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at the supergravity level is possible. Therefore, our findings can be interpreted also as a
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1 Introduction

The analysis of the strong-coupling regime in an interacting theory is notoriously a very
difficult problem but, when there is a high amount of symmetry, significant progress can be
made. This is the case, for example, of the maximally supersymmetric SU(N) Yang-Mills
theory in four dimensions (N = 4 SYM) where many strong-coupling results can be obtained,
especially in the planar limit of a large number of colors. The primary tool used to achieve
this is the holographic AdS/CFT correspondence [1] that maps strong-coupling calculations
in /' = 4 SYM into perturbative gravitational calculations in an AdSs x S® space-time [2, 3].

Another tool that has been widely used at strong coupling is supersymmetric local-
ization [4],! which, by reducing path integrals to finite dimensional integrals, often yields
expressions that are exact in the coupling constant. As an example of this, we mention the
integrated correlators of four superconformal primaries of N'=4 SYM [6, 7] whose exact
properties have been explored in [8]. Interestingly, the strong-coupling expansion of these
integrated correlators, combined with suggestions from the structure of the four-graviton
amplitude in string theory, can be used to test the AdS/CFT correspondence beyond the
supergravity approximation [6].

'For a review see, for instance, [5].



Other useful methods for the study of strongly coupled N' =4 SYM are provided by
the integrability of the theory in the planar limit. For example, the correlation functions of
four very heavy single-trace scalar operators can be factorized in terms of “octagon” form-
factors [9-13] whose properties are suggested by the integrability of the two-dimensional
world-sheet in the AdS/CFT correspondence. Exploiting their representation as a Fredholm
determinant of a Bessel operator, the octagons can be systematically studied at strong
coupling and an explicit expansion in inverse powers of the coupling constant can be worked
out [11-13]. According to the holographic dictionary, the terms in this expansion originate
from the string corrections to the supergravity effective action. However, a derivation of
these corrections by a holographic calculation beyond the supergravity limit seems to be
out of reach and thus the strong-coupling expansion derived from the Bessel operator is
practically the only way to obtain information about the octagon form-factors and the
corresponding correlators when the coupling constant is large.

The examples just mentioned refer to N' = 4 SYM but, recently, there have been
important developments along these lines also in theories with reduced supersymmetry.
In particular, much attention has been paid to the four-dimensional N' = 2 theories
that arise as a Z); orbifold of N' = 4 SYM. These theories have a quiver-like structure
with M nodes: their gauge group is the product of M SU(N) factors and there are bi-
fundamental matter hypermultiplets. They possess a holographic dual given by Type II B
string theory on a space-time of the type AdSs x S°/Zy; [14, 15]. For these reasons they
represent one of the simplest contexts in which to investigate the strong-coupling regime
and explore the holographic correspondence when supersymmetry is not maximal. Applying
supersymmetric localization to these N' = 2 quiver theories it has been possible to study
several BPS-protected observables even at strong coupling. Among such observables we
mention the free energy and the vacuum-expectation-value of the circular Wilson loop [16—-22]
for which a systematic strong-coupling expansion has been recently worked out in [23].

Also the 2- and 3-point functions of single-trace scalar operators of the quiver theories
can be studied at strong coupling. In fact, building on previous works that developed
matrix-model techniques to study correlations functions in superconformal gauge theories [24—
39], it has been shown in [40, 41] that the 2- and 3-point functions of single-trace scalar
operators in the planar limit can be written in terms of the elements of a Bessel operator
at all values of the coupling constant. Exploiting these results, it is possible to find in an
analytic way the leading behavior at strong coupling of these correlators and show that the
corresponding normalized structure constants precisely agree with the predictions of the
AdS/CFT correspondence in a Zj; orbifold background [40, 41]. This agreement represents
a highly non-trivial test of holography in N/ = 2 superconformal gauge theories at leading
order. To go further, some information on the sub-leading corrections is clearly necessary.

Actually, for the 2-point functions a systematic strong-coupling expansion has been
recently obtained in [23] using analytic methods similar to those applied for the analysis
of the octagons in A/ =4 SYM. On the other hand, a high-precision numerical approach
developed in [42] has allowed to infer the first two sub-leading corrections to the 3-point
correlators in the so-called E theory [32, 36, 39] which is obtained from the M = 2 quiver
theory by means of an orientifold projection. However, a systematic analytic expansion for
the 3-point functions and the structure constants at strong coupling is still missing.



Figure 1. The 4d N = 2 quiver gauge theory.

The purpose of this paper is to fill this gap. We do this by proving an exact relation
that allows to express the 3-point functions and the structure constants in terms of the
2-point functions for any value of the 't Hooft coupling. In this way, by exploiting the
known behavior of the 2-point functions at strong coupling, we are able to deduce in an
analytic way the strong-coupling expansion of the 3-point functions and of the structure
constants, and to exhibit the first few sub-leading terms in a closed form. At the moment
this is the only available analytic method to investigate the strong-coupling regime of the
quiver theories beyond the leading order. Indeed, holographic calculations of 2- and 3-point
correlators and of the structure constants beyond the supergravity approximation do not
seem possible with the existent toolkit of the AdS/CFT correspondence, since they would
require a detailed knowledge of the higher-derivative string corrections to the supergravity
effective action in all twisted and untwisted sectors of the AdSs x S°/Z; orbifold.

In the following, with the aim of discussing our results in the simplest case, we will
limit our analysis to the 2-node quiver (i.e. M = 2) whose main features are recalled in
section 2. Then, in section 3 we briefly review the essential ingredients of the localization
procedure that are used to compute the 2- and 3-point functions in the quiver theory. In
section 4, building on the results of our previous works [40, 41] and of [23], we derive the
strong-coupling expansion of the 2-point correlators. We then proceed to study the 3-point
functions by firstly considering in section 5 a special family of 3-point functions whose
strong-coupling expansion can be obtained from that of the 2-point functions to which they
are related by a differential relation. Such a relation is instrumental for the calculations
described in section 6 where in full generality we show that the 3-point functions and the
structure constants can be written in terms of the 2-point functions. Finally in section 7
we draw our conclusions, while in the appendices we collect some more technical details.
In particular in appendix B we describe an alternative way to obtain the strong-coupling
expansion of the 3-point functions based on a recursive bootstrap-like procedure.

2 The Z5 quiver theory

We consider the 2-node A = 2 quiver theory obtained with a Z5 orbifold projection from
N =4 SYM in four dimensions. This theory is schematically represented by the diagram
in figure 1. Here each node, labeled by the index I = 0,1, corresponds to a SU(N) gauge
group with its adjoint vector multiplet while the lines connecting the nodes represent
N = 2 hypermultiplets in the bi-fundamental representation. Given this matter content,
the [-function in each node vanishes and eight supercharges are conserved. Thus, the



Z5 orbifold projection yields a N' = 2 superconformal theory in which the gauge group
is SU(N) x SU(N) and the R-symmetry group is SU(2)g x U(1)g. Although one could
assign a different gauge coupling g; to each node, we will focus only on the symmetric
configuration in which gy = g1 = g. In this way we have a single 't Hooft coupling

A= Ng? (2.1)

and the planar limit is N — oo with fixed A.
Denoting by ¢r—o,1 the complex scalar fields of the vector multiplets in the two nodes,
we introduce for any integer k£ > 2 the following local chiral operators

Uk(a;):\}i[two(x)kﬂml(x)k], Tk(m):é{trcﬁo(x)k—tr(bl(x)k}, (2.2)

which are conformal primaries of charge k and dimension
Ay, =An, =k. (2.3)

The operators Uy (z) and T}, (z) are called, respectively, untwisted and twisted,? since under
the exchange ¢g9 <— ¢1 which generates the Zs group they are even and odd and thus
correspond to the untwisted and twisted sectors of the Zs orbifold. The anti-chiral operators
Ug(x) and T (z) are obtained by replacing the complex scalar fields ¢ 1 with their complex
conjugates ¢, 1, so that we simply have Uy (z) = [Ux(z)]* and Tk (z) = [Tk(z)]*.

The quantities we are interested in are the 2- and 3-point functions among the opera-
tors (2.2) and their conjugates. These correlators are constrained by conformal invariance,
the conservation of the U(1)g-charge and the symmetries of the Zy quiver, which require
that the sum of the conformal dimensions of the chiral operators must match that of the
anti-chiral ones and that the number of twisted operators must be even in order to have a
non-vanishing result. These constraints fix the form of the non-zero 2-point functions to be

(Un(2) Ualy)) = ‘ny‘k (Tu(e) Taly)) = ,G_Ty, (2.4)

where the coefficients Gy, and G, are functions of N and A. Likewise, the only non-

vanishing 3-point functions are?
U(2) Uy) Tp(2)) = —VesteT 2.5
< k;(l’) f(y) P(z)> - |I’ — Z‘Zk ‘y — Z,Qg ’ ( . a)
- Gy, T
Te(y) T = b p 2.5b
(Uk(&) T Tole)) = 1o e (2.5)
_ G 7
(T(@) Tely) Up(2) o (2.5¢)

e = 2Py — 2P

with the understanding that p = k + ¢ as required by the conservation of the U(1)g charge.
The coefficients appearing in the numerators of (2.5) are functions of N and A.

2The holographic origin of this terminology has been discussed in [41].
30f course, there are also the conjugate correlators in which the chiral/anti-chiral operators are exchanged.



The above 2- and 3-point functions clearly depend on the normalization of the op-
erators (2.2). To remove this dependence we consider the so-called structure constants
defined as

C o GUImUZvﬁP C o GUmeTp C o GTk,Teﬂp
Up,Up,Up — ’ U, Ty, Tp — ’ Ty, To,Up .
WUl =[Gy, Gu, G, W Gy, G, G WU Gy, G, G,

(2.6)

As discussed in [40, 41], in the planar limit the 2- and 3-point functions involving only
untwisted operators do not depend on the 't Hooft coupling but only on N. Indeed one finds*

Gy, =k (%)k =G, (2.72)

kip  N\=52-1

Gl = 575 (3 = Grip- (2.7b)

Thus, also the untwisted structure constants are A independent and read

1
CUk,Uz,ﬁp = m AV k?gp . (28)
Apart from the factor of v/2 due to the orbifold, this is the same expression as in N = 4
SYM [43]. Instead, the coefficients in the correlators involving twisted operators and the
corresponding structure constants depend on A in a nontrivial way, and our goal in the next
sections is to find their exact expression and their expansion at large A.

3 Localization

The gauge-theory correlators (2.4) and (2.5) are defined in flat space but can be conformally
mapped to analogous correlators on a 4-sphere S*. Through this map it is possible to
evaluate the coefficients G by exploiting the power of supersymmetric localization [4] with
matrix-model techniques as discussed in [24—41].

3.1 The matrix model

For the quiver theory of figure 1, the matrix model consists of two N x N Hermitian traceless
matrices ay taking values in the su(N) Lie-algebra of the I-th gauge group, namely

ar = ab Ty, b=1,...,N>—1. (3.1)

Here T}, are the generators of the su(N) Lie-algebra in the fundamental representation,
normalized so that

1
trTchzidb,C be=1,...,N*—1. (3.2)

4From now on, all formulas we write are meant to be valid at the leading order for N — oo.



In the large-N limit, we can neglect the non-perturbative instanton contributions that are
exponentially suppressed and, adopting the so-called full Lie-algebra approach [31], we can
write the partition function of the matrix model as

. (3.3)

Z = /dao day e—tra%—tra%—&nt _ <e_Sim>
Here the integration measure is defined as

N2-1 b
da}

daI: 3
1

(3.4)

and the interaction action Siy is [38]

oo 2m m
Sint = 2 22];2 (—1)m+k (873]\7) (2]7:) CQ;;? (tr agm_k —tr a%m_k) (tr alé —tr a]f)
(3.5)

where (2,,—1 are the Riemann (-values. Finally, in (3.3) the notation (- ) stands for the
expectation value in the free Gaussian model.

In analogy with the gauge-theory operators (2.2), in the matrix model we introduce
the following untwisted and twisted combinations

1
+ k k
Ak = ﬁ (tr aq + tr (Il) s (36)
for k > 2. By normal ordering them, we obtain the matrix-model representatives of the
operators (2.2) and can establish the following correspondence

Ur(x) «— A= OF and Tp(x) «— A =0, . (3.7)

Here the symbol :: denotes, as usual, the normal ordering, namely the subtraction of the
contractions of Af with all single-trace operators of lower dimension. As shown in [27, 41], in
the planar limit this subtraction is equivalent to perform a Gram-Schmidt orthogonalization
within the set of single-trace operators only. Thus we can write

Op =Y M, Af (3.8)
<k

where the mixing coefficients Mkij are determined by requiring that O,f be orthogonal to all
operators with lower dimensions. The twisted sector coefficients M., depend on A and N,
while the untwisted coefficients MZ , are functions only of N. Notice also that the anti-chiral
operators U (z) and Tk (x) are represented in the matrix model by the same operators OZ,E

as the chiral ones.
Using the dictionary (3.7), we can translate the evaluation of the normalization of the
correlation functions (2.4) and (2.5) in a matrix model computation. For example we have

(O), O e 5ime)
Gr, = (0}, O;) = : (3.9)
(e=Sme)




and

(03 Oy O e=5m)
GUvapr - <Ol—€|— Of_ O;;> = s . (3.10)
<e mt>0

Therefore, in this approach everything is reduced to calculating vacuum expectation values

in a two-matrix Gaussian model.

3.2 The X and D matrices and their relation to the 2- and 3-point functions

The interaction action (3.5) depends only on the twisted combinations A, and can be

written as
oo 2m
Ao™ (2m) Com—1 _
it = 2 —1)mtk 22T A Ar . 11
St rn§::2k;§::2( ) (87T2N> ( k ) m pmok Tk (311

As shown in [36, 38], this fact allows to express the partition function (3.3) as

(NI

Z = [det(1-X)] 2, (3.12)

where X is a A-dependent infinite symmetric matrix whose entries with opposite parity
vanish, namely

Xon,2m+1 =0 (3.13)
for n,m > 1, while those with the same parity are given by the following convolution of
Bessel functions of the first kind:

t

kte42ke 0 dt e tvA VA
Xpo = —8(=1) 2 \/H/O Ny Ti(5) (5 ) (3.14)

for k,¢ > 2. Since the ’t Hooft coupling only enters the arguments of the Bessel functions,
one can use the asymptotic expansion of the latter to study the strong coupling limit
of X [36, 38]. Because of (3.13), it is convenient to define the matrices X¢¥*® and X°dd
according to

(Xeven)n’m = X2n,2m and (XOdd)n,m = X2n—|—1,2m+1 (315)

for n,m > 1.

In [34] it has been shown that for any value of A the 2-point functions Gz, can be

expressed in a closed compact form as®

1 1

i = G (1 - eren> and - Gy = Gont (11 - xodd> )
] /11 n] /11

SWith an abuse of notation, here and in the following we denote by ﬁ the inverse of the matrix M.



where Gy are the N' = 4 coefficients defined in (2.7a), while X" and Xfrfl]d are the sub-
6

matrices obtained from X¢*® and X°d4 by removing their first (n — 1) rows and columns.
Using Cramer’s rule, we can deduce from (3.16) that

Gy, det (11 - ngfl])  Gp,,., det (11 - xgggl])
fon = gjzi det (1 xgy) and - Ren = T (1-xpd1) (3.17)

In this way the calculation of G, is reduced to the calculation of the determinants of the
matrices (1 — X%en) and (1 — and]d) for different values of n. These determinants have the
form of Fredholm determinants of Bessel operators [23].

The ratios Rz, and Ra,4+1 can be written in yet another way by introducing the
symmetric matrix

1

whose elements Dy, (with k,¢ > 2) vanish unless k£ and ¢ have the same parity as a
consequence of (3.13). Indeed, defining the matrices D®V*" and D° in analogy with (3.15),
one can show [34] that

det ( DOVS™ det (D9dd
Ry, = M and  Rops1 = (;T;)) (3.19)
even (o]
det (Dgen) ) det (Dg3d ) )
where Df;‘)’n and D‘()g)d denote, respectively, the upper-left n x n blocks of D¢Ve™ and D°dd,
with the understanding that D?(‘)’)en = D‘()g)d = 1. For example we have
Dy Dyg — D3
Ry =Dag, R3 = D33, Ry=—22"20 24 (3.20)

D22

and so on.
Let us now turn to the 3-point functions. To study them, following the approach
developed in [41], we introduce the operators

1
+ +
PE= 7 %

which are normal ordered with respect to the free theory. In the untwisted case, this

(3.21)

amounts to a simple rescaling; indeed
o = O,j]A_O = VG, P (3.22)

since in this sector there are no A-dependent effects and the normal ordering in the interacting
theory coincides with the normal ordering in the free theory. Instead, in the twisted sector
where the interactions play a role we have

Op = VG (Pk = > Qi 7313) (3.23)

1<k

6Clearly one has X = X" and X‘fﬁd = Xedd,



where Qg are A-dependent mixing coefficients which can be computed explicitly [41].
However, for what follows their expression is not needed.

The big advantage of using P,;t instead of Af as a basis to express the operators Oki
consists in the fact that the 2-functions of P,;t are simple and, most importantly, that their
3-point functions are factorized. Indeed, as shown in [41], one has

(P P = e (P, Py ) =Diyu, (3.24)
and
(P PPy ) = fN kip, (3.25a)
(PEP;Py) = \/N Vi didy, (3.25b)
(P, Py P)) = W drde /p, (3.25¢)

where p = k + ¢ and
d =Y Dyw VE. (3.26)

Therefore, using (3.22), (3.23) and the above 3-point functions, one immediately finds:

G0, = (OF OF O5) = m VElp =Gy, (3.27a)
- W G

Gy 1, = (08 07 0) = vk dyd, == d ded, (3.27h)
+ @ Gktp 5

G170, = (O Op Op) = V2N de /P = il dyde, (3.27¢)

where p =k + ¢ and

dy =dp — > Qrede. (3.28)
<k

In other words the 3-point functions of the Oy operators have exactly the same form of
those of the Py operators but with di replaced by Ek and a different overall normalization.

Eq. (3.27a) confirms the expected result (2.7), while (3.27b) and (3.27¢) provide a simple
expression of the 3-point functions with twisted operators in terms of the A-dependent
quantities ak Since also the mixing coefficients Q¢ are functions of Dy, ultimately
everything can be written in terms of such matrix elements. The explicit form of these
expressions can be worked out on a case-by-case basis without particular difficulties, but we
have not found a simple closed-form result. Quite remarkably, however, we can bypass this
problem since, as we will show in the next sections, it is possible to link the combination '&k
in (3.28) directly to the ratios Ry defined in (3.17) through a simple exact relation valid for
all values of .



4 The 2-point functions at strong coupling

From the asymptotic expansion of the Bessel functions, one can derive the behavior of the
X and D matrices when the 't Hooft coupling becomes large. As shown in [36, 39, 41] at
leading order one finds

Die ~ ”—2 [\/M (min (k2 6%) = Sk mod2 1)} T o(i) (4.1)
ToAsoo A ’ mod2, A3/2

for any k,¢ > 2. Using this result in (3.19) one easily obtains the leading strong-coupling

behavior of the 2-point functions, namely [40, 41]

4 2
G0 =g, % k(k — 1) (4.2)

for k > 2.

The full strong-coupling expansion of G, has been recently derived in [23] using the
same techniques that have been previously used to study the octagon form-factors in N' = 4
SYM [11-13]. More precisely, observing that det (1 — X[er‘:]e“) and det (1 — X%d) can be
interpreted as Fredholm determinants of Bessel operators, the authors of [23] have obtained”

log {det (]l - f,;’f“)} Q - <2n - 3) log <\A> + Bon—1 + fon—1,

4 2 4 (4.3)
odd)] _ VA 1 VA |
log [det (]l — Xl )} =" (2n — 2) log (47r + Ban + fon,
where
1 1
Bk:—610gA+§+610g2—klog2+logf(k) (4.4)
with A being the Glaisher constant, and
fr= i(zk —3)(2k—1)lo (X> + (2k — 5)(2k — 3)(4k* — 1) &
"7 16 S\ 32\/3/2
3G
(2k — 7)(2k — 5)(4k~ — 9)(4k 1)256/\’5/2
— (2k — 5)(2k — 3)(4k* — 1)(4k* — 8k — 17) 3G 40—t )4 (4.5)
643 NT/2 ' '

Here and in the following, the ellipses indicate non-perturbative exponentially small correc-
tions mentioned in footnote 7, and

VN =V —4log2. (4.6)

"Here and in the following we consider only the “perturbative” parts of the strong-coupling expansions that
contain terms proportional to inverse powers of the 't Hooft coupling. As noticed in [23], these “perturbative”
strong-coupling series are non Borel summable due to the existence of singularities on the positive real axis
of the Borel plane, and must be completed with series of non-perturbative terms proportional to powers

of e~ V>,

~10 -



Of course, the sub-leading terms in 1/\ can be computed to any desired order. Inserting
these expansions into (3.17), after some simple manipulations one finds

I\ k—1
Gn:4#f>(§> P+(k—U@k—D@k—&A§m
9
—(k—l)(2k:—3)(2k—5)(4k2—I)ngm
+ (k — 1)(2k — 1)(2k — 3)(2k — 5) (4k* — 20k — 3) 4§%3+0<X17/2>] o (A7)

for any k& > 2. Expressing )\’ in terms of A\ by means of (4.6) and expanding for large A, one
obtains the expansion in terms of the original t” Hooft coupling. One can easily check that
the first two contributions beyond leading order in this expansion match those computed
in [42] with high-precision numerical methods.

5 A special class of 3-point functions

Before addressing the strong-coupling expansion of the 3-point functions in full generality,
we consider the cases of the form

G110 Ta = (O Op O3y (5.1)

As we are going to see, these special 3-point functions are related to the 2-point functions
G, studied in the previous section by means of a Ward-like identity which is valid for all A.
Through this identity, the strong-coupling expansion of G
from (4.7).

To derive this result, we use the basis of operators Af defined in (3.6) and introduce

Ty Ty Uop, CO1 be directly obtained

the convenient notation

T = (AF AT ...) (5.2)

n1,n2,...

for their vacuum expectation values. According to (3.8), the operators appearing in the
correlator (5.1) are:

k
L= Z M, A7 (5.3a)
n=2
k
O3 = Y M3y o, (A3, = T5) - (5.3b)
p=1

The mixing coefficients M, and I\/I;k 9p AT€ determined with the Gram-Schmidt procedure
by requiring that O, and O;rk be orthogonal to all operators of lower conformal dimensions.

®Notice that, following the same approach discussed in [39] for the E theory, in the untwisted opera-
tors (5.3b) we have subtracted from A;p the vacuum expectation value T;;,. This automatically ensures
that (OF) = 0.

- 11 -



For the untwisted operators, these coefficients do not depend on the t’ Hooft coupling and
thus can be computed in the free theory. They are given by (see for example eq. (5.9) in [39])

NNkrP k (k+p—1
Jr
Moy 2p = (—5) p( ke p ) (5.4)

For the twisted operators, instead, the coefficients M,;n are nontrivial functions of A\; however,
fortunately, for the current calculation we do not need their explicit expression.
Using (5.3), the 3-point function (5.1) becomes

Tk,Tk,ng Z Z Z Mk n 2k 2p <T$7n7m T;;; Tni%) . (55)
n=2m=2p=1

The combination of expectation values appearing in brackets can evaluated in the planar
limit using the Zs-quiver generalization of the relation presented in eq. (B.26) of [39] for
the E theory. In the quiver case this relation reads

— _ p(p+1)
T;;nm S e e (n+m +2X0\) Ty

_V2NPT O (2p)! p(p+1)
2r  pllp+1)! 4N?2

(n4+m+2X0\) T, (5.6)

where in the second line we have used the expression of TQJ; in the planar limit.
When we insert this result in the right-hand-side of (5.5), we realize that the sum over
p can be factorized. Using the explicit expression of MQ'Z 9p given in (5.4) we find

Zk:'\/' fNPH Col_plp+l) _ k_(Nyes 57)
2k,2p pl(p+1)! 4N2 22 \ 2 ' '
Therefore, our 3-point function becomes
k  N\k-1 E ko o
Gt 1.0 = 5.5 (5) ;::2 m; M. My (04 m 4+ 2000) T, (5.8)

In appendix A we prove that

TRLA.

52 > M M (nm 4+ 2000) T, = (k+ 204 )(0;, Oy ). (5.9)

n=2m=2

Thus, we can rewrite (5.8) in the form of a Ward-like relation between the 3-point function

Gr, 1,7y, and the 2-point function Gy, namely
k sN\k-1

This result will be instrumental for the calculations described in the next section.
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Exploiting this relation and using the strong-coupling expansion of Gy, given in (4.7),
we immediately find

2k—3
_ — oo N\ 3 G
9¢s
J— J— p— J— 2 J—
(2k — 3)(2k = 5)(2k — T)(44” — 1) =5
2 a 1
+ (k= 4)(2k — 1) (2k — 3)(2k — 5)(4k* — 20k — 3) 55 + O(W/?) .
(5.11)
where the prefactor is the leading-order term [40, 41]
2
(Lo) il 2
G 5 = Gran —— (k= 1) (5.12)

with Gy, . 21 being the coefficients defined in (2.7b). We note that the first two terms arising
from the expansion of the ratio '/ for large A agree with the extrapolation of the numerical
results reported in [42].

Combining (5.11) and (4.7), it is straightforward to find that the strong-coupling
expansion of the structure constants for this particular family is

45 (5
32)\/5/2

1
_ o(L0) A2 2 3G 5 2
CTk,Tk,ﬁzk B CTk,Tk,UQk <)\/> |:1 o (461(3 - 1) 2N 3/2 + (4516 - 1) (45143 - 9)

9¢2 1
+ (407 — 1) (1267 — 19) 4)\,33 +0 (/\,7/2> ] +--- (5.13)

where C’(LOT) 5. is the leading-order term [40, 41]

Tk, Tk, U
C(Lo) V2k(k —1)2

Ty T Tk V2N (5.14)
and the sub-leading corrections have been written in terms of the shifted conformal dimension
of the twisted operators

op=k—1. (5.15)

Indeed, as we have seen in [40, 41], it is this shifted conformal dimension that enters
in the various formulas when A — oco. Since the leading term (5.14) precisely matches
the holographic result obtained using the AdS/CFT correspondence in the Zs orbifold
background at the supergravity level [40, 41], we expect that the sub-leading corrections
in the square brackets of (5.13) are due to the higher-derivative string corrections to the
supergravity action.

6 The general 3-point functions at strong coupling

In section 3 we have seen that the 3-point functions with twisted operators can be expressed
as products of the A-dependent combinations dj defined in (3.28). Thus, to find their
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strong-coupling expansion we have to determine how dj, behaves when A\ — oo. This is
possible by exploiting the results of the previous section.
To see this, let us first rewrite (5.10) introducing the ratio Ry = G, /G and get

o = 2 (X

k—1
T Ty Top — \/§ ) (k‘ + A@A)Rk

2
= IRh2k 20 R 6.1
= T ( + )\) k ( : )
where the second line follows from the explicit expressions of the G coefficients given in (2.7).
Then, by comparing (6.1) with (3.27c) evaluated for ¢ = k and p = 2k, we read that

dp =/ (k + A\ Ry, = \/}k V (k+X0))Gr, . (6.2)

This relation is valid for all values of the 't Hooft coupling and allows us to obtain the
strong-coupling behavior of dj, directly from that of the 2-point functions without having to
calculate explicitly the behavior of the mixing coefficients Qi ¢ and the matrix elements Dy, 4.

If we use (6.2) in the general formulas (3.27), we obtain the announced Ward-like
identities between the 3- and the 2-point functions. Explicitly they are given by

_ Ok,tp
Co 7, = Nams \/ (£+ X0))Gr, \/ (p+ A\)Gr, , (6.3a)

G e,
G110, = JhG, (G, V (k+203)Gr, /(£ +202)Gr, (6.3b)

where p = k + £. Once again, we stress that these relations are valid for all values of .

As an immediate consequence of the above result, it can be easily shown that the
structure constants involving twisted operators are

VEk

Cooryt, = AN \/E + A (log Gry,) \/p + \0x(log GT1,) (6.4a)
p

CTk,Tz,Up = \/\g;\f \//{7 —+ A@,\(log GTk) \/f + Aa,\(log GTZ) (6.4b)

where p =k + £.

6.1 Strong coupling expansions

The relations (6.3) and (6.4) can be used to determine the strong-coupling expansions of
the 3-point functions and of the structure constants starting from the one of the 2-point
functions given in section 4.

Inserting the expansion (4.7) in (6.3), one finds

Sp+op—1

_(LO) NN 2 1 @ @ G @) G 1
Gt Ty _GUk,Tg,Tp ()\) 1495, 372 T 90p Nis2 9 Vs 0 vz ) |t
(6.5)
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with p = k + ¢. The leading term, already computed in [41], is

2
Loy dr (L -1)(p—1)
GUk,Tg,Tp =Grep 3 (6.6)

while the sub-leading terms are a new result. The first few expansion coefficients are

1
gy = 5 (Ge+3p — 1) (407 — 4048, + 402 — 26, — 26, — 3) (6.72)

2 9
0 = = (8 + 6, — 1) (165} — 16376, + 163202 — 16,55 + 165, — 245}

+ 8670, -+ 86,6, — 2467 — 6407 + 72046, — 645, + 365, + 365, + 45) , (6.7b)

1
9 = 5 (0 + 8, — 1) (1687 — 16573, + 166707 + 16675, — 165, + 165

— 1766; + 160535, — 1926767 + 160555 — 1760, + 21267 — 60076, — 6055,

+ 21267 + 51207 — 5605,5, + 5126, — 2795, — 2795, — 342) (6.7¢)

where 6y = ¢ — 1 and 6, = p — 1. In principle, one can push this calculation to any desired
order using the expansions of the determinants (4.3) provided in [23].

The 3-point function coeflicients of the form GTk,Te,Up can be obtained in exactly the
same way and their strong-coupling expansion has the same form (6.5) with coefficients glgi)é
that are given again by the formulas (6.7).” Expressing A’ in terms of A, one can check that
when the twisted operators have odd dimensions the first two coefficients in the large-A
expansion of the 3-point functions coincide with those recently obtained in [42] from an
extrapolation of numerical results in the E theory.

Finally, from (6.4) we can deduce the strong-coupling expansion of the struc-
ture constants:

1
A2 3 1
Comz, =C5 ()2 [1+c(1) I BN | +0< >]+ , (6.8)

Up,Te,Tp \ )\ Gp \r3/2 " lp \r5/2 " lp 13 \7/2

where p = k + £ and

L \/ﬁlN JEE=Dm-1). (6.9)

The first expansion coefficients cgz; are

1 3

iy = —5 (207 + 205, - 1), (6.10a)
2 45 9

) = +33 (267 + 202 — 1) (207 + 262 — 9) + 4(57 — 52)°] , (6.10D)
3 9 5

cﬁg =+7 [(263 + 257 — 1) (667 + 65, — 19) + 10(67 — 52) } (6.10c)

with p = k + £. The structure constants CTk 7,0, e given by the same expression (6.8)
but with the role of £ and p exchanged.

9As a consistency check, one can verify that the case discussed in section 5 is correctly recovered by
setting k = /.
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7 Conclusions

The main result of this work is the finding of exact relations between the 2- and 3-point
functions of twisted operators in the N' = 2 superconformal quiver theory of figure 1
when the number colors N tends to infinity. These relations extend those valid in the
free theory and can be easily checked in perturbation theory at the first few orders of the
weak coupling expansion. However, as we have stressed several times, they are valid for all
values of the coupling constant and thus can be used even at strong coupling. It would be
interesting to understand the field-theory origin of such identities which we have unveiled
with our analysis.

Using these relations we have been able to write in full generality the structure constants
in terms of the 2-point function, obtaining

Vk
Copnt, = Ty e+ A0x(log Gr,) \/p + A0 (log Gr,) (7.1)

and similarly for CTk 10,0, From this relation and the strong-coupling expansion of the
2-point functions, it immediately follows that the general structure of the structure constants
at strong-coupling is that of an inverse power series of the shifted 't Hooft coupling

VN =VA—4log?2, (7.2)

with coefficients proportional to odd Riemann (-values and products thereof. In particular,
we have found

1
_(LO) A\ 2 1) G3 @) G5 3 G 1
CUk,Tz,Tp - CU,mTé,Tp ()\/) [1—{—02’17 \3/2 +¢p 572 t¢p W—FO N2 +---, (7.3)

(LO)
Uk’TfyTp
reproduced exactly within the AdS/CFT correspondence by a holographic calculation using

and similarly for Cp, 7 7 . In [40, 41] it was shown that the leading term C is
Type IIB supergravity in a Z, orbifold background. Therefore, it is natural to expect that
the sub-leading tail in the strong-coupling expansion (7.3) arises from the string corrections
to the supergravity effective action. The form of the terms in the square brackets of (7.3)
is consistent with this expectation. In fact the first string correction to the Type IIB
supergravity effective action is proportional to o/ (3, where Vo is the string length, while
the subsequent ones are proportional to o’°Cs, a/%¢2 etc., as it can be checked by expanding
the Type IIB closed string scattering amplitudes in powers of o (see for example [44]).
On this basis, given the structure of (7.3), it is highly tempting to speculate that the
o/-expansion of the string amplitudes can be translated into an expansion in inverse powers
of VN or vice-versa by means of the formal replacement

1
o — — (7.4)

N4\

in units where the AdS radius is 1. To see whether this speculation has any basis, it should
(n)
4,p
3-point string amplitudes of the supergravity modes that are dual to the untwisted and

be shown that the coefficients ¢,/ in the square brackets of (7.3) follow from the 2- and

twisted operators of the quiver theory. To compute these amplitudes a detailed knowledge
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of the higher-derivative interaction vertices induced by the string corrections in all sectors
of the orbifold is required. This knowledge, however, is presently unavailable. Thus, as
already pointed out in the introduction, the localization methods which we have described
in this work are at the moment the only tools available to investigate the strong-coupling
regime of the N' = 2 quiver theory beyond leading order.

In our analysis we considered only the “perturbative” sub-leading terms proportional to
inverse powers of the 't Hooft coupling but, as pointed out in [23] for the 2-point functions,
there are in addition non-perturbative corrections proportional to powers of exp(—ﬁ) at
large A. These exponentially small corrections result from the fact that the perturbative part
of the strong-coupling expansion is non Borel summable due to the presence of singularities
on the positive real axis of the Borel plane which require the addition of non-perturbative
terms to fully determine the solution at strong coupling and its interpolation with the
weak-coupling limit. It would be interesting to compute systematically also these non-
perturbative corrections to the structure constants and investigate their holographic dual
interpretation. It would also be nice to understand the meaning of the shift (7.2) and the
origin of the factors of (\'/\) in the gravity side of the AdS/CFT correspondence.

Finally, we observe that our results can be easily generalized in several directions. For
example, if we perform an orientifold projection of the quiver by identifying the fields of
the two nodes as ¢y <> —¢1, we obtain the E theory [32, 36]. With this action, the odd
untwisted operators and the even twisted ones are projected out, but the surviving operators
behave exactly as in the quiver theory, and thus their 2- and 3-point functions can be
immediately read from the formulas we have presented in this work by only limiting the
values of the conformal dimensions. Another generalization is to consider a quiver theory
with M > 2 nodes. In this case there are some simple modifications such as the replacement
of the factors of v/2 with v/M and the appearance of numerical coefficients in front of the
X matrix that distinguish the different twisted sectors [41]. The most important novelty,
however, is the presence of non-trivial 3-point function with three twisted operators when
the three twist parameters add to zero. In this case the structure constants have again the
factorized structure of (7.1) but with the factor vk replaced by \/ k + A0\ (log Gr, ) for the
appropriate third twisted operator.
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A Proof of eq. (5.9)

In this appendix we prove the following identity:
TR
52 > M M (n4m 4+ 2000 T, 5, = (k+20x)(0;, O ) (A.1)

n=2m=2
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Let us first observe that using the definition of O, in (5.3) we have

(O Or) Z Z My My T - (A.2)

n=2m=2

On the other hand, due to the orthogonality of operators with different dimensions, we have
(0;; 07 )= (0 A;) = ZM,;nTn_[ =0 forl<k. (A.4)

We now consider the left-hand-side of (A.1) and concentrate on the first two terms which,

taking into account that M., = 1 and T, 7 = T, we can manipulate and rewrite
as follows
1k
n=2m=2 n=2m=2
(A.5)

In the first term of the right-hand-side, the sum over m vanishes because of the orthogonality
condition (A.4) since n < k. Thus, we remain with the second term which is proportional
o (O, O, ) as one can see from (A.3). In conclusion we have shown that

k k
%szgnmkm(njum):r, — k(0}; 0. (A-6)

n=2m=2

We finally consider the derivative term in the left-hand-side of (A.1). Taking again into

account the symmetry property T, . =T, ", we can write this term as

m,n

k k k k
SN MM AT =D > A (M My T ) 222)«% IMe T

n=2m=2 n=2m=2 n=2m=2
(A7)

The upper limit of sum over n in the last term can be reduced to k — 1, since when n = k
the mixing coefficient is M,; i = 1 and its A-derivative vanishes. Therefore, in this last term
we have n < k and the sum over m vanishes because of the orthogonality condition (A.4).
Using (A.2), we conclude that

Z Z M My AOAT, o = AOA(O, O ) . (A.8)

n=2m=2

Adding (A.6) and (A.8) we obtain (A.1), which is also eq. (5.9) of the main text.
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B Recursive procedure for Dy,

In this appendix we discuss a recursive bootstrap-like procedure that allows us to obtain
the strong-coupling expansion of the matrix elements Dy ,. Even if this information is not
strictly speaking necessary to derive the strong-coupling expansion of the 3-point functions
and of the structure constants, we include this material for completeness. Moreover, it can
be used also for an independent check on the results described in the main text.

To discuss the recursive procedure it is convenient to organize the matrix elements Dy, 4
according to their level, defined simply as k + ¢, as follows:

o level4: Dao,
o level 6: D33, Doy, (B.1)
o level 8: Dyy4, D35, Dog,

and so on. There are two entries for which we already know the strong-coupling expansion,

namely Dy o and D3 3. Indeed, as indicated in (3.20), they are related to the ratios Ry and
R3 respectively from which one finds

812 (N 33 135¢; 813 1
Dy, = *T (A) [1 tommt orms t s+ O (A,m” , (B.2a)

W(X)Q[ngg 945 (5 405g§+0( 1 ﬂ

Dys = (B.2b)

2 2\ N3/2  ]\5/2 9)\3 \7/2

Thus, at level 4 there is nothing else to determine while at level 6 we have to find Dy 4
and at all higher levels we have to determine everything. To this purpose we exploit a set
of relations satisfied by Dy ¢ and their A-derivatives which were presented in appendix A

of [41]. These relations, which involve the quantities dj, defined in (3.26), are!”

m—1 n—1
don dom = V2m 3 V2r Dayon + V21 Y V25 Dagom + (n+m + A0y)D2n2m . (B.3)
r=1 s=1

m—1 n—1

don+1 dami1 = V2m + 1 Z V2r +1Dgpi1204+1 + V20 + 1 Z V25 + 1Dost1.2m+1
r=1 s=1
+ (n +m+1+ /\a,\) D2n+1,2m+1 , (B4)

m n—1
dop domi1 = vV2m +1 Z V21 Dopon + V21 Z V25 +1Dosy12m+1, (B.5)
r=1 s=1

for n,m > 1. A few explicit examples, which will be useful in the following, are

dody =2D22 + A0\D2 2, d3d3 =3D33 + A0\D33, (B.6a)
dad3 = V6Dgs, dady = 2v2Dg 4+ 3Day + A\Da, (B.6b)
d3dy = V6Days +2V3D33,  dyds=4v2Da4+4Dss+A3Duys. (B.6c)

"The identities (B.3) and (B.4) are the straightforward extensions for n > 2 of the identities (A.15) and
(A.16) of [41] respectively.
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iy}
n=1 8 v2m?
n =2 —256 /272 log 2
n=3 dgii
n=4 10240 v/2 72 10g32 — 1056 /2 72 (3 — 8 log 2 dé‘?’i
n="5 ~26624 27 log*2 + 3840 V2 72 log 2 G5 + 16 log?2 dY)
n—6 —6912 V272 log?2 G + 2430 V272 (s + 3 (3 )
n="7| —27648 v27? log®2 (3 + 2592 /2 72 (2 + 8640 v/2 72 log 2 (5 + 12 log 2 (3 dé‘?’i

Table 1. The first seven coefficients d(;z in the strong-coupling expansion of D 4.

To begin with, we use these relations to determine Dg 4 that is the unknown element at
level 6. It is straightforward to obtain

dods _ (dzda) (dz )
% dydy dg dy
_ (2Dg22+ A9:D22) (V6 D24 4 2v/3 D3 3) (B.7)
2v/2D32 +3Da 4 + A9\Day ' '

V6Dgs = dads = dad

This is a nontrivial relation between D22 and D33, which are known, and Do 4, which is
unknown. With elementary manipulations we can recast (B.7) in the following form

A0\D2 o

/\6,\D272
D2 o '

D24 + A0\D24 — D2 4 Dy s

= 2\/5 D373 — 2\/§ D2,2 + \@D3,3

(B.8)

If we write

d(n) d(l) dég) d(3)

24 724 4 24 4 ..
Day ~ Z)\néu = +)\3/2+ 2 + , (B.9)

and insert this expansion in (B.8), we find a system of linear equations for the coefficients
cgf). Solving the first equations of this system yields

dy) =8v2r?,  dy)=—256v2r%log?2. (B.10)

The leading coefficient dé}i agrees of course with the result in (4.1), while d@; is a new result.

It is not difficult to realize that at order 1/A\? the equation (B.8) can be identically satisfied
(3)

for any choice of dy j which is therefore left undetermined. On the contrary, at higher orders
one always finds consistency relations that fix all coefficients dgfi with n > 4 in terms of
dg’i. In table 1 we provide the explicit expressions of these coefficients up to n = 7.

Let us move to the next level and consider D4 4. Also in this case we can find a relation

that allows us to determine the expansion of D44 in terms of those that we already know
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from the previous analysis. Indeed, using the identities (B.6) in analogy with (B.7), we have

dsd dody) (dgd
V6Dgs = dyds = dads 4ds _ (dadg)(dzds)
dydy dydy

_ (2v2Da; +3Dg4 + A0xD2y4) (V6 Doy +2v/3D33) (B.11)
4\/§ D274 + 4 D474 + )\8)\D4,4 ' ‘

In this relation everything is known except D4 4. To find its strong-coupling expansion we
proceed as before and write

(
4,4 4,4 4,4 4,4
D ~ ) — ) )
44 A—00 712::1)\"7“ A + A3/2 + A2

SR (B.12)

(n)

Inserting this expansion in (B.11), one can determine the coefficients d; ;. Notice that since

D44 appears in (B.11) only in the combination (4Dy4 + A9xDa4), the coefficient dfﬁ of the
term 1/A* cannot be fixed. One may think that in this way another ambiguity appears
beside the one already observed for déf’i and that the number of free parameters grows
in an uncontrollable way. However, this is not the case since there exists an independent
relation that allows us to fix dgi. Indeed, from (3.20) we see that Dy 4 is related to Dao
and Dy 4 through the ration R4, whose expansion is known. One can therefore check that

the expansions (B.2a), (B.9) and (B.12) are consistent with that of Ry if and only if

d{) = 6473 (176128 log®2 — 5376010g>2 (3 + 1755 log 2 G5 + 3591 ¢3)
21og?2
2

— 64v/2 log 2 (10410g®2 — 15 (3) ¢} + (d$)?. (B.13)

In this way all coefficients df&), including dgi, are fully determined in terms of those

appearing at the previous levels, and the only free parameter remains déi)l. In table 2 we

provide the explicit expression of the first few coefficients dz(&) obtained in this way.

Let us now consider the next entry at level 8, namely D3 5. Its strong-coupling expansion

(B.14)

can be fully determined using the following relation

dyd dads) (dsd
\/6D2,2:d2d3:d2d3 4 5 _ ( 2 5)( 3 4)
d4d5 d4d5

(V10D22 +2v/5D24) (V6 D2 g +2v/3 D3 3)
_ : (B.15)
2v/3D35 + V10D24 + 2v/5D44

Since here no A-derivatives of D35 appear, all coefficients dgng can be fixed without intro-

ducing any new free parameter. The first few of such coefficients are listed in table 3.
The last entry at level 8 is Do g. As before, also in this case we can find a nontrivial
relation among the Dy ¢ already determined which allows us to fix the coefficients of the
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4,4
n=1 64 72
n= —2048 7% log 2
n= 20480 72 log®2 + 2 V2 dj )
n = 65536 72 1og®2 + 76872 (3 — 64 /2 log 2dS)
n= 360448 72 log*2 + 58368 72 log 2 (3 + (d5)2/ (8 72)

—3276800 72 log®2 4 724992 72 log?2 (3 — 66960 w2 (5

n=6 @) 3) @)
+2560 V2 log®2dy) — 264 V2 (3dyy —log 2 (dyy)?/m*
. 11272192 7% 1og®2 — 3440640 72 log32 (3 + 112320 72 log 2 (5 + 229824 72 (2
n =

6656 v/2log*2d5) + 960 v2log 2 3 dS) + 210g2 (d))? /2

Table 2. The first seven coefficients dfﬁf in the strong-coupling expansion of Dy 4.

a3
n=1 8 /15 72
n=2 —384 /15 12 log 2
n=3 1280 /15 72 log?2 + v/30 )
n=4 30720 V15 7% log®2 — 3120 V1572 3 — 16v/30 log 2.d5’)
n=>5 —276480 /15 7% log*2 + 31680 /15 72 log 2 (3 + 96 v/30 log?2 dy )

851968 v/15 w2 10g®2 — 238080 /15 72 log?2 (3 + 27405 v/15 w2 (5

n=6 ®) 3)
— 256 v/30 log®2dy’y + 30 V30 (3 dy 4
. — 917504 /15 72 10g%2 + 645120 v/15 72 log?2 (3 — 86940 /15 72 log 2 (5
n =

— 34380 V15 7% ¢3 + 256 v/30 log*2d5) — 120 v/30 log 2G5 )

Table 3. The first seven coefficients dg’g in the strong-coupling expansion of D3 5.

strong-coupling expansion of D2 g. However, the coefficient dggg
relation and thus a new free parameter beside dgz

is left unconstrained by this
appears at this stage.

This constructive procedure can be iterated at the next level where, using relations of
the type (B.7) and (B.11) combined with the 2-point functions (3.19), one finds that the
strong-coupling expansions of D55, D4 and D37 are fully determined by the expansions

of Dy, at the previous levels, while the one of Dyg depends on a new free parameter,

namely the coefficient dgg which remains unconstrained. We have explicitly verified that

this structure replicates at the next levels and that, in general, the coefficients of the type

2n—1
dé,Qn )

we have described above is schematically represented in figure 2 where the arrows indicate

are free parameters in the strong-coupling expansions. The recursive procedure that

the sequence of steps that one has to take in order to progressively reconstruct Dy, , starting
from the initial information contained in D22 and D3 3.
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D22
D33 D2y
Dya Dss Do
/
Ds 5 Dys D37 Dog
Des = Dex Das Ds.o D210

Figure 2. The sequence of steps that allow us to deduce the strong coupling expansions of Dy, ,
starting from those of D3 o and D3 3 that are obtained using the results of [23] and are given in (B.2).
In blue we have indicated the entries that can be completely determined using the information
obtained in the preceding steps of the procedure, while in red we have indicated the elements that
at each level introduce a new free parameter.

A few observations are in order. Firstly, we observe that differently from the expansions
of the 2- and 3-point functions and of the structure constants presented in the main text,
in the expansions of Dy » one can not resum the log 2 factors and exhibit the result as a
series in inverse powers of the shifted coupling X' defined in (4.6). Secondly, the coefficient
d:(;’g has been obtained in [42] with a numerical approach (see eq. (3.25) of [42] for k =1
and ¢ = 2). If we match this result with our findings (see the n = 3 entry of table 3) we

can fix the free parameter dgi)l and get

d) = 64v2 72 (n + 3210g%2) . (B.16)

Using this expression, all coefficients of 1/A? in the expansion of Dy ¢ are fully determined
and the ones of Day41,2m+1 match those of [42].

The above results can be used to obtain the strong-coupling expansion of the 3-point
functions in a different way than discussed in section 6. In fact, as explained in [41], it is
always possible to write a 3-point function as a combination Dy ¢ and their A-derivatives.
For example one has

1 1 Do
Gu, 17, = 9224 {Dzz + 7 Do4 + 7 YN <D2 2) D2,2] (B.17)

Therefore, using (B.2a) and the expansion of Dy 4 obtained with the recursive procedure,
one finds

1272 /N
GU%TQ,@ =Go24 DU ()\)

Njw

51(3  4455(;  1539(3 1
l:l + 2\ 3/2 o 392)\/5/2 B \E +0 <>\17/2):| s (B18)
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which agrees with (6.5) for £ = ¢ = 2 and p = 4. Notice that all dependence on the free
parameter dgi)l that is present in the expansion of D34 drops out in the 3-point function.
This is so because in (B.17) the terms which involve Dy 4 and could bring a dependence on
déﬁ, are proportional to

)\8,\ D272

D24 4+ A0\D24 — Doy D
2,2

(B.19)

However, this is precisely the combination appearing in the left-hand-side of the identity (B.8)
which expresses it in terms of D22 and D3 3. This explains why the free parameter dgj’i does
not appear in the final result (B.18).

We have computed in this way several 3-point functions. Of course the calculations
become increasingly more involved when the conformal dimensions of the operator become
large, but in all case we have examined we have always found that the undetermined

(2n—1)
2,2n

and that the results are in full agreement with those found with the more economic approach

parameters d that appear in the expansions of Dy, o always cancel in the final expressions
discussed in the main text. This agreement can be seen also a check on the validity of the
recursive procedure we have illustrated in this appendix.
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