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MOUNTAIN PASS FROZEN PLANET ORBITS IN THE HELIUM ATOM MODEL

STEFANO BARANZINI, GIAN MARCO CANNEORI AND SUSANNA TERRACINI

ABSTRACT. We seek frozen planet orbits for the helium atom through an application of the Mountain
Pass Lemma to the Lagrangian action functional. Our method applies to a wide class of gravitational-
like interaction potentials thus generalising the results in [7]. We also let the charge of the two
electrons tend to zero and perform the asymptotic analysis to prove convergence to a limit trajectory
having a collision-reflection singularity between the electrons.
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1. INTRODUCTION

Frozen planet orbits are motions of a 1-dimensional helium atom model, where the nucleus is fixed
and both electrons move on the same side of a line. These motions are periodic, in the sense that
one electron keeps bouncing against the nucleus, whereas the second one slowly oscillates far from it
(the “frozen planet”), running along a brake trajectory. The existence of these orbits has been in the
focus of the recent mathematical literature (see [5, 6, 7, 10]), also for its relevance in the semiclassical
analysis of the helium atom model (cf [9]). The quoted papers deal with the existence of periodic
solutions of the following equations:

(1> q1 = _E T @—a)?
. o 2 1
q2 = 7@ + (2—q1)2

This system models the behaviour of two collinear electrons (g1, ¢2) in the helium atom, assuming

that the nucleus is fixed at the origin. Each of the two particles is subject to an attractive force —q%

i
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towards the nucleus, and to a repulsive force im, which pushes the electrons apart. While [10]

adopts a shooting method, [5, 6, 7] propose a variational approach to search of such orbits. Intrigued
by the indirect and somewhat cumbersome approach pursued there, we wondered about the possibility
of directly applying some Critical Point Theorem, paving the way for the treatment of a broader class
of models.

Indeed, the aim of this paper is to study periodic solutions of the following system of one dimensional
second order non-linear equations:

@) {ijl =f'(la) + 9'(lgz — @)
G2 = f'(la2]) — 9'(le2 — aa)
where f and g are real functions both having a singularity at the origin. Here, f represents the
attraction force to the nucleus and g the repulsive interaction between the particles.
In our paper we will deal with a much larger class of potentials than the one in [5, 6, 7, 10] and

we will make the following natural assumptions on the functions f,g: RT™ — R¥ involved in (2). We
assume that f,g € C?(RT) and:

®3) f(s).f'(5),9(5),9'(s) =0, ass— +oo

(4) f'(s),9'(s) <0 and g"(s), f"(s) = 0 Vs >0

(5) Ja € (0,2) such that sf'(s) + af(s) >0, sg'(s) + ag(s) <0,Vs >0
(6) 35 > 0 such that 0 < g(3) < f(5).

Note that potentials f(s) = a/s®, g(s) = b/s? always fulfil these assumptions provided a € (0,2),
B > « and, whenever « = 8, b < a. In particular, also system (1) does. The class of admissible
potentials, however, is clearly much broader.

Assumption (5) is a classical homogeneity condition already present in literature (see e.g. [1, 2]).
Condition (6) ensures that, independently on the initial position of the electrons, the attractive singu-
larity prevails on the repulsive one, when the outer electron ¢, is far enough.

Notice that the first equation of (2) may be singular at the origin, even though, as « € (0,2) with a
weak force. Therefore, as ¢; has one degree of freedom, any bounded solution has a collision with the
origin. Thus, we will construct generalized periodic solutions, for which we allow for collisions between
the first electron and the nucleus. For a given T' > 0, we seek solutions (q1,q2) of (2) satisfying
q1(t) < q2(t) for all ¢ € [0, 7] and such that:

(1) {41(0) =0=¢2(0)

q(T) =0=q2(T)
Thus, by reflecting the trajectory of ¢; after its collision with the origin, we obtain a generalized
periodic solution of period 27", with a unique collision at t = T'. Such a solution will be called a frozen
planet orbit of period 2T. Our main results are the following:

Theorem 1.1. For any functions f,g satisfying assumptions (3)-(6) and for any T > 0 there exists
a frozen planet orbit, i.e., a generalized periodic solution of (2) with period 2T, which satisfies the
boundary conditions given by (7) and has no other singularities.

Remark 1.2. Of course, this Theorem applies also to (1). See also Corollary 3.5 further ahead for
the fixed energy problem.

In the last section of the paper we investigate the behaviour of (2) in the case in which the repulsive
singularity is damped. To model this situation, we introduce a parameter u € [0,1] and consider the
following singularly perturbed system:

8) {Q& = f'(la1]) + 1g'(|a2 — au)
G2 = f"(lg2]) — ng'(lgz — a1l)

When p = 0 we see that (8) decouples into two Kepler-like equations. We shall prove the following
result:
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Theorem 1.3. As p — 0 the p—frozen planet orbits constructed in Theorem 1.1 converge uniformly
on compacts subsets of (0,T) to a function g = (q1,q2). Fach of the components of q; is a segment of
the brake orbit of period 2T of the f—Kepler problem:

= f'(x).

Moreover, ¢:(T) = 0 and ¢1(0) = —¢2(0) > 0. So, the limit trajectory has a collision-reflection at
t=0.

Remark 1.4. Theorem 1.3 can be framed in the context of degenerate billiards introduced in [4] (see
also [8] and references therein). In our case, the singularity set is the positive diagonal {(ql, q2) € R?:
41,92 > 0, ¢1 = g2} and the billiard trajectory is the periodic trajectory obtained by regularizing the
collision at g; = 0 of the limit curve ¢ obtained in Theorem 1.3. A possible application to (8) of the
results in [4], in order to prove existence of periodic solutions for small values of p, would involve
regularising the singularity of f and verifying an appropriate non-degeneracy condition on the limiting
profile. Then, trajectories of (8) could be obtained as perturbations of trajectories of two decoupled
Kepler problems. Consequently, according with the technique proposed there, it could be possible to
construct branches of solutions of (8) emanating from billiard trajectories reflecting on the singularity
set. However, although we believe it possible, in this paper we will not use the perturbative approach
to prove the existence of solutions for p small, since we do develop a global variational approach, valid
for all values of u compatible with our assumptions. Indeed, thanks to our global approach, we show
that this branch can be continued for values of y belonging to the whole interval (0, 1].

As said, the approach we follow in this paper is variational. We wish to characterize solutions of
(2) as critical points of the Lagrangian action functional A defined on the open set U = {(q1,¢2) €
HY([0,T],R?) : ¢1 # g2} of the Hilbert space H'([0,7],R?). Indeed, non-collision solutions of (2)
correspond to critical points of

T
9) Alq1,q2) = /O 3 (Ig11* + 1621%) + f(lar]) + F(lg2]) — 9(la2 — a1 ).

Unfortunately, we must cope with the presence of singularities both on f and g, so the notion of critical
point must be suitably generalized. Collisions of the first electron with the nucleus, in particular, can
not be avoided since, as already mentioned, solutions of (2) with initial conditions (7) are expected
to have collisions. In order to deal with this problem, we introduce a family of modified functionals
Ac, e, depending on two small parameters e1,e2 > 0. They are defined as follows:

T
(10) Asl,sz(qlan):/O %(|q1|2+|q2|2)+f61(q1)+f51(q2)_952(|QI_Q2|)7

where f., is a smooth function which approximates the singularity at the origin, while g., is a penaliza-
tion of g with a strong force term concentrated in an es-neighbourhood of collisions (precise definitions
are given in Section 2.1, and their main properties are listed in Lemma 2.1).

For any €1,€2 small enough, we will seek critical points of A, ., in the set

D :={(q1,q2) €U :q1(0) =0, q1 < g2}

From a variational perspective, such critical points are always saddles and existence is proved via a
slight variant of the Mountain Pass Lemma (see Lemma B.1). Thanks to some suitable a priori esti-
mates on the energy and on the H' norms of solutions, we prove that up to subsequence they converge
uniformly to a solution of (2) satisfying (7). Compared with the variational approach developed in
[6, 7], ours has the advantage of avoiding the regularization argument and, being more direct, of giving
more informations on the action level of the solutions, which will come in handy in the analysis of the
asymptotics as ¢ — 0. Finally, we believe it is amenable to an extension to the multi-electron case,
which we will deal with in a subsequent study.

The structure of the paper is the following. We first introduce the smoothings f., and g., and then
verify the hypotheses of Lemma B.1. In Section 2 we prove the existence of frozen planet orbits as
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critical points for A, .,. In Section 3 we prove some a priori bounds on solutions and some of their
qualitative properties. Finally, Section 4 is devoted to the proof of Theorem 1.3.

2. EXISTENCE OF CRITICAL POINTS FOR A, .,

In this section we introduce, for 1,2 > 0 small enough, the smoothed functional A, .,. After
that, we establish the existence of frozen planet orbits for each £1,e5 via a mountain pass lemma.

2.1. Construction and properties of f., and g.,. We start by introducing the function f.,. They
approximate the function f, smoothing the Keplerian singularity at 0. Let p., r be the line tangent to
f at s = €1, namely:

Perf(8) = fler) + f'(e1)(s —e1).

Let pe,,r be the degree two polynomial having the same value and derivative at 0 as p., r and a
maximum in —eq, which reads:

5 / / f/(ffl) 9
pal,f(s):f(51)_f(61)€1+f(81)3—|— 9% s°.
1
Define also f., as follows:
f(s) if s > ¢
pshf(s) if s e [0,61]
11 A {7 .
(11) fer(s) Py s () if s € [—¢1,0]
ﬁsuf(_ffl) if s <—ey

Moreover, consider a smooth monotone decreasing function ., : R — R such that:

[ wt‘z‘(—oo,—a?] =1 and 1/)€2|[€27+00) = O7
hd w52 (0) = %7
e 1), is convex on [0, e3].

Then, we define g., as:

uls) = (s) + P2

where the second addendum is a strong force perturbation of the original repulsive singularity. In the
following result we collect the main properties of the functions f., and g.,.

Lemma 2.1. For all 1,5 > 0, the following properties hold:
i) fe, € CHH(R);
it) fe, is monotone decreasing on R and convez on [0,+00);
iii) s fL (s) +afe, (s) >0 for all s;
i) ge, is monotone decreasing on (0,+00) and convex;
v) sgL,(8) + age,(s) <0 for all s > 0.

Proof. Properties ¢) and i) follow by construction. Let us prove point 4i¢). The inequality holds
on [e1,00) since f., coincides with f and on (—oo, —¢1] since f., is constant. When s € [0,¢1], f,
coincides with pe,, so it is a consequence of assumptions (4)-(5) on f. On the other hand, when
s € [—¢€1,0], a direct computation shows that:

~ ~ / - - f/ €1
(a5 7, 9) = (D, 46) + 72, 45) = (ot D7 () + (a4 2 L
and so the maximum of ap., f(s) + sp., ;(s) is achieved at 5 = —g—ié €1, which is an internal point.

Since ape,,f(s) + spL, ;(s) is greater than the minimum of its values at 0 and —eq, which are both
positive, we are done.
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Point iv) and v) hold for g by assumption so we have to check them for %5272“) A straightforward
computation shows that for s > 0:

(La) == 2a

52 53 -7
1;[}52 " _‘92 2/2 - 43%2 + 6’(/J€2
52 o s4 20,

proving iv). Finally notice that:
Ve,
s < 52

as soon as s is small enough, since 21, (0) = 1 and 9., is decreasing. g

>/+aw522 — 8( 224‘041/;52)72’(/)52 <0
S S

2.2. Mountain pass geometry. We will consider now the problem of finding critical points of
Aeyes(q1,92) on the set D = {(g1,¢2) : ¢1(0) =0, ¢1 < g2}. The basic tool we will use is a mountain
pass type theorem. In this section we show how to set up a mountain-pass type geometry.

For every €1 > 0, denote by ¢., the brake orbit of the smoothed Kepler problem having period 7'
It coincides with the minimiser of:

T
Fal = [ gl + 1@

on {qg € H'([0,T]) : ¢(0) = 0}. Let a., be the value of F.,(q.,) (see Lemma A.1 for details). Fix some
constants ¢, C' € R such that C > ¢ > ¢, (T¢,) and let us define the following family of continuous
paths v : [0,1] = D

(12) ¢ (e1) = {7: 0, 1] = D such that 7(0) = (g, ¢) and v(1) = (¢, C)} .

To ease the notation, we will write 75 in place of v(s). Let us prove the following

Lemma 2.2. For e1,e9 small enough, there exist § > d3 > 0 and ¢,C € (¢, (T),+0) such that, for
any path v € TS (1), we have

maX{AEl,Ez (70)"’451752 (’71)} < ae, + 62? SIg[%}i] A51752 (’78) > Gy + 61'

Proof. The first step is to identify the value of A., .,(y0) and A., ¢, (71). Recall that f.,(s) = f(s)
whenever s > 1. For ¢ > €1, we have that

T
1,
A€1,€2 (q617c) = /0 §q§1 + f€1 (q€1) + f€1 (C) — Yes (C - q€1)

T
— Foge) + / F(0) = gealc — a2,).

Since gc, solves the equation §., = f. (ge,) on [0,T], we can compute its Taylor expansion at ¢t = T'.

Recalling that ¢., (T) = 0, for £; sufficiently small this yields:
(13) ey (t) = g2, (T) + f'(ge, (T))(T — t)> + O((T — 1)?).
Thus, ¢ — ¢, (t) = ¢ — ¢, (T) + f'(ge,)(T — t)%. By definition of gc,, g, (T — t)?) is not in L'. Tt
follows that
T T

timinf [ g, e~ g )t > [ g2, 00 () = g, (0)dh = 40,

c—qe, (T) Jo 0
and so:

hm )Aal,ag (’YO) = —0OQ.

C—qey (T

Concerning the other endpoint, for C' large enough we have:

T
“461,52(71) = A€1,€2(q6170) = Q¢ +/0 f(C) - g(C - qu)'
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Since both f and g go to zero at infinity thanks to (3), A., ., (1) is arbitrarily close to a.,. This
concludes the proof of the first claim of our statement.

Now we have to show that the maximum of A, ., along any path is greater than a., 4+ 6; for some
01. For d > 0, let us consider the set of paths (¢1,¢2) € D at distance at least d:

Vg = {(ql,qg) €D: min (q2(t) — q1(t)) = d} )
te[0,T]

Since any path v € T'Y(e;) joins (ge,,c) to (gs,,C), by continuity, it has to cross V; as soon as

d < C — q.,(T). The next step is to estimate the quantity:

gelivg Ay e, (9)-

Without loss of generality, let us further assume that d > max{ey,e2}. Since minsep,77(q2(t) —q1(t)) =
d, we have f.,(g2) = f(g2) and g, (¢2—q1) = g(g2—q1). Let us denote by ¢ an element ¢ = (g1, q2) € V.

First of all notice that, as d grows, the first component ¢; of any minimiser must remain bounded.
Indeed, A., .,(q) > 3|lG1||3 — T g(d) and, setting D = d + ¢., (T'), we have:

T
;2%2“481762((]) S A61752(q€1?D) = Qg + 0 f(D) - g(D - qu(t)) S Qeq +T(f(D) - g(d))

Let assume that the quantity f(g2) —g(g2 —¢1) < 0 at some instant ¢*. We claim that this implies that
q1(t*) must be large as d goes to infinity. Indeed, thanks to assumption (5)-(6), we have the following
two inequalities on f and g for s > §:
L /S5\“¢ L /8\“
160216 () g9 296 (2)
As soon as ¢o — q; and g9 are greater than §, this implies that:
(5" _ 5 “
F@) - 9e-a)2 1) (2) o) () .

q2 92 — q1

Q=

The left-hand side is negative in t*, so setting v, = (5 g‘g ) > 1 and evaluating at t = t* we obtain

the following inequality:
Vo — 1

() = g (r).

Since mingejo,7) g2(t) > d and ¢y is bounded, f(g2) — g(g2 — q1) is always positive.
Summarising, we have proved that for d large enough, minimisers in V,; satisfy max; |¢1(¢)| < ¢*
and f(q2) — g(g2 — q1) > 0. Let qq = (q¢,¢9) € V; a minimiser. We have:

T T

. 1.

Acier(ga) > min  Fe(q1) +/ Slsl + f(ag) — 9(a§ — a) = ac, +/ £(g5) — g(as — ai)-
QIZQI(O):O 0 2 0

On the other hand fOT f@d)—9(¢§ —qf) > T mingepo)(f(¢5) —g(a5 —gf)) > 0 proving the Lemma. O

The mountain pass lemma requires also that the functional A is unbounded on the boundary 9D
(see Lemma B.1). Notice that

0D = {(q1,q2) € Hl([O,T],RQ) : q1(0) =0, ¢1(t) = ga2(t), for some t € [0,T]}

and, by construction, g., behaves like a strong force close to dD. The following Lemma is a straight-
forward modification of a classical argument needed to show that, in the strong force case, the action
blows up at collisions (see e.g. [3, Lemma 5.3]).

Lemma 2.3. If ¢ € D then A., .,(q) = —oc.
Proof. By construction, g.,(s) > v.,(s)/s?. It follows that, for any [t,s] C [0,T]:

T s _
/ 9o (@2 — 1) = M
0 t (QQ Ch)



MOUNTAIN PASS FROZEN PLANET ORBITS IN THE HELIUM ATOM MODEL 7

Let ¢ = (q1, ¢2) € OD. Assume without loss of generality that g1(s) = g2(s) and ¢1(w) < g2(w) for all
€ [t,s). Up to choosing a bigger ¢, we can assume that 9., (g2 — q1) > 1/4. We have:

[log((g2 — q1)(w)) —log((g2 — q1)(¥))| < /tw M

([ o) Gl 1y

T 2
<16 </ e (q2 — q1)) llll3-
0

Taking the limit as w — s we obtain that g., ¢ L'[0,T]. Since f., is bounded we conclude that
Aey 2, (0D) = —o0. O

2.3. Palais-Smale condition. It remains to show that the action functional A, ., satisfies the Palais-
Smale condition. Let us define the candidate critical value of A, ., as:

14 c = min max A > A, .
( ) £€1,€2 'yeFf(al)SE[O,l] 81752<78) €1

We recall that (u,) C D is a Palais-Smale sequence, (PS) in short, at level ce, ¢, if A, e, (Un) = Cey ey
and d,, Ac, e, — 0 in the H~! norm.

Proposition 2.4. Any Palais-Smale sequence at level c., ., in D admits a strongly convergent subse-
quence.

Proof. First of all, let us show that any Palais-Smale sequence is bounded in H'. To ease the notation,
for ¢ = (q1,¢2) € D, define the total potential

U(q) = fer (q1) + fe, (a2) — ger (g2 — @1).

For a (PS) sequence (u,) = (¢, ¢%) C D and a test function v, we can compute
T
iy Ay (0) = [ Gin, )+ (VU (). 0
0
! n !/ n n
VU (u,) = ( el(q}l)) n ( 9e, (a5 —ai) ) .
) = \as)) e — o)

In particular, choosing v = u,, and using point iii) and v) of Lemma 2.1, we have that:

[N () = [ st + stasas

T
> —04/0 f€1(Q?)+fE1(qg)

T / n n n T
952 (q2 ql )) (q1> / / n n n n
) = - 92 —41)\q2 — 4
A <<9,/52(qg qar) a5 ) 0 gsz( 2 1) t)

T
> oz/ 9er (a3 — a7').
0

(15)

and

It follows that:

2+«

T
(16) A, Aey ey (Un) > ||un||§ - O‘/O Ulun) = 5 Huan — oA, e, (Un).

Since (uy,) is a (PS) sequence, we know that

1,. T
Ac e (un) = §Hun||g +/0 Ulup) — Ceyer > 0.
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Assume by contradiction that (u,,) is unbounded. Combining with (16), for n large enough we obtain:
dy, Aey o5 (tn) > 0.
Being a (PS) sequence implies also that dy,, Ae, e, (Un)/||un]l g — 0 and so we deduce that

13

(17)
([t |

— 0.

Up to a subsequence, assume that ||| — +o00. In order for (17) to hold, we must have that

[[n |2
[[in |13

(18) — +o00.

Since ¢} (0) = 0, a Poincaré inequality holds for ¢} and so ||g}|l2 < VT||¢} |2
Note that a modified Poincaré inequality holds for ¢§ as well. Let us define the function z,(t) =
g5 (T — t) which, for any s,w € [0,T], using Jensen inequality, satisfies:

o)~ = (= [(sr ) < [ @ -op

)

Integrating with respect to s, this implies that:

T
2 .
g — g5 (w)]3 = /0 (45 (s) — g5 (w))” ds < T3 I3
Thus, for any w € [0, 7] and for a positive constant C' depending only on T, we have obtained

gz l2 < C(llgzl2 + g5 (w)]) -
On the other hand, the unboundedness of ||uy,|| implies that there exists some (w,) C [0, 7] such that

@3 (wy) — q¢(wy,) — 0. Indeed, since both the value of the action and f., are bounded over the (PS)
sequence, there exists a constant C' > 0 such that

Lo [F
il = [ gales —an)| <.

Thus |4, ]|3 explodes if and only if g7 and ¢3 get closer and closer. Thus, for some constant C; > 0
we have
lgi'llz + lla5 1l < VT3 ll2 + C (lld5 ll2 + lg5 (w)]) < Cu (lldf' 2 + 1d5 12)
and so ||uy|2 is controlled by ||ty ]2, a contradiction for (18).
So far, we have shown that ||i,]|2 and ||¢}|2 are bounded. To prove the H! boundedness of (PS)
sequences we have to show that ¢ is bounded in L? too. Let assume by contradiction that this is not
the case. There exists a sequence ¢, — +o0 such that ¢ > ¢, and this implies that

! n
(19) VU (up) — ( Eléql )) — 0 uniformly as n — +o0.

Testing d,,, Ae, , on (0,¢5 — ¢5(0)), one finds that ||¢7]2 — 0 and so ¢§ — ¢5(0) converges strongly to
0.
Moreover, let F., be the functional defined in (27). Then, for any v € H', v(0) = 0 we have

T
oo Fer (v) = (@0 51) + / S (@)or, and ||dgp Fe || — 0.
0

Thus, we obtained that (¢}') is a (PS) sequence for F,,. Thanks to Lemma A.1, it converges to a brake
orbit ¢., for a smoothed Kepler problem and so we conclude that
AEl,Ez (q?v qg) — a’El < 061,827
a contradiction.
So far, we have proved that u,, is bounded in H' and that

2 in g™ (t) — q» .
(20) tg[gg]\ql (t) — gz ()| > de
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Up to a subsequence, u,, admits a weak limit «. In particular u, — u uniformly and in L?. Thanks to
uniform convergence and the bound on the distance between (g7, ¢5), dominated convergence implies
that:

T
A<vvmmxuf%»4w

By hypothesis d,,, Ae, .., — 0, and so we obtain strong convergence since:

Ay, Aey oo (U — Up) = (ln, & — Up) +o(1) — 0.

2.4. Existence of critical points. We are now in the position to prove this result:

Proposition 2.5. For any €1,e2 > 0 small enough and any T > 0, the functional A., <, has a critical
point at level cc, o, in the set:

D = {(q1,42) € H'([0,T};R?) : ¢1 < g2, 1(0) = 0}.

In particular, there exists a collision-less solution of:

(21) {51'1 = fi, (@) + 9., (a2 — 1)
G2 = fi,(a2) — gL, (a2 — 1)

satisfying ¢1(0) = ¢1(T') = 0 and ¢2(0) = ¢2(T') = 0.

Proof. This is an application of Lemma B.1. In Lemma 2.2 we proved that c., ., > a.,, for a suitable
choice of C and c in the definition of T'{(s1). Moreover, in Proposition 2.4 we have shown that the
(PS) condition holds at level ¢, ,. Finally, Lemma 2.3 verifies that A, ., (D) = —o0. O

3. EXISTENCE OF CRITICAL POINTS FOR A

In this section we exploit a limit argument in order to prove that our main problem (2) actually
admits solutions. To this extent, the first step is to provide suitable a priori estimates on the H' norm
and on the energy of each solution of (21).

3.1. A priori estimates and finer properties of solutions. To ease the notations we will de-
note solutions of (21) by ¢ = (¢f,¢5). In this first result, we detect some useful properties on the
monotonicity of such solutions and their derivatives.

Lemma 3.1. For every 1,2 > 0, the following hold:

i) ¢§ and g5+ ¢5 are concave. In particular they are positive for allt < T and admit a mazimum
at T;

it) ¢§ — ¢ is convexr with a minimum at t =T

i) g3 < |dil;

iv) ¢§ is monotone increasing and g5 is monotone decreasing.
Proof. By the properties listed in Lemma 2.1 and (21), ¢§ and ¢5 + ¢ are concave. Thus they are
monotone with a maximum point at ¢ = 7" since ¢5(7) = 0 = ¢5(T’). Since f, is convex on [0,00), f,
is increasing and f! (g2) — fL,(q1) > 0 provided gz > g1. It follows that G5 — Gi > 0 and ¢5 — ¢ is
convex. By the boundary conditions, ¢t = T is a critical point and thus a minimum.

Assertion ii¢) follows from the fundamental theorem of calculus. Indeed:

T
i) =— [ s =12
t

and, observing that ¢f + ¢5 < 0 and §5 — ¢; > 0, we conclude that —¢f < ¢5 < ¢7.
The last assertion is proved as follows. We already know that ¢ is strictly increasing since it
is strictly concave. Let assume that there is a point t* < T which is a strict minimum for ¢5. In
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particular, ¢5(t) > ¢5(t*) for all ¢ > ¢* small enough and ¢5(t*) > 0. By Lemma 2.1, f! is monotone
increasing, and so

P (G0) — 11, G5(E) 2 0, if g5(t) > g5(t").
Similarly, since g5 — ¢ is decreasing (and this follows from 4i)), we have that —g. ((¢5 — ¢7)(t)) >
—g.,((¢5 — q7)(t*)) and so, plugging in (21), we find that ¢5(t) > 0 as long as ¢5(t) > ¢5(t*). Thus ¢o
is convex on [t*,T] and there can be no stationary point at ¢t = 7. A contradiction. O

The following proposition deals with the boundedness of solutions of (21) and their energies.

Proposition 3.2. Let ¢° = (q¢f,¢5) be a critical point of A, -, at level c., ., and let h. be the
corresponding total energy value. Then, ¢° is uniformly bounded in H' and h. is uniformly bounded
in R, for e1,eq sufficiently small. Moreover, we have:

_Cerer h. (@ —2)ce ey
- 24aT

Proof. Since ¢° is a critical point, d¢=A., -, = 0. In particular we have that:

<0.

T
dg. Acy e, (6°) = |75 + /O (a5 f2,(a7) + a5 12, (a5) — (a5 — a5)gL, (a5 — qf)) dt.

By points #ii) and v) of Lemma 2.1 we have that:

T
0=dg Ay e, (0°) > 1673 ~ a/o (fer (47) + fe1(43) — 922 (g5 — 41)) dt.

Rewriting the inequality as in the proof of Proposition 2.4 (see in particular (16)), we obtain that:
200 Cey ey

2+a
Clearly, c., ., is uniformly bounded in &1, and so is ||¢°]|3.

Reasoning as in Proposition 2.4, ¢5 is bounded in H! if and only if ¢§ is bounded in L2. It remains to
show that ¢5 is bounded in L?. Indeed, assume by contradiction that ¢5(7) — co. Testing dgeA., -, on
the variation (0, ¢5) we find that 5 goes to zero in L? and thus, as in Proposition 2.4, c., ., approaches
the level of a brake orbit. A contradiction.

Let us prove the bound on the energy. Integrating over [0, 7] we have that:

(22) 6713 <

1. . T . .
Ths=§lqu||§—/0 U(q®)dt = 147115 — Az, 2o (0%) = 165113 — ey e

On the other hand, by equation (22), we have that:

2+«
Finally, we have that h. > 7%051,52. O

> ”qu% — Cer,en = The.

We need to guarantee that we are not approaching a total collision, where both the electrons collapse
into the nucleus. This is proven in the following:

Proposition 3.3 (No total collision). For any e1,e2 > 0 there exist constants Cy,Coy > 0 not depending
on €1,&o such that:
5]l > C1, ¢5(T) = Coa.

Proof. Let us show that, if ¢ goes to zero in L?, solutions ¢° of (21) converge uniformly to zero. From
point iii) of Lemma 3.1, we easily see that ¢5 to 0 in L? as well. Moreover, since ¢5(0) = 0, the Poincaré
inequality shows that if ¢ converges to zero in L?, then ¢5(T') goes to zero as well. Thus ¢5 converges
uniformly to a constant curve. The energies of solutions are uniformly bounded by Proposition 3.2,
and at T read

he = =fe, (q1(T)) = fe1 (65(T)) + 92, (¢5(T) — q1(T));
therefore, ¢5(7") must converge to zero, otherwise he — —00. So ¢ and ¢§ converge uniformly to 0.
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Having proved this claim, let us assume by contradiction that ¢ converges uniformly to 0. We have
that:

T
@ (1) = / —F(a) — 0l (a5 — &)

qi(T) = —/O /0 Xie.ry(s) (£'(a7)(s) + oL, (a5 — q1)(s)) dsdt

where ., 7] denotes the characteristic function of [t,T]. Applying Fatou Lemma we obtain that:

0> /0 /O lim inf (x(e,77(s) (f'(45)(s) + 92, (g5 — 4§)(5))) dsdt = +o0,

which is clearly not possible. O

3.2. Existence of solution of (1). We are now equipped with all the tools and properties needed
to show the main result of this section:

Theorem 3.4 (Convergence of ¢°). For any 1,2 small enough, there exists a subsequence of ¢¢ which
converges in the C? topology on any compact subset [6,T], with § > 0, to a solution q of:

{51'1 =f(@)+9(2—a)
G2 = f'(q2) — 9'(q2 — q1)
with energy h given by
h=—f(q1) — fla2) + 9(¢2 — @) |e=1 <O,
satisfying G2(0) = ¢1(T) = ¢2(T') = 0 and ¢1(0) = 0.

Proof. Recall that the total energy of a solution ¢° is given by h. = —U(¢°(T)) < 0 (see Proposition
3.2) where U(q) stands for the total potential energy:

U(q) = fe, (q1) + fe, (q2) — 9en(q2 — q1).

Since ¢5(T") and ¢5(T") are uniformly bounded away from 0, we can assume that e; is so small that
fer (6(T)) = f(¢5(T)). Since the total energy and the contribution of f(¢5(T"))+ f(¢5(T")) are bounded,
so is the contribution of g.,(¢5(T) — ¢5(T)). This implies that there exists a constant d, independent
on €1,z (provided that they are small enough), such that ¢5(7) — ¢§(T") > d. In particular, we have

he = g(q5(T) — ¢i(T)) — f(qi(T)) — f(g5(T)) <O.
By Proposition 3.2, ¢¢ admits a weakly convergent subsequence and thus converging uniformly and in
L? to some limit function ¢ = (q1,¢2). Since we have established that ¢5 — ¢5, ¢f and ¢5 are bounded
by some positive constants, the right-hand side of (21) converges uniformly to the bounded function
1(g2) — ¢'(g2 — q1). This fact implies uniform convergence of ¢5 too (by Ascoli-Arzela Theorem).

Differentiating (21) we obtain:

G5 = 12 (62)d5 — 92, (g5 — a1)(¢5 — 41)-
Again, f (¢5) and g”, (g5 — ¢5) converge uniformly. By Proposition 3.2, ¢, ¢5 are bounded in L? and
so we obtain that the G5 are equi-continuous and so they converge uniformly. Thus the limit go is C?
and a classical solution of (21).

Let us now consider the convergence of gj. As already mentioned, we have a uniform limit ¢;. We
have to show that ¢§ converges uniformly on compact sets of the form [§,T], for § > 0 small. To this
aim, let us show that, for any § > 0 there exists C' > 0 such that, for any €1, ey sufficiently small,
¢ili5,r) > C. If that were not the case, there would be a subsequence ¢i™ such that " (0) — 0. In
particular, there would exist (wy,) C [0, ] such that

;" (9) — 41" (0)
1)

for any s > 0. Therefore, ¢i* would converge uniformly to 0 on [§,T] and, by Poincaré inequality,
¢;"(T) — 0 as well, contradicting Proposition 3.3.

= 47" (wn) > 41" (s) 2 0,
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The claim we just proved implies that the right-hand side of (21) converges uniformly to f'(q1) +
g'(g2 — q1). Applying again Ascoli-Arzeld Theorem we see that ¢; is C? on any [6, T and ¢§ converges
to q1 in the C? topology. Thus ¢ is a classical solution of (21) on [§,T], for any § > 0. O

We can specify the result above to the case of homogeneous potentials. Let us take f(s) = 1/s and
g(s) = p/s with p € (0,1). We obtain:

Corollary 3.5. For any negative value of the energy h there exists a frozen planet orbit, i.e., a solution

of:
vo— 1 p
{Q1 — qi (g2—q1)?
. 1 M
o = ——3 + (q2—q1)2
satisfying ¢1(T') = q1(0) = 0 and ¢2(T) = ¢2(0) = 0.

Proof. We only need to show that this result holds for any negative value of the energy. Looking at
the statement of Proposition 3.2 and observing that for these choices of f and g assumption (5) is
satisfied with o = 1, we get h. < —c¢¢, .,/T. Thus also the energy of the limit obtained in Theorem
3.4 is negative.

Since now the potentials are homogeneous, scaling a solution as A’lq()\?’/ 2t) rescales the energy by
a factor )\, yielding solutions for any negative value of the energy. O

4. ZERO CHARGE CASE

Take p € [0, 1] and consider the ODE system:

{fh = f'(q1) + pg' (g2 — 1)

(23) G2 = f'(q2) — g’ (g2 — 1)

Theorem 3.4 implies that, for any p > 0 there exists a solution ¢* = (¢', ¢4') having ¢}'(0) = ¢{'(T) =0
and ¢4 (0) = ¢4(T) = 0. For p = 0, the system decouples and reduces to two independent f—Kepler
problems:

{fil = f'(q1)

G2 = f'(q2)

Let ¢ be a brake orbit for the f—Kepler problem on [0,27] having §(0) = 0. Define a curve ¢ = (q1, g2)
in R? as:

(24) q(t) = (a2 (t), () = (¢(), 42T — 1)), ¢ [0, T].

By construction, we have ¢2(0) = ¢1(0) = 0 and ¢1(T) = ¢2(T"). The next Proposition shows that, as
the charge parameter p tends to 0, there exists a sequence of solutions ¢* converging strongly to §.

Theorem 4.1 (Convergence to segments of brake). There exists a subsequence of g* which converges
uniformly in the C? topology to the curve q given in (24) on any interval [6, T — 8], 6 > 0. Moreover,
there exists a constant C' > 0 such that:

% (T) = (T) = C g/

Proof. First let us observe that ¢5(T) — ¢{'(T) — 0 as p — 0. Indeed, if that were not the case, we
could find a subsequence of (gh) which would converge in the C? topology to a solution of & = f/(x),
having #(0) = #(T) = 0, which does not exist since f is strictly monotone decreasing. Indeed, if
f/(x0) = 0 for some xg, then f is constant on the whole half-line and thus be zero, thanks to (3)-(4).
However, as we have already observed in the proof of Lemma 2.2, f(s) > f(3) (f)a > 0, where 5 is
introduced in (6).

Next, let us show that ||¢*||3 is bounded in L? and consequently ¢* in H!, since ¢}'(0) = 0 and
g5 (T) — ¢/'(T) — 0. Indeed, the value of the action on each ¢* is uniformly bounded in p by some
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constant ¢ due to the mountain pass structure (see the proof of Proposition 3.2 and of Proposition
2.4). Therefore:

T
. (e .
(25) 0= dgu Au(g") > [lg"]3 - o / Uula") = (1+5) 313~ ac,

and so (¢*) is uniformly bounded in L2. Up to a subsequence, we can assume that the sequence of
solutions (¢") converges uniformly and in L? on [0, 7] to a function q.

Now we prove the C? convergence on intervals of the form [§,7 — §]. Let us observe that ¢’ is
uniformly strictly concave near T. Moreover, thanks to point i) of Lemma 3.1, ¢4 is monotone
decreasing and so

;' (t) < gi(T) < g5 (T) < a5 (t).
Thus the sequence of functions (¢4 — ¢}') cannot converge uniformly to zero on any subinterval of
[0,T]. A slight modification of the argument given in Theorem 3.4 or in Proposition 3.3 shows that ¢}’
does not converge uniformly to 0 on [0, d] either. Applying the Ascoli-Arzela theorem on the intervals
[6,T — 6], we obtain convergence in the C? topology to two solutions ¢ = (q1,q2) of & = f/(x).
We have yet to show that ¢; are brake orbits. Let us observe that ¢}’ + ¢4 solves the equation:

@+ = f'(a)) + f'(ah).
The right-hand side is bounded on intervals [§,7]. This means that we can assume that ¢} + ¢}
converges to q; + ¢z in the C? topology on [6,T]. Thus ¢1(T') = —go2(T). Finally, the same argument
implies that ¢4 converges uniformly in the C? topology on [0,T — §] and so ¢2(0) = 0.
Thus, the curve ¢ defined as:
i(t) = qi(t) ift<T
C\@T—-t) ift>T
determines a C! trajectory on [0, 27] having é(2T) = 0. It follows that ¢ is the brake orbit of period
2T
It remains to show that there exists C' > 0 such that ¢4 (T) — ¢/ (T) > Cu/®. Since we have
established convergence of the energies (h*) of the sequence (¢*) to the energy h of ¢, we have:
19(a (T) = ¢i' (T)) — i (T) > 0.
Moreover, thanks to (5), the function g satisfies the inequality g(s)s* > g(1) for s < 1. Thus, there
exists a constant C' > 0 such that

%(T) = ¢ (T) = C¢/p.

APPENDIX A. BRAKE ORBITS FOR THE f., —~KEPLER PROBLEM

In this section we briefly discuss the properties of the solution of:
q(0) =0, ¢(T) =0,

where f., has been defined in (11) and approximates the attractive potential f. Let us consider the
space V = {q € H'([0,T};R) : ¢(0) = 0}, the family of functionals F., and F defined as

(27) Falw= [ 5+ fa0. Fa = [ 5+ 10a

Minimisers of F and F, on V are called brake orbits and satisfy (26).

Lemma A.1. The following assertions hold true:

i) F admits a unique minimiser q in V which is of class C*((0,T)). This is the unique half brake
orbit with minimal period 2T.
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ii) For any €1 > 0, F., has a unique minimiser q., in V which is of class C2([0,T]). This is the
unique half brake orbit with minimal period 2T .
iii) The family {qc,} is bounded in H' and converges strongly to q.
iv) Denote by ag = F(q) and by as, = Fe, (qe, ). Then, a., — ag.
v) Each F., satisfies the Palais-Smale condition at any level ¢ > 0.

Proof. We first prove points i) and 4i). From Lemma 2.1, the functions f., are C'! on R, the
functionals F., are C' and so their critical points are C2?. Moreover, the functionals are coercive.
Indeed, since f,, is positive, we have:

1 1
Fola) 2 5 / lal*dt,
0

and ||q||gr — 400 if and only if ||¢|]2 — +oo by Poincaré inequality (recall that ¢(0) = 0 in V). The
functional F, is also weakly lower semi-continuous and so minimisers exist for any €; > 0 by direct
methods. Notice that, since we have fixed the starting point and the endpoint is free, any critical point
¢, must satisfy ¢., (T) = 0. The same argument shows that there exists at least a minimiser for F.

For the uniqueness part, let us observe that T can be written in terms of the final position w =
ge, (T). Indeed, integrating the energy equation we get:

_ 1T e, dt _ 1 /w dq
V2l V() — fa(w) V2Jo V(@) - fe(w)
_ 1 /1 wdq
v2 Jo \/f€1 (wQ) - f61(w) .
Thus, computing the derivative with respect to the final position w, we obtain:
o1 /1 1
2v2 Jo (fer (wq) — fo) (w))

So T is strictly monotone in w if the function t(s) = 2f., (s) — sf. (s) has the same property. Com-
puting its derivative we obtain ¢’(s) = f. (s) — sf (s), which is always negative in our case.

Let us prove 4ii). By construction, for any curve ¢ € V, F., (q) < F(q). It follows that:

T (w)

O 572 [2fe (wq) — 2, (w) — qufl (wq) + wfl, (w)] .

ae, = Iqrgg Fei(q) < gleigf(q) = ap.

Moreover, since f., is positive, we have:

1.y 1. T
el < slldes iz + | fei(ge,) < ao.
2 2 0

Thus, minimisers of 7. form a bounded subset of H! and so weakly pre-compact. It remains to prove
that (q.,) converges strongly in H' to ¢, which is the unique minimiser of F. This is a consequence of
Fatou Lemma and uniform convergence:

1 = T — . . . T . . . T —
Slil+ [ f(q)—aozhmmf<||qgl|§+ / f61<q51>)zhmmfnqsln% | ra.
0 €1 0 &1 0

This implies that 1|¢[|3 = liminf., ||d., |3, proving strong convergence in H'.

Let us show iv). Denoting by h., the energy of g.,, it is not difficult to see that a. = ||¢c, ||3 — he, T
By the same argument given in Proposition 3.3 and uniform convergence, we have that h., — h and
SO e, — ag.

It remains to show v). Let u, be a (PS) sequence for F., at a positive level ¢ > 0. The critical
point equation implies:

T T
Qo For (1) = in 2 + / n S (1) > i3 — 0 / fo(utn)

> (1 + %) it ||? = aFz, (un),
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where the first inequality follows from point 4i:) of Lemma 2.1. Since d,,, Fe(un)/||unll2 — 0 and we
have a Poincaré inequality, (u,) is a bounded sequence in H'. Thus, up to subsequence, there exists
a weak, uniform and L? limit u. To show that it is actually a strong limit, it is enough to notice that:

T
dun,fe(u_un) = <ﬁn,d—ﬂn> +/0 unfél(un)(u—un)

By the uniform convergence of u,, and the continuity of f! , the integral goes to zero and so [ty [|2 —
||l@t]|2, yielding strong convergence. 0

APPENDIX B. A MOUNTAIN-PASS LEMMA
In this appendix we state and prove an ad-hoc version of the mountain-pass Lemma.

Lemma B.1. Let H be a separable Hilbert space, D C H an open set having smooth boundary and
consider a C' functional A: D — R having Lipschitz gradient. Assume that A can be extended to D
and A(OD) = —oo. Let p,q € D, consider the class of paths

I'={y:[0,1] = D[~(0) = p,7(1) = ¢}

and define the value

= inf t)).
c ;relmren[gﬁ]fl(v( )

Moreover, let us assume that:

o ¢ >max{A(p), A(9)},
o A satisfies the (PS)-condition at level c.

Then, c it is a critical value of A.

Proof. By contradiction, let us assume that ¢ is not a critical value. since A satisfy the (PS) condition,
this implies that there is no (PS) sequence at level ¢. This means that there exists ¢ > 0 such that, for
any u, with A(u,) — ¢, we have ||d,, Al > §. As a consequence, there exists some € > 0 such that
|du Al > 2 for any u € A=([c — &, ¢+ €]). Let us consider the sets:

X=AYc—2e,c+2]), Y=Ac—¢e,c+e]).
They are both closed and 9D N X = @ since A(OD) = —oo by assumption. This implies that the

function:
dist(u, X€
v = A
dist(u, X¢) + dist(w, )
is Lipschitz, vanishes on X¢ and is equal to 1 on Y. Define the vector field and the associated ODE:
YVA .
—rogr 1=V
VA
By construction, V is bounded and locally Lipschitz. Thus there exists a well defined continuous flow
®. It leaves D invariant since V = 0 outside X and A is decreasing on solutions since:

V=

d .
A1) = (VA7) = =y VA < 0.
Take 7, a minimising sequence approaching c. For e sufficiently small, p,q € X¢ and ®4(~,,) still

belongs to I'. Let u,, be a point in which the maximum is realized. For n sufficiently large, u,, € Y.
By definition of ¢ and for n sufficiently large, ¢ + & > A(®(u,)) > ¢, however in this case:

A@@»—A@@=—AHV&%W@WS—%

This implies that A(®(u,)) < ¢ — €, a contradiction. O



16 STEFANO BARANZINI, GIAN MARCO CANNEORI AND SUSANNA TERRACINI

REFERENCES

[1] A. Ambrosetti and V. Coti Zelati. Solutions with minimal period for Hamiltonian systems in a potential well. Ann.
Inst. H. Poincaré Anal. Non Linéaire, 4(3):275-296, 1987.

[2] A. Ambrosetti and V. Coti Zelati. Closed orbits of fixed energy for singular Hamiltonian systems. Arch. Rational
Mech. Anal., 112(4):339-362, 1990.

[3] A. Ambrosetti and V. Coti Zelati. Periodic solutions of singular Lagrangian systems. Progress in Nonlinear Differ-
ential Equations and their Applications, 10. Birkhduser Boston Inc., Boston, MA, 1993.

[4] S. V. Bolotin. Degenerate billiards in celestial mechanics. Regul. Chaotic Dyn., 22(1):27-53, 2017.

[5] K. Cieliebak, U. Frauenfelder, and M. Schwingenheuer. On Langmuir’s periodic orbit. Arch. Math. (Basel),
118(4):413-425, 2022.

[6] K. Cieliebak, U. Frauenfelder, and E. Volkov. Nondegeneracy and integral count of frozen planet orbits in helium.
Tunis. J. Math., 5(4):713-770, 2023.

[7] K. Cieliebak, U. Frauenfelder, and E. Volkov. A variational approach to frozen planet orbits in helium. Ann. Inst.
H. Poincaré C Anal. Non Linéaire, 40(2):379-455, 2023.

[8] J. Féjoz, A. Knauf, and R. Montgomery. Lagrangian relations and linear point billiards. Nonlinearity, 30(4):1326—
1355, 2017.

[9] J.-M. Rost and G. Tanner. Two-electron atoms: from resonances to fragmentation. In Classical, semiclassical and
quantum dynamics in atoms, volume 485 of Lecture Notes in Phys., pages 274-303. Springer, Berlin, 1997.

[10] L. Zhao. Shooting for collinear periodic orbits in the helium model. Z. Angew. Math. Phys., 74(6):Paper No. 227,

12, 2023.

DIPARTIMENTO DI MATEMATICA “G. PEANO”
UNIVERSITA DEGLI STUDI DI TORINO

Via CARLO ALBERTO 10, 10123 TORINO, ITALY,
Email address: stefano.baranzini@unito.it
Email address: gianmarco.canneori@unito.it
Email address: susanna.terracini@unito.it



	1. Introduction
	2. Existence of critical points for A1,2
	2.1. Construction and properties of f1 and g2
	2.2. Mountain pass geometry
	2.3. Palais-Smale condition
	2.4. Existence of critical points

	3. Existence of critical points for A
	3.1. A priori estimates and finer properties of solutions
	3.2. Existence of solution of (1)

	4. Zero charge case
	Appendix A. Brake orbits for the f1-Kepler problem
	Appendix B. A mountain-pass Lemma
	References

