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Abstract
Gravitoelectromagnetic analogies are somewhat ubiquitous inGeneral Relativity, and they are often
used to explain peculiar effects of Einstein’s theory of gravity in terms of familiar results from classical
electromagnetism. Perhaps, the best known of these analogy pertains to the similarity between the
equations of electromagnetism and those of the linearized theory ofGeneral Relativity. But the analogy
is somewhat deeper and ultimately rooted in the splitting of spacetime, which is preliminary to the
definition of themeasurement process inGeneral Relativity. In this paper we review the various
approaches that lead to the introduction of amagnetic-like part of the gravitational interaction, briefly
called gravitomagnetic and, then, we provide a survey of the recent developments both from the
theoretical and experimental viewpoints.

1. Introduction

The close similarity betweenNewton’s andCoulomb’s laws prompted to investigate further analogies between
electromagnetism and gravitation: as reported byMcDonald [1],Maxwell himself considered the possibility that
gravity could be described by a vector field, but hewas puzzled by the (negative) sign of the energy of static
gravitational configurations. A further stepwas theMaxwellian-like theory of gravity formulated byO.
Heaviside [2], which has recently received interest for pedagogical purposes [3]: in this theory, themagnetic part
of the gravitational field originates frommass currents. This analogy obtained a natural formulation in the
framework of Relativity: in fact, sincewe know thatmagnetic interactions can be explained using electrostatics
and Special Relativity (SR), it is expected that if wewant to put toghetherNewtonian gravity and Lorentz
invariance, the presence of amagnetic-like component of the gravitational field or, for short, a gravitomagnetic
field, ismandatory. As reported by Pfister [4], before completingGeneral Relativity (GR), Einstein investigated
the existence of a gravitational analogue of electromagnetic induction [5, 6] and, in addition, he suggested the
presence of a Coriolis-like force inside a rotating sphericalmass shell, which provokes dragging effects on test
masses. Gravitomagnetic effects where subsequently investigated in the framework ofGR. In particular, it is
relevant to emphasise that the analogy between Einstein’s equations in theweak-field and slow-motion
approximation andMaxwell’s equationswas formulated for thefirst time byThirring [7, 8]. Afterwards,
Thirring calculated the dragging effects inside a rotatingmass shell and, in collaborationwith J. Lense, they
solved perturbatively the equation ofmotion of a test particle in the field of a rotatingmass, fromwhich the so-
called Lense-Thirring effect [9] originated (see Pfister [4] for a critical analysis of the content of these papers).
However, it was soon clear that these effects aremuch smaller than the leadingNewtonian gravitational ones,
which can be called gravitoelectric in the spirit of the analogy: indeed, in his letter to Thirring [10], Einstein
affirmed that these effects ‘remain far below any observable quantity’. This is a consequence of the fact that both
the speeds of the sources and that of the test particles (except formassless ones)must be compared to the speed of
light, so that the overall effect is very small whenwe are in linearisedGR; on the other hand,more favourable
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conditions can bemetwhen the gravitational field is strong, which happens for instance for pulsars, black holes
and other extreme astrophysical situations.

Nonetheless, since the very beginning of the space exploration era, proposals have beenmade to exploit
space technologies to test these effects: in fact, the conceptual design of the StanfordGravity Probe B (GPB)
missionwas proposed toNASA in 1961, but its launch took place only in 2004 and the final results were
published in 2011 [11]. In particular, the gravitomagnetic precession of the gyroscope axis wasmeasured byGPB
with 19%precision.More recently, Ciufolini [12] suggested to use laser-ranging tomeasure themodification of
the satellites orbits determined by the Earth rotation and obtained initial confirmation of the prevision of
Einstein’s theorywith 10%precision [13], with subsequent improvements [14]. A comprehensive analysis of the
attempt tomeasure the Lense-Thirring and related effects in the Solar System can be found in the reviewwritten
by Iorio et al [15].

The purpose of this paper is to examine the recent developments in the study of the gravitomagnetic effects
and in the search of observational tests. Actually, in the literature there are already several reviews and
monographs on this subject, whichwe refer to for a comprehensive discussion (see e.g. Pfister [16], Ciufolini and
Wheeler [17], Ruggiero andTartaglia [18],Mashhoon [19], Iorio [4]); as for us, wewill focus on thefindings and
proposals published during the last twenty years, with the aim to provide an up-to-date reference for all
researchers working in this field.We specify that we have limited ourselves to considering gravitomagnetic
effects inGR: there are, however, investigations also in gravitational theories that can be considered as
generalizations of Einstein’s theory. Just tomention few of them,we refer to the Lorentz-violating Standard-
Model Extension [20, 21], f (R) and scalar-tensor theories [22], non local gravity [23], Chern-Simons
gravitational theory [24].

The paper is organised as follows: in section 2we review the basic theoretical foundations of the
gravitomagnetic analogy, and its differentmeanings, then in section 3we resume recent theoretical progresses.
Afterwords, we focus on the various proposals aimed at themeasurements of gravitomagnetic effects:
historically, the first attempts weremade in the space around the Earth or in the Solar System, which is still a
lively scenario for these purposes, as we discuss in section 4. The continuous technological improvementsmade
it possibile to consider the feasibility of Earth-based experiments which are examined in section 5. The
exploration of deep space lends itself to analyse various astrophysical events that can be used to verify the
predictions ofGR and, in particular, for testing gravitomagnetic effects: this is the topic of section 6. Another
possibility is offered by analoguemodels, which arise in different contexts in physics: some of them,which are
relevant for gravitomagnetic effects, are discussed in section 7. The interplay between quantumphenomena and
GR is explored in section 8, while in section 9we review recent interpretations of gravitmagnetic effects in view
of theMach principle.

2. Basic theoretical framework

The term gravitomagnetism is probably due to Thorne [25], even though the analogywith electromagnetism
had already been used by Forward [26] to refer to a formalism useful to deal withGR ‘in experimentally realisable
conditions’, that is to saywhen the gravitational field is weak and the speeds aremuch smaller than speed of light:
actually, this is thewell known gravitoelectromagnetic (GEM) analogy between the linearised version ofGR and
electromagnetism, which is ultimately rooted in the ‘space plus time’ splitting of electromagnetism inflat
spacetime.

Actually, as keenly observed by Jantzen et al [27], gravitoelectromagnetism has ‘many faces’, since the
description ofGR effects in analogywith electromagnetism is somewhat ubiquitous.Here we briefly summarise
the relevant features of these analogies, and refer to theworks by Jantzen et al [27, 28], Lynden-Bell andNouri-
Zonoz [29], Bini and Jantzen [30], De Felice and Bini [31] for a thorough description of the approaches to
spacetime splitting and the related gravitoelectromagnetic formalisms, and to the papers byCosta andNatário
[32], Costa andNatário [33] for a comprehensive account of the various gravitelectromagnetic analogies. In
addition, the role of rotating observers is thoroughly discussed in themonograph edited byRizzi and
Ruggiero [34].

In particular, we broadly follow the presentation of Costa andNatário [33] to emphasize the different ‘levels’
of the analogywhich, starting from the potentials appearing in the spacetimemetric, involves thefields, i.e.
derivatives of themetric elements and, in the end, the tidal tensors, which aremade of the derivatives of the
fields.

Before starting, we believe that it is important to answer two important questions: why and towhat extent
gravitoelectromagnetism is useful? The power of analogies in science has been known since the time of Kepler,
whowrote:
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And I cherishmore than anything else the Analogies, mymost trustworthymasters. They know all the
secrets of Nature, and they ought to be least neglected inGeometry.

In our case, analogies are useful and fruitful because they allow to get a better intuition of what happens in the
4-dimensional geometry ofGR, with the possibility to understand new effects in terms of knownones: for
instance, the celebrated Lense-Thirring precession is analogous to the precession of amagnetic dipole in the
magnetic field [16]. On the other hand, it should be clear that there are nomotivations to believe that
gravitational interactions can be completely described in analogywith electromagnetism, since there are deep
differences between the two theories: indeed, as we are going to discuss, there are limitations in the analogies that
should be taken into account.

The plan of this short outlook on gravitoelectromagnetic analogies is as follows: in section 2.1we resume
some basic ideas of spacetime splitting, which enables to show that relativistic dynamics, once that a class of
observers has been defined, can be naturally described using a gravitoelectromagnetic analogy in full GR,
without approximation; to introduce the analogy, we use the Sagnac effect, which can be understood in terms of
the action of a gravitomagnetic potential on themotion of test particles (section 2.2). Thewell known
gravitoelectromagnetic analogy arising in linearizedGR (section 2.3) can be seen as a particular case of the full
theory approach , when a particular class of observers (those at rest at infinity) is considered. Eventually, in
section 2.4we focus on the gravitoelectromagnetic analogy that can be build using the components of the
curvature tensor.

2.1. Splitting spacetime
The idea to split spacetime into space plus time is fundamental inGR to get a better understanding, on the basis of
our 3-dimensional experience, of what happens in the 4-dimensional geometry. To do this, in a spacetime
manifold 4 we consider a congruenceΓ of timelike (future-oriented)worldlines that can be thought of as the
four-velocity field of a set of test observers filling the spacetime and performingmeasurements: in this sense, it is
possible to say thatΓ constitute the physical reference frame. It seems therefore worthwhile examining the
propertiers of the pair ,4 G( ) on geometrical grounds.

There are different approaches to spacetime splitting in the literature (see Jantzen et al [27, 28], Bini and
Jantzen [30], De Felice and Bini [31]); we use here Cattaneo’s approach [35], whichwe appreciate for its clarity
and physical-mathematical insight. In particular, our introduction toCattaneo’s splitting is largely taken from
the paperwritten byRizzi andRuggiero [36] (see also references therein).

Given a time-like congruenceΓ it is always possible to choose a systemof admissible coordinates so that the
lines x0= var coincidewith the lines ofΓ ; in this case, such coordinates are said to be adapted to the physical
frame defined by the congruenceΓ. In physical terms, the observers are at rest in this systemof coordinates. This
splitting approach allows to describe kinematics and dynamics inGR in ‘relative’ terms, in the very spirit of
Einsteinian approach, since they are expressed relatively to the reference frameΓ. Let us remark that the entire
approach can be applied aswell toflat spacetime, whenwe consider ametric adapted to a congruence of non
inertial observers.

Let γμ be the components of thefield of unit vectors tangent to theworld-lines of the congruenceΓ in
adapted coordinates, parameterized byλ. The spatial coordinates4 x i are constant along the lines ofΓ and

dx i= 0 along any line ofΓ; the same holds for the components i dx

d

i

g =
l
. The component γ0 directly comes from

the condition gμνγ
μγν=− 1:

g

1
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-

( )
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g g . 3i i i0
0g g g= =m

m ( )
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4
Latin indices run from1 to 3, and refer to space components, while Greek indices run from 0 to 3, and label spacetime components. The

signature of spacetime is (−1, 1, 1, 1).
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Themost general coordinates transformationwhich does not change the physical frame, i.e. the congruence
Γ, has the form:

x x x x x x

x x x x x

, , , ,

, , ,
5

i i

0 0 0 1 2 3

1 2 3

¢ = ¢
¢ = ¢

⎧
⎨⎩

( )
( )

( )

with the additional condition x x 00 0¶ ¢ ¶ > , which ensures that the change of time parameterization does not
modify the arrow of time. The coordinates transformation (5) is said to be internal to the physical frameΓ.

At each point p in spacetime, the tangent spaceTp can be split into the direct sumof two subspaces:Θp,
spanned by γα, the local time direction, andΣp, the 3-dimensional subspacewhich is orthogonal toΘp;Σp is
called local space platform. Accordingly, the tangent space can bewritten as the direct sum

T . 6p p p= Q Å S ( )

Let {eμ} be a basis ofTp. A vector v= vμeμä Tp can be projected ontoΘp andΣpusing the time projector

P 7g g- m nQ ( )

and the space projector

 P g 8g g g+mn mn m nS ( )

in the followingway:




v P v v

v P v v g v v v

,

.
9

g g
g g g g g

º -
º = + = +

m m m n
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m m mn
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mn m n
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S

⎧
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The subspacesΘp andΣp are defined by

v T v

v T g v

,

0 ,
10

p p

p p

lg l
g

Q º Î = " Î
S º Î =

m m m

m
mn

m n

⎧
⎨⎩

{ ∣ }
{ ∣ } ( )

The projectorsPΘ,PΣdefine themappings

P T P T: : . 11p p p pQ SQ S⟶ ⟶ ( )

From equation (9),∀vμä Tpwe have

v v v P v P v . 12= + = +m m m m mQ S¯ ( ) ( ) ( )

This defines the natural splitting of a vector vμ. The superscripts−,∼ denote respectively a time vector and a space
vector, ormore generally, a time tensorand a space tensor, since the above described procedure can be applied to
each tensor index.

To formulate the physical equations relative to the frameΓ, we need the transverse partial derivative defined
by

 . 130
0g g¶ ¶ + ¶m m m˜ ( )

By definition, it is a space vector: 00 0 0
0

0g g¶ = ¶ + ¶ =˜ , since γ0γ
0=− 1. Accordingly, this operator can be

used to define the transverse gradient: in fact for a generic scalar fieldj(x)we obtain:

P . 14j j¶ = ¶m mS( ) ˜ ( )

Themetric g and thefields

dx, , 150g g w g= ¶ =m
m m

m ( )

are basic geometrical quantities associated to the pair ,4 G( ) . Using differential operators we can generate first
order geometrical objects from thesefields

C d K g, 2 , , 160 0w w= - W = - =g g( ) ( ) ( ) 

where V is the Lie derivative with respect to the fieldV. These newobjects are respectively called the curvature
vector, the vortex tensor and theKilling tensor. Using the splitting procedure defined abovewe get

C C , 17=m m˜ ( )

C C , 18g gW = W + -mn mn m n n m˜ ( )

K K C C . 19g g= - -mn mn m n n m˜ ( )

Using the adapted coordinates as before, defined by the condition γ(x i)= 0where i= 1, 2, 3, wefind

C , 20g g= m
n

n m ( )
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  , 210
0 0

g
g
g

g
g

W = ¶ - ¶
~
mn m

n
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m
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⎛
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⎛
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K . 220
0g g= ¶~

mn mn ( )
Cm is the curvature vector

5 of the curve x0= var of the congruence.When this vector is null, the curve is geodesic.
If this is true for all curves of the congruenceΓ, the frame is freely falling (and the congruence is said to be
geodesic). W

~
mn is the space vortex tensor which gives the local angular velocity of the reference fluid.When this

tensor is null, the frame is said to be non rotating or time-orthogonal; for our purposes, it is relevant to point out
that this tensor is not null when g0i≠ 0. Actually, it is possible to show [37] that this tensor is simply related to
velocity of rotation of the particle of the congruence relative to a Fermi-Walker frame, which is the standard for a
non rotating frame inGR: consequently, when the vortex tensor is null, the coordinates are adapted to a non
rotating frame. Eventually, K

~
mn is the Born space tensor, which gives the deformation rate of the reference fluid.

This tensor provides the rate of deformation for the reference fluid:When this tensor equals zero, the frame is
described as ‘rigid’. Specifically, the Born tensor is zerowhen themetric components do not exhibit any time
dependence. The natural decomposition of the covariant vector field γ becomes

K C
1

2
. 23g g = W + -m n mn mn m n( ˜ ˜ ) ( )

Weneed some definitions to explain the relative formulation of kinematics and dynamics. To beginwith, let
us consider two infinitesimally close events in spacetime, whose coordinates are xα and xα+ dxα.We can
introduce the definitions of the standard relative time interval

dT
c

dx
1

, 24g= - m
m ( )

and the standard relative space element

d dx dx dx dx . 25ij
i j2s g g= ºab

a b ( )

These quantities are clearly reliant on the physical frame established by the vector field γμ(x) and establish
the temporal and spatial intervals as perceived by an observer within the congruence. Aswewill demonstrate,
they have a pivotal role in the standard relative formulation of a particle’s kinematics and dynamics in either an
inertial or gravitational field. By its very definition as indicated in equation (24), the standard relative time
interval is found to be an invariant within spacetime. It represents the projection of the vector dxμ along the
vector of the congruence γμ. By using equations (24) and (25) the spacetime invariant ds2 can bewritten in the
form

ds d c dT . 262 2 2 2s= - ( )

Now,we are in position to define and describe themotion as seen by the observers in the congruence: as
before, we follow the approach outlined by Rizzi andRuggiero [36]. A point particle P is at rest inΓ if its world-
line coincides with one of the lines of the congruence. On the contrary, when theworld-line ofP does not
coincidewith any of the lines ofΓ, the particle is said to be inmotion: in this case, since dx i≠ 0, we canwrite the
parametric equation of theworld-line ofP in terms of a parameterλ, xα= xα(λ). Let dP denote the infinitesimal
displacement of the particle P. It is either time-like or light-like and in both cases dT≠ 0, sowe can express the
world-coordinates of themoving particle using the standard relative time as a parameter: xα= xα(T).

The expression

v
dx

dT
=a

a

defines the relative 4-velocity of a particle inmotionwith respect to the physical frameΓ. Accordingly, we call
standard relative velocity its space projection

v P v
dx

dT

dx

dT
. 27i

i

g g= =b b ba

a

bS˜ ( ) ( )

Since v pÎ Sb , then v 00 = . The contravariant components of the standard relative velocity are

  
v

dx

dT
v

v
, 28i

i

i

i
0

0

g
g

= = - ( )

5
Where

C dx

ds

D

dx

D
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.g g

g g
=  = =m

n
n m

n m
n

m
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(because v 0g =a
a ). As a consequence, equation (27) can bewritten as

 v v . 29i ij
jg= ( )

The (space)normof the standard relative velocity is

     v v v v
d

dT
. 30ij

i j2
2

2
g

s
= =m

S ( )

For a photon, since ds2= 0, we get from equation (26) v c2 2= , which is the same result obtained SR: this is not
surprising, since locallyGR reduces to SR.Whenwe considermaterial particles, we can introduce the proper
time

d
c

ds
1

, 312
2

2t = - ( )

and, using equations (24) and (30)wemaywrite



dT

d

1

1
32

v

c

2

2

t
=

-
( )

Again, we notice that we obtain a result that is formally identical to the special relativistic one in terms of the
Lorentz factor



1

1 v

c

2

2-
, inwhich the relative velocity appears.

After introducing the quantities that enable to describe relative kinematics, we can pass to relative dynamics:
in otherwords, we need to formulate the geodesic equations in relative termsTo this end, let us consider the
connection coefficients, in the coordinates {xμ} adapted to the physical frame, G bg

a . The geodesic equations are
written as

dU

d
U U 0, 33

t
+ G =

a

bg
a b g ( )

in terms of the 4-velocity

U
dx

dt
=a

a

and the proper time τ. Letm0 be the propermass of the particle: then the energy-momentum 4-vector is

P m U m
dx

d
0 0

t
= =a a

a

Nowwewant to re-formulate the geodesic equations in their relative form, i.e. bymeans of the standard
relative quantities that we have introduced so far. To this end, let us define the standard relativemomentum

 p P P P m
dx

dT

dT

d
mv , 34i

i

0g g
t

= = =a a ab
b

a aS( ) ( )

wherewe introduced the standard relativemass




m
m

1
35

v

c

0

2

2-
( )

in formal analogywith SR. Since p pÎ Sa , then p 00 = . If we deal withmassless particles, we can proceed as
follows to formally define themomentum4-vector: consider, for instance, a ‘classical’, i.e. perfectly localized
monochromatic photon, we can set

m
dT

d

h

c
lim 36

m 0
0 2

0 t
n

=


⎛
⎝

⎞
⎠

( )

and obtain

P
h

c

dx

dT
37

2

n
=a

a
( )

where h is the Planck constant and, in terms of relative quantities, the relation that links thewavelength and the
frequency of the photon to the speed of light is cd

dT
ln = =s .

It is possible to show (see again, Rizzi andRuggiero [36] and references therein) that the space projection of
the geodesic equations can bewritten as

 Dp

dT
mG 38i

i=
ˆ

( )
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where D

dT

ˆ
is a suitably defined derivative operator. In otherwords, the variation of the spacemomentumvector is

determined by thefield Gi:

 G c C c v 39i i ij
j2= - + W

~ ( )

It is often useful to split thefield Gi into the sumof twofields G G,i i¢ 
~ ~

, defined as follows:



 

G c C c

G c v 40

i i i
i

i ij
j

2 2
0

0
0

0

g g
g
g

¢ - = - ¶ - ¶

 W
~

~

~

⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

˜

( )

Thefield G i¢
~

can be interpreted as a dragging field (c2Cα is the 4-acceleration aα of the particles of the reference

fluid) and thefield G i
~

can be interpreted as aCoriolis-like field.
The contravariant formof equation (38) (see also (39)) turns out to be:


 Dp

dT
mc C mc K v . 41

i
i

j
i

j
i j2= - + W -

~ ~ˆ
( ) ( )

The above description of relative dynamics holds true in full GR and it can be explained in terms of Gi which,

in turn, can be seen as the sumof the draggingfield G i¢
~

, related to the curvature of the congruence, and the

velocity dependent field G i
~

, related to vorticity of the congruence. It is relevant to point out that only the field Gi

is invariant with respect to the internal transformations (5). This formalism lends itself to introduce an analogy
with the electromagnetic dynamics: in other words, the velocity dependentfield can be interpreted as a
magnetic-like force, while the dragging term can be interpreted as an electric-like force, whence the
gravitoelectromagnetic analogy. In order to see how this can be done, in next sectionwe discuss the Sagnac effect
[38]which, as we are going to show, can be interpreted as the consequence of the action of a gravitomagnetic
potential, in analogywith thewell knownAharonov–Bohmeffect [39].

2.2. The Sagnac effect and the emerging gravitomagnetic analogy
Weare in position to see how it is possible to describe some known relativistic effects in spacetime, on the basis
of a gravitoelectromagnetic analogy deriving from the splitting approach described above. To this end, we
consider the line-element in the form

ds g c dt g cdtdx g dx dx2 , 42i
i

ij
i j2

00
2 2

0= + + ( )

andwe suppose that themetric elements do not depend on time. The abovemetric is quite general in its form
and, in particular, it said to be non time-orthogonal, because g0i≠ 0.We focus on the asymmetry in the
propagation times of two signals in the spacetime described by the line-element (42); this asymmetry is the so-
called Sagnac time delay, whichwe describe herewith extensive reference to the papers by Rizzi andRuggiero
[40], Rizzi andRuggiero [36], Ruggiero andTartaglia [41], Tartaglia andRuggiero [42].

Let us consider twomassive ormassless particles simultaneously emitted at a given location: they propagate
in opposite directions along the same path and reach the emission point at different times. It is possible to
demonstrate that for bothmassless particles andmassive particlesmoving at equal speeds in opposite directions,
the variation of their coordinate propagation time can be expressed as follows:

t
c

g dx

g c

g dx

g

2 2
. 43i

i
i

i
0

00

0

00

D = = -∮ ∮∣ ∣
( )

ℓ ℓ

For instance, let us suppose that spacetime is axially symmetric: accordingly, themetric (42) can bewritten in
adapted (cylindrical) coordinates in the form

ds g c dt g cdtd g dr g d g dz2 44rr zz
2

00
2 2

0
2 2 2j j= + + + +j jj ( )

In particular, the line element in a uniformly rotating frame of reference inflatMinkowski spacetime is written
in this form

ds
r

c
c dt

r

c
cdtd dr r d dz1 2 , 452

2 2

2
2 2

2
2 2 2 2w w

j j= - - + + + +⎜ ⎟⎛
⎝

⎞
⎠

( )

whereω is the constant rotation rate. From the abovemetric, it is possible to derive the classical effect that was
first pointed out by Sagnac and is now currently used in laser gyros [43]: in particular for a circular path of radius
Rwe get the following proper time difference
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R

c

R

c

4
1 46

2

2

2 2

2

1 2

t
p w w

D = -
-

⎜ ⎟⎛
⎝

⎞
⎠

( )

(see e.g. themonograph edited byRizzi andRuggiero [34]).
If we start from themetric (44), perform the (local) coordinates transformation tj j¢ = - W , and set, for

given r0, z0,
cg

g

0W = - j

jj
, then in the newmetric g 0t¢ =j and the observers at r= r0, z= z0 do not experience any

Sagnac effect. These observers are called ZeroAngularMomentumObservers (ZAMO), sowe see that they are
not rotatingwith respect to the local spacetime geometry: differently speaking, their vorticity (21) is zero. It is
easy to understandwhy they are called ZAMO: in fact, from themetric (44)we canwrite the Lagrangian

     g c t g ct g r g g z
1

2
2 , 47rr zz00

2 2
0

2 2 2j j= + + + +j jj( ) ( )

where dotmeans derivationwith respect to an affine parameterλ. The angularmomentum is given by


 p cg t g . 480j

j=
¶
¶

= +j j jj ( )

On setting d

dt
W = j , we see that when

cg

g

0W = - j

jj
the angularmomentum is null.

If themetric (44) is inertial (i.e.Minkowski) at infinity, we see that the observers at rest have a non zero
angularmomentum andmeasure a Sagnac effect; on the other hand, the ZAMOaremoving in themetric (44),
butmeasure no Sagnac effect. This the so-called frame-dragging, whichmeans that the ZAMOare dragged by
the spacetimemetric, and this effect depends on the non diagonal elements of themetric, hence on its vorticity
(see also the discussion in section 9).

The spacetimemetric (42) can bewritten, using the standard relative time element and the standard relative
space element in the form (26); in particular, wemaywrite

dT
c

dx
c

dx dx
c

g dx
g

g
dx

1 1 1
. 49i i i i

0
0

0
00

0 0

00

g g
g
g

= - = - + = - +a
a

⎜ ⎟⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( )

So, if we set

A c c
g

g
, 50i

G i i2

0

2 0

00

g
g

= = ( )

the Sagnac effect (43) can bewritten in the form

t
c

A dx
2

. 51i
G i

3
D = - ∮ ( )

ℓ

As a consequence, the Sagnac effect can be interpreted as a gravitomagnetic Aharonov–Bohm [44, 45] effect,
determined by the gravitomagnetic potentialAi

G. In addition, wemay formally introduce the gravitoelectric
potential

c . 52G 2 0f g= - ( )

The use of this terminology, can be justified considering the equation ofmotion (38). In fact, it is possible to
define the gravitomagnetic field6

 AB 53G
i

G
i ´

~( ˜ ) ( )

and the gravitoelectric field:

 E A . 54i
G

i G i
G

0f- -¶ - ¶ ~( ) ( )

Then, the equation ofmotion (38) can bewritten in the form

  v
B

Dp

dT
mE m

c
55i

i
G

G
i

0g= + ´⎛
⎝

⎞
⎠

ˆ ˜ ˜ ( )

which looks like the equation ofmotion of a particle acted upon by a generalized Lorentz force.
Consequently, a gravitoelectromagnetic analogy naturally emerges in full GRwhenwe are dealingwith a non

time-orthogonalmetric like (42). However, the greatmajority of experimental studies onGR is done inweak-
field conditions, i.e. when themagnitude of the gravitational field allows a linearization of the relevant equations:
this will be discussed in the next section.

6
Here and henceforth boldface symbols refer to space vectors.
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2.3. Gravitoelectromagnetic analogy in linearized general relativity
Einstein equations

G
G

c
T

8
. 56

4

p
=mn mn ( )

can be solved in theweak-field and slow-motion approximation: in this case the gravitational field can be
considered as a perturbation offlat spacetime, described by theMinkowski tensor ημν. Here and henceforth, we
closely follow the approach given byRuggiero [46] (see also references therein) to the solution of Einstein
equations in this approximation.

As a consequence, themetric tensor can bewritten in the form gμν= ημν+ hμν, where hμν is a perturbation:
|hμν|= |ημν|. If we introduce h h h1

2
h= -mn mn mn

¯ , where h h= m
m and perform a linear approximation,

Einstein equations (56) become (see e.g. Straumann [47])

h h h h
G

c
T

16
. 57

,
, , 4

h
p

- - + + =mn mn ab
ab

ma n
a

na m
a

mn¯ ¯ ¯ ¯ ( )

The gauge freedom can be exploited setting theHilbert gauge condition

h 0. 58, =n
mn¯ ( )

Then, from (57)we get

h
G

c
T

16
. 59

4

p
= -mn mn¯ ( )

We remark that condition (58) can always bemet through a gauge transformation. In fact, the Einstein equations
remain invariant under infinitesimal transformations of this kind:

h h , 60, ,x x + +mn mn m n n m ( )

which, in terms of hmn¯ becomes

h h . 61, , ,x x h x + + -mn mn m n n m mn a
a¯ ¯ ( )

As a consequence, when h 0, ¹n
mn¯ , wemay choose ξμ to be a solution of h ,x = -m

n
mn¯ .

Equations (59) exhibit amanifest resemblance toMaxwell’s equations for the electromagnetic four-
potential. Consequently, they can be approached in a similarmanner. Specifically, by disregarding the solution
to the homogeneouswave equation, the general solution can be expressed using the concept of retarded
potentials:

h
G

c

T ct
x

x x x

x x

4 ,
d , 62

V4
3ò=

- - ¢ ¢

- ¢
¢mn

mn¯ ( ∣ ∣ )
∣ ∣

( )

In the above equation integration is extended to the volumeV, containing the source. The components of the
energy-momentum tensors are defined asT00= ρc2 andT cji i0 = , in terms of themass density ρ andmass

current j i of the source; as a consequence, j c j c j, ,
g
ir r= =m ( ) ( ) is themass-current four vector of the source.

In linear approximation,T 0, =n
mn , sowe obtain the continuity equation

t
j 0. 63

r ¶
¶

+ =· ( )

Tofix ideas, let us assume that the source consists of afinite distribution of slowlymovingmatter, with velocity v
such that |v|= c; consequently, we obtain thatTij; ρvivj+ pδij, where p is the pressure. In particular, from
equation (62)we see that h O cij

4= -¯ ( ): as a result, in this linear approach, wemay neglect in themetric tensor
terms that areO(c−4).

In summary, the solution of equation (62) can bewritten in the form

h
G

c

ct
x

x x x

x x

4 ,
d , 64

V
00 2

3ò
r

=
- - ¢ ¢

- ¢
¢¯ ( ∣ ∣ )

∣ ∣
( )

h
G

c

j ct
x

x x x

x x

4 ,
d . 65i

V

i

0 3
3ò= -

- - ¢ ¢
- ¢

¢¯ ( ∣ ∣ )
∣ ∣

( )

The other components of hmn¯ are zero at the given approximation level.
If we exploit the alreadymentioned analogywith electromagnetism, wemay introduce the

gravitoelectromagnetic potentials: namely, the gravitoelectricΦ and gravitomagnetic A i potentials, defined by

h
c

h
A

c
4 , 2 , 66i

i
00 2 0 2

F
= -¯ ¯ ( )
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Taking into account equations (64) and (65), their expressions turn out to be

G
ct

x
x x x

x x

,
d , 67

V

3ò
r

F =
- - ¢ ¢

- ¢
¢

( ∣ ∣ )
∣ ∣

( )

A
G

c

j ct
x

x x x

x x

2 ,
d . 68i

V

i
3ò=

- - ¢ ¢
- ¢

¢
( ∣ ∣ )

∣ ∣
( )

In the end, the spacetimemetric that characterizes the solutions of Einstein’s equation in theweak-field
approximation takes on the following form:

s c
c

t
c

A x t
c

x xd 1 2 d
4

d d 1 2 d d . 69i
i

ij
i j2 2

2
2

2
d= - -

F
- + +

F⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

( )

It is useful to see the link between this linear gravitoelectromagnetic analogy and the one described before

and valid in full theory. In the abovemetric, theweak-field approximationmeans that  1
c2

F ,  1A

c
i

2 . In

particular, we have
c

g1

22
00=F +
and A

c

g

2
i i

2
0= - . Now, if we consider the definition (52), in theweak-field

approximation, we have

c c
g

c
1 1

1 2
70G

c

2 0 2

00

2

2

f g= - = -
-

= -
-

F
F

( )

Similarly, we have

A c c
g

g
c g A2 71i

G i i
i i

2

0

2 0

00

2
0

g
g

= = - = ( )

As a consequence, apart from a 2 factor in the definition of gravitomagnetic effects, we obtain a correspondence
between the two definitions.

Let us focus on how this analogy translates into the expression of the geodesic equations. Let us start from the
line element (69) and calculate the geodesic equations up to linear order inβ= v/c. From

x x xd

d

d

d

d

d
0, 72

2

2t t t
+ G =

m

ab
m

a b
( )

we obtain for the space components [32, 48]:

v

t x

A

c t c t
B

d

d
2 2 3 . 73

i

i i
i ib b=

¶F
¶

- ´ +
¶
¶

-
¶F
¶

( ) ( )

Then, if we define the gravitoelectromagnetic fields as

c t
B A E

A
,

2
, 74 =  = - F -

¶
¶

( )

the above equation (73) becomes

v

t
E

c t
B

d

d
2 3 . 75

i
i

i
ib b= - - ´ -
¶F
¶

( ) ( )

Accordingly, it is not warranted that the geodesic equations take a Lorentz-like form, due to the presence of the
last term in equation (75), if themetric elements are time-depending [46]: this can be also seen from
equation (41), where an additional term appears, depending on the Born tensor, which is not null for time-
dependingmetrics. If no time-dependency is present, we have a Lorentz-like equation in the form

v

t
E B

d

d
2 . 76

i
i

ib= - - ´( ) ( )

In addition, starting from equation (59), it is possible to show [17, 18] that Einstein’s equation can be
formally written in analogy toMaxwell’s equations for the gravitoelectromagnetic fields. However, as discussed
byCosta andNatário [48], Ruggiero [32], Bini et al [46], when themetric is time-depending, it is not possible to
obtain a one-to-one gravitoelectromagnetic analogy both for the geodesic equations and thefield equations,
since, in any case, non-Maxwellian terms appear (see also Bakopoulos andKanti [49],Williams and Inan [50]).

Another limitation of this linear analogy is that there are no gravitoelectromagnetic waves: differently
speaking, there is not a propagation of themetric components h0i and h00; in fact, the gauge condition (58)
implies that h0α= 0 in the transverse and traceless (TT) frame (see e.g. Hobson et al [51], Chapter 18); hence, it
becomes impossible to represent gravitoelectromagnetic waveswithin the TT frame, implying their
nonexistence in any frame. This is becausewe can consistently cancel a stationary, uniform gravitational
potentialΦ and a gravitomagnetic vector potentialAi through a suitable coordinate transformation to a locally
inertial frame.
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Themetric (69) is expressed in coordinates that are adapted to observers at rest at infinity: as we have seen,
the gravitomagnetic effects derive frommass currents. Tofix ideas, in the case of a localised sourcewhose center
ofmass is at rest with respect to these observers, the gravitomagnetic potential is related to the angular
momentumof the source. In particular, we get

GM

r
A

G

c r

J x
, 77i

i
3

F = =
( ) ( )

where r= |x|, in terms of themassM and angularmomentum J of the source [17, 18]. On the other hand, aswe
have seen in section 2.2, gravitomagnetic effects arise also because of the rotation of the observers. To
summarize, both themotion of the observers and that of the sourcesmight contribute to the definition of the
gravitomagnetic effects: a non null vortex tensor, in fact, is generally related to the rotation of the reference frame
(see section 2.1).

2.4. Gravitoelectromagnetic analogy from the curvature tensor
We showed in the previous sections how to build a gravitoelectromagnetic analogy: in full GR this is possible
using a splitting approach for a given congruence of observers; this approach reduces to the
gravitoelectromagnetic formalism of linerizedGR,whenwe consider inertial observers around a rotating
localized source.Here, we focus on the gravitoelectromagnetic analogy that can be build using the components
of the curvature tensor: in particular, wewill show that, under suitable hypotheses, the geodesic equations take
the Lorentz-like formwhenwe use Fermi coordinates. The formulation of the spacetime element in Fermi
coordinates depends on both the characteristics of the reference frame, such as the acceleration and rotation of
the congruence, and the spacetime curvature, as influenced by the Riemann curvature tensor. Our focus is on the
impacts of the curvature tensor, leading us to examine a geodesic and non-rotating frame.Nevertheless, it is
important to note that, in general, therewill be contributions stemming from theworld-line acceleration and
the tetrad rotation. (see e.g. Ruggiero andOrtolan [52]). The approach to gravitoelectromagnetism in Fermi
coordinates which are describing here is largely taken fromRuggiero [53] (see also references therein).

If we use Fermi coordinates (cT,X,Y,Z), up to quadratic displacements |X i| from the referenceworld-line,
the line element turns out to be (see e.g.Manasse andMisner [54],Misner et al [55])

ds R X X c dT R X X cdTdX R X X dX dX1
4

3

1

3
. 78i j

i j
jik

j k i
ij ikjl

k l i j2
0 0

2 2
0 d= - + - + -⎛

⎝
⎞
⎠

( ) ( )

Here,Rαβγδ(T) is the projection of the Riemann curvature tensor on the orthonormal tetrad e ta
m ( )( ) of the

reference observer, parameterized by the proper time7 τ:
R T R R e e e et t t t t= =abgd abgd mnrs a

m
b
n

g
r

d
s( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) and it is evaluated along the reference geodesic,

whereT= τ andX= 0. If we set

c

g

c

g A

c

g1

2 2 2
,

ij ij ij i i
2

00
2 2

0
dF

=
+ Y

=
-

= -

the spacetimemetric (78) turns out to be

s c
c

T
c

A X T
c

X Xd 1 2 d
4

d d 2 d d , 79i
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2
d= - -
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⎝

⎞
⎠
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with the following definitions

T X
c

R T X X,
2

, 80i
i j

i j
2

0 0F = -( ) ( ) ( )

A T X
c

R T X X,
3

, 81i
i

jik
j k

2

0=( ) ( ) ( )

T X
c

R T X X,
6

, 82ij
i

ikjl
k l

2

Y = -( ) ( ) ( )

whereΦ andAi are, respectively, the gravitoelectric and gravitomagnetic potential, andΨij is the perturbation of
the spatialmetric.We point out that the line element (79) is a perturbation offlatMinkowski spacetime, that is to

say  1
c2

F∣ ∣ ,  1
c

ij

2

Y∣ ∣ ,  1A

c
i

2∣ ∣ .

We see that even though themetric elements have a differentmeaning, the formof the spacetime interval in
equation (79) is quite similar to equation (69): accordingly, the same consequences can be drawn for the geodesic

equations, whichwewrite up to linear order inβ=V/c, whereV i X

T

d

d

i

= .We define the gravitomagnetic field

7
In e a

m
( ) tetrad indices like (α) are within parentheses, whileμ is a background spacetime index; however, for the sake of simplicity, we drop

here and henceforth parentheses to refer to tetrad indices, which are the only ones used.
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B A, 83=  ( )

or, in terms of the curvature tensor

B T
c

R T XR,
2

. 84i ijk l
jk l

2

0= -( ) ( ) ( )

Accordingly, the space components of the geodesic equations are

X

T X

A

c T c T c T
B

d

d
2 2 2 . 85

i

i i
i j ij i

2

2
b b b=

¶F
¶
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¶
¶

-
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¶
-

¶F
¶
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In addition, exploiting once again the analogywith electromagnetism, we define the gravitoelectric field

c T
E

A2
, 86= - F -

¶
¶

( )

where, in terms of the curvature tensor, we have

E c R T X , 87i i j
j2

0 0= ( ) ( )

In summary, equation (85) becomes

X

T
E

c

V

c c T

V

c c T

V
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d

d
2 2 . 88

i
i

i j
ij

i2

2
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¶
-

¶F
¶

⎛
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⎞
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( )

Let us examine themeaning of equation (88) and relevance of the various terms First of all, it is important to
stress that this equation defines themotion of a testmasswith respect to the reference observer. Consequently,
all quantities involved are relative to the reference observer at the origin of the frame. In addition, the geodesic
equations do not take a Lorentz-like form if the fields are not static, due to the presence of the last termswhich
contain time-derivatives [46]. However, both terms—according to the definitions (80) and (82) - are quadratic
in the displacements from the reference world-line. So, even if the fields are time-depending (such as in the case
of a gravitational wave)we obtain the Lorentz-like force

T c

X
E

V
B

d

d
2 , 89

2

2
= - - ´⎛

⎝
⎞
⎠

( )

if we confine ourselves to linear displacements from the reference world-line. In particular, in this case the
gravitoelectric field turns out to be

E . 90= - F ( )

We see that a gravitoelectromagnetic analogy for the force equation holds true only if suitable hypotheses are
assumed.

2.5. Summary
Whatwe have shown in the previous sections is the possibility to describe gravitational dynamics in analogywith
electromagnetism: in all cases, the dynamics of free particles is formally described by Lorentz-like equations (55),
(76), (89), when suitable hypotheses are taken into account. The similarity withMaxwell’s theory, then, allows to
explain and investigate gravitational effects in terms of known electromagnetic ones, according to the reasonable
principle for which similar equations lead to similar solutions. The presence of gravitomagnetic effects has no
counterparts inNewtonian gravity and it is relevant not only from an experimental or observational point of
view but, also, for fundamental reasons. For instance, the gravitational Larmor theorem [56] completes
Einstein’s formulation of the principle of equivalence, which can be rephrased in terms of the equivalence
between the translational acceleration of the Einstein elevator and theNewtonian (i.e. gravitoelctric)field:
however, a rotation of the elevator is needed to take into account the existence of the gravitomagnetic field.

The framework described so far is sufficient to encompass different approaches to the study of
gravitomagnetic effects, both from a theoretical and experimental viewpoints.We refer to previous reviewworks
for amore detailed description of themathematical and physical aspects of this formalism [16–18,
27, 28, 30, 32, 33].

3.Other theoretical developments

In the previous sections we have described the basic features of the gravitoelectromagnetic analogies; these
theoretical foundations are the bases onwhich further progresses have beenmade, in different contexts, for the
purpose to verify gravitomagnetic effects in experiments or observations.

The discovery of thefirst double pulsar [57]was an unprecedented opportunity to test GR effects;more
generally speaking, pulsar astrophysics is an exciting laboratory to test relativistic gravity and, also,
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gravitomagnetic effects [58, 59]. In these systemswemay evaluate the effect of the interaction of the spins of the
sources and the orbital angularmomentum: in particularO’Connell [60] focused on the possibility tomeasure
spin-orbit effects in binary systems, whichmay produce not only a correction to the advance of periastron, but
also a precession of the orbit about the spin direction. Surveys on general-relativistic spin effects in binary
systems can be found in [61, 62]. Binary systems are relevant for gravitational waves physics: in this context
Kaplan et al [63] showed that theMaxwell-like formalism can be useful to get physical insights into the
numerical-relativity simulations of compact objects.

The analogywith electromagnetism can be applied to time-varying gravitomagnetic fields, as discussed by
Mashhoon [64], who considered a linear temporal variation of the vector potential and analyzed its possible
impact on some experimental tests, such as the gyroscope precession. Actually, it is possible to develop the
analogy in order to introduce a gravitational induction law [48]which, for instance, can be used to understand
higher order corrections in the interaction of a plane gravitational wavewith a detector [53].

Costa et al [65] showed that the gravitomagnetic features can be used to distinguish (in theWeyl class of
solutions describing the gravitational field of infinite cylinders) between the case of a static solution (the so-
called Levi-Civita solution) and the one accounting for a rotating cylinder: in particular, in the latter case, a
gravitomagnetic vector potential that cannot be eliminated by a global coordinate transformation is present.
Herrera et al [66], Herrera [67] analysed the vorticity of the congruence of the observers world lines which, as we
have seen above, is responsible for the dragging of inertial frames; their findings show that vorticity is related to
the presence of a circular flowof super energy in the plane orthogonal to the vorticity vector, and this happens in
stationary vacuum spacetimes and also in general Bondi-Sachs radiative ones.

The clock effect is another gravitomagnetic effect which refers to the difference in the proper time
measurements of two clocks (freely) orbiting in opposite directions around a rotating source, and it was initially
studied byCohen andMashhoon [68]. Lichtenegger et al [69] explained it in analogywith electromagnetism.
Generalisations of this effect were discussed byHackmann and Lämmerzahl [70], with possible applications to
theGPS and geostationary satellites.

Aswe have seen in section 2.4, it is possible to obtain a gravitoelectromagnetic analogy based on the
curvature tensor: a visualization tecnique of the electric-like andmagnetic-like properties of the curvature tensor
was developed byOwen et al [71], Nichols et al [72], Zhang et al [73], Nichols et al [74], with the aim to better
understand the dynamics of compact objectsmerging.

Mashhoon [75] investigated the Stern–Gerlach force in a gravitomagnetic framework, in connectionwith
spin-gravity coupling, and showed that it reduces toMathisson’s spin-curvature force. The dynamics of
spinning particles in spacetime and the analogies with electromagnetismwere investigated byCosta et al [76],
and the case of the spacetime of a gravitational wavewas considered by Bini et al [77]. A Stern–Gerlach force,
togetherwith a Faraday rotation, naturally arises inmagnetizedKerr andReissner-Nordström spacetimes [78],
and thismight have consequences in understanding the impact of bothmagnetic and gravitomagnetic fields on
the propagation of electromagnetic signals in the strong field of compact objects.Magnetic helicity is related to
the twist and braiding of themagnetic field lines: Bini et al [79] discussed gravitomagnetic helicity, both in the
linear and spacetime curvature approaches to gravitoelectromagnetism.

The interplay between gravitational and electromagnetic field and its implications on gravitomagnetic
effects was investigated by different authors. For instance, Ahmedov andRakhmatov [80] considered the
possibility that the interaction of the gravitomagnetic fieldwith the electric field could lead to new
measurements strategies. In [81] the interaction of theKerr-Taub-NUT spacetimewith amagnetic field is
investigated. The relation between the vorticity tensor and the electromagnetic Poynting vector was studied by
Herrera et al [82], to understand its role in producing gravitomagnetic effects, while in [83] the production of
vorticity by electromagnetic radiation is focused on. The possibility that the Lense-Thirring effect could be
produced by the simultaneous presence of electric andmagnetic fields was studied byGutiérrez-Ruiz and
Pachón [84]. Eventually, gravitoelectromagnetic resonances were investigated by Tsagas [85] and the interaction
betweenmagnetic fields and gravitational waves, with emphasis on the gravitomagnetic effects, was studied by
Tsagas [86].

There are analyses of gravitomagnetic effects in cosmology: they naturally arise in the so-called post-
Friedmann formalism, which is an approach to the perturbation of the Friedmann-Lemaitre-Robertson-Walker
(FLRW) spacetime [87–90]. Instead, FLRWuniverses were studiedwith a gravitoelectromagnetic formalism in
regions that are small if comparedwith theHubble scale by Faraoni et al [91]. From a historical perspective, it is
important tomention the rotating cosmologicalmodels of Kurt Gödel [92, 93].

A gravitomagnetic origin of friction for black-hole dynamics was investigated byCashen et al [94], while
Gutiérrez-Ruiz et al [95] focused on the possible impact of frame-dragging on chaotic dynamics of test particles
around a family of stationary axially-symmetric solutions of Einstein’s equation coupledwith electromagnetic
fields. TheAharonov–Bohmeffect for the gravitational field of rotating cosmic stringwas studied by Barros et al
[96].
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4. Solar system tests

From ahistorical point of view, thefirst attempts were aimed at themeasurements of the effects of the terrestrial
gravitomagnetic field; in this case, amajor difficulty is the coexistence, in Earth-based laboratories, of the
Coriolisfield due to the diurnal rotation, which ismuch greater than the terrestrial gravitomagnetic field but has
a quite similar behaviour. Consequently, researchers turned their interest towards the space around the Earth
first (where theCoriolis field is not present) and, then, in the Solar System.

A prototypical case is the alreadymentionedGPBmission, whose basic concept stemmed fromSchiff’s
seminal paper [97] (even though the ideawas independently considered by Pugh [98]), where it was shown that a
gyroscope orbiting around the Earth undergoes a geodetic precession, due to itsmotion in curved spacetime,
and a gravitomagnetic precession, entirely determined by the rotation of the Earth. The spacemissionwas
proposed at the beginning of the 60ʼs, and launched in 2004with the aim, in particular, tomeasure the
gravitomagnetic precession to a precision of 1%. Actually, the gyroscope undergoes a precession
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as determined by the Earth’s angularmomentum J, where r is its position vector with respect to the center of the
Earth; in the case of theGPBmission orbit, the integrated effect from (91) corresponds to 39mas/year.However,
due to experimental problems (electrostatic patches caused by the non-uniform coating of the gyroscopes), the
effective accuracywas of 19%only (0.28% for the geodetic precession), in any case in agreementwith the
predictions ofGR [11].

Another approach to themeasurement of the gravitomagnetic field of the Earth is the analysis of the orbits of
satellites performed by laser-ranging. Actually, the line of the nodes of a test particle orbiting around a source of
gravitational field is dragged by the angularmomentumof the central body; however, for satellites around the
Earth, this effect ismuch smaller than the one deriving from the non sphericity of the Earth. Ciufolini [12]
originally suggested to use a couple of satellites, with supplementary inclinations, in order to get rid of the
leading non relativistic effects. A detailed account account of the first approaches to this kind ofmeasurements
was given byCiufolini [99]. Later results claimed for a confirmation of theGRpredictions for the
gravitomagnetic effect of the Earthwithin a 10%uncertainty [13], whichwere followed by a discussion on the
error budget [100–105]. Eventually, the latest findings report for a confirmation of the gravitomagnetic effect
within 2%uncertainty [14]. Furthermore, the LARES 2 satellite was recently successfully launched for
improving the accuracy of previous tests of gravitomagnetism [106].

Lunar laser ranging (LLR) provided, over the years, several precision tests of GR [107].Murphy et al [108]
suggested that LLR provided accurate test of gravitomagnetic effects on the lunar orbit relative to Earth: in this
case it is not the angularmomentumof the Earth that determines this effect, rather it is due to the orbitalmotion
of the Earth and theMoon in the Solar System, which can be seen asmass currents. According toCiufolini [109],
this kind of gravitomagnetic effect should thought of as extrinsic and opposed to the intrinsic gravitomagnetic
effect determined by the spin angularmomentumof a rotating object (see alsoCosta et al [110] for an analysis,
based on curvature invariants, of the notions of intrinsic and exstrinsic gravitomagnetic effects)A subsequent
debate [111–114] focused on the possibility that the extrinsic gravitomagnetic effect in the Earth-Moon system
could bewithin the range ofmeasurability with LLR; in addition, there are doubts about the possibility to
measure the intrinsic gravitomagnetic effect of the Earth by LLR [115].

Proposals and ideas tomeasure the gravitomagnetic effects in the Solar Systemby accurate determination of
the orbits of planets and satellites were considered in variousworks: for instance, Iorio andRuggiero [116]
focused onKerr-de Sitter solution, also to put constraint on the cosmological constant. Starting from thework
by Bini et al [48], subsequent studies [117, 118] focused on the possibility tomeasure induction effects (due to a
time-dependence of the gravitomagnetic field) on themotion of test particles. The analysis of the orbital plane of
theMarsGlobal Surveyor (MGS) spacecraft suggested a possible evidence of the gravitomagnetic field ofMars
[119], which raised a subsequent debate [120]; other gravitomagnetic effectsmodelled as perturbation of the
dynamics of binary systemwere also considered by Iorio [121, 122]. Corrections to relativistic orbits due to
higher order gravitomagnetic effects were studied byCapozziello et al [123].

Additional proposals to investigate gravitomagnetic effects in the space around the Earthweremade by
Ruggiero andTartaglia [124], who suggested to use geostationary satellites to broadcast electromagnetic signals
andmeasure their propagation times, in order to evidence the asymmetry—determined by the Earth rotation—
for signals propagating in opposite directions (a sort of generalized Sagnac effect).Mirza [125] analysed
anomalies in Earthflybys of severalmissions, and suggested that the interplay between themagnetic field and
gravitational field can enhance the gravitomagnetic effects, whichmight have some relevance in explainingwhat
is observed. Recently, Tartaglia et al [126] suggested to exploit the future LISAmission, which is designed as a
detector of gravitational waves in space, tomeasure the gravitomagnetic field of theMilkyWay, using the
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propagation times of electromagnetic signals. Amodel of accurate satellites tracking bymeans of
electromagnetic signals that can be used tomeasure gravitomagnetic effects was considered by Schärer et al
[127]. Eventually, Battista et al [128] studied the quantum corrections to the time delay in the gravitational field
of a rotating object, and showed that these corrections are in any case too small to be detected in the Solar
System.

5. Laboratory tests

Gravitomagnetic effects are in generalmuch smaller thanNewtonian ones, whichmakes it difficult tomeasure
them, as we have already discussed. Nonetheless, several experimental concepts were proposed over the years. In
1977, in a seminal paper on the possibility to test relativistic gravity in terrestrial laboratory, Braginsky et al [129],
asserted that ‘Advancing technology will soonmake possible a new class of gravitation experiments: pure
laboratory experiments with laboratory sources of non-Newtonian gravity and laboratory detectors’. Even
though none of the proposed experiments (which heavily exploited the gravitoelectromagnetic analogy)were
performed up today, those proposals are still topical, and other oneswere suggested.

For instance, Pascual-Sánchez [130], on the basis of a previous proposal by Braginsky et al [131], made a
preliminary study on the possibility to use a Foucalult pendulum tomeasure the Lense-Thirring effect; the idea
was to setup the experimental apparatus at the South pole, to get rid of the larger Coriolis effect due to Earth’s
rotation.

Other experimental proposals refer to the gravitational properties of coherent quantum systems, such as
superconductors or superfluids;more generally speaking, also the quantum features of gravitation could be
relevant [132–134] (see also section 8 below). Some recent reviews byGallerati et al [135], Gallerati and
Ummarino [136] carefully analyse these topics. For instance, rotating superconductors [137–139] showed
apparently singular properties and it was suggested that they can be explained by gravitomagnetic fieldsmuch
larger than those predicted byGR [140, 141]. However, the presence of such ‘strange’ gravitomagnetic fields
would be at oddswith knownproperties of compact objects, such as neutron stars [142]. In addition, a recent
work byTajmar et al [143] imposes narrower constraints on the impact of gravitomagnetic effects on the
explanation of anomalous Cooper pairmass excess.

The results presented in that publication are imposing narrower constraints on a possible explanation of
anomalous Cooper pairmass excess fromgravitoelectromagnetism.

More recently, Ummarino andGallerati [144], worked out theMaxwell and London equations taking into
account the gravitational corrections in linear approximations, expressed in terms of gravitoelectric and
gravitomagnetic fields, and investigated themodification of the gravitational field in a superconductor; the same
formalismwas used to suggest that a JosephsonAC effect between two superconductors could be determined by
the Earth’s gravitational field [145] and to investigate the effects in a physical setupwhere the external electric
andmagnetic fields determine the presence of a vortex lattice [146].

The effects of rotations described as gravitomagnetic effects on topological superconductors and superfluids
were studied byNomura et al [147], Sekine [148], while the impact onBose–Einstein condensates was
considered byCamacho andCastellanos [149], with possible implications on the origin of darkmatter [150].

The development of atom interferometry suggested to use this technique to performprecision tests of GR
(see e.g. Dimopoulos et al [151, 152] and references therein). In principle, also the Lense-Thirring effect could be
tested but, as we already stated, amajor obstacle is the need to isolate this GR effect from themuch larger Coriolis
effect due to the rotation of the Earth; an alternative proposal wasmade byAngonin-Willaime et al [153]who
suggested to use a satellite around the Earth to host an atomic interferometer.

Ring LaserGyroscopes [43] (which are very precise rotation sensors whose operation is based on the Sagnac
effect) are considered as very promising candidates tomeasureGR effects, such as the Lense-Thirring and de
Sitter precessions, in a terrestrial laboratory: this is currently under investigation by theGINGER (Gyroscopes
INGEneral Relativity) collaboration [154–158].

6. Astrophysics

Astrophysics events are a natural arena to observe gravitomagnetic effects. After discussing in general terms their
impact, wewill focus on some specific phenomena, such as the propagation of electromagnetic signals in
section 6.1, galactic dynamics in section 6.2 and gravitational waves in section 6.3.

The impact of gravitomagnetic effects is investigated for different astrophysical phenomena, such as the
analysis of the starsmotion in theMilkyway. For instance, Kannan and Saha [159] studied the effects of a Kerr
field inweak-field approximation on the stars orbiting near the center of theMilkyway; Iorio [160] evaluated
several relativistic effects on the radial velocity of a star orbiting the supermassive black hole in the galactic
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center. Various gravitomagnetic effects are evaluated in black holes environments, such as their role in the
acceleration in accretion disks [161]; Rueda et al [162] considered the interaction of Kerr black holewith the
magnetic field in order to understand the relationwith gamma ray bursts; Ricarte et al [163] pointed out the
effect of frame dragging on infalling gas.Moreover, the gravitomagnetic back reaction of a heavy object (not a
test particle) on a black hole was discussed byHerdeiro et al [164], while the gravitomagnetic field of rotating
rings was studied by Ruggiero [165, 166].

Pulsars are a natural laboratory to test relativistic gravity and, in particular, gravitomagnetic effects: Ruggiero
andTartaglia [167] studied the impact of the gravitomagnetic correction to the Shapiro time delay and its
relevance in pulsar timing. The interplay between the gravitomagnetic field of a black hole and the spin of the
pulsar companion canmodify the rate at which pulses are received and this can give information on the black
hole [168]. The observation of the orbital inclination of the pulsar PSR J1141-6545 in the binary system that
contains awhite dwarf can be explained as a combination of the effect of theNewtonian quadrupole and the
Lense-Thirring effect, as suggested byVenkatramanKrishnan et al [169], even if Iorio [170]pointed out that care
must be paid in the interpretation of these results. Gravitomagnetic tidal resonances [171–173] are important in
themotion of a binary system, and they can impact on the emission of gravitational waves. Eventually,
gravitomagnetic effects on circumbinary (i.e. orbiting two stars) exoplanets are studied by Iorio [174].

6.1. Effects on electromagnetic signals propagation
The bending effect on the propagation of light rays is one of the classical tests of GR; initially, only the effect of
themasswas considered but it is clear that, at higher order, alsomass currents contribute to this effect. The same
was true for the so-called Shapiro effect, which is the time delay on the propagation of light signals in a
gravitational field.

Kopeikin andMashhoon [175], in weak-field approximation, focused on light propagation in the
gravitational field determined by self-gravitating spinning bodies, that aremovingwith arbitrary velocity.
Several effects are considered, such as the correction to the Shapiro time delay, themodification of the bending
angle due to the spin of the gravitating bodies, the rotation of the plane of polarisation of electromagnetic waves.

The gravitomagnetic correction to the time delay of electromagnetic signals in gravitational lensingwere
calculated byCiufolini et al [176], Ciufolini andRicci [177], who considered both the case of propagation in a
rotatingmass shell and in thefield of a rotating source, again inweak-field approximation.

Themodification of the deflection angle and the time delay function due to gravitomagnetic effects were
considered by Sereno [178], in amore general frameworkwhich can be applied to a post-Newtonian spacetime,
and this formalismwas used for spinning stars [179], spiral galaxies [180]; the time delay for extended rotating
sources,modelled as isothermal spheres, was focused on by Sereno [181], and the effect due tomoving lenses was
considered by Sereno [182]. In addition, the Faraday rotation due to the gravitomagnetic fieldwas considered by
Sereno [183], and a possible application to binary pulsar systems by Ruggiero andTartaglia [184].

In the above papers, gravitomagnetic effects on light rays propagationwere studied in theweak-field
approximation, which is undoubtedly sufficient in the Solar System.On the other hand, Kraniotis [185] exactly
solved the geodesic equations for test particles and photons inKerr spacetime and, also, in the spacetime of a
rotating electrically charged black hole (Kerr-Newman) [186]; in addition, Kraniotis [187] calculated the
frequency shift of light emitted by geodesics test particles inKerr-Newman-de Sitter andKerr-Newman
spacetimes; in the latter paper also the pericentre shifts were calculated, whichwere already been considered by
the same author [188].

Always inKerr spacetime, the bending angle which takes into accounts also of themotion of the observer was
considered byArakida [189]: in particular, the case is consideredwhere the observer is not located in aflat
asymptotic region, so the effect of afinite distance from the lens is taken into account.

Iyer [190] obtained an exact analytical expression for the bending angle of light on the equatorial plane of a
Kerr black-hole, and then expanded it in power series. In particular, the asymmetry between the direct and the
retrograde propagation, due to the rotation of the sources, was evidenced (see also Iyer andHansen [191]).

6.2. Galactic dynamics
The darkmatter (DM) hypothesis, i.e. the hypothesis of the existence of a non-baryonic component ofmass
dominating thematter density budget in theUniverse, is one of the foundations of thewidely acceptedΛCDM
cosmologicalmodel (e.g. [192]) and, at the same time, one of the greatestmysteries in physics. TheDM
hypothesis has been incredibly successful in interpreting different astrophysical observables, such as the velocity
distribution of galaxies in galaxy clusters (GCs, since [193]), the rotation curves (RCs) of disc galaxies (e.g. [194]),
the thermodynamical properties of x-ray emitting gas inGCs ([195]), the gravitational lensing produced by their
mass distributions ([196]) and the observations of the twoBullet Clusters ([197, 198]); as well as cosmological
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ones, e.g., the anisotropies observed in the cosmicmicrowave background ([199, 200]) and the growth of cosmic
structures from such anisotropies ([201, 202]).

For what concerns disc galaxies, themain evidence supporting the existence of DMare based on the
observed rotation curves, whose flatness at large radii cannot be explained by the distribution of visible
(baryonic)matter, if interpreted on the basis ofNewtonian dynamics [203]. In this scenario, Newtonian gravity
is employed instead ofGR. This choice ismade because, whenwe are far from the galactic center (where theflat
behavior is observed), we can reasonably assume that the gravitational field is weak, and the stars within the
Galaxy are notmoving at speeds close to the speed of light. However, there has been a suggestion that GRmight
still have relevance in this context. Specifically, researchers have explored the issue of galactic rotation curves by
examining it from two angles: one involving exact solutions of the equations of GR and the other usingweak-
field approximations.

It was proposed that considering gravitomagnetic effectsmight lead to a different interpretation of the role of
darkmatter in explaining the observed phenomena: even though there is no doubt that in galaxies the
Newtonian approximation correctly applies locally, globally itmay fail due to the overall rotation of the system.
Thismay indicate the need of general relativistic corrections to theNewtonian approach.

This point of viewwas originally advocated in two pioneeringworks byCooperstock andTieu [204],
Cooperstock andTieu [205] and subsequently further developed byCarrick andCooperstock[206]. Since some
of theseworkswere criticised byCross [207],Menzies andMathews [208], subsequently Balasin andGrumiller
[209] proposed another solution of Einstein’s equations which resolved some problematic features. The velocity
profile derived from the BGmodel wasfirst used byCrosta et al [210] as a basis for studing theMilkyWay
rotation curve: after recasting the BGmodel tomake it consistent with theGaia stellar data [211, 212], they
showed that theGR rotation curvewas in quite good agreementwith theGaia data, at a level statistically
comparable to the state of the art CDMmodels they compared to in their article. It is relevant to point out that to
obtain the astrometric accuracies needed in amission likeGaia, it is important to correctly take into account
relativistic effects, such as the gravitomagnetic ones (see the recent review byCrosta [213]).

A recent paper byCosta et al [214] analyses the solution obtained by Balasin andGrumiller (BG), and shows
that it is not appropriate as a galacticmodel. In particular, the BGmodel is a rigid solution. The study of the
generalization to non rigid rotationwas done inAstesiano et al [215], Astesiano andRuggiero [216].

AlsoGupta and Lohiya [217] investigated the possibility of accounting for the observed anomalous velocities
of stars in galaxies to be a result of a dynamic overall rotation of an inertial frame dragged by a galaxy. A
somewhat different but related approach, which takes into account the gravitomagnetic effects originating from
mass currents into the solution of Einstein equations inweak-field and slow-motion approximationwas put
forward by Ludwig [218], Ruggiero et al [219], Srivastava et al [220] and analyzedwith detailed criticismbyCiotti
[221]. In Astesiano andRuggiero [222], theGR results of these papers are shown to be related to the existence of
the homogeneous solutions of the gravitomagnetic field and not directly related to themass currents. These
homogeneous solutions can produce a ‘strong gravitomagnetic limit’where these effects are of the same order as
Newtonian ones. Criticisms toward the application of gravitomagnetic effects to study galactic dynamics were
made by Lasenby et al [223]. Another different approachwas proposed using Post-Newtonian corrections in
galactic dynamics by Ramos-Caro et al [224] and Lobodzinski [225]who also proposed an explanation for spiral
arms, without the presence of an exotic formofmatter. The formalism is based onBoltzmann transport
equation for the collisionalmatter and on the very-low-velocity gravitomagnetism.

The off-diagonal terms responsible for the gravitomagnetic effects contribute to themodified virial theorem
as shown in [226]. They can also give rise to a consistent definition of a ‘gravitationalmass’ in this very specific set
up [227].

6.3. Gravitational waves
Thefirst direct detection ofGravitationalWaves (GW), in 2015 [228], marked the beginning of gravitational
waves astronomy and cosmology: in fact, apart from serving as a test for the theory, gravitational waves have
become a potent instrument for exploring theUniverse in the era ofmulti-messenger astronomy; technological
developments and dedicatedmissions will help to greatly improve the information that can be obtainedwithin
this window. Accordingly, it is very important to properlymodel themeasurement process8 and, in this context,
it is relevant to emphasise that the interaction ofGWwith a detector,modelled as a set of testmasses, can be
described in terms of gravitoelectromagnetic analogy [52, 229]. By adopting this approach, one can readily
comprehend that while current devices detect the interaction between testmasses and the gravitoelectric
components of thewave, there are also gravitomagnetic interactions that offer the potential to observe the
influence of gravitational waves onmovingmasses and spinning particles [77].

8
Indeed, we focus here on themeasurement process only, and neglect the impact of gravitomagnetic effects in the emission of gravitational

waves, which is a very interesting topic, fully described in the literature on thisfield.
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Notably, Ruggiero andOrtolan [230, 231] demonstrated the potential occurrence of a gravitomagnetic
resonance phenomenon involving spinning particles within the influence of a gravitational wave. This
observation opens up possibilities for devising innovative detectors capable ofmeasuring collective spin
excitations, such as spinwaveswithinmagnetizedmaterials. In addition, Ramos andMashhoon [232], using the
gravitoelectromagnetic formalism for the components of the curvature tensor, studied the coupling of the
helicity of the gravitational wavewith the possible rotation of the detector.

Even thoughwe consider spinless testmasses, there are gravitomagnetic effects that need to be taken into
account: Baskaran andGrishchuk [233] demonstrated that gravitomagnetic terms play a significant role in
describing the displacements of interferometer testmasses, particularly up to the second order in the distance
parameter. As a result, they are important for precisemeasurements and the determination of gravitational
waves source parameters. Specifically, while at thefirst order a detector’s interactionwith gravitational waves
can be attributed to the influence of a gravitoelectric and gravitomagnetic field perpendicular to the propagation
direction, at the second order, the gravitoelectric field exhibits a non-zero component along the propagation
direction. These phenomena can be elucidated through the concept of gravitational induction [53].

Iorio andCorda [234] conducted a thorough examination of the interferometric response to these
phenomena. Furthermore, it’s noteworthy to underscore that investigating these types of effects could hold
significance in testing alternative gravity theories beyondGR. Indeed, these theories often introduce
longitudinal effects in gravitational radiation, which can arise from various sources such asmassivemodes,
scalarfields, or amore complex geometric structure (see e.g. Capozziello et al [235], Capozziello and de
Laurentis [236], Corda [237], Corda et al [238]).

7. Analoguemodels

Analogue gravity (see e.g. Barcelo et al [239] and references therein) investigates the possibility to describe
physical systems in analogywith the formalism of curved spacetime, and this is typically fruitful for systems that
can be experimentally tested in a laboratory and can give back new insights on the physics of general or special
relativity. For example, it is possible to consider soundwaves in amoving fluid in analogywith light waves in a
curved spacetime: in particular, if thefluidflow is supersonic, it is possible to get a ‘dumbhole’, i.e. the acoustic
analogue of a black hole [240, 241]. Accordingly, it is possible tomimic gravitomagnetic effects in these analogue
models. For instance, Puthoff [242] studied the analogy between the equation of linearized turbulent fluid and
those of General Relativity, in linear approximation, that leads to the linear analogy described in section 2.3.On
the contrary, Kivotides [243] studies gravitomagnetic effects on turbulent fluids.

In addition, Chakraborty et al [244] focused on amodel of the Lense-Thirring effect for a rotating acoustic
analogue black hole, and suggested that Bose–Einstein condensate systems (BEC) could provide an important
setup to test these effects, while Banerjee et al [245] addressed frame-dragging studying the hydrodynamics of
nematic activefluids.

Another related interesting field of investigation pertains to the study of the gravitational field produced by
light [246, 247]. In particular, it is possible to calculate in linear approximation ofGR the gravitational field of
electromagnetic beams called optical vortices, carrying orbital angularmomentum [248]: the point is that every
photon in a laser beam could carry angularmomentum in addition to the angularmomentum associatedwith its
spin. Accordingly, these beams can generate a gravitational field that produces gravitomagnetic effects [249]
which are very small to be detected, even if in principle present and important from the theoretical point of view.
Similarly, it is possible to study the gravitomagnetic effects determined by the spin angularmomentumof the
light beams [250–252], which remains, however, too small to be detectedwith current technology.

8.Quantum effects

Despite the progressmade in these fields, there are stillmany unanswered questions about the relationship
between gravity and quantummechanics. Additionally, there is stillmuch to learn about the behavior ofmatter
and energy at the Planck length, which is currently beyond the scope of experimental observation.

In the past yearsmuch attentionwas given to the theory of quantumfields in classical background
gravitational fields, in particular regardingHawking radiation by black holes (see Page [253] for a review on the
subject). In this regard, the phenomenological thermodynamic properties of black holes are well understood, at
least for quasi-stationary semiclassical black holes.

Parallel to this, some investigations have been done on quantum systems in classical background
gravitational fields, for example for atomic beam interferometry [151] and on neutrons in the Earthʼsfield [134].
A review on different aspects of the interaction ofmesoscopic quantum systemswith gravitational fields was
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written byKiefer andWeber [254] (see also the discussion in section 5). In particular two proposed interaction
mechanisms are considered:

• the use of quantumfluids as generator and/or detector of gravitational waves in the laboratory;

• the inclusion of gravitomagnetic fields in the study of the properties of rotating superconductors.

Experiments to detect such effects are expected to be quite difficult, but theywould be of fundamental interest.
In particular, in the gravitomagnetic limit, there are experimental setup for probing the ‘diagonal part’, or in
otherwords, the so called ‘inverse-square law’ of gravity using quantum interference [255] and there are also
quantumdetection tests to observe the ‘off-diagonal’ terms, which defineswhat we call frame dragging [256].

A systematic treatment of the behaviour of a quantum systemunder the effects of a small and slowly rotating
gravitational fieldwas proposed byAdler andChen [257] for spin zero particles and byAdler et al [258] for spin
1/2 particles. These works also take into account the possibile presence of an electromagnetic field, towhich the
Klein–Gordon andDirac equations areminimally coupled.

A different approach is what in the literature is referred to as the Schrödinger-Newtonmodel [259], which
describes non-relativistic quantumobjects under self-gravitation. In thismodel, in the Schrödinger equation
also theNewtonian gravitational potential term appears and the source of this term is given by the square of the
module of thewave function. The Schrödinger-Newton equationwasfirst proposed to study self-gravitating
bosonic stars by Ruffini andBonazzola [260]. Since thismodel was completely non-relativistic, some authors
recently considered amodification of the Schrödinger-Newton equation by taking into account certain
relativistic corrections [261], with a particular focus on gravitomagnetic corrections [262]. Under the above
approximation, Zhao et al [263] considered a short distancemodification of the Schrödinger-Newton equation
which also results in a short distancemodification of the quantummechanical virial theorem.

Forwhat concerns quantum information, the dynamics of an orbiting qubits under the effect of gravitational
frame draggingwas studied by Lanzagorta [264]. In particular the author considered theKerr spacetime
geometry and a spin 1/2 qubits. Subsequently, another possible test for frame dragging effect using the same
setupwas proposed by Lanzagorta and Salgado [265].

We also note that the effect of a scattering process with gravitons as an intermediate state was investigated by
Jesus et al [266]. In this setup, the gravitomagnetic limit is considered. This allows a Lagrangian formulation
which includes interactions of gravitonswith fermions and photons. On the other hand, the presence of an
external gravitational field and how the frame dragging effects affect the scattering process was focused on by
Kim [267].

9. Connectionswith theMach’s principle

The idea underlying theMach’s principle is that there is a relationshipe between the local and the global Universe
and the nature of this link ismechanical.We are already familiar with connections of a different kind, for
example the known ‘Olber’s paradox’ [268], where the link is optical. Actually, according toMach, the local
inertia of a body is a consequence of the global distribution ofmatter in theUniverse.

This view is a contrast to the oldNewtonian paradigm, which states that inertia is an intrinsic property of
matter and therefore it is completely independent from the rest of theUniverse. Of course, until now, no such
change in the value of inertia has beenmeasured experimentally. From theMachian perspective, the fact that this
change has not been detected is not a big deal, since nearbymatter wouldmake a little contribution to the inertia
of a test body compared to the vastness of the observedUniverse.

TheNewtonian paradigm is based on absolute space and time: consequently, the notion of absolutemotion
comes naturally, as relative to the absolute space, and the absolute acceleration is the one appearing in the
Newton second law. To prove the existence of absolutemotion, in the PrincipiaNewton describes a thought
experiment to detect absolute rotation, which is the famous ‘bucket experiment’. Newton’s interpretation of this
thought experiment is that if wemeasure the centrifugal forces responsible for the concavity of thewater surface
we are in factmeasuring the absolute rotation of a body. In his interpretation, the centrifugal forces arise as a
result of the rotation of water with respect to absolute space, since all possible inertial frames are tied to this
fundamental ‘entity’. The Focault’s pendulum is a concrete realization of the above discussion, and it shows the
absolute rotation of the Earth.

Themain criticism toward theNewtonian interpretationwere pointed out by Berkeley and, aftermany
years, byMach [269]. They claimed that all we can observe is that the centrifugal forces are due to themotion of
thewaterwith respect to the rest of thematter in theUniverse, not only respect to thewalls of the bucket. In
particularMach used the sentence ‘respect to thefixed stars’. According toMach, we do not knowwhether the
result of the experiment would be the same if all thematter of theUniversewere removed, norwhether such
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centrifugal forces could be produced by the rotation of the rest of theUniverse while thewalls of the bucket
stay ‘fixed’.

The theory ofGeneral Relativity presentsMachian features, such as the dragging effects (see the
monograph byCiufolini andWheeler [16] and the paper byVassallo andHoefer [270] for a recent review). To
see how these effects arise inGR, let us consider theweak-field limit of a spacetime outside a slowly rotating
stationary body in adapted coordinates; in particular, the line element (69) can bewritten as
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where the non diagonal terms are given by equations (68) and (77). It is thefieldB in equation (74)which gives
theCoriolis forces acting on test particles outside the body and the precession of gyroscopes. A similar argument
applies for the forces arising inside a rotating shell ofmatter [9]. Let us consider a gyroscope at rest respect to the
static observers. The static observers are defined by the four-velocityZ

Z
g

1
, 93

tt

t t=
-

¶ ¶ ( )

and are at rest in the coordinate systemof (92). Due to the assumptions on the asymptotic flatness of themetric,
the reference frame defined by the congruence of worldlines∂t corresponds to a rigid frame anchored to the
asymptotic inertial frame at infinity. The key feature is that this reference frame is at rest compared to the distant
stars, but it has non-zero angularmomentum. The spin axisΞ of the gyroscope is Fermi-Walker transported
along its worldline [55]
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where τ is the proper time,V= Z is the four velocity of the gyroscope and a is the four acceleration.We can read
off the Christoffel symbols from equation (75) and after imposing the orthogonality conditionΞμVμ= 0we find
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After using equation (77), whichwe report here for easier reference
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we get the result in equation (91). This discussion shows, as stated before, that General Relativity possess some
Machian properties: in fact, the gyroscope determines the axes of a local inertial frame and they are affected by
themass distribution and itsmotion.

For amore detailed application of gravitomagnetism to geodetic precession and frame dragging see
Christillin andBarattini [271], where another quantitative confirmation ofMach’s arguments can be found.

Such effects can arise also in setupswhich are different from the one that has been discussed. For example, in
the context of cosmology, Schmid [272] showed that there is dragging of local inertial frames by aweighted
average of the cosmological energy currents via gravitomagnetism, for all linear perturbations of all Friedmann-
Robertson-Walker (FRW) universes.

10. Conclusions

Gravitoelectromagnetic analogies arise in different context inGeneral Relativity and are often used to provide a
better insight into complicated gravitational phenomena, even though it is clear that gravitational and
electromagnetic interactions are essentially different. In this work, we reviewed these analogies and emphasized
also the hypotheses onwhich they are based.

First, we showed that a splitting approach in full theory leads to a non-linear analogywith electromagnetism:
to this end, we introduced the spatial tensor algebra formalism usingCattaneo’s projection techniques. This led
us to the formof the force equation for a test particle, as seen by an observer described by a timelike congruence
Γ in the spacetime 4 . This force contains a termwhich is proportional to the curvature ofΓ and a term
proportional to the spatial velocity of the test particle, whichmakes it possible to introduce an analogywith the
electromagnetic dynamics: in particular, a gravitoelectric field is associated to the local linear acceleration, while
a gravitomagnetic field is associated to the local angular acceleration.

Then, we pointed out that thewell known gravitoelectromagnetic analogy that arises in linearizedGeneral
Relativity can be seen as a limiting case of the previously discussed exact analogy. In particular, the linear
formalism is very useful to deal with experiments and observations which are often performed in conditions
where the gravitational field is weak and the speeds are small compared to the speed of light. Accordingly, the
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linear gravitoelectromagnetic analogy is a powerful tool to explain new gravitational effects in terms of known
electromagnetic ones: we remark that gravitomagnetic effects are peculiar toGeneral Relativity, since in
Newtonian gravity there are no gravitational effects arising frommass currents. In addition, we pointed out
some limitations of this linear analogy that arises whenwe are dealingwith time-depending gravitational fields;
in particular, the radiative regime is one of the limits of applicability of the gravitoelectromagnetic
approximation toGeneral Relativity

Eventually, we briefly sketched the gravitoelectromagnetic analogy that is based on themagnetic-like and
electric-like parts of the Riemann tensor, using Fermi coordinates. This formal approach is useful, for instance,
whenwe are directly dealingwith tidal effects, such as in the case of gravitational waves physics.

After this basic introduction, we reviewed the recent theoretical developments which are aimed to suggest
newpossible tests of gravitomagnetic effects. The continuous improvements in technology andmeasurement
techniquesmade it possible to imagine a pletora of possible consequences of these effects. Accordingly, wemade
a survey of the proposals to test gravitomagnetic effects emerged during the last twenty years, which refer to Solar
System and Earth-based experiments, astrophysical observations, analoguemodels. In additionwe reviewed the
interplay between gravitomagnetic effects and other areas of physics, such as quantum effects and theMach
principle.

The presence of ‘gravitomagnetic effects’ in a somewhat wider sense is a natural consequence of the general
relativistic approach to the description of the gravitational interaction and, consequently, even if these effects are
generally very small and difficult to distinguish fromother competing ones, there should be no doubts on their
existence. On the other hand, their study is important to correctlymodel and understand complex gravitational
phenomena on different scales, which range from the near space in the Solar System, to astrophysical events and,
eventually, to galactic and cosmological dynamics.

We conjecture a further evolution of this useful formalism, andwe hope that this reviewwill be a helpful
reference for researchers involved in the study of gravitational physics.
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