). Consistently
with (5.36a)—(5.36¢), the unknown of the models are the motion of the solid phase,
X, the pressure, p, the nutrient mass fraction, wy, the growth parameter, v, and
the mass fraction of the proliferating cells, wy. Finally, K, D, and P, are specified
in (5.23a), (5.23b), and (5.29), and all the material parameters are reported in
Table 5.1 and in Table 5.2.

5.4.2 Description of the benchmark test

As a proof of concept, we specialise now Equations (5.36a)—(5.36e) to a bench-
mark problem taken from the literature. For our purposes, we select the problem
of “isotropic and homogeneous growth inside a rigid cylinder”, formulated in [10]
for the case of mono-phasic growing medium, and we adapt it to our scopes.

Also in our formulation, the growth is isotropic, i.e., U, = ~I, and takes
place inside a tissue specimen of cylindrical shape, with undeformable curved sur-
face. Hence, both the reference and the current configurations of the tissue have
cylindrical shapes, with equal radius and different lengths. We indicate by Ry,
and L the initial radius and the initial length of the cylinder, respectively. More-
over, the reference configuration is covered with a system of cylindrical coordinates
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5.4 — Solution of a benchmark problem

A,

X =(R,0,7), where R, O, and Z are the radial, circumferential, and axial coor-
dinate, respectively. Analogously, the generic current configuration of the tissue is
covered with the system of cylindrical coordinates & = (r, %, z). Any rigid rotation
of the specimen about the axis of the cylinder is suppressed from the outset.

The restrictions imposed on x imply that only the axial component of the mo-
mentum balance law (5.36a) has to be solved, and that the sole unknown component
of the motion is the axial one, x*, while the radial and circumferential ones, y" and
X7, return the radial and the angular coordinate, respectively.

The growth cannot be assumed to be homogeneous in our framework, as the
scalar curvature, ., would then be trivially zero, and our model would boil down
to a simple biphasic rephrasing of the model presented in [10]. On the contrary,
to highlight the role of k., we prescribe initial distributions of v with a strong
gradient.

In [10], the two extremities of the considered cylinder are free of applied forces,
so that the axial component of stress is zero both at two outermost sections of
the cylinder and, because of homogeneity, everywhere else inside it. In our setting,
however, we may only conclude that the overall axial Cauchy stress, 0** = —p+0Z*
is zero, whereas the pressure, p, and the constitutive Cauchy stress, 027, cannot be
individually zero because of the point-dependent distribution of . In fact, they
can be such only in the limit in which the initial inhomogeneities relax, and the
conditions p = 0 and ¢Z? = 0 are the unique, stationary solutions to (5.36a) and
(5.36b). Further differences with [10] are due to the different constitutive relations
which we work with, and to the fact that our solid phase consists of two types of
cells.

To solve (5.36a)—(5.36¢) compatibly with the descriptions given so far, we pre-
scribe the reference configuration of the tissue, 4, to be of cylindrical shape, and
we assign the following set of boundary conditions, which apply for all times:

X" = Rin, on (04)c, (5.37a)
' =0, on (09A)c, (5.37Db)
(=Jpg 'F~ "+ P.).Ny =0, on (08)1e and (08)rignt, (5.37c)
(=K Gradp).N¢c =0, on (04)c, (5.37d)
p=0, on (08 )1esr and (0% )Right (5.37¢e)
(—oeDGradwy).N¢ = 0, on (04%)c, (5.37f)
WN = WNenv, on (0A)vLer and (0% )Right (5.37g)
(Grady)N =0, on 0. (5.37h)

In (5.37a)—(5.37g), (04)c is the lateral boundary of the cylinder specimen, whereas
(OB)1ets and (0B)wignt are the left and the right surfaces at the extremities of 4,
respectively, Ny is the unit vector field normal to (0%)ier, and (0% )right, Nc is
the unit vector field oriented normal to (0%)c, and Ry, is the initial radius of the
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Self-influenced growth through evolving material inhomogeneities

cylinder. Furthermore, it holds that 0% = (0%)veft U (08 )Right U (0% )¢, and that
N is the unit vector field normal to 0.4.

Before going further, we remark that the boundary conditions (5.37d) and
(5.37f) describe the situation in which (0%)¢, besides being undeformable, is
also impermeable to the fluid and to the nutrients. Finally, the Dirichlet condi-
tion (5.37g), with wyeny kept constant in all calculations, means that the tissue
specimen finds itself in a “bath” of nutrients, which can flow through the boundary
surfaces (02)Lee and (OB)Right-

Together with (5.37a)—(5.37g), we enforce the initial conditions:

7(R7 @7 Z70) = ’Yin(Z)v
wp(R,©,2,0) =1,

X' (R,©,Z0)=R, x"(R,0,70) =06, (5.38a)
X (R,0,2,0) = Z +uin(2), (5.38b)
p(R,0,Z,0) =0, (5.38¢)
wN (R, ©,7,0) = wNenv, (5.38d)
)
)

which apply at all inner points of #. The way in which the problem is formulated
allows to infer that the deformation gradient tensor takes on the form F = e, ®
Eftey@E®+(1+u)e.® E?, where u is the axial displacement, the prime indicates
partial differentiation in the axial direction (i.e., v’ = 0u/0Z), while {e,, ey, €.}
and {Ef, E® E”} are the vector basis and the co-vector basis generated by the
coordinate systems & = (r,¢, z) and X = (R,0, 7Z), respectively. It is understood
that R € [0, Rin), © € [0.2], and Z € |~3L, 3L].

As a further simplification, we require that all the physical quantities involved
in the model are point-independent on each cross-section of the specimen, whereas
they do vary along the axis of the cylinder, i.e., they are point-dependent only
through the axial coordinate, Z. Therefore, the scalar curvature reads

2(v')* = 4y" _ 6(+)* — (47

Koy = - p , (5.39)
and the model equations simplify as reported below:
[(Pe)*] =7, (5.40a)
. k !
14+u = ll —l—Ou’ p’] , (5.40b)
. (1 + u/) - P)/Sq)su /
[(1+ u’) - 73(I)SV]WN = l( 1+ u')? dor WI,\I
3., 31 _ CNipwiN 5.40

I ’YwN 0 WN + WNOWP ’ (5.40c)
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. C n WN Cnf 7
= =2 <1_ chr>+w T~ ] 31w (5.40d)
v ] Gp wn (1+u)=~"®y LA = 2(+')?
30s Wer (1 +u/)(1 — D) " 4

L S <WN—WN> [ 0)y | A td) =7 Py

3@5 WNenv — WNer /+ 2+ <6'> (1 + U/)(l - (I)S,,) P

Cnf

- 3Qs [1 - wp]? (5406)

where we have set J = 1+u/, and ky is defined in (5.22a). Equations (5.40a)—(5.40d)
are now put in weak form, and solved by employing the Finite Element Method. To
eliminate rigid motions along the axial direction, we introduce a Dirichlet point for
u at Z = 0, where we prescribe u(0,t) = 0 for all ¢. Finally, we assign the initial
conditions 7, (Z) and u;,(Z) in such a way that the problem results to be symmetric
with respect to Z = 0.

Parameter Unit Value Equation Reference
L [cm] 1.000 Initial length —

R, [cm] 1.000 - 10~2 Initial radius —

A [Pa] 1.333 - 10* (5.27) [220]

L [Pa] 1.999 - 10% (5.27) [220]

ko [mm*/(Ns)] 0.4875 (5.22a), (5.23a), [138]

mg -] 0.0848 (5.22a) [138]

mq -] 4.638 (5.22a) [138]

dor, [m? /s 3.200-107° (5.22b), (5.40c)  [216]

Table 5.1: Parameters used in the definitions of the energy density, permeability
and diffusivity. The mass fraction of the solid phase in the natural state is &, = 0.8.
The solid and fluid phase densities are o, = of = 1000 kg/m?3.

5.5 Results

To evaluate the impact of the scalar curvature, ., on the evolution of the
system under study, we solve (5.40a)—(5.40e) twice: First, we set ¢ = 0 in (5.40e),
thereby switching off the term with &, (this first model is denominated M1). Then,
we set ¢ # 0, and solve (5.40a)—(5.40e), paying particular attention to the effect of
K~ (this second model is referred to as M2).

For our purposes, we prepare a protocol of numerical experiments in which the
initial distribution of the growth-related distortions, 7,(Z), has strong gradients
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Parameter Unit Value Description Reference
Cip [kg/(m3s)] 1.343-1073 (5.31d),(5.33),(5.42)  [45]
Con [kg/(m®s)] 1.500-10~3 (5.31a) [45]

Car [kg/(m®s)] 1.150-10~° (5.31b) [45]
CNp [kg/(m®s)] 3.000-10~* (5.31c) [41, 42]
c [m?] {0,-10}  (5.33) —

9o -] 0.125-1071  (5.41a) —

fo [-] L+90 (5.41a) —

ho [1/cm] 8w (5.41a) —

ao [-] 1.020 (5.41b) —

bo -] 0.010 (5.41b) —

o [1/cm] 507 (5.41b) —
WNer [—] 1.000-1073 (5.31d), (5.33),(5.42) —
WNenv -] 7.000-10~%  (5.31d),(5.42) —

wNo -] 1.480-10~4  (5.31c) —

& -] 7.138-10~!  (5.31d),(5.42) 167]
52 [Pa] 1.541-10%  (5.31d),(5.42) [167]

Table 5.2: Parameters used in the definitions of the system’s geometry, in the
definitions of the sources and sinks of mass, and in the initial conditions for ~.

and non-vanishing curvatures. Specifically, we consider two types of 7;,(2), i.e.,

Yosc(Z) = fo + gocos(hoZ), (5.41a)

2) ag — by atan(ro (Z + iL)) , 4 € {—%L,O] , (5.41)
Yatan = .

' ag + by atan(ro (Z — iL)) , 4 € }0, %L] ,

both defining even functions with respect to Z = 0, and representing a grown

configuration of the tumour characterised by strong inhomogeneities. All the pa-
rameters featuring in (5.41a) and (5.41b) are reported in Table 5.2. The models
‘M1’ and ‘M2’ are further specialised in ‘M1(a)’ and ‘M2(a)’, for 7, = Yosc, and
‘M1(b)” and ‘M2(b)’, for Yin = Vatan-

5.5.1 Formulation of specialised sub-models

Models M1(a) and M1(b) [no spatial resolution of the inhomogeneities]
We solve (5.40a)—(5.40e) with ¢ = 0, thereby switching off the curvature in the
simulations. Hence, (5.40¢e) reduces to the ordinary differential equation

’}/_Cfp< WN — WNer > |‘1 (51<5>+ ] (1+u’)_,y3(I)SV _Cnf
+

7 3 Tt (0)s | L+ u)(1— D) P 3o, [1—wp], (5.42)

and the boundary condition (5.37h) is no longer necessary. Therefore, together
with (5.40a)—(5.40d) and (5.42), only the boundary conditions (5.37a)—(5.37g) and
the initial conditions (5.38a)—(5.38f) have to be accounted for.
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5.5 — Results

Although the spatial variability of v does not play a direct role on (5.42), the
initial distribution of the growth-related distortions does influence the evolution of

.

Models M2(a) and M2(b) [spatial resolution of the inhomogeneities] We
solve (5.40a)—(5.40e) with ¢ # 0, and we enforce the complete set of boundary and
initial conditions, i.e., (5.37a)—(5.37h) and (5.38a)-(5.38f), respectively. In this case,
the scalar curvature, -, does contribute to drive the evolution of «, through the
first term on the right-hand-side of (5.40e).

5.5.2 Numerical results

In this section, with the description of the obtained numerical results and the
role played by the scalar curvature associated with the growth, we answer to the
research question (5.1). In Fig. 5.1, we report the displacement of the tumour in
the axial direction of the specimen, evaluated at the cross section of the cylinder
Z =1L/2 ie,u(L/2,t) = x*(L/2,t)—x*(L/2,0). As expected, in all the considered
cases, the results of our simulations show that u(L/2,t) increases monotonically
with time. By comparing M1(a) with M2(a), and M1(b) with M2(b), we note
that the curvature seems to play a significant role in the evolution of the tumour
displacement. In fact, the inclusion of the curvature augments the steepness of the
displacement from the beginning of the simulation, and, from the 3rd day onward,
it increases its magnitude appreciably. This result suggests, in addition, that the
initial curvature relaxes, and that the system, at the end of the simulation, finds
itself in a less curved configuration.These deductions are confirmed by Fig. 5.2 and
Fig. 5.3, in which the spatial distribution of the scalar curvature ., at the initial
and final instants of time, is presented.

0.040 - —‘l\[odel l\[‘l(h) '
— Model M2(b)

0.035
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0020 /"
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Figure 5.1: Evolution of the tumour in the axial direction, evaluated at the cross
section Z = L/2. Panel on the left: comparison between M1(a) and M2(a), for
which v, = 7ose. Panel on the right: comparison between M1(b) and M2(b), for
which Yin = Yatan-
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Figure 5.2: Spatial distribution of the scalar curvature s, evaluated on the meridian
section of the specimen, in the case of vy, = 7. Panel on the left: initial instant
of time. Panel on the right: final instant of time.
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Figure 5.3: Spatial distribution of the scalar curvature . evaluated on the meridian
section of the specimen, in the case of vi, = Vatan. Panel on the left: initial instant
of time. Panel on the right: final instant of time.
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Starting from Fig. 5.2, we note that the oscillating behaviour of the scalar cur-
vature k., which reflects the trend of the initial distribution of the inhomogeneities
Yin = Vosc, Tesults strongly mitigated at the end of the simulation. In fact, oscilla-
tions are appeased in this case, and &, is closer to zero than the initial case, which
means that tissue is evolving towards a configuration with reduced curvature. Anal-
ogously, in Fig. 5.3, the concentration of the gradient, which characterizes the scalar
curvature for the model with i, = 7o, relaxes at the end of the simulation. Also
in this case, the tissue attains a final configuration in which the inhomogeneities
are appreciably redistributed. The presence of the curvature x, in the model and
its relaxation, influences the spatial trend of the growth. In this sense, looking at
Fig. 5.4, we notice that marked qualitative differences emerge among the spatial
profiles of v computed with M1(a) and M2(a), or M1(b) and M2(b). Still, if we
neglect the embodiment of the curvature, the curves are qualitatively similar, with
the magnitude increasing as time goes by. In particular, no peculiarity of the ini-
tial data seems to be found in the computed curves: The presence of oscillations in
the case for which i, = 7osc (left), or the steep change in concavity, for the other
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> Model Mi(b) -
| Model M1(b) -
Model Mi(b) -
) -
) -
) -

Day 1

N

-5 Model M2(b
-6~ Model M2(b
Model M2(b,

r=)
T
o

o o
=
T

>
T

Growth parameter [1]
Growth parameter [1]

0 01 02 03 04 05 0 01 02 03 04 05
Axial coordinate [cm] Axial eoordinate [cm]
Figure 5.4: Spatial profile of the growth parameter v for the models with vy, = Yose
(panel on the left) and 74, = “atan (panel on the right). Since the problem is
symmetric, only the half [0, L/2] of the domain is shown.

choice of Vi, .. Yin = Yatan (right). On the other hand, when the curvature is
explicitly considered, the spatial distribution of the growth is strongly influenced by
the initial conditions. In detail, depending on time, the oscillations (left) and the
rapid change in concavity (right), characterizing the two chosen initial distribution
of inhomogeneities, are mitigated, but still present, until the end of the simulations.
Although the differences outlined above, and independently on the initial condition
~in, all the considered models lead to a final spatial behaviour of 7, in which the
inhomogeneities are present.

Another point to put in evidence concerns Fig. 5.4 (left). The sub-system cor-
responding to the interval [0, L/2] is initially symmetric with respect to Z = L/4.
Yet, this further symmetry is lost in the course of time, as visible from the the
spatial profile of 7. This peculiarity of the results could be explained by referring
to biological motivations, rather than geometric ones. To specify this aspect, let us
focus on Fig. 5.5, which reports the trend of the nutrient mass fraction. We note, in-
deed, that the nutrients tend to diffuse from the boundaries (0.%)1ere and (0%)rignt
towards the centre of the specimen, along its axial direction. In the course of this
process, there exists an instant of time after which the mass fraction of the nutrients
becomes smaller than the critical value wye, in the interior of the tumour. Hence,
while the growth of the tumour is inhibited in its centre, it is active close to the
free boundaries, where the mass fraction of the nutrients is still higher than the
critical threshold.

A relevant result concerns the dynamics of the proliferating cells, as shown in
Fig. 5.6. Their mass fraction, w,, remains close to unity in the proximity of the
boundary (0%)rignt, where the level of nutrients is still high, while it diminishes in
the centre of the tumour, where nutrients tend to become unavailable (this means
that the proliferating cells are “converted” into necrotic ones). This phenomenon
is influenced by the explicit resolution of the curvature in the model. Indeed, when
the curvature is explicitly considered, the conversion process of proliferating cells
into necrotic ones is accelerated in the first days, and slowed down towards the end
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Figure 5.5: Spatial profile of the nutrient mass fraction wy for the models with
Yin = VYosc (panel on the left) and i, = “atan (panel on the right). Since the
problem is symmetric, only the half [0, /2] of the domain is shown.
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Figure 5.6: Spatial profile of the proliferating cells mass fraction wp for the models
with Y, = Yosc (panel on the left) and 4, = Yatan (panel on the right). Since the
problem is symmetric, only the half [0, L/2] of the domain is shown.

of the simulations. This behaviour occurs for both choices of v;,, but appears to be
slightly more pronounced for v, = Yatan-

To proceed with our analysis, we refer to Fig. 5.7, where we plot the behaviour
of the pressure, p. When the tumour grows, the interstitial fluid flows towards the
centre of the tumour, and p decreases from the free boundary (where the condition
p = 0 applies) to the tumour’s interior, where it takes on negative values. However,
when the system goes towards the end of the simulations, p tends to become positive
in the cases in which the curvature is explicitly accounted for, while it tends to zero
from below otherwise.

Finally, in Fig. 5.8, we display the effective stress o. First, we notice that the
tumour is subjected to a compressive stress, since ¢ is positive. Apart from this
result, which is common to all the studied cases, we report that the curvature
modifies the qualitative behaviour of . As final remark, we note how the spatial
evolution of the stress in the specimen, independently of the model, is strongly
affected by the initial distribution of the inhomogeneities.
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Figure 5.7: Spatial profile of the pore pressure p for the models with v, = Yosc
(panel on the left) and 75, = %atan (panel on the right). Since the problem is
symmetric, only the half [0, L/2] of the domain is shown.
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Figure 5.8: Spatial profile of the effective stress ¢ for the models with v, = Yose
(panel on the left) and 75, = %atan (panel on the right). Since the problem is
symmetric, only the half [0, L/2] of the domain is shown.

5.6 Conclusion

In this work, a mathematical model addressing tumour growth has been pre-
sented. The mechanical framework has been developed by regarding the tumour as
a multi-constituent, biphasic medium, and by enforcing the BKL-decomposition of
the deformation gradient tensor. The growth of the tumour is influenced by both
mechanical stimuli and biological factors, such as the nutrients transported by the
interstitial fluid, and the interactions among proliferating and necrotic cells.

The principal novelty of our approach consists of a partial reformulation of
the balance laws for the constituents of the solid phase, in such a way that it is
introduced an explicitly dependence on the scalar curvature, x,, generated by the
growth tensor U, = ~I through the Riemannian, growth-related metric tensor
C, =+*G.

The introduction of k., amounts to express the evolution law for v as a partial
differential equation, with the purpose of obtaining a better resolution of the mate-
rial inhomogeneities, and an estimate of their influence on growth. To accomplish
this task, we prescribe two types of initial conditions for 7, both characterised by
strong gradient and nonzero initial curvature, Kin.
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Self-influenced growth through evolving material inhomogeneities

Two more thoughts about our results may be worth to be mentioned. The
first one concerns the physical interpretation of the evolution of the initial inho-
mogeneities accompanying v;,. Indeed, since ~ evolves according to a generalised
diffusion-reaction like equation, one may say that, in our model, the material inho-
mogeneities brought about by growth “dissipate” towards a configuration in which
they are redistributed over the tissue. This discussion answers the research ques-
tion 5.2. The second thought pertains to the structure of the evolution equation
(5.40e), and is also related to the first one. Indeed, in the case in which the initial
inhomogeneities relax, the system tends to pass from a configuration in which it is
not invariant under material translations to a homogeneous configuration in which
it is translational invariant, thereby restoring the symmetry that is initially broken
by 7in. This discussion answers the research question 5.3.

One limitation of our study is related to the fact that, in this work, we have
just relied on a phenomenological model in which x, appears without a strong
theoretical justification. We have not built a systematic constitutive framework, in
which, for example, the strain energy density of our material depends on v and on
K~, nor have we conducted any study of the dissipation inequality of the system at
hand. Yet, confident in the intuitions that have led to the model presented in [66],
we hope that our results could provide a basis for further investigations.

In our work, we concentrated on an academic benchmark problem in order to
compare our results with those of other Authors and, in particular, with those
of Ambrosi and Mollica [10]. For this reason, our general setting is as simple as
the setting of the problems taken as reference, expect for the fact that we deal
with a biphasic system featuring two cell populations and for the fact that we
account for the role of inhomogeneities through the introduction of the term 7,
in the mass balance law of the proliferant cells. Clearly, our model can be further
generalised and, in our opinion, this could be done in several steps. Here, we give
some indications on how the formulation of our problem should look like if such
generalisations were done.

First, one could consider exactly the same framework and geometry as the ones
presented here, while relaxing the hypothesis of axial symmetry of the problem. In
this case, the initial inhomogeneities may vary not only in the axial direction, but
also radially or circumferentially, and the scalar curvature s, must be computed
according to its own definition (5.6), since it is no longer represented by (5.39). This
requires the computation of all the partial derivatives necessary to determine the
Christoffel symbols as well as the fourth-order curvature tensor specified in (5.4)
and (5.5), respectively.

A second option could be to formulate an evolution law for v in which the
evolution is driven by the full curvature tensor R and its gradient GradR, rather
than by the scalar curvature only. In this case, the definitions of 7, and 7, should
be further generalised, thereby implying a rewriting of the mass balance laws of the
proliferant and necrotic cells.
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5.6 — Conclusion

A further extension of the model could be the formulation of an evolution law for
the whole growth tensor F',, with a restriction on tr[FvF;l], as done in (5.10b). A
model of this type extends the concept of growth presented in this work and further
rephrases the theory proposed in [66].

Another step is to specialise our model to problems with more realistic geome-
tries, which may arise from two- and three-dimensional studies. For a given study,
this means that the boundary value problem formulated in our work has to be
modified, and the Finite Element scheme adopted to solve it has to be extended ac-
cordingly. In particular, the use of new computational schemes may not be needed
to resolve physical phenomena that could not be captured otherwise, as is the case,
for example, when the growth of a tumour in the present of a host tissue and is
studied [166].

Finally, although in the present work we dispensed with remodelling from the
outset, we are aware of the fact that such process accompanies growth. In fact,
it plays an important role in the redistribution of the mechanical stress within
the tissue and, thus, on the modulating effect of the latter on the growth of a
tumour. One possible way for studying remodelling is to use the decompositions
F = F.F.F,or as F = F.F F, where F, represents the distortion tensor
describing the remodelling process, and to study the dynamics of F', in relationship
with all the other model variables. In the literature, F', is often assumed to describe
a plastic-like phenomenon and is thus treated accordingly. Within the context of
tumour growth, F', accounts for the structural transformations of a tissue at the
cellular level. Its introduction requires to elaborate numerical schemes capable of
capturing the interplay between the growth and the structural evolution of a tissue,
even when these phenomena exhibit rather separated time scales. Finally, at the
pore scale, the effect of inhomogeneities could be studied by introducing a kinematic
descriptor, called “intrinsic volume ratio” [217].

We summarise the answers to the research questions 5.1—5.3 in the following
way:

o In general, we note that the scalar curvature associated with the growth
tensor plays a significant role, both qualitatively and quantitatively, on the
evolution of the main quantities of interest related to the growth of a tumour
in the avascular stage (we recall, however, that these results are not ready to
be used for clinical purposes).

o The growth in the regions close to the ends of the specimen is more pro-
nounced than in the case in which the scalar curvature associated with v is
not considered.

o The growth parameter evolves in such a way that, in the model M2(a), its
initial oscillations tend to disappear and its profile tends to become more
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Self-influenced growth through evolving material inhomogeneities

straight, and, in the model M2(b), the material gradient of , initially con-
centrated at Z = L/4, tends to spread over the tumour’s domain. In the
model M2(a), the symmetry of the initial distribution of the growth param-
eter tends to be lost. Indeed, we start with a discrete symmetry, given by
the period of the oscillations and, as time goes by, the curves tend to ac-
quire a more uniform gradient. In the model M2(b), the distribution of the
growth parameter is such that the tumour is materially homogeneous before
and after the kink of v,.n(Z = L/4) at early times and become increasingly
inhomogeneous as time goes by.
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Chapter 6

Growth and remodelling through
strain-gradient plasticity.

The work reported in this chapter has been previously published in [114].

6.1 Strain gradient theories for remodelling and
growth

Motivated by the increasing interest of the biomechanical community towards
the employment of strain-gradient theories for solving biological problems, we study
the growth and remodelling of a biological tissue on the basis of a strain-gradient
formulation of remodelling. Our scope is to evaluate the impact of such an approach
on the principal physical quantities that determine the growth of the tissue. For our
purposes, we assume that remodelling is characterised by a coarse and a fine length
scale and, taking inspiration from a work by L. Anand, O. Aslan, and S.A. Chester,
we introduce a kinematic variable that resolves the fine scale inhomogeneities in-
duced by remodelling. With respect to this variable, a strain-gradient framework
of remodelling is developed. We adopt this formulation in order to investigate how
a tumour tissue grows and how it remodels in response to growth. In particu-
lar, we focus on a type of remodelling that manifests itself in two different, but
complementary, ways: on the one hand, it finds its expression in a stress-induced
reorganisation of the adhesion bonds among the tumour cells, and, on the other
hand, it leads to a change of shape of the cells and of the tissue, which is generally
not recovered when external loads are removed. To address this situation, we resort
to a generalised Bilby-Kroner-Lee decomposition of the deformation gradient ten-
sor. We test our model on a benchmark problem taken from the literature, which
we rephrase in two ways: micro-scale remodelling is disregarded in the first case,
and accounted for in the second one. Finally, we compare and discuss the obtained
numerical results.
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Growth and remodelling through strain-gradient plasticity.

To further clarify the type of remodelling addressed in this work, and to con-
textualise the wording “plastic-like distortions”, we provide an explicit example of
the inelastic rearrangement of the cells of a tissue. For this purpose, we discuss the
results of an experiment commented in [86]. In Figure 6.1 (which corresponds to
Figure 7 of [86]), Forgacs et al. [86] show three different stages of a cellular aggre-
gate subjected to a loading history referred to as “centrifugation” [86]. The first
column of Figure 6.1 reports the configuration of the aggregate “before centrifu-
gation”[86], when the cells are “isodiametric” and the aggregate is spherical. The
second column, instead, shows the aggregate after a 5 minute centrifugation: at
this stage, the aggregate is no longer spherical, the cells have changed their shape
and are said to be in a “rapidly relazing, more elastic phase” [86]. Finally, the
third column depicts the configuration of the aggregate after 36 hour centrifuga-
tion. In this configuration, the aggregate is believed to have reached a new state
of equilibrium, and its cells seem to have attained a state free of stress. Most im-
portantly, the cells seem to have changed their positions and to have redistributed
their shape and orientation in a permanent manner, so that the aggregate does not
spontaneously tend to recover its original configuration, regardless of the absence
of external loads. Forgacs et al. [86] use the theory of viscoelasticity to model the
experiment described so far. To us, however, the inelastic behaviour of the cellular
aggregate may also suggest interpretations other than, and perhaps complementary
to, viscoelasticity. Indeed, looking at the third column of Figure 6.1, one observes
that the internal structure of the aggregate has changed, and this change seems
to be due to the fact that the cells, relaxed or not, have modified their shape and
arrangement inside the tissue. Therefore, at least in our opinion, viscoelasticity
alone may be insufficient to accurately account for the irreversible deformations
(distortions) of the tissue. Rather, the interpretation of the just discussed phe-
nomenology may necessitate concepts borrowed from the theories of plasticity or
viscoplasticity, since these are able to describe the tissue’s internal kinematics in a
way that is similar to the motion of the defects in solids. This view seems to be
corroborated also by other experiments conducted on tumour spheroids (see e.g.
[219] and references therein). In such experiments, a spheroid is allowed to grow
and, after growth has occurred, it is cut radially for a length of about the 80% of its
diameter: what is observed is a relaxation of the stresses, resulting in the opening of
the spheroid, with the edges of the cut drifting away from one another (see Figure
6.1d). This behaviour, in fact, suggests the existence of an incompatible, stress-free
state of the tumour, which is consistent with the description of the tumour as an
elasto-plastic material. To us, this observation justifies the approach followed in
our work, although it does not exclude visco-plastic effects. While bearing this
in mind, for simplicity we restrict here our investigations to the case of plasticity
alone, and we adopt this approach to model the internal rearrangement, i.e., the
remodelling, of the tissues studied in our work. The above discussion answers the
research question 6.3.
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Figure 6.1: First row (redrawn and adapted from Forgacs et al. [86]): Schematic
representation of the cells rearrangement in an spherical aggregate (a) before cen-
trifugation, (b) after a 5 minute centrifugation, and (c) after 36 hour centrifugation.
Second row (redrawn and adapted from Stylianopoulos et al. [219]): Stress relax-
ation of a tumour spheroid after a radial cut is performed.

6.2 Kinematics

6.2.1 Kinematical descriptors

To account for the growth and structural reorganisation of the tissue, we have
recourse to the multiplicative decomposition of the deformation gradient tensor,
which we propose in the form [9, 144, 105]

F = F.F,F,. (6.1)

In (6.1), F,, F,, and F, describe the distortions associated with the uptake or
loss of mass, the distortions accompanying the plastic-like rearrangement of the
tissue’s internal structure, and the distortions due to the elastic accommodation
of the tissue, respectively. In the sequel, F}, and F, will also be referred to as
remodelling tensor' and growth tensor, respectively. We notice that, whereas it is
rather standard to consider Fi, as the first factor of the right-hand-side of (6.1), the
order of appearance of F, and F, is not standard at all. Indeed, it is conceivable to
formulate a decomposition of F' in which the inelastic contributions to the overall

[{3el)

'We use the subscript “p” to emphasise the fact that the distortions associated with remodelling
are plastic-like. In this respect, we could have also referred to F}, as “plasticity tensor”. However,
we prefer to speak here of “remodelling tensor”, because the concept of remodelling is more specific
for the addressed biological materials.
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Growth and remodelling through strain-gradient plasticity.

deformation appear in reverse order. In addition, there exist also cases in which the
accommodating part of the deformation is put at the end of the decomposition [46].
We adopt the order shown above because, in the present work, we have in mind a
tissue that grows and that remodels its internal structure in response to growth.
This statement notwithstanding, we regard growth and structural reorganisation as
independent, yet mutually interacting processes. Consequently, we consider F;}, and
F, as independent kinematic (tensor) variables and, following the same philosophy
outlined by some previous publications [44, 60, 183, 110, 62, 56], we associate each
of them with degrees of freedom having the same “dignity” as those related to
the other kinematic descriptors, i.e., Vi and V;. Finally, we emphasise that the
decomposition (6.1) is a generalised Bilby-Kroner-Lee decomposition (see e.g. [176]
for similar decompositions in the case of damage or other inelastic processes). Since
we have recently discussed the decomposition (6.1) in [62] for the case of growth,
here we do not fuss over the physics behind it, and we suggest the reviews [176,
213] and Chapter 5 for details. However, we recall that, for every X € % and
t € J, the product F,(X,t)F,(X,t) maps vectors of the tangent space Tx % into
vectors of the image vector space A (t), attached at X. By ideally performing
such transformation for all X € £, the solid phase is brought into a relaxed state
at time t, the latter being characterised by the absence of any stresses, including
the residual ones. Such state is also referred to as natural state [176, 106].

Differentiation of F' with respect to time and left-multiplication by F~! =
F'F'F ' yield

FF'=F.F '+ FL,F '+ FF,L,F'F (6:2)

where we introduced the tensor of rate of remodelling-induced distortions, L, =
FpF;)_l, and the tensor of rate of growth-induced distortions, L. = Fwa_ ! In com-
pliance with (6.1), the volume ratio J = det F' can be rewritten as J = JoJpJs,
where Jo = det F,, J, = det F},, and J, = det F, denote, respectively, the volu-
metric distortions associated with the elastic, remodelling, and growth part of the
deformation gradient tensor. We use these definitions to perform the Piola trans-
formations of the mass balance laws (5.10a), (5.10b), (5.20a) and (5.20b) thereby
obtaining

psoPsp = Rpn + Ry — Rewp, (6.3a)

pSOq.)s = Rsu (63b)

pfo@fU:JN + pfoQ Grad wN + DiVYN = RNp -+ RSLLJN, (630)

. 1 1

J+DNQ:<——>&, (6.3d)
Pso  Pfo

where, for every X € & and t € .#, we denote by
D, (X, t) = J(X, t)pa(x(X,1),1), a € {f,s}, (6.4a)
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Rﬁ(*Xa t) = ’](X7 t)Tg(X(X, t)vt)v B e {pn,fp,s,Np}, (64b)
wo (X, t) = co(x(X, 1), 1), v € {p,N}, (6.4c)

the material volumetric fractions, the material sources/sinks of mass, and the mass
fractions expressed as functions of X and time, respectively. We recall that, in
(6.4¢c), ¢, and cy are the spatial volumetric fraction of the proliferating cells and of
the nutrients, respectively [114]. Moreover, we introduced the material flux vectors
associated with the filtration velocity prw and with the nutrients’ mass flux vector
Yy, respectively, i.e.,

Q(X,t) = &:(X, Hw(x(X,1),t)FT(X,1), (6.5a)
Yn(X, 1) = J(X, ) [yn(x (X, 1), )] F (X, 1), (6.5b)

In particular, @ will also be referred to as material filtration velocity in the sequel.

The kinematic picture of the problem under study is completed with a scalar
descriptor, denoted by e,: %(t) x # — R. This quantity and its gradient, Ve,,
have been introduced in [15] with the purpose of constructing indicators of the in-
elastic transformations occurring in the body at the scale of its micro-structure.
More precisely, in [15] the Authors speak of e, in terms of a “measure of the
inhomogeneity of the microscale plasticity”. In our framework, it is more ap-
propriate to interpret e, as a variable defined to resolve explicitly the inhomo-
geneities induced by the remodelling of the tissue. To this end, we define the
“Lagrangian field” e, such that e,(X,t) = e,(x(X,?),?), and the material gradient
Grade, (X, t) = [Ve,(x(X, 1), 1) F (X, ).

6.2.2 Constraints on the kinematic variables

By virtue of the presence of growth in our model, the study conducted in this
work may be thought of as a slight generalisation of the framework depicted by
Anand et al. [15], where the Authors develop a scalar theory of strain-gradient
plasticity based on several ab initio restrictions on the kinematic variables of their
problem. Such restrictions are expressed in terms of the generalised velocities of the
proposed theory, and are thus cast in non-holonomic form. To highlight their role
on the overall dynamics of the system under investigation, we specify the imposed
constraints, and we discuss in detail their impact on the kinematic descriptors that
they involve.

For the sake of clarity, we start with rephrasing, in our formalism, the constraints
on F, and Fp introduced by Anand et al. [15]. On the top of those, we exploit the
mass balance laws in order to extract pieces of information that can be interpreted
as constraints on the growth tensor, F,, and on its rate L.

If L, is assigned, F}, can be computed by integrating the ordinary differential
equation Fp = L, F,, which can be rewritten as

Fp = (n_le + "7_1Wp> Fy, (6.6)
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where 1) is the metric tensor associated with the tissue’s natural state, while D,
and W, are the symmetric part and the skew-symmetric part of L, respectively,
i.e.,

D, =sym(nLy) = § (nLy, + L)n), (6.7a)
W, = skew(nLy) = § (nL, — L}n) . (6.7D)

Following the theory of [15], the first constraint on F, is supplied by requiring
from the outset that the “plastic” spin tensor, W, vanishes identically, i.e., W, =
0. Hence, we obtain the identity L, = n~'D,, and, consequently, Equation (6.6)
becomes

F,=n"'D,F,. (6.8)
The second constraint on Fj, stems from the hypothesis of isochoric remodelling
distortions, i.e., J, = det F;, = 1. This relation, in turn, can be put in differential
form, i.e., Jp = thr[FpF;)_l] = 0, and implies tr[n~'D,] = 0, as can be deduced by
right-multiplying Equation (6.8) by 17;;1 and taking the trace of the resulting ex-
pression. Accordingly, only the deviatoric part of D, i.e., ﬁp =D, — %tr[n_le]n,
is involved in (6.8), which reduces to

F,=n"'D,F,. (6.9)

In analogy with [15], we base our model on the further hypothesis that D, is
co-directional with a tensor IN,, associated with the tissue’s natural state, and
obtained by normalising a symmetric tensorial measure of stress, which will be
specified later. In formulae, by indicating with 3, such measure of stress, we
define N, as

N, = =1 (6.10)

where 3, = ¥, — str[n3,|n~t is the deviatoric part of X,, and nE,m is the
covariant representation of 3, and we enforce the co-directionality condition as
the third constraint on Fy, i.e.,

Ep - ||Dp||n*1NV' (6.11)

Equation (6.11) follows from the hypothesis that the distortions associated with re-
modelling obey an evolution law of the same type as the normality rule of isotropic,
associative, finite-strain plasticity. For this reason, the physical quantity that rep-
resents them, i.e., Dp, has to be co-directional with £, (see Sections 95.5 and 98 of
Gurtin et al. [124]). In turn, this condition is automatically satisfied by introducing
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the direction tensor IN, and requiring 1~7p to be proportional to IN,. Clearly, this
identifies the corresponding proportionality factor with the norm of D,.
In (6.10) and (6.11), the norms ||, ||,, and || Dp||,-1 are defined by

1.1, = \/tr {(nim)T 53} (6.12a)

1Dyl = \/ir [ Dy 1B, (6.120)

and their product coincides with the double contraction 3,:D, = ||Z, ||, | Dpll5-1-
Moreover, to simplify the notation, we invoke the definition of accumulated plastic
strain[15, 176], ¢, i.e.,

(X0 =2 [ I ) ldr = (X0 = EID(X. ), (6.13)

so that Equation (6.11) becomes

D, =/2%,N,. (6.14)
Finally, by substituting (6.14) into (6.9), we obtain
F, = (\/gépnlN,,) F, = L,=\/3¢n'N, (6.15)

Equation (6.15) implies that, once NN, is assigned, L, has only one independent
coefficient, given by &,. The important consequence of this result is that the body’s
structural degrees of freedom, originally represented by the tensorial quantity F,
condense into the scalar variable e,.

Remark 6.2.1 (Descriptive adequacy of €,). According to Equation (6.13), e,(X, )
is well-defined for all the tensor fields D, such that the norm || D, (X, -)||,-1 is an
integrable function of time over [0,¢], for every X € & and t € [0, +o0[. Coher-
ently with this definition, £,(X,t) keeps track of all the magnitudes of the rates
of inelastic distortions, DP(X ,7), which have occurred in a given material over
[0,¢]. For this reason, ¢, is a suitable descriptor of the mechanical response of
materials that are capable of “perfectly memorising” inelastic distortions, as is the
case for metals exhibiting rate-independent plasticity [133]. Biological tissues, on
the contrary, are often modelled as viscoelastic materials [87, 86], and show fading
memory effects. Nonetheless, as discussed in the Introduction, the experiments on
cellular aggregates reported in [86, 219] seem to suggest the existence of inelastic
distortions that do not fade away in time, unless some active process restores the
original configuration of the aggregates. For these reasons, €, can be regarded as
appropriate for describing the inelastic distortions accumulated in a tissue from the
beginning of its loading history. Should the active processes be considered, they
could be accounted for by introducing another factor, denoted e.g. by F',, and
representing the active part of the tissue’s deformation [193].
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We switch now to the constraints placed on F,, and we analyse their impact
on the way in which the mass balance law (6.3b) can be reformulated. Upon using
the decomposition J = J.J,J,, and recalling the condition J, = 1, we rewrite @4 as
O, = J, Dy, where @y, is such that g, (X, 1) = Jo(X, t)ps(x(X, 1), ), and indicates,
thus, the solid phase volumetric fraction with respect to the volume measure of the
natural state. Hence, Equation (6.3b) becomes

pSOJ'yq)SV + psOJ'y(i)sz/ = Rs- (616)

A rather standard hypothesis in the mechanics of growth, see e.g. [72, 10, 160,
157], is to choose F, in such a way that the time derivative of its determinant,
J ~, compensates for the mass source Rs. In other words, by exploiting the identity
J, = Jvtr[Fﬁ,F,Y_ ' = J,tr[L,], we require the fulfilment of the auxiliary condition

Pso (I)su J’y 7

which constitutes the first constraint on F,. Such constraint has, in fact, non-
holonomic nature, since it is defined through a non-homogeneous algebraic condi-
tion on the generalised (tensorial) velocity L.. Plugging (6.17) into (6.16) yields
ps()Jy(i)SZ, = 0, thereby implying that the volumetric fraction ®, is necessarily in-
dependent of time.

The second constraint on F., is provided by the phenomenological evidence ac-
cording to which, for the class of problems under study, growth occurs isotropically
[9]. The consequences of this fact on the admissible choices of the growth tensor can
be deduced by looking at the polar decompositions of F,. Indeed, by considering
for instance the right decomposition, F., = R,U,, where R, is the rotation tensor
and U, is the stretch tensor associated with F.,, the isotropy of growth translates
to the kinematic restrictions R, = I and U, = vI, where I is the identity tensor.
Therefore, it holds that F, = I and (6.17) can be rephrased as

y__ R . R
7= 3/)50(1)51/72 .

psoyPstr[Ly| = Ry = tr[L,] (6.17)

_ 6.18
Y 3pSO®Sl/‘]’y ( )

Finally, we notice that Equation (6.3d) can be regarded as a constraint on the
material filtration velocity, @, expressed through a restriction on its divergence.

6.3 Principle of Virtual Powers

After laying down the kinematic picture that describes the problem under in-
vestigation, we select the generalised velocities upon which the system’s mechanical
power is defined. Summarising the discussion reported above, such velocities may
be enlisted in the following collection of fields

V = (vs, Vvg, Dsep, Dsep, V(Dsep) | v, Vy), (6.19)
142



4231

4232

4233

4234

4235

4236

4237

4238

4239

4240

4241

4242

4243

4244

4245

4246

4247

4248

4249

4250

4251

4252

4253

4254

4255

4256

4257

4258

4259

4260

4261

4262

4263

4264

4265
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which will be employed to define the internal and the external mechanical powers.
We remark that, whereas the fluid phase requires only vy and Vvy for the charac-
terisation of the system’s internal power, the solid phase necessitates both standard
and non-standard descriptors. The standard ones, i.e., vs and Vv, account only
for the “visible” changes of shape of the system (here, the word “visible” is meant
in the sense of DiCarlo and Quiligotti [60]), while the non-standard terms are the
generalised velocities Dgep,, Dgep, and V(Dgep), introduced to define the power ex-
pended to accomplish the structural changes of the system. As anticipated in the
Introduction, the main motivation for taking the approach of Anand et al. [15] and
specialising it to our problem is that it allows to develop a strain-gradient formu-
lation of remodelling based on the scalar variable e,. The latter is defined as the
micro-scale counterpart of the accumulated remodelling strain, ,, and, as such, it
is assumed to “condense” in itself all the information about the inelastic processes
that determine the micro-scale remodelling of the tissue under study. Moreover,
since it is an “effective” representative of these processes, it prevents from the in-
troduction of a micro-scale, second-order remodelling tensor, which would render
the theoretical and numerical analysis of the problem at hand much more com-
plicated. Accordingly, the generalised velocities associated with e, i.e., Dse, and
V(Dgep), are a scalar and a co-vector field, rather than being a second-order and
a third-order tensor field, respectively. It follows from these considerations that an
inelastic model built on €, and e, has the right to stand on its own, independently
on any numerical issue, even though Anand et al. [15] have originally introduced
ep for numerical purposes. Clearly, such a model represents the limit case of more
elaborated theories that involve tensor fields, rather than scalar ones.
Coherently with (6.19), we introduce the collection of virtual velocities

Vo = (us, Vug, ue, up, Vuy| ug, Vug) € 7, (6.20)

where ¥, is referred to as the set of all virtual velocities. The elements us, Vus,
ug, and Vuy are the virtual counterparts of vg, Vvg, ve, and Vg, respectively, and
the non-standard fields w., u,, and Vu, denote the virtual velocities corresponding
to the rates Dgep,, Dgep, and V(Dge, ), respectively.

Once the virtual velocities of the model are identified, it is possible to write
the internal and the external virtual powers of the system. These two linear and
continuous functionals are defined over %, and are specified through the expressions

WO, = ﬁ(t){as:gVus+ms.us+af:gVuf+mf.uf+hS)u6 + hg)up+£qup},
(6.21a)
(e) — (e) (e)
W (V) = /rtN {Tsus + Tr.us + Gup b+ /@(t) {h€ ue + hy up} : (6.21b)

By requiring the internal virtual power, W (V,), to be invariant under the
superposition of arbitrary rigid motions, we deduce the symmetry of the total stress
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tensor, & = o+ 0y, and that the sum of the internal forces mg and m; must vanish
identically, i.e., we obtain the condition ms + ms = 0 [202]. Consistently with the
a priori exclusion of all inertial terms from our model, this last result constitutes
an approximation of the more general balance of internal forces that, for a biphasic
medium with mass exchange between the phases, is given by mg+r,vs+me—rve =
0. In fact, the approximation consists of dropping the term ryvs — ryvy = —rw,
and is based on the argument that the interphase mass transfer, ry, depends on the
micro-scale velocity with which the mass passes from the fluid to the solid, and vice
versa. Such velocity, multiplied by the relative macro-scale velocity w, is assumed
to produce a rate of momentum exchange that weighs much less than mg and my,
thereby leading to the desired approximation.

We emphasise that, in writing the expressions of W®(V,) and W (V,), we
have omitted all inertial and long-range (e.g. gravity) forces, which we regard
as negligible from the outset. Moreover, the nature of the forces hg) and &, is
necessarily coherent with the hypothesis that the kinematics of the solid phase
micro-structure is represented by e, and Ve,,. In this sense, the model features some
important similarities with Gurtin’s approach to the derivation of the generalised
Allen-Cahn equation [122], in which the scalar field describing the micro-structural
kinematics of the considered medium is regarded as an order parameter.

Looking at (6.21a) and (6.21b), we also notice that, in principle, also the veloc-
ity and the velocity gradient of the nutrients should be considered, along with their
virtual counterparts, in (6.19) and (6.20). However, in view of a comprehensive
formulation of the Principle of Virtual Powers, this would call for the definition
of the generalised forces expending power on them, and, above all, for the intro-
duction of surface tractions, acting on IV, Individuating a physically sound way
for expressing such contact forces is not easy and taking them into account leads
unavoidably to both theoretical and computational complications (see, e.g., Grillo
et al. [110] for an attempt of including these forces, based on a work by Sciarra
et al. [215]). For these reasons, we present here a simplified framework in which
we account for the nutrients through the balance law (5.20a), while we omit to
study their kinematics and dynamics in detail. In other words, due to their tan-
tamount importance for activating growth, we do include them in our model, but
we do not treat them systematically. Hence, we do not consider any force bal-
ance associated with the nutrients, nor do we investigate their contribution to the
dissipation inequality. Rather, we “guess” that the mass flux vector, yy, obeys
a diffusion dynamics of Fickean type, so that it is prescribed to have the form
Yy = —prdVen in the Eulerian description and Yy = —pgpD Grad wy in mate-
rial formalism, with d being the diffusivity tensor and D its material counterpart.
Note that the latter is related to d through the backward Piola transformation
D(X,t) = J(X, ) F ' (x(X,t),)d(x(X,t),t) F*(X,1).

By invoking the Principle of Virtual Powers, we enforce the condition WM (V,) =
W (V,), which is required to be fulfilled for any admissible set of generalised
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velocities V,, thereby leading to
/ {[~divey, + mya, + [~diver + meau}
B(t)
b [ {9 = 1O (1) — v, — )
+ /FtN {[a’s.n — Tus + [or.n — Tlug + [§,m — Cp]up} =0. (6.22)
By adopting the usual localisation procedure that extracts the local form of the

equations of motion from the Principle of Virtual Powers, Equation (6.22) yields
the following balances of generalised forces

m, — divey = 0, (6.23a)
mye — diVO’f = 0, (623b)
A — ple) =0, (6.23¢)
hY — dive, — h) =0, (6.23d)
which hold in Z(t), and the balances of contact forces on IV
osn—T1s=0, (6.24a)
or.m — 7 =0, (6.24Db)
£mn— (¢ =0. (6.24¢)

It is worthwhile to mention that, in general, upon defining the field of total contact
forces T = T4 + T¢, and the total Cauchy stress tensor o = o4 + oy, it is rather
natural to provide on I}V boundary conditions of the kind o.n = T (see [215]
for details). Nevertheless, even in that case, the boundary conditions (6.24a) and
(6.24b) can be recovered under the assumption that 75 and 7¢ are obtained by
partitioning 7 as 75 = (psos/p)T and T¢ = (pws/p)T, respectively.

6.4 Dissipation and Dynamic Equations

To extract constitutive information on the internal forces presented so far, we
study the dissipation inequality of the system. For this purpose, we enrich the
picture proposed in Grillo et al. [110], which, in turn, was inspired by Hassanizadeh
[132] and Benethum et al. [27]. This is done by framing the formulation of Anand
et al. [15] in the context of biphasic media and, above all, by rephrasing it in order
to account for growth. The first step in this direction is to introduce the dissipation
density, D, measured per unit volume of the current configuration of the medium,
and defining the dissipation associated with an open subset ), C %(t) as

D= — /Q {rs(s — ¥¢) + psopsDsths + propsDsthr + (prowe Vip)w}

145

Q



4328

4329

4330

4331

4332

4333

4334

4335

4336

4337

4338

4339

4340

4341

4342

4343

4344

4345

4346

4347

4348

4349

4350

4351

4352

4353

Growth and remodelling through strain-gradient plasticity.

+ GIon {(as-n)'vs + (or.n).ve + (Sp'n)Dsep}

+ [ {nDsy + Dy} + /Q D, >0 (6.25)

As shown in (6.25), the dissipation can be written as the sum of four different
contributions: with reference to the first integral of the sum defining [, D, we
recognise that, by indicating with 15 and v; the Helmholtz free energies per unit
mass of the solid and of the fluid, the term r;(1)s — 1¢) expresses the rate of change
of the free energy densities, pyps¥s and pgest), due to the mass exchange between
the phases. Moreover, pypsDsts and ppesDgts are the rates of change of the
Helmholtz free energy densities measured with respect to the solid phase motion,
and (Vir)w describes how 9 is transported due to the motion of the fluid relative
to the solid. The terms in the surface integral denote the contributions to the net
power expended on €); due to the contact forces with the surrounding medium,
while the terms in the third integral represent the part of net power ascribable to
the non-standard forces h(® and hg’). Finally, D, is a dissipation density introduced
to account for the fact that the medium experiences growth (see e.g. [106] for a
discussion on this issue).

By applying Gauss Theorem to the surface integral of Equation (6.25), and using
the balance laws (6.23a)—(6.23d) and (6.24a)—(6.24c), the dissipation inequality
becomes

Q D=- L {rs<¢s - wf) + pSOSOSDSQ/}S + pfOQOst@ZJf + (pfO(pfvwf)w}

+ /Q {ms.vs + o5:gVvs + mevs + or:gVus}
+ [ {nD.e, + €,9(Duey) + 1Dy} + [ Dy =0 (6.26)
flt fzt

By localising Equation (6.26) and invoking the condition mg + m¢ = 0, we obtain

D = r5(vr — ¥s) — psopsDsts — propeDsts + [me — g~ (propr V). w
+ 0,19V, + o1:gVor + hiDse, + €,V (Dsey,) + h'Dye, + D, > 0. (6.27)

As a simplifying assumption, we approximate the Helmholtz free energy density
of the fluid, ¢, with a constant, so that pgppiDstr and Viy are negligible with
respect to all the other terms featuring in the dissipation inequality. Such situation
occurs, for instance, when the state variables characterising ¢ are, at the most,
the temperature and the mass fraction of the nutrients dissolved in the fluid, and
the latter is so low that s can be safely set equal to the (constant) Helmholtz
free energy density of water at constant temperature. Under these hypotheses,
Equation (6.27) becomes

D - Ts(¢f - ¢s) - psO@st¢s + msw + as:gv'vs + O'fZQV’Uf
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+hDge, + €,V(Dsey) + WDy, + D, > 0. (6.28)

It is convenient to rewrite the dissipation inequality per unit volume of %4. To do
this, we perform a Piola transformation of (6.28), which yields

Dgr = Ry(V; — U,) — poo @y, U + &' QM + Py:gF + P;:gCradV;
+ HYé, + B,Gradé, + Hé, + JD, > 0, (6.29)
where, as anticipated above, Ry(X,t) = J(X,t)rs(x(X,t),t) is the material form

of the source/sink of mass for the solid phase as a whole, and we introduced the
notation

Vo (X, 1) = ¥a(X(X, 1), 1), a € {f,s}, (6.30a)
P.(X,t) = J(X,)oa(x(X, 1), ) F T (X, 1), a € {t,;s},  (6.30b)
HY (X, 1) = J(X,0)hg (X(X, 1), 1), Be{pel,  (6.300)
Ep(X, 1) = J(X, 0)€,(x(X, 1), ) F (X, 1), (6.30d)
M;(X,t) = J(X, ) [g(x(X, 1)) me(x (X, 1), 1) F (X, 1). (6.30e)

Here, P; and P indicate the first Piola-Kirchhoff stress tensors of the fluid and the
solid phase, H and H{ express, in material form, the internal generalised forces
dual to e, and €p, Tespectively, E, is the material representation of the stress-like
generalised force, €, and is thus dual to Grade,,, and M is the material counterpart
of the momentum exchange rate my.

Finally, by generalising the Helmholtz free energy density proposed in [15], we
prescribe W to be given by the sum of three terms, i.e.,

‘i]s<F> FP7 F’Y? €p, ep7 Gradep) \P(St)<FF 1F ) + %G’O[gp o eP]Q
+ shoF; 1BpF7 T : Grade, ® Grade,,  (6.31)
with B, = F; l.Fp_ T so that the time derivative of W, reads

- (st)

. b . 1tr(nX,) R,

= (W porpr) p_ LtMB) R
aF 7 3 psoq)su ,Os()q)szﬂ]'y

(V318 = Aules — e b2

(F,'B,F; ™) Grade,| Grade,,  (6.32)

pSO(I)SZ/
A,

pSOCI)SI/

—eple
[gp P] P * IOSO(I)SV

where \ilisﬂ is differentiated with respect to F, = FF;llq;l. In (6.32), we intro-
duced the notation

- (st)
. o
21/ =7 11'71eT (psoq)sual:,)
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+B, [0 F,"F; " (Grade, ® Grade,) F; Fy'n7™! (6.33a)
iu = oy — %tr[nEV]n_l, (633b)
Al/ = Psoq)suao, (633C)
Bl/ = pSO(I)sub[); (633d)

where A, and B, are the counterparts of the strictly positive constants ag and by,
expressed per unit volume of the tissue’s natural state, and 3, is a generalised
Mandel stress tensor that comprises both the standard definition of the Mandel
stress tensor, i.e.,

29"
El(jSt) = nilF,;T (psoq)sya;;’) y (634)

and the non-standard stress-like contribution

= = B, [ F, TF; T (Grade, @ Grade,) F; ' Ey '] (6.35)

We remark that E,S“‘St) is purely configurational, and it descends from the intro-
duction of the micro-scale plasticity variable e,. Moreover, El(,“’St) is independent
of deformation, whereas it does depend on the growth and remodelling distortions,
F, and F,.

Remark 6.4.1 (Tensor ¥, and co-directionality). In our work, the deviatoric part
of the generalised Mandel stress tensor, f),,, is the stress tensor used to define IN,,
in (6.10). Therefore, it is the tensor with which the rate of plastic distortions, D,
is co-directional. By virtue of the definition of IN,, the direction of Dp in the space
of the symmetric second-order tensors is determined, partially, by the deviatoric
part of the standard Mandel stress tensor, f?l(,St), and partially by flin_St), which
includes the contributions of the micro-scale “plasticity”, through Grade,, and of
the growth and remodelling distortions through F, and F},, respectively. In the
work of Anand et al. [15], instead, IV, is determined by % only.

a9 :
Dy = {—J7 (Ps()@sua;_,Fp_TFw_T) + gPs} - F

ltr(nX,) ; = .
+ {‘ij - Vs + 3,050(1)51/} Rs + {Ha() + J’y\/%HEVHn = A, — ep]} p

+{HD + A [ep — &)} &
+{8, — 1, B, [(F;' B,F; ") Grade, |} Grade,
+ & 'QM; + Pr:gGradV; + JD, > 0. (6.36)
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We study the dissipation inequality (6.36) by regarding the mass balance law
(5.20b) as a constraint [156, 27|, and appending it to Dg. To this end, we per-
form the Piola transformation of (5.20b), thereby obtaining (see e.g. [27, 110])

Cr = @SF*T:F + & FT:GradV;

11
+ ®;'Q Grad(J 'd;) — ( — ) R, =0, (6.37)
Pso Pro

where Cg stands for “constraint”. Then, we multiply (6.37) by a Lagrange multi-
plier, p, which plays the role of hydrostatic pressure, and we attach the resulting
expression to (6.36). This leads to a “new” dissipation function, D" = Dg + pCr,
that is equal to Dg, but is put in the form

- (st)
U ,
DY = {—J7 (ps(@syaal;Fp—TF;T) +pd F T+ gPS} - F

+ {p o, F T+ ng} :GradV; + @, 'Q {Mf +Jp Grad(J‘lCI)f)}

+{<\I,f+1?>_<\ps+p>+1““("E”>}1~zs+ﬂ>7

Pro Ps0 3 ps(]q)su
+ {He(i) + Jw\/g 1,y — JoAu[ep — ep]} Ep + {HS) + J,A[ep — ep]} ép
+ {8, — 1, B, [(F;' B,F; ") Grade,| } Grade, > 0. (6.38)

6.4.1 Constitutive Laws

We require that the inequality (6.38) be valid for arbitrary values of F, GradV;,

¢p, and Grade,. Hence, the Coleman-Noll method implies the following identifica-
tions

= (st)
P, = _(I)spg_lFiT + ny (psoq)sug_l 8-FS16 FP_TF'yT) ) (639&)
P=—-®pg 'F T, (6.39b)
HY = —J,A,[e, — ¢, (6.39¢)
Ep = J,B, |[F;'B,F;"| Grade,. (6.39d)

In (6.39a), and in the sequel, the standard part of the solid phase Helmholtz free

energy density, \IlSt), is assumed to be of the Holmes-Mow type [138], i.e.,

(F,)

- {exp (F(C)) =1}, (6.40)
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where C, = F.I.F. is the elastic Cauchy-Green deformation tensor, «y is a material
coefficient having physical units of energy per unit volume, and the function f is
given by

}(Ce) - }(L(C’e), j2(Ce)a ji%(ce))
= ai[11(C.) = 3] + aa[T2(C.) — 3] — azIn (15(C)), (6.41)

with 71(C,), I2(C.), and I5(C.) denoting the first three principal invariants of C..
The material parameters aq, as, and ag are all assumed to be constant in this work.
Moreover, it holds that «; +2ay = a3 [138], and the following relations connect v,
aq, g, and a3 with Lamé’s elastic parameters of the material (see e.g. [225]):

20+ A 20— A A
oy = Nl = 03— Ny = g——.
0 ) 1 32#_‘_)\7 2 32M+)\

6.42
Ta; (6.42)

In the forthcoming calculations, we set a3 = 1, and we give p and A the values
reported in Table 6.1.
We recognise the dissipative parts of My and H(), which we identify with the
following quantities
Mf(d) = M; + Jp Grad(J '), (6.43a)

HED = HO + L\2 1S, — L Aley — e, (6.43b)
and the dissipation inequality becomes

Dp = o' QM" + HIYVe,

1tr(n 3,
+{<\Iff+p> - (xys+p> +r(n>}RS+JD72(). (6.44)
Pfo Ps0 3 pSO(I)sz/

We notice that, in (6.43b), growth influences the expression of H9 through the
determinant J, in the term J,A,[e, — ¢p).

According to (6.44), our model predicts that the system under study features
three independent dissipative processes. The first one is due to the power loss asso-
ciated with the resistance to the fluid flow and, under the hypothesis of negligible
inertial forces, it leads to Darcy’s law, i.e.,

MY = oK 'Q. (6.45)

Equation (6.45) represents the material form of Darcy’s law and, accordingly, the
tensor K is the material permeability tensor of the medium, defined by

K(X,t)=JX, ) F 1 (X, )k(x(X,t), ) F1(X,1), (6.46)
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6.4 — Dissipation and Dynamic Equations

with k being the spatial permeability tensor. Finally, we remark that, in deriving
(6.45), we have tacitly assumed that K is invertible, whereas sometimes this may
not be necessarily the case. By substituting (6.45) into the first term on the right-
hand-side of (6.44), we obtain that the dissipation due to fluid flow is always non-
negative, i.e., for all @, it holds that (IDf_lQMf(d) =K' (Q®Q) >0, as long
as K is positive-definite. Note that, by putting together the results (6.43a) and
(6.45), M is determined constitutively as

M; = &K 'Q — JpGrad(J 'd). (6.47)

The second process contributing to the dissipation, Dg, is given by Hg(i’d)ép,
which represents the power that the solid phase expends in order to remodel its
internal structure by accumulating plastic strain e,. We assume that Hs(i’d)ép is
non-negative for all &, and, since &, is always non-negative by virtue of its own
definition (see (6.13)), we conclude that H(9 has to be non-negative too. In our
work, we hypothesise that the tissue remodels in a rate-dependent way and, in
particular, we assign H(Y as

HYY = Jroe,, (6.48)
where 7, is here taken as a strictly positive coefficient with the physical units of a
generalised viscosity. By plugging (6.48) into (6.43b), we determine H®) through
the constitutive law

Ha(i) = JTpép — Jv\/g Hian +JyAufep — e (6.49)

The third dissipative phenomenon is given by growth, and is represented by
the last two summands on the right-hand-side of (6.44), which we denote by D,
and refer to as the “growth part of Dg”. In contrast to what we have done for the
other dissipative processes, and even though the terms between braces in (6.44)
may be understood as the generalised force power-conjugate to /v through Ry,
we do not try to look for information on Ry from the requirement that D, has
to be non-negative. Rather, following [10, 9, 38, 104, 105, 166, 62|, we enforce
a phenomenological law for Ry, which is translated into the kinematic constraint
(6.18) on 4/, and we use D, to adjust Dy and guarantee that it remains non-
negative. We emphasise that, although this path may seem artificial, it can be
justified by noticing that D, represents processes, related to growth, that are not
resolved explicitly by our model but that are necessary for growth to occur. In
fact, a motivation for introducing a term like D,, in the dissipation inequality of a
growth problem can be found in [106].
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6.4.2 Dynamic Equations

By adopting the material form of the momentum balance laws (6.23a) and
(6.23b), and by invoking the force balance mg + m; = 0, we obtain

— g 'F'M; - DivP, = 0, (6.50a)
g 'F~'M; — DivP; = 0, (6.50b)

where the constitutive expressions of Py, Py, and M; are given in (6.39a), (6.39b),
and (6.47), respectively. Furthermore, by adding together (6.50a) with (6.50b), and
using the explicit expression for M in (6.50b), we find

Div(Ps + P) = 0, (6.51a)
K'Q + Gradp = 0. (6.51D)
We exploit now the generalised force balance (6.23c), which becomes H() =

H{®) in material form and, by replacing H® with the right-hand-side of (6.49), we
determine an evolution law for €, i.e.,

JTpép — ‘]’Y\/g ||2u||n + A e — o] = Hs(e)~ (6.52)
To close this equation, we prescribe H E(e) as
HY = = [Jom + J,Z,[ep — 6], (6.53)

where oy, is a threshold stress, and Z, is a material parameter [15]. Hence, setting
Ap = 1/7,, Equation (6.52) takes on the form

o= "2 {118l — Jow) = KA+ Z)l — 6]} (659)

The last dynamic equation is supplied by (6.23d). Recalling that, in the present
framework, the external force hée) is zero, the material form of (6.23d) reads

H{) —DivE, = 0. (6.55)
Hence, by substituting (6.39¢) and (6.39d) into (6.55), we obtain
—J, Az — ¢) = Div (1, B, [E ' B, F; ™| Grade, ) = 0. (6.56)
In particular, since we take F, as F., = vI, (6.56) acquires the equivalent form

—v*A,[ep — ¢p] — Div (vB, B,Grade,) = 0. (6.57)
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6.4 — Dissipation and Dynamic Equations

Remark 6.4.2 (The equation for e,). The result (6.57) is our generalisation to Equa-
tion (4.40) of Anand et al. [15], which, in our notation, and assuming constant
values for A, and B,,, would read

~Afep e = BAe, =0 = e, —BAey=e,, L, =\/B,JA, (A)

with A being the Laplace operator, and [, the characteristic length scale associated
with the micro-scale plasticity variable, ¢,. For a given distribution of ¢, Equation
(A) returns a “regularised” version of €,,. In particular, since e, is required to satisfy
Neumann-zero boundary conditions, if €, is constant in %, then the unique solution
to (A) is the constant solution e, = ¢,. However, when ¢, is strongly localised, the
output of (A), i.e., ¢, tends to be a lot more homogeneous, the more [, increases.

Our generalisation to (A) is twofold: first, the plastic-like distortions deter-
mine the evolution of e, both through e, and through the second-order tensor
B, = F;;l.Fp*T. While ¢, is an input for (A), B, modulates, together with the
growth parameter v, the non-locality of ¢,, which is thus measured by the tensorial
coefficient 7B, B,. We notice that the occurrence of this coefficient is due to the
last term in the definition of Wy given in (6.31). Switching to the Eulerian for-
malism, and using the identity Grade,(X,t) = (Ve,(x(X,t),t)F(X,t), this term
reads

%bobe : Vep & Vep,

thereby meaning that, in the spatial description, the non-locality of the micro-
“plastic” variable, e,, is modulated by the elastic left Cauchy-Green deformation
tensor, b, = F,.FJ. To eliminate B, from (6.57), and obtain a model closer to
that of Anand et al. [15], we should substitute b, with the left Cauchy-Green
deformation tensor b = F.FT. Such a choice would lead to replace the last term
of (6.31) with

%bonl : Grade, ® Grade,,

and would have the consequence of defining the unit tensor IV, just in terms of the
standard Mandel stress tensor, £Y (see Remark 6.4.1). We recall that G' denotes
here the natural material metric tensor associated with 4.

The second aspect of our generalisation is related to the fact that, in our model,
the evolution of ¢, is influenced by the growth parameter, -, which couples with the
coefficients A, and B,,, thereby rescaling the characteristic length scale associated
with e, in a generally inhomogeneous way, i.e., as [, = [ = l,,HBp||};/2/% so that,
for a given [, the condition v > 1 tends to reduce the length scale associated with

¢, Note that | B,||¢ = [tr(GB,GB,)]"/2.

Remark 6.4.3 (Choice of H(®)). In the literature on remodelling (see e.g. [183, 127,
56]), when an external force, like He(e), is taken into account, it is often chosen in
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such a way that a homeostatic state exists for the system under study. If we had
followed such philosophy, we should have admitted homeostatic terms for ¢, and
¢p, denoted by 51()}1) and el()h), and we should have expressed H a(e) as

HO = T2 IS0, + LA W — e®), (6.58)
where f](yh) is the Mandel-like stress tensor in homeostatic conditions (that is, when
its arguments attain the homeostatic state). This consideration notwithstanding,
in our work we opted for the expression (6.53) because, in order to formulate a
proof of concept for our problem, we needed to remain as close as possible to the
framework supplied by [15].

Remark 6.4.4 (Evolution law for €,). Equation (6.53) represents an essential dif-
ference with respect to the evolution law for €, given by [15]. Indeed, Anand et al.
[15] set HY) = H( = 0, and assign HY constitutively as a law that plays the
role of an effective yield stress, i.e., HOY = Joy, + JyZylep — €], where oy, > 0
plays the role of the “conventional yield stress” [15)%, while Z, > 0 is a model
parameter defining the purely dissipative part of Hé@d). By doing this, the Authors
rewrite the balance equation H®) = H(®) in terms of a yield function of the type
f = Jv\/gHil,,Hn — (Jom + Jy (A + Z,)[ep — ¢p)). In particular, according to the
theory of Anand et al. [15], it occurs that &, = 0, if f < 0, and &, > 0, if f = 0. This
approach is equivalent to the elasto-plastic problem in the Karush-Kuhn-Tucker
form, i.e.,

F<0, 20, f&,=0, (6.59)

where &, is determined by means of the consistency condition £,f = 0, when f = 0.
If, in our work, we had followed the approach outlined by Anand et al. [15], we
would have found a very complicated evolution law for €, especially from the com-
putational point of view. To circumvent this technical difficulty, we have proposed
a modification to the model, i.e., we have assumed He(i) = H&ge) #+ 0 and, in order
to obtain an evolution law for ¢, of the type J7,&, = f (cf. Equation (6.52)), with
f defined as done by Anand et al. [15], we have exploited the “freedom” we have to
express H(®) as in (6.53). A last comment pertains to the terms \,/.J and Joy, fea-
turing in Equation (6.54): if A, and oy, are such that A\,/J. = A, and Jooy, = Zy,
are constants, then it holds that \,/J = A,/J, and Joy, = J,X¢,. In this case, J,
does not feature explicitly in Equation (6.54), which becomes &, = AJ, where we
have set | = f/ J. In this case, ¥, acquires the meaning of the yield stress that

2Note that, differently from what is assumed here, Anand et al. [15] hypothesise that the
conventional yield stress is a monotonically decreasing function of €, because they are interested
in studying the phenomenon of strain-softening.
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is used in the yield criteria formulated in terms of the norm of the Mandel stress
tensor (see e.g. [124]). We remark, however, that solving ¢, = A,f in lieu of (6.54)
leads, in our work, to no appreciable differences in the simulation results.

6.5 Model Equations and benchmark test

In this section, we summarise all the model equations and their correspond-
ing unknowns, we highlight the fundamental hypotheses adopted to simplify our
simulations, and we describe the benchmark problem used for testing our model.

6.5.1 Summary of the model equations

The first equation of the problem is given by (6.51a), i.e., the momentum balance
law for the mixture as a whole, and its associated unknown is given by the solid
phase motion, x. The second equation determines the pressure, p, and is supplied
by the mass balance law (6.3d), in which, coherently with (6.51b), @ is expressed
as Q = — K Gradp. The right-hand-side of (6.3d) is set equal to zero on the basis of
the assumption that, in tumours, the mass densities pyy and pgy are approximately
the same. The third equation is the mass balance of the proliferating cells (6.3a),
and its corresponding unknown is the mass fraction w,. The fourth equation is in
the mass fraction of the nutrients, wy, and is obtained from (6.3c¢) by using the
identities ®¢ = J — J, P, and Y = —ppDGrad wy. The fifth equation descends
for the mass balance law of the solid phase and, by assigning the mass source Rq
phenomenologically, it puts a constraint on the growth parameter, v, which is thus
bound to comply with (6.18). Except for the sources and sinks of mass, which are
defined in a slightly different way in our work, the five equations mentioned so far
are the same as those studied by Mascheroni et al. [166] and Di Stefano et al. [62].

The evolution of the plastic distortions is described by the dynamic equation
(6.54), which determines ¢, and by the constraint on Fj, placed by (6.15). These
add two more equations to the previous five. Finally, the equation for the micro-
scale “plasticity” variable, e, is supplied by (6.57).

In conclusion, by putting together all the laws enumerated up to now, we obtain

Div(P; + P,) = 0, (6.60a)

Div (K Cradp) = J, (6.60b)

ps0JyPsp = Rpn + Ry — Rawp, (6.60c)

pro[J — JyPg]wn + poQ Gradwy = Div (pp D Gradwy) + Ryp + Rswn,  (6.60d)
Ry

(6.60e)

7= SpSO(I)SV72’
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S i

&y = 2 {(BVEIll = Jow) = (4, + Z)l = ]} (6,601
F, = <\/§ gpn—lNu) F, (6.60g)
Div (yB,B,Grade,) — v*A,e, = —7* A, e, (6.60h)

which constitutes a system of 18 scalar equations in the 18 unknowns

wu = {X?p7wp7wN777€panaep}- (661)

For ensuring the non-negativity of ¢, at all times and at all points, we solve (6.60f)
numerically by taking the positive part of its right-hand-side. Moreover, to close
the problem, we prescribe the permeability tensor and the diffusion tensor [138, 19,
62, 80],

J — J,o,, 1™ my [J? — J?
K = JkC™, ky=kp | — — 1 6.62
0 ) 0 OR [ T 10 ] exp < 5 [ J§ 3 ( a)
J—J, P,
D= Jd,C™', dy= %dm, (6.62b)
as well as the sources and sinks of mass [166, 62], i.e.,
WN J CI)S,/
Ron = —JCon <1 o >+ 2 (6.63a)
WN — WNer 51<@>+ J — J'y(bsu J'y(I)sz/
Ry, = J <> 1-— , 6.63b
o Cfp WNenv — WNer / + [ 52 + <p>+] ‘]Qpﬂ) J “p ( )
Rs = pr + Rnf; (663C)
Jy Py
Rnf = _JCnf[]. — wp] ’YJ s (663d)
J, P,
Ryp = —JCnp—N 20 (6.63¢)

b
WN —F'Ldpqo J

Since the expressions of Rp,, Rgp, R, and Ryp have been already commented in
previous works [166, 62], we do not spend any more words here on their derivation.
We recall, however, that the operator { - ), returns the positive part of its argument,
and that wy. denotes a critical value of the mass fraction of the nutrients, below
which the proliferating cells tend to be necrotic (that is, R,, < 0), whereas wyeny
represents the mass fraction of the nutrients in the “environment”. Both wyeny and
wNer are regarded as constant parameters in our work, and it is assumed that the
condition wWyeny > Wier is always respected, so that also Ry, is deactivated, i.e.,
Rg, = 0, for wn < wner- Moreover, looking at the definition of Ry,, and bearing in
mind that, for wx > wner, Ry describes the positive variation of mass of the tissue’s
solid phase, we notice that the factor

-2t

02+ (p)+
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accounts for mechanotransduction through the action of the stress (p);. Compar-
ing this result with the works of Mascheroni et al. [166] and Di Stefano et al. [62],
we notice that our model suggests a slightly different interpretation of mechan-
otransduction. Indeed, while Mascheroni et al. [166] and Di Stefano et al. [62]
prescribe g as p = —(1/3)tr(go.), where oy = J ' P F7 is the constitutive part
of the solid phase Cauchy stress, and, accordingly, P, is defined by

(st)

oW
-1 81; (FF;lﬁ;;l)Fp—TF;T> =P.(F,F, F,), (6.64)

Psc = J’y (psoq)sug

in our approach g is taken as p = —(1/3)tr(goeq) (see also [56]), with

1
Ocff = Oy + 79_1F6_Tn2£n_5t)FE

Je
— }glFeTnEZ(,St)FE + }glFeTnz,(/n_St)FeT
1
= g 'F T3, FL. (6.65)

In other words, while the works done by Mascheroni et al. [166] and Di Stefano
et al. [62] the stress used to express the mechanotransduction is the classical o,
we propose here to adopt the effective Cauchy stress, o5, which captures both
o and the non-standard, purely configurational contribution Z,S“‘St). Our point is
that, since in our approach X, is (power-)conjugate to the growth rate 4/ (through
R;) and to &, (see (6.32)), it might be a more natural representative of the stress
responsible for modulating growth. This consideration notwithstanding, for the
parameters chosen in our simulations, the contribution of El(,n'St) is very marginal
with respect to the standard measures of stress, and its contribution is thus not
much appreciable.

6.5.2 Benchmark problem

The benchmark problem is essentially the same as the one computed in Di
Stefano et al. [62], with the major difference that we are now considering also plastic
distortions and the role of micro-plasticity. Hence, by adapting a study originally
designed by Ambrosi and Mollica[10], we consider the case of volumetric growth
in a cylindrical sample of isotropic material. For this purpose, we introduce the
systems of cylindrical coordinates (R, ©, Z) and (r, 0, z), which cover the reference
and current configuration, respectively. For both systems, the first coordinate is
radial, the second one is circumferential, and the third one is axial.

We assume that the radius of the specimen is preserved, and that only its
length varies along the axial direction. Hence, we eliminate any rigid rotation
about the principal axis. These restrictions imply that the momentum balance law
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(6.60a) reduces to a scalar equation in Z, and that the deformation gradient tensor
becomes F = e, @ Ef + e, @ E® + (1+ g—;)ez ® EZ, where u is the field of axial
displacements. We note that {E®, E®, E?} and {e,, ey, €.} are the co-vector and
vector bases associated with the system of cylindrical coordinates (R, ©,Z) and
(r,0, z), respectively.

We impose the following boundary conditions on Equations (6.60a)—-(6.60h)

(—Jpg 'F~ '+ P,.). N, =0, on (0A)1er, and (0% )right, (6.66a)
p=0, on (OB e, and (0B)right, (6.66D)
(—KGradp).N¢ = 0, on (04)c, (6.66¢)
(—prDGrad wy).Ne = 0, on (0948)c, (6.66d)
WN = WNenv, on (OB et and (0B)right, (6.66¢)
(vB,B,Grade,).N =0, on 04, (6.66f)

where 02 = (08)1.et U (08)c U (0B)Right, (0% )¢ is the lateral boundary of the
cylinder, (08)rere and (0% )rignt are the left and right surface cross-sections at
Z = —L/2 and Z = L/2, respectively, and L is the initial length of the cylin-
der. Moreover, N, N¢, and N are fields of unit vectors normal to (0.%)pe and
(OB)Right, (0%)c, and 0A, respectively.

Equations (6.66a) and (6.66b) mean that the left and right ends of the cylinder
are free boundaries. The relations (6.66¢) and (6.66d) are enforced to express
that (0%)c is undeformable and impermeable to the fluid and to the nutrients,
respectively. Equation (6.66e) is a Dirichlet condition specifying that there always
exists a constant availability of nutrients on the boundaries (0%)1e, and (0% )right-
Finally, the boundary condition (6.66f) is introduced following Anand et al. [15].

To complete the mathematical formulation of the problem, we prescribe the
initial conditions,

X'(R,0,2,0) =R, (6.67a)
x'(R,0,72,0) =0, (6.67h)
X*(R,0,20)=Z, (6.67¢)
p(R,0,Z,0) =0, (6.67d)
wn (R, ©,7,0) = WNenv, (6.67¢)
(R, ©,20) =1, (6.67f)
wp(R,©,2,0) =1, (6.67g)
&(R,0,2,0) =0, (6.67h)
ep(R,0,2,0) =0 (6.671)

with R € [0, Ry], © € [0,27] and Z € [-L/2, L/2]. The conditions (6.67a)—(6.67i)

have to be valid in the whole domain £.
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6.5 — Model Equations and benchmark test

The material parameters kog, mo, m1, and dog, the coefficients (pn, Cip, Cor, and
Cnp as well as the constants Wenv, Wer, WNo, 01, 02, Oth, and A, are given in Table
6.1.

In Table 6.1, the length of the cylindric specimen, L, and the radius of its
cross section, Ry, are chosen within a plausible physical range. However, it is
necessary to motivate the choice of the parameters wyeny, Wner, and wyg, which are
all taken from Di Stefano et al. [62]. These quantities are adapted from [166],
where they were set equal to Wyeny = 7.0 - 1075, wner = 2.0 - 107%, and wyo =
4.2 -107%, respectively. With the exception of wye>, in the work of Mascheroni et
al. [166] these values come from experiments performed on tumour spheroids and
associated with geometry, size, diffusion length scales and nutrients’ characteristic
mass fractions that are very different from those considered in our work. Indeed,
an essential feature of the benchmark problem investigated by Mascheroni et al.
[166] is that, because of the spherical geometry of the tumour, and because of the
nutrients being distributed homogeneously on the tumour’s surface, the diffusion of
the nutrients occurs isotropically, from the boundary to the center of the spheroid,
in radial direction. In our problem, instead, the nutrients can diffuse only along the
axial direction of the tumour, and they have to travel the length L, which is much
larger than the radius, of about 20 pm, of the spheroids considered Mascheroni et
al. [166]. Due to these geometric and size aspects, if we used the values of wnenv,
wrer and wyg suggested Mascheroni et al., we would generate a situation in which
the replenishment of the nutrients “eaten” by the cells would be too slow for the
tumour to grow. Indeed, especially in the middle of the tumour, the nutrients’
mass fraction would go below the threshold value, wye,, after few hours. Therefore,
to avoid a fast inhibition of growth, we have increased the value of wyeny of three
orders of magnitude in our experiment in silico. Note that there is a certain freedom
in the choice of wyeny, since prescribing its value amounts to preparing the bath
of nutrients in which the tumour is immersed. This freedom notwithstanding, the
value assigned to wyeny should take into account the characteristic length of the
tumour —in our case, L— in order to ensure that the effects of growth remain
active over a sufficiently long time scale. In principle, wne and wyg should be
determined experimentally. Still, since we are not aware of any experimental value
of wner, we have calibrated it so that wye be smaller than wyeny, but big enough to
allow for a transition from the stage of tumour growth, for wye < wn < Wrenv, tO
the stage of no growth, for wy < wner < WNeny. This reasoning has led us to choose
wNer three orders of magnitude greater than the value assigned Mascheroni et al.
[166]. Finally, the value given to wyg in our work (see Table 6.1) is two orders of

3Note that the values attributed to wner by Mascheroni et al. [166] for all the considered
studies are never referenced, the only exception being the growth of a tumour spheroid. In this
case, however, the reference is a typographical error.

159



4665

4666

4667

4668

4669

4670

4671

4672

4673

4674

4675

4676

4677

4678

4679

4680

4681

4682

4683

4684

4685

4686

4687

4688

4689

4690

4691

4692

4693

4694

4695

4696

4697

4698

4699

4700

4701

Growth and remodelling through strain-gradient plasticity.

magnitude greater than the one prescribed by Mascheroni et al. [166]. This choice
allows us to be consistent with the scale of the nutrients’ mass fraction imposed in
our work.

6.6 Some computational aspects

The system (6.60a)—(6.60h) features both ordinary differential equations (ODEs)
in time, and partial differential equations (PDEs). All the ODEs of our model, in-
cluding those obtained after that the finite element discretisation of the PDEs is
performed, have been discretised adaptively in time, and have been solved by means
of a four-step Backward Differentiation Formula (BDF4). This is an implicit linear
multistep method, which generalises the implicit Euler method. Since the BDF4
is implicit, it requires in general the solution of nonlinear equations at each time
integration step. The BDF4 is available in COMSOL Multiphysics®, which has
been used to run our simulations.

The PDEs have been put in weak form and solved by means of Finite Element
techniques. In particular, classical methods have been used for (6.60b), (6.60d), and
(6.60h), while a “special treatment” has been reserved to the momentum balance
law (6.60a), for which the Hu-Washizu method [33] has been employed.

Looking more closely at the PDEs (6.60b), (6.60d), and (6.60h), we notice that
(6.60b) is a generalised Poisson equation in the pressure, p, with a time-dependent
right-hand-side, .J, which represents the volume change of the solid phase due to
the changes in porosity accompanying the flow of the fluid. Equation (6.60d),
instead, is a nonlinear diffusion-advection-reaction equation in the mass fraction of
the nutrients, wy, with the nonlinearity being nested in the reaction terms, Ry, and
Rs. Both for (6.60b) and for (6.60d), the Finite Element Method leads to a set of
ODEs in which the unknowns are the nodal pressures and the nodal mass fractions
of the nutrients, respectively. Finally, Equation (6.60h) is an equation of Helmholtz
type and, in this case, the Finite Element method yields a set of algebraic equations
in the nodal values of e,, which are anyway time-dependent. In the following, we
do not fuss over the procedure for obtaining the set of nodal equations associated
with (6.60b), (6.60d), and (6.60h), since such procedure is rather standard.

To sketch the formulation of the Hu-Washizu method, we add together the
expressions of the stress tensors P; and P,, and we notice that the weak form of
the momentum balance law (6.60a) admits the compact form

/7 (Pi+ P.) : gGrad U, = / (~Jpg 'F "+ P.):gCradU, =0, (6.68)
7 B

where Uy is the virtual velocity of the solid, expressed as a function of the points
X of A.

One of the main drawbacks of this formulation is that, once a Finite Element
scheme is used for solving (6.68), the “limitations” of the interpolations adopted
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for x [33], F, and F,, are transferred to P, through its constitutive representation,
P.(F,F,, F,). This ill behaviour persists even increasing the order of the basis
functions used for the discretisation of x, and may lead to a remarkable deterio-
ration of the resolution of Py, with consequent loss of accuracy of the employed
numerical method. A possible way to contain the occurrence of the just depicted
numerical phenomenon is supplied by the Hu-Washizu method [33], which we im-
plement for our purposes in its three-field-formulation. Although the Hu-Washizu
method is well known in the computational community, we briefly explain here how
we adapt it to the case under investigation in this work.

Together with the motion, y, which is an unknown of the model, we introduce
two tensor-valued auxiliary variables, which we regard as additional independent
fields of our model: these are an auxiliary “deformation gradient tensor”, F'W,
and an auxiliary first Piola-Kirchhoff stress tensor, P,. HW (note that the superscript
“HW?” stands for “Hu-Washizu”). Although being 1ndependent7 FW and PSIEW
must be consistent with the true deformation gradient tensor and with the true
first Piola-Kirchhoff stress tensor, respectively, and are thus bound to satisfy the
constraints

FVW—F, (6.69a)

PN =p (F'™W F F,). (6.69D)
To proceed with the Hu-Washizu method, we rephrase Equations (6.69a) and
(6.69b) in weak form. Hence, we write

/% [[F - ™)1+ [Po(F™Y, F, F,) - P2]:A} =0, (6.70)

where IT and A denote the virtual variations of PSIEW and FW respectively, and

represent a virtual stress rate and a virtual velocity gradient. Equation (6.70) is
now appended to (6.68), which has to be reformulated in terms of the Hu-Washizu
auxiliary fields, thereby obtaining

/ {[PIY — (det F"™ )pg ™ (F™) ") . Crad U, + [F - F"™"].11

+ [P F™, F,, F,) — PIV]:A} = 0. (6.71)
After performing the interpolation of all the fields introduced so far, the algebraic

form of (6.71) consists of a block system, in which one block corresponds to the
balance of momentum, one block is associated with (6.69a), and one with (6.69b).

6.7 Results

To weigh the effects of the non-local theory of remodelling on the benchmark
problem presented in Section 6.5.2, we perform two different simulations: one is
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done by excluding micro-plasticity, and is thus said to be “standard”; the other
one, instead, accounts for micro-plasticity, and refers to the “non-standard” model.

The standard model (ST) is obtained by setting A,, B,, and Z, equal to zero,
so that Equation (6.60h) is always satisfied and the evolution law for ¢, only takes
into account the first term of the right-hand-side of (6.60f), with X, = 6% In the
non-standard model (NST), the parameters A,, B,, and Z, are different from zero
(see Table 6.2), and the full system of equations (6.60a)—(6.60h) has to be solved.

Since, to the best of our knowledge, no measurements for A,, B,, and Z, are
available in the scientific literature on soft tissues, we have chosen such parameters
after several trials. For this reason, the values used to obtain Figures 6.4-6.3 may
be unrealistic for describing a true biological situation. Moreover, we remark that
the convergence of the system (6.60a)—(6.60h) was achieved only for Z, < 1 and
A, > B,, whereas our computations never converged for Z, > 1, regardless of the
tested values of A, and B,. We also emphasise that, for the cases in which the
model converged, the results of the simulations featured no remarkable difference.

To report the results of our model, we display the numerical solutions of the
displacement, the growth parameter, v, the mass fraction of the proliferating cells,
wp, the pressure, p, and the axial component of the effective Cauchy stress tensor,
o’z We plot all these quantities versus the axial coordinate of the specimen, and
at the times ¢ = 10 d and ¢t = 20 d.

Figure 6.4 shows the displacement of the tumour (left panel) and the growth pa-
rameter, v (right panel). Both quantities are computed only for the case of growth
without “plasticity” (remodelling) (NP), i.e., for F,, = I, ¢, = 0, ¢, = 0, and for
the case in which “plasticity” (remodelling) is active. Moreover, “plasticity” is ac-
counted for as prescribed by the non-standard model (NST). In fact, we could have
also used the standard one (ST), but it would have led to imperceptible differences
with respect to the non-standard model. As expected, both the displacement and
the growth parameter increase as time goes by, but we observe a drastic reduction
of their spatiotemporal evolution when remodelling is active. The results presented
in Figure 6.4 confirm the ones obtained by Mascheroni et al. [166] and Di Stefano et
al. [62], and have been re-computed with the purpose of highlighting the important
role that remodelling may play on growth.

To further investigate the possible role of remodelling on growth and, in par-
ticular, the switch from the standard to the non-standard approach, we study the
evolution of w,, (Figure 6.2), p (Figure 6.5), and oZ; (Figure 6.3).

Figure 6.2 displays, in the left panel, the progression of the mass fraction of
the proliferating cells, wp, and, in the right panel, the absolute value of the differ-
ence between wi" and w)®T, which denote the mass fractions of the proliferating
cells computed with the standard model (ST) and the non-standard model (NST),
respectively. In the left panel, we notice that, at time ¢ = 10 d, the differences be-
tween wST and wYST are irrelevant. However, at ¢t = 20 d, a slight, yet appreciable,

p p
difference starts to appear. We visualise this difference in the right panel of Figure
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6.2. Here, we notice that, due to the Dirichlet boundary condition imposed on wy,
at Z = L/2, such difference cannot be pronounced for values of the axial coordinate
tending to L/2. On the other hand, [w5" — w}ST| becomes relatively more visible
in the portion of the specimen in which growth is inhibited (see Figure 6.4(right)).
This is due to a limited availability of nutrients (data not shown).

In the left panel of Figure 6.5, we show the pressure, p, both for the ST model
and for the NST one. For both models, the same behaviour is attained, i.e., the
pressure drops from the tumour boundary towards its centre, where it takes neg-
ative values. In the right panel of Figure 6.5, we report the absolute value of the
difference, at time ¢ = 20 d, between p°T and p™°T, i.e., the pressures computed
with the ST model and the NST model, respectively. The differences between p>T
and p™ST are relatively small, but visible, in almost all of the half domain and
at both times. They are clearly zero at the Dirichlet boundary Z = L/2 and, at
t = 20 d, the maximum of [p5T — p™5T| is reached at a point between 0.4 cm and
0.5 cm.

Parameter Unit Value Equation Reference
L [cm] 1.000 — [62]
Ry, [cm] 1.000-1072 — [62]
kor [mm?/(N's)] 0.4875 (6.62a) [138]
mo -] 0.0848 (6.62a) [138]
my -] 4.6380 (6.62a) [138]
dor [m?/s] 3.200- 1077 (6.62b) [216]
Oth [Pal] 1.000- 1077 (6.53) [112]
Ap [ms/kg] 7.000 - 1077 (6.54) [112]
A [Pal 1.333-10"  (6.42) [220]
14 [Pa] 1.999 - 10*  (6.42) [220]
WNer -] 1.000-1073  (6.63a) [62]
WNenv [—] 7.000- 1073 (6.63b) [62]
WNo -] 1.480-107* (6.63e) [62]

Table 6.1: Numerical values of the parameters used both for the standard and for
the non-standard model.

Moreover, in Figure 6.3, the axial component of the constitutive part of the
Cauchy stress tensor, o027, is shown. Indeed, due to the imposed boundary con-
ditions and the symmetry restrictions of the considered problem, the balance of
momentum (6.60a) amounts to requiring —p+ 02?7 = 0 everywhere in the specimen.
Hence, it holds that 027 = p. In addition, the axial component of the stress used

to model the mechanotransduction, o7, is different from 077, as it features de,/0Z

sc)
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(see Equation (6.65)). However, since this derivative is very small, it occurs that
oZi can be safely approximated with o2 and, thus, with p. The above discussion
answers the research question 6.1.

A last comment concerns the evolution of ¢, and ¢,. As reported in Figure 6.6,
both €, and e, are increasing functions of time and space. If we focus on ¢,, we
note that, as time goes by, the remodelling strains augment and accumulate in a
neighbourhood of the boundaries of the specimen. This is highlighted by the fact
that the slope of the curves corresponding to €, tends to raise when it approaches
the edge. However, as predicted by the theory, ¢, plays a smoothing role on the
remodelling distortions and, in fact, it distributes itself more uniformly along the
specimen. A relevant aspect of this result is that, while the curves corresponding to
ep at t =10 d and ¢ = 20 d are almost coincident at the centre of the specimen, the
curves determining e, are distinguishable from one another. The above discussion
answers the research question 6.2.

6.8 Conclusions

In this work, we study an idealised biological tissue that grows and remod-
els. As tissue we consider a tumour in avascular stage, and we assume that its
remodelling —or structural reorganisation— occurs through a two-scale plasticity-
like phenomenon. Following [15], we distinguish a coarse and a fine scale, and
we resolve this phenomenon, at the coarse scale, by means of the accumulated
remodelling strain, €, and, at the fine scale, by means of ¢,. The latter is the
representative of the so-called micro-“plasticity” and, being related to €, through
a Helmholtz-like equation, it makes ¢, non-local [15]. Within this framework, we
have set ourselves the scope of evaluating if, how, and to what extent the micro-
“plasticity” influences the growth of the tumour. In our approach, such influence
can occur both directly and indirectly. The direct way is due to the fact that the
effective Cauchy stress, o.s, modulates the source of mass Ry, and thus also Ry,
by giving rise to mechanotransduction. The indirect way, instead, manifests it-
self through the slight, and to a certain extent visible, changes that the non-local
plastic-like distortions induce in some of the physical quantities that characterise
the growth of the tumour, as reported in Section 6.7.

It is important to emphasise that the results shown in this work (see Figures
6.4-6.3) are obtained for numerical values of the “non-standard” parameters A,, B,,
and Z, (see Table 6.2), which could be far beyond the physical range. Therefore,
for the time being, our results aim at being a qualitative contribution to a unified
strain-gradient theory of growth and remodelling. However, they are quantitative
in evaluating the impact of the considered theory on growth.

We remark that, following an idea put forward by Epstein [66], Di Stefano
et al. [62] proposed a model of strain-gradient growth, in which the evolution
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of v is governed by a generalised diffusion-reaction equation. Such equation was
obtained by accounting for the growth-induced scalar curvature, x.*, which features
the spatial derivatives of v up to the second order. However, in that model we
considered no remodelling. In the present work, instead, we have neglected the role
of k,, but we have focussed our attention on strain-gradient remodelling in order
to quantify its effect on growth. The role of k., in the current framework can be
recovered by simply re-activating rp,, and r,, in (5.9a) and (5.9b) (see Di Stefano
et al. [62] for the definition of these terms as functions of x.).

Apart from the obvious fact that the topics under study necessitate further
investigations from our side, two comments are in order: firstly, we have not hy-
pothesised a strain-softening behaviour of the considered material, and no formation
of shear bands can be observed that justifies from the outset the use of a strain-
gradient regularisation; secondly, the benchmark problem adopted in this work
might be inappropriate, since it does not produce the desired /expected localisation
of the accumulated plastic strain, e,, which calls for the employment of a strain-
gradient theory. Nevertheless, our model is able to capture the regularising effect
that the microscale descriptor ¢, has on the accumulated remodelling distortions
(cf. Figure 6.6).

It is known that the internal structural changes occurring in heterogeneous ma-
terials influence their overall macroscopic behaviour. For example, in bones, the
change of orientation of the lamellae’s collagen fibres modifies the bone’s longitudi-
nal effective Young’s modulus [229, 205]. In the present work, we attempt to know
how, and to what extent, the microscopic plastic-like (remodelling) effects are sig-
nificant for the macroscopic evolution of the tissue. To the best of our knowledge,
there are no experimental studies showing the influence of the microscopic plastic
effects on the tissue behaviour. However, one can think of an experiment where, at
some level, there can be a relatively strong localisation of the accumulated “plastic”
strain, e,, because of the presence of constraints (e.g. contact of the tissue with
much stiffer materials). In this respect, we hope that our work contributes to un-
derstand the interactions between growth and remodelling by merging the theories
of multiphasic materials and of strain-gradient plasticity.

To the best of our understanding, another important difference between our
work and previous publications (see e.g. [50, 48, 47]) resides in the definition of the
internal and external mechanical powers. Indeed, looking for instance at [48], these
powers feature only the generalised velocities associated with the “classical” degrees
of freedom of a body®, while the time derivatives of the tensors associated with the

4The growth distortions, F, = ~I, induce the Riemannian metric tensor C, = ~2G, which
yields Christoffel symbols that allow to determine a Levi-Civita connection with nontrivial fourth-
order curvature tensor [165, 106] and, thus, with nontrivial associated Ricci curvature tensor, R,
Hence, it is possible to define the scalar curvature as . := R, :C ! (see [62] for details).

5These are the body velocity, V, the time derivative of the deformation gradient tensor, F,
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body’s structural changes appear in the study of the dissipation inequality through
the derivative of the body’s Helmholtz free energy density. In our case, instead,
following a philosophy outlined in other papers [122, 44, 60, 123, 15], we introduce
the structural kinematic descriptors both constitutively, i.e., as arguments of the
solid phase Helmholtz free energy density, and in the formulation of the overall
virtual powers of the problem, that is, jointly with the “classical” ones.

In our work, the tensor 3, is entirely determined by mechanical quantities
(cf. Equation (6.33a)) and this property is inherited by its associated direction
tensor, N, = 3,/||%,|l,. Consequently, the hypothesis of co-directionality of D,
and ¥, implies that the direction of the plastic flow is exclusively dictated by
mechanical stress, the latter being augmented by the non-standard contribution
= (n-st) . . . L. . .
3, However, in more general situations, it is possible to define generalised
Mandel stress tensors featuring bio-chemical contributions, i.e., depending explicitly
on the mass fraction of the nutrients (and on its gradient). In such cases, tensor N,
defines the direction of the plastic flow on the basis of chemo-mechanical guidance.

A last comment is on the design of an adequate benchmark problem. Indeed,
when Anand et al. [15] developed their theory, they wrote that e, “is introduced
for the purpose of reqularisation of numerical simulations of shear band formation
under strain softening conditions”. To achieve this objective, they called for the
concept of micro-scale plasticity, and admitted a physics described by ¢, ¢,, and
Grade,,. Then, in order to determine these quantities, they established a thermody-
namically consistent framework, rather than simply improving the equations that
were problematic from the numerical point of view. In our work, we have extended
such thermodynamic set-up to a growth problem, by admitting that its physical
meaning goes beyond the necessity of solving numerical issues. Nevertheless, we
have seen only a very marginal impact of this modelling choice on our results and we
argue that it is of fundamental importance to design benchmark problems capable
of capturing the physics behind it. This is part of our ongoing research.

We summarise the answers to the research questions 6.1—6.3 in the following
way:

e The result obtained from the numerical simulations of the model presented
in this chapter do not show significant differences with the results obtained
by numerically simulating the “standard” model. With “standard model” we
refer to the one in which the contributions associated with the strain gradient
formulation are neglected.

« We note that, as time goes by, the accumulated remodelling strain €, increases
as it approaches the boundary of the specimen, with a rapidly raising of its
slope. However, as predicted by the theoretical framework outlined in this

and the time derivative of the second gradient of the deformation, i.e., GradF [48].
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chapter, the micro-scale plasticity parameter e, guarantees a smoothing of
the remodelling distortions and, in fact, it distributes itself more uniformly
along the specimen.

o To properly clarify the type of remodelling studied in this chapter, we con-
sider, as an example, the inelastic rearrangement of a multicellular spheroid,
following an experiment discussed in [86].
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Figure 6.2: Left panel: spatial profile of the mass fraction of the proliferating
cells, wp. Since the problem is symmetric, only the half [0, L/2] of the domain is
shown. Right panel: spatial profile of the absolute value of the difference between
wiT and w®T, ie., the mass fractions of the proliferating cells computed with
the standard model (ST) and the non-standard model (NST), respectively. The
picture refers to the portion of the half domain in which |w3" — w)®T| is greater

than, approximatively, 2.25 - 1073, and is computed at time ¢ = 20 day.
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Parameter Unit Value Equation Reference
01 [—] 7.138-107!  (6.63b) [167]

09 [Pal 1.541-10°  (6.63b) [167]

Cpn kg/(m?s)] 1.500-1073 (6.63a) [45]

Cip [kg/(m3s)] 1.343-107% (6.63b) [45]

Cut [kg/(m3s)] 1.150-107° (6.63d) [45]

CNp [kg/(m3s)] 3.000-107% (6.63e) [41]

A, [Pal 1.0-107° (6.33¢)

B, [Pam?] 1.0-107"  (6.33d)

Z, [Pal 1.0-1072 (6.60f)

Table 6.2: Numerical values of the parameters used both for the standard and for
the non-standard model.
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Figure 6.3: Left panel: spatial profile of the axial component of the effective Cauchy
stress tensor, o’f. Right panel: spatial profile of the absolute value of the difference
between 02" and 022N which denote the stress computed with the standard
model (ST) and the non-standard model (NST), respectively. The picture is com-

puted at time ¢t = 20 day. Since the problem is symmetric, in both panels only the
half [0, L/2] of the domain is shown.
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only the half [0, L/2] of the domain is shown.
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Figure 6.5: Left panel: spatial profile of the pressure, p. Right panel: spatial profile
of the absolute value of the difference between pST and pNST, which denote the
pressure computed with the standard model (ST) and the pressure computed with
the non-standard model (NST). The picture is computed at time ¢t = 20 day. Since
the problem is symmetric, in both panels only the half [0, L/2] of the domain is

shown.
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T T
—-p - Microscale plasticy e, [1] - Day 10
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Figure 6.6: Spatial profiles of the accumulated remodelling strain ¢, and of the
microscale plasticity e,. Since the problem is symmetric, only the half [0, L/2] of
the domain is shown.
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Chapter 7

Growth and remodelling in the
light of of Noether’s Theorem

The work reported in this chapter has been previously published in [113].

7.1 Internal time in growth mechanics

Starting from the observation that the growth of a body breaks the time transla-
tion symmetry of the body’s dynamics, we determine a scalar field, called internal
time, that defines an indicator of the intrinsic time scale of the growth-related
body’s structural evolution. By recasting the theory of growth for monophasic me-
dia within a variational framework, we obtain the internal time as the solution of
a partial differential equation descending from Noether’s Theorem. We do this by
considering two approaches, one formulated in terms of internal variables and one
adopting the concept of augmented kinematics.

The mechanics of volumetric growth studies the variation of mass and the con-
comitant structural evolution of biological tissues [210, 222, 72]. Such processes are
often conceived as anelastic, and are described by a generally non-integrable tensor
field, F,, referred to as growth tensor.

The role of F, in the modelling of growth is not unique, and its interpretation
depends on the theory within which it is introduced. To the best of our knowl-
edge, there exist at least two ways of interpreting F’,: it can be viewed either as an
internal variable (see e.g. [72]) or as a kinematic variable (see e.g. [60]). The con-
ceptual difference between these two approaches affects all the relations governing
the dynamics of a body, especially the one representing the evolution of its internal
structure.

The way in which the dissipation is studied in [72] and [60] plays a major
role in this work. In the sequel, indeed, we employ the dissipation inequality to
show that a growing body possesses an intrinsic time scale, defined by the chosen
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Growth and remodelling in the light of of Noether’s Theorem

theory. To this end, we take inspiration from Vakulenko’s concept of “endochronic
thermodynamics” [227, 176], and we demonstrate that the body’s intrinsic time
scale is related to a generalised force, hereafter denoted by Fy and termed time-like
inhomogeneity force [168]. In our framework, Fy plays a role similar to that played
by the material inhomogeneity forces in Eshelby’s theory of inclusions [74] and,
more generally, in the mechanics of materials with inhomogeneities [168], as is the
case of growing media [72].

Vakulenko’s theory addresses the thermodynamics of anelastic processes [227,
176], and is said to be “endochronic” since it associates a given anelastic process
with a scalar-valued function, the “thermodynamic time”, defined from the outset
as the time integral of a suitable function of the entropy production [176].

Quite differently, in our work we identify the internal time of growth of a body,
hereafter denoted by 7, with the solution of the partial differential equation [117]

No(7) :=H 7+ — (P"w)GradT — Fy 7 = 0, (7.1)

where H is the body’s total energy density, P is the first Piola-Kirchhoff stress
tensor and v is the Lagrangian velocity field.

Equation (7.1) was deduced in [117] as a consequence of Noether’s Theorem,
and 7 was defined as a deformation of time depending on material points and on
time itself. More specifically, 7 was introduced to highlight how the occurrence of
growth in a body is a symmetry breaking, spoiling the invariance of the body’s
dynamics under time translations and yielding the failure of the conservation of
energy [117]. This symmetry breaking results in the arising of Fy and manifests
itself as the loss of the homogeneity of time.

In this work, we deeply reformulate the mathematical framework of [117] and,
after polishing it from some formal imprecisions, we propose the following novelties:
(a) we retrieve Equation (7.1) within the two different pictures of growth given in
[72] and [60], respectively; (b) for both pictures, we compute explicitly the internal
time, 7, and we show that the quantity 7. := 1 — 7/79, where 7y is a reference
value, is analogous to endochronic time in that it increases monotonically in time
and may thus represent an intrinsic time-scale associated with growth; (¢) within
the formulation presented in [60], we describe mechanotransduction through the
conceptually systematic approach of Theoretical Mechanics. Our results also apply
to remodelling.

7.2 Growth in monophasic continua

We consider the simplest possible formulation of the volumetric growth of a
body. In particular, we assume the body to be hyperelastic and we employ the
Bilby-Kroner-Lee decomposition of the deformation gradient tensor, i.e., F = ®F,,
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7.2 — Growth in monophasic continua

so that the body’s material response is described by the strain energy density
function

(X, 1) = U(F(X,1), F (X, 1) = J,0,(8(X, 1)), (7.2

where @ := FF~ !'is the elastic part of the deformation gradient tensor, U, is the
strain energy density expressed per unit volume of the body in its stress-free state,
and J, :=det F, > 0.

In local form, and with respect to the body’s reference configuration, %, the
mass balance law is given by op = II, where pg is the mass density of the body per
unit volume of A, the superimposed dot denotes partial differentiation with respect
to time, and II is the source or sink of mass that describes growth. Asin [72, 7], we
write or = J,0,, where g, is the mass density of the body in its stress-free state,
and we require the conditions
1 (e~ (-1 11
— =t(FF,) =;tr(C,C") = T = T, (7.3)

Qv
where C, := F;F F. is the metric tensor induced by F, I' measures the relative
variation of pr, and p, is regarded as a time independent field specified from the
outset.

Within the quasi-static limit, and neglecting all inertial and long-range body
forces, such as gravity, the local form of the momentum balance law reads

DivP =0, (7.4a)
o ov, .
P:({TFO(F,R)ZJ7 5% ° 2 F T (7.4b)

where Div is the material divergence operator and P is the first Piola-Kirchhoff
stress tensor. The balance law (7.4a) should be regarded as an equation for the
motion of the body, x, whose partial derivatives define the components of F. To
determine F,, an additional, independent equation is needed.

7.2.1 Tensor F, viewed as internal variable

The tensor field F’, shares several formal analogies with the inverse of the tensor
field referred to as “wuniformity mapping” in [72]. Hence, if F, is regarded as an
internal variable, the theory exposed in [72]| can be employed to develop a criterion
for determining an admissible evolution law for F.,. In particular, by invoking the
representation theorem for tensor-valued functions [155], it can be shown that, in
the case of isotropy, F, satisfies

2

sym[C,L,] = > _(J,) "B, €"C,, (7.5)

n=0
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where £, := F 1F,y, ¢ is Eshelby’s stress tensor,

ov
¢:=VIl'-F'P=F] (8F7 o (F, FV)) : (7.6)
and {8,}2_, are to be expressed constitutively through functions of .J,, ¥, the three
principal invariants of &, and other quantities, possibly required by phenomenology.

In Equation (7.5), the convention €° = I'" is used, where I" is the transpose of
the material identity tensor, I. Moreover, because of isotropy, €C, is symmetric,
and so is also €°C., = €C,€&" [169]. Finally, the functions {3, }2_, have to comply
with the dissipation inequality

Dy = Vtr(L,) — €: & + Dy > 0. (7.7)

Here, D, is said to be the “non-compliant” contribution to the dissipation [106]
and is attributed to processes accompanying growth but not explicitly accounted
for in the model. Moreover, the subscript “IV” in Dyy stands for “internal variable”
to remark that in Equation (7.7) F, is viewed as an internal variable.

In order to model the material inhomogeneities associated with growth, Epstein
and Maugin [72]| introduce a Lagrangian density function, £, whose constitutive
representation depends on material points and time through F’,. Hence, within the
quasi-static limit, in which the identification £ = —W applies, and by mimicking
the theory of material uniformity [72], we can write

L=Lo(F,X,T)=Lo(F,F)=—Vo(F,F,), (7.8)

where X : Z xR — Z and T : Z x R — R are auxiliary functions defined
by X(X,t) = X and T(X,t) = ¢, and introduced to account for the explicit
dependence of £ on material points and time [78], i.e.,

L(X,t) = L(F(X,t),X,t) = —U(F(X,1), F,(X,1)). (7.9)

Equations (7.8) and (7.9) permit to determine the time-like inhomogeneity force,
Fo (see also [3], where it is referred to as “energy release rate”), which, recalling
the definition £, := F_~ 1F77 reads

oL o .
Fo ::WO (F, X, T)=— (aF'y o (F,Fy)) . F,
=—¢: 27 = DIV — Dnc — \IJtr(SV) (710)

Thus, 7 is determined by Equation (7.1) with H = V.
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7.2 — Growth in monophasic continua

7.2.2 Tensor F, viewed as kinematic variable

A different approach to the mechanics of growth is provided in [60], where the
structural transformation of a body corresponds to the activation of structural de-
grees of freedom describing the body’s internal kinematics. From this perspective,
F, and Fw acquire the meaning of tensor-valued kinematic descriptors that, to-
gether with y, v = y and Gradv = F, define the overall kinematics of the body.

Restricting our considerations to a material of first grade in x and zeroth grade
in F, [60], it is natural to define the body’s configuration manifold as a suitable
set of pairs (x, F,) describing the overall evolution of the body. Accordingly, the
bundle of the body’s virtual velocities is given by the set of triples (v, Grad v, Z)
that represent all the admissible realisations of the generalised velocities associated
with the “standard” motion, i.e., v and Grad v, and with the structural evolution,
Z, respectively.

By duality, it is natural to introduce the generalised forces expending virtual
power on v, Grad v, and Z. Hence, the Principle of Virtual Powers, specialised here
to the case of no external forces dual to v (i.e., neither inertial nor body forces),
reads

/%{P . Grado + F. Y, : Z} = //3 F'Y,:Z, (7.11)

where Y; and Y. are an internal and an external generalised force dual to F. 'z,

respectively, and Z is the virtual counterpart of Fv' The strong form of (7.11)
consists of the force balances

Div P = 0, (7.12a)
Y.=Y.. (7.12b)

To close the model, we prescribe Y; constitutively, in compliance with the dissipa-
tion inequality

DKV:—QEI,SW—FYiMS»Y:YidiS»Y 20, (713)

where Yiq := Y; — € is said to be the dissipative part of Y; [44, 60] and the
subscript “KV” reminds that Equation (7.13) is obtained by regarding F, as a
kinematic variable.

In the sequel, we admit that Y4 depends constitutively on F', F, and Fy, and,
because of isotropy, we express such dependence as a function Y of F, C, and

C, ie,Yyy=Yq0 (F,C,,C,). Thus, we rewrite (7.12b) as
Y.~ Yqo(F,C,C,) =€, (7.14)

thereby obtaining the equation of “motion” for F,. To supply an explicit expression

v

for Y4, we rewrite it as a function of £,, i.e., Yiqo(F,C,, Cw) =Yyo(F,F,, £L,),
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and we notice that, because of isotropy, the tensor Y .—Y;q in Equation (7.14) must
have the same symmetry property as €, ie., C;' (Yo — Yiq) = (Y! - Yde)C,Y_l.
Here, without much loss of generality, we hypothesise that such property holds,
independently, both for Y;q and for Y, and, by further assuming Y .4 to be linear
in £, we prescribe (cf. e.g. [110, 178] and references therein)

~

C '[Yyo(F,F, £)]=D:sym(C,L&,), (7.15)

.
where D is a fourth-order tensor function given by

D = 3J,d,K* + 2J,d,,M". (7.16)

Here, d, and d,, are scalar constitutive functions to be specified, K* and M* are
defined as (analogous operators have been introduced in [77, 110])

K'=1C'®C ', (7.17a)
M = J[C'eC ! + C'eC ] - K, (7.17b)
and the tensor products “®” and “®” are defined in [57]. By using the identity

sym(C,£,) = 1C,, we find (cf. [183])
D:iC,=C'Y. - €], (7.18)

thereby supplying six independent differential equations in the six independent
components of C,. Moreover, we split Equation (7.18) into the two independent
equations

— 3

2J,dndev(3C,C;") = devY, — dev €. (7.19b)

Lditr(3C,C') = Y. — $tr €, (7.19a)

Once the external force Y, is identified, and CF, is computed by solving (7.18), the
term I in the mass balance law (7.3) is determined by I' = tr £, = ;tr(C,C").
Finally, Fy becomes

Fo=—€: £, =Yu—-Y.): £, (7.20)
and the equation for 7 takes on the form
Ui — (P'w)Grad7r + [(Ye—Yi): £,]7=0. (7.21)

Before proceeding, we remark that Equation (7.15) is not the most general
constitutive law relating Yiq with £, or Cv- The main property of (7.15) is that,
being invertible, if £, is null, then Y4 is null too, thereby implying Y. = €.
Moreover, due to invertibility, it is true that, when Y4 is null, also £, has to
vanish, which means that the balance between Y. and €& leads to a stop of the
growth process. However, in the case of a tumour, this last result need not be
true (see e.g. [7]), as it may well happen that, if no nutrients are available for the
tumour cells, £, vanishes also when Y4 is not null, a situation that, according to
Equation (7.19a), requires d, to diverge for finite values of Yiq := Y, — €.
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7.3 A Noether-like framework

Equation (7.1) can be obtained by framing growth within a Noether-like ap-
proach. To show this, we introduce the action

A= L,
BxI
where .# C [0, +o00[ is an interval of time, and the notation [, , f = [, {[, fdV}dt
applies.

7.3.1 F, considered as internal variable: internal time
When F, is regarded as an internal variable, the Lagrangian density function
is defined in Equation (7.9), and the first-order total variation of the action reads

DA = Eh + Div(-€"W — PTu), (7.22)

BXI [
where W is a vector field, valued in the tangent bundle of %, that at each time
¢t maps the points X of £ into X = X + eW (X, t), with € being a real smallness
parameter, h is the vector field describing the variation of y when the points X
are held fixed, u := h + FW is the vector field representing the total variation
of x, and Eh = &,h" is the contraction of the co-vector field £ := Div P with h
(see [78] for a derivation in a notation similar to that adopted here). In addition,
we denote by J := —&"W — P u Noether’s current density, which is the sum of
a fully material current density, 7™ = —&TW, and a “spatial” current density,
J® =_—PTu (note that, although J ) is a material field too, we call it “spatial”
because it is generated by the spatial vector field ).

Upon setting W = 0 in &£ and hjpz = ujpz = 0 for all times, Hamilton’s
Principle of Stationary Action [150] requires DA = 0, which leads to € = Div P =0
in  and P.N = 0 on Oy%, where IN is the field of unit vectors normal to the
Neumann boundary of &, Oy %.

For x and F, satisfying € = 0, we look at Equation (7.22) under the light shed
by Noether’s Theorem [136]. Hence, we search for conservation laws, and we obtain
[117]

DivJ® = —P: Grad u, (7.23a)
DivJ™ = FW — & : Crad W =: N (W), (7.23b)

where F := % o(F,X,T) = —[% o(F,F,)|: Grad F, is referred to as “material

inhomogeneity force” [73, 71, 168] and FW = F,W4. We remark that, more
generally, the integrand in Equation (7.22) should feature a summand consisting

177



5112

5113

5114

5115

5116

5117

5118

5119

5120

5121

5122

5123

5124

5125

5126

5127

5128

5129

5130

5131

5132

5133

5134

5135

5136

5137

5138

5139

5140

5141

5142

5143

5144

5145

5146

Growth and remodelling in the light of of Noether’s Theorem

of the divergence of a vector field independent of F', and descending from the so-
called “divergence transformation” of the Lagrangian density function [136, 168,
78]. However, as in [136], this summand can be omitted for the type of symmetries
addressed here.

In Equation (7.23a), P : Grad w vanishes identically in three cases: when u
is null, when wu represents a uniform translation, or when w takes on the form
u = g 'w[x — 7o), where w is a uniform skew-symmetric tensor, zy is a fixed point
of space and g~! is the inverse of the spatial metric tensor, g. The second case is
consistent with the fact that £ is independent of y, so that the system is invariant
under translations in space and, thus, linear momentum is conserved. The third
case, instead, stems from the symmetry of g-'PF", which ensures P : Gradu =
(g7'PFT) : w = 0 and is equivalent to the conservation of angular momentum.
In conclusion, for the mentioned choices of u, Div J® is zero, which implies that
T is conserved.

We turn now to Equation (7.23b), and we notice that it is obtained by using the
relation —Div & = JF. This result follows from the computation of the divergence
of &, and characterises the fully material force balance describing the “inverse
dynamics” of the body [168, 72]. Tt stipulates that the “spatial” part of the body’s
energy-momentum tensor, —&, is not conserved. This is a manifestation of the
symmetry breaking due to the material inhomogeneity of the body, reflected by
N(W). This quantity plays the role of an effective source term for J (m) [117] and
is such that the variation of the action becomes DA = [, , N(W). Therefore, in
order to search for the class of fields W such that J™ is conserved and the action
is invariant, i.e., D.A = 0, one has to impose [117]

N(W)=—€:CGrad W + FW
= —€: [Grad W + (F,'Grad F,)W| = 0. (7.24)

We remark that relations of the type (7.24) are sometimes referred to as “Noetherian
identities” [196].

Apart from the trivial solution W = 0, a uniform field W does not generally
satisfy Equation (7.24) and, thus, the action is not invariant under uniform trans-
lations of the material points. This result is another evidence of the symmetry
breaking emerging because of F. Clearly, if F, is uniform, so that Grad F, = 0,
then W can be uniform too. When this occurs, F vanishes identically and, in the
jargon of [168], one obtains the conservation of “canonical pseudo-momentum”. Let
us now look at the identity

¥ — Div(P") = —F,, (7.25)

which is the non-conservation of energy for H = ¥ = —L (i.e., in the quasi-static
limit), and let us multiply Equation (7.25) by a scalar field 7 : & x .4 — R
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7.3 — A Noether-like framework

describing a point- and time-dependent deformation of time [117]. Then, recalling
the definition of Fy given in (7.10), we find (cf. [168])

0T + Div(—PTvr)
= Ui — (PTw) Grad 7 + (€ : £,)7 =: Ny(7). (7.26)
By analogy with Equation (7.23b), we call No(7) effective source of Noether’s energy
current density, defined by the time-like component U7 and the flux vector — P o,
As noticed for N (W), the presence of Fy = —€& : £, implies that Ny(7) does not

vanish for nonzero constant fields 7. Hence, to conserve Noether’s energy current
density, we enforce the condition anticipated by Equation (7.1), i.e.,

No(T) = U7 — (PTw)Grad T + (€ : £,)7 =0, (7.27)

in which € : £, is now regarded as the generator of 7.

7.3.2 F, considered as a kinematic variable: internal time

Equations (7.6), (7.8) and (7.14) allow to rephrase the force balances (7.12a)
and (7.12b) as

Div P = —Div <§§ o(F, F7)> =0, (7.28a)
oL
—¢= F’ (aﬂ o (F, F7)> —Yu-Y. (7.28b)

Looking at (7.28b), we notice that a relevant case occurs when there exists a po-
tential Y = U o (F', F,) such that

ou ou
oF °FF) =0 55

o(F,F,)=FY,, (7.29)

where the first requirement of Equation (7.29) prevents I from introducing an
unphysical contribution to P. Thus, Eqgs. (7.28a) and (7.28b) become

_Div (a;;ﬁ o (F, F7)> _ (7.30a)
azeﬁ
F} (aF7 o (F,F7)> =Y, (7.30b)

with Leg := L + U being referred to as effective Lagrangian density function. Note
that, although Equation (7.29) may be too restrictive for biologically meaningful
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Growth and remodelling in the light of of Noether’s Theorem

situations, it is possible to think of Y, as the sum of an integrable and a non-
integrable force, with the former one admitting a potential like U. For this reason,
in this work we concentrate on the limiting case in which Y, is integrable.

By defining the effective action, Ay = [4, » Lesr, the first-order total variation
of A.g is given by

DA = [

" [F7"Y i T +Div(T® + 7)) (7.31)

with J® = —PTu, Jgﬁl) = —€L W the effective Eshelby stress tensor €.q =
—(LegI" + F'P) and Y being the variation of F., when the points X are “held
fixed”.

Upon taking Div J ) — 0, as done in Section 7.3.1, a direct calculation yields

DivJ™ = FuW — €. : Grad W, (7.32)

where we call Fog := (FJ TY .4 : Grad Fv) effective inhomogeneity force, and Equa-
tion (7.31) reduces to

DA = / F'Y i Q — € : Grad W, (7.33)

BxI
with Q := Y + (GradF,)W being the total variation of F,. If we set W = 0,
Equation (7.33) returns Rayleigh-Hamilton Principle [150, 58], which states that the
first-order variation of the action is equal to the integral of the work F- Y Q.
Thus, if we reinterpret Equation (7.33) on the basis of this result, we find that the
class of fields W' satisfying DAcg = [y, F, TY .4 : Q is given by all the solutions
of the equation

—&.5: Grad W = 0. (7.34)

In contrast to (7.24), Equation (7.34) is satisfied by nontrivial uniform fields W. To
see the implications of this result, let us consider the situation in which Y4 is null.
Hence, it follows that € =Y, Div .,’7((3? = —&. : Grad W, and Equation (7.33)
becomes DA = [4y s|—€er : Grad W/. In this case, uniform fields W leave
the action invariant, i.e., DA. = 0, and represent symmetry transformations.
This constitutes a symmetry restoration and is due to the fact that, since Y4 is
null, & is entirely “balanced” by Y., which plays the role of compensating field.
In fact, this results follows from Equation (7.30b), which, for Yy = 0, implies
Fef 1= (%ﬁTef o (F,FV)) : Grad F, = 0 even though it holds that F = —€& :
F 'Grad F, # 0.
As done in Section 7.3.1, we consider the identity

‘i/eff — DiV(PT’U) = _Yid . 27 = —DK\/, (735)
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7.4 — A proof of concept

where W g := —L.¢ denotes the effective energy density associated with the body
and, by multiplying (7.35) by 7, we obtain

Vg7 + Div(—PTw7)
= Vg7 — (P") Grad 7 — Dy 7 =: Noesr (7). (7.36)

Equation (7.35) describes the non-conservation of W.g, while Equation (7.36) defines
Noet(7) as the effective source of Noether’s energy current density with time-like
component W7 and flux vector —PTvr. Hence, to conserve Noether’s energy
current density, the condition

Noeg(T) = Vo™ — (PTw) Grad 7 — Dy 7 = 0 (7.37)

has to be imposed. Equation (7.37) prescribes that Dky is the generator of 7.
Therefore, Dky can be thought of as an effective time-like inhomogeneity force, i.e.,
Foett := Dxv, which vanishes in the non-dissipative limit. If this is the case, a
constant field 7 satisfies Noeg(7) = 0 and, consequently, Eq. (7.36) and (7.37) is
satisfied as a conservation law. This is a crucial difference with Equations (7.21)
and (7.27), in which the generator of 7 is given by —Fy =Y, —Y ;g = &€ : £, and
need not vanish even when the dissipation is zero. The above discussion answers
the research question 7.2.

7.4 A proof of concept

To supply a proof of concept of the theory discussed so far, we take a bench-
mark problem from [7]. Specifically, we study a tumour modelled as a monophasic,
isotropic, solid body of cylindric shape, confined by an undeformable lateral wall,
and allowed to expand uniformly along its axial direction, with traction-free termi-
nal cross sections. Moreover, we assume the growth tensor, F’,, to be spherical. By
using cylindrical coordinates, these hypotheses imply that the only nonzero com-
ponent of the velocity, v, is the axial one, v*, and that F', F,, £, = F_~ 1Fy, P and
¢ admit the diagonal matrix representations

[F] = diag{1,1,f}, (7.38a)
[F,] = vdiag{1,1,1}, (7.38b)
[£,] = v S diag{1,1,1}, (7.38¢)

[P] = diag{P.", B,*, P,7}, (7.38d)

€] = diag{¥ — B, ¥ — P,* W —§P,7}. (7.38¢)

We remark that, since Div P = 0 reduces to 0P,% /07 = 0, and the terminal cross

sections of the body are free of tractions [7], P.Z is zero at all the points of the
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tumour. This implies that the energy flux P v vanishes identically, i.e., PTv = 0
and P,%v* = 0. Moreover, as in [7], we adopt the Blatz-Ko strain energy density
U=Jiu[(h —3)— L2 —1) (7.39)
va 1 q/2\"3 ) .

with I, = tr(CC’,y_l), I3 = J*detC and material constants 4 > 0 and ¢ < 0. Due
to Equation (7.39), the constitutive expression of P,Z is such that [7]

3 2 q 2_3q
PZZ_ﬂf l;—<;>] —0 = f=q7v, (7.40)

Therefore, any constitutive function of f and + can be rephrased as a function of ~

alone. For, example, in the case of Eshelby stress, one has & = &(f,v) = $(vy) and

H(y)=3trH(y) =V - P+ P =itr & (7.41)

First, we consider the case in which F, is an internal variable [72] and we refer

to this model as “IV Model”. We notice that, in order to recover the growth law

proposed in [7] from Equation (7.5), we have to set 5, = 0, for n # 0, thereby
obtaining

;Y = ﬁOPYa BO = %Fa (742)

where, in general, §y depends on mechanical stress through the principal invari-
ants of &. However, if [ is assumed to be a positive constant, and if the initial
distribution of 7, denoted by ~,, is independent of material points, 7 is uniform
and increases exponentially in time [7], i.e., 7(t) = vin exp(Pot) (see the line marked
with triangles, and referred to as “IV Model”, in Fig. 7.1). Moreover, according to
Equation (7.40), also f is independent of material points. In the case under study,
the material inhomogeneity force F is null, so that uniform fields W = W, satisfy
Equation (7.24) and, since the identity € : £, = ¥ holds true, Equation (7.27)
becomes

No(7) = U7 + U7 = U7 =0, (7.43)

Coherently with Equation (7.26), this result implies that the time-like component
of Noether’s current density, W, is conserved, and the internal time is given by
T oW

(t)7(t) = Woro = T(t) = 08 (7.44)

where W, and 7y are reference constant values, and W(t) is rescaled so that W(0) =
Wy. The trend of 7 is reported in Fig. 7.2 and corresponds to the solid line marked
with triangles and referred to as “7/79 IV Model”. The product Wy, defines the
negative of a reference value of the action, i.e., Ay := —W(7y, which is invariant.
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7.5 — Discussion

Now, we regard F, as a kinematic variable [60] and we call this model “KV
Model”. In this case, the evolution of ~ is given by Equations (7.19a) and (7.19b),
which yield

5 1

T 3, [Ye —H(v)], (7.45)

with Y, := %tr Y. and devY, = 0. Within the present variational setting, we
choose a constant Y,, so that it can be obtained by differentiation of the potential
Uo(F, F,) = Y.In(det F,), and the numerical solution of Equation (7.45), obtained
for constant d,, is reported in Fig. 7.1 (see the solid line marked with open circles

and referred to as “KV Model - Linear Case”). '
Since it holds true that PTv = 0, Equation (7.35) prescribes Dgy = — Vg and,
consequently, Equation (7.37) becomes

-/\/E)eff = \Ijeﬁj- + \i;effT = \De.ffT = 0. (746)

Therefore, the internal time, 7, is given by

Ve (8)7(t) = Yegoro = 7(t) =

(7.47)

with 75 and Wego being reference constants, and W.g () rescaled so that Weq(0) =
Uogo. In spite of the similarity with Equation (7.44), in the present case 7(t)
depends on Y,. Its evolution is shown in Fig. 7.2 and corresponds to the solid line
marked with open circles.

7.5 Discussion

In the IV Model, the coefficient /3 in Equation (7.42) is assumed to be constant.
Although this choice may be too restrictive, it describes the limit case in which, to
activate growth, it is sufficient that the nutrient substances in the tumour exceed a
certain threshold. Clearly, more general models, which include the feedback of stress
on growth (mechanotransduction), can be obtained by considering Equation (7.5)
in full, or by expressing 5y as a phenomenological function of the stress.

In the KV Model, which descends from Equation (7.15), (7.19a) and (7.45), ~
is coupled with Yiq := %tr Y4 =Y. — 9(v), rather than with stress alone, and this
coupling may appear both directly, i.e., in the right-hand-side of Equation (7.45),
and indirectly, i.e., through the coefficient d,, which can be taken as a function
of the principal invariants of Y;q. To the best of our understanding, this could
be a possible interpretation of the “Eshelbian coupling” mentioned in [60]. In this
respect, we also notice that, even within our variational setting, mechanotransduc-
tion can be accounted for by suitably interpreting Y,. This can be achieved by
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relating 4/ to a term of the type [166, 62]

0@ ¢ ¢
M) =1 0% ¢ (¢ 4
(%) Y. 1 € Y;+O<Ye)’ (7.48)

where ¢y €]0,1[ is a model parameter and € = str & = §(v). By setting M;;,(€) :=
1 — €/Y,, Equation (7.45) can be rewritten as 7/y = My, (€)/3737, where T is a
characteristic time scale and d, = 7Y,. The solution to this equation, or, equiva-
lently, to Equation (7.45), corresponds to the solid line marked with open circles in
Fig. 7.1, where it is compared with the solution to the equation /vy = M(€)/3+*T.
The latter is represented by the solid line marked with triangles in Fig. 7.1, and
refers to a phenomenological model in which the mechanotransduction term, M (&),
is not linearised. Looking at the magnified inset in Fig. 7.1, we notice that a con-
stant and integrable Y,, although being restrictive, leads to reasonable results for
the first days in which the tumour grows, i.e., as long as the ratio €/Y, remains
sufficiently small. For longer times, however, the solution to Equation (7.45) ceases
to be acceptable. Indeed, it tends towards a stationary value, corresponding to the
force balance Y, = $(7), which contradicts the hypothesis /Y, — 0. The solu-
tion of the nonlinear model, instead, keeps increasing in time, and is qualitatively
closer to the dashed curve marked with open circles that describes the trend of v in
the case of a reference model available in the literature [62]. The above discussion
answers the research question 7.3.

The main result of this work is the introduction of the internal time, 7, that, for
the considered benchmark problem, is obtained by solving Equation (7.44) for the
IV Model and Equation (7.47) for the KV Model. The solutions, expressed in terms
of the ratio 7/, are reported in Fig. 7.2 and correspond to the solid lines marked
with asterisks and open circles, respectively. We notice that, since both ¥ and Vg
increase with -, and since «y increases with time, 7/7y decreases monotonically for
both models. In particular, since «y is computed by solving Equation (7.45), which
admits a stationary solution, 7 /7y reaches a plateau for long times, and the solution
predicted by the IV Model tends to converge to the one supplied by the KV Model.
Finally, we notice that the function 7. = 1 — 7(¢)/7y is monotonically increasing,
and might thus be taken as a natural characteristic time scale of growth, just as
the endochronic time in Plasticity [176]. The above discussion answers the research
question 7.1.

7.6 Conclusions

In this work, we have studied a problem of volumetric growth in a continuum
body within the quasi-static limit. In doing this, we have followed two paths:
the one that views the growth tensor, F,, as an internal variable, and the one that
defines F, as a kinematic variable. We have cast the problem in a variational setting
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Figure 7.2: Time evolution of 7 . The values of the model parameters are declared

in the caption of Fig. 7.1.

and we have employed the framework of Noether’s Theorem in order to reveal
some subtle implications of the two theories of growth exploited in the manuscript,
especially in terms of material inhomogeneities and conservation laws.

Hence, we have shown that Noether’s current is not conserved, in general, for
the classes of transformations that would represent material symmetries if the body
were homogeneous. This has been reflected, in fact, by the condition N (W) = 0,
imposed to annihilate the effective source of Noether’s current [117].

We have focussed on the non-conservation of energy. This has led us to adopt the
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conditions Ny(7) = 0 and Noeg(7) = 0, respectively, to search for transformations
capable of defining a characteristic time scale for growth, termed internal time.
We summarise the answers to the research questions 7.1—7.3 in the following

e The internal time, 7, for the considered benchmark problem is computed as

the solution of two differential equations relying on two different models of
growth. For both models, the normalised internal time 7/7y is an increasing
function of time and it reaches a plateau, since the equation for the growth
parameter, v, admits a stationary solution. However, the KV model, which
regards the growth tensor as a kinematic variable predicts that the stationary
state is attained faster than in the case of IV model, in which the growth
tensor is viewed as an internal parameter,

One of the main advantages of using variational principles within the study of
growth is the possibility of giving a unifying definition of internal time, which
results to be independent on the specific theory of growth that one decides to
adhere to. In fact, the internal time can be defined as the solution of a differ-
ential equation, descending from Noether’s Theorem and whose formulation
is, in fact, independent on the mathematical model used to describe growth.

Although we have adhered to variational principles for studying the growth in
monophasic continua, we have shown that it is possible to address the issue of
“mechanotrasduction”. Therefore, in spite of some technical limitations that
require ad hoc hypotheses, we have recast in a some evolution laws for the
growth parameter, which are usually declared to be phenomenological, in a
variational framework
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Chapter 8

Future perspectives

The work outlined in this Thesis addresses the mathematical modelling of some
key problems in the field of Biomechanics, by focusing on theoretical and compu-
tational aspects of Nonlinear Continuum Mechanics.

Although relevant technical aspects have been solved in a different manner,
depending on the problem at hand, we have always tried to harmonise all the diverse
theoretical visions emerging in our works and to find a physico-mathematical link
able to disclose a common theoretical substrate.

In this respect, in the works presented in Chapter 2 and in Chapter 3 we have
employed a mathematical framework in which the distortion tensor, F, (or, equiv-
alently, its inverse H ), and the growth tensor, F.,, are treated as internal variables.
Moreover, the evolution laws for F}, and for F, are are in part phenomenological.
In particular, in the case of F},, its equation is derived by the Dissipation Inequal-
ity, while, for F,, its evolution is imposed from the outset, in accordance with
experimental evidences.

On the contrary, in Chapter 3 and in Chapter 6, the tensors F}, and F, are
regarded as kinematic variables. In this sense, their evolution laws are deduced
from a balance of generalised forces, dual to suitable generalised velocities and all
the phenomenological assumptions are employed as kinematic constraints.

Beyond the differences characterising the “internal variables” approach and the
"kinematic variables” approach discussed so far, we have wondered about the pos-
sibility of identifying a bridge between these two ways of proceeding. A first step in
this direction is presented in Chapter 7 with the employment of Noether’s Theorem
and the introduction of the internal time as a thermodynamic indicator of anelastic
processes.

In general, for all the specific problems studied in this Thesis, the formulation
adopted for developing our works has been characterised by the employment of
Differential Geometry in order to satisfy two requirements. The first one, accord-
ing to the conception of a deep relationship between Mechanics and Geometry,
relies on the adoption of the Covariant Formalism of Continuum Mechanics as a
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Future perspectives

fundamental “language” to proceed with our scientific studies. The choice of such
way of proceeding makes it particularly easy to disclose duality for defining the
(generalised) forces acting on a mechanical system as dual entities of a specified
(generalised) kinematics. Second, to study a certain class of problems in the field
of Biomechanics, it raises the necessity to “enrich” their kinematic description and,
in our framework, this has been achieved by having recourse to some classical tools
of Differential Geometry, as explained in Chapters 2, 3, 5 and 6.

Starting from the framework outlined in Chapters 2 and 3, the remodelling
can be understood as the occurrence of two types of events: one consists of the
reorientation of the fibres and, the other one relies on the production of inelastic
distortions at the tissue scale. It is assumed that the fibres are oriented accordingly
to a probability density function, whose functional form is prescribed. The inelastic
distortions, which can be associated with the rupture and formation of bonds among
the tissue cells, are represented by means of a second-order tensor and studied by
means of the Bilby—Kroner—Lee decomposition of the deformation gradient tensor.
An evolution law for the tensor of inelastic distortions is prescribed.

In general, the evolution law for the tensor of inelastic distortions is written
by considering only the symmetric part of the inelastic distortions tensor and it is
assumed that its rotational component reduces to the identity tensor. One possibil-
ity is to investigate mathematical models of structural reorganisation in which the
role of the inelastic rotations is explicitly considered. From the modelling point of
view, this choice requires to individuate a suitable geometrical quantity able to be
represent the kinematics associated with the inelastic rotations. Consequently, the
overall framework should be rephrased to account for the new kinematics, which
enriches the standard one previously employed.

In the modelling framework of gradient theories, one could employ a different
model of the fluid flow. More in detail, instead of making use of Darcy’s law
one could refer to Brinkman-like models, which involve the gradient of the fluid
velocity [146, 34, 63]. This will allow, on the one hand, to relax the hypothesis of
negligibility of the dissipative part of the stress tensor of the fluid phase and, on the
other hand, to resolve the fluid-structure interactions as well as boundary effects,
which cannot be accounted for by Darcy-based models.

In Chapter 6, a mathematical model to investigate how a tumour tissue grows
and remodels in response to growth has been proposed. For our scopes, it has
been assumed that remodelling is characterised by a coarse and a fine length scale,
and a kinematic variable that resolves the fine scale inhomogeneities induced by
remodelling have been introduced . With respect to this variable, a strain-gradient
framework of remodelling has been developed.

One research line, starting from the work presented in Chapter 6, could be to
investigate a tumour growth inside a host tissue, in order to resolve the mechanical
interactions at the interface between the two media.

Finally, the model of growth employed in Chapter 5 and in Chapter 6 could be
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developed and extended to describe other biological situations. For instance, the
approach presented in this two chapters for isotropic media could be adapted for
describing a tumour growing in anisotropic tissues. Moreover, we could investigate
the coupling with other remodelling phenomena, introduced in term of cellular
reorganisation, fibre reorientation or onset of degenerative phenomena.

189



190



5418

5419

5420

5421

5422

5423

5424

5425

5426

5427

5428

5429

5430

5431

5432

5433

5434

5435

5436

Appendix A

The notation adopted in the following is taken from [77]. Let [T 4], [T %A),',
[TA)3, and [T A3 denote the spaces of all second-order tensors which, as bilinear
maps, read

A:T*Bx TR — R, (8.1a)
B:T#xT"% — R, (8.1b)
T:T"%xT"% — R, (8.1c)
Q:T%xT%H— R, (8.1d)

respectively. Let also ([T %)%, sym) and ([T Z]9, sym) be, respectively, the subspaces
of [T %3 and [T %)) of all symmetric, second-order tensors. The elements of [T %],
and [T'%|,! can be written as linear maps from T'% into itself, and from T*% into
itself, respectively, while the elements of [T'%|2, and [T %]3 can be written as linear
maps from T*% into TH, and from T' A into T* A, respectively.

Let us also consider the spaces [T %%, and [T %),? of all fourth-order tensors of
the type

Tc[TA?, T - T"BxT*BxTHExTH— R,
Qe[THA,?, Q. TBXTRB xT*B x T*B — R.

An element of [T%]?, can also be represented as a linear map from [T%]? into
[TA]3. Analogously, an element of [T'%)],* can be represented as a linear map from
[T into [T2)S. For instance, the fourth-order tensor

L: [TA); — (T A5, sym), I=1ITxI+IRI), (8.3)

where I : T9% — T is the identity tensor in T'Z, returns the symmetric part of
the element of [T %)% to which it is applied. Given two tensors A, D € [T %],
the representation of the tensor products A®D and A®D in index notation reads
[A@D]48, = A4, DB, and [A®D|*5,, = A4 DB, [57]. Accordingly, in index
notation, I is represented by the expression

H14I?A4]V- — % ((SI%VI(Sliv '+_ (Slé\f(gliv[) . (23.41)
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Thus, for every T € [T'%]2, it holds that
1:T =} (T+T") =sym(T), (8.5)

where the symbol “:” stands for “double contraction”. In index notation, it reads
(I: T)AB =T4B,,, TMN = [sym(T)]*E. By definition, I is the identity fourth-order
tensor over the space ([T%|2,sym). From here on, we consider only the restrictions
of the fourth-order tensors of [T %2 onto ([T%]3,sym).

For every T' € ([T %)%, sym), the fourth-order tensor

K" : ([T#]3,sym) — ([T A3, sym),
K'=iC"'oC (8.6)
extracts the spherical part of T' with respect to the metric C| i.e.,
K*: T = Lr(CT)C™. (8.7)

— 3

The deviatoric part of T" with respect to the metric C' is obtained by substracting
K* : T to T. This operation can be represented by the application of the fourth-
order tensor

M : ([T}, sym) — (T8}, sym)
M* =1-K*, (8.8)
to T i.e.,
M :T=(I-K):T=T-itx(CT)C™". (8.9)

Clearly, it holds that tr [C (M* : T')] = 0. We remark that, by their own definition,
K* and M* constitute the partition of unity, i.e., I = K* + M*.

In analogous manner, we introduce the identity fourth-order tensor over the
space ([T %)}, sym), i.e.,

" : ([T A5, sym) — ([T A3, sym),
M=i(rr'er"+1"a1"), (8.10)

where I'" : T*% — T*4 is the identity tensor in T*%. For every Q € ([T%]9,sym)
it holds that

":Q=1(Q+Q") =q. (8.11)

The spherical and the deviatoric parts of Q with respect to the inverse metric C ™
are extracted by employing the fourth-order tensors

K" : ([T2)3,sym) — ([T A5, sym),
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KT = %C ® C_l,
and

M : ([T )3, sym) — (T3, sym),
M*T — ]IT o K*T

respectively, which are such that

KT.Q = %tr(C_lQ)C,

MT:Q=>1"-KT):Q=Qq-itr(C'Q/C.

In this case, it holds that tr {C‘l (M*T : Q)} =0.
Finally, we introduce the fourth-order tensor

I : (T3, sym) — ([T )3, sym),
I = % (0—1@0—1 +C! @C—l) '

For every Q € ([T )3, sym), it holds that

. Q=C"'QC.

(8.12)

(8.13)

(8.16)

(8.17)

In index notation, Equation (8.17) implies (I* : Q)4Z = (C™HAMQyn(CHNE,
which means that I** raises the indices of Q through the inverse metric tensor C~*
rather than through G, the latter being the inverse of the metric tensor G in
the undeformed configuration. In analogy with K* and M*, we also consider the

fourth-order tensors

K* : ([T 2]y, sym) — ([T %]5, sym),
K+ =1lCc'wC™,

M* : ([T %y, sym) — ([T S5, sym),
M = I# — K.

For every Q € ([T 4], sym), we obtain

K*: Q= itr(C™'Q)C,

]

M*:Q=C'QC™' - itr(C'Q)C".

(8.18a)

(8.18h)

(8.19a)
(8.19b)

Note that the second-order tensor M** : @ is deviatoric in the sense that tr[C(M* :

Q)] =0.
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