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Abstract. We study the determinant of the second variation of an opti-
mal control problem for general boundary conditions. Generically, these
operators are not trace class and the determinant is defined as a prin-
cipal value limit. We provide a formula to compute this determinant in
terms of the linearisation of the extrenal flow. We illustrate the proce-
dure in some special cases, proving some Hill-type formulas.
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1. Introduction

The main focus of this paper is the study of the spectrum of a particular
class of Fredholm operators that arise in the context of Optimal Control.
Our main result is a formula that relates the determinant of these operators
to the fundamental solutions of an ODE system in a finite-dimensional space,
in the spirit of Gelfand—Yaglom Theorem.

For operators of the form 1+ K, where K is a self-adjoint compact op-
erator, various ways of defining a determinant function can be found in the
literature. Going all the way back to Poincaré, Fredholm and Hilbert. If the
operator K one considers is in the so called trace class, i.e. the sequence of its
eigenvalues (with multiplicity) gives an absolutely convergent series, a defi-
nition of determinant which involves the (infinite) product of its eigenvalues
is possible.

In our case, however, the classical approach does not immediately apply
since, typically, the operators one encounters are not trace class. In fact, for
a large class of optimal control problems, the second variation of the cost
functional at a critical point, denoted by @, can be written as:

Q) = (1 + K)u,u) = /01 <—<Htut,ut> —|—0(Ztut,/0

t

Z-,—UTdT)> dt,
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where wu; is an infinitesimal variation of the control and lives in a finite codi-
mension subspace of L2([0, 1], R¥), o is the standard symplectic form on R?",
Z; a 2n x k matrix and —H; a strictly positive definite & x k& symmetric
matrix.

Whenever the compact part K has this particular integral form, there
is a non negative real number £(K), which we call capacity, for which the
following asymptotic relation for the ordered sequence of eigenvalues holds:

M (K) = Li{)+0(n5/3), n e Z. (1)

This is shown in [3] and [10], under some hypothesis on the regularity of the
coefficients H; and Z,;. For more details see Sects. 1.1 and 2 and Appendix A.

This symmetry of the spectrum allows us to talk about trace and deter-
minant of the operators K and 14 K in the sense of principal value limits. In
particular, whenever the compact part of the second variation is trace class,
this limit coincides exactly with the usual Fredholm determinant defined for
trace class operators. A similar approach has been independently adopted in
the works [19,20] to study the spectrum of Hamiltonian differential operators.

There are, of course, many other ways to define a determinant function
for classes of Fredholm operators. For instance, one could apply the theory of
regularized determinants, see [27], or rely on the so-called (—regularization,
see [15] for details. The literature concerning these topics is vast. To mention
a few works, one could refer to [24,25] for Sturm-Liouville problems, to [17]
for graphs and to [16] for similar results proved in the general framework
of elliptic operators acting on sections of vector bundles. A relation between
regularized determinants and (-regularization is given in [18].

It is worth pointing out another feature of the construction. Theorem 1
relates the determinant of 1 + K to the fundamental solution of a finite-
dimensional system of (linear) ODEs. This provides a way to compute the
determinant and allows to recover some classical results such as Hill’s formula
for periodic trajectories. This kind of formulas have important applications
since they allow to relate variational properties of an extremal (i.e. the eigen-
values of the second variation), to dynamical properties such as stability.
These latter properties are usually expressed through the eigenvalues of the
linearisation of the Hamiltonian system of which the extremal we are consid-
ering is solution. Take the case of a periodic, non-degenerate trajectory. On
one hand, knowing the sign of the determinant amounts to know the parity of
the Morse index of the extremal. On the other hand, this sign is completely
determined by the number of positive eigenvalues of the linearisation grater
than one. Applications of this kind of ideas go back to Poincaré’s result about
the instability of closed geodesics and can be found, for example, in [13] or
[21]. For several interesting examples of the interplay between parity of Morse
index and stability see for instance [11,12] or [8]. Other related works in this
direction are [26,28] and [22].

Being able to compute the determinant of an operator, without knowing
explicitly its spectrum, is also the reason why Gelfand—Yaglom Theorem is
an extremely useful tool. In theoretical physics, it finds application in the
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semiclassical approximation of the wave function. Indeed, using the stationary
phase expansion, the contributions to the path integral localize at classical
solutions. The quadratic term of the expansion involves the determinant of
the Hessian of the classical action. Theorem 1 could be of use in computing
this expansion for a broader class of action functionals.

The results are formulated in a quite general framework and the tech-
niques can be applied without virtually any modifications to treat constrained
variational problems on compact graphs as already done in [9] to compute
the Morse index.

In this paper we will deal exclusively with strictly normal extremals
(see Definition 3 in Appendix A). This hypothesis is somewhat restrictive,
nevertheless is a priori verified in a consistent number of cases. For instance in
Riemannian, almost-Riemannian and contact manifolds. For generic normal
extremals of step 2 sub-Riemannian manifolds and in the so called linear
quadratic regulator problems to list a few.

The structure of the paper is the following: in Sect.1.1 we recall the
notation and the setting we will use through out the paper and give the
full statements of our results. Section 2 contains some information about the
second variation and the structure of the space of variation we will employ.

In Sect.3 we deal with a couple of applications, such as Hill’s formula
and the eigenvalue problem for Schrodinger operators. The results deserve
some interest in their own, however, the main focus of the section is to provide
a worked out example of how to apply the formulas to concrete situations.

The last part of the paper is Sects. 4.1 and 4.2. They are devoted to the
proof of Theorem 1. We first prove the result for boundary conditions of the
type Nog X Ny (Sect.4.1) and than extend it to the general case (Sect.4.2). Fi-
nally, we give formulas to compute the trace of the compact part of the second
variation K (Lemmas 3 and 4) and some normalization constant appearing
in Theorem 1.

1.1. Problem statement and main results

We begin this section briefly recalling the setting and the notations that
will be used throughout the paper. The reader is referred to [4,6] for more
information on optimal control and sub-Riemannian problems. By an optimal
control problem we mean the following data: a configuration space, i.e. a
smooth manifold M, a family of smooth (and complete if M is non compact)
vector fields f, defined on it and a cost function . The vector fields f,
depend on a parameter u living in some open set U C R¥. We can think of
it as our way of interacting with the system and moving a particle from one
state to another. We will always assume that the f, are smooth jointly in
both u and the state variable.

To any function u(-) € L*°([0,1],U) and to any gy € M we can associate
a trajectory in the configuration space considering the solution of:

We will usually call the function u(-) control.
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We can impose further restrictions on solutions of (2) specifying proper
boundary conditions. The most general situation that we are going to treat
in the paper is the case in which the boundary conditions are given by a
submanifold N C M x M. We say that (a Lipschitz continuous) « : [0,1] — M
is admissible if it solves (2) for some control v and if (v(0),v(1)) € N. We
say that a control u is admissible if the corresponding trajectory, denoted by
~u, 18 defined on the whole interval [0, 1] and it is admissible.

Given a smooth function ¢ : U x M — R, we are interested in the
following minimization problem on the space of admissible curves:

min_ Jlw)= min /Osow(tmu(t»dt 3)

v admissible v admissible

In classical mechanics problems ¢ corresponds to the Lagrangian of the sys-
tem. In optimal control ones it is usually referred to as the running cost.

It is customary to parametrized the space of admissible curves using the
control function u(-) and a finite-dimensional parameter space that takes into
account the initial data. We are going to follow this approach. However, we
postpone the discussion of the structure of our space of variations to Sect. 2
since it is independent of the main statements.

The wellknown Pontryagin Maximum Principle (see Appendix A) gives
a geometric description of critical points u of the restriction of J to the space
of admissible controls in terms of suitable lifts of v, to the cotangent bundle.
This lifts are called extremals and satisfy, for some v < 0, a Hamiltonian
ODE:

A = huy(N), where By, (A) = (A, fu(q)) + vo(u, ).

There are two families of critical points. A point u can either be a critical
point of the constraints determining the set of admissible controls (giving a
so-called abnormal extremal having v = 0) or can be a true critical point of J
(giving a normal extremal having v < 0). The two conditions are not mutually
exclusive, a critical point can have multiple lifts. We will only consider critical
points u which are regular points of the constraints. They are called strictly
normal optimal controls and admit no abnormal lift. The associated normal
extremal is termed strictly normal extremal.

In this case, the space of variations can be endowed, locally, with a
smooth Banach manifold structure. Thus, it makes sense to consider its tan-
gent space. It is a finite codimension subspace V of L>([0, 1], R*) @ RAmXV),

Suppose that u is critical point of the functional J restricted to the
space of variations and consider the Hessian of 7 at u. It is a quadratic form
on V. We denote it by Q(v) = d2 7|y (v, v) and we will refer to it as the second
variation of J at u. Instead of working with the L topology, we will work
with the weaker L? one since it turns out that the quadratic form @ extends
by continuity.

We will further assume that h,(\) defined above is strictly convez along
(u(t), 7, (t)) in the u variable, this is the so called strong Legendre condition.
Under this assumption and for an appropriate choice of scalar product on
L?([0,1],R¥), it turns out that the quadratic form (Q —I)(v) = Q(v) — (v, v)
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is compact. However, as mentioned, it is in general not trace-class since the
asymptotic relation in Eq. (1) holds.

Given an eigenvalue of @, A, denote by m(\) its multiplicity. We define
the determinant of the second variation as the following limit:

det(Q) = 1in(1) H AN where A € Spec(Q).
[A—1|>€

As stated in the introduction, the computation of this determinant for
general boundary conditions is the main contribution of this work. We provide
a formula for this determinant involving essentially two ingredients:

e the fundamental solution of a linear (non autonomous) system of ODE
which we call Jacobi equation;

e the annihilator to the boundary condition manifold, a Lagrangian sub-
manifold of T M.

To state the main Theorem and define precisely the objects above, we
need to introduce a little bit of notation. We will just sketch here what is
needed for this purpose, further details are collected in Appendix A or given
along with the proofs. From now on, assume that a strictly normal extremal
A+ with optimal control @ is fixed (see Appendix A). As asserted by PMP, it
satisfies the following (non autonomous) Hamiltonian ODE:

h%(A) = hu()‘)|u:ﬂ(t) = (<)‘> fu((Z» - (p(ua Q)) ‘u:ﬂ(t)v )‘ = FL%(A)

The first objects we introduce are the flow of E% at time ¢, denoted by @,
and its differential, denoted by (®;).. Note that ), satisfy A\, = ®;(\g). We
will use the map ®, to connect the tangent spaces to each point of A\; to the
starting one, Ag. This flow, in some sense, plays the role of the choice of a
connection (or parallel transport as in Riemannian geometry, see [13]).

The second object we are going to introduce, is a kind of quadratic
approximation of our starting system. It is given by a quadratic Hamiltonian
on Th,T*M (see for detail [1] or [6, Chapters 20 and 21]). To define it, we
need to introduce two matrix-valued functions Z; € Maty 2 qim(ar)(R) and
H; € Matjx(R). They can be computed in terms of ®, and the Hamiltonians
h,, as shown in (32). The matrix Z; is the derivative of fiu with respect to
the control variable along the extremal and, heuristically, represents a linear
approximation of the Endpoint map of the original system. On the other
hand, H; is the hessian of h, with respect to the control variable along
the extremal and gives some sort of quadratic approximation of h,. These
matrices will be used to get an explicit integral expression of @, given in
Equation (5), and to define Jacobi equation below. Strong Legendre condition
can be formulated in terms of H;. We will assume that it is symmetric,
positive definite and with uniformly bounded inverse.

Let m : T*M — M be the natural projection and set II := kerm,, the
fibers. Define §° as the dilation by s € R of II. It is determined by the relations
T (0°w) = me(w) for all w € T\, T*M and 6°v = sv for all v € ker(m.). Let
J be some coordinates representation of the standard symplectic form on
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Ty, T*M. Let us define the following quadratic form:
1
BN = 5\, JOZH7 N (65 Z)* TN), N eTh,T*M.

We will call Jacobi (or Jacobi type) equation the following ODEs system on
T)\OT*MZ

A=G,(\), AeT\T"M.

Denote its fundamental solution at time ¢ by ®;. Here, and for the rest of
the paper, we will call fundamental solution any family O;, t € R of linear
maps which satisfies a linear ODE and have initial condition ©¢ = I.

Remark 1. Whenever PMP’s maximum condition determines a C? function
h = max, h, on T*M, normal extremals satisfy a Hamiltonian ODE on the
cotangent bundle of the form A = h(\). Jacobi equation for s = 1 is closely
related to the linearisation of & along the extremal we are fixing. Suppose
local coordinates are fixed and let d3 % be the Hessian of / along the extremal.
Let ¥, be the fundamental solution of:

Uy =d3 h,.
It can be shown (see for example [6, Proposition 21.3]) that:
U, = (9,). 1.

The last maps we will need are a family of symplectomorphisms of
Ty, T*M and T, T*M. Their definition depends on the choice of a scalar
product on each tangent space. Let go and g1 be two scalar products on these
spaces. Assume that at each \;, IT; := ker(w,) C T),7*M has a Lagrangian
orthogonal complement with respect to g; which we denote by IT;-. Denote
by Jo and J; the linear maps determined by o(v,w) = g;(Jiv,w) for all
v,w € T\, T*M. For a subspace V, denote by pry the orthogonal projection
onto V. We set:

A5(m) =n+ (1 —=s)Jy 'pragn, 0 € Tno(T*M),

s . (4)
A3) = n+ (1= 8) (I + & opr, 0 87 progn, 1 € To, (T7M),

The datum of the boundary condition is encoded in a Lagrangian sub-
manifold of (T*(M x M), (—0) & ), the annihilator of N. It can be thought
of as the symplectic version of the normal bundle in Riemannian geometry
and is defined as follows. Take a sub-manifold N C M x M and consider:

Ann(N) = | J {20, \1) € T (M x M) :
qeEN
<)\0,X0> = <)\1,X1>7V(X0,X1) S TqN}

In light of PMP (see Appendix A), critical points of J with boundary con-
ditions given by N, lift to the cotangent bundle to curves A\; such that
()\0, )\1) S Ann(N)

Fix now a complement to T(, x,)Ann(N), say Vy, and denote by 7y
the projection on Vi having T(x,,x,)Ann(N) as kernel. We are ready now to
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define a function that plays the role of the characteristic polynomial of the
Hessian of J. For a map f denote by I'(f) its graph, set:

PQ(S) = det(ﬂ'N|F(Aici>*<I>iA8))'

With this notation, our main result reads as follows:

Theorem 1. Suppose that \; is a strictly normal extremal for problem (3) and
u is its optimal control. Moreover, suppose that \; satisfies Legendre strong
condition, i.e. that 3o > 0 such that, Vv € RF

(=Hyv,v) = a(v,v)
and that at least one of the following holds:

e the maps t — Z; and t — H; are piecewise analytic in t;
e the dimension of the space of controls k satisfies k < 2;
e the operator I — Q) is trace class;

Let X € Spec(Q) and m(\) be its multiplicity. Then, the limits:
— 1 m(A) — D =1I —
det(Q) = lim II 2™, w@-1 lim > m)A-1).

[A=1|>e€ [A=1|>e€
are well defined and finite. Moreover, for almost any choice of metrics go and
g1 we have that pg(0) # 0 and that:

det(I +s(Q—1)) = pQ(O)_les(tr(Q_I)_pb(0));3@(5).

Remark 2. The hypothesis about the regularity of Z; and H; are needed to
obtain the asymptotic for the spectrum of @) — I that guarantees the existence
of the trace and of the determinant as limits. They can be weakened somehow
by requiring that the skew-symmetric £ x k matrix Z;.JZ; is continuously
diagonalizable (see [3]).

Remark 3. Tt is worth pointing out that, under Legendre strong condition,
the matrices Z; and H; are analytic (or C*) as soon as M, the dynamics
fu(q), the cost ¢(u,q) and the Hamiltonian function h = max, h, appearing
in the statement of PMP are analytic (or C*+1) too. Compare with [6, Section
21.4].

Moreover, if Z, and H; are at least C!, Q — I is trace class as soon as
o(Zw, Zyw) = 0 for all t € [0,1] and for all v, w € R¥ (see [10]).

Remark 4. The constants pq(0), py(0) and tr(Q — I) are completely explicit
and are given in terms of iterated integrals in Lemmas 4 and 3.

In particular we have the following corollary:

Corollary 1. Under the assumption above, the determinant of the second vari-
ation @ satisfies:

det(Q) = pq(0) e QD=2 det(my |r(w,)),

where Uy = &, B, and coincides with the fundamental solution of the lineari-
sation of the extremal flow, whenever the latter is defined.
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2. The second variation

The aim of this section is threefold: to define precisely what we mean by
d* Ty, to define precisely its domain and to provide the integral representa-
tion of this quadratic form we will use throughout the proof section of the
paper.

Before going on, a little remark about topology is in order. Up until now
we have considered Lipschitz continuous curves and L*° controls. Hence, it
would be natural to work on the Banach space L>([0,1],RF) @ RImNV),
However, it turns out that, even if d2J|y is defined on the latter space, it
extends to a continuous quadratic form on L?([0, 1], R*) RI™ V) Moreover,
critical points of d2J|y in L2([0,1],R¥) are continuous and thus belong to
L*>([0, 1], R¥). For this reason (and Fredholm alternative), we will work with
L? controls for the rest of the paper.

Let ng,n1 € N and consider the Hilbert space H (whose scalar product
will be defined in the next section) given by:

H =R"™ @ L*(]0,1],R*) @ R™.
Let (X, 0) be a symplectic space and consider a linear map Z : H — 3 defined
as:
1
Z(U) = Zoug + / Zyugdt + Zyuy, u= (Uo, Uy, Ul) € H.
0
Suppose that IT C ¥ is a Lagrangian subspace transverse to the image of the
map Z and define:
V= Z7H1).

For an appropriate choice of Z and IT which depends on (2) and (3), the
second wariation (at a strictly normal critical point) is the quadratic form
given in the following definition.

Definition 1. (Second variation) The second variation at @ is the quadratic
form defined on V C H:

Qu) = /01 <<Htut,ut> +0(Ztut,/0

1
+ O'(Zo’ll,o + / Ztutdt, Zlul),
0

t
ZTUTdT + Z()UO)) dt

(5)

where H,; stands for a symmetric matrix of dimension k and (, ) for the
standard euclidean inner product of R¥.

The definition of this quadratic form may be a bit strange at first glance.
Despite the appearances, the way one gets to such an expression is quite
natural. The construction is explained in detail in [9]. We will sketch here
just the main features, essentially to introduce the notation needed.

The idea is to reduce the problem with boundary conditions N to a
fixed points (or Dirichlet) problem for an appropriate auxiliary system. We
will consider just the case of separated boundary conditions Ny x Nj. The
general case reduces to this one using the procedure explained in Sect. 4.2.
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The first step of the construction is to build the auxiliary system. We
always work with a fixed strictly normal extremal A;. Choose local foliations
in neighbourhoods of its initial and final points having a portion of Ny and N
as leaves. This determines two integrable distributions in a neighbourhood
of those points. Suppose that said distributions are generated by some fields

{Xf}f:‘fwj) and j =0, 1. Consider the extended system:

Z?i:rg(NU) X9 (q)ud, for t € [-1,0)
fula) = fula), for t € [0,1]
Z?;IB(NI) XHq)ui, for t € (1,2].

Denote the initial and final points of our original extremal curve by (qo, q1).
We will use controls that are locally constant on [0, 1]¢, this will be enough to
reach any neighbouring point of (go,¢1) in Ny x Ni. Minimizing our original
functional is equivalent to minimize, with Dirichlet boundary conditions, the
following one:

1
T (Vuaas)) = /0 P(t), Vo (£)).

The second step is to differentiate the Endpoint map (see Appendix A)
of the auxiliary system. We employ the machinery of Chronological Calculus
(see also [6, Section 20.3]), which is standard for fixed endpoints. One of the
main steps of this differentiation, is to use a suitable family of symplecto-
morphism to trivialize the cotangent bundle along the curve we are fixing.
This allows us to write all the equations in the tangent space to the initial
point, Th,(T*M). Let us consider the following functions depending on the
parameter u:

hE (V) = (A L) — we(u.q), g =m(N).

When an optimal control @(t) is given, we consider ﬁ%(t)()\) and the Hamil-
tonian system:

—

&, = htﬂ(t)((i)t)'
We then define the following functions:
Zy = 0uhL (Di(N)[amrgs  Zi: RF — Tn (T* M),
IA{t = 83h2((it(A))‘)\:A0, ﬁt . Rk — Rk.

The asymptotic expansions of Chronological Calculus tell us that the
second variation at @ is the following quadratic form:

Qu) = [ 21<ﬁ1tu,u> [ 21 L tla(ZTuT,Ztut)det.

It is defined on the tangent space V to the variations fixing the endpoints of
our curve. This space can be described explicitly as V = {v : ffl Ztvtdt e I},
where II = ker 7.

The third step is to specialize this representation to our auxiliary sys-
tem. Notice that an extremal of the original problem lifts naturally to an
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extremal of the auxiliary one. If @ is the original optimal control, extending
it by zero on [0, 1]¢ gives the optimal control for the auxiliary problem. Ap-
plying the construction just sketched to the extended system, we find that Z
and H, are locally constant on [0, 1]¢. We denote Zy to be its value on [—1,0)
and Z; the value on (1,2]. H, is zero outside [0, 1]. Summing up we have:

Zy forte [—1,0)
~ ~ Ht for t € [0, 1]
Z,=17 fortel0,l] H =

' ¢ fortefo]] ' {o for ¢ € [0,1]°.

Zy forte(1,2].
Thus, after the substitution, we recover precisely the operator given in (5).

Remark 5. We always assume that our extremal is strictly normal and satis-
fies Legendre strong condition. In terms of the matrices Z; and H; this means
that for ¢ € [0,1] and some « > 0:

1
X = m.Zy satisfies / XX >0, (—Hpw,v)>av,v), Yo € R,
0

As a last remark, notice that, by the first order optimality conditions,
the map Zj takes values in the space Th,Ann(Ny) and the map Z; in the

space (®71). (Th, Ann(Ny)) ( see PMP in Appendix A and [9]).

2.1. The scalar product on the space of variations

As already mentioned, we will assume through out this paper Legendre strong
condition. The matrix —H, is positive definite on [0, 1], with uniformly bound
ed inverse. This allows to use —H; to define an Hilbert structure on L?([0, 1],
R*) equivalent to the standard one. We have still to define the scalar product
on a subspace transversal to Vo = {ug = u; = 0}. A natural choice would be
to introduce two metrics, one on 7,7 M and one on T, 7*M, and pull them
back to the space of controls using the maps Z; and b.7, : R" — Ty\,T*M.
Let us call any such metrics go and ¢;.

Definition 2. For any u,v € H define:
1
(u,v) = —/ Hi(ug, ve)dt + go(Zouo, Zovo) + g1(PsZiur, @ Zyv1).
0

Since the symplectic form o is a skew-symmetric bilinear form, there
exists a g;—skew-symmetric linear operator J; such that:

gi(Jin,Xg) ZO'(Xl,XQ), VX1,X2 ETMT*M, 220,1

In terms of the symplectic form, the scalar product can be written as:
1
(u,v) = f/ Hy(ug,ve)dt + cr(Jo_lZouo, Zoug) + cr(Jl_1<I>*Z1u1, D, Z1uy).
0

Now, we use the Hilbert structure just introduced to write the oper-
ator K associated with the quadratic form @ — I, which is compact. To
simplify notation, we can perform the change of coordinates in L? sending
vy — (—Ht)%vt and substitute Z; with Zt(—Ht)_%. In this way, the Hilbert
structure on the interval becomes the standard one.
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We introduce a further piece of notation, call prq (respectively pry) the
orthogonal projection on Im(Zy) (respectively Im(®, Z;)) with respect to the
scalar product go (respectively g1). Let L be a partial inverse to .7y, ie. a
map L : T),7*M — R" defined by the relation L, Zyvy = vy. Set:

1
A(u) = Lpry J1P. (Zouo + / Zyugpdt + Zlul) . (6)
0

Lemma 1. The second wvariation, as a bilinear form, can be expressed as:
Q(u,v) = (u+ Ku,v) where u,v € V and K is the operator defined by:

o
Ku=|-277 ( i Zoudr + Zoug) (7)
—uy — Au)

where A(u) is given above, in Eq. (6).

Proof. A quick manipulation of the expression involving the symplectic form
in Definition 1, yields the following:

2 t 0 t
/ / O'(ZT’LLT, ZtUt)det = / / O'(Z.,-UT, Zt’Ut)det
-1J-1 -1J-1

1 t 2 t
+ / O'(ZT'LLT, Zt'l}t)det + / / O'(ZTUT, ZtUt)det
0 -1 1 -1
1 t

= / o (/ Zru-dT + Zgug, Ztvt> dt
0 0

1
+ a(zouo n / Zyuydt + Zyuy, Zm)
0

1 t
= / o (/ ZrudT + Zoug, Ztvt> dt
0 0

1
+ 0 (qu)* (Zouo +/ Zyugdt + Zlul> a(I)*Zlvl) .
0

Recall that Z; is constant on [0, 1]¢. Moreover, the images of the maps Zj
and Z; are isotropic subspaces. We used this fact to simplify the expression
in the first line. Now, it is clear that in the last term:

1
a1 (Jl(b* (ZoUO + / Ztutdt + Z1U1> ) ¢*Z1U1>,
0

only the projection onto the image of ®,Z; plays a role. It is straightforward
to check that:

1
g1 (qu)* (Zouo + / Ztutdt + Zlul) s q)*Zl’Ul) = gl(q)*ZlA(u), <I>*Z1U1).
0

Recall that we have normalized H; to —1, thus the first summand can
be rewritten as follows:

1 ¢ 1 ¢
/ o (/ Z-urdT + Zgug, Ztvt> dt = / (Zt*J(/ Zourdr + Zouo) , v )dt.
0 0 0 0
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Adding and subtracting g(Zoug, Zove) and g(Zyu1, Z1v1) to single out
the identity, we obtain the formula in the statement. O

3. Hill-type formulas

Before going to the proof of Theorem 1, we present here some applications
of the main result. We deduce Hill’s formula for periodic trajectories and
specify it to the eigenvalue problem for Schrédinger operators. In the second
sub-section we present a variation of the classical Hill formula for systems
with drift. We will mainly deal with periodic and quasi-periodic boundary
conditions. Namely, we consider the case N = I'(f) for a diffeomorphism of
the state space f: M — M.

The proofs of this section rely quite heavily on the machinery intro-
duced in Sect. 4.2, in particular in Lemmas 4 and 3. The statements, on the
other hand, do not and could shed some light on Theorem 1. Despite the
appearance, proofs are rather simple. They reduce to a (long) computation
of the normalizing factors appearing in the statement of Theorem 1 and can
be skipped at first reading.

3.1. Driftless systems and classical Hill’s formula

In this section, we consider driftless systems with periodic boundary condi-
tions on R™ and specify the formulas of Theorem 4 for this class of problems.
First of all, let us explain what we mean by driftless systems. Let t — R
be a continuous family of symmetric matrices of size n x n and let us denote
by u a function in L>°([0, 1], R™).
Consider the following family of vector fields f,(¢), their associated
trajectories ¢, (t) and the action functional A(u):

. qquu(CI) :u(t)’
fula) = 1@), {q<o) — g € R (8)

A=, / u? — (Rogu(t). u (1))t

The Hamiltonian coming from the Maximum Principle takes the follow-
ing form:

~ 5P = (Ria,0) = 5(p0) + (Reaa)). )

Let us denote the flow generated by H by W,. Fix a normal extremal )\,
for periodic boundary conditions and its optimal control a(t) = p(¢).

We impose periodic boundary conditions, i.e. we take N = A = {(q,q) €
R?" : g € R"}. Let g be a scalar product on R™ which we identify, with a
slight abuse of notation, with a symmetric matrix G.

H(p,q) = max(p,
(p,q) = max(p, u)

Theorem 2. (Hill’s formula) Let I+ K be the second variation at @ and ¥ the
fundamental solution of ¥ = HU and G the matriz representing the scalar
product g. The following equality holds:

det(I + K) = (—1)"(2¢) " det(G~ ") det(1 — ).
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Remark 6. If we are working on the interval [0,7] instead of [0, 1] every-
thing remains essentially unchanged. The only difference is that extra factor
T~™ appears on the right-hand side. In the notation of the proof below this
corresponds to the term det(T") 1.

We can apply the previous result to study boundary value problems for
Sturm-Liouville operators. Let us illustrate the case of Schrodinger equation
with periodic boundary conditions. Fix, without loss of generality, the nor-
mal extremal (p(t),q(t)) = (0,0) and with relative optimal control @ = 0.
Consider the cost B, = R, + A, for A € R. Consider the second variation of
the functional

1
Art) = 5 [l + (R Nt

at the point u = 0. It is given by the operator 1 4+ K where:

(K (u = (/ / 7 — t)u(r), u(t))drdt + <uo,u0>> + (Ko(u),u).
We have the following corollary:

Corollary 2. Let A € R, W, the fundamental matriz of the lift to R®™ of the
following ODE on R?":

4(t) = (R + A)q(2).
The determinant of the operators 1 + Ky can be expressed as:
det(1 4 Ky) = (—1)"(2e) " det(G~1) det(1 — ¥y),
where G is as in the previous statement.

Proof of Theorem 2. We are going now to describe explicitly all the objects
involved in Theorem 1. Let us start with the flow ® we use to re-parametrize
the space and its differential. It is given by the Hamiltonian:

p=—Ryq
g = a(t).

Buio) - <(1) -~ 1RTdT> (z;) ( fy ﬁ Rea(r drd7>
(). = ((1) —fJfbdr) .

The matrix Z; is the following:
t
7y = (@;1)*auh7; — (fo FdeT) .

To simplify notation, let us call R=-— fol R, dr. The annihilator of the
diagonal is simply the graph of the identity. Hence the following map, defined
on (Ty,T*M)?, has the latter as kernel:

ha(t)(p,q)=<p,ﬂ(t)>+%<th,q> = {

(N0, M) = M — 1o-
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We will now define Q° as in Eq. (28) (actually up to a scalar, but this
is irrelevant). For n € T, T*M set:

s n S F S AS *
Q (77) = (71 1) (Ai‘i’*‘l’iflén) = (Alq)*q)lAO - 1)77 € T)\OT M.

It is clear that the kernel of Q° is precisely the intersection of the graph
with the diagonal subspace. Since we are working on R?" we can define the
determinant of this map as:

det(Q?) = det(AP, B3 A5 — 1).

As already mentioned in Sect. 1.1 this function is a multiple of the charac-
teristic polynomial of K. Tt satisfies (see Sects. 4.1 and 4.2):

det(Q*) = ae® det(1 + sK), acC* beC.

Let us compute the normalization factors. To do so, we have to evaluate
det(Q?®) and its derivative at s = 0. This will give us the relations:

det(Q%) = a, a(b+tr(K)) = 9, det(Q*)|s=o-

We have to work a bit to write down precisely all the quantities appearing
in the formulas above. It is straightforward to compute the matrix represen-
tations of the maps A§ and Aj. In this setting the projections onto Il and

[z are given by:
1 0 0 0
pri, = 0 0/’ prﬂé = 0 1/

Recall that the definition of A and Aj given in (4) depends on the choice
of two scalar products gy and ¢;. Denote by Gy and G their restriction to
Iz and II7- respectively. We have that:

A8<1 ﬂ—wﬂ%>’ Ai<1 u—axGl—E»

0 1 0 1
= 1 sR+(1-35)G
T ]

The value of ®f and its derivative at s = 0 is given in Lemma 4. Here,
for the submatrices of ®? and 9s®;|s—p, we use the notation defined in the
Lemma 4. In this case, since Y; = fot R,d7 and X; = 1, we obtain:

o_ (1 0Y_(1 0
Q_G )=\t 1)

0.8, = (2 %)= , o Jy Rode . :
T U Jo I5 J7 Bodwdrdr [y [ Rydw

Let us compute the value of det(Q?) in zero. Putting all together we have:

eo=a (S DG C)-6):
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After a little bit of computation we find that Qg|s—o satisfies:
GiI'  Go+ Gi1+ G1I'Gg

Q%|s=0 = T I'Go ) , det(Q%|s=0) = (—=1)" det(I") det(G1 + Go),
(QS‘ )—1 _ <_G0(Gl + GO)_I F_l + GU(Gl + GO)_1G1>
=00 T (G1+Go) ! —(G1+Go)™'Gy '

We can compute the derivative det(Q?) at s = 0, we find that:
D5Q% om0 = (Ds A DL DAY + A5D,(0,D5) A5 + AP, D5 (D5 A3)|s=0

_ ((G1 6R)r G10—R> <(1) G;U>

o DE &)6 V)0 @)

We use now Jacobi formula for the derivative of the determinant of a family
of invertible matrices. It reads:

D det(M,) = det(M)tr(9s M M.

Without going into the detail of the actual computation, which at this point
is just matrix multiplication, we have that:

05 det(Q)]s=0 = det(Q*)]s=0 tr(@S(QS)(QS)71)|S:0
= det(Q®)]so tr((G1 + Go)"H(Go — G1 + R) + T71Q).

The last quantity we have to compute is tr(K). To do so we use Lemma 3.
Mind that in the statement of the Lemma one works with twice the variables,
taking as state space R™ x R™ and using the symplectic form (—o)®o on R?" x
R?". The quantities with ~on top always refer to the system in R*", where
we have a trivial dynamic on the first factor and the boundary condition we
impose are in this case A x A (see the beginning of Sect. 4.2 for more details).
The formula given in the lemma reads:

tr(K) = — dim(N) + tr[xl @1 pr1 J19.(Z))]
N . L (10)
4 tr [F_l (Q + (71'3 — ﬂi)(l)*_lp’lle(I)* </ ZtZt*Jh-[dt))} .
0

Let us explain all the objects appearing in the formula. 7% denotes the dif-
ferential of the natural projection on the i—th factor. The matrix @, is given
here by:

0 0 0 0
. 1 _ 0 . 1 - 1
ZO - 0l°- Zt fot RTdT ) Zl R\ @*Zl - 0
1 1 1 1
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The map pry denotes the orthogonal projection onto the image of Z;. We are
using the scalar product go @ g1 on T, T*M x T, T*M to define it. One can
check that the following map is the coordinate representation of pri:

0 0 0 O
B |0 G 0 &y

pTl - (GO + Gl) O O O O bl
0 Go 0 Gy
0 0 0 O
= 1|-1 0 1 O
priJi = (Go+G1) ™" 0O 0 0 0
-1 0 1 0

Now everything reduces to some tedious matrix multiplications. The

second term in the right hand side of (10) simplifies as follows:

tr[ﬂié;l prljlfi)*(zo)] = tr(R(G’o +G1)™h.
_ For the third term notice that (m2—n1)(®,) ' pry is identically zero since
®, does not change the projection on the horizontal part and we are work-
ing with periodic boundary conditions. It follows we are left with tr(I'~12).
Summing up we have that:

tr(K) = tr(Q0 ™! + R(Go 4+ G1) ™) — dim(M).

It is natural to think of gy and g1 as restrictions of globally defined
Riemannian metrics. Doing so, since we are working with periodic boundary
conditions, amounts to choose GGy = GG;. Hence the result. O
3.2. System with drift and Hill-type formulas

In this section we give a version of Hill’s formula for linear systems with drift.
They are again linear system with quadratic cost of the following form:

Gu = fu(Q> = Atqu + Btu(t)a

fulq) = Arg + Byu(t), {q(O) g0 € R

1 )
A = 5 [ + (o). au0)ar

Here A; is n x n matrix and B; a n X k one, both with possibly non-constant
(but continuous) coefficients. The maximized Hamiltonian takes the form:

H(p.q) = (b, Ad) + 3 (BiBip.p) + (Rua. ).

Denote by &, the fundamental solution of ¢ = A,q at time . We can lift
this map to a symplectomorphism of the cotangent bundle which we denote
by @,. As boundary conditions, we take the following affine subspace of R*":

1
N=T (<i> + é/ érlBrﬂ(T)dr> .
0

Notice that, since only the tangent space matters in our formulas, the trans-

lation is irrelevant and it would be the same as if we considered T'(®). An
obvious choice of extremal is the point A\; = (0,0), with control @ = 0.
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Theorem 3. (Hill’s formula with drift) Suppose that a critical point of the
functional given in (11) is fixzed and let @ be its optimal control. Let G

and G1 be our choices of scalar product, T' := fol éTBTBiéidT and U, the
fundamental solution of W = HW. Moreover, define the following matriz:
G =Gy + 0:G1d,.
Let I + K be the second variation at . The following equality holds:
(_1)ne—2tr(G*100)
det(G) det(T")

det(I + K) = det(T, — ,).

Proof. The proof is completely analogous to the one of Theorem 2. First of
all the Hamiltonian we use to re-parametrize is given as follows:

_ 1
h%(t) = (p, Byu(t) + Asq) + §<th7 q)-
Hence the flow and its differential are given by:
~ (i)*)—l _((i)*)—l ft S*R.D d7'> (p>
[0 , — ( t t Q TTHTET
t(p,q) < 0 o, q
—(&7)7t [ ®ER, B, [T &, B,a(r)drdr
P, fg 1B, a(r)dr ’

(&) = <(<i>;‘0):1 —(®p)~! fé?iRTéTdT> |

+

/N

We have to define the map @)°. Similar to the previous case, we can define a
map having as kernel the annihilator to the boundary conditions as follows:

Py 0
(no,m) ( Ot (@)1) n —no =: T1n1 — no.

Hence:
det(Q,) = det(Ty A3 D, 5 A5 — 1).

Set as before R = —(&*)~! fol ®*R,®.dr, the upper right minor of ®,. A
quick computation shows that:

T A3, = (é (1= )8iGid + sq%R) = Asd,.

Hence, up to renaming G; and T" in the proof of Theorem 2, we have:
det(Q*)]s=o = (—1)" det(T) det(®; G1 &, + Go) = (—1)" det(T) det(G),

0, det(Q%)
det(Q*)

Now we have to apply Lemma 3 to compute the trace of the compact
part of the second variation. Here pr; and Z; are different since we have

ls—o = tr(((DF G1Dy + Go) " HGo — DI G 1Dy + ®FR) +T71Q).
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changed boundary conditions. However we have the same kind of simplifica-
tion as in the previous case. Let us write explicitly the new objects:

0 0 0 0 0
1 0 LGy 0 LG Sy A

Z=lolm=lo 0 o o | L= (Go+ ®iGid)
b, 0 ®LG, 0 &Ld:G

In the end, the trace reads:
tr(K) = tr(D71Q + O R(®; G By + Go) 1) — dim(M).
Contrary to the previous section the two terms do not simplify. We are
left with the following equation for b:
b= dim(M) + tr((®;G1®, + Go) " H(Go — BFG1d,))
=n+42tr(G1Gy) —n = 2tr(G1Gy).
Hence, the statement follows evaluating det(Q?) at s = 1:
det(Q®) = det(T1 . Pt — 1) = det(®; '@, — 1)
= det(¥; — D,).

4. Proof of the main theorem

In this section, we provide a proof of Theorem 1. First, we work with sepa-
rated boundary conditions and then reduce the general case to the former.
The proof is a bit long so we try to give here a concise outline. The idea
is to construct an analytic function f which vanishes precisely on the set
{=1/X: X € Spec(K)} C R. Particular care is needed to show that the mul-
tiplicity of the zeros of this function equals the multiplicity of the eigenvalues
of K. We do this in Propositions 1 and 2 respectively. We show that this
function decays exponentially and use a classical factorization Theorem by
Hadamard to represent it as

f(s) = asteb* H (14+Xx5)™™ 4, beC,a#0,keN.
AESpec(K)

To prove the general case, we double the variables and consider general
boundary conditions as separated ones. In this framework, we compute the
value of the parameters a,b and k appearing in the factorization.

4.1. Separated boundary conditions

We briefly recall the notation. We are working with an extremal A; with initial
and final point (Ag, A1) € Ann(N), where N = Ny x N; are product boundary
conditions. We are assuming that A; is strictly normal and satisfies Legendre
strong conditions. We work in a fixed tangent space, namely T),7" M, to do
so we backtrack our curve to its starting point \g using the flow generated
by the time-dependent Hamiltonian:

ha(N) =\, fan (@) — we(a, a(t)).
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We denote the differential of said flow by ®,. We have a scalar product g
on Ty, T*M, for each ¢ = 0,1. We assume that the orthogonal complement
to the fiber at \;, II; = T)\iT;(Ai)M is a Lagrangian subspace and that the

range of Zy (and ®,Z; respectively) is contained in I3 (resp. TI{").
Remark 7. If we fix Darboux (i.e. canonical) coordinates coming from the
splitting II; EBH% it is straightforward to check that g; takes a block diagonal

form with symmetric n x n matrix G/ on the main diagonal. Similarly, we
can write down the coordinate representation of the matrix J; and find:

sxn=(($ &) ().(0) 2=(eh D).

For s € R (or C) we introduce the following symplectic maps:
Ag(n) =n+ (1= 8)Jg 'progn,  n € Tn(T*M),
Ajm) =0+ 1 =) (I +Ssoprm, 0 @ prn, 1 € To, (TFM).

Notice that the transformation A; are indeed symplectomorphisms. In
(canonical) coordinates given by II; and IT;- they have the following matrix

representation:
A — (1 (1= S)Si> . S =6.

(12)

0 1 v

The last map we are going introduce is two families of dilation in
Ty, (T*M), one of the vertical subspace and one of its orthogonal comple-
ment. Let s € R (or C) and let us define the following maps:

0 T, M — T\ ,T*M, 0&°v=spro,v TP Vs

13
0s : ThT*"M — T, T*M, Osv=pru,v+ SProv. (13)

Proposition 1. Let A$ be the maps given in Eq. (12) and let 5 be the fun-
damental solution of the system:

n=Z(Z7)"In, Z7 =62y,
The operator I + sK restricted to V has non trivial kernel if and only
if there exists a non zero (1o, 1) € Tixgr,)(Ann(N)) such that

A3 0d, 0 ®5 0 Ao = 11,

In particular, the geometric multiplicity of the kernel of I + sK equals the
number of linearly independent solutions of the above equation.

Proof. I+ sK has a non trivial kernel if and only if
(u,v) + (sKu,v) =0, Vu,ve.

Equivalently if and only if 3u such that u + sKu € V* (see Lemma 2 below
for a description of V). This is in turn equivalent to the following system

(1= 8)up =vo
wy = sZt*J( i Zourdr + Zouo) + Zr v (14)
(1 —s)us = sA(u) + v
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Let us substitute Z;, with Z7 = 6°Z,. It is straightforward to check,
using the definition in (13), that:

t t
sZt*J/ Zrurdr = (Zf)*J/ Ziudr.
0 0

Moreover Z}Jv = (Z7)*Jv for any v € II and sZ;JZy = (Z7)*JZ§ since
0°Zy = Zy.

All the computations we will do from here on are aimed at rewriting
(14) as a boundary value problem in T\, T*M x Ty, T*M. Let us start with
the second equality in (14). Define:

t
n(t) = / Ziudr + Ziug +v, n(0) = Zgug + v.
0
The linear constraint defining ¥V implies:

1 1
A +/ Zyugdt + Zyug € 1l <= Zyug +/ Ziudt + Ziuq € 11
0 0
— (1) + Ziu, €10
— &,(n(1) + Zjuy) € I;.

This imposes a condition on the initial and final value of n(t). The initial
one must lie in 77 *T'Ny and final one in 7 YT Ny. If we multiply by Z; the
second equation in (14), we are brought to consider the following problem:

1) = 23 (2 In(), )
(mem(0), 7 (1)) € T(No X Nq).

Now we use the remaining equations in (14) to reduce the space 7, ! (T(Ngy x
N7)) to a Lagrangian one. Let us reformulate the first and third line in (14) as
equations in T, 7™ M and T, T* M. Using the maps Zy and ®,2Z; we obtain:

(1 — S)Z()Uo = Zo’UO = p?"ojol/,
(1- s)é*Zlul =&, 2101 + sé*ZlA(u) = pr1J1<i>*V + sé*ZlA(u).

Where we used the fact that (vo, v, v1) is a vector in V. Notice that,
for u € V we have that:

1 1
s (Zouo + / Zyupdt + Z1u1> = Zougp + / Ziwdt + Ziu.
0
This implies that the term s®,Z;A(u) can be rewritten as:
Si)*ZlA( ) = SpT1J1 (Z(ﬂl,o + Ztutdt + Z1U1>

= pri1®.(n(1) + Z1U1 —v).
n(

If substitute Zyug with protn 0) we end up with the equations:

(1 = s)prugn(0) = proJov = proJon(0),
(1 — S)‘I)*Zlul = pr1J1P. ( ( ) =+ Zlul)



Vol. 26 (2024) Functional determinants for the second variation Page 21 of 39 12

Now we do the same kind of substitution for the term Zju;. Using the
projections on Ily and Hé‘ and recalling that ®, sends Il to II;, we have:

Ziuy = spruyZiur + prge Ziug = (s — 1) prig Ziug + Zyug.
pri1®.Zjuy = (s — 1)]97“1J1‘i>*]97’11021u1 +pri 19, Z1u
=(s— l)prlJltf*erOZlul.
Last equality being due to the fact that the image of ®,Z; is isotropic

and thus JlIm(fi*Zl) C Im(é*Zl)l. Moreover ®,Z u; coincides with the
projection of —®,7(1) on Ii-. Thus we are left with:

{(1 — §)prsn(0) = proJov = proJon(0),

z - - (16)
(1 = s)(=prps @un(1) + priJ1®upro, Ziur) = priJ1®.n(1).

It is straightforward to check that pry Jli*prno Z1uy depends only on
the projection of Zyu; on I3 . Moreover, expanding 1 = ®, o ;! and using
the relation ®.Zju; = —pryr®.n(l), the second equality in (16) can be
rewritten as:

(s — Dprys (1) = priJ1®,m(1) + (1 — s)prlJl‘i)*prn[)(i;lprnlLé*n(l).
(17)

If s = 1, the equations reduce to pro(Jon(0)) = 0 and priJ;®,n(1) = 0.

Consider the first case, the relation is equivalent to:

O’(77(0)7 Zo’wo) :gQ(J()??(O), Zow()) =40 (p?”oJon(O), Zow()) = 0, V’wo S Rdim(NO).

Thus we are looking for a solution starting from T, Ann(Np). Similarly set-
ting s = 1 in the second equality we find that (1) must lie inside Ty, Ann(Ny).
Now, for s # 1, we want to interpret the boundary conditions as an
analytic family of Lagrangian subspaces depending on s. To do so we employ
the following linear map defined in (12):
Ag(n) =n+ Jg (1= s)prman.
If n € T\,Ann(Ny) we have that prign = pron and proJon = 0 and
thus:
prig (A5(n) = prygg () € Im(Zy).
proJo(Ag(n)) = pro(Jon + (1 — s)prgn)
= proJon + (1 — s)progn
= (1= s)prog (A5(n)).
So we have shown that A§(Th,Ann(Ny)) is precisely the space satisfying

the first set of equations. A similar argument works for the final point. Let
us recall the definition of A% given in (12):

A5(m) = n+ (1= 8)(J7 " + Pupro, @ )prien.

Now, we check that the boundary condition for the final point are
satisfied if and only if A o ®,n(1) € Ty, Ann(Ny). In fact, take any n in
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Ty, Ann(Ny), it holds:
proge (A3) ™' = prog,
prn, (A3 "'y = prign + (s = 1)(J7 " + Supron, @ prsn,
priJi(A) 7 = (s = Dpri(1+ J1®upru, @ )prog .
It is straightforward to substitute the last equality in (17) and check that
indeed (A3)~1(Tx, Ann(Ny)) is the right space.

Let us call ®§ the fundamental solution of (15) at time 1 and denote by
T'(®3) its graph. It follows that s € R\ {0} is in the kernel of 1 + sK if and
only if:

D(®, 0 ®}) N A3(Th, Ann(No)) x (A3) 7 (Ty, Ann(N1)) # (0).
which is equivalent to the condition:
[(A5 0 ®, 0 @5 0 A3) N Ty, Ann(Ny) x Ty, Ann(Ny) # (0). (18)

Now we prove the part about the multiplicity. Suppose that two different
controls u and v give the same trajectory n; solving (15). Since the maps
Zy and Z; are injective it must hold that vy = ug and v; = uy. Moreover,
fot Zourdr = fg Zyvrdr Vi € [0,1] and thus:

t t
Ku= Zt*J/ Zrurdr = Zt*J/ Zrvdr = Kv.
0 0

However, Volterra operators are always injective and thus u = v.

Vice-versa, consider u = 0 and see whether you get solutions of the
system above that do not correspond to any variation. Since ug and u; are
both zero we are considering solution starting from the fiber and reaching
the fiber. Plugging in u; = 0 we obtain:

0=1=27(Z)"JIn=2;(Z])" Jv.

However prp. Z;(Z;)Jv = XX v and by assumption the matrix
fol X X;dt is invertible. Thus we get a contradiction. O

The following Lemma was used in the proof of Proposition 1. Gives the
orthogonal complement to V inside H, using the Hilbert structure introduced

in Definition 2. We will denote by the symbol L; the orthogonal complement,
in T\, T* M, with respect to the scalar product g;.

Lemma 2. With this choice of scalar product the orthogonal complement to
V is given by:
VE = {(vo, Z; Jv,v1) : v € T},
where vy and vy are determined by the following conditions:
Zovy — Jov € ImZ3°, &, Zyv) — J, B, € Im®, 27"

Proof. Suppose that u € V'. Let us test it against infinitesimal variations
that fix the endpoints, i.e. such that u; = 0 and fol Ziyupdt € 11, Recall
that IT is Lagrangian, thus the condition fol Ziupdt € 11 can be equivalently
formulated as cr(fo1 Zyudt, v) = 0 for all v € TI. Hence, the subspace {u : u; =



Vol. 26 (2024) Functional determinants for the second variation Page 23 of 39 12

0, fol Zyupdt € TI} is the intersection of the kernels of u; — fol o(Zyug,v)dt.
It follows that:

1
(v,u) = —/ (wpudt =0,Yu €V <= v, =0(v,Zy), vell
0

Hence v, = Z; Jv. Now, take u € V and compute:

1
(v, u) :a(y,/ Zyupdt) + o (J5 t Zovo, Zouo) + o (J7 1 @ Zyvr, @uZyuy).
0

Since u € V, we have:

1
o <I/,/ Ztutdt) = —o(v, Zoup + Z1uq).
0

It follows that:
(v,u) = —o(v, Zouo + Z1u1) + U(J(;IZOUO, Zouo) + U(Jflé*Zlvl, CfJ*Zlul)
= O'(Jo_lzovo — v, Zouo) + U(Jflti*Zlvl - (i)*V, ‘i)*Zﬂ,Ll).

Since we are assuming that fol X X;dt > 0, the image of the map

Up > Ty fol Zyuydt is the whole Ty, M. In particular, for any wy, is possible to
find variations of the form (ug,u;,0) € V. An analogous statement holds for
variations of the form (0, us, uq).

Hence, if (u,v) = 0 Yu € V, then both o(Jy ' Zovy — v, Zoug) and
J(Jflé*Zlvl — ®,v, P, Z1u1) must be zero at the same time.

Moreover, this implies that vy and v, are completely determined by the
value of v. Finally notice that:

O'(J(;IZ()’UO -, Zo’uo) =0Vuy < Zovg — Jov € Im(Zo>L0,
U(Jflé*Zlvl — (i’*ll, 21U1) =0Vu << &)*Zlvl — Jlfi)*y S Im(i)*Zl)Ll.

O

Remark 8. If we complexify all the subspaces involved in the proof of Propo-
sition 1, i.e. tensor with C we can take also s € C.

We can reformulate the intersection problem in the statement of Propo-
sition 1 as follows. Let mn, the orthogonal projection, with respect to g1,
onto the subspace T, Ann(N;)* and define a map Q*° as:

Q* : Ty, Ann(No) — T, Ann(N1)t, - Q%(n) = m, (ATRTAG)(n).  (19)

Let us fix now two bases, one of T\, Ann(Np) and one of Ty, Ann(Ny). Con-
struct two 2n x n matrices using the elements of the chosen basis. Let us call
the resulting objects Ty and T; respectively. It follows that J177 is a basis of
Ty, Ann(N7p)*1. Define the function det(Q®) as the determinant of the n x n
matrix 17 J1 A @3 A§Th. Clearly, different choices of basis give simply a scalar
multiple of det(Q?) and thus is well defined:

det (717 J1 A5 ®5 AT,
det(Q*) = et(17 1 AT T AFT) )
det(Tg To) /2 det(Ty Jy J7 Ty ) /2
Moreover det(Q*)|s=s, = 0 if and only if there exists at least a solution to
our boundary problem. Notice that map s — det(Q?®) is analytic in s since
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the fundamental matrix is an entire map in s (see [3, Proposition 4]). The
following Proposition shows that the multiplicity of any root so # 0 is equal
to the number of independent solutions to the boundary value problem.

Proposition 2. The multiplicity of any root sog # 0 of det Q° equals the di-
mension of the kernel of QQ°.

Proof. The proof is done in two steps. First, we show that the equation
det(Q®) = 0 is equivalent to det(R®) = 0 where R® is a symmetric matrix,
analytic in s. Once one knows this, it suffices to compute ds R* and show that
it is non-degenerate to prove that the multiplicity of the equation is the same
as the dimension of the kernel.
Step 1: Replace Q° with a symmetric matriz Let us restrict to the case s € R,
since all the roots are real. As shown in (18) and remarked above, the deter-
minant of the matrix Q° is zero whenever the graph of A5®,®5 o intersect
the subspace Lo = T, x,)(Ann(Ng x N1)). Suppose that sq is a time of in-
tersection and choose as coordinates in the Lagrange Grassmannian Ly and
another subspace L; transversal to both Ly and A, := ['(A5®,®5A3). This
means that, if (T\,7*M)? ~ {(p,q)|p,q € R*"}, we identify Ly ~ {q = 0}
and Ly = {p = 0}.

In this coordinates Ag is given by the graph of a symmetric matrix, i.e.
is the following subspace As = {(p, R°p)} where again R® is analytic in s.

The quadratic form associated to the derivative d;R(s) can be inter-
preted as the velocity of the curve s — Aj inside the Grassmannian, it is
possible to compute it choosing an arbitrary base of A; and an arbitrary set
of coordinates. Invariants such as signature and nullity do not change (see for
example [5,7] or [2]). Take a curve \; = (ps, R°ps) inside A4 then one has:

S(/\a) = U(/\S7 >\s) = <ps, 63Rsps>-

Recall that we will be using the symplectic form given by (—oy,) @ oy, ,
in order to have that graph of a symplectic map is a Lagrangian subspace.
Step 2: Replace Ag with a positive curve We slightly modify our curve to
exploit a hidden positivity of the Jacobi equation. We substitute the funda-
mental solution ®; with the following map:

TS = U8 = 5,B%6, .

It is straightforward to check that U?® is again a symplectomorphism
and that it is the fundamental solution of the following ODE system at time
t=1:

VS = s2,2; JU;, W = Id. (20)

On one hand, we are introducing a singularity at s = 0 but on the other
hand we are going to show that the graph of ¥® becomes a monotone curve
and its velocity is fairly easy to compute.

First of all, hoping that the slight abuse of notation will not create any
confusion, let us introduce a family of dilations similar to the d,4,0° also in
T, T*M. The definition is analogous to the one in (13) but with IT; and I}
instead of ITp and II3-. We will denote them with the same symbol.
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Let us consider the following symplectomorphisms:
S AT, DT A501 = 0, A 0.61 U0, A501.

Notice that the dilations ds preserve the subspaces Ty, Ann(N;) and thus the
intersection points between the graph of the above map and the subspace
Tixg, ) Ann(Ng x Np) are unchanged. Let us rewrite the maps 6,451 and
65Af<i>*6;.. For the former:

1 —

s — S s
05 A501 = 05(1+ (1 —s)Jy 1pTHé)5% =1+ TJO 1p7’HO¢ = Bj.

For the latter, a computation in local coordinates and the fact that the dila-
tions ds and @, do not commute yield:

0. A30.01 = 6,(1+ (1= 8)(J; " + Pupri, @, )pro ) Bu6:
1—s _ = 55
= <1 +— 1pTH1L> o, = B ..

Thus we take, for s £ 0, as curve A; := F(Bfé*\IISBg), the graph of the
symplectomorphism just introduced. Notice that U® is actually analytic, the
singularity at s = 0 comes only form the maps B;.

Step 8: Computation of the velocity Now we compute the velocity of the graph
of Bj®,U*B§. Take a curve \, = (1, B{®,¥*Bgn) inside the A, and let us
compute the quadratic form associated to the velocity:

S(s) = —o(1,05m) + o(B1®. ¥ Bin, 0,(B] . 9" Bin))
= o(B{ .V Byn, (0:B5)®.¥° Bin) + o (V° Byn, (0:%°) Bji)+
+o(Byn, 0s(Bg)n)-
Let us consider the terms of the type o(Bfz,0;Bfz). It immediate to
compute the derivative in this case, recall that Bjx = x + @Jflprn; T.
It follows that 0,B; = fs%Ji_leriL thus the first and last term read as:

1 _
o(By¢, (0sBY)¢) = _?U(S»Jl lanng)
1 S
= 5791(177’n1¢§,p7“n1¢§), where § = ., W°Bgn,
1 _ 1 _
o (0x(Bi)n, Byn) = =50 (Byn, Jy 'pragn) = = —Z00(Jon, Jo 'prog )

1
= 290(Prug 1, Prig n)-

Notice we used the fact that J; (and thus J; ') is g;—skew symmetric.
Now we rewrite the middle term. We present it as the integral of its derivative
using the equation for W7. Let us use the shorthand notation x = B§n. We
obtain:

d ‘ , , , ‘ ,

3 (0(¥iz, (0, 97)2)) = 0(8, Vi, (0, ¥¢)x) + o(Viz, (0:0,¥7)z)
= so(Z, Z; JVx, 0,V x) + so(Vix, Z, Z; JO; ¥ x)

+ 0 (Viz,05(sZ, ZF) TV ).
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The first and second term have opposite sign and thus cancel out. What
remains is:

d * S * S * S
T (0((0: 972, Uix)) = o(Vix, Z: Z TV x) = g(Z; JVix, Z7 TV x).

Integrating over [0, 1] and using the fact that d;¥§|,0) = 0 we get that:
1
(0, 0%z, Ux) = / g(Z; TV x, Z; JUix)dt.
0

Using the notation || - || to denote the norm with respect to the corre-
sponding metric and summing everything up we find the following expression
for the velocity of our curve:

1 S S ! *
So0) = =5 (Iprg I + lprng @ Binl[*) + / | Z;.7w; By at.

Since each term of the sum is non-negative Ss()s) is zero if and only
if each term is zero. From the first one we obtain that n must be contained
in the fiber. Notice that Bj acts as the identity on Iy and thus in this case
[pris ®0° Bgnl|? = [[prog Uon|%.

Tt follows that U B®ny = ¥y is a solution of the Jacobi equation (15)
starting and reaching the fiber (recall that ®,(ITp) = II;). Let us consider
now the third piece, since the integrand is positive it must hold that for
almost any ¢, Z; JU;n = 0. If we multiply this equation by Z; we find that:

Z, 77 TS =0 = U,

It follows that we are dealing with a constant solution starting and
reaching the fiber. However, this contradicts the assumption that the matrix
fol X X/ dt is non degenerate. In fact, if we substitute a non-zero constant so-

lutions starting from the fiber in (15), we find that pry.(n) = fol Xy Xjdtn #
0 O

The following proposition is proved in [3].

Proposition 3. There exists cy,co > 0 such that:
@3] < cre=l®l Vs ecC.

Moreover ®5 is analytic and the function s — det(Q?) is entire and satisfy
the same type of estimate.

This fact tells us that det @Q° is an entire function of order p < 1. We
know its zeros, which are determined by the eigenvalues of K, and thus we can
apply Hadamard factorization theorem (see [14]) to present it as an infinite
product. It follows that we have the following identity:

det(Q*) =as*e’ ] (+s0)™™ abeCa#0,keN.  (21)
AESP(K)

where m(A) is the geometric multiplicity of the eigenvalue A. To determine
the remaining parameters it is sufficient to know the value of det(Q*) and
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a certain number of its derivatives at s = 0 (depending on the value of k).
Assume for now that k = 0, a straightforward computation shows that:

det(Q*)|s=0 = a, 9sdet(Q*)]s=0 = a(b+ tr(K)). (22)

We will compute these quantities in Lemmas 4 and 3 for general boundary
conditions. The proofs can be adapted to the case of separated conditions
easily.

4.2. General boundary condition

In this section we prove a determinant formula for general boundary condi-
tions N C M x M. First, we reduce this case to the case of separate boundary
conditions. We have to slightly modify the proof of Proposition 1 since, after
this reduction, the Endpoint map will not be a submersion anymore. Then,
we compute the normalization factors given in (22).

Let us consider M x M as state space, with the following dynamical
system:

na=(g4,). @aoerxar (2

and boundary conditions A x N. With this definition, any extremal be-
tween two points g and ¢; lifts naturally to an extremal between (qo, qo)
and (qo,q1). However, the Endpoint map of the new system is no longer
surjective. In fact, any trajectory is confined to a submanifold of the form
{¢} x M. Thus, even if we started with a strictly normal extremal, we do
not get a strictly normal extremal of the new system. However, there is no
real singularity of the Endpoint map here: we have just introduced a certain
number of conserved quantities. All the proofs presented above work also in
this case. We are going to discuss briefly how to adapt them.

Let us start with Pontryagin maximum principle. It implies that the lift
of the extremal curve §(t) = (qo,q(t)) is the curve A(£) = (—=Ao, A(t)). This is
because the initial and final covector of the lift must annihilate the tangent
space of the boundary conditions manifold. In this case Ng = A and the
annihilator of the diagonal subspace is {(A, =\) : A € T\, T, M }. Moreover,
by the orthogonality condition in PMP (see Appendix A), we know that
(—=A(0), A(1)) annihilates the tangent space of N.

Thus, if we want to work in one fixed tangent space, we have to multiply
the first covector by —1. This changes the sign of the symplectic form and
we are thus brought to work on T, 7*M x T\, 7*M with symplectic form
(—o) P o.

With this change of sign, the tangent space to the annihilator of the
diagonal gets mapped to the diagonal subspace of Ty, 7*M x T),7*M and
the tangent space to the annihilator of the boundary conditions N is mapped
to the tangent space of:

A(N) = {(10, 1) : (o, Xo) = (p1, X1), ¥(Xo, X1) € TN}

Let us qlake now some notational remarks. We will still denote by é*
the map 1 x ®,, which correspond to the new flow we are using to backtrack
our trajectory to the starting point.
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As explained in Sect.2, to define the scalar product on our space of
variations, it is necessary to introduce two metrics on the tangent spaces to
the endpoints of our curve. We will choose them of the form gg = go ® go
and g1 = go @ g1 where go and g; are two metrics on T\, 7*M and T, T*M
respectively.

Now we compute the second variation of the new system (23). As a
general rule, we will denote all the quantities relative to (23) on M x M,
putting a”on top. We have:

d _ Zouo 5 Z?’U,l 5 0

ZOU() - (ZOUO) ) Zl - (lelh ) Zt - Zt .
Notice that ®,Z; maps RI™NV) to the tangent space to A(N) and we can
assume that its image is contained in II§ x II{. We will denote by pr, the
orthogonal projection onto the image of Z;.

The domain of the second variation is the subspace V = {(ug, us, u1) :
Zoug + fol Zyuy + Zyuy € Ty % Iy }. Clearly, this equation is equivalent to:

1
Zoug + Z?ul clly and Zoug -+ leul +/ Zyugdt € Tl.
0

It follows that the control ug is completely determined by w;. Moreover, we
can assume that Zoug = —ZVu; since we are free to choose any system of
coordinates and any trivialization of the tangent bundle of the manifolds A
and N.

Let A? be the maps given in (12). The following proposition is the
counterpart of Proposition 1 for general boundary conditions.

Proposition 4. Let @] be the fundamental solution of the Jacobi system:
0= Z;(Z;)"Jn.

The operator 1+ sK restricted to V has non trivial kernel if and only if there
exists a non zero (no, M) € Tixg,x,)A(N) such that

Af o d. 0 ®F 0 Ao = m. (24)

The geometric multiplicity of the kernel equals the number of linearly inde-
pendent solutions of the above equation.

Proof. The proof is completely analogous to the one of Proposition 1. How-
ever, some slight modifications are in order since the Endpoint map is not
surjective in this case.

Step 1: Characterize V. The orthogonal complement to V is given by:

ve= o zeamany o ((2410) 4 79) =020 ).
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The proof is the same as the one of Lemma 2 and yields v; = Zt*Jz?. Here,
however, we can not separate vy from v;. Take v € V and v € V*:

1
(u,v) =0 (/ Zyudt, V) + Go(Zouo, Zovo) + @ G1(Z1u1, Z1uy)
0

= Go(Zouo, Zovo — Jov) + ®*§1 (Z1u1, Z1vy — J1v)
= g[)(Z?Uh J()V — 2Z()U() + Z?'Ul) —+ &)*gl(leul, Zil'l}l — J1V) =0.

_ (2Zyvy — J, - 27 iz >. 7
iy ( OU31V OV) = pry (< SUO) + le) =&, 7Z1v1. (25)

Step 2: Derivation of Jacobi equation. Now we can write down Jacobi equation
in a fashion similar to the one of Proposition 1. The system reads:

(1 — S)Z(ﬂl,o = Z()’Uo,

i(t) = Z;(Z3)Ti(t), o o ) (26)
(1—=5)0,Z1uy = ®.Z1vy + spryJ1®u(Zouo + [, Zywedt + Zyuy).

Hence:

Where 7(t) = fg qutdt + Zoug + 0. Arguing as in Proposition 1, we can
rewrite the last term of the third equation. We have:

1
pri 1Py (Zguo + / Zupdt + qul) =priJ1@.(n(l) — 0+ Zjuy).
0
D, Z5uy = B, Ziug + sO,pryZiug = . Ziug + s(Puprp® )DL Z1uy.
By the equation defining V we have that:
~ = Zoul ~ o~
anL@*U(l) = - (fi)*lleul) = —q)*Zl’(,Ll,

Lastly note the the first equation gives (1—s)Zoug = (1—s)pry.n(0) = Zovo.
Let us now plug all this equations into (26) recalling that pry + prp. = 1.
The third line now reads:

2(1 —s)pr 0 e = =g =
o ( (P10 () — s s (1)

+(1- S)ﬁTnlé*n(l)) =0.
Writing the equation component-wise and using the fact that, since @,
preserve the fibers, it holds:
d.pri, = Suprin, 1 priyy Bu + pro, O,
we obtain a relation very similar to the one in (16). Namely:
~Jo (3(s = 1)y "prng n(0) + @.pruyn(0)
Ji (prnl‘f*n(l) +01- 3)(&)*1)7"1'11&)*_1 + Jfl)prl—[% é*”ﬂ))

pry =0.

(27)
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At this point the argument is again the following. If X belongs to A(N) + 11
and pri(J1X) = 0, it follows that:

gl(ﬁ’l’lle, Zlul) = O'(X, Zlul) = 0, Vul € Rdim(N).

Hence X must lie in Im(Z;)4 N (A(N) + II), which is A(N). Consider the
maps A{ defined in (12), they preserve A(N) + II. Thus we can rewrite (27)
as:
s\—1
<ﬁ%m%?)eﬂN)¢¢FU@mﬁA®ﬂMN)

Notice the presence of the inverse of Aj due to the sign of the symplectic
form.

Step 3: Uniqueness Arguing again as in Proposition 1, to the trivial variation
(0,0,0) correspond constant solutions of Jacobi equation starting from the
fiber. However, since the Endpoint map of the original system is regular,
there are no such solutions. Hence the correspondence between ker(1 + sK)
and T(A3®, A%) N A(N) is one-to-one. O

Now we define an analogous map to the one in Eq. (19). Let mn be the
orthogonal projection on the space T(Ao)\l)zﬁl(]\f)l and consider the map:

Q° : T(AT@.27A5) — T AN, Q°(n) = (). (28)
Let T = (Ty,T1) be any linear invertible map from R?" to the tan-
gent space T(x, x,)A(/N). We denote by J the map (—.Jy) © J; representing
the symplectic form (—oy,) @ oy,. As in the previous section we define the
following function:
det(Q°) = det(Ty Jy A3D, 5 A8 — T Jo) .
det(Tg Jo g To + Ty J1 J3Th) /2

Remark 9. One could also define (28) as a bilinear form, using just the sym-

plectic pairing. In fact, for (1, (0,&1)) in Tx,T*M x Ty, x,)A(N), define:
QS(U» (507 51)) = U(Aii’*@fASTIa 51) - 0(777 50)

This form is degenerate exactly when I'(A5®,A5) N A(N) # (0).

Proposition 5. The multiplicity of any roots so # 0 of the equation det(Q®)
is equal to the geometric multiplicity of the boundary value problem.

Proof. The same proof of Proposition 2 works verbatim. Indeed, we are work-
ing with the same curve, I'(A5®, A3). O

In the remaining part of this section we carry out the computation of
the normalizing factors of the function det(Q*). As already mentioned at the
end of the previous section a classical factorization theorem by Hadamard
(see [14]) tells us that:

det(Q*) =as*e* [ (1+s0)™Y abeCa#0keN
AESP(K)

where m(\) is the geometric multiplicity of the eigenvalue. We are now going
to compute the values of a,b € C and k.
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Theorem 4. For almost any choice of metrics go, g1 on Tx,T*M, det(Q*|s=0o)
# 0. Whenever this condition holds, the determinant of the second variation
is given by:

det(1 + sK) = det((Q*|s—o) 1)es*E)=tr(2:Q° (@) "e=0)) det(Q*). (29)

Proof. We prove the first assertion: for almost any choice of scalar product,
k = 0 and thus a = det(Q%|s=0) # 0. This is equivalent to a transversality
condition between the graph of the symplectomorphism Afi)*iﬁAg and the
annihilator of the boundary conditions N.

We can argue as follows: consider the following family of maps acting on
the Lagrange Grassmannian of T),7*M x T, T*M depending on the choice
of scalar products Gy and G;:

Fo = (AB)_I X A‘ﬂszo, G = (Go,Gl),GZ‘ > 0.

It is straightforward to see that they define a family of algebraic maps of
the Grassmannian to itself. For any chosen subspace Lo, F; ! (Lo) is arbitrary
close to ITy x ITy, for G, large enough. Notice that I'(A5®,®%Ag) N Ly # (0) if
and only if I'(®.®*) N F; ' (Lg) # (0). Using the formula in Lemma 4 one has
that T'(®,®*) is transversal to ITy x IT; and thus to F;'(Lg) for any fixed Lo
and G; sufficiently large. Now, since everything is algebraic in G and there
is a Zariski open set in which the transversality condition holds, the possible
choices of G; for which k£ > 0 are in codimension 1.

Let us assume that £ = 0 and compute b. Differentiating the expression
for det(Q?®) in Eq. (21) at s = 0 we find that:

8, det(Q°)]s—o = a(b+ tr(K)).

An integral formula for the trace of K is given in Lemma 3. The deriv-
ative of det(Q®) can be computed using Jacobi formula:

D5 det(Q*)|s=o = atr(9:sQ° (Q*)™)|s=o.

An explicit expression of the derivatives of the map Q° can be computed
using Lemma 4. It follows that b = tr(9:Q* (Q%)~!) — tr(K) and we obtain
precisely the formula in the statement. (]

Before giving the explicit formula for tr(K) and the derivatives of the
fundamental solution to Jacobi equation at s = 0 we need to make some
notational remark and write down a formula for the second variation in the
same spirit of Sect. 2 and Eq. (5). We are working on the state space M x M
with twice the number of variables of the original system and trivial dynamic
on the first factor and separated boundary conditions. The left boundary
condition manifold is the diagonal of M x M and the right one is our starting
N. We apply the formula in Eq. (5) to this particular system, we denote
by Z; and Z; the matrices for the auxiliary problem, in general everything
pertaining to it will be marked by a tilde. Identifying T{x, x,)T™ (M x M)
with T\, 7" M x T,T7*M we have that:

= Z 5 VA - 0
on= () 2= (G) 2= (2)
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We still work on the subspace V = {(uq, ut, u1) : Zouo—i—fol Zouy + Z1uq € IT}.
However, it is clear that this equation implies that:

1
Zoug + Z9uy €y and  Zoug + Ziuy + / Zyugdt € .
0

It follows that control ug is completely determined by w;. Moreover, we can
assume that Zoug = —ZYu; since we are free to choose any system of coor-
dinates and any trivialization of the tangent bundle of the manifolds A and
N. Technically we are working with different scalar products on each of the
copies of T),7* M. However, it is easy to see that on the space V only the
sum of these metrics plays a role. We will denote it gg. Now we are ready to
state the following:

Lemma 3. The second variation of the extended system, as a quadratic form,
can be written as ((I + K)u,u) where K is the symmetric (on V) compact
operator given by:

1 t 1
—(Ku,u) = / / J(ZTuT,Ztut)det—a(Z?uh / Ztutdt>
0 0 0

1
+o (/ Zupdt — Z?ul, leul) —&-gO(Z?ul, Z?ul)
0

+ (2% g1)(Z{ur, Z{uy).

Moreover, define the following matrices:
1 1t
0 o Jo

Denote by pri the projection onto Tix, x)A(N) and by 7l the differential
of the natural projections ©* : T*M — M relative to the i—th component,
1 =1,2. The trace of K has the following expression:

tr(K) = — dim(N) + tr[r:®; L priJ,®.(Z0))

1
+tr {r—l (Q + (72 — )@ pri @, (/ ZtZt*J|Hdt>)] :
0
Proof. The first part is a straightforward computation combining the ex-
pression obtained in Lemma 1 for the second variation with the observation
concerning the structure of the maps Zy and Z; made before the statement
and the choice of the Riemannian metrics.
Now, notice that the codimension of the space giving fixed endpoints
variations V for the extended system in H is 2 dim(M ). Moreover, it is defined
as the kernel of the linear functional:

1
p (g, ug, uy) — Ty (Zouo —|—/ Zyugdt + Z1u1> € Trin)yM X Trixg)M.
0

It is straightforward to check that the following subspace is 2 dim(M)—dime
nsional and transversal to ker p:

V' = {(uo, Z; Jv,0) : v € T, ug € RI™MY
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The trace of K on the whole space splits as a sum of two pieces, the
trace of K|y and the trace of K|y/. We can then further simplify and compute
separately the trace on V' N {ug = 0} and its complement V' N {r = 0}. We
are going to compute the trace of K on the whole space and then the trace
of K|y, determining in this way the value of K]y,.

Consider H = H1 ® Ho. Where

Hi={u:u=(0,u,0)}, Ha={u:u=(up,0,u1)}.
It is straightforward to check that Hi = Hs for our class of metrics and
that H; = L?([0, 1], R¥). Using Eq. (5), the restrictions of the quadratic form
K (u) = (u, Ku) to each one of the former subspaces read:

1 ot
Rl ()= [ [ o(Zuun, Zouydtdr, Koy (w) = o Zouo, Zuun) = Julfe
0o Jo
The trace of the first quadratic form is zero (see [3, Theorem 2]) whereas the
trace of the second part is just — dim(/N). Thus we have that:
tr(K|y) = —dim(N) — tr(K|y).

To compute the last piece we apply K to a control w € V' N {ug = 0} using
the explicit expression of the operator given in Lemma 1. Recall that prq is
projection onto the image of ®,7;. It follows that:

t 1
K(u) = (0,—23:7/0 Zourdr, —Lpri J, D, (/0 Ztutdt)>

t
= <0, —Z;kJ/ Zru.dr, —A(u)) .
0

Now we write K (u) in coordinates given by the splitting V & V’. To do
so we have first to consider p o K (u). It is given by:

1 t 1
—po K(u) =7, (/ tht*J/ Z. 75 Jv + @ pri J, @, (/ ZtZt*Judt>>
0 0 0
= ( 0 > + 7,0 pri i (/IZZ*Jth)
- * Xy 1J1 ¥ % t .
Qu o t

Set I' = fol X[ Xdt, it easy to check that, if u € V', then

_ Xoug
p(u) - (FI/ + X()UO) ’

for an invertible matrix Xy which, without loss of generality, can be taken to
be identity. It follows that the projection on the first component of p o K (u)
is completely determined by the second term in Eq. (30). Let us call & for
i = 1,2 the projection on the i—th component. It follows that an element
(Zotig, Z; J0,0) = 4 € V' has the same projection as K(u) if and only if:

{

(30)

0= Xo_lﬂ'i‘i)zlprljl(i)*(fol ZtZt*Jth)a
=r! (Qy + (71'3 — Wi)&)zl p?”ljli)*(fol ZtZt*Jth)) :

~3%

>
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In particular the restriction to V' N {ug = 0} is given by:

1
vt (Q + (72 —aHo 1 priJ, @, </ ZtZt*Jdt>> v.
0

A similar strategy applied to V' N {r = 0} tells us that the last contri-
bution for the trace is given by the following map:

Uug = Xo_lﬂ'ii)*_lp’l"ljl(i)*ZOuO.

It is worth pointing out that indeed the trace does not depend on Xy and
that the vector fol ZZy Jvdt is the following:

1. 0
/ ZtZtJI/dt =
0 Ov

In particular, if the boundary conditions are separated (i.e. N = Ny X Np) the
part of the trace coming from V' N {up = 0} depends only on the projection
onto Ty, Ni. O

Lemma 4. The flow ®f|,—o and its derivative 0sPF|s—o are given by:

o _ 1 0 T Jy Y- Xz dr 0
Pils-o = (fot X-X:dr 1) » OuPilsmo = (fg [T X, 2:JZ, X drdr — [ XTYT*dT) '

Proof. 1t is straightforward to check that ®§|s—o solves the following Cauchy

problem:
S el
X X;0

®0 = Id.

Similarly 9s®%|s—o solves:

. 0 O Y, X} 0
aS(I>;5g|s:O = < >8S(D§|S_O+ ( e >(I)7(5Ja

X: X7 0 0 XY
0sP|s—0 = 0.
Solving the ODE one obtains the formula in the statement. O
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Appendix A

In this appendix we collect some information concerning Pontryagin Maxi-
mum Principle (PMP) and the differentiation of the endpoint map used and
mentioned throughout the text. Everything is fairly standard material in
geometric control theory, the reader is referred to [4,6,23] for further details.

A.1. Pontryagin maximum principle

Let us introduce a useful family of Hamiltonian functions on 7*M. They
generate a family of Hamiltonian flows which we use to backtrack admissible
trajectories 7y to their initial point. Moreover, they appear in the formulation
of PMP and extend the flow of the fields f, () to the cotangent bundle. Set:

LV T*M — R, hEY(A) = (A, fu) +vo(u,m(N), v <0.

In particular, if 4 is an admissible curve, we can build a lift, i.e. a curve
X in T*M such that w(X) = 7, solving A = k% (X). The following wellknown
theorem, Pontryagin Maximum Principle, gives a characterization of critical
points of J (as defined in (3)), for any set of boundary conditions N.

Theorem 1. (PMP) If a control u € L*°([0,1],U) is a local minimizer for
the functional in Eq. (3) there exists a curve A :[0,1] — T*M, v € R and an
admissible curve q : [0,1] — M such that for almost all t € [0, 1]

1. A(t) is a lift of q(t):
q(t) = m(A(1));
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2. A(t) satisfies the following Hamiltonian system:

AN o
E:hﬁ(t)()\)v

3. the control u is determined by the mazimum condition:

Bty (D) = max BEY (D), v <0

a(t

4. the non-triviality condition holds: (A(t),v) # (0,0);
5. transversality condition holds:

(—=X(0),A(1)) € Ann(N).
We call q(t) an extremal curve (or trajectory) and \(t) an extremal.

There are essentially two possibilities for the parameter v, it can be
either 0 or, after appropriate normalization of A\;, —1. The extremals belong-
ing to the first family are called abnormal whereas the ones belonging to the
second normal.

A.2. The endpoint map and its differentiation

In this subsection, we write down the integral expression for the first and
second derivative of the endpoint map. Further details can be found in [6,
Section 20.3]. Denote by U,, C L>°([0,1],U) be the space of admissible con-
trols at point ¢y and define the following map:

E' Uy — M, ur v, ().

It takes the control u and gives the position at time ¢ of the solution starting
from qq of:

q = fu(‘r)(Q)'

We call this map Endpoint map. It turns out that E? is smooth, provided
that the fields f,(q) are smooth too.

For a fixed control @ consider the function h%"”(\) := h;’;’(”t) (M) and define
the following non autonomous flow which plays the role of parallel transport
in this context:

%cﬁt =i (By), B = Id. (31)

It has the following properties:

e It extends to the cotangent bundle the flow which solves ¢ = fz(q) on
the base. In particular if )\; is an extremal with initial condition g,
(P, (o)) = qa(t) where gg is an extremal trajectory.

o P, preserves the fiber over each ¢ € M. The restriction P, : TyM —

T% M is an affine transformation.
q>t('1)

We suppose now that A(t) is an extremal and @ a critical point of the
functional 7. We use the symplectomorphism ®; to pull back the whole curve
A(t) to the starting point A\g. We can express all the first- and second-order
information about the extremal using the following map and its derivatives:

0L(A) = (B = ") o @4(N).

u
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Notice that:
o b, (Ao)|u=a(r) = 0 = dx, b} [u=a() by definition.
o 9, |u—i(ry = Oul(hl, 0 ®y)|u—a(r) = 0 since A(t) is an extremal and 4 the

relative control.

Thus the first non zero derivatives are the order two ones. We define
the following maps:

Zy = 04, (M) uzar) : R = TayU — T, (T*M),

(32)
Hy = 02b1(Mo)|u=ar) : R* = TayU — ;U = R*.

We denote by II = kerm, the kernel of the differential of the natural
projection 7w : T*M — M.

Proposition 6. (Differential of the endpoint map) Consider the endpoint map
E': Uy, — M. Fiz a point @ and consider the symplectomorphism ®; and
the map Z; defined above. The differential is the following map:

t
dﬂE(Ut) = dk(t)ﬂ- e} d)\oét</ Z.,-UTdT) S thM.
0

In particular, if we identify Ty, (7% M) with R?™ and write Z;, = (}? ),
t

4 is a regular point if and only if vy — fg X, v.dr is surjective. Equivalently
if the following matrix is invertible:

t
T, = / X, X*dr € Matnyn(R), det(Ty) %0
0

If dz B! is surjective then (E?)~!(g;) is smooth in a neighbourhood of %
and is tangent space is given by:

Ta(EY) Yqy) = {v € L>([0,1],R¥) : /Ot X, vdr = 0}

. .
— {v € L>([0,1],R¥) : / Zvpdr € H}
0
If the differential of the endpoint map is surjective, the set of admissible
control becomes smooth (at least locally) and our minimization problem can
be interpreted as a constrained optimization problem. We are looking for
critical points of J on the submanifold {u € U : E*(u) = ¢, }.

Definition 3. We say that a normal extremal A(t) with associated control @(t)
are strictly normal if the differential of the endpoint map at @ is surjective.

It makes sense to go on and consider higher-order optimality conditions.
At critical points is well defined (i.e. independent of coordinates) the Hes-
sian of J (or the second variation). Using chronological calculus (see again
[6] or [1]) it is possible to write the second variation of J on kerdE! C
L*([0,1], R¥).
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Proposition 7. (Second variation) Suppose that (A(t),u) is a strictly normal
extremal, i.e. a critical point of J for fized initial and final point. For any
u € L>=([0,1],R¥) such that fol Xpupdt = 0 the second variation of J has the
following expression:

1 1 t
d%j(u):—/ <Htut,ut>dt—/ / o(Zrur, Zyug)drdt.
0 0 0

The associated bilinear form is symmetric provided that u,v lie in a subspace
that projects to a Lagrangian one via the map u — fol Ziudt.

1 1 t
dgj(u,v):—/ <Htut,vt>dt—/ / o(Zruy, Zyvy)drdt.
0 0 0

Throughout the paper we make the assumption, which is customarily
called strong Legendre condition, that the matrix Hy is strictly negative def-
inite and has uniformly bounded inverse. This guarantees that the term:

1
/ 7<Htut,vt>dt,
0

is equivalent to the L? scalar product.
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