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Preface

The research that I carried on during my Ph.D. program under the supervision of Prof. Roberto
Tateo is essentially centered around the investigation of classical and quantum aspects of particle physics
theories using the powerful tools provided by integrability. In a broad sense, integrable models are
usually referred to as “exactly solvable", meaning that all the physical observables can be found non-
perturbatively both in analytical form or by means of quadrature techniques. The exact solvability makes

them perfectly suited laboratories
* to study simplified versions of complicated physical theories at full non-perturbative level;

* to get insight into interesting physical properties and mathematical structures which would be

inaccessible from other directions.

The latter two points represents the guidelines of my research program which is mainly divided into

two different projects.

The first project, which represented also my first contact with the universe of integrable systems,
concerns the investigation of the conformal spectrum of single trace-operators in the 3—dimensional
N = 6 super Chern-Simons theory at finite values of the coupling constant, using integrability
techniques. The outcomes of this research resulted in the publication of [1] and another work still
on-going.

The second project is, instead, related to the exploration of 2—dimensional Quantum Field Theories
through the study of some exactly solvable irrelevant deformations of QFTs. This dissertation will be
entirely based on the results obtained in this context, which led to the publication of [2], [3] and [4].
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Chapter 1

Introduction

1.1 The Space of Quantum Field Theories

Generally speaking, the long term goal of the research program summarised in this dissertation, is the
exploration of the “Space of 2—dimensional Quantum Field Theories (QFTs)”, here denoted by ¥
following the convention of [1], and of its associated geometric structure through the investigation of

some peculiar irrelevant deformations of QFTs which turn out to be exactly solvable.

The idea of equipping ¥ with a geometric structure is concretely realised in the context of the
Renormalisation Group (RG) approach 4 la Wilson [2]. Following the path integral formulation, the
generic element of ¥ is a QFT represented by a quasi-local action A[®], where ® denotes a collection
of fundamental fields, taking values on a d—dimensional manifold M, together with their derivatives.

The whole information on the theory is encoded in the partition function
Z = /D(I) e~ ARl (1.1)

from which the correlation functions between all the operators of the theory can be extracted. The
first step of the renormalisation procedure is to set a cut-off energy A and define a regularised partition

function
Slreg) _ / D AR/ (1.2)
Co(M) 2y,

in which the path integral is restricted to the space of smooth functions C°°(M) <4, on M whose energy
is at most Ag. Notice that ruling out the modes with energy higher than Aj, we have automatically
prevented the emergence of UV divergences arising from any perturbative loop integral. Then, the
second step consists in integrating out the modes with energy between A and a generic scale A < A.

This operation induces a flow in X, which can be abstractly written at the level of the action as

aé/;l =B(A), [l=logA, (1.3)

with A|p—p, = A initial condition. Denoting by T4% the tangent space to ¥ at the point A € ¥,
then B(A) € T4X represents the tangent vector which generates the so-called RG flow equation and
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1.1 The Space of Quantum Field Theories

the integral curves solution to it are referred to as RG trajectories. All the QFTs lying on the same RG

trajectory represent the same physical theory as observed at different scales.

To translate (1.3) into ordinary differential equations for some functions, one needs to parametrise the
generic element A € ¥ in terms of a set of coordinates {ay },~,. The usual way to do that, is to start
from a so-called fixed or critical point' of the RG flow and add to it an infinite set of local operators”

{Ok (%)} 1> With classical mass dimension d,
A:A*+Zak/dx(9k(x) . (1.4)
k>0
where ay, plays the role of coupling constant associated to Oy (x).

Observation 1. Due to quantum corrections, the classical mass dimension of the operator Oy (x) gets

modified and the overall scaling dimension Ay, becomes
Ap =di + Vi, (1.5)

where 7, is the so-called anomalous dimension.

In the set of coordinates {4 };>¢, the RG flow equation (1.3) becomes a set of ordinary differential

equations for the functions {a (1)}~

B ({0s)) = %% = Be(fag)) . (h20), (1)

where By, ({a;}) is the coordinate expression of B(A) and 3, = %2 is the so-called f—function.

Observation 2. A theory represented by a set of coordinates {a} }, - is a fixed point of the RG flow if
the S— functions are all vanishing, i..

B ({aj}) = 0. (1.7)
Close to a fixed point, i.e. the difference day, = a, — a , (k > 0) is small, the RG flow equations (1.6)

can be linearised as
Bi ({aj}) = bij da; + O (6%) , (120, (1.8)

where b;; is a constant, infinite dimensional matrix, which is diagonalisable on the basis of eigenvectors

{ok} >0 with eigenvalues {Aj, — d} . Therefore, in the basis {0}, equation (1.8) becomes

Jo
5 = B d)op + 00", (k20), (1.9)
"The fixed or critical point is an element A* € ¥ which is invariant under the action of the RG flow, namely
OA*
ar =0

In d = 2 there is a theorem which states that all fixed points are CFTs, while for d > 2 the problem is still under debate. The

trivial fixed point is called Gaussian fixed point and it corresponds to the free theory, i.e. all the couplings are set to zero.
>The generic local operator O (x) is 2 monomial involving a number dy, ie. the mass dimension, of powers of the

fundamental fields of the theory and their derivatives.
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which gives, at the first perturbative order

Ap—d
or(A) = <A0> or(Ao) (1.10)

Expression (1.10) allows to classify the set of local operators related to a given critical point according
to the behavior of {o(A)}, as the energy scale is lowered from the cut-off Ag to A < Ag, namely as

we flow towards the IR:

* A > d (irrelevani): as the energy scale A is lowered from the cut-off scale Ag, the couplings oy (A)
become smaller and smaller. The corresponding local operator is called irrelevant since its inclusion in
the action (1.4) induces an RG flow which drives the theory back to the critical point in the IR. Notice
that, at fixed d, one can construct an infinite tower of irrelevant operators simply by adding powers of
fields and their derivatives. Therefore, any critical point is defined on an infinite-dimensional subspace
in the whole space of the theories, called critical surface, parametrised by the couplings of the irrelevant

operators.

* Ay < d (relevant): contrary to the previous case, here the couplings o (A) grow as the energy scale A
is lowered. The corresponding local operators are called relevant because their presence in the action
(1.4) drives the theory away from the critical surface in the IR, along a so-called renormalized trajectory,
which lead either to an other fixed point or to a limiting cycle. Since at fixed d, there is a finite amount

of relevant operators, it follows that the critical surface has finite co-dimension.

* Ay = d (marginal): the couplings are unchanged under the RG flow transformation, and the
corresponding operators are called marginal. However, close to a generic critical point, quantum
corrections may produce logarithmic modifications of Ay, transforming the marginal operator into

a marginally relevant or marginally irrelevant operator, depending on the sign of Ay, — d.

To remove the cut-off, sending it to infinity, one needs to apply the standard renormalisation
procedure (see, for example [3]), through the introduction of counterterms. When this cannot be done
sistematically (without changing the form of the action) the theory is said to be “non-renormalisable”.
Non-renormalisable theories still make sense provided the cut-off is kept finite, namely their validity
is limited to the low energies regime. Generically speaking, they are called Effective Field Theories
(EFTs), typical examples being lattice-regularised models.

So far, the action has been taken as characterising element to uniquely identify a QFT. A different, yet
useful perspective is provided by the bootstrap formulation, in which the fundamental objects that define
a QFT are the set of local fields { O (x)} 5, Which span the vector space F

F = span {On(x) }>0 (1.11)

along with the set of all correlation functions

({04, (x1) - O, (0) | {0}z € F (112)
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equipped with an Operator Product Expansion (OPE) algebra

0;(x)0;(x") S Cz-kj (x —x")Op(x) , (1.13)
which is specified by the set of real-valued functions {C’Zk]}( BN’ called structure constants. Since the
2,),k)€

generic element A € ¥ can be expressed in terms of local fields as in (1.3), it appears natural to identify
F with the tangent space TS, modulo the subspace F consisting of local fields which are derivatives
of other local fields (since do not contribute to the dynamics)

F=Tx, F=F/OF. (1.14)

This identification may be used to translate the properties of local fields into geometric notions at the
level of X.

1.2 Irrelevant deformations, Effective Field Theories and holography

A good starting point for the exploration of ¥ is provided by the subset ¥'"* C ¥ made of Integrable
Quantum Field Theories (IQFTs). Massive IQFTs initially emerged from the factorisable S-matrix
context [4]. Starting from the set of exact two-body amplitudes, integrability also provides powerful
tools for the study of the finite-size effects such as the Thermodynamic Bethe Ansaiz (TBA) [5,6] or the
Non-Linear Integral Equations (NLIEs) [7, 8]. Through conformal perturbation theory and the TBA
method, these scattering models were then interpreted as perturbations, by relevant operators, of
CFTs [6]. The deformation of a CFT, considered as the UV fixed point, by a relevant operator can
also lead to a model with a massless sub-sector [9], defining, therefore, a critical flow connecting the
initial fixed point to a second non-trivial CFT, in the IR. From the point of view of the ultraviolet
CFT, these relevant perturbations correspond to super-renormalizable interactions. An arbitrary
Green function can have primitive UV divergencies only in finitely many orders of CPT (see, for

example [10]).

In general, the situation is very different when it comes to deformations of CFTs or, more generally
QFTs, by an irrelevant operator, which usually lead to EFTs with finite UV cut-off, for which the
quantisation procedure is problematic. However, in the past three years, the study of irrelevant
deformations is experiencing a period of renewed interest thanks to the groundbreaking discoveries
of [1, 11] in which it has been found an exactly solvable perturbation generated by the irrelevant
operator TT, rigorously defined by A. B. Zamolodchikov in [12] for a generic QFT on flat
space-time. Besides laying the basis of the TT deformation for a generic QFT, [1, 11] showed that, at
least for massive IQFTs, the exact solvability of this deformation is encoded in the introduction of a
specific Castillejo-Dalitz-Dyson (CDD) phase factor [13] in the exact S—matrix of the original theory.
Although the proper definition of TT deformation has been given in recent times [1, 11], the
emergence of the TT and other irrelevant deformations in relation with the CDD ambiguity dates
back to the beginning of the nineties. The first occurrence was in the study of the massless low from
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tri-critical to critical Ising model pionereed by [9], in which the TT operator - at the critical point' -
appeared as leading attracting operator in the (EFT) action associated to the low energy IR regime.
The exploration of the IR fixed point led to the proposal of a possible connection between CDD
factors and irrelevant operators [14].
Several years later, A. B. Zamolodchikov [12] gave an off-critical definition of the TT operator, up to
total derivative terms
lim T(z)T(z") — ©(z)O(z') = TT(z) + derivatives , (1.15)
z' —z
which is valid for any 2—dimensional QFT on a flat space-time and with local translational and
rotational symmetry. In particular, he showed that the expectation value of the TT operator on a

generic eigenvalue of the energy and momentum factorizes as
(n| TT(2) |n) = (n| T(z) |n) (n| T(z) [n) — (n| O(z) |n) (n| O(2) |n) . (1.16)

The latter property is commonly referred to as factorisation property and it will prove to be fundamental
in the definition of the TT deformation [1, 11].

Another important step toward the identification of the TT deformation was made in [15, 16] where
it was noticed that the energy levels of a ¢ = n CFT? modified by the inclusion of a non-trivial CDD
factor (cf. equation (1.19) below) take the same analytic form of the energy levels of an infinitely long
critical bosonic string, i.e. the Nambu-Goto string in 26 dimensions, which represents a simple theory
of quantum gravity. For this reason [15] referred to the CDD factor modification of the S—matrix
(1.19) as “gravitational dressing”.

Subsequently [17] adapted the analysis of [15, 16] to encompass the open string case and extended the
CDD deformation to a generic 2—dimensional CFT. Moreover, the authors of [17] interpreted the
results of [15,16] in terms of a TT deformation and suggested a simple iterative scheme to generate the
action deformed by the TT operator.

Finally, in 2016, [1, 11] merged together all these observations accumulated over time and, using the
factorisation property found in [12], formulated the TT deformation of a generic QFT in terms of a
partial differential equation (PDE) for the energy levels {E,(R, 7)},,5, i.e. an inviscid inhomogeneous

Burgers equation,

0, En(R,7) = En(R,7)0pEn(R,7) + %Pg(R) , (1.17)

where 7 is the deformation parameter associated to the TT flow. At the same time, they provided a
classical geometric interpretation of the TT deformation which is enclosed in a flow equation for the
classical action

o L(x,7) =TT(x,7), (1.18)

where the TT operator plays the role of tangent vector to the curve £(x, ) as the parameter 7 is varied.

Notice that equation (1.18) can be considered as the mathematical formulation of the iterative scheme

"The name “TT” comes precisely from its definition at the critical point in which it is just the product of the holomorphic
T and anti-holomorphic components T of the stress-energy tensor. Conventionally, also its off-critical extension (1.15) is
still named TT, even if an additional term appears.

*Here n denotes the number of independent bosonic species.
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proposed in [17]. In [11], equation (1.18) has been explicitly solved for some simple cases. Interestingly,
starting from a theory of N non-interacting bosonic fields, the TT deformation leads to the Nambu-
Goto Lagrangian in static gauge, giving further evidence in favour of the relation between TT and
string theory. Furthermore, [1,11] connected this irrelevant deformation with a specific CDD factor
which modifies the S—matrix by an amount

S(0) — S(0) f(8), f(0) = exp (ir m*sinh(9)) . (1.19)

A different perspective of looking at the solvability of the TT deformation was provided by [18]. In
fact, interpreting the modification of the partition function under an infinitesimal deformation as a
random fluctuation of the space-time geometry, [18] argued that the associated local action is a total
derivative of quasi-local fields, affecting therefore only the finite-size properties of the system (see also
the comment in [19] about prime forms). In addition, linear diffusion equations for the TT—deformed
partition functions on some simple geometries were derived. Further investigations on the partition
functions carried on in [20] showed that the partition function of a TT—deformed CFT on a torus
preserves interesting modular properties. Even more interestingly, [21] proved, under certain (weak)
assumptions, the uniqueness of the previous statement, namely that TT is the only deformation of a
CFT that preserves modular properties of the torus partition function.

A further step in the direction marked by [18] was made by [22,23] in which it has been proposed a
path integral formulation of the TT—deformed theory. The authors of [22] proved that the TT
deformation of a QFT can be equivalently interpreted as coupling it to a flat space-time
Jackiw-Teitelbolm (JT) like' gravity. The ideas of [18,22] are in spirit similar to the interpretation of
the TT deformation — at classical level - as a field-dependent space-time coordinate
transformation [24], even though the precise link is still not completely transparent.

Shortly after [1, 11], [25] opened the way to a new perspective on the TT deformation in the
framework of the AdS/CFT correspondence. Restricting the original theory to be a CFT, the
TT—deformed spectrum exhibits a square root whose argument depend on the energy levels of the
original CFT. Depending on the sign of the deformation parameter, as the volume is varied there is
either a finite number of complex energy levels (“good sign”), i.e. the ground state plus a finite number
of excited states, or an infinite number of complex energy levels plus a finite amount of them which is
real (“bad sign”).

The authors [25] pointed out that in the holographic dual, the TT deformation of a CFT for the “bad
sign” behaves as a geometric cut-off which places the boundary of AdS at a finite radial distance in the
bulk. Afterwards, [26,27] proposed a bulk interpretation of the TT deformation of a CFT for the
“good sign” in terms of a marginal current-current deformation of the worldsheet on AdSs.
Motivated by these works, a lot of effort have been devoted so far to investigate the TT deformation in
the AdS/CFT context.

Another interesting direction of research consists in the exploration of other solvable irrelevant
deformations. The first step was made in [1] in which it was pointed out the existence of a whole

family of irrelevant deformations generated by scalar local fields {X,} € F with mass dimension

"For the path integral on the plane, the gravity theory is almost JT gravity, but for other geometries it is not anymore.
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ds = 2(s + 1) and Lorentz spin' 0, which preserve the integrability of the original IQFT, namely
{X,} € T, These operators are uniquely defined in terms of bi-linear combinations of the level—s
currents of the integrable hierarchy, up to total derivative terms, as

lim Ty 1(2)Tsr1(2') — O4_1(2)Os_1(2') = Xs(z) + derivatives , (1.20)

z' —z

where X coincides with the TT operator. The authors of [1] proved that the introduction of the local
operators { X, } in the action causes a modification of the original exact S—matrix S(#) by a CDD factor
which generalises (1.19), i.e.

S(0) — SO)f(0), = exp ( ZT(S) 2 sinh ( sH)) , (1.21)

where {7(*)} is a set of independent deformation parameters.

Afterwards, [28,29] considered a Lorentz-breaking deformation of a CFT generated by the so-called
JT operator, built out of a bi-linear combination of the anti-holomorphic component of the stress-
energy tensor and a U(1) current. Soon after, also the holographic dual of the JT deformation has
been identified [30] and much of the work done for the TT deformation was extended to this case (see
[21,31]). Along the same line, [32-36] investigated deformations generated by a combination of the TT
andJT operators. More recently, it has started the exploration of new families of deformations involving
other symmetries that the original theory may eventually possess, such as supersymmetry [37-42] or

non-Noetherian symmetries, tipically present in the hierarchy of IQFTs [43-45].

1.3 Overview of the thesis

This thesis is a collection of the works [24,43,46] that I have done during my Ph.D. program at the
University of Turin under the supervision of Prof. Roberto Tateo. The main focus of the dissertation
is on the field theoretical aspects of irrelevant deformations of 2—dimensional QFTs, in particular in

relation with the integrable structures.

The first part is devoted to the investigation of classical and quantum aspects related to the TT
deformation of 2—dimensional QFTs. To make the contents as self contained as possible, in section 2.1
we introduce the TT operator for a generic 2—dimensional QFT on flat spacetime and, reviewing the
result of [12], we show that, under broad assumptions, it is a well defined local operator, up to total
derivative terms. Then, in section 2.2 we move on to axiomatically define the action of the TT
operator on the quantised energy levels of the original QFT, which is taken as the definition of the
TT deformation [1, 11]. Exploiting the nice properties of the TT operator found in [12], we show that
the evolution of the energy levels can be equivalently recast into a simple first order PDE, ie. an

inviscid Burgers equation, and we derive explicitly the expressions of the TT—deformed spectra for

"The Lorentz spin of a local operator is defined as the difference between the total number of holomorphic derivative 9.
and the total number of anti-holomorphic derivative 8z appearing in it. Since these operators are spin 0, the corresponding

deformations do not break the Lorentz invariance of the original theory.
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some particular theories [1,11]. In the framework of IQFTs, in section 3.4 we review the fundamental
resules of [1, 11] in which the TT deformation is interpreted as a modification of the exact and
factorisable S—matrix by a non-trivial CDD factor which preserves the Lorentz invariance of the
original theory. Starting from the Burgers equation as operational definition of the TT deformation,
in section 2.3 we derive the evolution equations for the classical Hamiltonian and Lagrangian
densities [11, 46, 47] and we explicitly solve them for some specific models. This analysis allows to
extract useful information about the relation between the classical and quantum sides of the
deformation. Interestingly, the classical outcomes of section 2.3.5 also led to conjecture [46] the
partition function and heat-kernel of a generic 2—dimensional TT—deformed Yang-Mills theory (see
appendix B.1).

To make a more concrete step forward in the understanding of the classical structure of the
deformation, we restrict our attention to IFTs, and in particular to the sine-Gordon model, which it is
often used throughout the thesis as study case. In section 4.2, we prove that the TT—deformed
sine-Gordon theory admits a Lax pair representation [46], from which it automatically descends that
the TT deformation preserves the classical integrability of the sine-Gordon model. Exploiting the well
known relation between the sine-Gordon equation and pseudo-spherical soliton surfaces embedded in
a 3—dimensional Euclidean ambient space (see also appendix C.1 for a brief introduction to the
subject), in section 4.4 we construct the soliton surfaces associated to the TT—deformed sine-Gordon
model [24]. Since the intrinsic properties of the surfaces, ie. the Gaussian and mean curvatures, are
unchanged, we infer that the TT—deformation acts as a reparametrisation of the solitonic surfaces and,
at the level of the solutions, as a coordinate transformation. In section 4.5, we explicitly construct a
space-time coordinate transformation which maps the Equations of Motion (EoM) of the sine-Gordon
theory onto the TT—deformed one and viceversa [24]. From simple considerations, we show that the
coordinate transformation is easily generalisable to any bosonic theory and sigma models. From one
hand, this map provides a powerful tool to generate solutions to the deformed EoMs starting from the
original ones. In section 4.7, we explicitly compute the TT—deformed version of some simple
sine-Gordon soliton solutions and, in section 4.8, we comment on the emergence of singularities.
From the other hand, in section 4.6 we show that the coordinate transformation gives access to the full
integrable structure of the TT—deformed IFT, by means of a geometrical construction which allows
to derive the conserved charges of the deformed hierarchy [43]. With this technology, one can take
the coordinate transformation as an equivalent definition of the TT deformation at the classical level.

Precisely this consideration opens the way to the second part of the thesis, concerning the investigation
of generalisations of the TT deformation involving conserved currents of the hierarchy of a generic
classical Integrable Field Theory (IFT) with Lorentz spin different than 1. Inspired by the classical
geometric interpretation of the TT deformation in terms of a coordinate transformation, in sections
5.1 and 5.2 we construct consistent coordinate transformations in which the components of the stress-
energy tensor are replaced by those of an arbitrary higher spin conserved current [43]. The setup is
also extended to encompass U(1), x U(1)g conserved currents (section 5.3). By means of a simple

example, in section 5.4 we investigate the effect of these deformations on the Lorentz invariance of
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the original theory, which gets broken. Restricting for simplicity to deformations of the massless free
boson theory, in section 5.2.1 we explicitly derive the deformed integrable hierarchies using the method
previously developed in the TT context. This classical analysis suggests that the quantisation of the
models associated to these generalised coordinate transformations is again generated by a modification
of the original S—matrix by a family of phase factors which, contrary to (1.21), are not CDD factors
and break explicitly the Lorentz invariance of the original theory. In section 6.1 we identify this class of
phase factors in the large volume approximation, then, in section 6.2 we perform a finite-size analysis in
the framework of the NLIEs and derive the evolution equations for the conserved charges, which turn
out to be much more complicated compared to the inviscid Burgers equation emerging in the TT case.
In section 6.3 we compute the expressions of the conserved charges by explicitly solving the evolution
equations in the CFT limit and compare them with the classical outcomes finding agreement. Finally,
in section 6.5 we extend the setup to encompass deformations involving the topological charge. We
discuss various examples and, in particular, we provide the phase factor which generates the well-studied
JT deformation of a CFT.
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Chapter 2

The TT deformation: definition and

properties

In this introductory chapter we start by reviewing the fundamental results of [1, 11, 12]. We first
introduce the TT operator for a generic QFT on a 2—dimensional Euclidean space-time and we prove
that it defines a local operator up to total derivative terms. Then, we show that its expectation value on a
generic eigenstate of the energy and momentum operators enjoys the fundamental factorisation property,
which leads to define the TT deformation on the energy levels in terms of an inviscid inhomogenous
Burgers equation. From the latter definition, we derive the corresponding flow equation for the classical
Hamiltonian and Lagrangian densities. Finally, we explicitly compute the TT—deformed Hamiltonian
and Lagrangian densities for some simple theories and we comment on the relation between the classical

and quantum sides of the deformation.

2.1 The TT operator

We start by considering the composite operator

O(z,7') = T(2)T(z) — O(2)O(z') , (2.1)

defined using the point splitting, where {T(z),T(z),O(z)} are the chiral components of the
stress-energy tensor (cf. Appendix A) of a generic QFT defined on a flat 2—dimensional Euclidean

space-time with local translational and rotational symmetry.

We will work under the following assumptions:

1. The basis of eigenstates' {|n)}, oy associated to the energy and momentum operators is non-

degenerate,
Eln)=En|n) , Pln)=P,n), (neN), (2.2)

"We assume the normalisation (n|n) = 1.
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with
E,=E, and P,=P, < n=n. (2.3)

2. The vector space F spanned by the set of local fields {O}} .o\ € F, is complete w.r.t. the Operator
Product Expansion (OPE), i.c.

0i(2)0j(z') ~ Cli(z—2)Ok(2'), (2.4)

z—z/'

and the structure constants are assumed to depend on z and 2’ only through the difference (z—2')

due to the local translational and rotational symmetry.

3. Assuming also global translational symmetry, the expectation value of any local field O € F is a

constant independent of the coordinates
(n|Ok(z)|n) =c,€C, (keN). (2.5)
Combining (2.5) with (2.4) one has

(n| Oi(2)04(2) [n) ~ Gij(z—2). (2.6)

z—7z'

4. There exists at least one space-time direction e = (e, &) such that — for the vacuum state (n = 0)

— any 2-point function factorises when z and z’ are infinitely separated from each other along e,

ie.
lim (O4(z + t€)0(2)) = (04(2))(0, (=) )
where we use the shorthand notation (0] x [0) = (x) to denote the expectation values on the

vacuum state.

Observation 3. While 2. is a local statement, assumptions 3. and 4. are global requirements which
restrict the QFT to be defined on a flat geometry, ie. either an infinite plane or an infinitely long
cylinder. See [48] for the definition of the TT operator on a generic curved manifold.

Theorem 2.1.1. Expression (2.1) defines a local operator up to total derivative terms in the collision limit

7z — z.
Proof.  First we differentiate (2.1) w.r.t. 2
0:0(2,7') = (0-T(2)) T(/) — (0:0(2)) O(2) 2.9)
then we use the continuity equations (A.13) in the rhs of (2.8) to trade 9;T(z) with 9,0 (z)
9:0(z,2') = (0.0(2)) T(2) — (0:0(2)) ©(2') + [O(2) (0. T(2) - 8-0(2))] ,  (29)

where the additional term between square brackets in (2.9) is identically zero due to (A.13). Equation

(2.9) can be more conveniently rewritten as

0:0(z,2') = (0, + 0./) O(2)T(Z') — (0: + 0x) O(2)O(Z') . (2.10)
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Analogously, the derivative of (2.1) w.r.t. z becomes
9.0(z,2') = (0, + 0.) T(2)T(2) — (9 + 9=) T(2)O(2') . (2.11)
Using the OPEs between the components of the stress-energy tensor

T(2)0(z) ~ > A(z—2)O0(z) , O@)T() ~ > Bilz—2)0k(z), (2.12)

z—z' z—z'

k>0 k>0
0(2)0(z) ~ Y Cilz-z)0uz) , T@TIE) ~ 3 Diza—2z)0uz), (2.13)
k>0 k>0

the r.h.s of expressions (2.10)-(2.11) become

0:0(z,2') -~ > Bi(z—2) (0.04(2)) = Y Ci(z —2') (0204(2)) , (2.14)
k>0 k>0

9,0(z,2") -~ > Di(z—7) (020(2)) = > Ap(z — 2') (020k(2))) . (2.15)
k>0 k>0

If we consider instead the OPE of (2.1)

o Z Fy(z —2)O(2') = Z (Di(z —2') — Cr(z — 7)) Ok(2') , (2.16)

k>0 k>0

and we differentiate it w.r.t. z and z we get

0:0(z,2") -~ > (0:Fu(z— 7)) Ok(2)) , (2.17)
E>0

0.0(z,2) ot Z (0.Fy(z — 2)) Ok(2) . (2.18)
k>0

Comparing expressions (2.14)-(2.15) with (2.17)-(2.18) one realises that they are compatible iff the rhs
of (2.17)-(2.18) contain only coordinate derivatives of local operators. Therefore, the k—th coefficient
F.(z—2') in (2.16) must be a constant unless Oy itself is a coordinate derivative of another local operator.

We conclude that, up to total derivative terms, (2.1) defines a local operator which we refer to as TT

lim O(z,2') = TT(z) + derivatives . (2.19)

z/ —z

Theorem 2.1.2. The expectation value of (2.19) on a generic eigenstate |n) of the energy and momentum
operators fulfils

(n| TT(z) |n) = (n| T(2) |n) (n| T(2) |n) — (n| O(2) In) (n| O(2) |n) , (2.20)

which will be referred to as faetorization property.

Proof. Consider the expectation value of (2.1) on the n—th eigenstate |n)

Cn(2,2') = (n| O(z,2) |n) = (n| T(2)T(Z) [n) — (n| O(2)O(Z) In) , (2.21)



2.1 The TT operator

19

and differentiate it w.r.t. Z
9:Cn(z,2) = (n](9:T(2)) T(2) [n) — (n| (9:©(2)) O(2) |n)
= (n](0:©(2)) T(2) [n) — (n| (9:©(2)) ©(2') |n) . (2.22)

where in the last line we used the continuity equations (A.13) to trade 9;T(z) with 9,0(z). Using
(2.6), we replace (9, 0;) with (—0,,, —9) in (2.22) which becomes

0:Cn(z,7) = (n|©(2) (0+T(2)) In) — (n| O(z) (9-O(2)) n)
= (n|O(z) (0.T(z') — 0:©(2)) |n) =0, (2.23)

where again we used (A.13). Following the same procedure one can show that
0.Cn(z,2') =0, (2.24)

which proves that C,,(z,2’) is a constant. From this fact it immediately descends that (2.20) holds for
the vacuum state (n = 0). Indeed, from one hand we can take the limit

lim Co(z,2') = (TT(z)), (2.25)

z' —z

where we used (2.19) and the fact that the expectation value of a total derivative is identically vanishing.
From the other hand, applying (2.7) leads to

L Cola + te,2) = (T(2)) (T(a)) -~ (©(2))(O(2)) (2.26)
Since Cy(z,2’) is constant, the expressions (2.25) and (2.26) coincide, therefore

(TT(2)) = (T(2))(T(2)) - (©(2))(O(2)) . (2.27)

For n > 0, instead, there is an additional complication as the asymptotic factorization (2.7) no longer
holds.  If fact, the generic 2—point functions (n|Q;(z)O;(z')|n) receive contributions from
non-diagonal matrix elements which exponentially grow as the points are taken infinitely apart.
Concretely, the spectral decomposition of the lhs of (2.21) — in cartesian coordinates x and
x' = (2*,2%) - becomes
(1 T@)T() [n) = D (0] T(z) [0') (0| T () [n) el =Bl et Bl =
n'>0
= (0l T(z) [n) (o] D) ) + D (0] Ta) ) (0| Ta') ) e Fn Bl et Bl =2
' Zn
(2.28)

and similarly for (n| ©(z)©(z’) |n), where in the last line we used the fact that the basis of eigenstates
{n},cn is non-degenerate. However, the sum over n’ # n in the last line of (2.28) needs to cancel out
with an analogous sum coming from the spectral decomposition of (n| ©(z)®(z’) |n), to ensure that
Cy(z,2') does not depend on the coordinates. This leads to

Cn(z,2) = (n| T(2) In) (n| T(2) [n) — (n] ©(2) [n) (n| O(2') [n) , (2.29)
and equating the limit z’ — z in (2.21) and (2.29) we find (2.20).
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Observation 4. Applying the relations (A.7)-(A.8), the operator (2.1) in cartesian coordinates x (cf.

(A.1)) becomes
2

O(x,x) = 7%6MA5VPT“”(X)TAP(X/) , (2.30)

where €,,,, is the Levi-Civita tensor. Taking the limit x’ — x in (2.30), it descends that the TT operator

in cartesian coordinates is proportional to the determinant of the stress-energy tensor
TT(x) = —n? det [T* (x)] , (2.31)
and the factorization property (2.20) becomes
(] det [T ()] ) = det [(n] T (x) )] (2.52)

Observation 5. The results presented in this section can be straightforwardly generalised to the family
of composite operators [ 1]

04(z,2") = Ts11(2)Ts11(z) — Os_1(2)O,_1(Z) . (2.33)

where {Ts;1,0,-1,Tsy1,0,_1} are the chiral components of the level—s conserved current of the

hierarchy (see appendix A).

2.2 The TT deformation and the Burgers equation

In this section, we define the action of the TT operator, ie. the TT deformation, on the energy levels
of a generic 2—dimensional QFT confined on an infinitely long cylinder of circumference R, i.c.

(¢, 2%) ~ (2! + R,2?%) (2.34)

where x = (z1,2%) is a set of cartesian coordinates. Then, using the factorization property (2.20), we

write the evolution equation of the energy levels in terms of an inviscid Burgers equation.

The Hilbert space of the theory is defined on constant—z? slices, namely the energy and momentum
operators £ and P - and their corresponding eigenvalues {E,,},,c\ and { P, },,cy — depend only on the
compactified size R

E(R)|n) = En(R)|n) , P(R)n) = Py(R)|n) , (2.35)
and the quantisation of the momentum implies

27k,
=%

P.(R) (kn €2). (2.36)

In this setup, the expectation values of the Euclidean components of the stress-energy tensor on the
eigenstates of the energy and momentum operators are related to their eigenvalues as follows (cf. (A.15)
fors =1)

E.(R) = —R(n|T*n) , OprE.(R)=—(n|T"n), P.(R)=—iR(n|T?n), (2.37)
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where we used the global translational invariance on the cylinder:
1 R
(n|TH In) = (n| TH (x) |n) = = <n|/ T (x) dzt |n) . (2.38)
0

Using (2.31)-(2.32) and (2.37)-(2.38) one finds

(n| TT |n) = —w2det [(n| T™ |n)] = —% (En(R)é?REn(R) + ]1%33(3)) : (2.39)

where again we denoted

R
(n| TT |n) :%my /0 TT(x) da' |n) . (2.40)

Let us consider an infinitesimal transformation in the small parameter 7 which modifies the n—th energy

eigenvalue E,(R) by an amount
E.(R,7) = En(R)— T % (n|TT|n) + O(r?) , (2.41)

leaving the n—th momentum eigenvalue P,(R) unchanged. Iterating (2.41) leads to the definition of

the TT deformation — at finite values of 7 — as

O Ep(Ro7) = — 4 (0| TT|n), , (2.42)
T

where {|n), }, . are the eigenstates of the deformed energy operator E(R, )

E(R.7)In), = Ea(R.7)[n), . P(R)|n), = Pa(R)|n), . (2.43)

and n
Pl TT ), = 3o (ol [ TG 7)dot ), (2.44)
0

has the geometrical interpretation of tangent vector to the curve described by E,(R, ) as 7 varies.
Interestingly, using (2.39), the flow equation (2.42) can be recast into a PDE for E, (R, 7) in the variables
Rand 7

1
9rEn(R,7) = En(R,7)OrREA(R,T) + EP,%(R) : (2.45)
which has the form of a 1—dimensional inviscid Burgers equation. The momentum quantisation (2.36)
implies
P(R
orp(R) = -\ (2.46)

from which it descends that (2.45) can be more conveniently rewritten as
1
0:E(R,7) = 50r (E*(R,7) = PX(R)) , (2.47)

where we dropped the subscript n, since (2.45) has the same expression for all n. Using the method of
characteristics, it is possible to construct a general solution to (2.47) in implicit form as

F%*(R,7) — P*(R) = E*(Ro) — P*(Ry) , (2.48)
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with the additional constraint

‘&rR‘RO:const. = —E(R,T) ) (2'49)

where R is a redefinition of the size R which depends on the energy and momentum of the deformed

theory through

R2=(R+7E(R,7))*— (tP(R))* . (2.50)

Observation 6. To verify that (2.48)-(2.50) is indeed solution to (2.47), we differentiate both sides of
(2.48) w.r.t. 7 keeping Ry fixed and, thus, letting R depend on 7 according to (2.50). The result of this
operation is

% (E*(R,7)— P*(R)) =0 — 0.E*R,7)+ (0;R)0r (E*(R,7) — P*(R)) =0, (2.51)

which coincides with (2.47) provided (2.49) holds.

From (2.48)-(2.50) it descends that the spectrum of the TT—deformed theory is uniquely derived from
the spectrum of the original theory confined on a cylinder with a circumference modified according to
(2.50). For this reason, the TT deformation is referred to as exactly solvable, even if the original theory
is not integrable. To see concretely the effect of the TT deformation, now we explicitly compute the
TT—deformed energy levels of a CFT, reviewing the result previously obtained in [1, 11].

2.2.1 TT deformation of a CFT

Let us consider a CFT with central charge ¢ defined on a cylinder of circumference R. In terms of the

holomorphic and anti-holomorphic weights
h® = h§ 4 n® | (n® eN), (2.52)

hS" being the highest weights, the energies of the (anti)-holomorphic sectors are

o2ma'® c
o = 2 e £ 259)
and the total energy and momentum are
27 c

[ECFT = I 7 — (+) =) _ - 2.

(B) = LV(R)+I1{(R) = Z (b + 1 =) | (2.54
) 2

P(,FT(R) — Ii+)(R) _ Ii_)(R) — RZT (h(+) _ h(—)) . (2.55)

Using expressions (2.54)-(2.55) as 7 = 0 initial condition for the energy and momentum, (2.48)-(2.50)
become a quadratic equation for E“""(R, 7) from which one easily extract the solution

E“N(R,T) = ; (—1 + \/ 1+ %ECFT(R) + gj (PCFT(R))2> : (2.56)
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Observation 7. Restricting to the zero momentum case, i.e. h*) = h(~) = h, formula (2.56) becomes
R 8rCr c

E°T =—|-1 1 =2h——. 2.57

(R,7) 27( +y/1+ R2>, c o (2.57)

Notice that, as soon as 7 # 0, the pole of (2.54) at R = 0 resolves into a pair of square root branch
points at R**) = £1/=87CT. For C1 < 0, one of the branch points moves from R = 0 rightwards
on the positive R—axis, producing a singularity at physical values of the radius such that the analytic
continuation of (2.57) to the region R*~) < R < R™™® is complex (see Figure 2.1a). Conversely, for
CT > 0, the branch points move away from R = 0 along the imaginary R—axis and no singularities
appear in the energy (see Figure 2.1b). Thus, there are either infinitely-many real energy levels and a

finite number of complex ones or viceversa, depending on whether 7 is positive or negative, respectively.

Observation 8. Setting ¢ = D — 2, the square root term in (2.56) becomes

R 47 472

b ! rcEr CFT 2
A1+ FET(R) + s (P(R))
R2 27T D -2 47T2 2
— 2L e e 22 h — pe 2.
\/47’2 + T < + 12 >+ R? ( ) ( 58)

which has the same form of the quantised spectrum of the Nambu-Goto string in the critical
dimension.
As noticed in [1], adding to (2.54) a bulk term proportional to R

E™"(R) = E*"™(R) + E“"(R), E" ™ (R)=FRR, (Fy€R), (2.59)

and solving (2.48)-(2.50) using (2.55) and (2.59) as 7 = 0 initial condition, one gets

ETOT(R, 7_) — E\BULK(]%7 7_) + E\CFT(]%7 7~_)

FyR R \/ 47 472 5
= — -1 1+ — ECrT —_ (peFT 2.
1_TF0+2%< [T+ BO(R) + 25 (PUI(R)” (2.60)

where the bulk term transforms as

REBULK(R)
EPU™(R = 2.61
( ’T) R_TEBULK(R) ) ( )
and 7 is a redefinition of the deformation parameter depending on Fj
T=7(1-7F)). (2.62)

Observation 9. The deformed bulk term (2.61) introduces a Landau-type pole singularity at 7, = 7

in the evolution of the energy levels.
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Figure 2.1: The real part of the energy of a TT—deformed CFT for 7 = 0.025 with C = —L (a) or
C = 3 (b). The blue dots in (a) represent the critical values R+

Observation 10. The presence of (2.61) allows to tune the deformation parameter 7 such that (2.60)
becomes a pure square root without additional terms. There exists a unique value 79 = ﬁ such that

(2.60) evaluated at 7 = 7y is

R 479 478 2
=% Vi+ e+ B @y, n=ni-nR). eo

ETOT(R, To)

In addition, the expectation value of the TT operator becomes state- and size-independent at 7 = 79

o {n TT ), = _;;aR (™" (R, ))* = (P (R))*) = - (;{))2 - (2.64)

2.3 The classical TT flow equation

Starting from the definition (2.42) of the TT deformation, in this section we derive the corresponding
flow equation for the classical densities. For this purpose, we consider the theory confined on a torus
with characteristic lengths R and L using the identifications

(', 2%) ~ (2! + R,2® + L) , (2.65)

where the energy and momentum operator are defined on slices at fixed 22 with eigenvalue equations
(2.43), and

R R
E(R,T) = / H(x,7)dz', P(R)= / P(x)dat . (2.66)
0 0
The partition function of the deformed system is then

Z(R,L,7) = Tt [ FPRD] = 37 e~ LEn(Rr) (2.67)

n>0
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where L is the inverse temperature. Multiplying both sides of (2.42) by the factor Le~FFn(R7) and
summing over n > 0 yields

L R
GTZ(R,L,T):Z(R;’TQL’T) </0 daz2/0 dmlTT(x,7)> : (2.68)

where (¥)ens. is the ensemble average defined as

(F)ens, = ZF e~ LEn(BT) (2.69)

n>0

{F.},,en being the set of eigenvalues of the generic operator F' on the eigenstates {|n)},cy of the
energy and momentum operators. Rewriting equation (2.68) as

O-log Z(R,L,7) = </ dm/ dz?! TTXT> , (2.70)

we realise that the /hs of (2.70) can be expressed as an ensemble average
d:-log Z(R, L, T) _72 (07 En( e~ LEn(RT) — </ dz? / da' 0. H(x 7)> . (2.71)
n>0 ens.

In conclusion, plugging (2.71) back in (2.70) we find

L R . 1 L R -
</ d:cz/ da? aTH(X,T)> =— </ dacz/ dat TT(X,T)> , (2.72)
0 0 ens. T 0 0 ens.

which, in turn, implies that the corresponding classical densities fulfils, up to total derivative terms, the

following differential equation

O H(x,7) = %TT(X, . (2.73)

Next, we want to prove that (2.73) implies a similar relation for the Lagrangian density £(x, 7). For
this purpose, we consider an Hamiltonian density #(x,7) which depends on x through the set of
independent fields' {¢(x),¢'(x),7(x)}, where ¢'(x) = 08,14(x) and w(x) is the conjugated
momentum. Since the fields do not depend on 7 when considered off-shell, the dependence on 7 in
(2.73) is only explicit, i..

%’H(x, T) =0 H(x,7T) . (2.74)

Instead, the Lagrangian density £(x, 7) depend on x through the fields {¢(x), ¢ (x), (x, ) }, where

d(x,7) = 8,2¢(x, T), which are not independent. In fact, the relation

o
¢’

'For simplicity, we consider a theory involving a single scalar field ¢(x) and only first derivatives of ¢(x). However, it is

(2.75)

easy to extend the argument to a generic field theory involving higher-derivatives.
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fixes ¢(x,7) as a function of the independent fields {$(x), ¢/ (x), 7(x)} and 7. Therefore, one has

d . oL
%ﬁ(X,T) = 0:L(x,7) + (9-¢(x, T))8—¢ : (2.76)

Differentiating both sides of the Legendre transform w.r.t. 7 and using (2.74)-(2.76) one gets

oL

—  OH(x,7) =7(x) (aT(l.S(X, 7)) — 0-L(x,T) — (&d)(x, T))a—¢ = -0, L(x,7). (2.77)

The latter result implies that the Lagrangian density fulfils, again up to total derivative terms, the
following differential equation

0-L(x,7T) = —%TT(X, 7). (2.78)

The geometrical meaning of both (2.73) and (2.78) is transparent: the local operator TT(x, ) is the
tangent vector to the curve 7 (x, 7) and £(x, 7) as T varies. In the next section, we explicitly solve (2.78)
for a non-interacting massless scalar field, reviewing the result first obtained in [11]. Subsequently, we
generalise the result to sigma models and also to Yang-Mills theories [46]. For the extension to fermionic
theories we refer the reader to [47,49].

2.3.1 Massless free scalar field

Consider the action of a massless scalar field ¢ minimally coupled to gravity through a generic

2—dimensional metric tensor g,,,. In cartesian coordinates x the action is

Alpl = | Ly(x)da' Ada?, (2.79)
R2
with Lagrangian density
1
Ly(x) = 1v99"0ub(x) 0uo(x) , Vg =detlgu], ((u,v)€{1,2}). (2.80)
To start, we first analyse the case of a flat Euclidean space-time, ie. g, = ., and we denote

L(x) = L5(x). At the end of the section, we extend the result to a generic curved background g,,,,. In
accordance with the notation of [11], we work in the set of complex coordinates z defined through

(A.1). Correspondingly the Lagrangian density £(x) becomes

L(z) = 8,60-6 . (2.81)
From now on, we drop the explicit dependence of the field on z.
The goal of this section is to solve the flow equation (2.78), namely to find the deformed Lagrangian
L(z,7) using (2.81) as initial condition at 7 = 0. Using the definition of the TT operator (2.19), the rhs

of (2.78) becomes
0:L(z,7) = —4 (T(z,7)T(z,7) — O%(z,7)) , (2.82)
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where {T(z,7),T(z,7),0(z,7)} are the rescaled chiral components of the stress-energy tensor of the
deformed theory, defined according to (A.9). For a generic Lagrangian theory involving a single scalar
field, they are obtained from the Lagrangian density through

1 oL _ 1 oL
T—-1 % 54, T-- 26,
2 5(6:0) ¢ 20,9
1 oL oL
@:4<8@m>2¢+ <@>Z¢‘ﬂj' 283)

Using the expressions (2.83), equation (2.82) becomes a PDE for the function £(z,7) in the variables

(Ta az¢, 82¢)

oncter) =~ (g 2-0) (o =0)

1 (0L(z,7) L(z,7) 5 >2
— 0,¢ + 2 — 2L . (2.84
(T 06+ gy oxo = 26tam)) - (o
To solve (2.84), we expand the solution £(z, ) as a Taylor series around 7 = 0 as
— Z LM (z) 7" (2.85)
n>0

where the coefficients {£(™) (Z)}neN are functions of (9.¢, dz¢) to be determined and £ (z) = L(z).
Plugging the ansatz (2.85) into (2.84) one finds the recurrence relation

£ (z) = n+1 ZT<m (n=m)(z) — (™) (2) @) (z) | (2.86)
with
(n) B (n)(g
T (z) = — L aﬁ( (>) 0.0 , T(”)(z):—% a(,f(azé)) 050 (2.87)
(") (g

which furnishes £("+1)(z) in terms of £(™)(z). Solving iteratively (2.86) with initial condition £()(z) =
L(z), one can fix the n—th coefficient £ (z) as

£ (z) = (nli 21) 227+ (£ (2)) " (2.89)

From the latter expression, one finds that the series (2.85) admits the resummation

1

Liz,7) = 5 (—1 +/1+ 4T£(z)) . (2.90)
T

Observation 11. Notice that the square root term in (2.90), i.e.

1\/—_1\/—
o V1 H470:00:0 = o \/T+ 70,009 ,
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is equivalent to the 3—dimensional Nambu-Goto Lagrangian density1

NG = Jdet hu] s b = 1ap 0 X0, X7, ((m,v) ={1,2} , (o, 8) = {1,2,3}) , (2.91)

with target space metric 7,3 = 043, upon a gauge choice called static-gauge, which constrains the
directions {X*} ,_, , to coincide with the worldsheet coordinates x and the transverse direction X° —

w.r.t. to the worldsheet — to be proportional to the scalar field ¢, in formulae
Xt=gxt, XP=\T¢, (n=12). (2.92)
Interestingly, also at the level of the classical action it emerges a connection between the TT

deformation and the Nambu-Goto theory.

From the latter observation it follows that (2.90) can be more elegantly rewritten in cartesian coordinates

X as

L(x,T)= % <—1 + \/det O + 7 0ud 8,,gb]> , (2.93)

which suggests a natural generalisation to the case of a theory coupled to a generic metric g,

Ly(x,7) = % (—\/g + \/det (9 + T Ou am]) : (2.94)

Indeed, it can be checked that (2.94) fulfils (2.78), provided the stress-energy tensor is computed via the

Hilbert construction as

_ 2 0L,
VI 09

T (2.95)

2.3.2 Interacting scalar field

In this section we will extend the result of 2.3.1 to the case of a scalar field ¢ interacting with a generic

potential term V depending on ¢ only”. The starting point is the action

AVlgl = [ L) (x)dz' Ada?, (2.96)
RQ
with Lagrangian density
1
Ly (x) =9 (4 9" 0, 0,6 + V) : (2.97)

Following the strategy of section 2.3.1, we first consider the case of a flat Euclidean space-time, ie.
9y = 0, and we denote £V (x) = L} (x). Afterwards, we generalise the results to an arbitrary curved

background g, .

'"The D—dimensional Nambu Goto theory describes the dynamics of a 2—dimensional surface, called worldsheet,
embedded in a D—dimensional target space. {X“(x)}”_, denotes the embedding of the worldsheet in the target space,
i.e. the parametrisation of the worldsheet, while b, represents the metric induced on the worldsheet.

*We only require the potential not to depend on derivatives of ¢.
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The PDE describing the evolution of the deformed Lagrangian is again (2.84)

&vaﬁ):_<§§£%”a¢>(éﬁé%ﬂam>

1 8£V(Z,T) LY (z,) v >2
- . Dz — 2LV (z, . (2.98
" < o0.0) 0t ( bgy U072 @) ) (298)
with 7 = 0 initial condition
LY (z) = 0.¢0:0+V . (2.99)

To solve (2.98), we again expand the solution around 7 = 0 as a Taylor series

=3 L (z) ", (2.100)

n>0

with £O)(z) = £V (z). Plugging (2.100) into (2.98), we arrive at the recurrence relation (2.86), from
which the coefficients { £ (z) Jnen can be extracted in terms of £(z) = 0,6 0z¢ and V' as

W(z) = —(L2)+V?,
,c<2 (z) = 2(£(z)°+ (L(2)*V +V?,
Gz) = —5(L(2)" —4(L=)°V + V1,
W(z) = 14(L(2)" +15(L=)"V +2(L@)" V2 + V7,
O)z) = —42(L(2))" - 56(L(2))°V — 15(L(2)) 'V + VO, (2.101)

After some algebraic manipulations, one finds that { £ (z)}  _ can be written in closed form as

n 1
(n)(y _ et (—4)"T'(n+ 3) n+1 ~1-n n1 ~ V
L0 (z) =Vt 4 NG P(n+2)(£(z)) 3 (1 —n, 5Ty o) , (2.102)
and the series (2.100) becomes
v __V (n)
£Y(z,7) = 5 V+ZL (z,7) , (2.103)
-7
n>0
with
n 1
(g = TH L+ 3) n+l N e N S
L") (z, 1) 7 F(nJrz)T(./;(z)) 3 (1 —n, 5 Ty T @) (2.104)

The expressions of {L(™ (2 7) }en
series ano L (z,7) appearing in (2.103). However, computing the partial sums

are quite involved and it seems not to be possible to resum the
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Sin(z,7) = 3" LM (z, 7) for some values of m > 0
So(z,7) = L(z),
Si(z,7) = L(z)— T(C(z )2 ,
Sa(z,7) = L(z) —7(1—7V)(L(2)" +272(L(2))°
Sy(z,7) = L(z)—7(1—7V)(L(2))? +272(1 — 27V) (L (=)’ = 573(L(z))"
Su(z,7) = L(z)—7(1—1V)(L(2)" + 721~ 7V)*(L(z))’ - 571 - 37V)(L(2)"
+ 1474 (L(2)°
, (2.105)
one realises that S,,,(z, 7) can be expressed in closed form as
_ ()T —3) "
Sm(2,7) = Ron(z,7) + nz‘% 7 Ty i) F(L(2)", (2.106)
where
For(l—1V), (2.107)

is a V—dependent redefinition of the deformation parameter and {R,,(z,7)},,cn are such that
limy,—y00 Rim (2, 7) = 0. Using (2.106), one has

_A\n—1 n — 1 n

= (VT | (2.108)

consequently (2.103) becomes

V)= — ( 1+ /1 + 47L(z ) (2.109)

1—TV

Comparing (2.90) and (2.109) we notice that the presence of the potential causes a redefinition of the

v
1-7V*

deformation parameter (7 — 7) and the introduction of an additional term

It is then straightforward to generalise (2.109) to the case of an arbitrary metric g,,,.. In x coordinates

one has

LY (7) = V5 VTV < VG -+ /det| guy+faﬂ¢ay¢]> (2.110)

which indeed fulfils (2.78).

2.3.3 o—models

In this section we extend the results of sections 2.3.1 and 2.3.2 to the general case of o—models. The

starting point is the action

A7ldl = | L56() dz' Adz? (2.111)
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with Lagrangian density

1 y
Z,G(X) = \/g <49MVGZ]8/L¢Z' alld)j + V) ) (M:V =12,45=1,.. N) ) (2112)

where ¢ = (¢1, ..., ¢n) is a set of independent scalar fields, G;; is an N x N matrix which couples the
scalar fields, and V' is a potential term which again depends on the fields ¢ only.

Putting together the results obtained in sections 2.3.1 and 2.3.2, it is natural to conjecture that the
deformed version of (2.112) is obtained from (2.110) replacing the matrix 9,,¢ 9, ¢ with

hu = GY0,0; 0,6; (2.113)
thus obtaining
%4 1 N
Lo a(x,7)=1+/9g v + 57 (—\/§+ \/det (9w + Thu,/]> . (2.114)

Indeed, it is possible to check that (2.114) fulfils (2.78).

2.3.4 Hamiltonian description

Knowing the expression of the TT—deformed Lagrangian density for the most general bosonic field
theory, it is instructive to translate it in the Hamiltonian formalism. For simplicity, we restrict to the flat
case g, = O, and we set G;; = §;;. The Lagrangian densities (2.112) and (2.114) become, respectively

L7(x) = L3 5(x,7) :i Wp- o+, (2.115)
and
Lo(x,7) = Ls(x,7) = : _VTV + 2% (—1+8%(x,7)) , (2.116)
where we defined
S7(x,7) = \/1 + 7 Ou - Org + %%2 €up € (O - 0V @) (0P¢ - DM@ (2.117)

and “” denotes the standard scalar product of R, ie. v-w = Zf\il v W; (V v, w € RN). The conjugated

momenta 7 = (7!, ..., V) associated to the fields ¢ are obtained through
oo 2ET0T) (2.118)
d¢

where again we adopt the shorthand notation ¢ = 0,29 = (9,2¢1,...,0,2¢n) and ¢ = 919 =
(0p101,...,0,16n). To compute the Hamiltonian density, we shall first express Q in terms of ¢’ and
using (2.118). Inverting (2.118) one finds

(1+7(¢ 1)) (z+7¢ (¢ 7))
V1+45 (02 + [xl?) + 472 (¢ - 7)°

¢ =2 : (2.119)
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and the deformed Hamiltonian density is

WO, ) =i o £00m) = ooy + g (-1 V1 47 oG + 472 (PP ) | 2120
where .
HO(x) = ¢+ Iz, PI(x)=-¢ 'z, (2.121)

are the Hamiltonian and momentum density of the original theory, defined according to (A.15).

Observation 12. The momentum density of the deformed theory coincides with the original one

il

)

¢ d=—¢ =P (x), (2.122)

where in the second equality we used (2.119). It is interesting to notice that, the equivalence between
the original and the deformed momentum density becomes manifest only when we perform the

Legendre transformation.

From (2.120) we realise that the classical Hamiltonian density of a TT—deformed o —model has the same
formal structure of the energy spectrum of a TT—deformed CFT with bulk term (2.60). In particular,
an expression analogous to (2.60) is formally obtained from (2.120) substituting the potential V' with
the constant term F and replacing the Hamiltonian and momentum density with the corresponding

integrated quantities averaged over the volume R
1
(H7(x,7),P7(x,7)) — E(E"(R, 7),P°(R,T)) , (2.123)
and analogously for the 7 = 0 quantities, where

EU(R,T)Z/OR%U(X,T) dat PJ(R,T):/ORPU(X,T) dx' . (2.124)

2.3.5 Yang-Mills theories

Asa further example, we apply the TT deformation to a 2—dimensional Yang-Mills theory with generic
gauge group G. The Yang-Mills action is

1 2
AMF] = /]R ] LM(x)dxt A dx? (2.125)
with Lagrangian density
1
L) = (T Fi s T = 0" Foad™ (2.126)

where F%, = 0,A% — 0,A% + %, A, A are the components of the field-strength 2—form

F =dA =F, toda" Nda”, A = Ajt,dz" (2.127)
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and {ta}ii:ml(g) are the generators of the algebra g of G which fulfils
[ta, tp] =1 fop te (2.128)

where {f,,} are the structure constants.

The goal is to solve the flow equation (2.78) using £"(x) as 7 = 0 initial condition. For simplicity, let

us start our analysis from the flat case, i.e. g, = d,,, and denote LM(x) = LIM(x).

First of all notice that, contrary to the cases discussed in the previous sections, here the stress-energy
tensor is not uniquely defined due to the presence of an internal symmetry. In fact, from one hand the

Noether procedure leads to the canonical stress-energy tensor

W= w 2129
W = 9= qve g 2.129
N 9(0An) T
which is neither symmetric nor gauge invariant. From the other hand, using the Belinfante-Rosenfeld
procedure, one can add to (2.129) a total derivative term to construct a new symmetric and gauge

invariant object which can be shown to be equivalent to the Hilbert stress-energy tensor. In formulae

aﬁYM aEYM
TH =TH = 7= Fve g 9 FLP _ §hv LY 2.130
H a(aﬂAg) a afﬁp a ) ( )

where in the last equality we used

8 EYM
OF%,

oL YM _aﬁYM 8}"30 _8£YM

_ _ 2.131
(0, AL)  OFD, 0(0,AL)  OF), 2131

(01 6% — o 0%) oh =2
Observation 13. In principle, one may expect that (2.129) and (2.130) give rise to different kind of
deformations at classical level and, a priori, there is no reason to choose one or the other. However, the

factorisation property (2.32) implies

(n|det [T} (x)] In) = det [(n| TE" (x) + derivatives |n)| = (n|det [T (x)] In) , (2.132)

since the expectation value of total derivative terms vanishes. Therefore, (2.129) and (2.130) generate
the same deformation at the quantum level. Equivalently, it should be possible to prove that the
deformed classical Lagrangians corresponding to (2.129) and (2.130) differ only by total derivative
terms, thus they are equivalent.

For simplicity, we will perform the computation using (2.130). Equation (2.78) becomes a PDE for the
function £™(x, 7) in the variables (7, { 71, })

1 LM (x, ) LM (x, )
aTEYM(X77_) _ §EHP v <a,fa, ]:LI;/\ _ 5MV£YM(X77-)> <8]3’a7 ]:gA _ 6p0'£YM(X’ 7_) )
A PA

(2.133)
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Setting up a perturbative computation, one can write the solution to (2.133) in closed form as

3 1 111 2 256
Wix )= 2|1 apy (oo oo 22 220 e . 2.13
LMx, 1) P [ + 3 2( ARVUEUEL 2775 (X)H (2.134)

The Lagrangian (2.134) seems quite involved, however, as we shall see, the Hamiltonian associated to
it takes a very nice form. To perform the Legendre transform, we must first compute the conjugated
momenta DL (. 7)
, X, T -
=i TZ , AL =0 AY (2.135)
and express {F1, } in terms of {nf}. Actually, due to the antisymmetry of {7, } in yu + v, for each
a =1,...,dim(g) there is just one non-vanishing component F{, = —F,, thus the only non-trivial

conjugated momenta are

1 3545 128
m=inn (3350 5 R ) (2.130)

since 72 = 0. Inverting the relation (2.136) perturbatively around 7 = 0, one finds
1

2 , (2.137)
(1 — %7’ dbe W;Wg)Q

—17

12 _
Foo =

and the deformed Hamiltonian density is then

HYM (X)

YM _ 1 Ta YM _
HM(x,7) =17, Fis + L (Xﬂ')——1_7_,}_0{1\4()()7

(2.138)

where
)

HM(x) = % o mpml (2.139)

is the Yang-Mills Hamiltonian density. As for the momentum density, both the original and the

deformed ones are identically zero, since T'?(x,7) = T?!(x,7) =0

PM(x,7) = P™M(x) =0. (2.140)

Observation 14. The Hamiltonian transforms under the TT flow in the same way as a potential term
depending on the field only (cf. sections 2.3.2 and 2.3.3). We interpret this fact as a consequence of
the quasi-topological nature of Yang-Mills theory in 2—dimensions. The latter feature also explains
the emergence in the Lagrangian density (2.134) of the same functional expression found in [50] in the
context of the deformation of a 1—dimensional free particle mechanical system generated by the square
of the stress-energy tensor, i.e. the square of the Hamiltonian. In fact, since the only non-vanishing
components of { i1, } are {F{,}, the stress-energy tensor is diagonal with coincident eigenvalues, i.c.

T'(x,7) = T?(x,), thus the TT operator is equivalent to the Hamiltonian squared.



Chapter 3

The CDD factor analysis

In this chapter we review the main result of [1,11], namely we show that, in the framework of massive
[FTs, the TT deformation arises as a modification of the exact S—matrix by a non-trivial CDD factor.
Following [11], we carry on the explicit computation for the sine-Gordon model using the language
of the NLIE, although the same conclusions could be obtained using the TBA. Before going into the
details of the CDD factor modification, we first briefly review the sine-Gordon model and its associated
NLIE. For completeness, we also derive the massless limit which will be useful in the second part of the

thesis (see section 6.3).

3.1 The sine-Gordon model

The sine-Gordon model is a 2—dimensional relativistic field theory. In Minkowsky signature and using

the conventions of [46], the Lagrangian density in cartesian coordinates xy = (z,t;) = (z,t) is

2 2 2
(00— 00) + V=, ve = () =25 (- cos(s) ()

Switching to light-cone coordinates xy = (2, 27) according to (A.6), (3.1) becomes

L6 (xy) =

AN

L9(%y) = 010 0_¢+ V' . (3.2)

where we denoted 1 = §,+. The Euler-Lagrange equation associated to (3.1) or, equivalently (3.2),
is the famous sine-Gordon equation, i.e.
4m?

03¢ — 07 ¢ = —5sin(84), (3.3)

in cartesian and ,

0,0-¢ = ’% sin (9) , (3.4)

in complex coordinates, respectively. A remarkable feature of the sine-Gordon equation is the

existence of soliton and multi-soliton solutions which, ultimately, reflects the integrability of the

35
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theory. A powerful tool to generate soliton solutions is provided by the so-called auto-Bicklund
transform which relates two solutions ¢ and ¢ to equation (3.4) through

Osip = 0y + 22 sin (B(p + 0))

, (a€R). (3.5)
0-p=—0-¢+%sin (59— 0))

Expression (3.5) can be used to create a 1—kink solution moving with velocity v starting from the

vacuum ¢ = 0 as follows

QTm z—vt 1— a2
$1-kink (Xu) = 4 arctan (e 1_“2> V= 1ra2’ (3.6)

and, in turn, the 2—kink solution moving with velocities v; and vy can be obtained from the 1—kink
Setting ¢ = ¢1_kinks

2m T—vqt 2m T—vgt

B — 2 B — 2
a1 +ay e V' —e 1=v3 1—a?
¢2—kink(XM) = 4arCtan as — a 2m z—vyt 2m x—vgt ? Vi = 1 + 2 (3'7)
2 1 B \/1,1)2 B 1—o2 a;
1+e Te 2

and so on. The auto-Bicklund transform allows to compute all the multi-kink solutions and can be

seen as a fingerprint of the integrability of the model.

Another important feature is that the sine-Gordon equation is equivalent to a Zero Curvature

Representation
94 LC —9_LY = [L¢, 1] | (3.8)

for the su(2) connection Q = Lt{ dz™ + L*“ do~ where the components

LY (%y) = §3+¢ us +1mA |:COS <ﬂ2¢> u; — sin (?) ug] ,
LC(xy) = —ga_qﬁ us + ﬁTm [cos <B2¢> u; + sin (?) 112:| , (3.9)

form the so-called Lax pair and A € C is the spectral parameter. In (3.9), {u;}>_, are the generators of

su(2)
1 0 1 1 0 -1 1 1 0
— = _ = = 3.10
u; 2(},10)7 us 2<1 O)’ us 2(0_1'1)’ ( )

which fulfil the commutation relations

[u;,u;] = eijkuk . (3.11)

The existence of a Zero Curvature Representation is another evidence of the integrability of the sine-

Gordon model and allows to derive the infinite tower of conserved charges of the integrable hierarchy.
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3.2 The sine-Gordon NLIE

Integrability provides powerful tools to compute the finite-size spectrum of the sine-Gordon model
such as the TBA and the NLIE. Since in this thesis we will use only the second approach, we start
this section by introducing the NLIE of sine-Gordon. Following the notation of [51], we consider the
Lagrangian density

900 = o (09 — (0up)?) + 2ucos(vV3Bg) , (juox (m)* ) | (3.12)

where m is the sine-Gordon soliton mass and $ is the coupling constant. Confining the theory on
an infinite cylinder of circumference R, and imposing periodic boundary conditions on the field, i.e.
o(x + R,t) = p(z,t), it emerges the so-called quasi-momentum or vacuum parameter oy € [—1/2,1/2]
[52,53]. Due to the periodicity of the potential in (3.12), the Hilbert space splits into orthogonal
subspaces H,, labelled by v, namely a shift of the field

2
g0—>(,0+\[7ﬂ5, (3.13)

which leaves (3.12) invariant, corresponds to a rotation
Vo) — gm0 Wao) 5 (1Wag) € Hay) (3.14)
in the states of the Hilbert space.
The NLIE of the sine-Gordon model confined on an infinite cylinder of circumference R is [8,51,54-
56]
fu(0) =v(R,a0|0)
- / 0" K(0 — 0') log (1 + e*fvw’)) +/ 6" k(0 — 9') log (1 + eW’)) , (3.15)
Cl CZ

where

1. f,(0) is the counting function, which depend on the rapidity variable 0. It represents the unknown
function of the NLIE.

2. v(R, | 0) is the driving term, defined as
v(R,ap|6) = 2m1ag — imRsinh(0) . (3.16)
For future convenience, we explicitly report the parametric dependence of v on R and «y.

3. K(0) is the kernel, defined as the logarithmic derivative of the sine-Gordon S—matrix S*(9)

K(0) = zim_lag log S(6) | (3.17)
with
sinh (7p(¢ —1)/2) B2

(3.18)

¢

G . [ dp _
log 5(0) = ]1/R+ P sin(p )cosh (mp/2) sinh (7p¢/2) C1-p2
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4. Cy and C; are state-dependent integration contours in the § complex plane. For the ground-state
in an arbitrary subspace H,,, one may choose them to be straight lines slightly displaced from
the real axis

Ci=R+i0", Co=R—-i0". (3.19)

Equations describing excited states have the same form [51, 53, 56, 57] but the integration
contours C; and Cs encircle a certain number of singularities {6;} such that (1 + ¢/(%)) = 0. In
the following we will ignore the subtleties related to the choice of the integration contours,

since the arguments we are going to present are not sensitive to them.

Observation 15. One may also consider twisted boundary conditions of the form

olx + R, t) = o(x,t) + 2—Wn , (neZ), (3.20)

V28
which correspond, in the infinite volume limit, to field configurations with non-trivial topological
charge

V2B (R

L= oda . 21
Qu =5 i Ouip d (3.21)

Energy levels in the twisted sectors are described by the same NLIE at specific values of ap.
Furthermore, g can also be related to a background charge (cf. equation (3.33)). Therefore, (3.15)
also describes minimal models of the Virasoro algebra, M,, , perturbed by the operator ®;3 [58].

The eigenvalues { I, }ke2N+1 of the quantum charges {f;ii>}ke2N+1 of the sine-Gordon hierarchy, can
be obtained from the counting function as follows

L (R,m) = <2}:>k b;j;(gr) . r=mR, (k€2N+1), (3.22)
with
b (r) = — /c1 ;‘% (igeie)klog (14 )+ /c2 ;‘% (igeie)klog (1+e@) ,  (3.23)
and " N
() pteen (1029
() rE)\r %)
From the previous definition, it follows that { I, (R)}, _,\. , fulfil the following reflection property

IR =I(R), (k€2N+1), (3.25)

which allows to extend the range of values of k from 2N + 1 to 2Z + 1. To encompass also the negative
branch, we define a bold index k which takes values in k € 2Z + 1, and we denote k = |k|, &' = —|k]|.
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Finally, let us introduce the alternative set of conserved charges!
Se(R) = L (R) + IO(R), Pu(R) = IE(R) — 1(R), (5.20)

where E(R) = &(R) and P(R) = P1(R) are the total energy and momentum of the state, respectively.

3.3 The CFT limit of the NLIE

The CFT limit of (3.15) results in a pair of decoupled NLIEs corresponding to the right- (+) and the
left- (—) mover sectors. They are obtained from (3.15) by sending simultaneously m — 0 and 6 — %00
as

m=r1e, 0=0+xlogle), e— 0", (3.27)

+0

such that 7e®? remains finite. The resulting equations are identical to (3.15)

fn(0) = vH(R,a57|6)
- / o' K(6 — 6') log (1+e‘fu<i><9’>)+ / d9' K6 — ¢') log (1+efy<i><9’>),
C1 Ca

(3.28)
but for the driving term, in which m sinh(6) is replaced by %te? and —2te~?, respectively
(R o [0) = 9 o ;T 6
V(R0 |0) =2mi0g ) F 15—, (3.29)

and 1 sets the energy scale. In (3.29), we also take into account for two independent vacuum parameters

aéi) in the two chiral sectors.

Observation 16. The NLIEs (3.28) are, in principle, suitable for the description of twisted boundary
conditions and more general states in the ¢ = 1 CFT, compared to the set strictly emerging from the
massless limit of the sine-Gordon model. For example, they can accommodate states with odd

fermionic numbers of the massless Thirring model, which require anti-periodic boundary conditions.

Observation 17. The integration contours Cy, Cy are still state-dependent. In particular, they should
be deformed away from the initial ground-state configuration C; = R + 10", C, = R — 10" when the

(£)
0

parameters =cy;~ are analytically extended to large negative values.

Similarly to the massive case, we define the eigenvalues of the quantum operators associated to the

conserved currents of the hierarchy as

IF(R) = 2\t hY (1 kzwa<i> F=mR, (k€2N+1) (3.30)
k \R) O \R ke ’ '

"The explicit dependence on some parameters, eg. the mass m, will be sometime omitted not to weigh down the notation.
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with

13<i>:—/ Ly klog<1+e‘fu<i>(9))+/ Ly klog(1+efu<i>(9)> (3.31)
k e, 2mi \7 2 c, 21 \7 2 T

where the a;j) are state-dependent constants, ie. they do not depend on R and 7. Using again the
reflection property (3.25), we can extend the discussion to k € 2Z + 1. Some of the state-dependent
coefficients I;*(27) can be found in [52]. In particular, the energy and momentum of a generic state

are

9 (+) 92 (=)
B(R) = 1P +10(R) = (00 = S0 ) + 7 (v - B )

R 24 R 24
o (=) 2™ (=)
P(R) = L"(R) -1, (R)= f(h - 1), (3.32)
with effective central charges
) = 12482 (af)? = 1 — 24h{" (3.33)

where h{” are the (anti)-holomorphic highest weights and A& = h{” + n™® | (n™® € N).

For the current purposes, it is convenient to think about the massless limit of the sine-Gordon model
as a relevant perturbation of the compactified free boson with Lagrangian given by (3.12) with p = 0
(see [51] for more details) and twisted boundary conditions (3.20), where r = (v/28)7! is the
compactification radius. Then, the highest weights are now labelled by a pair of integers (n, ), where

252 . . .
% is the quantised charge associated to the total conjugated momentum

_ \/§ R B 2\/§ R
and n is the winding number corresponding to the topological charge
R
Qe = V28 / Oppde . (3.35)
2w 0
The combinations
QY =7 (Qs Q) =7 (n£tap?) , (3.36)

are the two different charges, associated to the U(1);, x U(1)g symmetry of the ¢ = 1 compactified
boson. Notice that Q{ differ from the standard Kac-Moody U (1), x U (1) g charges by a multiplicative
factor B which breaks explicitly the 8 <+ 1/5 symmetry. We adopted this unconventional definition for
the topological charges since, as a reminiscence of the sine-Gordon model, it emerges more naturally
from the current setup. The anagolous of the Bloch wave states in (3.14) are now created by the action

on the CFT vacuum state of the vertex operators

Vini)(2) = exp (27@@6” P(2) + ;ﬁ,@éﬂ ¢(Z)> o p(z) = ¢(2) +0(2) (3.37)
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with left and right conformal dimensions given by

1 2 1/n 2
() _ )\ >
Considering (3.33), in section 6.4 we will make the following identification:

5 =2malt B . (3.39)
However, relation (3.39) is valid only at formal level since aj;”’ are continuous parameters which can
also account, for example, for twisted boundary conditions while, at fixed 3, the charges Qgi) can only

assume the discrete set of values given in (3.36). Using (3.39) in (3.37) we find
Vi) = exp (V250 6(2) + VaBal 62) 6.40)

which, for 7 = 0 and under the field-shift (3.20), display the same quasi-periodicity properties of the

finite volume sine-Gordon Bloch states.

3.4 The CDD factor and the TT deformation

Following [1, 11], in this section we prove that, in massive IFTs, the TT deformation acts as a twist of
the exact S—matrix by a non-trivial CDD factor. Even though the argument is expected to apply in
general, we carry out the explicit computation in the sine-Gordon model using the language of the
NLIE [11].

Let us modify the sine-Gordon S—matrix by

SO —0) = S0O-0)F0-0), [f(O)=e"", (3.41)

with

5(8) = 7m?sinh(6) . (3.42)

The function f(#) fulfils

fOf(=0)=1, flir+0)f(ir—0)=1, (3.43)

thus it represents a CDD factor. It is easy to show that the transformation (3.41) affects the kernel
K6 —6)as

/ / 1 / / m2 /
(0= 0) = K0 — ) + 5030 — 0') = K(0 — 0') + 7 cosh(0 — 0 (3.44)
m m

which, in turn, causes a modification of the driving term in (3.15)

V= I/(Ro, ap ‘ 0 — 90) y (345)
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where Ry and 6 are defined through
Ro cosh (y) = R+ TE(R,7), 7R sinh(6g) = 7P(R) . (3.46)

and E(R,7) = I{”(R,7) — I” (R, 7) denotes the energy of the deformed theory.! Formula (3.45)
tells that the solutions of the deformed NLIE are obtained from the original ones simply by a
redefinition of the length R and by a rapidity shift.

Using the deformed counting function, we move on to derive the evolution equations for the conserved
charges. From the definitions (3.22)-(3.24), it follows immediately that the deformed level-k charges

are related to the original ones through
LP(R,7) = eI (Ry) (3.47)
which, in terms of the combinations (3.26), can be recast into a Lorentz boost with rapidity kf
< Ex(R,T) ) _ ( Cf)sh (k) sinh (k6p) ) < Ex(Ro) ) | (3.45)
Px(R) sinh (ko)  cosh (ké) Px(Ro)

The conservation of the norm of the vector (&g, Py) leads to

Ee(R,7) — Po(R,7) = &(Ro) — Pi(Ro) - (3.49)

Observation 18. Using (3.48) with k = 1 in (3.46) one can derive the following expressions for
cosh () and sinh (6)

R+ TE(R,T) _ Ro — 7E(Ro) T7P(R) T1P(Ryo)

cosh (0y) = R I , sinh(0y) = Ry~ R (3.50)
which imply
(Ro)? = (R+7E(R,7))* — (tP(R))* , R?>=(Ro—7E(R0))* - (TP(Ry))* . (3.51)

To find the evolution equations of the level-k energy and momentum & (R,7) and Py(R,7), we
differentiate both sides of (3.47) w.r.t. 7 keeping R fixed

O-I.7 (R, 7) + ROrI”(R,7) = £k0) " (R, T) , (3.52)

with R’ = 9. R and 0}, = 9,6y. To determine R’ and 6 we rewrite (3.46) as

{RO = Re % + 27117 (Ro) (553)

Ro = Re + 27117 (Ro)
and, differentiating both equations in (3.53) w.r.t. 7 we obtain the following set of equations for R’ and
0
0=Re% — Rije % +2I[7(R
{ 0 1 (Ro) (3.54)

0= R e% + RO e’ + 2I{7 (Ry)

'The deformed charges {I{" (R, 7) }k€2z+1 are computed from (3.22)-(3.24) using the driving term (3.45).
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whose solution is
P(R)

R

Plugging (3.55) into (3.52) we find the evolution equations for the level—k energy and momentum

R/’RUZCOHSL = —E(R, T) ) 06’R0:const. = (3.55)

& (R, 7) — BE(R,7) Oréx(R,T) = ¥ P(R) Px(R, T) (556)
O-Pi(R, 7) — B(R,7) 0Pi(R,7) = ¥ P(R) &(R, 7) |
In particular, setting k = 1 in (3.56) and using (2.46) — which is equivalent to the momentum
quantisation — one has
0,E(R,T) = %aR (E*(R,7) — P*(R)) , (3.57)

which coincide with the Burgers equation (2.47). Therefore, we proved that the modification (3.41) of
the S—matrix leads to the definition of the TT deformation of the energy levels.



Chapter 4

The TT deformation and integrability

As already discussed in the previous chapter, the TT deformation preserves the integrability of the
original theory, both at classical and quantum level. The aim of this chapter is to investigate the
integrable structure of a TT—deformed IFT, using the sine-Gordon (sG) model as an example. We
start to look for the existence of soliton solutions in the TT—deformed model by explicitly solving the
deformed EoM [46]. Then, we construct the Zero Curvature Representation for the TT—deformed
theory [46], which definitively proves the integrability of the model. Finally, exploiting the unique
relation between integrable equations and surfaces embedded in N —dimensional ambient space (with
N > 3), we infer that the TT deformation acts, at the classical level, as a space-time coordinate
transformation depending non-trivially on the field configuration itself [24]. This geometric
interpretation gives a powerful tool to generate solutions to the TT—deformed EoMs [24] and to
construct the integrable structure of the deformed theory [43].

4.1 Simple soliton solution in TT—deformed sine-Gordon
From section 2.3.2, we know that the TT deformation of (3.1) is (2.110), which we rewrite as

Ve 1

»CSG(XMaT) = 1_ V% + 9= (—1 + SSG(XWT)) ) (4'1)

with

8 (xu, ) = /14 7(1—7V) (62 — 63) , (4.2)
where hereafter we adopt the shorthand notation ¢, = 9,¢ and ¢; = ;¢ to denote space and time

derivatives, respectively. The Euler-Lagrange equation associated to (4.1) is

0L (Xp, T) 0L (xm, 7))\ OLC (X, T)
o (P o (M) = )

which explicitly gives the following EoM

(1 — 7-VSG)2 (Gzz — P1t) — T (1 - TVSG)S (¢m O = 200t Gz O1 + Pt (ﬁ")
_ %T(vsc)/ (1=7V%) (3+289) (¢ — ¢7) + (1 +8°) (V) , (4.4)

44
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where (V*¢) = dgf.

The goal of this section is to find a class of soliton solutions to (4.4). We will proceed by parametrising
the field ¢ using three generic functions F', X and T as follows

F(¢)=X(z)+T(t) . (4.5)

Then, all the derivatives of ¢ can be expressed in terms of the derivatives of F, X, T as follows

X T
st = ?:f ; ¢t = Ft, ’
X F// T F// F//
boo =7y ~Xipm . bu=fy ~Tigm . dm=-XaTigg, (4.6)

where F(*) = % and F' = F), F" = F®)., Using the relations (4.6), the EoM (4.4) becomes

(1 =7V F? (Xpy — T) — 7 (1 = 7V*)® (Xpu T2 + Ty X2) = (1 — 7V)* F” (X2~ TP)
(VY (1= 7V°) (34 28%) F' (X2~ T2) + (14+.8%) (VoY F®, (47)

and (4.2) reads

1— 7V
s = Ler = o). (4.9

From (4.8), we extract the combination X2 — T?

SSG)2 -1
X2 712 = (71?’2 4.9
T t - (1 IR TVSG) ) ( )
then, we compute the second order derivatives X, and Ty; using the chain rule,’
sz = _Ttt
B F/ |:2SSG(SSG)/ (1 _ TVSG) 4T ((SSG)2 _ 1) (VSG)/] + 2F// ((SSG)2 _ 1) (1 _ TV;G)F/ (4 10)
27 (1 — TVSG)2 ’ ’
where (§°) = %. Equation (4.10) implies X, = —Ty = co, with ¢y € R arbitrary constant which
we set to zero, i.e. ¢g = 0. In this way one has
X, =201 T = 2a9
X =210 — 2k, , Ty =200t — 2k , (4.11)

with a1, a9,k ke € R integration constants. Using (4.9), equations (4.7) and (4.10) become,

respectively

0 = 2((89%-1) (1 =7V F" + r(VO)F (8¢ +1)° (28¢ — 1) , (4.12)

0 9 ((SSG)Q _ 1) (1 _ TVSG) " + [283(;(85(;)/ (1 _ TVSG) 4T ((SSG)Q _ 1) (Vs(;)/] F ,
(4.13)

"This part relies fundamentally on the fact that the variables are separate.
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which can be combined to give

(8°) (1=7V) =789 (S +1) (V) — §%9=——2 :;G , (4.14)

where ¢ € R is an arbitrary integration constant. Plugging expression (4.14) for S into (4.12), or
equivalently (4.13), we obtain the following equation

2(c—7VC) (2 =1—=7V)F"+7(3c—2—-7V°) (VC)F' =0, (4.15)
whose solution is -
Fl(¢)=pk——T" __ (keR). 4.16

Integrating further (4.16) one gets
(L +4arR)F (%) - 22) - 8rrE (%] - 27
2\/TK ’

where k4 € R is an integration constant, « is related to ¢ through ¢ = § — 27k, and F(z|m), E(z|m)

F(¢p) = 2ky + Bk (4.17)

are the incomplete elliptic integrals of the first and second kind, respectively.

Plugging (4.11) and (4.16) into (4.8) using (4.14), one gets the following equation

1—c \? 1 —2c+ 7V
_ =1447(1—-7V€ 2 a2y 4.18
<C _ TVSG> +AaT ( T ) (al 062) ]{72 (C . TVSG)2 ) ( )
which allows to fix k as )
P if .y (4.19)

In conclusion, we found a class of moving soliton solutions ¢(xy, 7) which fulfil the implicit relation

m2> —8mE<5¢(XMvT) mQ)] _ otttk

Bé(Xu, T)
2

B2k 2 B2k a? — a3

;E [(1+4T/<;)F<

(@.20)
where k is a constant defined as k = k;, + k¢ +ky. They correspond to the TT deformation of a particular
family of elliptic solutions to the sine-Gordon equation [59, 60]

2

- 62/-@) 7 (4.21)

2 —
(%) = igam (2\/E o +2a2t . k

ar — o

where am (z|k) is the amplitude of Jacobi elliptic function. Expressions (4.21) correspond to “staircase”
type solutions (see Figure 4.1a), in which the parameter & is related to the amplitude of each step.

Probably the most physically interesting solution belonging to (4.20) is the TT deformation of the sine-
Gordon 1—kink (3.6), which is recovered with an appropriate scaling of the parameters and it reads

m? P1-kink (¥m, T) P1-kink (¥m, T) 2m onx + agt — k
87? COS (2> + lOg (tan <4>) = 7 W . (4.22)
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In Figure 4.3 we represented (4.22) for different values of 7, settingm = 8=1, 01 =1, ap = % and
k = 0. Notice that for negative values of 7 (Figure 4.3a) the solution stretches w.r.t the original one
(Figure 4.3b), while for positive values of 7 (Figures 4.3c and 4.3d) it bends and becomes a multi-valued
function. The transition between the single- and the multi-valued regimes (Figure 4.3c) corresponds
to a shock wave singularity for the solution and it occurs at the critical value 7 = 7*. To estimate 7*,
we consider the norm of the gradient of ¢;_;,1 (xu, 7) and we look for the values of 7 which make it

divergent. Setting m = 8 = 1, one has

4 sin (d)l—kinkQ(vaT) >

1 — 47 [1 — cos (¢y_yink (xm, 7))]
(4.23)

|VX¢1—kink(XM’ T)| = \/(a$¢1—kink(XM7 T))2 - (at¢1—kink(XM’ 7-))2 ==+

which is divergent if and only if the field configuration ¢ _j1 (xm, 7) fulfils

47 —1

>+27m, (neZ).

(4.24)
The fact that the solution ¢_in1 (xw, 7) lies in the strip [27n, 27(14-n)] , (n € Z), imposes the following

1 =471 — cos (¢1ink(Xm; 7))] =0 —>  @y_kink(Xm, ) = arccos <

constraint
T—1

T

(4.25)

|

4
Ogarccos( > <2r —

from which it descends that the critical value is 7% = %.

As for the general solution (4.20), from figure 4.1b we see that once the TT deformation is turned on,
it displays a deformed shape similar to that observed for the 1—kink solution, with a shock-wave
singularities at 7% ~ 1/8. In section 4.7, we will explicitly compute the critical value 7* from a
completely different perspective.

Observation 19. Switching to light-cone coordinates xyy = (z*,27) according to (A.6) and setting
m = 3 = 1, we notice that (4.22) fulfils

2a sin (¢1 -kink XM77)>
X

1 — 47 4+ 47 cos (¢4 _kink (
2 gin (%(XMU
a

04 b1 kink (Xm, T) =
,T)) _ 1—w
, a 150’ (4.26)

o_ ink (X =
P1-kink (X, 7) 1 — 47 + 47 cos (¢ ink (Xm, 7))

which have the form of a first-step Bicklund transformation from the vacuum solution.
Unfortunately, equations (4.26) do not contain much information and the complete form of the

Bicklund transformation is expected to be very complicated.

4.2 TT-deformed sine-Gordon Lax pair

Let us now switch to Euclidean signature and use complex coordinates z = (z, z) defined through (A.6).
The Lagrangian density of TT deformed sine-Gordon is (2.109), which we rewrite as

|4 1

Lz, 7) = v T3 ( 14 8%z, 7)) , (4.27)
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Figure 4.1: The general solution (4.20) in the stationary limit (a; = 1, as = 0,k = 0) for the
undeformed (a) and the deformed (b) theory, for small values of .

with
Sz, 7) = \/1+470,00:¢0, T=7(1—-7V). (4.28)

The Euler-Lagrange equation associated to (4.27) is

() 0 (50)

and, using

05%(z,7)  470.0  0S%(z,7) 4700 0S%(z,7) _ TE(VE) 1 (8%2z,7))°

0(0,6)  28%(z,7) "  0(0:¢9)  25%(z,T)’ ¢ 7 286(z,7)
(4.30)
with (V*¢)" = %, it can be recast into the following compact form
D¢ (00 (VY (148%z,1))
o (sm) % (5m) ~ v (1) 420

Starting from (4.31), we look for a pair of su(2) matrices

(2, 7) ( —a(z,7) b(z,71) ) . Iz, 7) = ( a(z,7) b(z,T) ) 7 (4.32)

C(ZaT) (I(Z,T) E(ZvT) —EL(Z7T)
such that the zero-curvature condition

0.L%(z,7) — 0:1°(2,7) = [L%(2,7), L (z,7)] . (+.33)
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is satisfied if and only if ¢ is a solution to (4.31). In terms of the Lax pair’s components, (4.33) is equivalent

to the following three equations

d,a + 0sa = bé — cb , (4.34a)
0zb — 0,b = 2ab + 2ab , (4.34b)
0,¢ — 0zc = 2a¢ + 2ac . (4.34c)

where we dropped the explicit dependence of the functions a, b, @ and b. We choose (rather arbitrarily)
the first equation (4.34a) to match manifestly with the EoMs (4.31). A reasonable parametrisation is

_ B G/ 5G 2
a:’yi a= 0:0 bc—cb=r V=) (1+8 (Z’T)> , (4.35)

286(z, )’ 7 286(z, )’ 856 (z, 1) 1—7V6

with v € C an arbitrary constant to be fixed, from which the equations (4.34) become

(VY (1489, 1)
bc —cb =1y 85z, 7) v , (4.362)
i 00 4 9z¢
dzb— 9.b =1 5%(z.7) b+ V52, 7) b, (4.36b)
0,c — O0zc =1 %0 0:0 (4.36¢)

SC(z,T) et fySSG(z, T) ¢

In order to determine the functions b, ¢, b and & which solve (4.36), one can perform a perturbative
expansion around 7 =0 trying to recognize some pattern in the terms. After some computations one

is lead to the following ansatz:

. . 1 . 1 .
b=—-m [ue*ﬂ%BJr + ,&en% (8.0)° B_} , c=—m [~ GH%BJ’_ + e (8.0) B_} ,  (4.37a)
fi M
_ : : 1. 1.
b= —m [ﬁ ¢S By 4+ pe V% (9:0)2 B_} . E=-m { e B, + = 7 (9:0)2 B_] . (4.37b)
u fi
where v = —%, B, are two unknown functions to be fixed and 11, i € C are arbitrary complex

numbers, which can be regarded as two independent spectral parameters. Plugging the ansatz (4.37)
into (4.36), the functions By are fixed as

T(1+SSG(Z,T))2 T
B, = B =—— 4.38
* 87 S%(z,7) 286 (z, 1)’ (4.35)
and the Lax pair are
. _;89 _ ;89
G n4358+(ﬁ7) —mpe "2 By —mjie'? (az¢)2 B_
L(z,7) = m % p w389 5.6 B . 9.6 ’
—Re T By — e (0:9) B- 159
.o _ ;89 _i89
75G _H4S:ZZ(ZT —mfie’ 2 By —mpe "2 (82¢)2 B_
L%(z,7) = m _ﬁﬁB m 158 9-6)2 B . 959 : (4~39)
—he T B =Gty (0:0) B 155 (ar)
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Notice that there exist a global SL (2, ©) transformation acting on (L*°, L*°) as

Lz, 7) = M LS(z, 7)M , L(z,7) = M~ L%(z,7)M (4.40)
with )
i 0 )T
M:(WT X >;<W) ~0_1>€SL(2,C), A:ﬁ, (4.41)
0 7= 0 (fp) 1 Iz

such that (L, L*°) is a Lax pair representation equivalent to (L*°, L**) and depending on a single
parameter \. This implies that the two spectral parameters 41 and f are not independent.

In conclusion, we found that a one-parameter Lax pair representation for the TT—deformed sine-

Gordon model is given by
1 0=0 —mAe F B, - m T (9 .
LSG(Zv T) = 4SSG(Z2-17 + a P © ¢)
m>‘e 2 B+ -3¢ 2 ( z¢) 43s(,z(z )
_ B @ B¢
— 25%(a. 1) 0,pus + 2im |:F+ cos 5 u; — F_sin 5 us| ,
_ .45ch¢ -3 eﬁ%de+ —mAe i (9:¢)* B_
LC(z,7) = - (7). o
ae B, —mAe ( Z¢) 4Ss(,z(z )
p p p
= 2SSC( 5 Ozpus + 2im |:F+COS2(ZSu1+F_ SIH¢UQ] , (4.42)
where {u;}? | are the generators of the su(2) algebra defined in (3.10) and
1
F+—AB++ L0018, —AB+—f(z¢>B_,
F, = X B, 4+ \(0:0)?B_, F_= X B, — \(0:0)*B_ . (4.43)

As a consistency check one can easily verify that, in the 7 — 0 limit, expression (4.42) correctly
reproduces the Lax pair of the sine-Gordon model (3.9).
The existence of a Lax pair representation for the TT—deformed sine-Gordon theory explicitly proves

that the sine-Gordon integrable structure is preserved along the TT flow.

Observation 20. From (4.42), one can obtain the Lax pair of the TT-deformed sinh-Gordon (shG)
model, by a simple field redefinition ¢ = —1¢.

Observation 21. Taking the massless limit, i.e. m — 0, of the sine-Gordon Lagrangian one gets the
Lax pair of the TT—deformed massless scalar field

: az¢
i 0 0,9
L(z,7) = 8@ =" uy, 4.44
( 0 —11486(22‘?7) 25(z,T) (4.44)
- O0z¢
_ —1 0 0z¢
L — 48(2,7‘) . — z . 5
(Z7 T) ( O Il4é(?(gz¢’r) 2S(Z77_) u3 bl (44 )
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with

S(z,7) = \/1+470.00:¢ . (4.46)

4.3 Classical integrable equations and embedded surfaces

It is a well known fact that integrable equations in 2 dimensions are related to surfaces embedded in an
N—dimensional ambient space. In this respect, the two oldest examples are the sine-Gordon and
Liouville equations, whose discovery dates back to the 19th century [61, 62]. They appear as the
Gauss-Mainardi-Codazzi (GMC) system of equations (C.13) for pseudo-spherical and minimal
surfaces embedded in R3, respectively. As proved by Bonnet [63], any surface embedded in R? is
uniquely determined (up to its position in the ambient space) by two rank—2 symmetric tensors: the
metric tensor g, (C.4) and the second fundamental tensor d,, (C.5). Their intuitive role is to
measure, respectively, the length of an infinitesimal curve and the displacement of its endpoint from
the tangent plane at the starting point. These two objects can be used to study the motion of a frame
anchored to the surface, which results in a system of linear differential equations, known as
Gauss-Weingarten equations (C.8, C.9). The GMC system appears then as the consistency condition
for this linear system, effectively constraining the “moduli space” consisting of the tensors g,,,, and d,,.

The search for a general correspondence originated in the works of Lund, Regge, Pohlmeyer and
Getmanov [64-66] and was subsequently formalised by Sym [67-71] who showed that any integrable
system whose associated linear problem is based on a semi-simple Lie algebra g can be put in the form
of a GMC system for a surface embedded in a N-dimensional ambient space,' with N = dim(g). In
this section, we will shortly review Sym’s results for the general setup and then we will focus on the

case of the sine-Gordon model. We will use the following conventions

z=(2',2%) = (2,2), 8Mf(z)zaiu(z), (Vf:C—=R, pn=12).

Let us consider a generic 2—dimensional system of non-linear partial differential equations for a set of
real fields {¢;(z)}. We assume that this system admits a Zero Curvature Representation (ZCR) for a pair
of functions (L1, Lo) taking values in a d-dimensional representation of a semi-simple Lie algebra” g

O2Ly — O1La + [L1, La] = 0, (4.47)
where the functions (L1, L) depend on z through the fields {¢;(z)} and their derivatives w.r.t. z
L= Lu(aN) = L (6x(2)} (06} 1Y) . (n=1,2), (4.45)

and they additionally depend on a real spectral parameter \. The ZCR can be interpreted as the

compatibility condition for a system of first-order linear partial differential equations involving an

'An interesting additional result of Sym concerns the existence of the same kind of connection for spin systems and
o-models.

*Here we abuse notations by denoting with g both the algebra and its d-dimensional representation. The same applies
for the associated Lie Group G.
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auxiliary d x d matrix-valued function ® = ®(z|\)
Ou® =L@, (n=12), (4.49)

commonly known as associated linear problem. Assuming ®(zop|\) € G as initial condition, G being
the Lie group associated to g, equation (4.49) allows, in principle, to recover a single-valued function

®(z|\) € G, Vz € R2 This function can then be used to construct the following object

rzl) = @ 2]h) ~(al) (4.50)

which is interpreted as the coordinate description of a )\—family of surfaces embedded into the N-
dimensional afhine space g. Moreover, equipping g with a non-degenerate scalar product, i.e. the Killing
form of the semi-simple Lie algebra, we can transform g into an N —dimensional flat space. In other
words, we can find a basis {ei}i]\il of g orthonormal w.r.t. the Killing form and then extract the

coefficients {r;}~ | from the identity

Zrze =271 (z])) 51 a (z)) . (4.51)

The row vector r = (r1,79,...,7n)T represents the position vector of a family of surfaces embedded
in an N-dimensional flat space,’ parametrised by A. These are called solitonic surfaces and satisfy the

following properties:

1. their GMC system reduces to the ZCR (4.47). This means that any integrable system whose
EoMs can be represented as a ZCR depending on a spectral parameter A, can be associated to a

particular class of surfaces;

2. they are invariant w.r.t. A—independent gauge transformation of the pair (L1, L2). This fact
provides a way to prove the equivalence of distinct soliton systems up to gauge transformations

and independent coordinate redefinitions, see [70];

3. their metric tensor (induced by the flat space g) is explicitly computed from the pair (L1, L) as

=Tr [Ad (%LA ) Ad (aai”)} : (4.52)

where Ad denotes the adjoint representation of the algebra g. Consequently, any intrinsic

property of the soliton surface is determined uniquely by the ZCR.

4.4 Embedded surfaces and the TT deformation

Let us now consider the specific case of the sine-Gordon equation (3.4). The functions (L1, L) for this

model takes values in a 2—dimensional representation of the Lie algebra su(2) and corresponds to the

"The signature of this space depends on the real form chosen for the algebra; for example sl (2) ~ so (2, 1) give rise to

surfaces in Minkowski space R*'.
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Lax pair (3.9)

L (z) = LC(z) = g D.¢ u® + imA [cos <B¢> u' — sin <ﬂ¢> 2] ) (4.53)
Ly(z) = L°(z) = —g Dz ud + ij [ 0s <62¢) u + sin <ﬁ¢> 2] . (4.54)

Since dim (su (2)) = 3, the solitonic surfaces corresponding to the sine-Gordon model are embedded
in the Euclidean plane R? (su(2) is compact). As mentioned in section 4.3, Bonnet theorem [63] tells us
that any surface in R? is completely specified (modulo its position) by its first and second fundamental

quadratic forms which are (see appendix C.1)

: 2 1
19(z) = g5, (z) dz"'dz" = 2m” {dz2 — 7z s (Bo)dzdz + )\4sz] , (4.55)
2
I1°(z) = d, (z) dzFdz" = 2m2‘§ sin (B¢) dz dz . (4.56)
From (4.55) and (4.56) one can then extract the Gaussian and the mean curvatures using (C.7):
KsG =D dsG sG\PV] )\2 HsG _ dsG sG\ VL A t (4 57)
- et[up(g) ]7_?7 - uu(g) *ECO (6¢)7 .

with g, (9°°)"” = d]i. Since K*® is constant negative, the solitonic surfaces we are dealing with are
pseudo-spherical, with the spectral parameter X playing the role of Gaussian curvature. In figure 4.2,
we reported examples of pseudo-spherical surfaces corresponding to 1—kink, 2—kink and stationary
breather solutions of the sine-Gordon model.
Let us now apply the Sym formalism sketched above to the TT-deformed sine-Gordon model [46]
and derive the geometric properties of the associated surfaces. The starting point is the Lax pair of the
TT-deformed theory (4.42)

L¥(z,7) = L9z,7)= 25%:;77_) D0’ + 2im [F+ cos <52¢> u' — F_sin <52¢¢> uz} :

LY(z,7) = Lz,7)= —L&g(ﬁug +2im [F+ Ccos ('&b) ul + F_sin <ﬁ¢> uQ] ,

(z,T) 2 2
(4.58)

which again belongs to a 2—dimensional representation of the algebra su(2) and thus the resulting
solitonic surfaces are embedded in R3. Going through the computation of the first and second
fundamental forms, one finds

sG sG L v m2 SSG(Z77_) + 1 2 A~ v
1%z, 7) = gy, (2, 7) d2V'dz" = 2 (5@ < T v% > Gy dzFdz" (4.59)
2 sG 2 “
IISG(Z’ 7’) ds (Z 7') dz“dz _ m=~ Sin (B¢) <S (Z7 T) + 1) duy dZ'udZV , (4.60)
~ VA (1—7Ve) \ S5%z,7)

where the matrices §,, and d,, are

s s 2 $G\2_ 1 321/5G $Gy2_ i G2
<sc+1_sc_1az¢> BP0 i i X R O et (az¢+%az¢) (s )Hcos(ﬁ(b)

G = p) 22 9:4 a2 mZ 0z 1 .6 T M0 A2
py — G2 G) 2 sG\2 217G
(8°)°—1 (9z 10:¢) _ (SO)°+1 SG4+1 _ &§6-10:0 (85921 B2VS 959
1 5t Mo 2/\2 cos (5¢) A2 7 0.6) T T 0.4

1%
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(a) (b) (c) (d)

Figure 4.2: Pseudo-spherical solitonic surfaces associated to kink and breather solutions. Figure 4.2a
represents the Dini surface, corresponding to a moving kink, while in Figure 4.2b the famous Beltrami
pseudo-sphere is represented. The latter surface is obtained from Dini’s surface by taking the stationary
limit of the kink solution. Figures 4.2c and 4.2d correspond to the pseudo-spherical surfaces associated

to a stationary breather and to a two-kink solution, respectively.

: O
dﬂy( A e . (4.61)

(SSG)2+1 - 2
ey T (0:9) »

One easily verifies that, in the 7 — 0 limit, I'*(z, 7) and II“(z, 7) correctly reduces to the fundamental

forms of sine-Gordon

1 —3z cos (8¢)
sG 2 v _ 715G
I%(z,7) — 2m <—;2cos (86) A i Wdz“dz =1"(z) (4.62)
(2, 7) = m2<§ sin (8¢) ( (1) (1) ) dzdz" = 11°(z) . (4.63)

pv

Quite remarkably, although the dependence of the matrices (4.61) on 7 is complicated, they recombine
in such a way that the Gaussian and mean curvature do not depend explicitly on it. In fact, these two
geometric invariants in the TT—deformed theory are exactly the same as in the original sine-Gordon

model

G )‘2 sG sG )\ sG
K“(z,7) = -5 =K (z), H(z,7)= Ecot (Bo) = H®(z) . (4.64)

Therefore, the solitonic surface corresponding to a particular solution of the TT-deformed

sine-Gordon EoM is the same as the one associated to the solution of the original EoM. We conclude
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that the net effect of the TT deformation is to change the parametrisation of the surface, without
affecting its intrinsic properties. At the level of the solutions, instead, the deformation acts as a
non-trivial space-time coordinate transformation. As we have already seen in section 4.1 and shall see
in section 4.7, the TT—deformed solutions generally possess critical values in 7 corresponding to
shock-wave phenomena, ie. branching of the solutions. Examples of shock-wave phenomena and
square root-type transitions in the classical energy — similar to the Hagedorn transition at quantum
level — will be discussed in sections 4.7 and 4.8 for specific solutions of the deformed sine-Gordon

model.

4.5 Coordinate transformation

We have inferred that there must exist a reference frame w = (w!,w?) = (w,w) in which the

components of the first and second fundamental forms of the TT—deformed sine-Gordon model
becomes trivially the ones of the original theory. Therefore, we look for a space-time coordinate

transformation of the form

Ue:C—C:z—-w=U"(z), (4.65)
such that
sG 17 v sG 1 v sG sG awp awa sG
gw/(w) dwdw” = guu(z7 T) dztdz = Ypo (\IIT (Z>) w GBI = g;u/(z7 T) ) (466)
dy,(w) dwtdw” = d3,(z,7) d2Mdz" = d, (V5 (z)) guw? Ouw? d$ (z,7) (4.67)
g — uv\ po T 8,2“ aZV — uv\ . N
where J% = 29 are the components of the Jacobian of the transformation (4.65). Using the

expression (4.55)-(4.56) and (4.59)-(4.61), it is now a matter of simple algebraic manipulations to

obtain the following expressions for 74 in the coordinates z

ow' (892, 7) +1)° ow?  (8%(z,7)+ 1)’

D0 = 021 486(z,7) (1 —1V¢) ' Oz = 022 48%(z,7) (1 — TV6) (4.68)
_ ow! T 2 _ ow? T 2
Ozw = 022~ 8%(z,7) (0z0)" 9w = 021~ 8(z,7) (0:0)° . (4.69)

The latter expressions allows one to write the partial derivatives of the field ¢ in the coordinates w in

terms of those in the coordinates z and viceversa. In fact, starting from

9.6 D
( D=0 > -7 ( Dt ) ’ .70

one arrives at the following set of algebraic equations

48 (2,7)(1 = TV)(0:0) = (§(2,7) +1)* (9u) + 47(1 = 7V)(900) (9:0)

4.71
48 (2, 7)(1 = V') (9:0) = (§(2,7) + 1) (Da0) + 47(1 — 7V)(0u) (9:0)? , 7
which can be easily solved for (9,,¢, 0) as
O = 2(1-7V*%) 0.
O0¢ = “gayr 0:9
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Finally the latter expression can be inverted for (0.¢, d:¢) as

(Ow)? (SC(2, 7))
(050)% (8€(2,7))? = (—0pd + 2(1 — TVC) B5¢)?

s 2 _ Owd
(Ouo+20-7V)0.0° {(%gﬁ “=Ew

Oz = Lo

1—7L6G(w)

where we used (4.28) and £¢(w) = 0,y¢ O + V*°. Using (4.73), we can now derive the expression of

8§°(z, 1) in the coordinates w

N N . L(w) 1+ (L(w) = V) _ i
S ((‘IJT (W)) ’T> - \/1 + 47 (1 o T,CSG(W))2 - 1— TESG(W) ’ ‘C(W) - 8w¢8’w¢ )
(4.74)
from which we can write the Jacobian 7 and its inverse J —1 in the coordinates w as
1 1—-7V¢ r (aw¢)2

= 4.75

J (1-— TVSG)2 — (7'£(W))2 ( T (au—@)? 1—7Vs© ’ (+.75)
. 1—7VC  —1 (0ud)”

— 4.76

J ( -7 (&1@)2 1—7V¢ ’ (476)

no_ Oz¢
v owY"®

z in terms of partial derivatives w.r.t. w as

0.r \ [ ot
(c%f)j(awf)

Applying the latter result to the EoM of the TT—deformed sine-Gordon theory (4.31) we get, separately

where the components of 7! are (7 1) Using (4.75) we express the partial derivatives w.r.t.

0.f = 7—pcrer Ow
{ f Hﬁlc(W) f , Vf:C—R. (4.77)
O:f = Tsc.(w)awf

for the lhs and the rhs , respectively

> (Sa(zd)T)) o (s«%zd,)ﬂ) R ?Eiﬁwf V)

o, (vey £(w)
(1 —7V6)?2 — (r L(w))? (L+7(L(w) = VS))
(4.78)
(VSG)/ SSG(Z, T) +1 2 B (VSG)/
48(z,T) ( 1 -7V ) (A =7Vve)? — (rL(w))? (479
and equating (4.78) to (4.79) yields
20,050 — (V) _0 (4.80)
(L (ew) V)P |

Since the determinant of the inverse Jacobian in coordinates w is

det [7 1] = (1- 7'V5G)2 — (Tﬁ(w))2 =(1-7L%w)) (1+7(L(w)=V)), (4.81)

it follows that, for any field configuration ¢(w) such that det [7~!] # 0, the denominator appearing
in (4.80) is automatically non-vanishing and (4.80) gives exactly the EoM of the sine-Gordon theory.
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Therefore, the field-dependent coordinate transformation (4.65) maps solutions of the TT—deformed
sine-Gordon theory into solutions of the original theory. Naturally, it is also possible to show that the
viceversa holds. To do that, we must prove that the sine-Gordon EoM in the coordinates w is mapped
into (4.31). Therefore, we need to express the partial derivatives w.r.t. w in terms of partial derivatives
w.r.t. z. Using (4.72) we can write 7 and J ! in the coordinates z as

(0,0 0:0)2 2 G 8.0)2
1 =T |:T( :gsG ¢) (1+?S‘SG> + 1_‘?—V5G:| T (Sjé)
J ;
L (9:0)° 1—r {%(azqsam)? (2 )2 L v ]
SsG SsG 1+SSG 1—7VsG

(4.82)

-\ 2
1 _ TVSG 1 —].-‘1:53(’
7l = ( 4T< 0:¢ ) _ (4.83)

() 1o

T 4r

Expression (4.83) allows us to express the partial derivatives w.r.t. w in terms of partial derivatives w.r.t.

z as follows

—(1_ sG _ 1 (—148C(=7) 2 _
() (5] - [

N 2
%f 0:1 0af = (1= 7V<)0sf — 1 (FHt552) o g

V f : C — R. Plugging the latter result separately into the /hs and the rhs of the sine-Gordon EoM (3.4)

in the coordinates w one gets, respectively

o 1 [(—14+8¢%\? < 1 [(—14+8¢\?
0wl = [(1_7'V )8Z_47'<8Z¢> 82] [(1_TV )8Z¢_47'<8Z¢) 8z¢] )

]' sG\/ _ 1 sG\/
§(V‘ ) = i(V ) (4.86)

and equating (4.85) to (4.86), after some computations one finds

sreianir ) o (s8) v (i) - s (1) ] o

(4.87)

Exactly as before, since the determinant of the inverse Jacobian in the coordinates z is

5°(2,7) (8%(2,7) = 1) ((8°(2,7)) + (2, 7) - 2)

det[71] = T 0.95 , (4.88)

for any field configuration ¢(z, 7) such that det [7~!] # 0, the factor in front of the square brackets in
(4.87) is non-vanishing, therefore (4.87) is equivalent to (4.31).
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Observation 22. Altough the coordinate transformation has been obtained exploiting the unique
relation between integrable equations and embedded surfaces, we never used the explicit form of the
potential in transforming the sine-Gordon EoM into the TT—deformed one and viceversa. In other
words, the coordinate transformation (4.65) with Jacobian (4.75)-(4.76) is valid for any scalar field
theory consisting of a single scalar field interacting with a potential V' depending on the field only.
For this reason, from now on we will drop the superscript “sG”, unless we explicitly refer to the

sine-Gordon model.

Observation 23. The components of the inverse Jacobian in the coordinates w (4.76) and the Jacobian
in the coordinates z (4.82), depend on the chiral components of the stress-energy tensor of the original

and the TT—deformed theory, respectively

[ 14+216(W) 27T(w)
= < 2r T(w)  1+270(w) ) ’ (489)
[ 1-276(z,7) —27T(z,7)
J = < —27T(z,7) 1-270(z,7) ) 7 (4.90)
with . ) i . ) .
T(w) = —5 (Gu6)? , T(w) =3 (90)* . O(w) =5V, (91)
and
_ @0 g (20
s A
1 [ 7(0:00:9) 2 2 1%
O(z,7) = — S <1 +5V(z,7)> | (4.92)

where 8V (z,7) is obtained from S§(z, 7) replacing V*° — V. From (4.89)-(4.90), it follows that the
Hessian matrix associated to the coordinate transformation (4.65) is symmetric if and only if the field
configuration ¢ is evaluated on-shell. In fact, the second mixed partial derivatives coincide if and only
if the continuity equations are fulfilled

Op (Owz) = 27 050 (W) = 27 0, T(W) = Oy (0g2) (4.93)

Op (0wZ) = 27 05 T(w) = 27 0, O (W) = Oy (0p2) , (4.94)
and, analogously

05 (0,w) = —27 0:0(z, T) —270,T(z,7) = 0, (O:w) , (4.95)

05 (0,w) = —27 05T (2, T) —270,0(z,7) = 0, (W) . (4.96)

EoMs (2)

Observation 24. Expressions (4.89)-(4.90) suggest a natural generalisation of the coordinate
transformation to the case of NV bosonic fields and sigma-models. In fact, considering the Lagrangian
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densities (2.115) and (2.116) in the coordinates w and z, respectively, it is possible to prove that the
coordinate transformation (4.65) with Jacobian and inverse Jacobian given by (4.90) with

1 N - 1 N 1
T(w) = =5 > (0u6)® , T(w)= =33 (0ad)’ , O(w) =3V, (4.97)
i=1 i=1
and

1 & _ 1 &
T(z7) =555 > (007, T(z,7) = 550 > (0:04)° (4.98)

i=1 i=1

1487 =273 0.0i0:0s 1V

Oz 7) = 478° C21-7V) (+99)

maps the EoMs associated to (2.115) and (2.116) one into the other.

Observation 25. Moving from complex to cartesian coordinates according to (A.1) and using (A.7)

and (A.9), we can translate expressions (4.89)-(4.90) in cartesian coordinates as

71 1427 T*(y) —2rT"(y)
o\ —2rT2(y) 142rTVy) )

1—27T?% 21 T2
j — T (X7T) T (X’ T) , (4.101)
27 T2 (x, 7) 1—27T(x,7)

(4.100)

which can be more compactly written in components as

B O ~ oy+ ~
e _ — Sk H (- _ SH H
(*—7 )1/ ayl, 5V + TTu(y) ’ L71/ Orv 5V TTV(X’ T) ) (4102)
with
Th(y) = —g"cspean T (),  TH(x,7) = —g" €5y €00 T (X, 7) . (4.103)

Observation 26. The Lagrangian density (2.116) transforms under the coordinate transformation
(4.65) as

~1+87 ((¥9)~ (w), 7
(@)t wir) = g —Vrv " < 27 )
_ L9(w) +47 (T(w)T(w) — 6%(w))
- Gt 7] , (4.104)
where
det [77'] =1-27V — 47* (T(w)T(w) — ©%*(w)) , (4.105)

and {T(w), T(w),©(w)} are the components of the original stress-energy tensor defined in (4.97).

Therefore, the action transforms as
/cﬂ(z,f) dzndz = /L" ((wg)*l (w),T) det [77Y dw A do
c c
= / [£7(w) + 47 (T(w)T(w) — ©%*(w))] dw A dw
C

T
_ / [£2(w) + 55 TT(w)] dw 7 do
C

2
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which in conclusion leads to

/Ccff(z, 7V dz AdE = /C [E"(w) + %TT(W)} dw A dd . (4.106)

Analogously, one can prove that also the viceversa holds, namely

/CE"(W) dw A dw = /C [E"(Z, T) — %TT(Z,T)] dz Ndz . (4.107)

The validity of the latter statements can be extended to any theory [40].

4.6 TT-deformed integrable hierarchy

The aim of this section is to introduce an efficient method, based on the field-dependent coordinate
transformation derived in section 4.5, to reconstruct the local Integrals of Motion (IMs) associated to

the TT deformation of a generic IFT. Let us consider the following pair of conjugated 1-forms
Ok = Tir1(z)dz + Ok _1(z)dz, Tk = Tk1(z)dz + O _1(z)dz, (keN), (4.108)

where {Tk1(z), Ox_1(2), Tk+1(z), Ok_1(z) } are the rescaled chiral components of the level—k higher
conserved currents of the integrable hierarchy (see appendix A). Using (A.13), it is easy to check that
(4.108) are closed forms',

dJx = (00k—1 — OTy41)dz ANdz =0, dJx= (0Tki1 — 90Ok_1)dzANdz=0. (4.109)

Therefore, for any given integration contour C in the complex plane of z, the following integrals

/Jk, /ik, (4.110)
C C

define local IMs, since they do not depend on smooth deformations of C' which keep the end-points

fixed. The set of conserved charges are then obtained from (4.110) by fixing a given Cauchy surface,

ie.dz? = 0 and dz = dz = dz!, and integrating over a finite strip C = [0, R] along the direction !

R R
W) = = [ Mot +0ci)det = [ B dst
) OR ) ) 0 n )
Ix(R) = _/o [Tit1(x) + Ox—1(x)] da' :/0 Ty (x) dzt | (4.111)

according to the definitions (A.17) and (A.19).

From their very definition, differential forms are intrinsic objects which do not depend on the set of
coordinates chosen on the manifold. Since they remain closed under any coordinate transformations,
the idea is to construct the local IMs of the TT-deformed theory starting from those of the original
theory, using the change of coordinates introduced in [22,24]. The strategy is the following:

"Thus they are locally exact by the Poincaré lemma.
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1. Start from the 1-forms (4.108) expressed in w coordinates
Tk = Ty (W) dw + Ox_1 (W) dw , Ty = Typ1(W)dw + Ox_1 (W) dw ; (4.112)

where {Tyi1(W),0k_1(W), Tiy1(W), Ok_1(w)} are the rescaled chiral components of the

level—k conserved currents of the original theory which fulfil the continuity equations

05 Tki1(W) = 00Ok_1(W) , 0 Tii1(W) = 00k _1(W) . (4.113)

2. Use the explicit expressions of {T(w), )
1

T(w),
theory to explicitly invert the map z = (\I/; ) at differential level. Then, using the fact that

z,dZ)

O(w } in terms of the fundamental fields of the
(w)
(d

the basis dw = (dw, dw) transforms into dz =

(2)-(%)

with 7 given by (4.90), expressions (4.112) become

_ Ti1(¥r(2)) + 27 [Ticr1 (Y7 (2)) O (¥r(2)) — Or1(¥r(2)) T(V-(2))]

e A, @) R
N Ox_1 (\I’T(Z)) + 27 [@k—l (\I/T(ZA))(E)((\I;;Z)) — Tit1 (‘I’T(Z)) T(‘PT(Z))) dz , (4.115)

where F(¥,(z)) indicates that the fundamental fields in w coordinates involved in an arbitrary

function F, have been replaced with fundamental fields in z coordinates according to the map
w=U_(z).

3. Read the TT-deformed higher conserved currents as components of (4.115) in z coordinates:

 Ten (Vr(2)) + 27 (Ts1 (V- (2) O(¥r(2)) — Ok—1(V,(z)) T(¥,(2)))
Tk+1(z77—) = A(\IJ (Z) s

)
Ok-1(¥+(2)) + 27 (Ok—1(¥(2)) O(¥-(2)) — Ti+1(¥r(2)) T(V,(2)))
A(V-(z)) .

@k,1 (Z, T) =
(4.116)

By definition, the integrals (4.110) are invariant under coordinate transformations, provided the

integration contour C' is mapped into C’ accordingly
[ @z +oca@ s = | T ds+Oi(ar)ds.
C !
/ Tii1(z)dz + Ok _1(z)dz = / Txi1(z,7)dz + Ox_1(z,7)dz . (4.117)
C !

Since the contours C' and C” are not, in general, homotopically equivalent, at finite volume R one has

R R
I(R) = / Ik(x)dajl;é/g Ik(X,T)dxlzlk(R,T),

0

R R
I(R) = /Ozk(x)dxl;é/o Tu(x,7)da* = L (R, T) , (4.118)
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where we defined

Ti(z,7) = — [Trr1(%,7) + Ok 1(x,7)] , Z(2,7) = — [Tiy1(x,7) + Or_1(x,7)] - (4.119)

according to the definition (A.17). Therefore, the deformation of the conserved charges arises from the
fact that we are integrating the deformed densities (4.119) over the same contour of integration of the

original theory.

Observation 27. The Lax pair representation (L, L) can be written covariantly in terms of a Lie

algebra-valued differential form as
Q= L(z)dz + L(z) dz , (4.120)
and the ZCR (4.33) translates into the Maurer-Cartan equation for
Q=00 (4.121)

Being components of Q, we can apply the same strategy discussed above for the conserved currents to

derive the Lax pair of the TT—deformed theory from the original ones.

In order to make the construction of the deformed hierarchy more concrete, in the following section
we perform the explicit computation for the massless free boson theory and comment on more general
cases.

4.6.1 The massless free boson

Consider the Lagrangian of a single massless boson field ¢ in complex coordinates w
L(W) = Oyt O . (4.122)

The EoMs are
DwOd =0 (4.123)

therefore, without further external constraints, there exists an infinite number of options for the choice

of the basis of conserved currents. For example, both

Ty (w) = —% Gud)tt . 0P W(w)=0, (keN), (4.124)
and!
TED (w) = —%(&?kgb)z ;o 0wy =0, (keaN+1), (4.125)
"The set of currents (4.125) can be obtained as the massless limit of the Klein-Gordon hierarchy:
QW) = @50 ofwm =2 (i ), e+,

with Lagrangian L& (w) = 0u,¢ dad + m?¢>.
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are possible sets of higher conserved currents since they fulfil (4.113) on-shell. In general, any linear

combination of the form

k+1 k—1
T (w) =Y (@) e, O (w) =Y & (o) T e, (4.120)
=0 =0

automatically defines a conserved current with spin k.

For simplicity, we will consider the sets (4.124)-(4.125) separately instead of the generic combinations
(4.126). Considering the set of currents (4.124), namely setting Ty+1 = Tl({lerIW)’ Ox_1 = @l(f_olw) and
the same for their complex conjugates in (4.116), and replacing the derivatives of ¢ in w coordinates

with those in z coordinates according to (4.84)

-1+8
0z¢

with S defined in (4.46), one finds

k-1 k+1 2 k+1
(POW) _ (9p)! 2 (POW) __(0:0)* T (059) 2
Ten (@7 === \175 0 O (BT =T 25 1+S ’

—148

2

1 2 1
ouf=0. - 1 (T2 ) our o awr—our - o

(4.128)
which coincides with the result first obtained in [11] through perturbative computations.

For the set of currents (4.125), we can again derive exactly the associated TT-deformed currents,
however their analytic expressions are more and more involved as k increases and we were unable to
find a compact formula valid for arbitrary spin k € N. We report here, as an example, the level k = 3
deformed current of the hierarchy (4.125):

o (9:0)% (S —1)'02¢ — 167%(9:0)" 020\
Tu(z7) = - 28 ( 47(S — 1) (824 1) (9:0)3 ) ’
O (S—1)? ((S—1)'02¢ — 167%(9:0)" 020
O2(z.7) = =575 < (S — 1) (24 1) (0:0)° ) ' (4.129)

Finally, it is important to stress that the method presented in this section is completely general and can
be applied to a generic integrable model, provided the stress-energy tensor and the conserved currents
are known in terms of fundamental fields. We have explicitly computed the TT-deformed conserved
currents with k = 3,5 for the sine-Gordon model. Again the resulting expressions are extremely

complicated and we will not present them here.

4.7 TT-deformed soliton solutions in the sine-Gordon model

The aim of this section is to develop a procedure to construct either analytically or numerically (in

cases where the analytic solution is out of reach) solutions to the TT—deformed EoMs for a bosonic



4.7 TT-deformed soliton solutions in the sine-Gordon model

64

theory by means of the coordinate transformation ¥. Notice that we can directly write a solution to
the TT—deformed EoM, i.e. ¢o(z, 7),

(sfem) o () e (TR e

in terms of the corresponding solution to the original EoM, i.e. ¢y(z), as

do(z,7) = ¢o (¥ (2)) . (4.131)

Now, setting z as a function of 7 such that L ¥, (z) = 0 and differentiating both sides of (4.131) w.r.t.
T one gets
d

E%(Zﬂ') =0 — 0r¢0(z,7)+ (0:2) 0:00(z,7) + (0:2) Oz¢0(2,7) =0 . (4.132)

To fix the derivatives 9,z and 9z, we first integrate the inverse Jacobian as expressed in (4.89), getting

w="_(z) w=V,(z)

z=w(z)+27 / T(w)dw+0(w)dw, z=1w(z)+27 / T(w) dw+ O (w) dw . (4.133)

Then, using the definition (4.112) and the coordinate independence property of differential forms, we

arrive to

87,2:2/ 3 afzzz/ 3 (4.134)

In conclusion, a generic solution to the TT—deformed EoM (4.130) fulfils the following differential
equation

Ordo(z,7) + 2 (/ 51) 0.¢0(z,7) + 2 (/ 31> Oz¢0(z,7) = 0. (4.135)

Again we consider the sine-Gordon model as a study case, and we try to reconstruct the deformed
versions of some typical soliton configurations. The idea is to start from a specific solution of the
sine-Gordon EoM in the coordinates w, ie. ¢o(w), and implement the coordinate transformation to

get the corresponding TT—deformed version in the coordinates z according to (4.131).

For this strategy to work, we need to derive the map w = ¥:°(z) evaluated on the solution ¢y. To do

this, we first solve the sets of differential equations

0z(w) —1_ VS 0z(w) — 7 (d 2
A B R (L I CO IR ISED
o0 = —7 (Owdo) o5 — L= TS
for the functions z in the variables w, which gives the inverse map z = (¥:°)"' (w). Then by

inverting the latter relation we find the desired map w = ¥(z).

Although this strategy has general validity, the integration of (4.136) and the inversion of the map
cannot be done analytically for all the solutions. In the following sections, we shall apply this method
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to some of the simplest soliton solutions, namely the 1—kink, the two-kink and the stationary
breather. As we will see, while for the 1—kink solution both the integration and the inversion
processes can be easily done in analytic way, for the others the inversion of the map must be
performed numerically. For configurations involving more than two solitons, the situation is even
more complicated and not even the integration of (4.136) is anymore feasible analytically.

Observation 28. Throughout the following sections, all the computations will be carried on in
Minkowsky signature using light-cone coordinates Xy = (z*,27) and yy = (yT,y ™). Instead, the
plots are displayed in cartesian coordinates xy = (z,t;) = (z,t). Moving from Euclidean to

Minkowsky signature, equations (4.136) become

ozt (y G 9z (v 2

e R o) — - (2)

9z (9w) 990 \% 7 ) e (m) : ‘ (4.137)
Dy— = —T <8y*> any =1- T‘/(;(’

4.7.1 The 1—kink solution

Let us start with the 1—kink solution moving with velocity v. In light-cone coordinates gy, it is

m - 1 —
Drtink(Fw) = darctan (e (07T g, ¥t az\/? L (4138)
v

With the identification ¢o(yu) = ¢1_kink (¥u), equations (4.137) can be easily integrated yielding

xi(yM) = yt— 4T6Li% tanh [7; (a+y+ + a_y_)] , (4.139)

where the constants of integration are fixed in a way such that the map reduces to the identity at 7 = 0,
ie. %y = (UF) " (Fm) = Fu. Using the fact that

% (ary™ +a_y”) =log (tan (W)) , (4.140)
which descends immediately from (4.138), expressions (4.139) become
e (Fu) =y + 47’&1% cos <¢1'kin2k(yM)> , (4.141)
which are easily inverted as
(&) = 2t — 4m¢% cos <¢1'kink 2(5(“4’ T)> . (4.142)

Finally, plugging (4.142) into (4.138) we find

% (aer+ + a_x*) = 87'2?22 COS <¢1'kmk2(m) + log (tan (W)) ) (4.143)

which is exactly the same implicit relation defining the deformed 1—kink solution found in section 4.1

by explicitly solving the EoM of the TT—deformed sine-Gordon model.
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Figure 4.3: The TT-deformed moving 1—kink solution (m = 8 =1, a = 2), for different values of the
perturbation parameter 7. Figure 4.3b represents the undeformed solution. Figure 4.3a corresponds to
7 = —1/4, while Figures 4.3¢ and 4.3d correspond to 7 = 1/8 and 7 = 1/3, respectively. Notice that

at 7 = 1/8 a shock-wave singularity occurs.

Observation 29. The coordinate transformation provide an interesting way to look at the emergence
of the critical value 7* = %, derived in section 4.1. In fact, it can be seen to arise as a singularity of the

determinant of the Jacobian. Setting m = 3 = 1, one has

~ 09, ink /~ 09, ink /~ ?
detlg] = (1= Va0’ - (7 2k ) 2Pk ) )
= 1-8rsech?(ayyt +a_y), (4.144)

which implies

: (4.145)

0| —

det[J] =0 <= ayyt +a_y = £arccosh <\/87-> — >

imposing the reality of the argument function a4y ™ + a_y~. In conclusion we find again 7* = 1.
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4.7.2 The two-kink solution

Let us consider now the solution which describes the scattering between two kinks moving with

velocities v1 and v

a1 + as e%(a1ﬁ+y++a1,—y_+k1) . e%(a2,+y++ag7_y_+k2)
¢2_kink(yM) = darctan az —ai ] + e%(a1,+y++a1,_y‘+k1)€%(a2,+y++a2,_y_+k2) ’ (4'146)
where again a; 1 = o', a; = ;z; , (1 =1,2),and k; € R, (i = 1,2), are constant phases.
Plugging ¢o(yu) = Gokink(¥m) in (4.137), one immediately realises that the resulting sets of

differential equations are more complicated to integrate compared to the 1—kink case.

To simplify the computation, it is useful to parametrise the solutions Xy (yu) of (4.137) in terms of the

combinations
. - m _ .
u'(ym) = 3 (airy" +ai—y” + ki), (i=12). (4.147)

Performing the change of variables u(yy), with u = (u!

,u?), one has

oul —

dzE B a1 (8:62E 29zt )

ma}—a3 \ Oyt 20y~ (4 148)
dzT B as dxt CL2 ozt ’ )
ou? T ma2-a2 \ Oyt 10y—

and plugging (4.137) into (4.148) with the identification ¢o(yu) = Po_kink (¥m), We obtain two sets of
differential equations which can be solved for x(u), giving

n B :l:ﬁ ai1as (a27¢u1 - aLJFuQ) L4 m (a% — a%) (aL; tanh u! — as + tanh u2)
™ (u) = 2 _ 2 T3 5. 2 1 2 1 2\
m aj — a3 B a3 + a3 — 2a1a; (sech u! sechu? + tanh u! tanh u?)

(4.149)
As in the previous section, the constants of integration in (4.149) are fixed by imposing that the map
reduces to the identity at 7 = 0, ie. Xy = (V)" (Fu) = %u. The last step to complete is the inversion
of the relations (4.149) for u(z). Since this is analytically very complicated, we resort to numerical
inversion. In Figure 4.4 the deformed solution ¢, ;i (z,7) is reported for different values of 7. The
picture is quite similar to the 1—kink case. In fact, for negative values of 7 (Figure 4.4a) the solution
stretches w.r.t. the undeformed one (Figure 4.4b), while for positive values of 7 (Figures 4.4c and 4.4d)
it bends and again it becomes multi-valued. Unlike the 1—kink case, here it is not possible to find

analytically the critical value of 7 corresponding to the shock singularity.

4.7.3 The stationary breather

Another interesting solution is the stationary breather, i.e. the envelope speed is v = 0,

sin (—%(y+ —y 7 )cosy + k‘)

cosh (%(gﬁ +y~)siny + k+)

Phreather (S’M) = 4arctan | tan s (4150)
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Figure 4.4: The TT-deformed two-kink solution (m = 8 =1, a; = 2, az = 3), for different values of
the perturbation parameter 7. Figure 4.4b represents the undeformed solution. Figure 4.4a corresponds
to 7 = —1/4, while Figures 4.4c and 4.4d correspond to 7, i.e. 7 = 1/10 and 7 = 1/6, respectively.

where ¢ is a parameter related to the period 7T of one full oscillation via 7' = _2Z 5 and k7 are constant

phases. Following the same strategy used in the two-kink case, we parametrise the solutions Xy (ym) of
(4.137) in terms of the combinations

m
B

Performing the change of variables v(yu), with v = (v*,v7) one finds
dz* B_1 dz* + dz*
ovt m 2siny \ Oyt oy~
o B 1 _ dx*E + fo ’
Oov— m 2cos oyt Oy~

and again plugging (4.137) into (4.152) with the identification ¢o(¥m) = Ppreather(¥m), ONE gets two
sets of differential equations which can be solved for xy(v) giving

vE(Yu) = 2=y £y )siney + kT (4.151)

(4.152)

B ( vt v > S msimp cosv™ secv” sinhv™ £ sechv™ sinv™ tan
_gr
B

+
xr(v) = — F
2sinvy = 2cos coshvt 1+ (tany sinv— sechvt) 2

m

, (4.153)
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Figure 4.5: The TT-deformed stationary breather solution with envelope speed v = 0 (m = 8 =
1, ¢ = 2m), for different values of the perturbation parameter 7. Figure 4.5b represents the undeformed
solution, Figure 4.5a corresponds to 7 = —1/2, while Figures 4.5¢ and 4.5d correspond to 7 = 1/10
and 7 = 1/5, respectively.

where the constants of integration in (4.153) are again fixed according to the 7 = 0 initial condition.
As in the two-kink case, also here the inversion of the relations (4.153) to get v(%y) is performed
numerically. The deformed solution @y, eeher (Xm, 7) is displayed in Figure 4.5 for different values of 7.
The result is similar to the previous cases: the solution stretches for negative values of 7 (Figure 4.5a)
and it bends for positive values of 7 (Figure 4.5c and 4.5d) w.r.t. the undeformed one (Figure 4.5b).
However, notice that in this case the wave-breaking occurs in both positive and negative directions of
7, and consequently the solution becomes multi-valued (Figures 4.5a and 4.5d) for |7| sufficiently large.

4.8 Critical phenomena in the classical solutions

In this section we will discuss the emergence of critical phenomena in the classical solutions, ie. the
shock-wave singularity and the Hagedorn transition, and comment on the relations among them, using
as a guide example the TT-deformed elliptic solution (4.20) of the sine-Gordon model derived in section

4.1. For simplicity, we consider the stationary case (o = 1, 8 = 0) and we set p = 1/k > 0 and
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m = 3 = 1. The solution (4.20) is then

$=2\1m [(p+4¢)F<¢(2@—p> —8TE<¢(2””)

Due to the following properties of the elliptic functions

- p)] : (4.154)

F(z+nrly) = F(zly)+2nK(>),
E(z+nr|y) = E(z|y)+2nE(vy), (2,7€C,neZ), (4.155)

where E(z) and K(z) are complete elliptic integrals of the first kind, the solution ¢(x) can be interpreted
as a stationary 1-kink with twisted boundary conditions

¢z + R) = ¢(z) + 21, (4.156)

living on a cylinder of radius R, which depend on p and 7 through

R= \}ﬁ ((p+41) K(—p) —87E(—p)) . (4.157)
The strategy is to keep fixed the cylinder on which the solution is defined, and to consider p = p(7, R)
as a function of 7 and R, defined implicitly through (4.157). Differentiating both sides of (4.157) w.r.t.
7 and R, and solving for 9, p and drp one finds

8p (1+p)(2E (—p) — K (-p)) 2032 (1 4 p)

o= (p+47)E(—p) ORI E ()

(4.158)

Let us now compute the total energy of the solution (4.20) on the cylinder. First of all, the components
of the Hilbert stress-energy tensor T#¥(x, ) are

Ve 1+ 7(1—7V) g2 — 8° 2(24 pV*°)
T22 = — T _
Gor) = AT =" 256 7(1 — 7VE) p(1—2rVC) —dr’
(4.159)
12 _ _ o ¢t ¢a: .
TR (x,7) = Tu(x,7)=P(x,7)=— g0~ 0, (4.160)
Ve 1—7(1—7V°)$7 — &€ 4
11 - _ t =
) = 1—7Vs< 286 7(1 — 7VS) p+4r’ (4.161)
where we used the following expressions for ¢; and ¢, derived from (4.154)
2,/p VAT VT
_ . , 162
9e=0, ¢ p(1—27V6) — 47 (4.162)
and y
sG — _ sG 2 42 — p T
S \/1 +7(1 = 7V) (¢2 — ¢7) SO 2V dr (4.163)
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Notice that the apparent pole singularity at 7 = i in T'!(x, 7) and T?(x, 7) disappears once (4.162)

is used in (4.159) and (4.161). Finally the energy and momentum at finite volume R are

zo+R ¢(xo+R)=2m x. T
E(R,7) — / H(X,T)dx_/ HT) gy~ L (2B(—p) — K(—p)) .

0 $(20)=0 Pu VP
(4.164)
zo+R ¢(zo+R)=2m
P(R,T) = / P(x,7)dx = / P.7) dp =0, (4.165)
o0 é(20)=0 o
zo+R ¢(xo+R)=2m 11
K(R,7) = / T (x,7)dz = / T0r) gy AR (4.166)
0 $(w0)=0 Pz p+A4r

where 2o = 0(mod R). From (4.158), (4.164) and (4.166) one can prove that the energy fulfils the
Burgers equation (2.45) with P, = 0

0. B(R,7) = 5E(R,7) OnB(R,7)

1 zo+R zo+R
=5 det [/ TH (x,T) daz} = —/ det [T" (x,7)] dx , (4.167)
o xo

where the last equality in (4.167) is the classical analogous of the factorization property (2.32) of the
TT operator.

Since the energy E(R, 7) fulfils a Burgers equation, it is expected to have a square root-type singularity.'
The critical radius R.(7) corresponds to a value of R such that the first derivative of E(R, 7) w.r.t. R
diverges. One easily checks that

4
OrE(R,T) = _,0+ . (4.169)
which is divergent at the radius R.(7) defined through the equation
p(1,Re(7)) = —471 . (4.170)

According to (4.157) and (4.164), the critical radius and the corresponding energy turn out to be

Ro(17)=4V/—TE(471) , E.7)=E(R.7T) =

\/; (K(47) —2E(47)) . (4.171)
To find the behavior of E(R, ) as a function of R close to the branch singularity R., we first expand
R and E(R, 7) in powers of the small quantity e = p + 47

_ e 5 3
BB = fea—ans 196
R,
E(R,7) — E.(1) = m €+ (9(52) , (4.172)

't is worth to notice that the unperturbed energy E(R) displays the following divergent behavior for small R

7r2 R3 7
E(R):§+2R—ﬁ+(’)(1~2) , (4.168)

which resembles that of a CFT.
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() E(R)
40

Figure 4.6: The kink solution to the TT-deformed sG model on a cylinder of radius R (a) and the
corresponding energies as functions of R (b).

then, removing &, one finds

. VR
E(R,7) — E.(1) = iﬁ VR—R.+O(R-R,.) , (4.173)

which gives a square root branch point at R, for the energy.

Now we move on to discuss briefly the effect of the shock-wave singularities of the deformed solution
on the Hamiltonian density. First of all, we must determine the critical values of 7 at which the shock-

wave singularities appear. In analogy with the computation performed for the 1—kink solution in
section 4.7.1, we identify the zeros of Det [‘7*1]:

_ 4
Det[jfl]ZO = x:\/ﬁdn1<i priar
2 8T

— p> , (4.174)

where dn"'(z |7) is the inverse of the Jacobi elliptic function dn(z |y). From the reality properties of
dn"!(z|y) it follows that z is real for

p>0 and 7'1*:4_:)8 <T<§:T;, (4.175)
J)

where the critical values' 77 and 73 corresponds to shock-wave singularities of the solution at ¢ = =
and ¢ = 0, 2, respectively. The Hamiltonian density (4.159) is indeed singular when

_ p
T 442pV 44 8psin?(¢/2)

(4.176)

"Notice that, in the p — oo limit, one recovers the 1-kink solution, and the critical range reduce to 7 > i =
T5 — 00.

1 .
§ » since
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which corresponds to the range of singular values of 7 (4.175) as ¢ interpolates from 0 to 27r. However,
it is important to stress that these branching singularities do not affect the total energy (4.164), which
remains smooth in 7, since the singularities cancel out when dividing by ¢, in (4.164). In Figure 4.6
we displayed the behaviour of ¢(z) (Figure 4.62) and E(R, 7) (Figure 4.6b) for various values of 7. We
see that the shock-wave phenomenon in the classical solution and the square root-type singularity in

the total energy occur at positive and negative values of 7, respectively, therefore they are not related.
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Chapter 5
Generalised coordinate transformations

In this chapter, we introduce a family of irrelevant deformations which extend the TT deformation in
the framework of IFTs. They are built from the higher conserved charges belonging to the hierarchy
of a generic IFT and, to construct them, we adopt a different perspective compared to the TT
example. In fact, in section 5.1, we define the action of these deformations at classical level, through a
change of coordinates which generalises that associated to TT. The main advantage of this geometric
construction is the possibility to reconstruct the whole integrable structure of the deformed theories
using the method described in section 4.6. Assuming that the theory is invariant under a parity
transformation, in section 5.1, we consider a second complementary family of deformations which,
due to the simpler structure, turns out to be extremely useful to identify the phase factors that
generate both these family of deformations at the quantum level. Finally, in section 5.3, extending this
general setup also to conserved charges associated to U(1);, x U(1)r Kac-Moody symmetry, we

manage to include the ]T deformation.

5.1 Generalised coordinate transformations: the s > 0 case

From section 4.5, we know that the TT deformation can be interpreted, at the classical level, as a
coordinate transformation which involve the components of the stress-energy tensor (see (4.89)-(4.90)).
In addition we showed that the Hessian matrix associated to the coordinate transformation is symmetric
on-shell, thus implying the commutativity of the second mixed partial derivatives. A somehow natural

way to generalise the coordinate transformation U, is the following

Ue C—=C:z-w=09z), s=][s|>0, (5.1)

with associated Jacobian and inverse Jacobian given by

J6 — ow dw | 1 14270,_1(w) —27Ts11(w) 5.2)
N dw dw ) AOWw) | —2r Ty (w) 14270, 4(w) )’ '

(j(s))_l _ Owz OwZ (1 +2i Os_1(w) 27 Tsi1(W) (5.3)
Opz OgZ 2r Tor1(w) 14270, 4(w) |’
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where we defined
A® (w) = det [(j@)‘l} = (14270, 1(W))(1+2r 0,1 (W) — 472 Toy1 (W) Tora(w) ,  (5.4)

and s = 1 corresponds to the TT deformation, ie. 7 = 7.

Observation 30. The coordinate transformation (5.1) descends directly from (4.65) with the
substitution T — T (see appendix A), which, in terms of the rescaled chiral components translates
into

{T,6,T,0} = {T2,00,T2,00} — {Tss1,05-1, To11,051} . (5.5)
Notice that, in the definition of (5.2)-(5.3), we performed the substitution (5.5) only at the level of the
original theory. Later on, we will prove in specific cases that (5.2) can be written in terms of the
deformed chiral components exactly as (4.90), with the replacements (5.5).

Using the continuity equations (4.113) in (5.3), one finds that the second mixed partial derivatives again

coincide when evaluated on the EoMs

Op (0pz) = 27 050s_1(W) 27 0y Tsy1(W) = Oy (02)

EOM?(W)

O (0wZ) = 27 0 Ts11(W) EoA () 27 0,05 1(W) = 0y (052) , (5.6)

therefore, the coordinate transformation (5.1) is well defined on-shell.
Now we want to derive the integrable structure associated to the deformation induced by U To do

that, we use the same strategy described in section 4.6, namely, we perform the coordinate

transformation in the 1—forms (4.112). Using
dw T dz
= (J¢ , 5.7
(4)-wr(%) .

Jp = T;jjrl(z T) dz+ 0y (z,7)dz

in (4.112) we obtain

= AG) (\Ilff)(z)) dz
Or_1 (\I'S-S)(z)) + 27 [@k_l(\llg-s)(z)) O, 1 (\Ils-s)(z)) — Tt (\Ifs-)(z)) Tsiq (‘115-3) (z))] is
A (U (z)) ’
(5.8)

from which we read off directly the components of the deformed currents

T (B9 (2)) + 27 [T (9 (2)) €401 (99 (2)) — 031 (V4 (2)) T (V2 (2))]

(s)
Tk+1( ) - A )(\I,(S)(z ) ’

)
B _ Ok (T9(2)) + 27 [O4—1 (V5 (2)) Os1 (V8(2)) — Ther1 (P57 (2)) To1 (P4(2)) ]
01 (2.7) = Ao (0972 ’
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which fulfil the continuity equations

85T§:j_1(z,7') = 829221(2,7') , 8ZT§€Sil(z,T) = 8295511(2,7') . (5.10)

Then, following the convention (A.16), the level-k Hamiltonian and momentum density are!

H;j>(z,7') = I,i:S)(z,T)—i-j,f)(z,T)

_ M [Hk(w (2)) + 27 (T (V9 (2)) T (19 () + c.c.)] - (5.11)

P(z1) = L)(2,7) — L) (2,7)

- EEE) PLE @) + 27 (T (89@) T (89 @) - )| (512

where we defined the combinations
Ti,n = TnJrl + énfl ’ ﬁ,n = TnJrl + @nfl ) (5'13)

Integrating (5.11) and (5.12) over the whole volume we find

/ H (z,7)dz Ndz = / [Hk(w) + 27 (Th (W) T- s (W) + c.c.)} dw A dio

(S]]

= /Hk(w) dw A dwo — 27’/(3k +3e) A (Js —Ts) (5.14)

/ PO(a,r)dz Adz = / [mw) 27 (T (W) T s(w) — c.c.)] dw A di
- /Pk(w)dedw—%/(ﬁk—5k)A(35—5s)- (5.15)

We now interpret the result (5.14) as follows: H{”(z,7) dz A dZ coincides with the corresponding bare

quantity Hy(w) dw A dw deformed by the operator

Q!

Dy (W) dw A dw = —2 (T + Tg) A (Ts — Ts) (5.16)

(I)k,s(w) =2 (ﬁ,k(w) i,s(w) + 7_d+,k(w) Tf,s(w)) ’ (5'17)

together with a non-trivial dressing given by the change of variables (5.1). In the s = 1 case, ie. the
TT example, the operator (5.17) associated to the k = 1 Hamiltonian becomes

&, (w) = T(w) T(w) — 0*(w), (5.18)

which, but for the change of coordinates, coincides with the bare TT operator. In analogy with the
TT result [22, 24], one may be tempted to interpret (5.17) as the perturbing operator of the level-k
Hamiltonian. However, the coordinate transformation (5.1) also introduces O(7) corrections which

n the following, “c.c.” denotes the replacement {Tx41,Or_1} — {T%+1,Ox_1} and viceversa.
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can, in principle, completely spoil this naive picture. In addition, even when the initial theory is a CFT
and the bare operator (5.17) is completely symmetric in s and k

Py s(W) = Tpp1 (W) To1 (@) + Tpep1 (@) T (w) (5.19)

the change of variables spoils the s <+ k symmetry, since it involves only the level-s currents. Examples
of this phenomena will neatly emerge from the study of the s < 0 deformations of the free massless

boson theory.

5.2 Generalised coordinate transformations: the s < 0 case

To gain precise information about the spectrum, it turns out to be particularly convenient to first extend

the current setup to the s < 0 cases. We consider another coordinate transformation

) :C—=C:z-w=U0(2), §=—Js|<0, (5.20)

whose associated Jacobian and inverse Jacobian are obtained from (5.2)-(5.3) with the replacement

s — s, which results in

, 1 1427 Topi(w)  —27O,1(w)
v 1 5.21
J AGD(w) ( —270,1(w) 1+27Tep(w) |’ o2
(j(s’)) _1 _ 1+27Ts (W) 2T ésf—l (W) (522)
2r0,-1(w) 1427 Toa(w) )

where s = |s| and

’ / -1 _ _
A (w) = det [(j“‘ >) ] = (1427 Toy1(w)) (1 + 27 Tos1(w)) — 472 051 (W) O5_1 (W) .
(5.23)

We arrived to (5.21)-(5.22) using the reflection relations (A.11), which corresponds to the following
reflection property at the level of the 1-forms

js’ = js s js’ = js s (5'24)

or, equivalently, - -
Isl = Is ) IS/ - IS . (5.25)

Using the continuity equations (4.113), it is easy to verify that (5.22) fulfils again the conditions (5.6),

therefore (5.20) is a consistent coordinate transformation on-shell.

Repeating the computations (5.8)-(5.15) using (5.21)-(5.22) one finds that (5.1) become

Tr41 (¥ (2)) 4 27 [Trpr (P47 (2)) Togr (P27 (2)) — O—1 (P4 (2)) Os—1 (¥ (2))]

T;ﬁ-)l( T) = - AGH (\I/( )(Z)) - )
o pr) Q@) + 27 [0 (E(0) Tuta (83) — T (V5 (2) 0001 (45 (2)
s A W) |

(5.26)
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while (5.14)-(5.15) become
/H;;,)(Z’ T)dzANdzZ = /[Hk(w) =27 (T (W) T— s(w) + c.c.)] dw A dw

= /Hk(w) dw N dw + 27 /(jk + jk) A(Js—Ts), (5.27)

/ PNz, 7)dz Ndz = / [Pk(w) —27(T_ k(W) T s(w) — c.c.)] dw N dw
- /Pk(w) dw A di + 27 /(Jk T A (T =3, (5.28)

which are formally equal to (5.14)-(5.15), except for the sign of 7. However, the positive and negative
spin sectors are not simply related by a change of sign in the coupling constant 7 as the comparison
between (5.14)-(5.15) and (5.27)-(5.28) would naively suggests. By studying in detail the s < 0
deformations of the massless free boson model (see section 5.2.1 below), the difference w.r.t. the s = 1

perturbation, ie. the TT, clearly emerges.

5.2.1 The classical Burgers-type equations

In this section, we consider deformations of the massless free boson theory induced by the coordinate
transformations (5.20), and we derive the higher conserved currents of the deformed models. As
already discussed in section 4.6, the most general level-k current of the hierarchy can be expressed in
the form (4.126). While the structure of the deformed currents does not emerge clearly by working
with the general combination (4.126), we observed that the subset (4.124) is analytically much easier
to treat since it does not mix with the others. This property allows to obtain compact expressions for

the deformed currents which are formally identical to the exact quantum results of section 6.3.

Using (4.124) in (5.21)-(5.22), the coordinate transformations read explicitly

, % 0
T = (1_T<aw¢)s+ ) 7 (5.29)

0 e
et _ [ 1=7 (0w 0
(7) ( . L ruep ) (5.30)

Repeating the same computation performed in section 4.6.1, we first express (0,0, dz$)T in terms of
(0.9,0:¢)", by solving the set of equations

— aw¢
() () —~ [
z¢ w¢ 85¢) == W
The solutions to (5.31) can be written in terms of generalized hypergeometric functions for any value
of s = —sas
_ s+1 s+1 _ s+1 (9_4)s+1
aw(b — Fs <_27_ (3 +Si) (8z¢2) ) 8z¢ , aﬁ)¢ — Fs <_27_ (S +Si) (azq;) ) 8§¢ , (532)
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with

Fn(x) = nFn—l

- < 1 n 2 n—1n+1
n

Plugging (5.32) into

awf . s -1 azf .
(awf>—(5()) (azf>’ Vf:C—R, (5.34)

one finds the differential map

s 2 s 2

) o:f . (5.35)

Combining (5.35) and (5.7) (with s’ — s), we can derive the Lax pair of the deformed theory starting
from the original one according to the observation 27. One finds

~ . (8+1)s+1 ((9 ¢ s+1
(s) _ } Fs ( 27’4 ) z¢ B azd) B
L¥)(z7) = 5 - I— us = = uz = L(z),
1—7 [Fs < 2 (5+1) (9z9)5+1 ¢) qu)}
~ (S+1)S+1 (8 ¢ 9+1
_ 1 F <—2TT7) 0z¢ 0s¢ _
LYz, 1) = —= us = — 3= L(z),

SS

21 [ (2t g )
(5.36)

where we simply used the fact that (5.32) is a solution to (5.31). Since the deformed Lax pair coincide
with the original one, it follows that the dynamics is unchanged, namely the EoM of the deformed
theory is

0,0:0 =0, (5.37)

which reflects the fact that the s < 0 perturbations of CFTs do not mix the holomorphic and anti-
holomorphic derivatives, as already emerged from (5.31). We conclude that the deformed Lagrangian

density coincides with the original one
L8 (z) = 0.6 0:¢ = L(z) . (5.38)

Using the technique described in section 4.6, we can now derive the deformed currents. Plugging the
differential map (5.35) into (5.26), we obtain

(s _ S _ _ (s+ 1)S+1 (az¢)s+1 (s -
e = 5y A (R C ] et -0,
(s _ s o B (s + 1)S+1 (62¢)S+1 (s .
T, (z,7) = 72T(8+1> { 1+ Fy ( 27 e 5 , 0. (z,7)=0,
(5.39)

with

1 1 n—11 2 n—1

; N — {0 5.40
T e ) eN= (0D, (50)

Fo.(z) = nFn1 (—
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where we used the following relation between generalised hypergeometric functions’

1 n+2
14 (n+1)

_1
i) = " (n+1)ntl 4 nnyg (Fn(az))nH ,

(5.41)

to trade F,(z) with F,(z). From (5.37), it follows that ¢(z,7) = ¢(z,7) + @(Z,7) and therefore
Té‘i’l (z,7) and Téi)l(z, 7) depend only on z and z, respectively.

Observation 31. Using (5.35) in (5.29), the Jacobian can be rewritten in terms of the deformed

components (5.39) as

(s" ()
J6 1-27 TS,_H(Z, T) =21 65(_})(Z’ T) ’ (5.42)
—27 @S—)l (z,7) 1-—27 Ts‘zrl(z, T)

which confirms what we anticipated in the observation 30, at least in this particular case.

In terms of the combinations (A.17) we can more transparently rewrite the result as

I (z,7) = QT(SSM[—HFS (—%WIS(Z))],
T (2, 1) = ZT(S‘:D[—HFS (-27(‘9:1,8)8+1f5(z)>] . (5.43)

Quite remarkably, the latter expressions arise as solutions to simple algebraic equations of the form

Is(z) = j's(z)

¢ (z, 1) = , I8z, T) = — 7 .
(1 427 T8 >(z,7'))

(1+2r @) 549

In general, one can show that the combinations I](jl) (z,7)and f,isl) (z,7) of the generic level-k deformed

currents are

+1 s
, B s+1 —k
(2,7) = Ti(2) {1 T [—1 +F, (—27('9+;s) IAZ))] } : (5:45)
and fulfil the following equations
1) = — 0 e B (sag)

/ k — k
(1 +2r Il >(z,7)) (1 427 TC >(z,7'))

which generalise (5.44).

Before moving to the next section, let us make a few important remarks:

"Relation (5.41) can be easily checked expanding both sides in powers of x around z = 0.



5.2 Generalised coordinate transformations: the s < 0 case

82

Observation 32. The net effect of the s < 0 deformations is to generate a 7—dependent flow in the
conserved currents of the hierarchy without affecting the dynamics. In fact the Lagrangian associated
to the deformed theories coincides with the original one (cf. eq. (5.38)) and the associated canonical

Hamiltonian structure is generated by
/ . / 1 .
H (x) = illgy + L) (x) = Zgbi +112, II=2i¢;. (5.47)
The level—1 momentum and Hamiltonian density derived directly from the coordinate transformation'
P(x,7) =T (x,7) — I (x,7), HO(x,7) =T (x,7) + I (x,7) (5.48)

and, in particular, the corresponding integrated quantities

R R
PC(R,T) = / P(x,7)dx, E“V(R,T)= / HE (x,7) d (5.49)
0 0

do not coincide with the generators of translations in space and time, respectively, which are represented

by the momentum and energy of the original theory
! R ! / R !
PU)(R) = / PU)(x)dx = P(R), E“)(R)= / H(x)dr = E(R) . (5.50)
0 0

where P(*)(x) = —7¢, is the conserved momentum density of the original theory. In general the

deformed charges
R R
Pf:)(R,T) = / Pf(s) (x,7)dzx El(f)(R, T) = / H{:) (x,7)dx, (5.51)
0 0

are conserved in ¢, but they evolve the system along “generalised space-time” directions, which differ

from the original ones for k # s.

Observation 33. The TT and the JT examples discussed in [28,72] suggest that, at least formally, the
evolution equations for the quantised spectra already emerge at classical level after replacing the classical

densities with the corresponding integrated quantities averaged over the volume R:

I I'"(R _ I I''(R
L) — MO A gy W L)
I(S) R I(SH-) R _ j(S) R I(S’_) R
LY (x,7) — & (R’T) = & ](% 1) ;o LY(x ) — & (R’T) =k ](% 7).
(5.52)
where n n
I,is)(R, T) = / I,:,S) (x,7)dx, I_](:)(R,T) = / f;:) (x,7)dz , (5.53)
0 0

"When we change the argument of the currents from z to x, we implicitly move from complex to cartesian coordinates

and express everything in terms of ¢, and II.
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and the labels (+) and (—) stand for the right and left light-cone component of the conserved charges,
respectively (cf. section 3.3). Implementing (5.52) in (5.46) gives

RF X (R)
/ k
(R + 27 I¢ 9 (R, 7'))

I (R, m) = , (5.54)

which coincides with the CFT quantum result (6.50) of section 6.3.

Observation 34. Although (5.54) were derived for the s < 0 case, it is natural to conjecture that they
can be extended also to s > 0. From the reflection property (5.25), we find:

k 7(x)
R (5.55)
(R+ 27 ISP (R, 7))

which again match the s > 0 CFT quantum result quoted in (6.56).

Observation 35. Itis straightforward to check that (5.54)-(5.55) are solutions to the evolution equations
0L (Ro7) = 2007(R,7) Orl 7 (R7) (s> 0),
6TI,(€'7,’i)(R, T) = ZI;f/’i)(R, ) ORI,(;,’i)(R, ), (§f=-s<0). (5.56)
In addition,they are also solutions to the more general equations (6.33) (with (6.36)) for the deformed

quantum spectrum, which hold also for massive models. In Appendix D.1, we show that indeed
equations (6.33) (with (6.36)) reduce to (5.54)-(5.55) in the CFT limit.

Observation 36. The result (5.37) shows that the coordinate transformation (5.29)-(5.30) is, on the

plane, an automorphism of the space of classical solutions of the free boson theory.

5.3 s =0 deformations and JT-type models

So far, we described possible extensions of the TT coordinate transformation involving conserved
currents of the hierarchy with Lorentz spin s # 0. The s = 0 case is somehow special since a spin zero
current is not present in any IFT'. In this section we restrict to the massless free boson model and
consider deformations generated by the spin zero currents generated by the U(1);, x U(1)r
symmetry. In complex coordinates w, the chiral components of these currents are

Ji(z) = —21Ti(z) =10, J_(z) =—-210_4(z) =0,
Ji(z) =2iTi(z) = —-i0:¢ , J (z2)=2i0_4(z)=0, (5.57)
where {T1(z),0_1(z), T1(z),0_1(2)} correspond to the case k = 0 in (4.124), while the additional

factor i in (5.57) is used to write the holomorphic and anti-holomorphic components of the stress-
energy tensor in Sugawara form (see [29])

(o) = 5 (1 (@) T() = 5 (J()” (5.59)

In the sine-Gordon model, for example, there is no s = 0 current.



5.3 s = 0 deformations and JT-type models

84

Expressions (5.57) can again be interpreted as components of the closed 1-forms
Jo=Jp(w)dw+ J_(w)dw, To=Jp(w)dw+ J_(w)dw . (5.59)
The cartesian components of the U(1) currents are related to (5.57) through

ho= Jpe—do, J=i(Jy+J),

Joo= Jy—Jo, Jh=-i(Ji+J), (5.60)
and they fulfil the continuity equations
OuJu(x) =0, 9,J,(x)=0. (5.61)

From (5.61), it follows that the quantities

R R
Q(R) = / Jo(x)dz . O(R) = / Jo(x) da | (5.62)
0 0
are the conserved charges associated to the U(1), x U(1)g symmetry.
Following the same spirit of the s # 0 deformations discussed in sections 5.1 and 5.2, we want to
construct a coordinate transformation built out of the currents (5.57). The most general choice giving

rise to a well defined coordinate transformation, i.e. the associated Hessian matrix is symmetric, is the

following 4—parameters transformation
PO CoCizow=00(z), 7= (..., 79), (5.63)

with Jacobian and inverse Jacobian given by

1 14+ 79050 —7@ 0o
© - _*
J - A(O)(W) < —r® 8@¢ 1470 8w¢ ) (564)
(goy = (e T (5.65)
73 g 1+7® g0 |’ :

where we defined
A(wW) =147 0y¢ + 79 050 + (197 = 7073) 9,0 0 . (5.66)

Since the general case is quite cumbersome to treat, we restrict our analysis to some particular limits.

Case T =71 =0|7® =70 = -7 ‘

With this choice of the parameters, expressions (5.64)-(5.65) become

1 1 T Ow®
0) _
I = 1= 72040 0z ( T g 1 > ’ (5.67)

() -1 1 —T 8w¢
(79) " = ( rted 1 ) , (5.68)
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which correspond to the limit s — 0 in (5.2)-(5.3). Following the procedure described in detail in

section 4.5, one can easily derive the differential map

_ TO:¢ e TO0 .
8wf—8zf—mazf, Ogf =0sf 1+78Z¢8Zf’ Vf:C—=R, (5.69)

from which the deformed EoMs are

0:¢ 92¢ (1 +70.¢) + 0:0 92¢ (1 + 7 0:¢)
1+ 7(0:¢ 4 0:¢) + 272 0.6 0z¢ '

0,0:0 =T (5.70)

Setting s = 0 in (5.1) and using (5.69), we can access to the full deformed integrable hierarchy. In
particular, we are interested in the expression of the deformed level -0 and level -1 currents. One finds

1 0.6 (1+710.9) 1 70,9 0:¢

(0) _ = (0) _ L
T} (Z’T)__21+r(8z¢+ag¢)’ 0\ (z,7) = S TT 7 (0up 1 58 (5.71)
and
© _ 1 (8:0)* (14 70.9)
@) = S U700 (7001 0:9)
(0) _ _1 T 82(25 (az¢)2
0%z, 1) = 305700 (1 -7 (0051 0:0)) (5.72)

Observation 37. Plugging (5.69) into (5.67), we notice that the Jacobian can be rewritten in terms of

the deformed level-0 currents (5.71) as

7O _ 1-2r0Y%(z,7) —2rT"(z,7) (5.73)
—27 T(lo) (z,7) 1-—27 9(3)1(Z, T) ’

which again confirms the statement made in observation 30.

Writing (5.71) and (5.72) in terms of the combinations (A.17), one finds the following relations

1 - 1 _
Z(()O)(Zv T) = 5 Z¢ = IO(Z) ; I(()O)(Zv 7_) = 5 2¢ = IO(Z) 5
1 (0,0)? 71 (z - 1 (0:0)? Zi(z
10(ar) =1 (&0 _ T I(ar) =L (20 h
214+ 7030 142772y (z,7) 214+70,0 14277y (z,7)
(5.74)
‘Case T =70 =—7]70 =78 =0 ‘

With this choice of the parameters, (5.64)-(5.65) become

0 = 1 1 —705¢ 0
j()_(l_TanS)(l—Tawgb)( 0 17—8w¢> ) (5.75)

(T = ( borwe 0 ) , (5.76)

0 1—T8w¢
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which corresponds to the limit s/ — 0 in (5.21)-(5.22). Following the usual procedure, we derive the

differential map

1 1

6wf=78f, a@f:m

14+70.0" o:f, f:C—=R, (5.77)

from which it descends that the deformed EoMs coincide with the undeformed one
0:0:9 =0, (5.78)

consistently with what we found for the s < 0 deformations in section 5.2.1. Setting s = 0 in (5.26)
and using (5.77), we can again derive the whole deformed integrable hierarchy, however we restrict

our attention to the deformed level-0 currents and level—1 currents, which are

1
T(z,7) = —50:6 O (z7) =0, (5.79)
1 (9.0)
(0) _ = (0) -
T (z,T) 2 Tr70.8 09 (z,7) =0, (5.80)

Observation 38. Plugging (5.77) into (5.75), the Jacobian can be expressed in terms of the deformed
level—0 currents (5.79)

T — 1427 Tl(Z,T) —27 @—1(277—) ’ (5.81)
—270_1(z,7) 14+27T(z,7)

which once again confirms the statement made in observation 30.

Writing (5.79) and (5.80) in terms of the combinations (A.17), one finds

TY(7) = 306 =To(a) . I0(a7)= 00 =Tolz)
1 (0:9)° 71(2) =0 1 (9:¢) T, (z)
T _ = — 7O =_ = a .
P (@7 =59 +70:0  1+427L(z,7) r (@) =57 +70:60 14271 (z,7)
(5.82)

‘Case W =70 =§| 7@ =7 =171 ‘

In this case (5.64)-(5.65) reduce to

go_ (1000 700
-0 3gqb 1—17 agd) ’

on-1_ [ 1+00wd  TOwo
(7) ( §0p¢ 1+70z0 ) (5.83)

which corresponds to a change of variables \I/éoi of the form

UP i CoCizow=U0(2)= (2 - 6¢(z),z — 7¢(2)) . (5.84)
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Observation 39. In section 4.7, we observed that the solutions to the TT-deformed EoM fulfil the

non-linear evolution equation (4.135). Repeating the same derivation, it is easy to see that its extension

(s)

to the generalised coordinate transformations ¥+ is

&¢@@ﬂj+2</'i)aﬁygﬂﬁ+2</'%>@¢y@ﬂj:o. (5.85)
The multi-parameter variant of (5.85) associated to the coordinate transformation (5.64) is, instead
0.0y (2, 7) + (0-02) 004 (2,7) + (0, 2) Oz (2,7) =0 . (5.86)

In general, equations (5.85)-(5.86) cannot be explicitly integrated, however, in the case of the coordinate
transformation (5.84), equations (5.86) become a set of inviscid Burgers equations for the function ¢

in the variables (z, z, 7, §)

Orpo(2,2,7,0) + %(95(;53(2, zZ,7,0) =0, 0Osto(z,2,7,0)+ %@(ﬁ%(z, zZ,7,0)=0, (5.87)

whose solution can be expressed, in implicit form, as

002, 2,7,0) = do(2 — 0,2 — 79) .| (5.88)

Using the method discussed in sections 4.5, we can write down the deformed EoM, i.e.

790030 (1 —00,9) +60:0 026 (1 — 79:9)
1—060.¢ —70:¢ + 276 0.0 0:0 ’

and the tower of deformed higher conserved currents from the original hierarchy. In particular, the

components of the deformed U (1) currents (5.57) are

i 1—-080,0 . 00.¢0z¢
(0) _ (0) _
RAGER I ey e P G UL T W W
_ . 1—70,¢ = . 70,00z
(0) _ ia (0) _
J.(z,7,0) = Haz¢1—6az¢—785¢ , J(z,T,0) 11—(5@(1)—785(15’ (5.90)
while the components of the deformed stress-energy tensor are
1 1—608.¢ 1 6(0.9)%0:¢
(0) - _ 2 (0) i
TEn0) = =5 00 555 o © BT 0 50.0— 700
_ 1 1—7108:0 _ 1 7(0:0)%0.0
(0) — (-2 (0) - =
TNz, 7,d) = 2(8qu) (1=00.0—70:0)2 0 (z,T,9) 20 =00.0— 1007
(5.91)
Therefore, the deformed Hamiltonian and momentum density are
1Oz, 7.0) = I"(2,7,0) + 1" (2,7,0)
L 0.60:0(80.0+ 70:0) — (0.0)°(1 = 60.0) ~ (0:0)"(1—70:0) o)
2(1—60.¢ —70:0)* n
PO(z,7,0) = I{"(2,7,6) — I{"(2,7,0)
_ (0:0+0:0) (9:6 (1 - 00:9) — 0:6 (1 — 7 0:9)) (5.93)

2(1 =060, —70:0)*
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and the corresponding deformed Lagrangian1 is

0.0 0z
Lz, T,5) = = (5852) _¢T 96 (5.94)

Observation 40. The EoM associated to (5.94) coincide with (5.89) which has been derived directly
from the coordinate transformation. Therefore, in this case, the integrals over the space of the level—1
currents (5.92) and (5.93) are the generators of time and space translations, respectively, in the

deformed theory.

Notice that, while the deformed action is mapped exactly into the undeformed one under (5.84), the

integral of (5.92) transforms with an additional term
/H(O)(z, 7,0)dz Ndz = / [H(w) +1 (6 —7)(Js(w) To(w) — c.c.)] dw A dw .

In order to unambiguously identify the perturbing operator — at least at the first perturbative order —
we must Legendre transform (5.92). First of all, we switch from complex z to cartesian coordinates

x = (2!, 2?) = (z,t) according to the convention (A.1). Then, inverting the Legendre map one finds

L OLO(x,7,0)

U=

(1+21(7 = ) (=2 + (7 +6) 82) + 2/ (1 + 211 (r = 8)) (1 = 7)) (1 - 6 6)
(7—5)(1+2H(T—5)) '

b =1 (5.95)

Plugging (5.95) in (5.92)-(5.93), or equivalently, performing the canonical Legendre transformation,

one gets
HO(x,7,8) =T (x,7,6) + f{o) (x,7,0) =11l ¢ + LO(x,T,0)
(1+II(r = 0)) (=24 (T + ) ¢) +2\/(1+2H(T—5))(1 —7¢2)(1—6¢z)
T (r—9)? ’
(5.96)
and
PO(x,1,6) = Z{O)(x, 7,0) — 1)V (x,7,8) = ~1l ¢, = P(x) . (5.97)

which implies that the momentum density is unaffected by the deformation. Finally, expanding (5.96)
at the first order in 7 and ¢, we can identify the perturbing operator at first order
HO(x,T,0) ~ H(x) + 2 (1 Jo(x) T(x) + 6 Jo(x) T(x)) + O(79) , (5.98)

T
6—0

'A straightforward way to obtain the Lagrangian (5.94) from the Hamiltonian (5.92), is to start from a formal series
expansion of £”(z, 7,6) around 7 = § = 0 and fix the unknown coefhicients by matching the Legendre transformation of
L (z,7,8) with (5.92).
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where H(x) = Z1(x) 4+ Z1(x) = 1> + 1 ¢?2 is the undeformed Hamiltonian and

_1 _1
B B

are the holomorphic and anti-holomorphic components of the undeformed stress-energy tensor,

Ti(x) = -T(x) == (20— ¢5)? , Zi(x) = —T(x) = = (2 + ¢,)° , (5.99)

respectively. In (5.98), the cartesian components of the undeformed chiral currents J,(x) follows from
the definition (5.60)

R = )T =5 (A4 6) |

B = F(100+ () = 5 (M- ,)

R = T = () = 3 (2=,

Bx) = (00T (x) = 5 (-2~ 6) | (5.100)

In a similar way, we denote the cartesian components of the deformed chiral currents as

0 (x,7,0) =IO (x,7,0) = JO(x,7,0), JY(x,7,0) =1 (J(x,7,8) + IV (x,7,6))
j{m(x, 7,0) = jf)(x,T, 5) — j(_o)(x, 7,0) , j2(0)<X,T, 0) =—1 (jf)(x,T, 0) + j(_o)(X,T, 6)) , (5.101)

which again fulfil the continuity equations
O d P (x,7,0) =0, 9,J(x,7,0)=0. (5.102)
From (5.102), it follows that the quantities
R - R
Q(R,1,0) = / J2(0>(X,T, Ndr, QR,T,9)= / JQ(O)(X, 7,0)dx . (5.103)
0 0

are the conserved charges associated to the U(1), x U(1)r symmetry in the deformed theory.

‘Case W =70 =0|7® =7 =71 ‘

This case can be easily retrieved from the previous one by sending § — 0. It corresponds to the

coordinate transformation associated to the JT deformation (see [28, 29]). First we notice that, setting

§ = 0in (5.90)-(5.91), the deformation preserves the Sugawara construction for the holomorphic sector
1 (9:9)° 1

- - 2 -
T =T 0) = 5 e =3 (D) ) = ),

(5.104)
but this is not true for the anti-holomorphic sector. Then, we observe that the Lagrangian (5.94) reduces
to 5.68:0

(m) =, _ YUz 1
L (z,7) = LO(z,7,0) 1 0.5 (5.105)

and the corresponding Legendre transformed Hamiltonian (5.96) becomes

HID(x,7) = HO(x,7,0) = P(x) + % (L+7h(x)-8T), (5.106)
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where

SN = \/(1 +7 JQ(x))2 — 2727 (x) . (5.107)

Writing (5.106) as HUD (x,7) = Z" (x, 7) + ZU" (x, 7) with

IMx,7) = — (Tgﬂ (x,7) + 04" (x, T)) =P(x) + % (1 +7Ja(x)) — ST,
Ixr) = — (T4 ) +6§7(x,7)) = i ((1+7J2(x) = ST7) (5.108)
we find that .
I (7)==~ (14+8) = Jo(x) = 7 1)V (x,7) (5.109)

As already discussed in section 2.3.4 for the TT deformation of a generic bosonic theory, we argue that
also for the JT deformation of the massless boson field theory the energy density of the right and left
movers (5.108) has the same formal expression of the quantised spectrum obtained in [30] (cf. (6.89)),
where the classical densities are replaced by the corresponding integrated quantities averaged over the
volume (up to rescalings). In addition, also the deformation of the chiral current density (5.109) admits
a straightforward generalisation at the quantum level (cf. (6.91)). Analogous considerations apply to the

case 7 =70 = 7,70 = 74 = 0, which corresponds to the T] deformation.

‘Case 7D =70 =76 =7 = 1 ‘

All the equations (5.83)-(5.96) can be obtained setting § = 7. In this case, the square root in (5.96)
disappears, and the Hamiltonian takes the simple form

H(x) + 7 P(x) (Jg(x) + jg(x)) + 72 P?(x)

(O)XTE (O)XTT: T.
HO(x,7) = HO (x,7,7) L+ 7 (a(x) = Ja(x))

(5.110)

Again, we split the Hamiltonian as H (x, 7) = Z\” (x, 7) + Z\” (x, 7) with

T1(x) + 7 J2(x) P(x) + 5 P2(x)
1+ 7 (Jao(x) — Ja(x)) ’

IO (x,7) = —(T<°)(X, )+ 0O (x,T)) =

7 X T J. X X ﬁ 2 X
IO (x,7) = —(TO(x,7) + 0O (x, 7)) = 21 )1++ TJ(QSQ()X?(_)J;XQ);D N ERED)

Finally, the deformed chiral currents fulfil
I (x, 1) =Jx) +7Px), J(x 1) =Jhx)+7Px). (5.112)

In section 6.5 we will argue that the quantum version of this perturbation (cf. (6.95)-(6.97)) can be
obtained by introducing two different scattering factors in the NLIEs (3.28).
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5.4 Deformed classical solutions

The method described in section 4.7 to obtain solutions to the TT— deformed EoMs from the
corresponding original solutions can be straightforwardly applied to the case of the generalised

coordinate transformations discussed in this chapter.

For the s > 0 case, we compute the relation between the sets of coordinates w and z by integrating
(5.3)

92(5) (w _ 9z(8) (w

dzaus ) =1+27 Os-1(W), dzaug ) = 27 Tsp1(w), (5.113)
(s) _ 5() :

9= W) — o7 Ty (w), 97 ) — 1 4270, 1 (w),

where we denoted 2z (w) = (2 (w), 20 (w)) = () ~!(w). The components of the higher charges
Tst1(w), Os_1(w) along with their complex conjugates are implicitly evaluated on a specific field
configuration ¢y(w) solution to the original EoMs. Inverting the relation z(® = (‘II<TS>)_1(W), we find

the deformed solution as

oy (2,7) = ¢o (91 (2)) . (5.114)
Analogously, for the s < 0 case we should integrate (5.22)
9205 (w 970" (w _
Pt =142 Toa(w), S =27 0,(w), (5.115)
z(5l> W Z(S/) w _ .
P2 — 970, 1(w), O] = 14 27 Typa(w)

and repeat the same procedure described above.

The purpose of this section is to highlight the difference between the TT perturbation and those
corresponding to spins s # 1, through the study of a simple example. Since perturbations with higher
spins should break explicitly Lorentz symmetry, it is convenient to start from a solution of the Laplace

equation which is particularly symmetric under rotations, i.e. the “spiral staircase” solution of [73]:

do(w) = d log (ZIE

where w and @ are complex conjugated variables. Using

>, (&.EcC,deR), (5.116)

1 1 _ =
&Dm =-7mé(w+¢§), a“’ﬁ = —mé(w+¢), (5.117)

one can show that (5.116) is indeed solution to the undeformed EoM, i.e. 9,,05¢ = 0.

For sake of brevity, we will only consider perturbations involving the set of charges (4.125), since the
deformations associated to (4.124) can be obtained from the results described here through a simple
redefinition of the coupling 7. Integrating (5.113) using the set of charges (4.125) evaluated on the
solution (5.116) we obtain

(5.118)

s+1)2 2 s+1)2 2
z(”(w)—w—i-fr(j) d w) = P(;) d

(w+§)s’ (w+€)* "
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The latter equations cannot be explicitly inverted, for generic spin s > 1, as w = @' (z). However, for

s =1, ie. the TT deformation, (5.118) can be written as

2 - L 2
z+&=(w+§) HTW , Z+E=(w+&) 1+Tm . (5.119)

with z = z® (w), from which
do(w) = d log <wi§) = d log (;ig) = ¢o(z) . (5.120)

Therefore, the solution (5.116) is a fixed point of the TT flow. To clearly see how the s # 1 perturbations
affect the solution (5.116), we shall restrict to the s < 0 perturbations, where the deformed solutions

can be found explicitly. Integrating (5.115) using the set of charges (4.125), again evaluated on (5.116),

we find
(5.121)

2wy =w+T ZO(w)=w+T

r($)? @ L) &

s (w+§) s (w+&)*
Comparing (5.118) with (5.121) we see that the difference between the s > 0 and s < 0 perturbations
lies in the substitution w + & «» @ + £ in the term proportional to 7, which implies that, for s < 0,

there is no mixing between holomorphic and anti-holomorphic components.

Since holomorphic and anti-holomorphic parts are completely decoupled, we can integrate explicitly
(5.121) for w and w. The result is

1+s 2 2
%) . (") S _ 1 + s 1 + s T d (s")
AT ”FS« 2) () g
1+s 2 2
A s _ 1+s 1+s Td (s
w(z ) = Z +71—|—s 1+FS<( 5 > F( 5 ) (2(5/)+€)1+8 (z +@,

(5.122)

Finally, the deformed solutions are recovered by plugging (5.122) into (5.116)

s\ 1+s s\2 142
' z+¢ 1+ sF; ((%) L(52) (Z+gl+s)
¢ (z,7) =dlog | ——2 | +d log : (5.123)
zZ4+¢ 145\ 1+ n(14s\2 142
1+ sF; ((T) L) (2+E)1+S)
Let us discuss in detail the case s = —1 of (5.123),
14+ ./1— 41 d?
- z+¢ +8)?
¢ V(z,7) = d log ( ) +d log . (5.124)
e 1+ y/1- &

We observe that, as soon as the perturbation is switched on, a pair of square root branch points appears
at z = +2d./7 — . Considering for simplicity £, & € R, they form a branch cut on the real axis of the

complex plane of z

C=(-2dvT — &+2dVT =€) (5.125)
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Im(z) Im(z) Im(z)

Re(z) & ® Re(2) L g ® Re(2)

(s=1 (b)s= -1 ()s=-3

Figure 5.1: Analytic structure of the deformed solution (5.123) in the complex plane of z for different
values of s, with £ = £ = 0. The black lines correspond to the square root branch cuts connecting the

singularities (5.130), while the red lines correspond to the logarithmic cuts.

i.e. the black line in Figure 5.1b. Instead, the logarithmic singularity of the undeformed solution (5.116)

at w = —¢ cancels out with the singularities coming from the additional term in (5.124). Therefore,
the logarithmic cut of (5.116) which runs, in our convention, along the real axis from w = —oc0o to
w = —&, now connects z = —oo on the first sheet to 2 = —oo on the secondary branches reached by

passing through C (see the red line in Figure 5.1b). This implies that the behaviour of (5.124) at z = oo
is different according to the choice of the branch. On the first sheet one has

¢ V(z,7) ~ dlog <M> +0(2") , (5.126)
(1z—th—>sl?e<;c) z +§

while, on the second sheet, flipping the + sign in front of the square roots in (5.124) into a — sign one

finds
¢ V(z,r) ~ —dlog (“) +0(=") . (5.127)
Z+€

Z—00
(2-nd sheet)

In Figure 5.2, is represented the Riemann surface of the solution (5.124) (Figure 5.2b) together with
that of the bare solution (Figure 5.2a), which coincides with the TT deformed solution. Notice that the
analytic structure of (5.124) can be read out from the implicit map (5.121). In fact, for s = —1, equation
(5.121) reduces to the Zhukovsky transformation
(et shE— (@4 (5.128)
(W)’ (w+¢) '
from which we see that z = 0o on the first sheet is mapped into w = oo, while z = oo on the second

sheet is mapped into w = —&. Moreover (5.128) captures the large z behaviour of the solution. In fact,

w+§ z+¢ w+§ z+¢
d log <w+€_> aes d log (2—1—5) , dlog (@4‘5) w:_£ —d log (2 n f_) . (5.129)

Let us now consider the generic solution (5.123). The hypergeometric functions appearing in (5.123)

are of the form 1 F,(a1,...,apt1;b1,...,by; ), with coeflicients {ai}fill, {bj}§:1 € Q. Generally,
these hypergeometric functions have branch points at 2 = co and 2 = 1, which in our case are mapped
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(a) (b)

Figure 5.2: Riemann surface of the deformed solution ¢(®)(z,7) , (¢ = € = 0), in the complex plane of
zfors =1 (a),and s = —1 (b).

into z = 0 and z = x,, respectively, with

2
1 1 1+s i
Tp = +S{d1‘< ;Sﬂ FTRETE" — ¢, (n=0,....5). (5.130)
s
The branch points (5.130) are all of square root type. In conclusion, roughly speaking, starting from
a rotational-symmetric solution, the perturbations with s < 0 have explicitly broken the original U(1)

symmetry down to a discrete Z,.



Chapter 6
Generalised phase factors

This final chapter is devoted to the quantisation of the classical deformations associated to the generalised
coordinate transformations introduced in chapter 5. The first step consists in the identification of the
phase factors which generate the modification of the S—matrix. Subsequently, following the strategy
adopted in the TT case, we derive the evolution equations for the conserved charges of the hierarchy
in the framework of the NLIE.

6.1 Identification of the phase factors

Although we arrived to (5.54) by considering a particular model — a massless scalar field theory — and
only a very specific set of conserved currents, in the following we assume the general validity of (5.54)
and of (5.55), obtained from (5.54) using the reflection property (5.25). Naturally, in order to put this
argument on a more solid foundation, it would be very important to extend the proof of (5.54) to the

set of conserved currents (4.126) and also to massive theories.

Consider first the quantum version of (5.54), where the holomorphic and anti-holomorphic sectors
are not coupled together by the interaction. Then, the level-k£ Hamiltonian and momentum operators

factorise as

BO(R7) = IR @1+ 10 " (R), (6.
PR = IPP(R)@1-10 I (R 1), (62

and their action on a generic multi-particle state

N, NO) = |ND) @ [NO) = 1677,65",...,050) @1077,057,...,04) (6.3)
is determined by '
A N(EE) “
28!, Yk (
ORIV, = B [ el | vy (6.4
i=1

"We have adopted here the convention of [9], where the single particle energy and momentum for right (+) and left (—)

movers are parametrised as (%e:‘:g7 :I:%eie).

95
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in the large R limit. Notice that, in the massless boson theory under consideration, there is only one
species of elementary excitations and the set of rapidities {0§i>} completely characterises an asymptotic

quantum state. In addition

wanen = (5)(2)5 (55) wen. (e e

m
=1

where 72 = 41 and we used the fact that the original theory is free. Assuming that, at least in the large

R limit the deformed charges are commuting
[ (R, ), I (R, 7)) = 0, (6.6)
then, from (5.54) it follows
~t ~ k “
0 (NI (R, 7) (R4 27109 (R,7)) T IN®), = o (NO| TP (R)IND), Y (67)

and using (6.4)-(6.5) one has

N . . N&® - k 9 E N
+k6) Vs Fs'6} B () K
S e ) [Rar Ty e _<m) Y ) ke (69)
=1 j=1 i=1
The only consistent solutions to (6.8) are
Boe® i N () e
+ R £ 05, A0 =507) _ o . (i=1,2,...,N®), (6.9)

2 2 e !

i.e. the asymptotic Bethe Ansatz (BA) equations for our models. The two body scattering amplitudes

involving right- and left-movers are
0 (0.0) =0, 657, (0.0) = %7 %’y 0700 (= —|s| < 0) . (6.10)
Similarly, starting from (5.55) we find
s m ~ —s6 s
02 (0.0) = 7 5400 50, (0.0) =0, (s=1s|>0). (6.11)

The arguments presented in this section, strongly support the idea that the classical theories introduced
in chapter 5 through a field dependent coordinate transformation can be consistently quantised within
the exact S—matrix approach through the introduction of specific Lorentz-breaking phase factors. The
natural generalisation of (6.10) and (6.11) to a massive field theory is

§°(0,0') = T myssinh(d —s @) , (6.12)

with asymptotic BA equations

N
Rmsinh(6;) + 7 mys Zsinh(@i —sb;)=2mn;, (neZ,i=12,...,N). (6.13)
j=1
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Summing over all the rapidities we see that, apart for s = 1, the kinetic total momentum is not quantised,

ie.
N N
P(R,7) =PP(R,T) = stinh(ﬁi) # %n , n= Zn, , (s#1). (6.14)
i=1 =1

Since translational invariance is not broken at classical level, this result suggests that the deformed
momentum P do not coincide, in general, with the generator of space translations P, in agreement
with the discussion of section 5.2.1. From (6.13) it follows that the natural definition of a quantised

momentum is, in the large R limit

. T 2T

P(R) = P(R,7) + = [P(R, TEP(R,7) — E(R, 7)PP (R, 7')] = ﬁn , (neZ2), (6.15)
with
N N
£ =) qscosh(kby), P = q.sinh(k;), E=£&. (6.16)
=1 =1

Relation (6.15) can also be written as

2T

P=pP®_po pE ey =

IPHIE (6.17)

Observation 41. The quantisation of P on a circle would be preserved by taking symmetrised versions

of the scattering phases (6.10)-(6.11) or (6.12). In the massive case, for example, the combination
§'5%)(0,0") = %m’ys (sinh(s0 — s¢’) + sinh(s6 —§6')) , (6.18)

with § = 1 guarantees the quantisation of P. This is not, however, the phase factor that our classical
analysis suggests for the spectrum of the deformed charges (5.51). There are concrete evidences [74] in
support of the fact that the phase factors (6.18), with arbitrary integers s and s, correspond instead to

the deformations generated by operators of the form
Ts+1Ts41 + Top1T511 — Os—105-1 — O5_105_1 , (6.19)

which have been discussed in [32].

Observation 42. The phase factors
69(0,0') = T mAssinh(s 6 — 0') | (6.20)

appears to be related, instead, to the spectrum of the corresponding mirror deformed Hamiltonians' of
the models under consideration [74].

'See [75] for a rigorous definition of mirror theory in a similar, non relativistic invariant, Bethe Ansatz context
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6.2 Generalised spectral flow equations

Motivated by the results of section 6.1, we are led to conjecture that the classical deformations arising
from the generalised coordinate transformations described in sections 5.1 and 5.2, correspond to a

modification of the original S—matrix by a phase factor

S(0,0') — S(0,6') £(6,6'),  £(6,0) —exp< S 60,0 ) : (6.21)

where
59(0,0") = 7195 sinh(0 — s ') , (6.22)

with {7} independent coupling parameters and

n=m, (6.23)

Observation 43. The function f(6) do not fulfil (3.43), hence it is not a CDD factor. Moreover it
explicitly breaks the Lorentz invariance of the original theory, contrary to the family of CDD factors
(1.21) considered in [1].

In principle the sum in (6.22) runs over all the positive and negative odd integers. However, since the
whole analysis can be straightforwardly analytically extended to arbitrary values of s, in the following
we shall relax this constraint, at least to include the case s = 0 and the set of non-local conserved charges
[76]. The phase factor (6.22) leads to multi-parameter deformations of the original QFT spectrum
which, due to the intrinsic non-linearity of the problem, can effectively be studied only on the case-by-
case basis. A detailed analytic and numerical study of specific multi-parameter deformations of a massive
QFT, such as the sine-Gordon model, is a very challenging long-term objective. Most of the checks
have been performed considering CFTs deformed (explicitly at leading order) by a single irrelevant
composite field. For simplicity, we restrict the analysis to phase factors with a single non-vanishing
irrelevant coupling. Setting 7 = 7 in (6.22) and performing the transformation

S(0,0') — S(0,0") 00 (6.24)
the kernel appearing in the NLIE (3.15) gets modified as

K@O-60)—K@O-0)+ %8@5(5)(0 —-s0)=K(@-6)+ Tm;—s cosh( —s@') . (6.25)
7r

™

Inserting (6.25) in (3.15), after simple manipulations, we find that the deformed version of f, () fulfils
(3.15) with
v=v(R§, a0|0—65) , (6.26)

where T\’,E)S) and 965) are defined through

Ry cosh (05)) = R+ 7EF (R, 7), Ry sinh (05) = 7P (R, 7), (6.27)
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with Ro = R{"” and 6 = 6. Equations (6.27) imply

2

(R§)’ = (R+7&0(R,7)* ~ (- P (R, 7)) (6:28)

The quantities £ (R, 7) and P,”(R,7) denote the k-th higher conserved charges of the theory
deformed with the s-th perturbation

EX(R,7) =TI (R, 1)+ IS (R, 1), PO(R,7)=1L>"(R,7) - I7(R,7), (6.29)

and I>™ are again defined through (3.23)-(3.24) but with the deformed driving term (6.26).
Formula (6.26) shows that the solutions of the deformed NLIE are modified simply by a redefinition
of the length R and by a rapidity shift which, in contrast to the analogous formula (3.45) found in the
TT context, here involve the generic level—s charges.

Putting together (6.29) and the relation between the deformed and the original charges (see equation
(3.47))
129 (R, 7) = 0 1O (REY) (6.30)

one finds the same Lorentz-type transformation (3.48) derived for the TT—deformed charges

( £9(R,7) ) B ( cosh (k6§))  sinh (k6%) ) ( & (Rg)) ) ' (6.31)

PY(R,7) sinh (k6’) cosh (k) Px (RY)

which implies

(& (R7)" ~ (A (R,7)” = (8 (RF)” — (P (RE)” (632)

To find the generalisations of the flow equations (3.56) describing the evolution of the level—k charges
under the TT deformation, we follow the same strategy of section 3.4. First, we differentiate both sides
of (6.30) w.r.t. T at fixed R}’

OIS (R, 7) + RORIS™ (R, 7) = £k(05)) I (R, 7) (6.33)

then we determine ;R = R’ and 879(()5) s (055))’ . To do that, we rewrite (6.27) as

{R(()S) _ Re*G(()S) + 27 e(sfl)géS)IsH) (R(()S)) (6.34)

RE = Re® + 27 (=00 [00(RE))
then we differentiate both equations in (6.34) w.r.t. 7 which gives the following set of algebraic

equations for R’ and (63)’

)

0= Rlefe(()s) _ Refa(()s) (9(()5))/ + 26(571)985)1'5(4-) (RE)S)) + 27_6(571)9(()5) (S _ 1) (065))/ IS(+) (RE)S))
0= Rleéés) + Re@és) (9((]5))/ + 26—(s—1)6'és) IS(*) (RBS)) o 27_6—(5—1)9(()5) (S o 1) (9(()5))/ Ié*) (RE)S))

(6.35)
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whose solution is
(s) 2
T S ’ (s—1)r EY (R,7)— R ’
0.6 = (6°) = — P (R, 7) , (6.36)
o 0 (s —)TEP(R,7) - R
The equations for the level—k total energy and momentum are then
(s) o) (s) _ _pe (S - 1)T 7DS(S) (Rv T) BRglf)(R, T) + kpl(:) (R7 7—)
0:67 (R, 7) — E& (R, T)ORE. (R, T) PE(R,T) -1 6';5)((]%), - -
) ) ) _ D®e (s = 1)7PE(R,7)0rP (R, T) + kES (R, T)
8""Pk (R7 T) 55 (Ra 7—)apclpk (R7 T) - 735 (R7 T) (S _ 1)7’65(5)(R, 7_) - R
(6.37)

Contrary to (3.57), the equations for the energy and momentum, ie. E(R,7) = &(R,7) and
P(R,7) = P (R,7), obtained setting k = 1 in (6.37), are intrinsically coupled to the evolution
equations for & (R, 7) and P& (R, 7)

—1)7OREF (R, T) +s
0,60 (R,7) — £ (R, 7)ORES (R, 7) = — (P (R, 7)) & s
s ( 7T) s ( 7T) RCg ( 7T) (Ps ( aT)) (S—].)Tgs(s)(R7T)—R

(s = )7 P& (R, 7) OrPYE (R, T) +sEP (R, T)
(s—1)7EP(R,T)—R

0-PP(R,T) — EL (R, T)OrPE (R, 7) = =P (R, T)

(6.38)

Observation 44. As already observed in section 6.1 when we discussed the large R limit, here again
we find that the deformed momentum P, defined through (6.37) is not always quantized for 7 # 0,
as it flows according to the complicated non-linear equations (6.37)-(6.38). One can argue (see for

example [77]) that a quantised object is

P(R) = ﬁ </Cl d6p(8) log (1 + e_f”(9)> - /c2 d6 p(8) log (1 + ef”(9)>> , (6.39)
with
p(0) = v (RS, a0 |0 — 65) = —imR{ cosh (0 — 65) . (6.40)
Using (6.27) and (6.40) in (6.39), we find
P=P(R)=P(R,7)+ % (P(R,7)EX(R,7) — E(R, )PP (R, 7)) , (6.41)

which coincides with (6.15) obtained in section 6.1 from BA considerations.

6.3 The CFT limit

In this section, we discuss the CFT limit of the NLIE derived in section 6.2. In particular, we explicitly
compute the expressions of the charges of the deformed hierarchy. We refer the reader to section 3.3
for the derivation of the CFT NLIEs obtained as a massless limit of the sine-Gordon NLIE.
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In the CFT limit, the 7—dependent phase factor (6.22) (with 7 = 7)) splits, for s > 0, into

5 +(0,0") = £ B4, 07500 5 (9.0 =0, (6.42)
with (2min)?
~ ™m ~ “
Yo=g— =, (6.43)

breaking conformal invariance by explicitly introducing a coupling between the right- and the left-
mover sectors. The resulting NLIE is identical to (3.28) with driving term v™® (R§"™, a | 6), where
we set

Ry =R+2r I8P (R, 7). (6.44)

For s < 0, instead, the two chiral sectors remain decoupled
6((1/,)39(07 9,) =0, 5((1,,)i)(97 9/) =+7 %&S’ ei(G_SI o) s (S/ = *|S| < 0) ) (645)

and, due to the reflection property I+ = 1¢"% the corresponding NLIE is again (3.28) with driving

term v (R§", ag |§). In turn, the length redefinition (6.44) implies

LV = I (REY) L (520, (0:40)
L) = 10 (R7) . (=-s<0), (6.47)

which are solutions to the evolution equations (5.56), deduced at classical level. In appendix D.1 it is

shown that equations (5.56) indeed are contained in the more general equations (6.33).

Observation 45. Using the scaling property of the CFT charges (3.30), we can eliminate from (5.56)
the derivative w.r.t. R of the charges, obtaining further simplified expressions

2k (R — 27 (S _ 1) I;s,i)) I;s,i)I](:,$)
27 (R — 27 (s — 1) 1) 17 + R (R + 2710
Qk I](fs/,i) Ié(}s’,j:)
R+27(s+1) ]éS’vi)

-1 , (s>0)

oI = , (8 =—-s<0). (6.48)

Notice that, setting k = s = 1 in the first equation of (6.48) we get

() 7(=)

- , 6.49
R+2r (I{Y +1{7) (649

which matches with the TT result quoted in [78].

The next step is to explicitly solve the algebraic equations (6.46)-(6.47). Afterwards, we will consider

the s — 0 limit starting from the massive case.

‘Deformations with s < 0 ‘
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Since the generic k—th charges of a CFT scale as’ R™* according to (3.30) and the corresponding
deformed charges I ,(;/’i)(R, 7) fulfil the same equation with R — R{"*, then

RFID(R)  2may)

('R,E)S/’i))k - (Rés/i)>k‘

where a”) = a{]’, k' = —k, s’ = —s, and RE is defined in (6.44).

I (R7) = 1P (Ror) = (©50)

In order to find the solution to (6.50) for generic k, one must first solve (6.50) for k = s (k' = ). In
this case, the solution can be reconstructed perturbatively as

0o (£)\J+1
/ / —1)7 (j(1+s)+(s—1) (2m as™)
(s %) — ¥R
IR, 1) =15 Z ) < ; (27)7 T (6.51)
j=
This expression can be resummed for various values of s as
*s=-1:
(_17:|:) R
I (R,7) = o |y (6.52)
Both the classical (see the s’ = —s = —1 case in (5.43)) and quantum results suggest that the leading

perturbing operator corresponds to the Lorentz breaking operator typically appearing in effective
field theories for discrete lattice models [80].

(+)\ 1/2
IéfQ’i)(R, T) = Lé—f sinh [; arcsinh (3\2/3 <27’ 277;32 > )] : (6.53)

For generic spins < 0 the result can be written in terms of a single generalised hypergeometric function:

N s sR 1+s 1+s or a(i)
IV (R,7) =157 (R,7) = 7 (ts) {—1 + L (‘2 ( Ss) Rits ﬂ ) (6.54)

where Fy(x) is the same hypergeometric function defined in (5.40). The total momentum and energy
are

BE(R)=I{""(R,7)+ I{"(R,7), P(R)=I""(R,7) I (RT), (6.55)
where I""*)(R, 7) are obtained by solving (6.50) with & = —k = —1 using (6.54).

Observation 46. Even spin charges do not, in general, correspond to local conserved currents in the
sine-Gordon model. They can occasionally emerge from the set of non-local charges, at specific
rational values of 32. The results concerning the exact quantum spectrum can be smoothly deformed

in s, therefore they formally also describe deformations of the sine-Gordon model by non-local

(£)

1Separately, the NLIEs in (3.28), with generic parameters 3 and af* can be also associated to the quantum KdV theory,

as extensively discussed in [52,79]. The coefficients ay, for k = 3,5 can be recovered from [52].
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currents [81]. Moreover, there are many integrable systems with extended symmetries where even
spin charges appear. The sign of the corresponding eigenvalues depends on the internal flavor of the
specific soliton configuration considered. Since the flow equations (6.36) (with (6.38)), should
properly describe the evolution of the spectrum driven by analogous deformations in a very wide class
of systems, perturbations by currents with s even, may lead to interesting quantum gravity toy models
where the effective sign of the perturbing parameter 7 depends on the specific state under

consideration.

‘Deformations with s > 0 ‘

In the case s > 0, the left- and right-mover sectors are now coupled and the solution to the generalised

Burgers equations become equivalent to the set of equations

(+)
2T ay

IF*(R,7) = : (6.56)
* (R+ 27 I5P(R, )"

While, for models with P;” = I\*"(R,7) — " (R, 7) = 0 the left- and right-mover sectors are
completely symmetric and the relations (6.56) formally reduce to the equations (6.50), for P;” # 0 the
solution to (6.56) for k = s are

21 al® Lt | (k—0Ds+1—-1
[69(R,7) = 1+ 2maP Y Y —
R R +1 l
(l+Ds+k—-1-1 k—i—1 (=1)F(2r)*
X ( . (2 a(si)) (27 a(®) | (6.57)

We were not able to find a general compact expression of (6.57), except for the already known (s = 1)
TT-related result

) L ) N 2
ENRT) = |1+ 1+47<27T( “to )>+472<27T(a1+_a1 )> :

27 R R R? R

2 (o = a”)

Pi(R) 0

(6.58)

‘ Deformations with s — 0 ‘

As anticipated, we shall perform the limit s — 0 starting from the massive case. Sending v, — 0 and

simoultaneously rescaling 7, we can recast the driving term in the form
v(R,ap|0) = 2riag — imRsinh(0) + irG cosh() , (6.59)
where

df
= < .2 log 1 +e ) o, 2t log (1 +e )) . (6.60)



6.3 The CFT limit 104
a(e)
g
Figure 6.1: The formation of the plateau in g(f) = —5=Im |log (1+ 6—f,,(0+ﬁ0+)) asm — 0 at

B? =1/2, ap = 1/6. For this choice of the parameters, the height of the plateau of g(6) is 1/3.

Notice that, in the m — 0 limit, the leading contribution to G in (3.31) is coming from a large plateau

of the integrand g(6) (see figure 6.1) of height

R ~ 2
if,(0) o~ AmagB (6.61)
and width growing as ~ 2log(mR/2). In conclusion, we have
mR 2
G ~ log <2> 2003° . (6.62)

The emergence of the plateau can be deduced analytically from the NLIE (see for example [6] for
a related discussion in the TBA context). Therefore, at fixed finite R, after a further rescaling 7 —
7/ log(mR/2), as m tends to zero, we obtain for the driving terms in the NLIEs

A~

v =& (Réi), ap|0) =2miag F i % eieRBi) ) (6.63)

with

RS =RFTQo, Qo=2raph>. (6.64)
Thus, perturbing the theory with the phase factor (6.22) with s = 0 is equivalent, in an appropriate
scaling limit, to a constant shift of the volume R. At fixed normalisation of the deformation parameter
7, the shift turns out to be directly proportional to the topological charge Q. We see, from (6.63) that
the left- and right-mover sectors remain decoupled also at 7 # 0. However, starting directly from the
CFT limit, one can argue that there exist less trivial ways to couple the two sectors. The most general

o . . (alb)
variant involves four different coupling constants {7}
+ T — — + +) 2
RE =RF (T(ﬂﬂQé )4 QL >> Q) =2mafPB? . (6.65)

Notice that in (6.65) we allowed the possibility for two different topological charges Q{”, associated to
the U(1)g x U(1), symmetry of the ¢ = 1 free (compactified) boson model, corresponding to the CFT
limit of the sine-Gordon theory.
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6.4 Further deformations involving the topological charge

A further, natural extension of the quantum models studied in section 6.3, corresponds to scattering
phase factors of the form
6655)(0,0") = T v5vs sinh (560 — s 6') . (6.66)

Deforming the kernel according to (6.25) and using (6.66) instead of (6.22), the driving term of (3.15)
becomes
v = (R, a0 |0) — 17875 (eéals(s’s’_)(R, ) — eSS (R, T)> , (6.67)

where Il(f’s’i) (R,T) are defined through (3.30) and (3.31) with the deformed driving term (6.67). The
cases with § = =1, have been extensively discussed in the previous sections, they all correspond to
gravity-like theories, where the effect of the perturbation can be re-absorbed into a redefinition of the
volume R plus a shift in the rapidity 6, according to (6.26). From equation (6.67), we see that for generic
values of § # =£1 it is no longer possible to re-absorb the perturbation in the same fashion. However,
an interesting possibility is recovered in the scaling limit {8, s, m} — {0,0, 0}, such that the product
§7s remains finite. In the following we shall set 5 = 27. This situation corresponds to the standard
massless limit where, in the original (7 = 0) NLIE, the right- (+) and the left-mover (—) sectors are
completely decoupled, while a residual interaction between the two sectors is still present at 7 # 0. In
fact, the deformed versions of £+ () fulfil (3.28) with

v = v(R,af? = a2 |0), atd = (FOLED (RF) - 7OL (R, ) (6.68)

where the charges 1,>* are defined through (3.31) with driving term (6.68), and {7, 79} = 7 are
two coupling parameters defined as
@ =71t +o= lim §6. (6.69)
6—+oo
§—0t
Therefore, the contributions of the non-trivial interaction can be formally re-absorbed in a redefinition

of the vacuum parameters oz(()i). In turn, this affects the value of the effective central charges as

(o8 = o9 4 245 (afP)? — 2462 ()2 — D)2 | P =c— 248202, (6.70)
Considering the formal identification Q§~ = 2mai” 3% made in (6.64), the redefinition (6.68)

corresponds to the following dressing of the topological charges

— K =) 7(s,— g s 7
QU (R,7) = Q) = 1= (rOL T (RA) = VIR F)) (6.71)

with
k= 8m2p7. (6.72)

Let us focus on the s = 1 case. The equations for the spectrum are

2
B =2 (w0 - ) (1 =1, =) (673
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which can be solved exactly for I{*)(R,7) at any values of the parameters 7*). However, since the
general analytic expressions for I {i) are very cumbersome, we will restrict the discussion to specific

scaling limits:

‘Case T =70 =71 ‘
2
IR, ) — I (R,7) = P(R) = % (hD =), (6.74)
IR, 7) =I"(R) + T%P(R) + 2 % prp) (6.75)
v ! R 8TR ’ '
with h® = h{” +n™ and (6.71) becomes
Q®(R,7) = Q5 + Tf P(R) . (6.76)
/I
Surprisingly, with the replacement
27 c
() _ ATy C
1R = = (A9 () - o) (©.77)

equations (6.74) and (6.75) lead to exact expressions for the conformal dimensions (1), which match
precisely the form of the (left) conformal dimension in the JT model, as recently shown in [31]:

Q(i) K
0 P+7? o ——P?. (6.78)

As we will shortly see, this is the first instance among many that link the phase factor (6.66) with

h(b( ) — h<i) 4+ 720

s = 1, in the scaling limit (6.69) to the quantum JT model.

Case 7 =0 |7 =71

the two sectors (+) are completely decoupled

()
(£) _ @B Qo ) 2_k (£) 2
LPR,7) = (R 772 A LP(R,7)+7 SR (IF7(R,7))" (6.79)
QU(RT) = QF £ IP(R7), (6.80)
and the solutions to (6.79) are
A7 2 c
(+) _ () &)
LE(R,7)=-— <R¥7Qo - \/(RITQO )" =12k <h(i) - 24)> - (6.81)
We notice that (6.79) can be rewritten as
on (& _ <
I®(R,7) = ul 21) (6.82)

R—71 Q5" +7&L7 (R, 7))

which suggests that, in this limit, the perturbation has a dual geometric description, since it can be
interpreted as a redefinition of the length R. The dual deformation of the NLIE corresponds to a
deformed version of f,+)(6) which fulfils (3.28) with

B = &) (RS, ag)0) , RGP = (iQ&’ SiI{ﬂ(R,T)). (6.83)
s
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Expressions (6.81) are trivially solutions of two decoupled Burgers-like equations
O-I{7 (R, 7) = Q¥ (R, 7) OrI{” (R, 7) = 0 . (6.84)

Therefore, I} (R, 7) fulfils a Burgers-type equation analogous to (2.47), where Q) (R, 7) play the

role of velocities.

6.5 The quantum JT model

Formula (6.81) strongly resembles the expression of the right-movers energy of a JT—deformed CFT
derived in [29,30]. However, as we shall show below, the ]T deformation originates from an asymmetry
in the (£) sectors. For s = 1, a possible asymmetric generalisation of (6.68) with four free parameters
7? = {T(alb)}(a,b)e{_h_} is
v = vH (R, ol — a®(7) | 9) ,
aF(F) = (T<i">I§’)(R,?) — T<¢'+)I§+)(R,?)) , (6.85)
where we also allowed for the possibility of having two different initial values of the twist parameters

af” in the two sectors. From (6.85), the JT model is recovered with the choice
TE =0, 1P =7 o =0’ =ap. (6.86)
Correspondingly, relations (6.85) become
y® = p0ts (R, a0 — alT® ‘ 9) , VT = 7 [UWH(R, 7). (6.87)

Observation 47. Alternatively, the (+) sector can be equivalently described with a redefinition of the
length R as
VO = (R agl0) , RT=R-7 (Qo i Tgi JUTH(R, T)) . (6.88)
7

The right-moving solution in (6.81) and the topological charge become

. 4
IR, 7) = 7:2 (R —T7Qo0 — \/(R —7Qo)" — %k (h(“ - 21)) ; (6.89)
IR, 7) — IV" (R, 7) = P(R) = %r (R —hO) (6.90)
QW (R,7) = QU (R, 1) = Qo + 7 ﬁ I(R, 7). (6.91)

Therefore, Qo = 2map? and k = 8723 have been again consistently identified with the topological
charge and the chiral anomaly, respectively. The results described here are in full agreement with [30]

and the classical results presented in section 5.3.
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6.6 A simple example involving a pair of scattering phase factors

As already discussed, in principle one may introduce several scattering phase factors to deform the
NLIEs. In this section we will consider a particular combination of s — 0 and § — 0 scattering factors

which allows us to match with the classical results (5.111)-(5.112). We consider a double deformation

made of a length redefinition (6.65) with 7&) = F7 and 7®*17) = +7, together with a shift of the
twist parameter (6.85) with 71" = 47 and 7*/-) = +7. The corresponding deformed driving term
is then

) — &) (R(()i)’ ozé)i) — a®(R,T) ‘ 9) 7 (6.92)
with

a*(R,7) = -7 P(R)
RGY = R+7(QW(R,7) - QO(R7) = R+7(Q - Q) (6.93)

where in the last equality we used the fact that Q) (R, 7) = 27 2 (o — a® (R, 7)). Since the central
charges are affected by the deformation as

(R, T) = c+ 2452 (oz(()j[))2 — 2432 (af” — (R, 7‘))2 , (6.94)
one finds
ISR, ) = 2 (o ¢P(R7)\  RLP(R) +7QPPR) + £ 2 P(R) (6.95)
1 UnT & \" 24 = ® _ ) , '
R, R+ ( 0 Qy )
L7(R,7) I (R,7) = P(R), (6.96)
QW(R.7) = Q) +7 - P(R). (6.97)

which match exactly with the results (5.111)-(5.112) obtained at the classical level for the corresponding

densities.



Chapter 7
Conclusions and outlook

The purpose of this thesis is to review some of the recent results concerning irrelevant deformations of
2—dimensional QFTs, including the publications [24,43,46] by the present author. In the first part of
the work, we described the content of [24,46], where a thorough investigation of the effect of the TT
deformation on the classical integrable setup was performed. The second part of the thesis contains,
instead, the results of [43], in which an infinite family of irrelevant deformations — including TT and
JT as particular representatives — was introduced and studied both at classical and quantum level.

Many new interesting physical phenomena have emerged from the study of this relatively new
research field. However, there are still important long-standing open problems associated with

irrelevant perturbations which certainly deserve further investigation.

* integrable structure: from the point of view of pure integrability, these exactly solvable deformations
furnish a large variety of integrable models which would be interesting to address using rigorous
methods such as Hirota, Bicklund and Inverse Scattering. For example, they would enable a systematic

analysis of multi-soliton solutions.

* generalised CDD deformations: As largely discussed in this dissertation, irrelevant deformations
of IQFTs are related to the inclusion of phase factors in the S—matrix of the original theory. In
particular, the most general family of CDD factors is given by (1.21), which can be more conveniently
rewritten in the representation [1]

N B, — isinh(6)

fO) =\l =——F—F—-F. 7.1
(6) o By, + isinh(6) (7.1)

where Ux {B,} ;\;1 constitute a set of parameters alternative to {7} in (1.21). It would be important
to perform a systematic numerical exploration of the finite-size spectrum of a simple model deformed
through (7.1), to understand how the UV behaviour is affected.

* Correlation functions: Most of the exact quantum results obtained in this field concern the
spectrum. It would be nice to continue the study, along the lines of [19], of correlation functions of
local operators which contain off-shell information on the theory. These studies might shed some
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light on the properties of these models in the deep UV regime and clarify issues related to
non-locality and entanglement entropy [82]. An important step in this direction was made in [19],
where exact evolution equations for correlation functions were proposed. It would be nice to check

the correctness of the proposal of [19] using, for example, a perturbative approach.

Extension to higher dimensions: The TT deformation and its higher-spin variants are all defined
in 2—dimensions. It is natural to look for consistent generalisations in higher dimensions which
retain some of the special features displayed by the TT operator. For example, the factorisation
property and a universal flow equation for the finite-size spectrum. An interesting proposal, based
on holography-related arguments, appeared in [83]. Starting from a completely different
perspective, the authors of [24] noted that the classical Maxwell Born-Infeld theory of non-linear
electrodynamics in 4 dimensions, arises as a deformation of the Maxwell theory (without matter
fields) generated by the square root of the determinant of the Hilbert stress-energy tensor (see
appendix E.1). It is currently unclear whether or not it exists a connection between the ideas of [83]
and [24]. Although the observation made in [24] involves a specific model of non-linear field theory
which enjoys unique features (see, for example [84] and references therein), it would be beautiful to

find an exact flow equation for its finite-volume spectrum, or at least for the Casimir energy.



Appendix A

A.1 Space-time conventions

Throughout the thesis, we deal with classical field theories defined on a 2—dimensional flat Euclidean
space-time. Depending on the situation, we parametrise it using cartesian or complex coordinates.
We consider the two sets of cartesian coordinates x = (z!,2%) and y = (y', 5?) related to the sets of

complex coordinates z = (z,z) and w = (w, w), respectively, through

z=a' +1i2? w =y +iy?
, v (A1)
z =gl —i22 w:yl—ﬁzf
The line element ds? in cartesian and complex coordinates reads
ds? = (dz')? + (da)? = dzdz , ds® = (dy")? + (dy?)? = dwdw , (A.2)

since the basis of the cotangent space dz = (dz,dz), dw = (dw,dw), dx = (dz',dz*) and dy =
(dy*, dy?) transform as

dz = dx' + 1da? dw = dy* + i dy?

dz = dz' — i da? dw = dy' — 1dy?

Instead, the basis of the tangent space 8, = (9., 0z), Ow = (0w, ), Ox = (041, 0,2) and Oy = (0,1, 0,2)

yl Oy
transform as

0, = % (01 —10,2) 7 Ow = % (8y1 — ﬁ8y2) (A.4)
0z = %(89:1 +10,2) Ow :%(8341 Jrflayz)
Eventually, we will move from Euclidean to Minkowski signature by means of a Wick rotation
2= —it,, y*=-—it,, (t€R), (A.5)

where xy = (2,t3), yu = (Y, ty), (x = ', y = y'), are the cartesian coordinates in the 2—dimensional
Minkowski space-time. In some cases, we will switch from cartesian xy = (z,¢;) , yu = (v, t,) to light-

cone coordinates Xy = (z7,27) , yu = (yT, y ™) respectively, according to
et =xtt,, yi:y:tty, (A.6)

which are obtained from (A.1) by applying the Wick rotation (A.5).
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A.2 Local conserved currents

Local translational and rotational symmetry of the theory reflects, according to the Noether’s theorem,
into the existence of a conserved current, ie. the stress-energy tensor T' € F. In IFTs there exists
an infinite set of local conserved currents {Ti},., € F, which do not descend from a Noetherian
symmetry. The symbol s is the so-called rank or Lorentz spin and, in general, it takes values in Z. Local
currents are generically polynomials in the field and its derivatives and |s| counts the total number of
9, derivatives minus the total number of 9; derivatives. Notice that the stress-energy tensor represents
the rank—1 current of the hierarchy, ie. T' = T. Formally, T is a rank—2 tensor and its components

in the set of coordinates x and z are related through

11:()(>2

(T5) (T5).= +
(T)y, = 3[(Ts).. — (

(T5)

(T5)

T, TS)Z
21 — ﬁ[( ) — (Ts + (Ts),
22 = —(T5)., — (Ty)s: (s)z+(T)z, (A.7)

where (T5) 0 = (Ts) > ((n,v) €{1,2}), and {(T5).. , (T5);: , (T5).z . (Ts) .} denote the chiral
components, which are normalized according to the standard CFT convention [85]

\/
NI

5)zz
)ez
)

Ter1 =2 (Ty),, , Tsy1=-27 (Ts),; , Os1=271 (Ts),. , Os_1 =27 (Ts),, . (A.8)

z zz zZz

In line with the conventions of [24, 43], throughout the text we mainly use the rescaled chiral

components
T 1 = T 1
Ts—|—1 = - (Ts)zz = 25; ’ Ts-‘rl (TS),EE = 25; ’
O4_ _ O_
Os_1 = (Ts)zg = ;ﬂ_l ) Os_1 = (TS)Zz = 257'(1 . (A'Q)

As already mentioned at the beginning of this appendix, s can be both a positive and a negative integer.
However, assuming that the theory is invariant under parity transformation, the currents are symmetric
under the exchange s <+ —s. For this reason, we split the set {s} = {s'} U {0} U {s} into a positive
({s}) and a negative subset ({s'}) using the notation

s=1s| >0, s =—|s|<0, (Vs#0). (A.10)

The case s = 0 is quite special and therefore it is considered separately. Starting from the level—s
rescaled chiral components {Ts; 1,01}, the corresponding level—s" components {Ty 1,0y _1} are
obtained through the following reflection

Ts’+1 = @s—l ) @s’—l = Tls—&—l . (All)

The conservation of Ty is represented by the continuity equations, namely

2T (x)=0, (¥=12), (A.12)
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in cartesian coordinates x with 9, = &%, and
agTerl (Z) = @ZGS,l(z) s 8ZTS+1(Z) = 65(:)571(z) s (A13)

in complex coordinates z, using the rescaled components (A.9). From (A.12), it follows that the

quantities

%zéﬁ%ﬂﬁ,wzmu (A.14)

do not depend on 2 if we assume that Ty* (x) vanish at the boundary of the domain C' C R. Since Q%
do not evolve in time, we refer to them as conserved charges. Using the standard convention for Ty in

cartesian coordinates, we have
T521 = ]1735 ) trs22 = _HS ) (AlS)

where Hs(x) and Pg(x) are the level—s Hamiltonian and momentum density, respectively. In terms of

the rescaled chiral components, they are written as

‘,Ps:l's_isa HS:IS_'_IS)‘ (Alé)

where we defined

IS = - (TS—H + 65—1) ) is = - (Ts+1 + (:)s—l) . (A17)

Therefore

Q;:ﬁ/cps(x)dxlzﬁps:ﬁ(fs—fs) : ng—/CHs(x)dxl:—ES:—(Is—i—Is) , (A.18)

where Eg and Ps are the level—s total energy and momentum, integrated over the domain C, and

analogously

= X .fL'l 7: 7X ZEl. .
A—Akﬂd, I, A%Ud (A.19)



Appendix B

B.1 Partition function of a TT—deformed Yang-Mills theory

In this appendix we review a result of [46], in which the partition function and heat kernel for a
TT—deformed Yang-Mills theory were conjectured. In support of the conjecture, several consistency

checks are provided.

The partition function of a Yang-Mills theory with generic gauge group G on a 2—dimensional
orientable manifold M with genus p and metric g, is [86-89]

ZM(4) = /DA” o S e VA TOE P Zd%zpe_%ACQ(R) 7 (B.1)
R

where

* g is the Yang-Mills coupling constant;
* Ais the total area of M;

* the index R in the sum )4 runs over all the equivalence classes of irreducible representations R of
the gauge group G;
* dgp is the dimension of R;

* C3(R) is the quadratic Casimir in the representation R.

The generalization of (B.1) to a manifold with genus p and n boundaries corresponds to the so-called
heat kernel:

2
ZM(g1, - galA) =D di " xR (91) - xR (gn)e TACR) (B.2)
R

where g; are the Wilson loops evaluated along the boundaries, and yz denotes the Weyl character of
the representation R.

According to (2.138), it is natural to conjecture that the TT contribution to the partition function and

heat kernel consists in a simple redefinition of the eigenvalues of the quadratic Casimir operator

C2(R)
1-72 Cy(R)

CQ(R) — CQ(R, 7') = (B3)
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Since (B.2) depends only on the surface area A of the manifold, the deformed version
ZM(g1,. .., gn;T|A) fulfils

fGTZM(gl, ce gy TIA) = A@iZM (915, 9n;T|A) . (B.4)

With the prescription (B.3), all the diffusion-type relations introduced in [18] (see also [20,23]) for the
partition functions on various geometries are automatically fulfilled:

* Cylinder: The cylinder partition function Z (g1, ga| A) corresponds to the n = 2, p = 0 case of
(B.2). Setting A = RL, and implementing the prescription (B.3), ZV(gy, go; 7|A) trivially satisfies
Cardy’s equation:

— 0.2 g1, g2: T|A) = (01, — 1/L)ORZ (g1, go; 7| A) (B.5)

* Torus: The partition function on the torus, ZT(A) corresponds to the n = 0, p = 1 case of (B.2) with
A = L L} — Ly LY}, while the consistency equation for the deformed partition function is:
1

—0:27(7]4) = (01,01, — 0,0y —

(LlaLl + LYy + Lady, + Lga%)] ZT(r|4) . (B.6)

* Disk and Cone: In the case of a disk, or more in general of a cone with opening angle X, the
deformed partition function Z<°"(gy;7|A) corresponding to n = 1, p = 0 and area 4 = } XY R?
satisfies

— (9TZC0ne(g1;T‘A) = % Xa)( <j(aRZC0ne(g1;T‘A)> . (B7)

The modification (B.3) in (B.2) is expected to hold in general for any value of p and n, possibly leading
to a consistent deformation of the whole Yang-Mills setup. The authors of [90] investigated thoroughly
the partition function of TT—deformed Yang-Mills on a sphere, showing that the Douglas-Kazakov

phase transition still persists for a range of values of 7.



Appendix C

C.1 Short review on surfaces embedded in R?

In this appendix we briefly review the basics of the classical theory of surfaces embedded in R®

following the standard constructive approach which can be found, for example, in [91].

Let us consider a surface ¥ and the vector-valued function
r: R*—=R:z=(z",2%) €R® = r(z) = (r1(z),m2(2z),73(z)) €R?, (C1)

which defines the embedding in R3. The vectors

d
Ty =5t (n=1,2), (C.2)

span the tangent plane 7p ¥ to the surface at any non-critical point P € ¥.! For simplicity, we disregard
the presence of critical points, hence we assume that r1(z) # rs(z) , Vz € dom(r). The basis of the
tangent plane can be promoted to a basis o of R? by adding to (C.2) the unit normal vector n

ry Xro

(C.3)

O':{I'l,I'Q’n}7 :m

The surface ¥ inherits a metric structure from the ambient space R® and its line element, also known as
ﬁrst fundamental quadratic form, is

[=ds®’=dr dr = G d2V'dz" g =141, (C.4)

and the tensor g, is called first fundamental tensor or metric tensor of the surface X.. Then, we define the

so-called second fundamental quadratic form as
0
Il = —dr-dn =d,, dz!'dz" , du, = ( ,,) ‘n, (C.5)

—r
OzH

where the tensor d,,, describes the projection of the vectors a%r,, on the normal direction at each
point P € ¥ and measures how much the surface curves away from the tangent space in an
infinitesimal interval around P. According to the classical theorem by Bonnet [63], these two objects

I\¥e say that P. € ¥ is a critical point if r1 (zc) = ra2(z.), where z. is such that r(z.) = P..
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uniquely define, up to isometries, the embedding of a surface in a flat 3—dimensional space.

From g,,, and d,,,, we define a new object

S;VL = d,up g, Gup g = 5;: ) (C'é)

known as shape or Weingarten operator, whose eigenvalues k1 and ko are the principal curvatures of the
surface ¥. The latter quantities are geometric invariants, meaning that they do not change under

reparametrisations of the surface. Usually, x; and k3 are combined into the Gauss and mean curvatures

Ki+hre 1,
5 = 5% (C.7)

K = k1k9 = det [SZ] , H=

The tensors g, and d,,,, determine the dynamics of the frame o along the surface, which is encoded in

the Gauss equations

0
@ry = FZV r,+d,n, (C.8)
and the Weingarten equations
9 v

@n = 8/1 r,, (C.g)

where we introduced the Christoffel symbols

1 0 0 0
T v Y

P,uz/ 29 <8Z” uo + e Gvo 020 g,ﬂ/) . (C.lO)

Observe that the Gauss-Weingarten equations can be recast into the following linear system

&U:U#U, (C.11)
with!
Iy, ThH dn L, T2, dis
Uh=| Ti, T% diz | Us=| Iy T3 dn | . (C.12)
—s1 —s2 0 —s3 —s2 0

These structural equations are subject to a set of compatibility conditions called Gauss-Mainardi-Codaz zi
(GMC) system, which takes the form of a ZCR for the matrices {U, “}izl

Uy — 01Us + [Ul, UQ] =0. (C.13)

However, notice that the matrices {U, M}izl do not form a Lax pair in the usual sense, since no spectral
parameter is present and they do not belong to a semi-simple Lie algebra. Working out this general

construction for the sine-Gordon model, we will show how to build a proper Lax pair out of {U, “}Z=1'

'Note that I'}, =T'2,, and d,., = dup.
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As a first example, let us consider a pseudo-spherical surface, i.e. the Gauss curvature is K = —p? <
0, (¢ € R). In this case, one can choose as parametric curves the asymptotic lines, for which di; =

da2 = 0. Setting A? = det [g,,,], we see that
K=_%12 (C.14)

After some manipulations [91], it can be shown that in this case the GMC system implies

0 0
1 _ 12 _ _
I'p=I1,=0 = 9.2 (g11) = 9.1 (922) =0. (C.15)
Defining the angle w between the parametric lines as
A
cosw = —I12 sinw = —— (C.16)

/911922 ’ v/ 911922 ’

we have the following expression for the fundamental forms

[=gn1 (dz1)2 + 2./911922 coswdz'dz® + g22 (d22)2 , I =2uy/g11922 sinw dz"dz? . (C.17)

Now, given the (anti-)holomorphicity of g11 and g22, we can define the rescaled variables 2’ = . /g,,,, 2"

(no summation over repeated indices here) in terms of which one has!
[= (dz’1)2 — 2coswdztd"* + (dz’2)2 , I =2pusinwdz"dz"? . (C.18)

It is possible to show that the GMC system (C.13) reduces to the sine-Gordon equation

0o 0

. . 2
Let us now consider the matrices {U,},_,

wi cotw —wqp cscw 0 0 0 psinw
Uy = 0 0 pusinw |, Uz =| —wscscw wy cotw 0 , (C.20)
pcotw  —pcscw 0 —pcscw  pcotw 0

where w,, = z2;w. As already mentioned, the matrices (C.20) do not form a Lax pair since they do
not belong to a semi-simple Lie algebra — in this case we would expect su (2) due to the appearence of
the sine-Gordon EoMs — and do not contain a spectral parameter. We can fix these apparent problems
with the following considerations. First we notice that the triple o = {r1,r2,n} is not orthonormal.

However, the rotation

1 0 0
o —oc=Mo, M=]| —cotw cscw 0 |, (C.21)
0 0 1

"This corresponds to a parametrisation of the surface by arc-length along the asymptotic lines.
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which corresponds to a gauge transformation on the matrices {Uu}i:1
U, — U=0M)M ' +MUM", (C.22)

leaves the compatibility equation — the sine-Gordon equation — invariant and maps (C.20) into

0 —wi O 0 0 psinw
U= w1 0 pu , Uy = 0 0 — L COS W , (C.23)
0 —u O —usinw | cosw 0

which belong to the su (2) algebra. Finally, the spectral parameter can be recovered by noticing that

the sine-Gordon equation is invariant under the following transformation

(2’1,2'2,,u) = (aél,[%?, V%m) , Va,peC). (C.24)

Choosing a = v2m , 8 = V2% and writing w = 8¢, we obtain
2 ~1\2 2 =1 722 1 =2\ 2 m? =1 722
I=2m*( (dz')” - 2 oS (Bo) dz dz* + Y (dz*)") , = 2\/57 sin (B¢)dz'dz*, (C.25)
which coincide with the quadratic forms (4.55)-(4.56).

Finally, as another interesting example of integrable model associated to embedded surfaces, let us briefly
discuss a surface with constant mean curvature. In this case one can choose conformal coordinates, in

which the fundamental forms simplify to

2 1,0 1 1\2 w12 2\ 2
[= edzlds? W= — |y (d=')” 4 2¢°d:"ds? + Az (d2)°] (C.26)
Some simple computations show that the GCM equations are equivalent to the system

0o 0 0 0

Y = AA e Lp =L
821822w € 1426 0221 T 921

which is known as modified sinh-Gordon equation. Its Gauss curvature is

Ay =0, (C.27)

K = H2 (1 - AlAg E_Qw) . (CZS)
Rescaling the field as w — w + 21og H, the functions {Ai}?zl as A; — HA; and sending H — 0, yields
a minimal surface and reduces the GMC system to the Liouville equation

a a w —2w
@@w = Ke y K= —A1A2 € . (C.29)
C.2 Computation of the fundamental quadratic forms from

sine-Gordon ZCR

While in appendix C.1 we presented the derivation of soliton equations starting from the basic

geometric data of some particular surface, here we follow the reverse path and explicitly show how to
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obtain the forms (4.55)-(4.56) starting from the sine-Gordon ZCR (4.53)-(4.54). First of all we need
to find a basis of su (2) w.r.t. the Killing form

(a,b)x = Tr [Ad(a) Ad(D)] , (a,b€ su(2)). (C.30)

In the adjoint representation one has t' = Ad (u’) , (i = 1,2,3), with

0 0 0 -1 0O 0 O
tt=| -1 00|, t*®=] 00 0o |, t¢=[0 0 1|, (C.31)
0 1 0 -1 0
and
(t',t7) . = —20% . (C.32)
The orthonormal basis is easily found to be
, i
e'=—u', (C.33)

V2

and we see that for a pair of matrices A and B belonging to the 2—dimensional representation of su(2),
one has
(A,B);, =4 Tr [AB] . (C.34)

To compute the metric tensor g, we need the partial derivatives of r (4.50). One finds

or 0 0 oL
— =o' (L, ®) - 'L, PP D=1 LD. )
OzH o\ (Lu®) " o\ o\ (C 35)
where in the first equality we used the linear system 9,® = L, ®, from which g,,,, results
or Or or Or oL, OL
,=(=—,=—) =4Tr |— =4Tr | L2 . .
In <8z“’8z”>K g {82“ 5‘2”} [ax ax} (C.36)
Inserting the expressions (4.53)-(4.54) we obtain
1 L1
g =2m> | Xz o0 (69) . (C.37)
—5z cos (B9) b w

To compute the second fundamental tensor d,,,, instead, we need the second derivatives of r and the

o 0 (0 0L, [dL,
P (azvm+[m’L”]>q)' (C.38)

unit normal vector. One finds

while the matrix version of the unit normal is

[87“ 87’]

3
. 1 5T, 7.7
n = antz = 2\/5 0z1’ 02

=1 det [, 522]]

(C.39)

where

det H(g;,;;” = <;”; sin (ﬁ¢)>2 . (C.40)
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Putting all together, the second fundamental tensor results

(00
w=\Gwaa"")
1N OL, 0Ly] ( @ 0L, [OL,
= mZsn (39) Haw ax} <azvaA+ [mLm ' (C.41)

and using (4.53)-(4.54) it explicitly reads

V2m?

. 01
S sin (Bo) ( ) 0) . (C.42)

dy =



Appendix D

D.1 Spectral low equations in the CFT limit

In this appendix we prove that the general Burgers equations (6.33), which we report here for
convenience
OIS (R, 7) + RORIS™ (R, 7) = £kO IS (R, T) (D.1)

with R’ and 6, defined through (6.36), reduce to

oI (R,7) = 2I¢F(R,7)OrLF(R,7), (s>0), (D.2)
arféfl’i)(R, T) = 2I;f/’i)(R, T) ORI,S,’ﬂ(R, ), (§=-5<0), (D.3)

in the CFT limit.

Let us begin with the s < 0 case. From the implicit relation (6.47)
15 (R, 7) = 15 (RGP (D.4)

using (6.44), we have

27T(Ik/

IS (R, 7) - (D.5)
(R + 20152 (R, 7))
Differentiating (D.5) w.r.t. R for ¥ = & (k = s), we first express I *(R,7) as a function of
RIS ¥ (R, 7) as
, RORIS (R,
159 (R, 7) = — nly (R 7) (D.6)

27s(1 + s) 83[27’@(}{, )

Then, differentiating again (D.5) w.r.t. R for generic k" (k) and using (D.6), we express I (R, 7) as
a function of@RIS(fl’i)(R, 7) and 8RI,ifli)(R, 7) as follows

s ROpIS™®(R,7)

Igﬂi) R7)=—-_ ; . D.7
v (BT k2ors(1+s)0rIS ™ (R, T) (D7)

Finally, using (D.7), it is a matter of simple algebraic manipulation to show that
— RORIS ™ (R, 7) + KO,I5 2 (R, 7) = 215 (R, 7) OIS ) (R, 7) | (D.8)
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which proves that (6.33) for k = k' and s = s’ reduce to (D.3).

Considering the s > 0 case, from the implicit relation (6.46)
PP (R, 1) = I (RY™) (D.9)

using (6.44), we have ,
Tay

IC(R,T) =
; (R+ 2018 (R, 7))

(D.10)

T

Repeating the same procedure as in the s < 0 case, we express [,/ (R, 7) as a function of drI;"* and
ORIS™ as follows

R@Rflgf’i) (275 ORI — 27'83[,25’;) + S)

I’(j,i) __2 o - 5 — (D.ll)
k 52 (1 + 27 8RISS’ + 27 83135’ ) +4 (82 — 1) T2 aRI?’ 8RI§S’ )
Again, using (D.11), one can show that the following relation holds
— ROpIy (R, 7) + kOIS (R, 1) = 217 (R, 7) OpIS™ (R, 7) (D.12)

which proves that (6.33) for k = k and s = s reduce to (D.2).



Appendix E

E.1 Maxwell-Born-Infeld electrodynamics in 4—dimensions

Two-photon plane wave scattering in 4—dimensional Maxwell-Born-Infeld (MBI) electrodynamics
was considered by Schrédinger and others in pre-QED times (see, for example, [84] for a nice
historical review on the early period of non-linear electrodynamics theories). Later on, in [92,93] it
was shown that the scattering of two plane waves in MBI electrodynamics can be mapped onto a
specific solution of the 2D bosonic Born-Infeld EoMs, the N = 2 model in equations (2.116). In
particular, it is extremely suggestive that the resulting phase-shift can be nicely interpreted as being
the classical analog of the TT-related scattering phase. Compare, for example, the results of [92, 93]

with the discussion about the classical origin of the time delay in [94].

Motivated by these observations, in [46] 4—dimensional MBI theory of electrodynamics was
investigated and interestingly it was shown that it shares a lot of common aspects with the
2—dimensional bosonic models studied in section 2.3. In particular, in this appendix we show that it
arises as a deformation of the 4—dimensional Maxwell theory induced by the square root of the
determinant of the Hilbert stress-energy tensor.

Consider the MBI Lagrangian in 4—dimensions minimally coupled to a generic background metric g,,,,

as

- |det[£/uu]\+\éiet[guﬁ\/?ﬂu]’ () e {L2.3.4),  (E1)

where F,, = 0,A4,(x) — 9, Au(x) is the field strength associated to the abelian gauge field A,,, in

E';BI(X, T) =

accordance with the notation of section 2.3.5. Restricting for simplicity to Euclidean space-time, ie.
Guv = O and L = LM one has

—1+\/1—7'Tr[F2] —1—%2 (Tr[Fﬁ])2

27 ’

cMBI(X’ 7_) — (E.2)

where F and F denote the matrices with elements F, L and ﬁw = %ewpa]—" Po, respectively, .7:“,” being
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the Hodge dual field strength. Expanding (E.2) in powers of 7 around 7 = 0

LW(x,7) = —%Tr[FQ] + 1 (TR — AT FY)) + O(?)
= LM+ 7y/det[TM] 4+ O(7?), (E.3)

one recognizes that the order O(7°) coincides with the Maxwell Lagrangian
M 1 v 1 2
LY(x) = ZF’W}—# = —ZTI‘[F ], (E.4)

while the O(7) contribution is related to the determinant of the Hilbert stress-energy tensor of the
Maxwell theory T"(x), which can be computed from the Noether theorem by adding the Belinfante-

Rosenfeld improvement to make it symmetric and gauge invariant (cf. 2.3.5), i..

L™
TN = 95 pp g pM . pEp pvp v oM E.
(™) 9 (00 L L (E.5)

Formula (E.3) hints that L™ may arise from a deformation of Maxwell electrodynamics effected by the

operator O = \/det[T™] according to the flow equation

O, LM = \/det[T™] | (E.6)

where TM"' is the Hilbert stress-energy tensor associated to the MBI Lagrangian. Using the general

definition -
_ —20Ly

V9 0w

it is possible to show that, in euclidean spacetime (g,,, = 7,,.,), the following relation holds

(TMBI)MV

» V9 =/l det[gu]] (E.7)

14 SMI(x, 7) — 27 LM(x)

o 2728MBl (x, T)

= 9, LM SMU(x 7) = \/det [n;w + \/ZF/W} , (E.8)
thus proving the validity of (E.6).

As noticed in section 2.3.5, the presence of an internal symmetry (in the current case the U(1) gauge
symmetry) makes the definition of the stress-energy tensor ambiguous. As already appears at the
perturbative level in (E.3), here the symmetric and gauge invariant Hilbert stress-energy tensor seems
to be the natural choice to get the MBI Lagrangian as a deformation of the Maxwell electrodynamics.
However let us point out that there is no reason to rule out a priori a deformation induced by the
Noether stress-energy tensor, which is neither symmetric nor gauge invariant. Moreover, the two
stress energy tensors might give rise to completely different deformations. In fact, it is not known if

relation (2.132), or equivalently the factorisation property, holds in dimension d > 2.

Interestingly, solving perturbatively the flow equation (E.6) using as initial condition

LYY (x) = LMx)+V (E.9)
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where V is a potential depending on the fields A, only, one get the following solution

Vv 1
MBLV — I =
£V (3,7) = s+ o ( 1+ \/det (G + \/2TFWD , (E.10)

where 7 = 7(1 — 7V) is the same (local) redefinition of the deformation parameter found also in section
2.3.2 in bosonic interacting theories. A posteriori, it is easy to check that £V (x, 7) is indeed solution
to (E.6), ie.

qet Y] — S ARFV =) = 20V =) (1427 LX) )y (). (BA1)

272 SMBl(x, T)

Following the logic of section 2.3.4, it is interesting to perform a Legendre transformation on
LMY (x,7) to get the Hamiltonian density HM®V (x, 7). Again, using a shorthand notation for the
time derivative A,, = d4.A,, the conjugated momentum is

DLV (x, 7)

== Mm=0, (1=1273), E.12
v ( ) (E12)

and the Hamiltonian density takes the form

v
1-7V

1 ~
HMY (x,7) = + 5= (—1 + \/1 + 47 HM(x) + 472 |7>MBI(X)12> , (E.13)
T
where HM(x) = —1ILIT" + 1 F;;F = —T}}(x) is the Hamiltonian density of the Maxwell theory and
PMB(x) = 1T (x,7) , (i =1,2,3), is the i-th component of the conserved momentum density of
the deformed theory. Notice that HM*V(x,7) is formally identical to the Hamiltonian density
reported in Section (2.3.4) for the 2—dimensional bosonic theories.

Here we found that a 4—dimensional theory arises as a deformation induced by a power 1/2 of the
determinant of the stress-energy tensor. This result apparently does not agree with the generalization
to higher dimensions proposed in the first version of [18], from which one would expect a power
1/(D — 1) = 1/3 instead. Interestingly, notice also that the operator y/det[T™®] can be written in this

form
Vaetr] = (T - [ ) | (E.14)

which strongly resembles the generalization of the TT operator to higher dimensions recently proposed
in [83], except for the factor 1/2 in front of Tr [T™¥]? instead of 1/(D — 1) = 1/3. Although in this
Section we have pointed out many similarities at the classical level between the 4D Maxwell-Born-Infeld
model and the 2—dimensional bosonic theory discussed in section 2.3.4, the situation at the quantum
level is in principle much more complicated. However it would be remarkable if a structure similar to

the 2—dimensional case could emerge for the quantised energy spectrum.
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