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Abstract

The decays of B mesons exhibit intriguing puzzles. There are departures of experimental
measurements from standard model expectation, indicating the presence of new physics, but
there is also a persistent discrepancy between the inclusive and exclusive determinations of V,
the so-called V., puzzle.

In the first part of this thesis we examine the V,;, puzzle. To this end we perform a study
of a new method for computing inclusive observables in lattice QCD. Inclusive observables are
computed on the lattice at an unphysically low b quark mass and subsequently compared to
results of an OPE calculation. We find a generally good agreement between lattice and OPE
results despite numerical challenges.

Staying on the topic of inclusive B decays we then study the impact of higher dimensional
terms in the weak effective Hamiltonian on inclusive observables. These effects can in principle
receive enhancements in the phase space integration and therefore naive estimates are not
sufficient to predict their size. Therefore they are computed explicitly and their dependence
on lower cuts in the phase space integration is studied.

For the second part of this thesis we shift our focus to the discrepancies between standard
model predictions and measured values in branching ratios and angular variables in exclusive
B — KWputu~ decays. The SM predictions for these observables receive hadronic long-
distance contributions which cannot be quantified within the realm of perturbation theory. We
employ a dispersive formulation of intermediate ¢¢ resonances to determine Cy from different
regions of ¢ and decay channels. The results we find strongly indicate the presence of a missed
short-distance contribution in the current standard model analysis of b — s¢¢ decays.
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Chapter 1

Introduction

1.1 The Scientific Method

A core principle of scientific theories is falsifiability. They have to admit the possibility of
being proven wrong by empirical evidence. Thanks to this they can describe how nature works
but not why it works in the way it does. In this sense scientific theories can answer questions
starting in with "how”, but not those starting with ”why”.

On the other hand it is utterly impossible to prove any theory right by observations or
experiments. It is however possible to improve a theory by empirically testing it and updating
it, if it does not survive a test. This is the scientific method.

Thus the basis of scientific progress is constantly scrutinizing the state-of-the-art theories
and trying to prove them wrong. As soon as the currently accepted theory can be disproved
by an experiment there is a clue potentially leading to a more general one.

How good a theory is can be assessed by the number of tests it survives. Additionally it
should make predictions for measurable effects. The more new predictions a theory makes,
which are subsequently confirmed experimentally, the better the theory.

By these measures the Standard Model of particle physics (SM) is the best theory ever
found by humankind. Its predictions have been tested over an energy range of more than
10 orders of magnitude, most of which have been confirmed to an impressive accuracy. In
fact the SM is too good! There is no single significant disagreement between an experimental
measurement and the corresponding theory prediction.

This is not to say that there are no discrepancies at all. In decays of B mesons to lighter
mesons and two leptons, so—called semileptonic decays, intriguing discrepancies between the-
ory and experiment are observed. As some of the observables in question suffer from large
uncertainties and each measurement on its own does not deviate significantly enough from the
SM expectation to claim discovery, the path forward is not immediately clear.

In order to scrutinize these discrepancies and make the most of the available data a combined
effort on both, the experimental and the theoretical side, is necessary.

To this end a theory program with the goal of

e building new models to explain the discrepancies
e performing independent checks of established computational frameworks
e improving the precision of theory predictions

is being carried out. Here we are concerned with the two latter points.



1.2 Structure of this Thesis

The present thesis is structured in three parts. The first part, consisting of chapters 2 and 3
the SM and concept of Effective Field Theories (EFT’s) are introduced.

In the second part, consisting of chapters 4 to 6, we discuss inclusive semileptonic decays of
B mesons. chapter 4 serves as a general introduction of the heavy quark expansion for inclusive
B decays. After introducing the necessary methods we apply them in chapter 5 to test the
heavy quark expansion against a new method for computing inclusive observables in lattice
QCD. The second part ends with a study of contributions from higher dimensional operators
in the weak effective Hamiltonian to inclusive observables. we derive the leading new physics
contribution to the a new method of computing observables in inclusive decays of B mesons
is studied and new corrections to them are computed. The following chapter treats exclusive
decays of B mesons, scrutinizing the tension between theory prediction and measurement of
the differential decay rate in b — sll processes.

For the third and last part of this thesis, consisting of chapter 7, we turn to the study of
exclusive decays of B mesons, where the complete final state is resolved. Unfortunately this
additional information comes at a price. Contrary to inclusive observables in b — ¢ decays, the
observables in exclusive b — sf¢ decays suffer from uncertainties originating in our knowledge of
form factors and charm-loops. After introducing the problem of these charm-loops we employ
a dispersive treatment of intermediate charm resonances to determine the Wilson coefficient
Cy from experimental data in different kinematical regions and from different decay channels.

1.3 Conventions and Abbreviations

Throughout this thesis we will use the following conventions for the Levi-Civita tensor and the
Minkowski metric:

o (0123 — 4
® G = diag (17 -1, -1, _1)
Here we list the abbreviations used in the present thesis in the order of appearance:

e SM: Standard Model of Particle Physics
e EFT: Effective Field Theory

e VEV: Vacuum expectation value

PT: Perturbation theory
e NLO: Next-To-Leading Order

OPE: Operator Product Expansion

HQE: Heavy Quark Expansion
WC: Wilson Coefficient
LQCD: Lattice QCD

FCNC: Flavour Changing Neutral Current



Chapter 2

The Standard Model of Particle
Physics

This chapter serves as an introduction of the Standard Model of Particle Physics (SM) [150,
213,220]. As there are many excellent textbook introductions to the SM, for example [209-211],
it is by no means meant to be a complete account of this remarkable theory. Instead it serves
to introduce the concepts on which the work in chapters 4 and 7 is based.

2.1 Gauge Invariance
The SM is a gauge theory based on the symmetry group
QSM = SU(?))C X SU(Q)L X U(l)y.

Its minimal version without right-handed neutrinos and thus without neutrino masses contains
15 fermion fields describing the contents of matter. In table 2.1.1 they are listed together with
their transformation properties under the SM gauge group Gsym. In the following we build

Fermion field | SU(3)¢ rep. | SU(2)y rep. | U(1)y charge
L 1 2 ~1
Ef 1 1 —1
o) ; : :
Ut 3 1 2
D} 3 1 —1

Table 2.1.1: Fermion of content of the Standard Model. The index f € {1,2,3} specifies the
fermion generation.

the most general renormalizable Lagrangian which is invariant under local transformations of
the group Gsm with the given fermion content, beginning with the kinetic energy terms of the
fermion fields.

For a fermion field ¢ and defining ¢ = 1T and @ = v*0,, terms of the form i are
invariant under global transformations the SM group Gsy but not under local transformations.
In order to restore their invariance under local transformations the derivative operator has to
be adjusted.

10



Let us look at the QCD subgroup SU(3). as an example. A global SU(3). transformation
of a quark field 1 takes the form

i) = P (x) = Ty (x)
Gilx) = di(x) = (€ Tinpy(w)) 70 = s (@)e T, (2.1.1)

where T are the eight generators of SU(3) and the term global refers to the fact that the
parameters 0* are independent of the spacetime coordinate x. If the symmetry is gauged, that
is to say it is promoted to a local symmetry, this restriction is not valid anymore. A local
SU(3). gauge transformation acts on a fermion field as

bi(z) = ¢ (z) = DTy (x). (2.1.2)

Due to the explicit dependence of the parameters 6% on z the term 1@y is not invariant under
local SU(3). gauge transformations. Explicitly it term transforms as

TP () = P)Po(e) + Tla)e ™ @5 (G5 (). (2.1.3)

The invariance under gauge transformations can be recovered however by introducing the gauge
boson fields G7;. They are added to the derivative, forming the covariant derivative

D, = 9,1 —ig,G,. (2.1.4)

Now the invariance of terms of the form P can be imposed by demanding that the gauge
fields transform as

G, — ei@“(x)T“G‘uefiH“(w)Ta + L it (@)1 (aﬂe*ﬂ?“(z)T“) (2.1.5)
s
such that
D, — D, =0, —ig,G,
_ a + eiea(m)Ta (a 6719"‘(1)7“) . ng ( )TGGHefiea(x)Ta
_ 19"(3: )T (a _ngG ) —i0%(z)T*
— 0 @)T Due—%f)a(ﬂﬂ)TQ‘ (2.1.6)

The covariant derivative has the correct transformation behavior to render the term Py
invariant under local SU(3). transformations:

(@) Draihi(w) =1, (x)e™ " Ok DTk Jp om0 DT O iy, ()
= Y. (2) Dt (). (2.1.7)
This yields the massless QCD Lagrangian

3
EQCD, massless — Z Z %i (Z’Y'u (aﬂfskl - ngGZT]?l)) wlf (218)

I=1 i e{Qf Uk D)

Here the QCD gauge field G, = G{.T* is expanded in terms of the SU(3) generators. A mass

term of the form mi1) would be compatible with the SU(3), symmetry but break the SU(2),
symmetry describing weak interactions so it is omitted here.

11



As can be seen in eq. (2.1.6) the covariant derivative itself is not gauge invariant. But a
gauge invariant object can be built out of the gauge field strength

G = :—] [D,,D,] = 9,G, — 0,G, — ig[Gyu, G (2.1.9)

On the r.h.s. we can see that the gauge field strength can be expanded in terms of generators
of the gauge group, just like the gauge fields themselves, G, = G7,, 7. The trace Tr (GZVGQL”)
then is gauge invariant and the kinetic energy of the gauge fields in the Lagrangian can be
written as —1/4Tr (GZ,,Gg”).

For the electroweak subgroup SU(2), x U(1) analogous arguments lead to the covariant
derivative

3
DV =0, —igYB, —igy Wi, (2.1.10)
where B, and W, gauge field are the U(1)y and SU(2), gauge boson fields, respectively and
7% denote the generators of SU(2). As in the QCD case one can write gauge invariant kinetic
energy terms for the gauge bosons as —1/4Tr (Wl‘ij;‘”) — 1/4Tr (B, B") with the index a
running from 1 to 3.
The interactions between gauge bosons and fermions are completely determined by the
Lagrangian

3

‘Cmatter + ['gauge = Z Z ﬂc“ﬁwﬂ

1
-3 (Z GhGe, + Z W W, + B’“’BW> . (2.1.11)
a=1 b=1

Here the covariant derivative carries an index v indicating that different fermion fields are
acted upon by different covariant derivatives depending on their quantum numbers, explicitly
it reads

3

1 : b_b

§BM —1g E Wt
b=1

Dy, =0, +ig'Y B,

DgL = aﬂ + Zg/

Dy, =0, — zg B —ig Z WbTb — g Z G
Dy =0, — zg B — 195 Z G,T"

Djy, = 0u+ig'5 B zgSZG“Ta (2.1.12)

2.2 Spontaneous Symmetry Breaking

So far all particles in the theory, fermions and gauge bosons, are massless. The problem with
particle masses is that mass terms couple left - and right-handed fields. This can be seen by

12



decomposing a fermion field into left- and right-handed components, ¢ = ¥+ r = P+ Pri),
where Pp, g are the left- and right handed projectors. They are given by (1 F~+°)/2 and have
the propertles PLR_Id and PLRPRL_O Then wLR wa OPRL_wPRL and

myY = m (Y +¥r) (U + ¥r) = m (VP + Y Prp) = m (Yrior + Yrir) - (2.2.1)

A term of this form cannot be invariant under SU(2); because left-handed fields transform
under this group while the right-handed ones do not. Therefore in order to account for fermion
masses the weak symmetry has to be broken. Explicitly breaking the symmetry would mean
giving up on the idea of starting with a gauge symmetry and writing down a Lagrangian density
containing all terms which are invariant under the given symmetry group.

Instead the SU(2), x U(1)y symmetry is broken spontaneously by the vacuum expectation
value (VEV) of the scalar Higgs field ¢. This field is an SU(2), doublet with an assigned
hypercharge of 1/2, so it transforms as

6= ¢ =@ g (2.2.2)

With the covariant derivative Dg =0t —1ig %B“ — ig§ szl WHbrb one can write the invariant

kinetic energy term (D,¢)'Du¢ = |D#¢|2 for the Higgs field. Additional invariant terms can
be built out of the product ¢f¢. At mass dimension four there are two possibilities, u?(¢'¢)
and \(¢'¢)?, with a dimension-1 constant p and a dimensionless constant A\. Both terms can
be combined in a Higgs potential

V() = —u2 (6'0) — A (¢19)”. (2.2.3)
Writing the Higgs field as

— | V2 _
where ¢ and ¢" are complex scalar fields. The VEV is found by minimizing the potential in

the scenario u? < 0 and A > 0, yielding the condition

M2

cb*cb— (¢1+¢2+¢3+¢4)— %

The vacuum can be fixed to any conﬁguratlon satisfying this relation. For the choice ¢, =
o = ¢4 = 0 and @3 = v, with v = \/—pu?/(2)), is given by

(¢) = - <0> : (2.2.6)

U(1) on the VEV is given by

1D0)-256)

(2.2.5)

X

The action of the generators of SU(2).,

‘ -

T1 <¢> =
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HS

[\
—_
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—

=
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As can be seen here, under general SU(2), x U(1)y transformations as given in eq. (2.2.2) the
Higgs VEV transforms non-trivially, that is to say it spontaneously breaks the symmetry! The
only exception are transformations with 6'(x) = 0%(z) = 0 and 3(z) = §(x). Transformation
of this form,

(0) — <<b> = @ (THY) (g) (2.2.8)

make up a U(1) subgroup of SU(2), x Uy identified with the QED group describing electro-
dynamics. Consequently the combination

Q=1"+Y. (2.2.9)

is identified with the electric charge operator.

Mass terms for the gauge bosons are now found by expanding the Higgs field around its
VEV as ¢(z) = (¢) + h(x) and plugging it into the Lagrangian. The action of the covariant
derivative on the Higgs VEV turns out to be

D, (¢) = % (99(,?;/5 __2%) ) . (2.2.10)

Thus the kinetic term of the Higgs field evaluated at its VEV is

D, (&) =% ((Wﬁf W)+ (9B, - 9W5’>2)

8
¢ 0 0 0 W
2 2 2
— U_ 1p 2,p 3.p 0 g 0 0 , W=k
3 (Whe W2r Wi B,) 00 92, ~g9 - (2.2.11)
0 0 —gg g°? B,

This mass matrix is diagonal in the basis (W, W2, g B, — g, g B, + gW2) with the corre-
sponding eigenvalues g2, g2, > + ¢'2,0. So there is one massless gauge boson and three massive
ones. Not all of these are eigenstates of the electric charge operator however. In order to see
this the transformation rule for the gauge bosons under gauge transformations is needed. From
eq. (2.1.5) it follows that for an infinitesimal transformation

W, (z) = Wﬁ(x)Tb —>§-5)M0b(a:)7'b — [WS(JZ)TG, i0°(2)7°]
:é@ﬁb(x)Tb — Wi (z)0°(z) [, 7°
= (Eaue (x)— f “W“(:c)Wﬁ(x)) T, (2.2.12)

where f% are the structure functions of SU(2), defined as [Ta,Tb} = if%7¢ So the gauge
fields transform as

W) — gayea(x) — ()W (). (2.2.13)

Therefore under global transformations the gauge bosons transform in the adjoint transfor-
mation of the SU(2),. Note that they do not transform under global U(1)y transformations
because U(1) is abelian, i.e. all of its structure functions vanish. Noting that the structure
functions of SU(2) are given by f% = ie® where €% is the totally antisymmetric tensor,

14



as can be verified by explicit computation and that the generators in the adjoint representa-
tion are given by (%b)ac = —ifo% the electric charge operator in the adjoint representation of
SU(2)z x U(1)y can be written as

0 ¢« 00

3 |-+ 0 0 0
Q=71"+Y = 0 00 0 (2.2.14)

0 000

Consequently it is diagonalised by the orthonormal basis
W2 W2 3 3
W!} +aW, W, =Wy gB,—gW, g B,+gW, (2.2.15)
V2 V2o VP Vet g?

with respective eigenvalues —1, +1, 0 and 0. These are the physical electroweak gauge bosons.
Conventionally they are named according to their electric charges. Here we have the charged

W bosons

Wi +iaw?
Wh=—-+t——=*~ (2.2.16)
V2
the neutral but massive Z boson ) ;
B, —gW
z, =279 (2.2.17)
Vit g?
and the massless and electrically neutral photon
B, +g W}
<AH::g—ﬁ7—g——ﬁ. (2.2.18)
Vg?+g?
In terms of mass and electric charge eigenstates and with the definition 7% = 7! F i72 the
electroweak covariant derivative from eq. (2.1.10) then reads
DEY =0, — L (W e Wirt) - =7, (P Y ) - 24, (1Y),
0 NG ( I Iz ) \/W Iz \/W Z ( ( ) |
2.2.19

From the explicit form of the SU(2) generators in eq. (2.2.7) it is now obvious that the Z boson
and photon do not mix upper and lower members of an SU(2), doublet. Upper and lower
doublet members are only mixed in interactions with the charged W T bosons. As an example
the interactions of left-handed quarks and the negative W boson are explicitly given by

!
9 Afvir——nnf Y b (—f = 01 uy,
g -

The interactions involving leptons and the ones involving the positively charged W boson follow
analogously. Note that at this point all interactions are flavour diagonal! So far decays are
impossible because the fermions have to be massless. This is going to change in the following
section.

15



2.3 Fermion Masses and Mixing

There is one more kind of term which is invariant under the SM symmetry. From two fermion
fields and the Higgs field we can build terms of the form 1, ¢1or. As Y, UTUpr = 1, UTU PR
for any U in SU(2), these terms are clearly SU(2) invariant. To make sure that they are
invariant under U(1)y the hypercharges of the involved fields have to add to 0. Looking at
table 2.1.1 there are three combinations which achieve this, yielding the Yukawa Lagrangian

3 3 3
Lviawa = — Y Y/Qu Do — > YIQ UL — > YL Eh¢+he., (2.3.1)
ij=1 ij=1 ij=1
where the indices ¢« and j denote the fermion generation and

¢ = img' = (:-ﬁ) (2.3.2)

is the charge conjugate Higgs doublet. When the Higgs field acquires a VEV it can be written

as #(z) = % (U + él(x)) (2.3.3)

The Yukawa terms are the only terms in the SM Lagrangian which induce interactions between
fermions of different generations. Without them all fermions would be stable!

Analogously to the case of the gauge bosons the fermion masses are found by plugging the
Higgs field expanded around its VEV into the Yukawa Lagrangian. The terms made up of two
fermion fields and one VEV then yield the fermion masses. In order to obtain definite fermion
masses the Yukawa couplings have to be diagonalised. In the lepton sector this can be achieved
by making use of the global flavour symmetry of the matter part of the SM Lagrangian. The
term Lgy is invariant under global transformations of the form

P — Wlse vy, (2.3.4)
where f is a generation index and W € SU(3). For example
Lyily, L —LyWiloe i, e Ll
= féilDLL WH%‘”LL e Wg?L}L‘
= L3ilpL, WiPWE, L
= Tyilp,, 6L
=Tip,, L], (2.3.5)

The SU(3) flavour transformations Wy, commute with the covariant derivative because the
gauge couplings are equal for all generations. These transformations make up the group

Ghavour = U(1)° x SU(3)1, x SU(3)g, x SU(3)g, x SUB)y, x SUB)p, = U(3)°. (2.3.6)

The lepton Yukawa couplings Y, can then be diagonalised by applying SU(3) transformations
Wi, and Wg, to the left- and right-handed leptons respectively, such that WzLYgWER is
diagonal. The diagonal elements of this matrix correspond to the lepton masses.
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In the quark sector a complication arises. For the diagonalisation of Y, and Yj; in general
four different unitary matrices are needed. Because SU(3)q, transformations act on the upper
and lower members of the left-handed quark doublet in the same way, that is to say only a
simultaneous transformation of up-type and down-type quarks leave the matter Lagrangian
invariant, only three unitary matrices can be chosen in such a way that they do not change
other terms in the Lagrangian.

We can choose Wq, and Wy, such that the Yukawa couplings to up-type quarks, WchL Y W,
are diagonal. We can also freely choose Wp, without impacting the rest of the Lagrangian but
WQL Y:Wp,, is not diagonal. This can be corrected by introducing a unitary transformation V'
rotating the left-handed quark doublets as

uf Vufgug
of = (df) VI — <Vdf9d9) . (2.3.7)

We choose it in such a way that VTWCBLYdWDR is diagonal. As V has to transform up- and
down-type quarks differently the only terms it impacts in the Lagrangian are the interactions
of the charged W bosons with a pair of quarks. The Z boson and photon interactions are
unaffected because they do not mix upper and lower members of an SU(2), doublet as was

established in the end of section 2.2. The W boson interactions with a pair of quarks from
eq. (2.2.20) then become

v
j_w alyrdl - TW @l vifanunyohgh — 9 \%M W alydl, (2.3.8)
where we defined the CKM matrix as Vogy = VJ Vy;. Finally there are couplings between
different flavours of quarks. Thanks to the introduction of the Yukawa terms in the Lagrangian
the fermions obtain masses and heavy fermions can decay into lighter ones of a different flavour.
In general a unitary 3 x 3 matrix has 9 parameters, three of which are real rotation angles
and 6 are complex phases but we can change the 5 relative phases between the 6 quarks without
any effect apart from the Yukawa couplings, or equivalently the CKM matrix. By making use
of these, 5 phases can be removed from the CKM matrix. So in the end the CKM matrix
contains 3 real mixing angles and one complex phase.

2.4 The Standard Model

In summary, the SM is a gauge theory based on the symmetry SU(3). x SU(2), x U(1)y with
the Lagrangian

LSM :'Cmatter + Egauge + ﬁHiggs + ACYukawa

= 3 & iy

=1 yreqid B Q1 Ul Df}
8
_}1 (Z GE'GS, + Z WWe, + B* B, )
+ \D¢¢| 2 (¢%0) — A7)
3
Y VPG - Y VU - Y VB the. (2401

ij=1 i,j=1 ,7=1
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with the covariant derivatives given in eq. (2.1.12). When the Higgs field acquires a VEV the
gauge bosons get their masses from the kinetic energy energy term of the Higgs field, while
the fermion masses and quark mixing both have their origin in the Yukawa terms. Upon
the diagonalisation of the Yukawa couplings the quark mixing is moved to the gauge sector
yielding flavour changing charged current interactions. As the Z boson and the photon do
not mix upper and lower members of an SU(2), doublet, at the tree-level there are no flavour
changing neutral currents in the SM.

The Lagrangian above completely fixes the dynamics of all known elementary particles, but
it contains 18 input parameters which cannot be predicted from first principles. They are

¢ 9 Yukawa couplings, or equivalently fermion masses,

the Higgs self coupling A,

the Higgs VEV, or equivalently the constant p?,

the 3 mixing angles and the complex phase of the CKM matrix,

the gauge couplings g¢s, g, g -

Note that, except for the 3 gauge couplings, all a priori unknown input parameters have their
origin in the Higgs sector.

Considering the scope of physics it describes the SM is a remarkably simple theory. It is
truly impressive how precisely its predictions agree with almost all experiments carried out to
test it in the past 50 years.

Still there are big theoretical problems, suggesting that the Standard Model can be gener-
alized to a more complete description of nature. Some of these indications are

e the fact that there are at least 18 constants of nature which have to be plugged in by
hand,

e the fact that there is no gravity in the SM,

e the fact that the complex phase of the CKM matrix is the only source of CP violation in
the SM and that this is not enough to cause the observed matter/antimatter asymmetry
in the universe,

e the fact that the SM in its minimal form does not account for neutrino masses even though
there is evidence for neutrino masses from the observation of neutrino oscillations.

The shared property among these issues with the SM is that they are not easily translated into
explicit predictions for microscopic processes. Despite it being frustratingly good at predicting
the outcome of precision measurements there are some processes in which the SM seems to fail
in appropriately describing nature.

Notably in processes which involve the decay of a bottom quark to a strange or a charm
quark it seems that the SM fails to describe nature accurately. At this point also the anomalous
magnetic moment of the muon should be mentioned for completeness, even though it is not a
topic of this thesis. Also in measurements of this constant there seems to be a disagreement
between theory prediction and experimental measurement.

In the following we will focus on two current puzzles. The first one is concerned with one
of the elements of the CKM matrix, describing the probability of the charged current b — ¢
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decays. This constant can be measured in inclusive and exclusive decays of B mesons and
interestingly the results of both determinations disagree with each other. This is known as the
V. puzzle and will be discussed in more detail in chapter 4.

The second one concerns a neutral current flavour changing decay. Being forbidden at tree-
level these decays are heavily suppressed in the SM. Explicitly this work deals with the decay
rate of a bottom quark decaying to a strange quark and two leptons. The measured decay rate
of this process exhibits a departure from the SM expectation which could hint at New Physics
(NP), i.e. physics beyond the SM. This is the topic of chapter 7.

Before tackling these problems the necessary theoretical framework is laid out in the fol-
lowing sections and chapter 3.

2.5 The CKM Matrix

The Cabibbo-Kobayashi-Maskawa (CKM) matrix [181] parametrizes the probabilities for flavour
changing charged current interactions. It is commonly displayed in the form

Vud Vus Vub
V=|Va Vi, V. (2.5.1)
Via Vis Vi

There are many possible parametrizations of the CKM matrix. The one that is recommended
by the PDG is

—1id

C12C13 $12C13 S13€
_ 19 19
V = | —si12023 — c12523513€" C12C23 — S12823513€" S23C13 |, (2-5-2)
& 6
$12523 — C12C23513€" —C12523 — $12C23513€" C23C13

where s;; = sin6;; and ¢;; = cos 6,;;. Unitarity relates its elements to each other. Explicitly the
condition VIV = 13,5 yields

Vaal” + [ Vass|” + Vi |* = |Veal* + Vs + [Vio* = [Vial* + [Vis|” + Vi * = 1 (2.5.3)

and six more relations for the off-diagonal elements of VVT. The relations for the off-diagonal
elements define triangles in the complex plane. In depictions usually the relation

wVaud + Vg Vea + VigVia = 0 (2.5.4)

is shown. Rescaling it the relation becomes

Vb Viud n Vip Vi

1 =0 2.5.5
ViV T ViV (253)
and defining
> Vid
R, = | Vi 2.5.6
’%m (2:5.6)

for i € {u,t}, it is obvious that this relation defines a triangle in the complex plane with sides
of length 1, R, and R, as depicted in fig. 2.5.1.
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Figure 2.5.1: The unitarity triangle

Experimentally it is observed that the elements of the CKM matrix follow a hierarchical
pattern, with the diagonal elements being close to 1, |V,s| and |V.4| being close to 0.22, |V)|
and |V;,| being of order 1072 and |V,;| and |V;4| being of order 1073.

2.6 Asymptotic Freedom

At this point we can apply the framework of perturbation theory (PT) to the SM and compute
predictions for observables. For hadronic processes, that is to say in processes involving quarks
in the initial or final state, these predictions cannot directly be compared to experimental
measurements however. This is due to a property of QCD called asymptotic freedom, stating
that the QCD coupling constant o, decreases when the energy scale of a given process increases
and diverges at low energy scales.

This property is intrinsically linked to the renormalization of QCD. In order to make precise
predictions in QCD, loop diagrams have to be evaluated. At the Next-To-Leading Order
(NLO) we have to evaluate one-loop diagrams with one undetermined momentum which has
to be integrated over. These integrals suffer from UV divergences which are dealt with by
renormalizing the theory. First the integrals are regularized such that the intermediate results
of the computation are formally finite before one takes a certain limit. A commonly used
regularization procedure is called dimensional regularization. In dimensional regularization
loop integrals are computed in d = 4 — 2¢ dimensions. Away from d = 4 dimensions the
integrals are formally finite and can be computed. The UV singularities then appear as 1/e
poles in the result. For obtaining a physical prediction these poles then have to be cancelled
before taking the e — 0 limit. This is achieved through a redefinition of the parameters in the
Lagrangian (masses and coupling constants) and of the fields. The singular bare quantities,
here denoted by the subscript 0, then relate to their renormalized counterparts as

1
Yo = Z24
¢ = Z2Ge (2.6.1)

where the renormalization constants Z contain singularities, but the renormalized parameters
and fields are finite.

Analogously we introduce a renormalization constant Z, for the coupling constant to absorb
the singularity of the bare coupling gso. Now we run into a problem if we want the renormal-
ization constant to be dimensionless. The coupling constant g, itself is not dimensionless
away from d = 4. This can be seen from simple dimensional arguments
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In d spacetime dimensions we want the action S = [ Ld% to be dimensionless so by
looking at the fermion kinetic energy terms we see that the fermion fields have mass dimension
(d —1) /2 and from the kinetic energy terms of the gauge bosons we find that they have mass
dimension (d —2) /2. Then from the interaction term we find that the coupling constant has
mass dimension e. As we would like to keep the coupling constant and thus the renormalization
constant associated with it dimensionless, we introduce a new constant p which absorbs the
mass dimension of the coupling. Therefore the relation between the bare coupling g5 and the
renormalized coupling g, is given by

9s0 = Zg(p)pgs (1), (2.6.2)

where g, 0, Z, and g, are dimensionless but Z, and g; depend on .

So the process of renormalization comes at the cost of introducing an artificial energy scale
in the theory. The dependence of the coupling constant on p can be found by noticing that
the bare coupling does not scale with u. Consequently we find

d
O:_S
dug’o
_d (Zgrgs (1))

d
= u— (Z, 11 gs
udu(gug(u))
€ dgs

dZ,
Lo ——— + Z,gs€p° 2.6.3
dlogu+ gkt dlog p ggsclt ( )

= ugs

The logarithmic derivative of the coupling constant is called the 8 function of QCD, 5(gs) =
dlog gs/dlog pi. The renormalization group equation eq. (2.6.3) lets us write it as

= fa\nt 1 dZ,
5(95)_7;<E> Bn = Z dlozn  © (2.6.4)

where o, = 4mg? is the fine structure constant of QCD.
Also the constant Z, has an o, expansion,

2
(7 «
Z,=1+-"227 —7 O (a? 2.6.5

and only depends on v through ay because Z,,, are the singularities of n-loop diagrams and
as such p independent. At the 1-loop level the diagrams in fig. 2.6.1

7

Figure 2.6.1: The diagrams contributing to the renormalization of the QCD coupling constant
at 1-loop.
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have to be evaluated and yield

11 2
Zg,l = —ECA + ngnF, (266)

where C'y = 3 is the number of colors, Tr = % and ng is the number of active quark flavours.

While in full QCD this number is 6, in effective low energy theories it can be lower because
at energy scales A < m; for example the top quark does not participate in interactions as a
dynamical degree of freedom.

At 1-loop the derivative of Z, with respect to ;¢ can thus be written as

dz d 2
g = (1 + g—SZg,l + O(g;‘))

dlogp @ 1672
A
= 5c0s8(95) + O (g1))
gsZgl gs ng 4
— I _ge—2 %9 L0
82 < g5 nglogu+ (9)
2
gSZ7
= —875,;1 +0(gh), (2.6.7)

where we used the fact that dZ,/dlog u starts at order g2. Note that the 1/e pole cancels, as
it should, so we can take the ¢ — 0 limit of eq. (2.6.4) and obtain at 1-loop

2
Bo=2241 = 3nr 11. (2.6.8)

As can be seen here, the leading term of the QCD f function is negative as long as np < 16.
The scaling of a, with u can be found from

day  (dZ,\7' dZ,
dlogp  \ doy dlog

. Zg71 -1 OéSZg’l 2
— (4—71_64—0(045)) (—7—1-0(0(5)
= —2ea, + O (a2)

a? B
= == 2.6.9
o (2.6.9)
at 1-loop. This equation can be solved by separation of variables:
as(p2) q log iz
/ % _ b dlog 1, (2.6.10)
a? 2
ors (p1) s log p1
yielding
Qg (Ml)
as (pe) = 2 (2.6.11)

1 — 52a, (1) log %

For ps > py and Sy < 0, as indicated in eq. (2.6.8), the denominator of this equation is larger
than 1 and thus a; (p2) < as (p1). Therefore the QCD coupling constant decreases if the scale
1 is increased. This behavior is linked to QCD being a non-abelian theory. Without the gluon
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self interaction we would not get a negative term in eq. (2.6.6) and the strength of the coupling
constant would increase with increasing u, like it does in QED.

If we go in the opposite direction, so to smaller scales ps, v (u2) increases. At some
point the scale is low enough for oy to grow beyond 4. Below this scale eq. (2.6.11) is not
valid anymore because in its derivation we truncated the perturbation expansion. Even worse,
according to eq. (2.6.11) there is a scale at which the denominator of eq. (2.6.11) will vanish
and aj (p2) will diverge. This scale is called Aqep. Renaming py — g and taking the limit
i1 — Aqcep we obtain

1 J75% —)AQCD 127T
-

2
_ g—;’r log £~ (33 — 2np) log Agcn

s (p) = — (2.6.12)

as(p1)

At energy scales below Aqcp PT breaks down so it cannot be used to describe bound states in
QCD. This is a challenge to experimental tests of QCD because the asymptotic states which
are observed are colorless bound states. At high energies this difficulty is mitigated to a degree
by the running of the QCD coupling, rendering quarks quasi-free. At low energies, such as m,
however non-perturbative methods have to be used, in order to compute precise predictions. In
the following section one of these methods, the Heavy Quark Expansion (HQE) is introduced.

s ()

2
Figure 2.6.2: The running of the QCD coupling constant as a function of the energy scale
. The dashed line corresponds to a theory with ngp = 6 quark flavors, while the solid line
corresponds to 5 quark flavors. In the grey shaded region the coupling becomes strong and
thus perturbation theory is not valid.
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Chapter 3

Effective Field Theories

There are two distinct regions in which the QCD coupling constant behaves very differently.
In the high energy region QCD is perturbative and its coupling runs according to eq. (2.6.11).
At low energies however the behavior of the coupling constant is not clear a priori and non
perturbative methods have to be used for describing processes taking place at these energy
scales.

Physical processes like the decays of B mesons depend on very different energy scales. The
initial meson has a mass of a few GeV, its decay is mediated by a W boson with a mass of about
80 GeV, while the scale of the kinetic energy of the quarks inside the initial and final state
is Aqcp, which is a few hundred MeV. Therefore calculations are facilitated if the processes
happening at the different energy scales can be treated separately from each other and only
contributions which matter at a given precision are taken into account.

Such a separation of scales can be achieved by the Operator Product Expansion (OPE)
[221,223,226]. If it is sandwiched between an initial and a final state, a product of operators
A(x)B(y) evaluated at different points in spacetime can be expanded into a sum of local
operators O, (x):

(f 1A Zc (£ 10u(2)]4) (3.0.1)

As shown explicitly below the Wilson coefﬁ01ents C,, encode the short distance effects and the
matrix element (f |O,(x)|7) only contains low energy effects.

3.1 The Weak Effective Lagrangian

In order to see the how the scales are separated let us consider the part of the SM Lagrangian
describing charged current interactions between bottom and charm quarks,

L., = Cide + bigb + g\‘//%b by 1- 2 g\‘//%b"w L= 7% bW+
— % (8. W,F —a,W.5) ("W — &"W™HH) + mi, W, W+ (3.1.1)
Defining
Jr = 5%1 2%CW’L“
= _275bW—” (3.1.2)



and

Ly, = cifc+ bidb

Ve Ve
Loo = g\/_bJ/jW“ + 9\/_”Ju W
bw="3 5 (O = ,IWE) ("I = W) e W W, (3.1.3)

the generating functional for this theory can be written as

= N/ Dy DW exp <z / d*zLy(z) + Leo(z) + L (2) + .7(:6)) : (3.1.4)

where Dy = DcDeDbDb and DW = DW DWW~ are shorthand notations for the functional
integration over the light and heavy degrees of freedom respectively and J = J.c+J e+ Jyb+J,b
denotes the source terms. There are no source terms for the W bosons because we are only
interested in initial and final states made up of light particles, i.e. particles with mass m < myy.
The normalization constant A is given by

/ D,DW exp< / d :c.cd,> (3.1.5)

We can separate the terms containing heavy degrees of freedom in eq. (3.1.4) from the rest,

obtaining
N/Dwexp< /d 2Ly (x )/DWexp( /d4xﬁcc( )+£W(x))

:N/Dw exp (i/d%@(@ +j(x)) Iy (3.1.6)

The integral over the W bosons can be evaluated explicitly [94]. Integrating Ly, by parts to
move the derivatives from the W to the W~ we can write the integral over the heavy degrees
of freedom as

Iy = /DW exp (i/d4xd4yW;(x)K“”(x, W, (y) + zg\/ng /d‘la:JjWJr“ + JHW”> ,
(3.1.7)
with the operator
Ky = 6" (2 —y) (g (0* + miy) — 0,0,) . (3.1.8)
Its inverse is given by the W boson propagator
4 _ .
Ap(,y) = / (;54 prpm in%v (gw = fng) eia(@=), (3.1.9)

Explicitly performing the integration one obtains

/\//D¢ exp ( /d%ﬁw( )+ J(x) — Zg?‘TVdJ /d4a:d4lef(x)A“”(x,y)J;(y)) .
(3.1.10)
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It should be stressed that this relation is exact as long as the full propagator is taken into
account. The non-local product of currents can be dealt with by the OPE. In order to perform
the OPE, we note that the available energy in the decay of a B meson is the B mass mp &~ 5
GeV so ¢?/m}, ~ 0.004 is a small parameter. Therefore we can expand the propagator in
powers of ¢?/m};, finding

2 9 4
_ G ) 9 q°Gur + Qi (4) q

AL = 224 — ) + 1) — Oo—. 3.1.11

() mé, (z=y) m¥, mé, (r=y)+ myy ( )

Then the generating functional becomes

210 = [ Do (s [ ot +0) - 2B vy 0 ()
(3.1.12)

with the Fermi constant Gy = v/2¢%/ (8m%,).
Therefore, at energies far below the W mass, we get the same physics from the Lagrangian

4Gy |Vy)?
V2

as from the Lagrangian Lyw + L. At energies close to the W mass the effective theory
does not reproduce the results of the full SM anymore however because the terms neglected in
eq. (3.1.11) become sizeable.

Now we can explicitly see that the high and low energy contributions factorize. As the
local operators J;7J~#, D*JJ7# and D, D,J**J~" only involve the light degrees of freedom
we can see that the effects of the heavy particles only appear in the Wilson coefficients. The
Wilson coefficients on the other hand are independent of the light degrees of freedom because
they only appear in the local operators.

All contributions of the W boson would vanish if we were to send the mass of the W
boson to infinity. This is a consequence of the decoupling theorem [48], which states that in
a renormalizable quantum field theory with different mass scales, the heavy particles decouple
from the theory at low energies, i.e. they do not take part in interactions as dynamical degrees
of freedom. Their only contribution to the low energy dynamics is through Wilson coefficients,
which in the effective theory are interpreted as effective coupling constants. One has to be
careful here though. One of the particles integrated out in the effective Lagrangian for weak
B decays is the top quark. Since the bottom quark is obviously left in the theory, this violates
gauge symmetry and thus renormalizability. So in this case the decoupling theorem is not valid
and amplitudes can for example scale with the top quark mass.

A quick dimensional analysis of eq. (3.1.13) shows that this effective Lagrangian contains
one operator with mass dimension 6 followed by two operators at dimension 8, which are
accompanied by appropriate powers of the scale my so the terms have dimension 4. This
pattern generalizes.

In general an effective Lagrangian is given by all terms invariant under a given gauge
symmetry, accompanied by appropriate powers of a high scale A,

1 1 1
,Ceff :»Cz/;— |:J;FJ“+m—D2JjJ“—m—2D#DyJ+‘uJV+O (—4>:| (3113)

2
w w My,

"1
Lag=Lo+ Y GO (3.1.14)
i=1

up to a fixed dimension n + 4, determined by the desired precision of the computation. If a
more complete theory exists, the effective theory correctly reproduces its physics at energies

26



far below A. In this context more complete means that this theory is still valid at energies
above A.

Intuitively going from an effective theory to a more complete theory can be pictured as
observing nature and zooming in, resolving more and more details of the processes happen-
ing. At everyday distances in the meter range, classical mechanics is an adequate description
of nature, but when we zoom in and start resolving atoms, classical mechanics does not ap-
propriately describe natural processes anymore. We need a more complete theory, quantum
mechanics, which extends classical mechanics and yields the same predictions in the limit of
large distances. Therefore classical mechanics is an effective theory of non relativistic quan-
tum mechanics. Non relativistic quantum mechanics itself is an effective theory of the SM.
Following this logic, it seems likely that the SM is an effective theory of a yet unknown more
general theory. There has been a lot of effort spent on exploring this idea of a Standard Model
Effective Field Theory, or SMEFT [176].

In the study of B decays in chapters 4 and 7 the inclusion of dimension 6 operators is
sufficient to reach the desired precision, with the exception of chapter 6, where the effects of
dimension 8 operators in the weak effective Lagrangian on inclusive observables are studied.

When loop effects are taken into account the Wilson coefficients C;(u) are renormalized.
Just like in the case of the QCD coupling constant in section 2.6 there is a renormalization
group equation for the Wilson coefficients, obtained by demanding that physical observables
are independent of this scale, which yields p dependent Wilson coefficients. In case the full
theory is known, we can demand that the matrix elements computed in the effective theory
are equal to their counterparts in the full theory at the heavy scale, in our case my,. This
procedure is known as matching. After matching one uses the renormalization group running
to determine the Wilson coefficients at the scale of the processes of interest, in our case m,.
Since matching computations are not a subject of this work, in the following we will focus
on the last step of an EFT computation. This step is concerned with the computation of the
matrix elements of effective operators between given initial B meson states and final states
composed of hadrons and leptons.

3.2 Heavy Quark Effective Theory

The main complication which arises in this last step lies in the fact that the asymptotic (initial
and final) hadronic states we observe are mesons and baryons instead of single quarks. The
structure of these composite objects is governed by long distance QCD effects. This statement
begs the question of what exactly ”short” and "long” distances in this context are. Looking
back at eq. (2.6.12) one can see that the distance separating the non-perturbative from the
perturbative regime is 1/Aqcp so a sensible definition of a long distance is any distance [ >
1/Aqep. Analogously we define short distances as distances | < 1/Agep. Consequently we
need a non-perturbative framework if we want to treat these hadronic states consistently.

Similarly we call quarks with masses m, > Aqcp heavy and the others light. In this sense
the charm, bottom and top quarks are heavy, while the up, down and strange are light. The top
quark will be excluded in the following because of its short lifetime. In the following sections
we briefly discuss the strict heavy quark limit m, — oo, followed by an introduction of HQET
which takes into account corrections to the heavy quark limit in a systematic way. A textbook
treatise of HQET can be found in [198].
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3.2.1 Heavy Quark Symmetry

Following [129] let us consider a hadron Hg containing a heavy quark @) and light degrees of
freedom, consisting of light quarks, light antiquarks and gluons in the strict heavy quark limit
mg — 00. Because the momenta of the light degrees of freedom are of the order of Aqcp
and thus small compared to mg, the interactions between them and the heavy quark do not
change the kinematical state of the heavy quark. In this limit the heavy quark can be seen
as a static source of an electric and a chromoelectric (or color) field which holds the hadron
together, similar to the proton in the hydrogen atom. Additionally the Compton wavelength of
the heavy quark scales with its inverse mass Ao ~ 1/m¢ and since the Compton wavelength of
the light degrees of freedom is of order \; ~ 1/Aqcp, we have A\g < A;. So the light degrees of
freedom cannot probe the exact value of mg, they are independent of the actual heavy quark
mass. There is also another simplification in the heavy quark limit. As quarks carry spin, the
heavy quark carries a chromomagnetic moment pug = g/ (2mg) which vanishes in the heavy
quark limit. From these simple arguments we can see that the light degrees of freedom are
oblivious to the heavy quark mass and spin. For N;, heavy quark flavours (in nature N, = 2)
this results in an SU(2N},) symmetry of our theory. This symmetry relates different hadrons
Hy(v) and Hy(v) with the same velocity v = p/mpy but different momenta, as opposed to
other symmetries of QCD which relate states of the same momentum. Therefore we will label
hadrons with their velocity from now on.

We can use the heavy quark symmetry to relate different hadronic matrix elements. For
instance if we consider the decay b — ¢fv in the heavy quark limit for the b and ¢ quarks.
Before the decay we have a hadron H,(v) consisting of a b quark dressed with light degrees of
freedom. After the decay we have a pair of leptons carrying away momentum and a hadron
H!(v') containing a ¢ quark dressed with light degrees of freedom as well.

From the point of view of the light degrees of freedom the only change which occurs at
the time of the decay is that the color source instantly (6t ~ 1/my < 1/Aqep) changes its
velocity from v to v’. In general they then build an excited state of the final state meson or
additional color neutral particles. But there is also a probability for them to build another
ground state meson. For example we can consider Hy(v) = B(v) and H.(v') = D(¢v'). In this
case the amplitude for the final state to be a ground state D meson only depends on v-v' = w
and is called &(w), known as the Isgur-Wise function.

At the kinematic point w = 1, or v = v/, nothing changes for the light degrees of freedom,
since the only property which changes during the decay at this kinematic point is the mass of
the heavy quark, to which the light degrees of freedom are blind. Consequently we have [174]

§(1) =1L (3.2.1)

The heavy quark limit is useful for finding relations among different hadronic matrix elements
but still we cannot use it directly for doing precise phenomenology. This is because even though
we know that it is an approximation, at this point we have no idea of how good it is. In other
words, to make precise statements we have to quantify the effects we neglect. This is important
because for example Aqcp/m. ~ 0.15, so corrections of this order could be important.

We want a theory which provides a systematic expansion about the heavy quark limit.
In the following section we will find such an expansion in terms of powers of Aqep/mg, mg
being the mass of the heavy quark. The first term in this expansion corresponds to the strict
heavy quark limit and the subleading terms correspond to corrections arising from the fact
that the bottom and charm quarks are, in fact, not infinitely heavy. The full result of an
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HQET computation then is a double expansion in terms of powers of Aqcp/mg and powers of
as. The former are commonly called power corrections while the latter are known as radiative
corrections.

3.2.2 The HQET Lagrangian

Let us consider a hadron containing one heavy quark, denoted by ). As we noted before the
typical momenta it exchanges with the light degrees of freedom are of the order of Aqcp. Since
Aqcep < my, the heavy quark is always close to its mass shell, where sz = mé. So it is natural
to decompose its momentum into a large on-shell part mgv and a small deviation from its

mass shell, k. We write it as
P = mou" + K, (3.2.2)

where v# denotes the heavy quark’s four velocity. Now noting that k* = O (Aqep) is small
compared to mg let us take a look at what happens to the heavy quark propagator in this
limit. It becomes

J _ ip+me)  ilmo(L+9)+H
p—mq+ic p?—mg+tic k24 2mqu -k +ic
Ly
. 2.
7T vk Mme>h) (8:2:3)

We notice that the heavy quark propagator becomes independent of the heavy quark mass.
Additionally it contains a factor of Py = (1 4 #)/2 which projects onto the positive frequency
parts of a Dirac spinor. This can be seen in the rest frame of the heavy quark, where it becomes
(1++Y) /2 and projects onto the two upper components of the heavy quark field ). Therefore
in the limit of a heavy quark only the upper components of the field () propagate. Then the
action of the projectors Py = (1 £ 9) /2 on the heavy quark field Q(z) is given by

1 1
P.Q(z) =Q(x)+ O <—> : P.Qx)=0+0 <—> . (3.2.4)
mq meq
The action of the heavy quark field on a heavy quark state is given by
Q(z)|Q(p)) = e~ 0). (3.2.5)
If we multiply both sides of this equation by the phase 2% we obtain
e Q(2) 1Q(p)) = e (0) . (3.2.6)

The right-hand-side of this equation is independent of m¢ and consequently the left-hand-side
as well. We just removed the dependence on the heavy quark mass by the multiplication with
a phase. We already established that in the heavy quark limit only the upper components of
the heavy quark field propagate so we can define a heavy quark field

ho(x) = ™" P, Q(x), (3.2.7)

where Q(x) denotes the heavy quark field defined in full QCD.
The field h,(z) is independent of mg, which was to be expected by heavy quark symmetry.
We define a second field containing the small components of the heavy quark field as

H,(z) = ™" P_Q(x). (3.2.8)
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This field becomes necessary as soon as we want to consider effects of order 1/mg. It is
straightforward to find the HQET Lagrangian at the leading order in 1/mg. We take the QCD
Lagrangian

Laocp = Q(z) (i) — me) Q(z), (3.2.9)

where D, = 0, — igA;T" is the covariant derivative of QCD, and plug in

Q(z) = e "™ h, (2) + O <miQ) (3.2.10)

to find

Lacp = (eiva’mEv(x) + O <mLQ)> (17, D" —mq) (e"'mQ”hv(l‘) +0 (mLQ))

= Too(2)i7, D" hy(z) + O <L>

mq

o) Prin D Pu()+ 0 ()

hy(z)iv - Dh(z) + O <miQ> : (3.2.11)

Here we used that fact that Ph, = h,, which entails $h, = h, and P,v,P; = v*. Then we
can read off the HQET Lagrangian at LO,

This Lagrangian leads to the propagator i/(v - k + i€) we already derived in the heavy quark
limit and the quark gluon vertex igT“v" Af,. Its classical equation of motion is given by

iv - Dhy(z) = 0, (3.2.13)

which is often useful in the simplification of matrix elements, even though at higher orders
subtleties may arise.

In order to include the 1/mg corrections we have to include the small components of the heavy
quark field as well. So we plug

Q(z) = e "™V (b, (z) + Hy(x)) (3.2.14)
into the QCD Lagrangian to find
Lacp =€ (hy(x (2)) (9 D" — mq) e (hy(x) + Hy(2))
—E()w Dh() ﬁ()(w D +2mg) H,(x)
ho(2)iPH, () + Hy(2)ilDh, (). (3.2.15)

It is convenient to project four vectors into components parallel and perpendicular to the
velocity v. To this end we can replace the factors iI) by i), where D = D* — v - Do is
perpendicular to v. Then

)CQCD: U( )ZU Dh( )

7 () (iv - D + 2mg) H, ()
+ hy(x)il)  Hy(z) +

H,
+ Ho(@)i) o). (3.2.16)
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We can eliminate the field H, at the classical level by making use of its equation of motion,

(iv- D +2mg) H, = i) h,. (3.2.17)
Then 1
Hy=—————il) h,, 2.1
w - D+ 2mg iy (3:2.18)

where we explicitly see that H, is of order 1/m¢. We can insert this into the Lagrangian to
find

_ — 1
L = hyiv - Dhy + hyil) | ———i1) | h,
HQET (2 + Zlbj_ - D+ 2mg Zlﬂl

_ 1 - 1
= hyiv- Dhy — ——h, D D h, + O (—2> . (3.2.19)
2mg mg

In the second line we expanded in 1/m¢. We can simplify this expression by using

1
DD, =vD'Di =D + 5 D W] DD, (3.2.20)

the identity [D*, D¥] = igG"” and o0, =i [y, V] /2. Then

DD, =D+ ‘;lJWG’“’- (3.2.21)

In the second term we do not have to include the L labels because Evawv“hv = 0. By inserting
the above relation into our Lagrangian eq. (3.2.19) it takes the form

Luqer = Lider + Lhqer + (3.2.22)
with
E}{QET = % (Ok + Oq)
Q
— —Ev%hv — ghy UZ’;SZV R (3.2.23)

The leading order Lagrangian corresponds to the heavy quark limit and respects the heavy
quark symmetry.

This Lagrangian has the form of an effective Lagrangian we postulated in eq. (3.1.14). It
is interesting to note now that the terms of order 1/mg explicitly violate the heavy quark
symmetry of the leading order term. The operator Ok is independent of the heavy quark spin
but explicitly depends on the heavy quark mass. The operator Og depends on the heavy quark
mass and has a Dirac structure so it also violates the heavy quark spin symmetry.

3.2.3 Effective States and Currents

It is convenient to have states independent of mg), since in the end we want to make the
dependence of the matrix elements on mg explicit. To this end we define the states in the
HQET to be eigenstates of the lowest order Hamiltonian and thus independent of mg. Note
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that now the HQET states are not the same as the full QCD states anymore. They differ by
1/mg corrections and a normalization factor.
In full QCD the hadronic state H(p) is normalized as

(H(p))|H(p)) = 2E,(27)*0" (p — P') . (3.2.24)

On the right-hand-side we see that the states depend on mg through p = mgv + k. Since the
lowest order in the HQET corresponds to the heavy quark limit, HQET states can be labeled
with a four velocity v and a residual momentum k, which satisfies v - & = 0 because in the
heavy quark limit the on—shell condition for the heavy quark is given by

mQ (mgu* + k") mé +2mou - k + k* (3.2.25)
and we can neglect the last term. The normalization convention for HQET then is
(HW, K') [H(v, k)) = 20°6,,(27)20% (k — E'). (3.2.26)

The r.h.s. of this equation is independent of m¢ and thus the Lh.s. must be as well. The states
of QCD and HQET are then related by

) = v (1) +0 (1), (3:2.27)

mq

where mpy denotes the hadron mass.
In order to find the 1/mg expansion of flavour changing currents like ¢(1 — 4°)b we note
that now we have to introduce two effective fields

b—hb,  c—hS. (3.2.28)

The relation between the QCD fields and the effective ones is found by inserting eq. (3.2.18)
into eq. (3.2.14), which yields

O(z) = c-imavs (1 " mm) ho()
= e~imque ( Dy o ( 2)) ho (). (3.2.29)

2mg my

By plugging this relation into the current ¢I'd at NLO in the power corrections we find HQET
current

1 1 — © 11
RS ThY + —hy U (i) ) h + —h, (=i D, )T+ 0 —,— ). (3.2.30)
me 2mc mg my

The arrow denotes that the derivative acts on the factor to its left. This notation is convenient
because moving the Dirac matrix contained in ) around in general entails the appearance of
extra terms.
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Chapter 4

Inclusive Decays of B Mesons

In the study of semileptonic decays of B mesons one distinguishes decays in which all particles of
the final state are resolved, i.e. exclusive decays, from decays in which only partial information
on the final state is available, so-called inclusive decays.

In this chapter we focus on inclusive semileptonic b — c¢fr decays. This is to say that the
only information we have about the identity of the hadronic part of the final state is that it
contains a charm quark.

4.1 Why Study Inclusive B Decays?

At tree level in the SM the decay b — clv is mediated by the flavour changing charged current
Lagrangian in eq. (2.3.8). We can integrate out the W boson by faithfully repeating the steps
in section 3.1 with the Lagrangian

1= Ve 1—15

_. -. g - _
ACbHCZV = CZ(?C + b’l@b -+ Eg’)/” 5 vW e + Wc’%u 5 bW —H
1
-3 (0 W) =0,Wr) (0"W ™ — 0"WHH) + mg, WFIW . (4.1.1)
At dimension 6 we obtain the effective Hamiltonian
. A4Ge Ve |_1 =5 -1 —4P
HE = 7 [c 5 Yub| £ 5 a2 (4.1.2)

which is related to the effective Lagrangian as Heg = —Leg. From this effective Hamiltonian
we find the total inclusive B(p) — X.(p — ¢)¢(pe)v(p,) decay rate
PT GR V)
d¢g*dE,dE, 83

W, L"O (AE,E, — ¢*) © (¢°) © (E,) © (E,), (4.1.3)

where ¢ = py + p, is the four momentum of the lepton pair and E, and F, are the energies of
the charged lepton and the neutrino, respectively. A detailed derivation of this expression can
be found in appendix A.1.

Here we can see that the inclusive B meson decay rate is proportional to the squared
modulus of the CKM matrix element V. Thus |V,| can be extracted from measurements of
the inclusive B meson decay rate. The main challenge in this endeavor is the computation of
the hadronic tensor W#”, which describes the non-perturbative dynamics. It can be computed

33



in an OPE framework [83,105,197]. The OPE allows for a parametrization of the inclusive
decay rate in terms of hadronic matrix elements which are then determined by fitting moments
of kinematical distributions to experimental measurements.

Similarly |Vg| can be measured in exclusive decays, in which the full final state is known.
Interestingly the value which are obtained from the inclusive and exclusive determinations of
V., are not compatible. Indeed recent determinations found

V| = (4216 £0.51) x 107 [88]
(VS| = (39.36 £0.68) x 107°  [47] (4.1.4)

so there is a ~ 30 discrepancy. The situation is summarized in fig. 4.1.1.

FCAG 2023
4.5 B-D*{v
B-D{v inclusive
4] B-tv
o
—
X
= B-mlv
> 35
3 (*)
e - gt
36 38 40 42 44
IVcbI x 103

Figure 4.1.1: Overview plot of the inclusive and exclusive determinations of V,, and V,,;, from
the FLAG review 2021 [47].

This V,;, puzzle has received a lot of attention over the last decade, recent reviews can be
found in [43,141,146,225]. Nevertheless it has not been resolved so far. Since it is unlikely that
this tension is due to NP [111], improving the precision of V, necessitates independent checks
of the methods used in the exclusive and inclusive determination of V.

After a general introduction of the inclusive observables and their computation within the
OPE framework its predictions are tested against new lattice QCD predictions in chapter 5

and in chapter 6 we compute the effects of dimension 8 operators in the weak Lagrangian of
eq. (4.1.2).
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4.2 Generalities

4.2.1 Inclusive Observables

As stated in the last section the observables in inclusive semileptonic decays of B mesons are
the total decay rate

d3T
"dE,d¢?dE,
and the spectra of the charged lepton energy Ej, the hadronic invariant mass m3 and the
invariant mass of the lepton pair ¢>. The shape of the spectra is parametrized by the moments

[ = / dE,d¢*dE (4.2.1)

(")—l/dEdZdE n_ 4T (4.2.2)
TITT T 4 B,d2dE,” -
where x € {E;, m%, ¢*}. From these one builds the central moments
fi =1
X, = (z), for " (4.2.3)
((x —(x))"), forn>1

the first of which corresponds to the mean value of the spectrum, the second corresponds to
its variance and the third one corresponds to its skewness.

The moments of F, and ¢* can be evaluated directly. For the hadronic invariant mass
moments we have to relate hadronic variables to parton-level variables because the B meson
and the b quark have different momenta. We relate the hadronic quantity mx to the parton-
level quantities @& = ((p — ¢)2 — m2)® /m? and & = 1 — go/my, where ¢ = (o, q), by the fact
that in the HQE the B meson and the b quark have the same four-velocity v. From now on all
quantities with a hat are made dimensionless by dividing by an appropriate power of m,, e.g.
q® = m2@*. In terms of its velocity the hadronic final state mass is given by

mkx = (ps — q)* =mp — 2mpv- g+ ¢ (4.2.4)
For the parton-level quantities we have

G=1-2v-G+¢—p
w=1-v-q, (4.2.5)

where we defined p = m?/m?. We use eq. (4.2.5) to replace ¢* and v - ¢ in eq. (4.2.4) by
parton-level quantities and obtain

my = m?2 4+ A+ 2Amy@ + mia (4.2.6)

where A = mp — my is the mass difference between the B meson and the b quark mass.
Therefore we obtain the hadronic invariant mass moments from the relation

(m% ) =m?2+ A+ 2Am, (©) + mj (a) (4.2.7)

after computing the moments of 4 and @.

Because the moments are normalized to the decay rate they are independent of V. In
practice they are used to extract non-perturbative matrix elements which appear in the OPE
for inclusive B decays from experimental data. As we will see explicitly in the following sections
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the OPE for inclusive B decays results in a double expansion of observables in terms of powers
of Aqep/mp and o, Any given inclusive observable M, that is to say the total decay rate or
one of the moments defined above, then takes the form

2
L — (070) % (1) Mﬂ' < (TI’,O) % (71’,1))
M; = M; +7rMi + — | M; +7rMi

my
2 o, 3 3
P L (100 Sppon) 4 Lhageo Alsyeso L g
m; T mj mp

where p2, p2, p% and p? ¢ are non-perturbative matrix elements which will be properly defined
in section 4.2.4. An overview of all available corrections of this expansion, their size and where
to find them can be found in table A.8.1.

There have been many experimental studies of the inclusive observables introduced above.
The charged lepton energy moments have been measured by the DELPHI [24], BaBar [51] and
Belle [217] collaborations, the hadronic invariant mass moments have been measured by the
BaBar [53,54], Belle [214], Belle II [28], CDF [29], CLEO [112] and DELPHI [24] collaborations
and the ¢> moments have been measured by the Belle [218], Belle II [2] and CLEO [112]
collaborations.

In the following sections we turn to the theoretical description of inclusive B decays before
confronting them with experimental data.

4.2.2 The Triple Differential Decay Rate

In order to accommodate for general NP we generalize eq. (4.1.2) to

Vyr 4G —
HT = 7; w3 [e(crl + drTys) 0] [€ (arD + brlys) ] (4.2.9)
r

allowing for all possible Dirac structures I' € {1,7,, 0w =7 [7,, 7] /2}. As the matrices 1, v,,
Yus and o0, span the space of 4 x 4 matrices the product o,,7s is redundant. We keep the
corresponding terms to facilitate a comparison of our result with [107].

By following the steps from appendix A.1 we obtain the triple differential decay rate

AU (B — X A7) G2 |Vl
dg?dE,dE, 83

LrrWrr (4.2.10)

with the hadronic and leptonic tensors

LFF’ = % Z <55/€S_ ‘(IFZFV + bFZI‘75V| 0> <§S/fs_ ‘CLFZF/V + bsz"%V‘ 0>]L
on)? = —
WFI‘/ = (27T) Z (54 (pB —Px. — Pv — pl/e> <XC |CFEFb + dFEF")/g,b’ B> <XC |CFEF/b + dFEF,”)%b’ B>T .
my

c

(4.2.11)

We can compute the leptonic tensor directly by evaluating the spin sums. This computation
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is straightforward and can be found in full in appendix A.2. We obtain

L1,1 =2 (|CLS|2 + |bP|2) (q2 - m?)
Lo = 2 (Jav|* + [ba") (=g (¢* = mi) — 40D} + 4 (Wfa" + p}a"))
—+ 4iRe (avbj&) Euyaﬁpé,aqﬂ

Loy = (lar]? + [br,|%) ( (979" = g g*") (m} + ¢°)
+4(pF (P19 = pig™p) + 00 (7g"™ — Pg"™))
+20"7 (95" +0[a") — 20 (0fd" + ppa")
— 29" (0q" +17q") + 29" Pid + piq") )
— 4iRe (arby, ) ( (Pre™™® — pre™® + ppe™T — ppe™ ) pra

+ (qren)\pa _ qpen)n—a) Do + (p?EApTa - p?EHpTa) Qa)

Ly = 2my (asay, + bpby) (¢" — py)
L’y”,l = Li'y#

L g = 2i (asay + bpb%,) (ppa" — piq’) — 2 (asbiy, + bpay) €2 pyags
Lowy = L s
Loy grr = 2my (z (avay +baby,) (6"°p) — ¢"0f + 9" = 9"¢")
n (avbffs I bAafp) (Emwm,a _ emp,aqa) )
Lowr g = Ly . (4.2.12)

The SM can be found from this general expression by setting ay = —by = 1/2 and a; = b; =0
for all the other Wilson coefficients, yielding the well known result

Loy = —g" (¢* —mj) — 4pip} + 4 0)q" + p{d") — i prags. (4.2.13)

As the hadronic tensor cannot be computed directly, we start by parametrizing it in terms
of Lorentz invariant structure functions and deal with the problem of finding the structure
functions subsequently. We can decompose the hadronic tensor as

Wi =wo
Wonnw = —g" wy + v'0"wy + i€ Poadaws + ¢4 ws + (V4§ + v7§") ws
Womnsm = (,UIQqA)\ B U,\(jn) (07§ — v7§") ws + (gnpg)\‘r . gnTg)\p) ws
+ (v (UTg)\p -~ ,Upg>\7') _ o (0T g — VPg"")) w
+ (@ (79" = 3"9") = (@9 = 3°9"T)) wo
+ (g™ (,U)\qu n ,quA)\) — P (W 4 0P — g (,U)\qAT I ,UTqA/\) 4 (O + V")) wio
+1 (v”e’\pm — pAPTY PRI UTEHAPQ) (Vaw11 + Gatwr2)
1 (qne)\proc _ e gpeniTa q’r‘eﬁ)\pa) (Vatwrs + Gora)
+ M

Wlfyu = q“wlg + v“wn
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ngn)\ =1 (’Un(f\ - UA(;H) wig + GHAaﬁvanwlg

W'yuo-m\ -4 (g,u/i,U)\ . gu)\vn) Wag + i (gMHqA)\ _ g/ﬁ/\qwﬂ) Woy

+1 (U”(j’\ — v’\(j”) (V"wag 4 ¢Mwas) 4 € (Vaway + Gatas) (4.2.14)

We can easily find a general expression for the differential decay rate by plugging the leptonic
and hadronic tensors into eq. (4.2.10) but we have to be careful about how the Lorentz indices
are contracted. In the effective Hamiltonian the Lorentz indices of the Dirac matrix I' ap-
pearing in the hadronic current are contracted with the ones of the matrix I' appearing in the
leptonic current. Consequently in the differential decay rate the Lorentz indices of the matrix
I' appearing in the leptonic tensor are contracted with the ones of the matrix I' in the hadronic
tensor and analogously for I'V. As an example the differential decay rate contains terms of the
form W..sexLy,o., but no terms of the form W. ;s Ly, .. Keeping this in mind we contract
the hadronic and leptonic tensors, finding

WLlgs= (\a3\2 + ’bp’Z) (¢ —mj) wo

WL|V,V = (|CLV|2 + |bA|2) 2 (Q2 - m?) wy + (m? — ¢+ 4E£Eu> Wa

mj (¢* — mj) AmiE,
+ 3 4
b b
2(E,—E)—m?(E,+ E,
+4Re(avb’;1)q (Ee ) = my (B + )w
mp
9 2 4 2 2 2 2
WL|T’T =4 (|aT| + b7 | ) ( mg ) W
b
+(m?—q2+8EgE,,) wg—i—q 3 3 a q Wy
my
2((¢* —m?) (B, + E,) + 4m2E,)
+ W10
myp
— 16Re (arby,) | + (m} — ¢* +8E.E,) wn
2-m2)(E,+ E,)) +4m2E, 2m2 —2mt + ¢*
+(q 7) (B ) ¢ (w12+w13)+q ¢ 2@ qu
my my

¢ —m;
WL|g, = 2mRe (asaj + bpb}) [walﬁ + 2Eyw17}

4 (B (q* —mj) — E, (" +m7)) {
myp

WL|S,T =

Re ((asay + bpby, ) wis)
+ Re ((asb*T5 + bpai}) wlg) ]

3 2 2
65, gy + 2L —M0),

WL|y,p = 4mRe (ayar + baby, ) -

B m? — ¢* +2E, (B, + Ey)w
- 22
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+

Ei(¢* —m2) — B, (¢ +m?) ]
B} Wa3
my,

2 _ 2
+ 12myRe (avbi}s + bAai}) 2F, woy + ] w25] . (4.2.15)
my
where we denote the scalar and pseudoscalar WC by ag and bp, the vector and axial vector
WC as ay and by and the tensor WC as ap and by, respectively.
Again we can set ay = —by = 1/2 and a; = b; = 0 for all the other cases to recover the SM
expression

(0 = +ABE,) | g = m})

W;WL“V — <q2 — mf) wi + B W2 mg Wy
Am2E, 2(E,—E)—m2(E,+ E,
AmiBy OB B —mi (Bt B (4.2.16)
mp mp

4.2.3 Operator Product Expansion

So far we have avoided the main complication in the computation of the inclusive B meson
decay rate, namely the fact that the hadronic tensor contains long distance QCD effects. This
problem can be dealt with by studying the forward scattering amplitude

1 - _

Top = ———i / dAge—ire <B ‘T{Jli(x)JF,(O)H B>, (4.2.17)
mpg

where Jr(z) =¢(z) (erl + drI'y;) b(x).

This amplitude has the same Lorentz structure as the hadronic tensor, hence it has a
decomposition into Lorentz invariant structure functions ¢; analogous to eq. (4.2.14). The
structure functions ¢; are related to the functions w; by the optical theorem [105,215], yielding

1

7r
In order to evaluate the imaginary part we note that at the leading order in a, the matrix
element of the forward scattering amplitude between two b quark states with momentum myv+k
is given by [197]

ﬂ(clt —diys) T (mb¢ —q+ K+ mc) I (ers + drrys)
(myv — q + k)* — m2 + ie

u (4.2.19)
where v is a quark spinor. In fig. 4.2.1 the corresponding Feynman diagram is shown. The
q q

myv + k myv + k

b b

Figure 4.2.1: Forward scattering amplitude
momentum k is of order Aqcp < myp. Therefore we can expand the matrix element eq. (4.2.19)
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in powers of k. This way we obtain an expansion in powers of Aqcp/my, because operators of
higher mass dimension are suppressed by powers of my,.
At the leading order in k the amplitude is given by

1
A_o (mpv — q) , 0 (cr — diys) LyT (ep + dpys) w
Me_ * *
+X U (cf — diys) TTY (epr + dpys) (4.2.20)
0

where we defined

Ay = miv? + ¢ — 2myv - ¢ — m? + ie. (4.2.21)
We then get the OPE by replacing the quark spinor u with the field b. This is because at the
LO we only have terms of the form uy*u = (b|by*b|b) and uy ysu = (b|by"~5b|b). Consequently
the forward scattering amplitude defined in eq. (4.2.17) is given by

(mbv — q)a D |7/ * * a -
Tre= = " (B |b(ct — dirys) Ty (er + drys) b| B)
Mme 7% (A * - AQCD
Smpig (Bb(cp = diys) T (crv + drvs) | B) + O ( - ) . (4.2.22)

The hadronic matrix elements appearing in this expression can be computed in HQET. We
find for the matrix elements without ~;

(B |bb| B) = 2mp
(B |by"b| B) = 2p)y = 2mpv*
(B [by*4"b| By = 2mpg"”, (4.2.23)
while the others vanish. Using eq. (4.2.23) it is then straightforward to compute the ¢; functions.
As the full computation is a bit lengthy it can be found in appendices A.5 and A.6.

It turns out that all the functions ¢; get an imaginary part from the factor A;' they are
proportional to. Their imaginary parts can be computed by making use of the relation

1 1
=P——3 4.2.24
w + ie w i (w), ( )

where P denotes the Cauchy principal value. Using this relation we find

1
ImA—O = —7 ((pb — q)2 — mz)

2 2 2
:_Wg(_m%(}.q_ﬁiig__ﬁk)>
my

:_JLgéwq_Tiif:£ﬁ>

2mb me
_ " 5B s E o et e (4.2.25)
 2my i ¢ 2my, ' o
Therefore the structure functions w; are given by eq. (A.6.22) with the replacement
1 m2 + ¢* — m?
At —06(E,+ B ——t———°). 4.2.26
0 2mb ( + B 2mb ( )
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We can plug them into eq. (4.2.10), with Wrp Lpp from eq. (4.2.15) to obtain the full triple
differential decay rate.

Observables can then be calculated by integrating the triple differential decay rate over the
kinematical variables. In appendix A.7 the complete double differential decay rate including
general NP can be found. In the following we restrict ourselves to the SM case and finish
developing the OPE framework by going beyond the leading order, before applying it in a
study of a new method for computing inclusive observables on the lattice.

4.2.4 Higher Order Corrections

In eq. (4.2.20) we expanded eq. (4.2.19) to the order k°. In this section we will see that at
this order the Heavy Quark Expansion (HQE) exactly reproduces the decay of a free b quark.
If we want to take non-perturbative effects, originating in the confinement of the heavy quark
inside the meson, into account, we have to go to higher orders in this expansion. In order to
facilitate the treatment of the higher order corrections from now on we will restrict ourselves
to the SM case with light leptons, i.e. ¢ € {e,u}, in the final state. In this case the triple
differential decay rate from eqgs. (4.2.10) and (4.2.16) simplifies to

8> a’r 2 (4EE, — ¢*) ¢’ (B — E,)
= - - 4.2.27
G2 V| dEdg*dE, Tt 2 v m, ( )

A useful property of the HQE is that there are no terms which are suppressed by only one
power of the heavy quark mass my, [189]. In our case this can be seen by expanding eq. (4.2.19)
to linear order in k. Then one obtains the operators l_)%iDyb and l_w#%iDl,b in the OPE. When
the b fields are replaced by their leading order HQET counterparts the matrix elements of the
latter vanish by the parity conservation of QCD while the former operator will have a vanishing
matrix element by the HQET equation of motion eq. (3.2.13).

There are only non-vanishing contributions from these operators when the relation between
QCD and HQET fields at order 1/m, is used or, in other words, when they are suppressed by
an additional power of the heavy quark mass.

The matrix elements of the higher dimensional operators cannot be computed from first
principles like the ones appearing at the leading order because they contain non-perturbative
dynamics. They can be parametrized in a minimal number of non-perturbative matrix elements
however. At the order Agp/mj one finds two matrix elements [83,191,197]

— — 2
2=t <B b, (z’D) by B>
2mB

| o
12 = . <B bv%awG’“’bv B> , (4.2.28)

where b, (z) = e"b(z) is the QCD b field without its high energy modes, D* is the covariant
derivative and G*” is the gluon field strength tensor. At order Acp/mj two more matrix
elements,

ph = ﬁ (B|b, (iD,) (iv - D) (iD") b,| B)
F. ﬁ (BB, (iD,) (iv - D) (iD,) (—ic™) b,| B) (4.2.29)
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appear [78,156].

As these matrix elements cannot be computed from first principles, with the notable excep-
tion of lattice QCD methods which are the topic of chapter 5, they are usually treated as free
parameters and extracted from experimental data. This has been done for the above matrix
elements [88]. But at order A§cp/mj there are 9 new matrix elements and at order Agqp/mj
18 new matrix elements appear [196]. This proliferation of non-perturbative matrix elements
renders their extraction from data impossible.

One way to deal with this problem is the usage of a framework which allows one to find
relations between the WC of matrix elements appearing at different orders in the HQE, such as
Reparametrization Invariance (RPI) with which fits at order A¢p/m; become possible [68,123]
or the Lowest-Lying-State-Approximation (LLSA) [165,196] which allows for an estimation of
the matrix elements at Agqp/mj. Ultimately the sheer number of non-perturbative matrix
elements at higher orders in the HQE will remain a challenge however.

To get more acquainted with the power correction up to O(A%GD /m3) we now compute the
total tree-level B — X_fv; decay rate at this order using the structure functions at O(Ap/mj)
from [83] and at O(Adqp/mj) from [156].

In order to facilitate a comparison with lattice results later on we change variables from
(Ev,¢*, E,) to (Ey, ¢* o), where ¢* = (Ey+ E,)? — ¢*, w = my — (E; + E,), before explicitly
performing the phase space integration. Because the hadronic tensor is independent of the
leptonic dynamics we can integrate eq. (4.2.27) over the charged lepton energy without any
knowledge of the structure functions w;. By doing this we obtain the double differential decay
rate

. 2r GE|VulPmp
3 NS AN _ YF Ve b ~ ~2 A2 ~2
mpX (6.6") = 5qm = g V@ (B(@ -1 -@) ) wghe). (4230)
We write the inclusive decay rate as
G2 V; 2 5 drmax ~ S
r= %/ dq* /42X (¢2), (4.2.31)
T 0

where G2, = (1 - p)?/4, p = m2/m} and

_ VE
X(g*) = / doX (@,4¢%) . (4.2.32)

p+q°

In the literature the differential decay rate is usually studied as a function of ¢y and ¢>. We use
different variables here because in our study of inclusive decays in Lattice QCD in chapter 5
we need the differential spectrum of g2

NLO Power Corrections

Starting from the NLO in 1/my, the structure functions ¢; contain terms proportional to 1/u?
and 1/u®, where u = w? — (g> +m?). Their imaginary parts are found by employing the
identity
1 1 (_1)n—1 dn—l
m (u4ie)"  (n—1) dun-?

5(u). (4.2.33)
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By integrating over @ we find the g2-distribution

[ i e [/9 @@ . )

1

S (@ (@), @) 0 (@) + 5 (o (0),6) 8" (@)

ICION'S
U+q*+p
£ @(0).8) g (o (ﬁ))]

U+q*+p

2
1 [ —1)" d®
:_/ di - I da ™
2) e “Z(n—1)lda

_ 122: (=) d™
24~ (n—1)!dam

where ¢* () = 1+ p + @ — 24/ + g%+ p and we decomposed X = 252:0 X® into terms
proportional to d(u), ¢'(u)

o (¢ (a))] 0 (@)

(4.2.34)

1=0

X =70 (,62) 6 (@) — 1% (w,67) =6 )
42 @ (@, & 5 (1) (4.2.35)
Lo (6.) S s a). 2

Now the g*-spectrum contains terms proportional to the first second derivative of © (¢ (1))
with respect to u. These are given by

d . = -
—A@<1+p+u—2 p+q2+u)
du X

=0
1 -
1 14+p (., <1—p>2
=|1= 5 S
( vp+42> 2 (q 2

p—1

=20 (d ) (4:2.36)

and

2

d . = -
dﬂ2@<1+p+u—2\/p+q2+u>

=0
5<1+p—2s/p+(§2>
2(p+ G2)*
1 d . SR
+ (1 - ——m—= —A§<1+p—|—u—2 p+q2+u)
Vo+@+a) du s
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2
95 (62 — G2 (x/p—HjQ—l) _
_ ((q;+p<§r2nax)+ — 5 <1+p_2 p+q2)_ (4.2.37)

When integrated together with a test function g the last term yields

2
% </P+d2_1>

dq?

0 Pt 9(a)0 (1+0-2Vp+ @)

_ /(0 dxddz ( p+q3(z) — 1> , ((jz(g;)) 5 (2)

1—yp)?  dx p+q*(z)

- /(1—\/5)2 dxdq2 ( b+ @x) — 1>2

~2 /
1 PR (¢*(x)) o' (x)
_ 2
d d@?( p+ @ () - 1) "
= o | ar - g (q (x))
p+q(x)
=0
2
_a |ag (Ver@-1)
— 2
p+q i@ | e Py 9(q°) : (4.2.38)
4?=42,.x

where v = 1 + p — 24/p+ @* is the argument of the ¢ function. After decomposing the
g*-distribution as

2 n
= d
X (@) => 9" (¢ (@> G (1 tpta—2p+ @+ u) (4.2.39)
n=0 =0
the total decay rate is given by
I dhax 2 d n
= =8/ A’V > g™ (¢°) (da) 6(1—|—p—|—ﬁ—2\/p+(j2—l—ﬁ>
’ ‘ n=0 =0
GEax -1 2./62a? (42
:8/ dqQ\/?g(O) (42)—1— P \/?g(l) (62)_‘_ \/q_g (2‘1)
0 2 (1+p) s
2
~ 2 _ 1)
e (R )
i@ | de o+ @
4= ax
1
= f(p) (1 +5 (e — ui)) —2(1-p)* g, (4.2.40)

where Ty = G2 |Va|* m)/(19273) and f(p) = (1 —8p + 8p® — p* — 12p?log(p)). This result
coincides with the literature [83,197].
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NNLO Power Corrections
At O (1/m3) the total decay rate is given by
r

Fnax 3 d
— -8 da2+/ a2 (n) (42 (
T /0 a°Vq ;g (@) ( 5

u) @(1+p+a—2 p+q2+a)

o (4.241)

a=0

the difference to the first line of eq. (4.2.40) being that the sum over n now runs from 0
to 3 because at this order in the power expansion the structure functions ¢; contain terms
proportional to 1/ (u + ie)* which translate to terms proportional to the third derivative of a
o-function of u after taking the imaginary part. Once we move the derivatives away from the
o-functions by integrating by parts we encounter terms proportional to

3 12 -

=0 (14pra-2Vat@+p)| =- 0 (G
du3 < P q p 40 (P+1)4 (q q a)
3( cj2+p—1)
5’(1+p—2 42+p>
2(g%+p)°
3
(a5-1)
+ — 5”(1+p—2 d2+p>.
@ +p

(4.2.42)
The integration of the second term together with a test function g (¢?) is analogous to eq. (4.2.38),

3 [ o @F+p—1 R

(612+p)
3 Gz +p-—1 o
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2/ (q()ﬂ)) 9 (a7 (2)
3 \/q p—1 ,

When we integrate the last term of eq. (4.2.42) together with a test function we obtain
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(i + @) ) ( d@up_l) 9(@) (4.2.49

42:é?nax

Using this result we obtain
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6

which agrees with [156].

The moments introduced in eq. (4.2.2) can be computed by weighting the triple differential
decay rate with powers of the kinematical variable in question and faithfully repeating the
steps above.

Radiative Corrections and Quark Masses

As we have seen before the OPE lets us separate long distance effects happening over distances
> AQCD from short distance effects. The long distance effects are encoded in the matrix
elements of higher dimensional operators while the short distance effects are described by
their Wilson Coefficients (WC). Being of a short distance nature, the WC have a perturbative
expansion.

Analytical results for the one-loop corrections to the structure functions w;, i.e. to the
triple differential decay rate, have been computed a while ago [49]. At one-loop they take the
form

1
b ) 'u/
_l’_

Here we distinguish the contributions of virtual gluons proportional to a delta function from
the part of the real gluon emission which is proportional to a plus distribution defined by

/oﬂ a H = /Ou aid W10, (4.2.47)

u u
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where f is a test function, and the part of the real gluon emission contribution which contains
neither a delta nor a plus distribution.

We find X (1, ¢?) at order a, by plugging the results from [49] into eq. (4.2.30) and replacing
P =14+0+p—2y/¢+0+pand &= /i + g%+ p. The total decay rate is then found by
integrating over 4 and §2:

(1-p)*

2473 7 1—2\/§—p 42 .
= [ e [ T ¥ (aa)
Gr [Va|" my 0 0 u+q*+p

1 2
= dq2 — q XV (07 A2)

0 q*+p

— )2 4 % X
. /(14’)) d - /12 q2*pdA A /qu X+ (7}/, QZ) X"F (O’ qAQ)
q u— 2+a+tp /a

; 0 U \/q2 +u+p \/q2 +p
+/ dq / di—==X, (1, %) . (4.248)

o 0 Qg +u+p

After numerically evaluating the last three integrals we recover the literature result [49]

Lo
—Oles) 1 778. (4.2.49)

Lof(p)

As the heavy quark masses get renormalized it is important to fix the scheme in which
they are defined when radiative corrections are taken into account. A natural definition of
the heavy quark masses is provided by the pole mass. It is defined as the zero of the inverse
propagator at every order in perturbation theory. But this definition of the heavy quark mass
suffers from an ambiguity of order Aqcp, a so-called renormalon ambiguity, which hampers the
convergence of the perturbative series. Indeed in the relation between the pole mass and the
MS mass of the b quark the four-loop term still amounts to about 100 MeV [199]. The modified
minimal subtraction, or MS scheme, in which one absorbs the divergence plus a constant term
appearing along with it into the counterterms, is commonly used in high energy computations.
But because of the low energy scale of B meson decays, the energy of the final hadronic state
is limited by m; — m. and significantly reduced by the momentum carried away by the lepton
pair, also this scheme is not ideal in this case. In fact we saw above that the total decay rate
is proportional to mj, which introduces large corrections in the conversion from the pole mass
to the MS mass.

Instead in inclusive calculations one usually defines the b quark mass in the kinetic scheme
[76,78]. The heavy quark mass is defined by its relation to the meson mass [125]:

2
— o
Mo — A — T + ... 4.2.50
“lQ(M) H 2TTLQ (M) ( )
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The quantities A and p2 are related to the double differential decay rate by Small Velocity (SV)
sum rules. These rules are obtained from moments of the hadronic final state energy in the limit
where |g| < m. ~ my, additional to Agep < m. ~ m;, . The conversion between the kinetic
scheme and the pole and MS schemes has been computed at the three-loop level [124,125].

For the charm quark the situation is different. Because of the lower charm mass the HQE
is worse behaved than in the bottom case, which renders the definition of a kinetic m,. difficult.
But as the scale of B decays is above the charm mass we can use the MS mass scheme for
me. At one-loop the relations between the pole mass scheme and the kinetic scheme for my, are
given by [142]

pole _ _ kin 0) = kin oF (Mb)cv é o
my, =my ( ) my (lu’b) + T FHb 3 + 2mlgin

Qg
12 pote = Harsein (H6) — CFME?
2 Qs
p:ls),pole = p%,kin (:ub) - gCF:ul?? (4251)

while the relation between the pole mass and MS mass for the charm quark is [124]

mPele = (1 1 Qs o) <§ + 1n“—3)> e (1) (4.2.52)

™ me (/JJC)2

where Cp = %.

4.3 Inclusive Decays in Lattice QCD

As mentioned above, non-perturbative effects in QCD, such as the HQE matrix elements,
cannot be computed analytically from first principles. Numerically however it is possible to
compute them by making use of Lattice QCD (LQCD) [222] simulations. Lattice computations
provide a way of computing inclusive observables without relying on the HQE and can serve
as an important check of the established HQE framework.

LQCD provides a regularization of QCD by discretizing Euclidean spacetime, related to
Minkowski space by a Wick rotation, which is equivalent to introducing a momentum cutoff in
the UV. In discrete spacetime formerly continuous momentum integrals are replaced by finite
sums, rendering their values finite. Processes can be simulated on a lattice with a given spacing
a and a volume V = L3 x T, where L corresponds to the spatial extent and T corresponds to
the time extent of the lattice. Here a complication arises. Once the simulation is performed its
results cannot directly be linked to physical observables. First their dependence on the lattice
volume has to be studied, such that one can take their limit when V' — oo. Secondly one
also has to study their dependence on the lattice spacing in order to take the continuum limit
a — 0. These difficulties can be dealt with and lattice computations have become crucial in
accessing non-perturbative objects like quark masses, form factors and decay constants. For a
review on lattice results for flavour physics one may consult [45].

Most lattice computations concern exclusive processes, in which the exact final state is
known as well as the initial state. Simulations of inclusive processes are more complicated
because of the large number of possible intermediate states.

For inclusive decays of heavy mesons however a method of directly computing observables
which circumvents this problem has been found recently [143,164].
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It is based on the observation that the hadronic matrix element

1
(B
2m Bs

which can be computed on the lattice from four-point correlators, is related to the hadronic
tensor through a Laplace transform:

CMV (q’ t) =

Jh(g,t)e ], (q, t)‘ BS> : (4.3.1)

o (a,1) = / AW, (g, ) e (4.3.2)
0

Here the hadronic tensor is expressed in terms of the three-momentum q of the lepton pair and
the energy w energy of the hadronic final state X,

1
Waw = 5 ;5 (w— Ex.) <BS

Ji(q, 0)’ Xc> <Xc

7, (q, 0)’ Bs> . (4.3.3)

Now inverting the integral on the r.h.s. of eq. (4.3.2) is an ill-posed problem so the hadronic
tensor cannot be computed directly. But this is not necessary either if we are interested in
inclusive observables. As the quantity X defined in eq. (4.2.32) is nothing else but the g2
spectrum we can write it in the form

X(¢°) = / dwky, (g, w) W (g,w), (4.3.4)

min

where k,, is a kinematical factor determined by the F, integral of the leptonic tensor. We can
exchange the upper integration by a Heaviside function 6 (wy.x — w) and the lower integration
limit can be exchanged with any 0 < wy < wp, thanks to the § function in eq. (4.3.3). After
doing this and defining K, = 0 (wWmax — w) k, We obtain

X (¢) = /w " QW (g,w) W (q,w) (4.3.5)

which looks very similar to eq. (4.3.2). Making use of the fact that we can approximate any
smooth function f (w) as

flw)y=> g™ (4.3.6)

we can write eq. (4.3.5) as a sum of terms equal to eq. (4.3.2) times a coefficient g*”. But we are
not done just yet. The last problem is that the integrand of eq. (4.3.5) is cut off sharply at wpax
while the integrand of eq. (4.3.2) dies off smoothly. this problem can be solved by replacing the
Heaviside function in eq. (4.3.5) with a smooth function which tends to the Heaviside function
in a well defined limit. Such a function is given by the sigmoid

B 1
S l4e s

0y () (4.3.7)

which satisfies lim,_,060,(2) = 6(z). Combining this with the approximation of the kernel
function in eq. (4.3.6) we obtain

lim " g C, (q,t) = lim [ dwly (Wnax — @) b (q.0) W (q.w) = X (¢°) . (4.3.8)

T wo

49



In chapter 5 the L.h.s. of this equation is computed on the lattice and confronted with an OPE
calculation of the r.h.s. This serves as an independent check of the OPE framework commonly
used to extract V| from inclusive B meson decays. Furthermore in the future it could be
used to access hadronic matrix elements which are difficult to extract from experimental data.

Afterwards the part on inclusive decays of B mesons will conclude with chapter 6 in which
the tools developed in this chapter will be applied to study the effects of dimension 8 operators
in the weak effective theory to inclusive observables.
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Chapter 5

Lattice QCD Study of Inclusive
Semileptonic Decays of Heavy Mesons

This chapter presents the work published in [144].

5.1 Introduction

The theoretical study of semileptonic decays of B mesons continues to be an important and very
active area of research in high-energy physics: this interest is mainly driven by the fact that
these decays encode direct information on the modulus of two of the elements of the Cabibbo-
Kobayashi-Maskawa (CKM) quark mixing matrix [100, 181], namely |V, and |V, and may
be a sensitive probe to new physics beyond the Standard Model (SM). As a matter of fact,
many different types of extensions of the SM are expected to affect flavour physics, inducing
new flavour-changing interactions, complex phases in the CKM matrix, possible violations of
lepton-flavour universality, etc. Even if the mass scales of new particles beyond the SM turned
out to be very high, quantum effects of the associated fields could leave detectable imprints
onto the physics of bottom and charm quarks.

On the experimental side, recent results from B factories reveal some tension with SM
predictions, but also exhibit puzzling discrepancies between exclusive and inclusive chan-
nels [43, 141, 146, 228]. For theorists, this provides further motivation to improve the un-
derstanding of these decays and to refine their predictions. Currently, the most powerful
tool to obtain theoretical predictions from the first principles of QCD is the one based on
numerical simulations in the lattice regularisation of the theory [222]. It is an intrinsically
non-perturbative approach, that allows one to obtain accurate and systematically improvable
predictions for a variety of quantities, including those relevant for decays of heavy mesons: for
an up-to-date world review of lattice results relevant to flavour physics, see ref. [45]. It should
be emphasized, however, that most lattice calculations focus on ezclusive decays: in a nutshell,
this is due to the fact that inclusive processes consist of a potentially very large number of phys-
ical states—including states featuring multiple hadrons, which pose their own challenges—and
their systematic analysis in numerical calculations is very impractical, if possible at all.

Recently, however, novel approaches have been put forward, that allow one to address
inclusive decays in lattice QCD. As an example, in ref. [164] it was pointed out that the
differential rate for inclusive decays of the type B — X /v (where X denotes all hadronic states
that are compatible with the semileptonic decay of the bottom quark) could be evaluated by
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relating the hadronic tensor
43
W (pr4) = 5 > 5 —a = px)(B®)IIHX (0x)) (X (px)|1|B(p)) (5.1.1)
X

(where J, is the weak current associated with the b quark decay, p and px respectively denote
the four-momenta of the B meson and of the X state, while ¢ is the transferred four-momentum)
to the forward scattering matrix element 7, (p, ¢) [83,197], and by extracting the latter through
an analytical continuation of lattice results obtained for this quantity in an unphysical region,
where the decay is forbidden by kinematics.

In ref. [163], on the other hand, it was proposed to study decay and transition rates into
final states with an arbitrary number of hadrons by reconstructing the spectral function as-
sociated with a Euclidean four-point function in a finite volume from lattice correlators, with
an appropriate smoothing protocol. A closely related approach was discussed in ref. [162] (see
also refs. [95,96]).

Finally, in ref. [143] it was suggested to study inclusive decays on the lattice by computing
a suitable “smeared” spectral density p(w) of hadron correlators, where the smearing is defined
by the integration over the allowed phase-space region. Also in this case, the strategy involves
the lattice determination of a class of four-point correlation functions. This technique allows
one to bypass the need for analytical continuation, and, at least in principle, paves the way for
the determination of the total semileptonic width as well as of the moments of any kinematic
distribution associated with general B — X /v decays.

In the present work, we focus on the method proposed in ref. [143], presenting the results of
explicit lattice calculations based upon this framework. We discuss results from two different
types of ensembles of lattice QCD configurations, and we also compare them with an analytical
calculation based on the operator-product expansion (OPE) [178,221] within the framework of
an expansion in inverse powers of the heavy-quark mass [77,79,83].

The structure of this article is the following. In section 5.2, we recapitulate the formu-
lation of the method, extending the presentation in ref. [143] with additional remarks, and
commenting on its application to observables of particular interest (including differential dis-
tributions and moments). In section 5.3, we present an explicit implementation of the method
in lattice QCD calculations, using two different ensembles of configurations, generated by the
JLQCD collaboration and by the ETM collaboration; the final part of the section is devoted
to a technical discussion about the extrapolation to the limit in which the smearing parameter
o tends to zero. The following section 5.4 presents the analytical calculation based on the
OPE, and compares its predictions with the results from lattice QCD. Finally, in section 5.5
we summarize our results and discuss future prospects.

5.2 Formulation of the method and application to ob-
servables

5.2.1 Spectral representation of the inclusive decay rate

Here we review the formalism to calculate the inclusive semileptonic decay rate in lattice
QCD [143]. To be specific, we consider the semileptonic decay of a B meson to charmed
final states X, with a pair of massless leptons (¢7) through the flavour-changing current J, =
Vi = Ay = &9u(1 = 5)b.
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We start from the differential decay rate

ar — Gi|Va|?
dg?d¢°dE,  8n3

L, W, (5.2.1)

where G is the Fermi constant and |V,| is the relevant CKM matrix element. Here we work
in the rest frame of the initial B meson, so that

p=(mg,0), q=pe+ 05 = (,9) , r=p—q=(w,—q), (5.2.2)

where the differential decay rate is a function of the three kinematical variables ¢2, gy and the
lepton energy Fy, and is given by the product of the leptonic tensor,

LM = plipl — po - pog"” + piph — i Ppyapos (5.2.3)

and the hadronic tensor,

W (pg) = 300000 = g = 1) g (BE)L O1X.(r) (X 0)|B(p). (524

Xe

The sum over the charmed states X.(r) actually includes an integral over r.!

Performing the integral over the lepton energy FEj in its kinematical range, i.e. from (gy —
\/?) /2 to (qo + \/?) /2, and changing the remaining kinematical variables from (qo,¢?) to
(w, @*), the total rate can be written as

G%v | ‘/Cb | 2 qgnax 9 3 _ 9 _ 9 Wmax 9
b= o / A @' X(q') . X(q)E/ dw X (w,q”) , (5.2.5)
0 w:

min

where
m2 _mQ 2
qiax = <B4TD) ) Wmin = \/ m%) + q2 y Wmax — MpB — \/ q2 . (526)
B

The quantity X (w, g?) appearing above is a linear combination, with coefficients depending on
the kinematical variables, of the different components of the hadronic tensor. Indeed, Lorentz
invariance and time-reversal symmetry allow one to decompose W into invariant structure
functions according to

LoV

W (p,q) = — ¢ Wi(w, @) + 2o Wa(w, ¢%) — iE“”aﬁ%Wzs(w, a’)
B B
L Pq" + g
7 Wiw, @) + ————Ws(w,q%) . (5.2.7)
B mp
By introducing the following basis for three-dimensional space,
7 9 €. n=0, e . e®) =g {a,b} ={1,2}, (5.2.8)

More precisely, the sum over the charmed states X.(r) should be written as

LIV [ s X))

when the standard relativistic normalization for a single-particle state is employed for X..
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and the hadronic quantities

2 3 3
Yy — _ Z Z El(a)ega)wij : y @ — oo ’ y®) — Z AW
a=11i,j=1 t,j=1
3 ; 3
Y(4) _ zﬁza/v()z + WzO) : Y(5) — 5 'glgukﬁk’wl] ’ (529)
i= ,J,k=

it is easy to see that, in the rest frame of the B meson, the information contained in W*” can
be equivalently parametrized in terms of Y® = Y@ (w, q?). A convenient representation of
X (w, @?) is then given by

2

X(w,q*) =) (V@) (mp —w)XV(w, ¢,

=0
XO=yW y® — xO=_y®  xO_y® _yO, (5.2.10)

At this point, some observations are in order. First, we notice that the parity-violating structure
function W (or equivalently Y®)) does not contribute to the differential decay rate after the
integral over E, has been performed (this will not be the case for the moments considered
below). Then, by rewriting eq. (5.2.4) as

W (w.q) = %@(ow(owﬁ ~WP P+ LO)BO), (5211

where H and P are the QCD Hamiltonian and momentum operators, we explicitly see that in
the rest frame of the B meson the different components of the hadronic tensor are functions of
w and q (we already used this information in changing the integration variables from (qq, ¢?)
to (w,q?)). In the following we refer to eq. (5.2.11) as the spectral representation of the
hadronic tensor. Flavour and momentum conservation imply that the hadronic tensor vanishes
identically for energies w < wpi,. From this observation one obtains wy, = \/m% + q%. This
means that by introducing the kernels

KY(w,¢%) = (mp — w)'0(Wmax — w) , (5.2.12)

the w integral in eq. (5.2.5) can be rewritten as

2

X(@) =) (Vg /OOO dw KO(w,q*) XD(w, ¢?) . (5.2.13)

=

We close this subsection by providing an equivalent representation of X (w, g?) which will be
useful later. It is given by

X(@,q%) =Y (V@) (wmax =)' Z20(w, ") | (5.2.14)
=0

where the Z®(w, %) are again linear combinations of the Y,

70) — y(©2) + y® _y® 7 7(1) — 9y ) _ oy () _y() 7 72) — yB) _yQ) (5.2_15)
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By introducing the kernels
00 (z) = 2'0(x) , (5.2.16)

that are functions of the single variable x = wy,.x — w, we thus have

2

X(@) =) V)" z%g), 29 z/ooodw@‘”(wmax—w) 20w, q?) . (5.2.17)

=0

5.2.2 Decay rate from Euclidean correlators

In order to calculate X (g?), as given in eq. (5.2.13) or eq. (5.2.17), we need to evaluate the
integral over w of the different components of the hadronic spectral density (5.2.11) with the
kernels KW (w, q?) or O (wpax — w). To this end, following ref. [164], we first establish the
connection between suitably chosen correlation functions that can be calculated on the lattice,
and W,,.

We start by considering the Euclidean correlator

pr(tsnku t2a t17 tsrc; (I) = / d3.fl7 eiqm T<O| &B(Oa tsnk)J;,(wa t2>Ju(07 tl)q;-rB“)a 7fsrc) |O> ) (5218)

where ngB(O; t) is a B-meson creation/annihilation operator projected onto zero spatial momen-
tum by integrating over space at a time t. A zero-momentum B meson is thus created at time
tse and annihilated at t4,.. The two currents are inserted in between, at times ¢, and t;. The
charmed hadrons are created at time ¢; with a momentum insertion —q and propagate until
they are transformed back to the B-meson state at time 5.
The four-point function C),, is saturated by the B-meson non-local matrix element
eiqm B _

M, (t;q) = e "5 /d%%(B(O)|J;(w,t)JV(O,O)\B(O)> , (5.2.19)
when the double limit ... — —00, t — 00 is taken. To include a proper normalization, one
can analyse

C,ul/ (tsnka t27 tl? tsrc; q)

My (ty —t1:q) = Zp i , 5.2.20
wlte =i @) = 25 tarboe Cltanie — 12)C (61 — te) (5.2:20)

where C(t) is the B-meson two-point function
C(t) = T{0] $5(0; )9 (0; 0)[0) (5.2.21)

and Zp is its residue when a large time separation is taken, C'(t) — Zge "5,
Starting from eq. (5.2.19) we can establish the connection between M, (t;q) and the
hadronic tensor given in eq. (5.2.11). We have

M,,(t;q) = / d*z ;;Z
— O 5(0)/7}(0.0)e 5B + 4)4,(0.0)| B(0)

N 2mB

:/ dw W, (w, q) e" . (5.2.22)
0

(B(0)|J(0,0)e~ P J,(0,0)| B(0))
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The problem of the calculation of X (q?) is now reduced to that of trading the integral of
W, (w, @) with the kernels e for the integral with the kernels O (wpayx —w) (or KO (w, g%)).
The general inverse problem represented by the extraction of hadronic spectral densities
from Euclidean correlators is notoriously ill-posed. Recently, methods to cope with these
problems have been proposed, and they treat the above mentioned integrals with some kernels.
In this paper we use two approaches proposed in refs. [55,162]. The differences between the
two methods will be discussed in detail in the following sections. Here we concentrate on the
common starting point of the two approaches, which are actually closely related to each other.
We start by introducing an arbitrary length scale a. On the lattice this will be identified with
the lattice spacing. The correlators M, (t; q) will be computed at times ¢ = a7 where 7 > 0
is an integer. By introducing the variable z = e (and its inverse mapping w = — log(z)/a),
standard theorems of numerical analysis guarantee that any Cy function f(w) = g¢(z) in
the interval w € [0, 00] (corresponding to z € [0,1]), vanishing at w = oo (x = 0), can be
approximated with arbitrary precision in terms of polynomials in z according to

— i [/ — i gre T (5.2.23)
T=1 =1

This implies that the integral of the product of W,,(w,q) with f(w) can be computed, once
the coefficients g, are known, by using the linear relation

/000 dw W (w,q) f(w) = Z g- M, (aT;q) . (5.2.24)

This procedure cannot be applied straightforwardly to the calculation of X (g?) because the
kernels O (wpax — w) (or KO (w, g?)) are not smooth, i.e. they contain a discontinuity due
to the f-function. In this case, a sequence of polynomials can still converge to the kernels in
mean, which would be sufficient for our purposes, but a reasonable approximation would imply
a very large number of terms. However, the problem can be solved by introducing smeared
C4 versions of the f-function, 6,, such that the sharp step-function is recovered in the limit in
which the smearing parameter o is sent to zero, lim, .o 0,(x) = 6(z).

By considering, as suggested in ref. [143], the corresponding smeared versions of the kernels

entering the definition of X (q?), that we call ol (Wmax —w) and Kgl)(w, q), we then have

O (Winax — w) = mly Z 99 (Wi, 7) €77 | (5.2.25)
and
/ dw W, (w, q) @(l)(wmax —w) = liH(l) mb Z gg) (Wmax, 0) My, (aT;q) , (5.2.26)
0 o—

as well as similar relations in the case of the kernels K (w, g?).

A few observations are now in order. The first concerns a subtle theoretical issue. The
smearing procedure, which is algorithmically required to implement the procedure just out-
lined, is also necessary for theoretical reasons. Hadronic spectral densities, and therefore also
W, (w, q), are elements in the space of distributions and their product with another distribu-
tion, such as the f-function, can only be defined through a regularization procedure (when it
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exists). The issue is particularly important in the case of lattice simulations because they are
necessarily performed on a finite volume. Finite-volume spectral functions, due to the quanti-
zation of the energy spectrum, are sums of isolated d-function singularities and their connection
with the corresponding physical quantities requires an ordered double-limit procedure: first the
infinite volume limit has to be taken and only after that, if the quantity is non-singular, can
one take the ¢ — 0 limit.

The second observation is related to the fact that the problem we are addressing is partic-
ularly hard from the computational point of view. In the limit of very small ¢ the coefficients
g (Wmax, ) of eq. (5.2.25) tend to become arbitrarily large in modulus and oscillate in sign.
Since lattice correlators are unavoidably affected by statistical and systematic errors, in these
cases the resulting uncertainties on the sums on the left-hand side of eq. (5.2.26) tend to ex-

plode. The two approaches of refs. [55,162] differ for the procedures used to determine the

coefficients gg) (Wmax, 0), once the series is truncated at 7 = Ty, in such a way to keep both

statistical and systematic errors under control.

5.2.3 Kernel approximation

In this subsection we review the methods of refs. [55,162] by highlighting the differences in
the procedures used to approximate the smearing kernels. To simplify the formulae, we shall
consider a generic kernel f(w), that will then be identified with the kernels W (wyayx — w)/mly
or KW (w, q)/ml;, and a generic correlator

C(t) = /OOO dw p(w) e™" (5.2.27)

to be identified with M, (t; @), so that p(w) will correspond to W, (w, g). In this work we shall
not address the systematics associated with the finiteness of the extent of the lattice in the
temporal direction, see refs. [96,162] for an extended discussion of this issue and, in general,
for more details concerning the algorithm and its applications.

In the method of ref. [162] the coefficients g, corresponding to the approximation of f(w)
are determined by minimizing the functional

Alg]
Wilgl = (1—=AN)—=+ B 5.2.28
where A € [0, 1] is the so-called “trade-off parameter” (see below) and the functionals A[g] and
Blg] are given by

Alg] = G/E:o dw {f(w) - mgang e“‘”} . Blg= fl 9o Cov [C[glzo))a]g(ml)] ‘

T, 7=

(5.2.29)

Here Cov [C(t),C(t')] is the statistical covariance of the correlator C'(¢) and, consequently, the
functional Blg| is positive definite. The functional Alg] is also a positive definite quadratic
form in the coefficients g,. Therefore, the minimum conditions

oW, [g]
9.

—0 (5.2.30)

g-r:g?}
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are a linear system of equations to be solved for the coefficients g. These coefficients define
the approximation of f(w) and the associated estimator for the integral of p(w) with f(w)
according to

Tmax Tmax

= Zgi‘ e Zg’\C’ ar) /000 dw fA(w) p(w) . (5.2.31)

The functional B[g?] is the statistical variance of p*[f] normalized with the square of the cor-
relator in zero and, therefore, vanishes in the ideal case of infinitely precise input data. On the
other hand, A[g*] measures the distance between the target kernel f(w) and its approximation
fMw) in the range? w € [Ey, oc]. In fact A[g?] is the squared Lo-norm in function space of the
difference f*(w) — f(w) and can only vanish in the limit t., — 00.

In the absence of errors, the coefficients g? that minimize A[g] provide the best polynomial
approximation of f(w) with respect to the Ly-norm. This has to be compared with the method
of ref. [55] that provides the best polynomial approximation of f(w) with respect to the L.-
norm (see below). In the presence of errors, the coefficients g that minimize W) [g] represent
a particular balance between statistical and systematic errors, as dictated by the A parame-
ter. For small X the estimator p*[f] is close to p[f] but with a large statistical uncertainty.
Conversely, for large A the estimator p*[f] has a small statistical error but differs significantly
from p[f]. When evaluated at the minimum, the functional Wy[g] is a function of A only, thus
defining W (\) = Wy[g?]. The prescription suggested in ref. [162] to choose the optimal value
of the trade-off parameter defines A\, such that

W (\)
8>\ A=A,

—0. (5.2.32)

From eq. (5.2.30) it follows that at A, (the maximum of W (\) where g* = g*) one has A[g*] =
A[0]B[g*]. This can be understood as the condition of “optimal balance” between statistical
and systematic errors. The numerical results discussed in subsection 5.3.2 have been obtained
using this method, also monitoring the stability of the results with respect to A < A,.

In ref. [55], on the other hand, the function f(w) is approximated using the Chebyshev
approximation as

N N
~ G * —a,w
2+ Z T (5.2.33)

where T7(x) is a (shifted) Chebyshev polynomial of the j-th order. The coefficients ¢} are
determined only by the function f(w):

2 [T 1
c; = —/ do f (—ln +TCOS6> cos(j6) . (5.2.34)
0

(e

This yields the best approximation in the sense of the L.-norm?®. The approximation of the

2The parameter Ey can be adjusted by exploiting the fact that p(w) has support only for w > wpin, so that
p[f] is insensitive to f(w) for w < wpin. The same holds for p*[f] so that the functional form of f*(w) can be
left unconstrained for w < wpin. Any Ey < wmin is therefore a viable choice in determining the coefficients gg\
so Eg can be chosen to improve the numerical stability of the minimization procedure.

3More precisely, the Chebyshev approximation of a generic function f(y) for y € [—1,1] is in practice
equivalent, although not identical, to the optimal polynomial approximation of f(g;y) = ZJTVZO g-y" obtained
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w-integral is then constructed as

(ul f(H )W}V 3 = wu’T*( _aH)’¢V>
/dwf(w)p( ) = Gy 2 §: Do) : (5.2.35)
where [¢,) = e’mOJM|B) is defined such that the state is evolved for some small time ¢

after applying the current insertion: this allows one to avoid any ultraviolet divergence due to
contact terms of two currents. To reflect this change, the kernel f(w) is multiplied by e*% to
cancel the time evolution. The right-hand side of eq. (5.2.35) can be reconstructed from the
matrix elements (5.2.19) using M, (t + 2t) /M. (2ty).

An advantage of this construction is that the matrix element appearing on the right-hand
side of eq. (5.2.35), (@DHIT;‘(e_“H)]w,,>/<wuw,,), is strictly bound between —1 and +1, by con-
struction of the Chebyshev polynomial. This corresponds to the condition that the eigenvalues
of e~ lie between 0 and 1, or equivalently that the eigenvalues of H are positive semi-definite.
Then, the convergence of the series appearing in eq. (5.2.35) is dictated by that of the co-
efficients ¢j. Since ¢} can be easily calculated for arbitrarily large j’s, the error due to the
truncation in (5.2.35) can be rigorously estimated.

The constraint ](¢N\Tj(e_“ﬁ M)/ (Wulby)| < 1is not automatically satisfied in the presence
of statistical errors. Since the Chebyshev polynomial T} (z) is a sign-alternating series of
growing powers of x with (exponentially) large coefficients, this constraint is satisfied after
huge cancellations for large 7. Therefore, even a small statistical error of the lattice correlator
can easily violate the constraint. In the numerical analysis, one should add the constraint when
the Chebyshev matrix elements are determined by a fit, see ref. [55] for details. The higher-
order terms are then masked by the statistical uncertainties and become basically undetermined
within £1, so that they only contribute to the truncation error.

In both methods, a good approximation is obtained only when the kernel function is suf-
ficiently smooth. If this is not the case, the truncation error becomes significant, e.g. due to
unsuppressed higher-order coefficients ¢} in the case of the Chebyshev approximation. Unfor-
tunately, the kernel functions K (w, ) or ©® (wpax —w) are not smooth, because they contain
the Heaviside function 6(wpax —w). We therefore introduce smeared versions of the #-function
and then we take the limit of 0 — 0 to recover the unsmeared kernel. This has been done by
considering three different smeared f-functions,

s 1 s 1 . 1+ erf
bo(2) = 1= » 05 () = meer 0°(z) = —2( :) . (5.2.36)
+e o 1+e sinh( 31~

and by extrapolating the numerical data to the ¢ — 0 limit. In the following we shall refer
to 05 (z) as the “sigmoid function”, to #5'(z) as the “modified sigmoid function” and to 62 (z)
as the “error function”. Any choice of the parameters 7! and r® appearing in the previous
formulae corresponds to a legitimate definition of the smearing kernels that approach the same
o — 0 limit, i.e. the #-function. By adjusting the values of these parameters one can change
the rate of convergence to the #-function and balance between statistical and systematic errors.
In the following we set ! = 2.2 and r® = 2.0. This (empirical) choice gives statistical errors of

by minimizing the Lo.-norm | f(y) — f(7;¥)llcc = max,ecj—11jf(y) — f(g;y)| with respect to the coefficients
g. In fact, the Chebyshev approximation is obtained by minimizing the weighted squared Lo-norm given by
f_ll dyw(y)|f(y) — f(F;v)|* with w(y) = 1/4/1 — y2. By setting instead w(y) = 1, as done in the case of the
method of ref. [162], one gets the Legendre polynomlal approximation.
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the same order of magnitude for the three kernels at fixed o and similar (although not identical)
shapes for 65 (z) and 62 (z) while 65 (x) results into a smoother approximation of the f-function.
A combined analysis of smearing kernels that have rather different shapes at fixed o is in fact
helpful in order to quantify the systematics associated with the o — 0 extrapolations (see also
ref. [96]).

5.2.4 Decomposition of the total rate

The expression of the total rate in eq. (5.2.5) can also be used to compute the differential decay
rate in g2, i.e. dI'/dq® = G2%|V,4|*/(247%)|q| X (g?). This can be further decomposed into its
contributions from parallel (||) and perpendicular (L) components, where the 1 components are
defined as those involving the polarization vector €*(*), while the || ones are the rest. In addition,
we also separate the contributions from vector (V) and axial-vector (A) current insertions.
Since two currents are inserted, we have V'V, AA, as well as VA and AV contributions. Among
them, VA and AV do not contribute to the differential rate after integrating over E,, and thus
to the total decay rate. We therefore analyze four components: VVj, VV,, AA;, AA,. For
the lepton energy moments, the VA and AV insertions can also appear (see below).

5.2.5 Moments

It is also interesting to consider the moments of various kinematical quantities. In particular,
two types of moments have been studied experimentally: the hadronic mass moments ((M%)™)
and the lepton energy moments (E,"). They are defined as

dr
/ dq’dgod E; (w* — ¢*)" [—2 }
(3" 109 G0dBe] (5237)
dgq*dqod By | — 2
/q%zbwmd
dr
/ dq*dqodE, E* [2—]
E
(E) dq”dgodEr (5.2.38)

dar
dq*dqydEy | ————
/ 4 ot |:dq2dQOdE£:|
The strategy to compute these moments on the lattice is the same as in the method described
above. For the hadronic mass moments defined in eq. (5.2.37), the numerator contains extra
powers of w? — q?, with which the w-dependence of X(© XM X® is modified. Otherwise,
the basic procedure remains the same. Beside these quantities which require an integration

over the whole g? range, we will also consider moments at fixed values of g2, i.e. differential
moments:

dl’
dqodEy (w* — ¢°)" {—1
Ho(q*) = (M3)") g = papE R (5.2.39)
dgoydE) | ————
/ o Z{dQQdQOdEJ

dr’
/ dgodEy B [_ }
E
Lo, (q%) = (E/)p = 44 dgnd 3¢ (5.2.40)

dr’ ’
doodl) | ———
/%gbwmd
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and the second central moment or variance of the lepton energy distribution

L) = Lola?) — (L(a?))

In the case of leptonic moments, the E, integral is modified with respect to (5.2.5). The
integrand in the denominator is the same as in (5.2.10); if we set the ¢ momentum direction
n along the k-th axis, the two vectors €* can be chosen in the perpendicular directions of the
i-th and j-th axes, and we can re-express X (w, %) as

Xpym0 = WP = W% — W) — qogr( W + W) + @(WH + W + W) | (5.2.41)

where repeated indices are not summed. The integrand in the numerators of eq. (5.2.38) and
eq, (5.2.40) depends on the exponent n,. For n, = 1, it reads

Xopm1 = % [ (W — Wi — WiT) — qoqr (WO 4 W) - @2(WHF - Wit 4 Wid)]
5@ — @)W, (5.2.42)

where the last term corresponds to the insertion of VA or AV. The other terms are the same
as X,,—o, up to a factor go/2. The next orders are more involved:

1 1 6 4 1
Xojmo = 79| @a” + zlal" ) W+ 2¢5 — za5a° — Zla" | W" + (@ + zg5a° | W
1 5 5 5 5
1 i ’
~ (tlal + alal®) 7%+ %) + Sl - a2 | (5.2.49
1 3 3 2 12 )
Xpy=3 = 3 { (qg,qz + SQO|q|4> W 4 (CIS + 5q3q2) W (2618 + EQSQQ - EC]0|‘1|4) we

3 | 3
~ (atlal+ ol ) oo+ w2 i (sadlal + 2lal ) 3 - o} L 2

Again, the term with W% survives for VA and AV insertions, while the others are from V'V
or AA.

The contributions in eq. (5.2.42) can be rearranged in such a way that the w-integral
contributing to the numerator of eq. (5.2.40) takes the form

3

Xo=1(@) =Y (V@) 201 (d)

=0
7Y (%) = / dw OO (o — w) 2V, (w, ¢%) (5.2.45)

where the Z

ny=1

(w, @%) are given by

Y® 4y6® _y® —2YM 4 Y® 4 3y @) —2y® 4 2y ()

©  _ (1)
an=1 - 2 ) ZTL@Z]. - 2 )
5 —3Y® 1 3y0) _y@ Ly 5 Y@ 4 yB®)
wa): = 5 : qu):l =— (5.2.46)
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The previous expressions are analogous to the corresponding expressions for the differential
decay rate, eq. (5.2.17) and eq. (5.2.15), but include the sum of four terms with the one
corresponding to [ = 3 that involves the kernel e (Wmax — w). In this basis the second
leptonic moment is given by

4
s — l
Xn=2(q®) = > (V@) 20 ,(a%)
=0
2\ (@) = / A O (Winae — w) Z1)_y(w, 4) | (5.2.47)
0
where
@ L y6 _y®
0 _ JYP4Y6 vy
Zne=2 =3 10 ’
m YO —5v® _11y® 4 8y@W — 10y (0
Zni=2 = 10 ’
@  —27YW 4 5Y@ 4 31Y® — 15y @ 4 307 ®)
an:2 = !
20
3) 4y —4y®) 4 y® 2y )
an=2 = 4 ?
_y () Ly e
Z\ = + : (5.2.48)

and the first hadronic moment is
4 o0
Xooi(@®) =220 (@) ., 2L(¢%) = / dew O (W — w) 2 (w,q%),  (5.2.49)
=0 0

where the Zr(blil(w, q*) are given by
2,2 = malal (mp = 2lg) (V@ +Y© =y W) |

70, = 20g[ (YO + YO —Y®) 4l (-2 4 2v® — y)
+mplgf [-2 (YO +Y® —y®) 42 (2vD —2y® 4 y@)] |

2,2, = milg] (~Y O+ YO) 1 [q Y@ + v~y g (2y® -2y 4 y®)]
g [-2 (=YW +Y®) 422 —2v® 4y O]

n=1

29 = —2mplq| (-YW +Y®) 4 |g? [-2v D +2v®) y 2 (—y D 4 ¥®) _y @] |
Z2 =gl (<YW +Y®) (5.2.50)

5.3 Numerical implementation in lattice QCD

In this section, we discuss in detail two different implementations of the method in lattice QCD
calculations. First, in subsection 5.3.1 we present an implementation based on configurations
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generated within the JLQCD collaboration. Then, in subsection 5.3.2 we discuss an analogous
calculation based on an ensemble generated by the ETM collaboration (ETMC). In both cases,
we specify the technical details of the lattice calculations, and discuss the different types of
uncertainties affecting the results. Finally, in subsection 5.3.3, we discuss a few technical
aspects related to the extrapolation to the ¢ — 0 limit.

5.3.1 Lattice implementation with JLQCD configurations

One dataset used to demonstrate the lattice computation of the inclusive semileptonic decay
rate is based on the ensemble generated by the JLQCD collaboration. See the supplementary
materials of [108] for details of the gauge configurations. It employs Mébius domain-wall
fermions for both valence and sea quarks. In the sea, 2+1 flavors of light and strange quarks
are included. The light quark mass corresponds to a pion of mass around 300 MeV; the
strange quark mass is slightly heavier than its physical value. The gauge action is the tree-
level O(a?)-improved Symanzik at 3 = 4.35. The corresponding lattice spacing is a ~ 0.055 fm,
corresponding to inverse lattice spacing 1/a = 3.610(9) GeV. The lattice volume is 48% x 96,
so that the spatial volume is about L? = (2.6 fm)3. This ensemble corresponds to “M-ud3-sa”
of [108]. (See also [202].)

The valence quarks are also described by Mobius domain-wall fermions. The charm quark
mass is tuned to its physical value (see ref. [202] for details), while the bottom quark mass is
set at 1.25* ~ 2.44 times the charm quark mass. The spectator quark is a strange quark, so
the process corresponds to the inclusive semileptonic decay of a By meson, albeit with a light
B, meson mass of ~ 3.45 GeV.

The measurement is carried out on 100 gauge configurations and is replicated four times
on each configuration with shifted position of the initial source. The B, meson is created by a
interpolating pseudoscalar operator, which is spatially smeared by a gauge-invariant operator
(1 — (a/N)A)N with a discretized Laplacian A and parameters a = 20 and N = 200. The
source points are spread over the source time slice ty.. = 0 with Z5 noises to improve statistics.
The initial By meson is thus projected to zero spatial momentum. The By meson on the
other end is created by another pseudoscalar operator of the same type placed at the time
slice tg = 42 using a sequential source from the spectator strange quark propagator. The
bottom quark propagates from there to a time slice to, where the first b — ¢ current is inserted
with momentum q and is fixed at t = 26. The charm quark propagator then connects the
time slice t5 to t; where the other b — ¢ current is contracted with momentum insertion —gq.
The charm quark propagator is computed repeatedly for each choice of the current operator
and momentum insertion at t;. We fix the time separation between tg. and tg, under an
assumption that the ground-state By meson state dominates the signal between tg.. and ¢; or
between t, and tg,. This separation is at least 16 in the lattice unit, which corresponds to
0.9 fm. The saturation is confirmed in [164].

The matrix element (5.2.19) is then constructed as in eq. (5.2.20). For the analysis of this
ensemble we applied the Chebyshev polynomial approximation, following [143]. The polynomial
order is set to N = 15, but the results are unchanged within the statistical error with other
choices beyond N = 12. The ¢ — 0 limit is taken for each point assuming a polynomial in o
with data points at ca = 0.02, 0.05, 0.10 and 0.20. For all the cases, the extrapolation is small
compared to the statistical error on the finite values of o.

The results are shown in Figure 5.3.1. The left panel is X as a function of g2, while the
integrand to produce the numerator of (E,) is shown in the right panel. The lattice data are
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Figure 5.3.1: X (left panel) and L;X (right panel, corresponding to the numerator of
eq. (5.2.38))_as functions of g?. The results are shown for each channel. X4V is non-vanishing
only for L; X. The dashed curves are the estimated contributions from the ground states of D,
and Dy}.

obtained at momentum transfer g at (0,0,0), (0,0,1), (0,1,1), (1,1,1), (0,0,2) in units of 27/L.
Data points represent different channels as discussed in section 5.2.4.

Also shown in figure 5.3.1 are dashed curves which represent the contributions from the
ground-states, i.e. Dy and D} mesons. They are computed using the form factors obtained by
JLQCD for the same quark mass parameters. The necessary formulae and the lattice data are
presented in the appendix A.9.

The lattice data with different momentum insertion g are analyzed together to account for
the statistical correlations among them. We then fit X in a polynomial of g? including terms
up to (g*)%.

We observe that the inclusive results for each channel are consistent with the expected
ground-state contributions. This means that the excited-state contributions are small, which
is consistent with our expectation from the B — D**/v form factors based on heavy-quark
effective theory (HQET) [188]. Also phenomenologically, it is plausible because the mass
of the initial bottom quark is smaller than its physical value. The heavy quark symmetry
predicts that the wave-function overlap is 1 at zero recoil when the initial and final masses are
degenerate.

We also calculate the differential moments. The numerators for the hadronic mass moments
(M%) and ((M%)?) are shown in figure 5.3.2, while that for (E,) is in figure 5.3.1 (right panel).
The corresponding differential moments, evaluated for each channel at individual momentum
q*, are shown in figure 5.3.3 and in figure 5.3.4.

5.3.2 Lattice implementation with ETMC configurations

The ETMC gauge ensemble used in this work is the one named B55.32, generated by ETMC
together with other 14 ensembles with Ny = 2 4+ 1 4 1 dynamical quarks in refs. [60,61] for
determining the average up/down, strange and charm quark masses. The Iwasaki action [177]
and the Wilson twisted-mass action [132, 134, 136] were used for gluons and sea quarks, re-
spectively. Using the mass renormalization constants determined in ref. [104] the physical
light, strange, and charm quark masses were found to be mggy *(MS,2GeV) = 3.70(17) MeV,
mPWs(MS, 2 GeV) = 99.6(4.3) MeV, and mP"$(MS, 2 GeV) = 1176(39) MeV, respectively.
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Figure 5.3.5: Effective mass aMeg(t) = log (C(t)/C(t + a)) in lattice units for the Ds-meson
(left panel) and the Bs-meson (right panel) correlation function (5.2.21), evaluated using
the ETMC gauge ensemble B55.32 for bare quark masses equal to ap, = 0.50, ap, = 0.25
and ap, = 0.021, corresponding to renormalised quark masses my(MS,2GeV) ~ 2.4 GeV,
me(MS,2GeV) ~ 1.2 GeV and m,(MS,2GeV) ~ 100 MeV. The values of the Wilson r-
parameter of the two valence quarks are opposite, i.e. r. = —r, in the D, meson and r, = —r,
in the B, meson.

In order to avoid the mixing of K- and D-meson states in the correlation functions a non-
unitary setup [135] is used in the valence sectors: the strange and the charm valence quarks are
regularised as Osterwalder-Seiler fermions [204], while the up and down valence quarks have
the same action as the sea. Working at maximal twist, such a setup guarantees an automatic
O(a)-improvement [134,135].

The ensemble B55.32 has a lattice volume L? x T' = (323 x 64) a* with a lattice spacing
equal to @ = 0.0815(30) fm and a bare light-quark mass equal to au, = 0.0055, corresponding
to a simulated pion mass m, = 375(13) MeV [104] with m,L ~ 5.0. The number of analyzed
gauge configurations, separated by 20 trajectories, is 150. We have carried out our simulations
using the values aps = 0.021 and ap. = 0.25 for the bare valence strange and charm quark
masses, which correspond to renormalised strange and charm quark masses very close to their
physical values.

We have calculated the two-point function C(t), defined in eq. (5.2.21), using the interpo-
lating operator b(x)7yss(x) with a simulated b-quark mass equal to twice the physical charm
mass, i.e. my(MS,2GeV) ~ 2.4 GeV, and a physical strange quark. We set opposite Wilson
parameters for the two valence quarks in order to guarantee that cutoff effects on the pseu-
doscalar mass are O(a?us) [122,133,134]. To improve the statistical precision we have made use
of the “one-end trick” stochastic method [131,200] and employed 10 spatial stochastic sources
at a randomly chosen time-slice per gauge configuration. Moreover, in order to suppress con-
tributions of the excited states in the By-meson correlation function, we have used Gaussian
smeared interpolating quark fields [160] both at the source and at the sink. For the values of
the smearing parameters we set kg = 4 and Ng = 30. In addition, we apply APE smearing to
the gauge links [31] in the interpolating fields with parameters aapg = 0.5 and Napg = 20.

Smearing leads to improved projection onto the lowest-energy eigenstate at smaller Eu-
clidean time separations. As shown by the effective mass aMeg(t) = log (C(t)/C(t + a)) in
fig. 5.3.5, the dominance of the ground-state signal starts around ¢/a ~ 13 for both the D and
B mesons. By averaging over the plateau regions shown in fig. 5.3.5 the ground-state masses
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ETMC ensemble B55.32. The error bars are smaller than the point markers on this scale and

a similar quality of the numerical signal is observed for the other momentum values considered
in this work.

are respectively found to be mp, = 2.05(8) GeV and mp, = 3.08(11) GeV.

We have calculated the four-point function Cp, (tsnk,t2,t1,tse; @), given by eq. (5.2.18),
as a function of ¢;, the time at which the first weak current is inserted with momentum gq,
for fixed values of t5, where the second weak current is contracted with momentum insertion
—q, fixing tg. = 0 and tg = T/2 = 32a. The momentum q is inserted along one spatial
direction, namely g = (0,0, ¢) and we have considered eleven values for ¢ ranging from ¢ = 0
up t0 ¢ = Guax =~ 0.9 GeV. On the lattice these values are injected through the use of twisted
boundary conditions (BC’s) [64,115,157] in the spatial directions and anti-periodic BC’s in time.
The sea dynamical quarks, on the contrary, are simulated with periodic BC’s in the spatial
directions and anti-periodic ones in time. The twisted BC’s for the valence quark fields lift the
severe limitations, arising from the use of periodic BC’s, on the accessible kinematical regions
of momentum-dependent quantities. Furthermore we remark that, as shown in refs. [65,212],
for physical quantities which do not involve final-state interactions (like, e.g., meson masses,
decay constants and form factors), the use of different BC’s for valence and sea quarks produces
only finite-size effects that are exponentially small.

For the b — ¢ weak current we use the local vector and axial-vector quark currents,
b(z)y,c(z) and b(x)y,vs5¢(r). The value of the Wilson r-parameter for the charm quark is
chosen to be opposite to that of the b quark, i.e. r. = —ry, and therefore in our maximally
twisted setup the vector and axial-vector currents renormalise respectively with the axial and
vector renormalization constants, Z4 and Zy, determined in ref. [104].

We extract the matrix elements M, (t2 — t1;q) using eq. (5.2.20). In order to calculate
X (g?), as defined in eq. (5.2.17), we apply the smearing kernel O (wp.x — w) to the quantities
ZW(w, @*). These in turn are defined in terms of the quantities Y(*(w, q) in eq. (5.2.15). To
this end we start from the linear combinations of the correlators M, (¢; ) with the kinematical
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Figure 5.3.7: Correlator Y (V)(¢,g?) at various time separations ty — ¢, for |g| ~ 0.5 GeV. The
points in each subplot are obtained for different values of ¢y, with the z-axis showing the
distance between tg and the time ¢5 at which the current is inserted.

coefficients of egs. (5.2.9). We call these objects

Y(“)(t;qQ) = / dw Y(“)(w,qQ) e vt a=1,---.5,
0

ZO(t; ¢*) = / dw ZO(w, g*) et [=0,1,2. (5.3.1)
0

To show the quality of the numerical data, in fig. 5.3.6 we plot the correlators Y (®(t; q?)
corresponding to |q| ~ 0.5 GeV. Notice that the correlators Z(®(t; g?) are linear combinations of
the Y@ (; g%)’s, see eq. (5.2.15). Similar results are obtained for the other momenta considered
in this work.

The central values for all the physical quantities extracted from the Y(@(t, q) correlators
have been extracted by setting to = 22a in eq. (5.2.20) and by using the data up to ¢ = 18a,
which corresponds to t; — tg. = 4a. To check the approach to the ¢y, — —o0 and tg, — 00
limits we have repeated the analysis by setting to = {18a, 20a, 22a, 26a,28a} and by varying
the maximum value of ¢ used to reconstruct the smearing kernels. Figure 5.3.7 shows the
comparison of the correlator Y (¢, q) at |q| ~ 0.5 GeV for different values of ¢ = t5 — ¢; and
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Figure 5.3.8: Reconstruction of the kernels @f,o) (Wmax — w) defined with the three smearing
types s, s1 and e, see eq. (5.2.36), at A = \,. The data correspond to |g| ~ 0.7 GeV and
o = 0.12mp,, the smallest value of the smearing parameter that we used.

to. In the following analysis, we chose the value (tg — t2) = 10a, corresponding to ty = 22a.
Similar results are obtained for the other correlators (Y, Y® Y® and Y®), and, in all
cases, we observe that the onset of the ¢y, — oo limit is reached within the uncertainties
already for tg, — to = 4a.

We now turn to the discussion of the systematics associated with the approximation of the
kernels of eq. (5.2.36) by using the method of ref. [162]. This is an important issue because,
on the one hand, the reconstruction of a given kernel can never be exact with a finite number
of time-slices and in the presence of errors. On the other hand, one can (and must) quantify
the systematic error associated with an approximate reconstruction.

In order to illustrate this point we consider the quantity Z. (g@?) (see eq. (5.2.17)) for three
smooth approximations of the §-function given in eq. (5.2.36). The kernels are approximated as
described in section 5.2, see in particular eq. (5.2.31), with 7y, = 18. The quantity Zgo)(qz) is
then obtained by applying the coefficients g* that represent the approximated kernel at a fixed
value of \ to the correlator Z((t; g?). Figure 5.3.8 shows the comparison of the reconstructed
kernels with the target ones for |g| ~ 0.7 GeV and ¢ = 0.12mp, at the values A = A, determined
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Alg*]/A[0] smaller than A[g*+]/A[0].

independently for each kernel. The values of A\, are marked with red points in fig. 5.3.9, where
we show the dependence of Z5”(q?) on the normalised Ly-norm A[g*]/A[0]. As explained in
section 5.2, for smaller values of \ one obtains a more accurate reconstruction of the kernels
and thus smaller A[g*]/A[0] values. There is no significant difference on the final results for
Zgo)(q) by decreasing A with respect to A,.

By implementing this strategy, proposed in ref. [96], we have checked that the estimated
errors on the different quantities that enter our determinations of the physical observables
discussed below properly take into account the systematics associated with the kernel approx-
imation.

In fig. 5.3.10 we show our results for the total decay rate, with the different points corre-
sponding to different input parameters used in the analysis, as described in the figure’s caption.
The plot shows clearly that all results are compatible with each other. In order to take into
account all the results showed in the figure, we use eq. (28) of ref. [104] to get an estimate of
the central value and its standard deviation, corresponding to the filled red dots in the plot,
and we quote that value as our final result for the total decay rate. This procedure is repeated
for all other observables considered in this work.

The final ETMC results for all the physical observables, divided into four different channels,
are shown together with the OPE results in figures 5.4.1, 5.4.4, 5.4.6, and 5.4.7.

5.3.3 Extrapolation to o = 0

The ETMC data are produced at several values of the smearing parameter ¢ and, for each of
the target kernels O () with three different smeared versions of the 6-function in eq. (5.2.36).
These are used in a combined o — 0 extrapolation for each contribution to the differential
decay rate and to the leptonic and hadronic moments.

Before presenting the results of the o — 0 extrapolation an important remark is needed. As
discussed in section 5.2 the limits of zero smearing radius and of infinite volume do not com-
mute. Because of the quantized energy spectrum on a finite volume, the o — 0 extrapolation
must be performed only after the infinite-volume limit. Under the reasonable assumption that
smeared QCD spectral densities are affected by exponentially suppressed finite-volume effects,
and given the exploratory nature of the present work, we shall assume below that finite-volume
effects are negligible with respect to our statistical uncertainties. This assumption can only
be verified with simulations on larger volumes, a task that we leave for future work on the
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Figure 5.3.10: Results for G;T‘{ZP %, obtained changing the parameters given as input to our

analysis. The default values are: A, = 1 x 1073, T,,.x = 18, extrapolations to ¢ = 0 using 5
values of 0. The letters in the legend stand for: A) All parameter equal to default, the final
result is given by extrapolating to ¢ = 0 the single components X and then summing the
extrapolations together. B) The same as case (A) but with extrapolations done employing all
10 values of o, as quoted in the caption of fig. 5.3.11. C) A threshold changed to A, = 1x1072.
D) A threshold changed to A;, = 5 x 1073. E) All parameters equal to default, final result
given by summing all the single contributions X together and then extrapolation the sum to
0 =0. F) Ty changed to T = 15. G) Tynee changed to Tyuee = 16. H) 7,0, changed to
Tmaz = 17. I) Same as default, analysis performed using the bootstrap method. J) Final results
obtained considering all previous results listed here. Central value and standard deviation are
calculated using the average procedure given by eq. (28) of ref. [104]. It is important to note
that the analysis of all the cases listed above is performed taking the result corresponding to
A = )\, as discussed in subsection 5.3.2, the only exception being when we change the Ay,

parameter. In these two cases we take the results corresponding to values of A[g*]/A[0] smaller
than A,,.
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Figure 5.3.11: Combined o — 0 extrapolations of three contributions Z¥(g?) to the differential
decay rate, see eq. (5.2.17). The plots on the left correspond to |g| ~ 0.5 GeV while those on
the right to |g| ~ 0.7 GeV. The reconstruction of the kernels o
from the numerical point of view w.r.t. the case of the kernels oy (Wmax —w) with [ = 1,2. In
all cases we have obtained results at 10 different values of o that, in the case of oY (Wimax — w)
span the region o € [0.12mp_, 0.3mp,| while in the other case we have o € [0.03mp,,0.16mp,].
In all cases we include the five smallest values of ¢ into a combined linear extrapolation to
quote our results at o = 0.

(Wmax — w) is more difficult
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0.5 GeV, the same set of data shown in the top-left panel of fig. 5.3.11. The unconstrained
linear extrapolations of the different sets of data, corresponding to the three different smearing
kernels, are shown together with the results of the combined linear extrapolation of the five
points at the smaller values of o (black point) and of the combined quadratic extrapolation
including all ten values of o (violet point). The black and violet points have been slightly
displaced on the horizontal axis to help the eye.

subject. Taking this issue into account, the o — 0 extrapolation discussed below has to be
considered as a feasibility study that, as we work at unphysical meson masses and fixed cutoff,
we consider interesting and promising.

In fig. 5.3.11 we show the 0 — 0 extrapolations of the three contributions Zél)(qQ) to the
differential decay rate for |g| ~ 0.5 GeV (plots on the left) and |g| ~ 0.7 GeV (plots on the
right). The reconstruction of the kernels @((,0) (Wmax —w) is more challenging from the numerical
point of view with respect to the case of the kernels @((,—l) (Wmax — w) with [ = 1,2. In all cases
studied in this work we have obtained results at 10 different values of o that, for the kernel
oY (Wmax — w) span the region o € [0.12mp,,0.3mp,| while for the other kernels we have
o € [0.03mp,,0.16mp,]. For all the values of g* we have included the five smallest o values
into a combined linear extrapolation to obtain the central values and statistical errors that we
quote for our results at ¢ = 0. As evident from the plots in fig. 5.3.11 there is a reassuring
convergence of the results corresponding to the different kernels for small values of o. The five
points included in the fit are always in the linear regime and the x?/d.o.f. for all the combined
o — 0 linear extrapolations performed in this work never exceed 1.

The systematics associated with the o — 0 extrapolations has been quantified (see also the
caption of fig. 5.3.10) by performing unconstrained linear extrapolations of the five points at the
smaller values of o and combined quadratic extrapolations of all points, i.e. with ten values of
0. This procedure is illustrated in fig. 5.3.12 where we show, for the same set of data appearing
in the top-left panel of fig. 5.3.11, the unconstrained linear extrapolations and the result of
the combined quadratic extrapolation (violet point). As can be seen in this plot, the results of
the three different unconstrained extrapolations are compatible within the quoted errors and
also compatible with our central value result (black point). Following the procedure explained
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in the caption of fig. 5.3.10, i.e. estimating the systematics associated with the extrapolation
by adding in quadrature the statistical error of the black point and the difference between
the central values of the black and violet points, largely takes into account the spread of the
results coming from the different extrapolations, including the unconstrained ones. The same
procedure has been repeated for all the sets of data analyzed in this work and similar plots can
be shown in all cases.

In fig. 5.3.13 we show the ¢ — 0 extrapolations of the four different terms that enter the
calculation of the leptonic moment L;(g?).
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Figure 5.3.13: Combined o — 0 extrapolations of the four contributions Z,(w)zl(q ) to the first

leptonic moment, see eq. (5.2.45). The plots on the left correspond to |g| ~ 0.26 GeV while
those on the right to |g| ~ 0.78 GeV.

75



5.4 Operator-product expansion and comparison with
lattice results

As inclusive semileptonic B decays are described by an OPE, observables which are sufficiently
inclusive admit a double expansion in a, and in inverse powers of m, [77,79,83,105,197], or
more precisely of the energy release, which is of the order of my, — m.. Schematically, for an
observable M we have

2
M =MO + MOa, + MPa? + (MO + MDa,) =
b
+(M(°)+M‘”a)@JFM(O)@JFM(O)@JF... (5.4.1)
G G s mg D mg LS mg,

where as = as(p)/m is the QCD coupling evaluated at a scale p ~ my, and the ellipsis represents
higher-order terms in a, and in 1/my. The parameters p2, p2, p), p? 4 are expectation values

of dimension-5 and dimension-6 local operators in the physical B meson. For instance,

1, 1 )
b () = M<B|bv 00 B 1) = M<B|bv§UMVGH bu| B) (5.4.2)
where # = —iD, while D* is the covariant derivative, b,(z) = e ™*ph(z) is the b field

deprived of its high-frequency modes, and G*” is the gluon-field tensor. In the so-called kinetic
scheme [76,113,125], the Wilsonian cutoff i, ~ 1 GeV is introduced to factorise long- and short-
distance contributions. Indeed, the OPE disentangles the physics associated with soft scales of
order Aqcp (described by the above parameters) from that associated with hard scales ~ my,
which determine the Wilson coefficients M; that admit an expansion in a,. Quite importantly,
the power corrections start at O(A?QCD /m2) and are therefore comparatively suppressed. The
kinetic scheme provides a short-distance, renormalon-free definition of m; and of the OPE
parameters by introducing the cutoff p; to factor out the infrared contributions from the
perturbative calculation.

The smearing provided by the phase-space integration, discussed in section 5.2, is in general
sufficient to guarantee the convergence of the OPE for the quantities introduced in egs. (5.2.6)
and (5.2.37)—(5.2.40), which can then be expressed in the form (5.4.1). The OPE calculation
proceeds therefore as in refs. [83,149,197]. There are however two specific points related to
the kinematics chosen in the lattice calculation that need to be mentioned. First, while the
hard scale that governs the OPE is generally m;, — m., there are regions of the phase space,
e.g. at small recoil |g| ~ 0, where it is rather m,, possibly implying a slower convergence of
the expansion. Second, near the maximum value of g? the smearing interval in w closes up and
one cannot expect the OPE to provide reliable results.

5.4.1 Details of the OPE calculation and related uncertainties

From a technical point of view, the OPE provides a double expansion like the one in eq. (5.4.1)
for the hadronic tensor W#¥ defined in eq. (5.2.4) that can be used to compute the total rate,
the moments, and any sufficiently inclusive quantity. The coefficients of the expansion involve
the Dirac delta §(r* —m?) and its derivatives, which upon integration over the quark (partonic)
phase space lead to results valid for sufficiently inclusive observables. It is customary to use
the decomposition of W into Lorentz-invariant form factors as in eq. (5.2.7) and to identify
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the four-velocities of the B meson and of the b quark, v = p/mp = p,/m,. In this section we
will use eq. (5.2.7) replacing mp with the b quark mass m; and employing a hat for quantities
that are normalised to my. In the case of massless leptons considered in this work, the form
factors Wy 5 do not contribute to the decay amplitude.

The lowest order of the expansion for the relevant W; and the 1/m corrections can be
found in refs. [83,197], while analytic expressions for the O(ay) terms are given in refs. [33,49].
The O(1/m}) corrections have been first computed in ref. [156]. Higher power corrections
have been investigated in ref. [196], but involve a large number of new and poorly known
parameters. They appear to be sufficiently suppressed at the physical m; [145]; we will not
consider them but they represent an important source of theoretical uncertainty in our low m,
setup. The O(as/m}) corrections to the W; are also known [33,34], while for the total rate we
also have O(as/mj) corrections [193,195]. Numerical results for the O(a?3,) contributions are
also available [49], while the complete O(a?) are available only for the total rate and for a few
moments [80,201,205,206]. Finally, the O(a?) correction to the total rate has been recently
computed in ref. [126].

While these corrections have generally been computed in the V' — A case realised in the
SM, the decomposition in V'V, AA and AV = V A components is potentially useful in our case,
and has been made manifest for the O(1/m;®) and O(a) corrections, see refs. [32,83,107]. In
the calculation of the g? spectrum and of the differential moments we will therefore consider
only power corrections up to and including O(1/m3) and the O(«;) perturbative corrections.
However in the calculation of the total width and of the total moments we will restrict to the
SM case and will employ all the known corrections.

Following section 5.2, we take the three-momentum q to point along the k£ direction and
the 7 and j directions to be perpendicular to that. The components of the hadronic tensor
along these directions are given by

W = —Wi + Wa + GWa + 2GoWs ,

W =W =Wy,

W =W + Giw

WOZ:WlOZWZk:WkZ:W]k:WkJ:0,

WO = W = 4o@uWi + G Ws

Wi = —Wit = —ie %G Ws .

In the OPE the decay occurs at the quark level: p, = p’ + p, + p,, where p, and p’ are

the momenta of the initial b quark and of a final hadronic state made of a ¢ quark and n > 0
perturbative gluons. At the leading order in o and in 1/my, this is a free-quark decay into an

on-shell ¢ quark, which implies that the W; are proportional to d(p? — m?) = 6(a)/m}, where
@ = (p* —m?)/m?. We can rewrite this § function in terms of the energy of the final ¢ quark,

5(0) = e [5 (1~ V@) + 1+ V@5 0)] | (5:43)

2\/@*+p

where p = m?/m? and ¥ is the parton-level energy of the final hadronic state in units of my,
which is related to the total hadronic energy w by w = myx + A, with A = Mg —m,;. Similarly,
the invariant hadronic mass M% is related to the partonic variables by

M3 = (pg — q)* = (pp + Av — q@)* = mit + 2mpAY + A% + m?.
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Only the first term of eq. (5.4.3) contributes to the physical process of interest and can be
readily integrated over x. At O(1/m;?) one has to deal with (), 6”() and 6" (@) that upon
integration subject to kinematic constraints lead to new singularities. A typical case is provided
by the interplay between the &’ and the requirement that ¢> > 0:

/f 2) §'(i)dis = /f O(1+p+i—2v/p+ @ +a)d(a)di
= P80+ p -2/t @)+ FO) T L5(@ ~ ) (544)

The singularity at the partonic endpoint of the g* spectrum, g, = (1—p)?/4, appears because
one reaches the maximum energy exactly on the mass-shell of the charm quark.

We apply exactly the same setup to compare with both JLQCD and ETMC data, adjusting
only the heavy-quark masses to the two cases. The unphysically light b quark mass and the
OPE parameters are expressed in the kinetic scheme with pu;, = 1 GeV, while the ¢ quark
mass is expressed in the MS scheme at 2 GeV. In the case of the JLQCD data we employ
mp(1 GeV)= 2.70(4) GeV, obtained from matching the observed mp, with the results of [147,
148], and M, (2 GeV) = 1.10(2) GeV. In the case of the ETMC data we employ 7g*) (2 GeV)
= 1.186(41) GeV and m™* (2 GeV) = 2.372(82) GeV (with 100% correlated uncertainties),
and translate the latter into the kinetic scheme using the three-loop conversion formula [125]
implemented in version 3.1 of RunDec [166] obtaining m,(1 GeV) = 2.39(8) GeV. The strong
coupling employed in the conversion and elsewhere is oz§4)(2 GeV) = 0.301.

For the OPE parameters that appear in eq. (5.4.1) we start from the results of the most
recent fit to the semileptonic moments [88], which refer to the physical B meson, with a much
heavier b quark and without a strange spectator. The difference induced in these parameters
by the strange spectator at the physical point has been investigated in [75,91, 147], where it
was found that spectroscopic and lattice data approximately suggest a 20% upward shift in p2
and pZ,, while heavy-quark sum rules hint at a similar or even stronger SU(3) flavour-symmetry
breaking in p%. The dependence on the mass of the heavy quark, on the other hand, can be
analysed by observing that p2 and 2, satisfy a heavy-quark expansion

22— Prr + 3P3c L Mé:#é|oo+p%+pi+%pia
my my

+o (5.4.5)

where p3 | p3 ., pd, p? are expectation values of non-local operators, of which little is known,
see ref. [148]. If they were of the same order of magnitude of p%, and p?g, i.e. about 0.1-
0.2 GeV3, they could shift g2 and pZ by 0.02-0.1 GeV in going from the physical value of my
to my ~ 2.5 GeV, which amounts to a 5-25% shift. We show the inputs of our calculation in
table 5.4.1. While the heavy-quark masses are slightly different between the two setups, we
adopt the same expectation values in both cases. Their central values take into account the
shift related to the strange spectator, while the uncertainties follow from the uncertainty of
the fit of ref. [88], the SU(3) symmetry breaking, and the lower b mass.

Beside the parametric uncertainty of the inputs, our results are subject to an uncertainty
due the truncation of the expansion in eq. (5.4.1) and to possible violations of quark-hadron
duality. We estimate the former by varying the OPE parameters, the heavy-quark masses, and
as in an uncorrelated way and adding the relative uncertainties in quadrature. In particular,
we shift my,. by 6 MeV, p2 , by 15%, and p}, ¢ by 25%. These corrections should mimic
the effect of higher-power corrections. Since in the case of the g? spectrum and differential
moments we restrict ourselves to O(as) corrections, we include the relative uncertainty in

78



m" (JLQCD) 2.70 £ 0.04
m.(2 GeV) (JLQCD)  1.10 4+ 0.02

my" (ETMC) 2.39 +0.08
Me(2 GeV) (ETMC)  1.19 % 0.04
12 0.57 +0.15
o 0.22 4 0.06
w (my) 0.37 £ 0.10

P —0.13 £ 0.10

al’ (2 GeV) 0.301 & 0.006

Table 5.4.1: Inputs for our OPE calculation. All parameters are in GeV at the appropriate
power and all, except m,, in the kinetic scheme at ¢ = 1 GeV. The heavy-quark masses for
the ETMC setup are 100% correlated. As a remnant of the semileptonic fit, we include a 50%
correlation between p2 and p,.

the same way, shifting « by 0.15, which corresponds to a 50% uncertainty. In the case of
the total width and total moments, higher-order perturbative corrections are known and the
perturbative uncertainty can be reduced, as discussed below.

5.4.2 Comparison with lattice results

g? spectrum and differential moments

We start our comparison of lattice and OPE results with the g? spectrum and the differential
moments introduced in eq. (5.2.39) and in eq. (5.2.40). Only the O(«,) perturbative corrections
are included in this case. Figure 5.4.1 shows the g2 spectrum in the SM, namely with a V — A
current. Despite the large uncertainty of the OPE prediction, about 30% in the JLQCD case
and 50% in the ETMC case, the overall agreement is good. The OPE uncertainty is dominated
by the power corrections. We also stress that close to the partonic endpoint, corresponding
to 1.27 GeV? and 0.82 GeV? in the two cases, we do not expect the OPE calculation to
be reliable, as discussed above. The corresponding hadronic endpoints are 1.35 GeV? and
0.75 GeV?, respectively.

The uncertainties affecting both calculations can be greatly reduced by considering the
differential moments. In particular, the OPE uncertainty becomes smaller because of the
cancellations between power corrections to the numerator and to the denominator. To expose
the cancellations we expand the ratios in powers of ag and 1/my. In figure 5.4.2 we show the
first differential lepton energy moment, L;(g?), in the SM, comparing the OPE with ETMC
data. As expected, the relative uncertainty of both the OPE calculation and of the lattice data
is much smaller than in the bottom panel of figure 5.4.1 and we observe good agreement at low
and moderate g?.

Figs. 5.4.3 and 5.4.4 show the g spectrum in the individual channels. Comparing them
with figure 5.4.1 we see that in the individual channels the agreement between OPE and
lattice results is poorer than in their sum, especially at large g®. This is to be expected and
(unless discretisation and/or finite-volume effects turn out to have a sizeable impact on the
lattice results) is likely to be a manifestation of duality violations. Notice that the OPE central
predictions for the AA| and V'V, channels turn negative at large and moderate g2, respectively,
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Figure 5.4.1: Differential g* spectrum, divided by |q|, in the SM. Comparison of OPE with
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Figure 5.4.2: Differential lepton energy mean value, L;(q?), in the SM. The comparison of
OPE with ETMC data is shown.

and that for ¢> > 0.6 GeV? the spectrum is always negative within errors. This unphysical
feature suggests that our error estimates are not adequate at large g2. The contribution to the
V'V, channel, moreover, is particularly small and very sensitive to large power corrections.

Figs. 5.4.5 and 5.4.6 show L;(qg?) in the individual channels, for the JLQCD and ETMC
cases. In general, we observe good agreement with the lattice data, especially at low g2
However, the expansion in powers of ag and 1/my, of the denominator is not justified when the
lowest-order contribution to the denominator becomes particularly small or has a zero, like in
the V'V and V'V channels. In these cases we also show the unexpanded version of the ratio,
whose uncertainty is much larger, but we stress that away from the singularities the expanded
form is preferable, and this appears to be confirmed by better agreement with the lattice data.

Figure 5.4.7 shows the second central moment computed at different values of ¢ in the
ETMC case. We do not display the V'V, channel, for which the OPE result would have a very
large uncertainty. In the case of Lo.(q?) the OPE does not reproduce the lattice results within
uncertainties, except for very small g2. It is certainly possible that our method to estimate the
OPE uncertainty fails here as a result of multiple cancellations between large contributions to
Ly and L? which are not necessarily replicated by higher-order contributions. On the other
hand, it has not yet been possible to estimate discretisation and finite volume effects on our
lattice results, and the additional systematics could affect this particular quantity in a relevant
way. For this quantity we do not display the comparison with the JLQCD data, which agree
with the OPE but have very large uncertainties.

We also looked at the moments of the hadronic invariant mass. In figure 5.4.8 we show
the mean hadronic mass (M%) as a function of g computed from JLQCD configurations in
comparison with the OPE predictions. Again, we do not display the V'V, channel because of
the large OPE uncertainty. We observe excellent agreement except at large g2, but the lattice
uncertainty is larger here than in the case of the leptonic moments. Analogous plots for the
ETMC calculation are shown in fig. 5.4.9. 1In figure 5.4.10 we also show (M4) as a function
of g* with JLQCD data.
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Figure 5.4.10: Differential moment Hs(g?) = (M%)(g?) in the various channels.
X

show the comparison between OPE and JLQCD data.
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JLQCD  OPE

T/[V2[ x 10 (GeV) | 4.46(21) 5.7(9)
(E,) (GeV) 0.650(40) 0.626(36)
(M%) (GeV?) 3.75(31)  4.22(30)

Table 5.4.2: Total width and moments in the JLQCD case.

ETMC  OPE
T/[V2[ x 10™ (GeV) | 0.987(60) 1.20(46)
(E,) (GeV) 0.491(15) 0.441(43)
(F?) (GeV?) 0.263(16) 0.207(49)
(E?) — (E,)2(GeV?) | 0.022(16) 0.020(8)
(MZ) (GeV?) 3.77(9)  4.32(56)

Table 5.4.3: Total width and moments in the ETMC case.

5.4.3 Total width and moments

We perform a comparison between OPE predictions and lattice results also in the case of
the total semileptonic width and of the global moments introduced in eq. (5.2.37) and in
eq. (5.2.38). In this case the OPE results are going to be slightly more accurate as we can
take advantage of existing two- and even three-loop calculations [126]. We can also test the
relevance of the singularity at g2, . The lattice results for the g spectrum can be interpolated
by polynomials or piecewise polynomials, leading to the results shown in table 5.4.2 and in
table 5.4.3. As the g-spectrum is peaked near g2, , see figure 5.3.10, the total width is
particularly sensitive to that region. In the JLQCD case the limited number of g* points
makes the extrapolation to the highest g* values more uncertain, with clear implications on
the estimate of the total width. On the other hand, it is difficult to estimate such uncertainty,
hence table 5.4.2 shows only the statistic uncertainty.

In the OPE the total width receives large and concurring power and perturbative correc-
tions, which reflect in a ~ 20-40% uncertainty. This is at variance with what happens in the
case of the physical b quark, for which a recent estimate of the total uncertainty is about 2% [88].
Indeed, the convergence of the OPE expansion deteriorates rapidly as m; decreases approach-
ing m., even from 2.7 to 2.4 GeV. To illustrate this point we show the various contributions to
the semileptonic width in the ETMC case:

% = 13.03 = 0.32pert — 0.65,2, — 0.09,2 = 0.66,3 —0.10,3 +...| x 107 GeV,  (5.4.6)
where the perturbative contribution includes O(a?) and the non-perturbative contributions
include the O(ay) corrections to the Wilson coefficients. We estimate the perturbative uncer-
tainty by varying the scale of o between 1.5 and 3.0 GeV. Notice that more than half of the
uncertainty on the width reported in tables 5.4.2 and 5.4.3 is due to the large uncertainty on
the heavy quark masses, in both the JLQCD and ETMC cases.

For what concerns the leptonic moments, only the O(a?) corrections have been computed,
either numerically for physical values of the heavy-quark masses [201], or analytically in an
expansion up to O(r") in powers of r = m,./my, [205]. Unfortunately, this expansion converges
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slowly and does not provide reliable results for » ~ 0.5, which is the value relevant in the
ETMC case. We therefore show results computed to O(ay) and include the O(aupZ o/my)
corrections discussed in ref. [34] as well. The first moment in the ETMC case is given by

(E,) = [0.533 —0.051,,2 +0.021,2 — 0.051,5 — 0.003,3_ — 0.008,, + .. } GeV,  (5.4.7)

where both power and perturbative corrections are smaller than in the total width. Similarly,
the second central moment Lo. = (E?) — (E,)? is given by

Ly = [0.0297 = 0.0057,;; +0.0103,; — 0.0167,5 +0.0006_+0.0021s, + ... | GeV. (5.48)

As shown in tables 5.4.2 and 5.4.3, there is reasonable agreement between OPE and both
JLQCD and ETMC data in all cases. As a general comment, we stress that the large contribu-
tions of p% are related to a kinematically enhanced Wilson coefficient and do not necessarily
imply similarly large higher-power corrections.

Finally, the OPE prediction for the first hadronic mass moment in the JLQCD case is

(M2) = [3.84 —0.36,2 +0.23,2 +0.41,5 +0.05,5 +0.040 +... | GeV2, (5.4.9)

where we do not include the O(a,/m?) corrections and consequently enlarge the uncertainty
slightly. The OPE prediction for the first hadronic moment is in reasonable agreement with
both the JLQCD and ETMC values, see table 5.4.2 and table 5.4.3.

5.4.4 Determination of the OPE parameters

As different physical quantities have a different dependence on the OPE parameters, it is
possible to constrain their values using lattice data. The analytic expressions for the power
corrections to the differential g? distribution and for the moments, which encode this depen-
dence, are rather lengthy and are provided in an ancillary Mathematica file.

To illustrate this point, let us consider a few examples using simpler approximate formulas,
and focusing on the differential leptonic moments at moderately low g2, where the OPE is
more reliable. We choose a g? value for which we have lattice data, g = 0.1865 GeV2. In the
ETMC setup, the OPE prediction for L;(g?) can be approximated by

*

1

LVVl(g?) ~ 0.5597 + 500 — 0476+ 005642, — 0.1942 — 0.094p}, — 0.057p
1

LMN(g?) ~ 0.5455 + 50— 0.470, — 0.141p2 — 0.074u2 — 0.069p%, + 0.043p% ¢ |
1

LA (q?) ~ 0.5448 + 5(5,, —0.475. — 0.175uZ, — 0.033pu2 — 0.101p%, + 0.039p3 4 |

where 6, = my—2.39, 0. = m.—1.19, and all quantities are expressed in GeV to the appropriate
power. Notice that the lowest order expression for the differential leptonic moments is universal,
namely does not depend on the channel. We do not consider the V'V, channel because, as
discussed above, the expanded form does not provide a good approximation. The analogous
expressions for the second central moments are

LYYV (g?) ~ 0.00540.01042 + 0.0520% — 0.015p% ¢ |
LA (g?) ~ 0.009 + 0.01042 — 0.058p% + 0.011p% ¢ |
Ly (q?) ~ 0.019 4+ 0.0101% — 0.026p%, — 0.002p5 .
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Figure 5.4.11: Differential g spectrum computed with a sigmoid approximation to the kernel
with ¢ = 0.12mp. The plots show the comparison between OPE and ETMC data.

Each of these moments has a different dependence on the non-perturbative parameters and they
can be used in a fit to the lattice ETMC results to obtain constraints on those parameters.
In fact, using only these six inputs with their theoretical uncertainty does not lead to any
improvement on the constraints given in table 5.4.1. Considering additional g* points enhances
the sensitivity to the non-perturbative parameters, but one has to estimate the correlation
among the theoretical uncertainties at adjacent g points. One can also include in the fit the
data for the g? distribution in the different channels, as well as additional moments like the
hadronic mass moments. A global fit to lattice data is however beyond the scope of this paper,
especially because our estimate of the lattice systematic uncertainty is incomplete. We stress
that the limiting factor here is not the statistical uncertainty of the present ETMC calculation,
but the theoretical uncertainty we attach to the OPE predictions. In this respect the unphysical
case we have considered, with the partonic energy release (of the order of m, — m,.) about a
factor 2 (JLQCD) or 3 (ETMC) smaller than in reality, is strongly penalising. At the physical
point the OPE enjoys a much better convergence and the prospects for constraining the non-
perturbative parameters are better than it appears from this exploratory study.

5.4.5 Computations with a smooth kernel

In sections 5.2 and 5.3 we have seen that the reconstruction of the discontinuous kernel is one
of the main problems in the calculation of physical quantities. As far as the comparison with
the OPE is concerned, however, the kernel does not need to be discontinuous. Indeed, one can
compute inclusive (unphysical) quantities in the OPE employing a smooth kernel (o # 0) and
compare them directly with the analogous quantities computed on the lattice. In this way it
is possible to check that the level of agreement between the two calculations is not affected by
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Figure 5.4.12: Differential first lepton moments computed with a sigmoid approximation to the
kernel with ¢ = 0.12mp . The plots show the comparison between OPE and ETMC data.

the 0 — 0 limit, and to extract information on the non-perturbative parameters of the OPE;,
as well as on the heavy quark masses, from slightly more precise lattice data.

In figure 5.4.11 we show the g? spectrum in the different channels computed on the lattice
using the sigmoid approximation 62 of eq. (5.2.36) for O(wmax — w) with ¢ = 0.12mp. In
the OPE calculation, where the partonic kinematics holds, we replace 0(1 — 1 — \/?) by the
sigmoid €3(1 — 7 — \/?) using o0 = 0.12mp. At low g* the agreement between OPE and
ETMC data is similar to that in figure 5.4.4, while at large g* there is marginal improvement,
as expected because the smearing occurs over a larger w range. In figure 5.4.12 we show the
first differential leptonic moment L;(g?) in the different channels, excluding V'V because of the
large uncertainties in the OPE calculation. With respect to figure 5.4.6 we observe a marked
improvement of the agreement between OPE and ETMC data at large ¢* in the AA| and V'V
channels, while in the AA, channel the agreement is slightly worse. Finally, in figure 5.4.13
we show the g? spectrum in the different channels computed from the JLQCD configurations
using the sigmoid approximation 6% with ¢ = 0.1/a. Here the overall agreement between lattice
calculations and OPE is similar to figure 5.4.3, but now the g dependence of the lattice data
is closer to the OPE result, obtained using 63(1 — 9 — 1/q?) with o = 0.1.
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Figure 5.4.13: Differential g spectrum computed with a sigmoid approximation to the kernel
with ¢ = 0.1/a. The plots show the comparison between OPE and JLQCD data.

5.5 Discussion and future prospects

In this article we have presented the first comprehensive investigation of inclusive semileptonic
B-meson decays on the lattice. Using the method of ref. [143] we have computed various inclu-
sive observables with gauge-field ensembles generated by the JLQCD and ETM collaborations
for unphysically light values of the b quark mass (about 2.7 GeV and 2.4 GeV, respectively) and
m. close to its physical value. In this exploratory study we have not performed the continuum
and infinite-volume limits.

An important feature of the method we have adopted is that it requires the approximation
of the energy-integral kernel. The kinematics of the inclusive semileptonic decay involves a
discontinuity at the boundary of the phase space, for which a reasonable approximation with
the Euclidean correlator obtained on the lattice is impractical. The problem can be dealt with
using a sequence of smooth kernels, parametrized by a smearing width o, which converge to
the physical phase space in the limit ¢ — 0. As emphasized in section 5.2, the ¢ — 0 limit does
not commute with the infinite-volume limit that has to be taken first. Under the assumption
that finite volume effects are negligible with respect to the statistical errors associated with
our lattice results, we have studied the ¢ — 0 extrapolation in detail and found that it does
not induce a significant uncertainty.

We have compared the JLQCD results with the contributions of the charmed ground states,
estimated from a JLQCD calculation of the B, — DY) form factors for the same values
of the heavy-quark masses (details are given in the appendix A.9). Due to the proximity
between the charm and bottom masses and to the limited phase space available in the decay,
the inclusive results are nearly saturated by the ground-state contributions. Although the
correlator themselves show the presence of excited states, their contribution to the inclusive
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rate is relatively small. The ETMC results obtained at even lower b quark mass are also
expected to be largely dominated by the ground states.

While the JLQCD and ETMC results cannot be compared directly as they are obtained
at different b quark masses, they can be both compared with the expectations from the OPE,
assuming that discretisation and finite-volume effects are negligible. When the OPE can be
considered reliable, the agreement with both JLQCD and ETMC results is generally good, while
we observe possible indications of quark-hadron duality violation at large . The variance of
the lepton energy distribution also shows a clear and unexpected deviation, which could be due
to underestimated uncertainties in our OPE calculation or to non-negligible lattice systematics.
To the best of our knowledge, this is the first time that the onset of quark-hadron duality is
studied on the lattice. For m; ~ 2.4 GeV, the OPE converges much more slowly than at the
physical point, but the normalised moments allow us to perform a relatively clean comparison
with the lattice data.

We have found that the calculation of the total width and of other global quantities like the
moments of the lepton energy or of the hadronic invariant-mass distribution depends crucially
on the number of g2 points that can be computed on the lattice. In the ETMC calculation the
flexibility due to the use of twisted boundary conditions has allowed us to reach an accuracy
of 6% on the total width and 3% on the first leptonic moment. These uncertainties do not yet
include several lattice systematics that need to be considered, but are dominated by statistical
uncertainties and could be improved with a dedicated effort. This is an aspect which will be-
come important for future phenomenological applications, which should also focus on reaching
the physical b mass.

Finally, we have shown that one can constrain the non-perturbative parameters in the OPE
analysis from our results. We have not attempted a fit to the lattice data in the unphysical
setup we have considered, as this is penalised by large uncertainties from higher-dimensional
operators. With larger b-quark masses these uncertainties will be reduced and the data obtained
at different values of m; will provide an additional handle on the non-local matrix elements
that appear in eq. (5.4.5).

There are certainly many issues to be improved or investigated in order to get results of
direct phenomenological relevance. First, we have not yet studied the continuum and infinite-
volume limits. Although we have presented a rather detailed discussion of the systematics
associated with the reconstruction of the smearing kernels, including the required extrapolation
at vanishing smearing radius, this last step is only permitted after having checked the onset
of the infinite-volume limit. The continuum and infinite-volume limits can only be taken
by performing calculations at different values of the lattice spacing and on different physical
volumes, a task that is beyond the exploratory nature of this study and that we postpone to
future work on this subject.

Second, the calculation has to be performed at the physical b and light quark masses.
Simulations with physical pion masses are nowadays possible and, for instance, a collection
of Ny = 2+ 1+ 1 ensembles with physical light, strange and charm quark masses has been
produced by the ETM collaboration at different values of the lattice spacing and with different
physical volumes. Although it is not possible to simulate directly a physical b quark on these
ensembles (because of potentially dangerous cutoff effects), the problem can nevertheless be
approached by using well-established techniques such as the ETMC ratio method [84], based
on ratios of the observable of interest computed at nearby heavy-quark masses. The ratio
method has been already applied to determine the mass of the b quark, the leptonic decay
constants, the bag parameters of B(,) mesons and the matrix elements of dimension-four and
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dimension-five operators appearing in the Heavy Quark Expansion of pseudoscalar and vector
meson masses [98, 103,121,147, 148]. Its main advantages can be summarised as follows: i)
B-physics computations can be carried out using the same relativistic action setup with which
the lighter-quark computations are performed; i) an extra simulation at the static point limit
is not necessary, while the exact information about it is automatically incorporated in the
construction of the ratios of the observable; iii) the use of ratios greatly helps in reducing the
discretisation effects. However, there is an important subtlety. In order to apply the ratio
method (or any other method based on extrapolations in the b-quark mass) in the case of
the inclusive decay rates one has to cope with the fact that at unphysical (lighter) values of
the b-quark mass the phase-space available to the decay shrinks. This implies that some of
the hadronic channels that are open at the physical value of m, are totally excluded from the
phase-space integral at m; < m;. The important point to be noticed here is that this happens
when the integration limits are imposed sharply, i.e. by using the exact Heaviside functions
that implement the phase-space constraint. The problem is totally analogous to the ordered
double-limit required in order to deal with the finite-volume distortion of the hadronic spectral
density. Indeed, we envisage applying the ratio method to I' = I'(my,) before taking the o — 0
extrapolation: while I'(m;,) is (at least in principle) a distribution in my,, I';(my) is certainly
a smooth function that can safely be extrapolated at the physical value of m;,. Moreover, we
already have simulations with mj, ~ 0.8m;, and it can be reasonably argued that for such large
masses the missing (mostly continuum) states scale with my,.

Although we have compared the lattice results with the OPE, a more direct and effective
validation of our method would come from a comparison with experimental data, such as those
for the branching ratio and for the electron energy spectrum in inclusive semileptonic decays
of the D or Dy mesons [27,50]. Here the challenge is to get accurate results at physical light-
quark masses, while the charm quark can be simulated directly on present lattices. Beside
validating the method without extrapolations in the heavy-quark mass, a calculation of charm
decays might shed light on the following two open and phenomenologically relevant questions.
i) To what extent is the OPE applicable to charm decays? i7) What is the role played by weak
annihilation (WA) contributions? The first question refers to the onset of quark-hadron duality,
and a detailed study of charm decays in connection with their OPE description may yield an
insight on this conceptual issue. Answering the second question may help us quantifying the
role played by WA contributions in charmless semileptonic B decays, hence improving the
inclusive determination of |V,,|. If one could reproduce the lepton energy spectrum of the
Dy inclusive semileptonic decays that is measured experimentally, a more ambitious future
application would be a direct calculation of B — X, /v.

Finally, one may wonder whether the foreseeable precision will be sufficient for a precision
determination of |V| and for interesting phenomenology. Indeed, present experimental errors
for B — X (v are 1.4% on the branching ratio and a few per mille on the first few moments
of the lepton energy distribution. The lattice precision is unlikely to get close to that, at least
initially. On the other hand, on a relatively short time-scale lattice calculations of inclusive
semileptonic decays might be able to enhance the predictive power of the OPE by accessing
other quantities that are inaccurate or beyond the reach of current experiments and are highly
sensitive to the non-perturbative parameters, allowing us to validate and improve the results
of the semileptonic fits on which the OPE predictions are based.
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Chapter 6

Higher Dimensional Operator
Corrections

This chapter presents the work published in [73].

6.1 Introduction

Over recent years the study of semileptonic decays of B mesons has been developing rapidly,
with intriguing tensions between Standard Model (SM) predictions and experimental measure-
ments appearing. One of the most persistent tensions in this field is the ~ 3¢ tension between
the exclusive and inclusive determinations of the CKM matrix element V, [43,141, 146, 225].

On the inclusive side the theoretical description relies on the Heavy Quark Expansion
(HQE) [83,105,197], an expansion in powers of Aqcp/mp. By now the HQE is at a mature
state with the corrections up to O (A?QCD / mg’) known at tree-level [74,145,196], the one-loop
correction fully known at O (AéCD/mg) [33,34,62,194,195] and in the case of the lepton in-
variant mass spectrum even at O (Adcp/mj) [192]. At the leading order in the HQE the
three—loop corrections to the total decay rate and the semileptonic moments have been com-
puted recently [126,127].

The starting point of any HQE computation is the Weak Effective Theory (WET) with the
W boson integrated out at the electroweak scale. The leading corrections to the limit of an
infinitely heavy W boson are given by terms of O(q?/m3,), where ¢* is the dilepton invariant
mass. Being suppressed by the W boson mass, these corrections are expected to be small.
Nonetheless, in principle they could have a sizeable effect on the moments of the dilepton
invariant mass spectrum recently used to determine the CKM matrix element V, [68] due to
an enhancement in the phase space integration, especially if it is constrained by a lower cut. In
conjunction with the current theory precision this renders a computation of O (¢*/m?,) effects
on the inclusive decay rate and moments timely. The purpose of this paper is the presentation
of such a computation.

6.2 Triple differential decay width to O(g*/m3,)

We consider the inclusive decay B(p) — X.(p — ¢)¢(p¢)ve(p,) of a B meson into a charmed
hadronic final state and lepton pair. As usual we start by integrating the W boson out of our
description physics at the B scale. We do however keep terms of O(q?/m¥,) in the expansion
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of the W propagator, leading to the effective Hamiltonian

e D2 )
%eff - E‘fcb |:g,uy (1 - m_2> J('?JZ

w
D,D,
e Jé‘Jé’} (6.2.1)
my

where Jl(z) = (ev"(1 —75)b) and J'(x) = (¢y"(1 = y5)v¢) are the hadronic and leptonic
currents and the covariant derivative is given by

Dy =0, +1igT*G}, +ieQA,, (6.2.2)

with the SU(3). and U(1)q gauge fields G, and A,,. In the following we consider light leptons
(¢ € {e,p}). In this limit the last term of eq. (6.2.1) does not contribute.
Now we can write the triple differential decay rate as
83 dr’
G2 |V |* dg?dg’d By

2 2
=L pe (] + q_ vp 1+ q_ W
wd m2 g m2 aB

w w
22 1
- (1 + %) L, W™ + 0 (q—4) . (6.2.3)
mW mW
Here
L" = pl/p! — pe - pug™ + Pypl + i€ Ppyapys (6.2.4)

is the standard leptonic tensor and the hadronic tensor is defined as

2mB o

Gy

> 6 (pp —q—px) (B X.) (X |JY| B) . (6.2.5)
Xe

The hadronic tensor can be decomposed into Lorentz invariant structure functions as
WH = —g" Wy + v'0" Wy — ie"*Pu,qsWs, (6.2.6)

where v = p/mp is the B meson four velocity and ¢ = ¢/m;. Then in the rest frame of the
decaying B-meson we have v - py = E;, and v - ¢ = qo. Consequently

2
L/“,WMV :q2W1 + <2EgQO — 2E£2 — %) WQ
+¢* (2B — qo) Ws. (6.2.7)

The structure functions are computed in the HQE, resulting in a double expansion in terms of
inverse powers of the b quark mass and powers of the strong coupling constant. The current
state of the art of the HQE is summarized in table A.8.1.
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6.3 Results

We study the impact of O(q?/m},) contributions on the total decay rate and the moments of
the charged lepton energy Ej, the hadronic invariant mass mx and the invariant mass of the
lepton pair ¢?. The moments are defined as

1 / 9 dr
"y = = dg¢*dgod Epr" ———— 6.3.1
@ r Ey>ESU, 2>q2 o dg?dqodEy ( )
with .
I = / dg*dgod By ———— 6.3.2
B> BN, q2>2,, 0T dg?dqod E, ( )

for x € {Ey, mx,q*}. In the leptonic and hadronic moments a lower cut on the energy of the
charged lepton, £}, is applied while in the case of the ¢? a lower cut on the invariant mass of the
lepton pair is applied. For the lepton energy and ¢?> moments these integrals can be evaluated
directly. In the case of the hadronic mass moments however we compute the moments of
= ((p—q)*—m?)/m? and & = 1 — qo/my, and relate them to the hadronic final state mass
through

(m%) =m? + N>+ 20Amy, (@) + mj, (@), (6.3.3)

where A = mp — my is the mass difference between the B meson and the b quark. For n > 1
one usually considers the central moments ((x — (x))"). We denote them as

{(Eg> for i =1

<( > for i > 1

(m%), fori=1
{<(m§( >,forz'>1
(¢*), fori=1

%= {<(q2 ()" >, for 7 > 1. (6:3.4)

By carrying out the integrations in eq. (6.3.1) and re-expanding the ratio in powers of 1/my,
a, and & = 2m? /m3, we find the contributions of O(¢?/m¥,). As the analytic expressions are
lengthy they are attached to the arXiv submission in an ancillary file. Numerically we find the
results in tables 6.3.2 to 6.3.4.

Parameter Value
lb(m (mb) 4.6 GeV
m.(2GeV) 1.15 GeV

s 0.4 GeV?
2 0.35 GeV?
03 0.2 GeV?
03 g —0.15 GeV?

Table 6.3.1: Default input values

In appendix A.10 the full dependence of the moments on the experimental cuts is illustrated
by the examples of the first moments of the charged lepton energy, the hadronic invariant mass
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10 x 0 (%) /10

%%

Ecut r gl 52 63
0 143 1.134 —-3.140 3.212

1 GeV 159 0.368 —1.53043 254

Table 6.3.2: O(¢?/m?;)) contributions to the total decay rate and leptonic moments

104 x 0 (%) /10
w
Ecut hl hg h3

0 —-0.933 3.50 -21.0
1 GeV —0.946 1.77 —46.2

Table 6.3.3: O(¢?/m?;)) contributions to the hadronic moments

4 el
10'x 0 () /10
qzut 9 Qs Qs
0 6.04 3.50 —21.0

3 GeV? 247 287 —14.2

Table 6.3.4: O(¢*/m?%,)) contributions to the leptonic invariant mass moments

and the dilepton invariant mass. The charged lepton energy moments have been measured
by the DELPHI [24], BaBar [51] and Belle [217] collaborations, the hadronic invariant mass
moments have been measured by the BaBar [53,54], Belle [214], Belle II [28], CDF [29], CLEO
[112] and DELPHI [24] collaborations and the ¢ moments have been measured by the Belle
218], Belle II [2] and CLEO [112] collaborations. The Belle II uncertainties are not plotted
because they are larger than the ones of the older measurements. As can be seen in the plots the
q?/m?, corrections decrease for higher cuts and they are multiple orders of magnitude smaller
than the experimental uncertainties. Therefore they are unlikely to significantly impact the
theory prediction of V.

They are however of the same order of magnitude as the O(a?) for the total rate, the second
central lepton energy moment and the first hadronic mass moment. Therefore they may also be
considered if one keeps the three—loop corrections, in order to consistently treat contributions
of their order of magnitude.

Intuitively the smallness of the ¢*/m¥, corrections can be seen from the fact that the
¢*-distribution decreases with increasing ¢? and the fact that the average dilepton mass is
~ 5 GeV?. So even though ¢%/m%, is about 0.6% we obtain a 0.14% correction to the total
decay rate. In the moments there is also a cancellation between numerator and denominator,
suppressing the corrections even more.

6.4 Conclusions

We computed the corrections of O (¢?/m3;) to the inclusive total rate and moments in semilep-
tonic B decays. In most kinematical distributions these effects are several orders of magnitude
smaller than the current experimental uncertainties. However, they are of comparable size
to the three—loop corrections, which are included in present analyses. Thanks to the results
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presented in this paper, they can be consistently included in future studies.
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Chapter 7

Exclusive Decays of B Mesons

In this chapter we shift our attention away from inclusive decays of B mesons to exclusive
decays, in which we know the exact final state. In particular we study the decays which at the
parton-level proceed via a b — sff transition.

The structure of this chapter is the following. After motivating the study of b — s/
transitions in section 7.1 we introduce the necessary formalism in section 7.2 and apply it to
a study of long-distance contributions to the decays Bt — K*¢*¢{~ and B° — K*/*{~ in
section 7.5. Throughout this chapter ¢ will denote the four-momentum of the lepton pair.

7.1 Why Study Exclusive b — sff transitions?

In section 2.4 we found that there are no Flavour Changing Neutral Current (FCNC) inter-
actions at tree-level in the SM. Thus in the SM processes which are mediated by FCNC are
rare. This property makes them great probes of NP because even small effects can easily be
distinguished from the tiny SM expectation.

Indeed there are intriguing tensions between the SM prediction and measured values in
the branching ratios B (B — KTutp™) [7,208] and B(B° — K*up~) [16] and in the angular
observables of B — K*{~¢* [21]. Especially the branching ratios consistently show a deficit in
the b — spp mode.

The SM predictions of the branching ratios and angular observables are plagued by hadronic
contributions which can mimic a NP contribution to the Wilson coefficients however. In order
to distinguish genuine NP effects from hadronic SM effects it is important to study these
contributions. This problem arises because the leading contribution of the four-quark operators
in the effective Hamiltonian involves a charm loop which can go on-shell. In the following
section we will see this explicitly.

7.2 Generalities

The effective Hamiltonian for b — s¢¢ decays is given by [85,87]

2 2 10
Hoa(b— sCH0) = 4% vy cornYaor-xScal, 21
=1 =1 =3

98



where /\; = V'V, and

ps

QF =(57 1) (€17"b), Q5 =(5r7ucr)(Ery"br),
Qtf =(5¢yuuy ) (@ ), QY =(5pvuur)(ury*sL),
Qs = (Stwbr) Y (@7"qr) Qi = (sivubh) Y (@17"47)
q q

Qs = (57 Yobr) D (Gry"Y"7"ar) Qs = (ST b7) D (@r™y' 1 ak)

q q
Q7 = ¢ mb(ELU’“’bR)F v Qg = Js (§L0"LWTabR>Ga

].67'('2 e 167-‘-2 pvo
2 e2

Qo = 1672 (5L’VubL)(€’Y“£> Qo = ~ 1622 (SLVpr)(£7 V50). (7.2.2)

The only operators which have a non-vanishing matrix element in b — sll are Oz, Qg and Q.
The four-quark operators @)1, ¢ have non-vanishing matrix elements only at the loop level, as
shown in fig. 7.2.1. In the loop we can have a light quark (u, d or s) or a heavy quark (c or b).

l
l
q q
b s
Figure 7.2.1: Leading order contribution of the operators Qi,...Qg. The cross denotes an
insertion of the operator.
At this level of accuracy WC (Y, ..., Cs only appear in specific combinations, accompanied
by Cy or C; [97]. Therefore we define an effective C
off 80
c =0Cr — § Cs + 304 +20C5 + — 5 —Cp (7.2.3)
and an effective Cy
CsT=Cy+Y (%) (7.2.4)

with
Y (¢%) = 503 + 505 EC’@' - §h (¢°,0) <C’3 + §C4 +16C5 + ?C6>
4
+ h (q27 mc) (501 + CQ + 603 + 6005)

1 4 4
—5h (g%, my) (703 + 504+ 7605 + %Oﬁ) : (7.2.5)
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where the function

4 2 9 4 r — larctan —~—, = > 1
1) oo

h (¢ = —— — - = , 2.
(g%, m) I r m(ln%ﬁ_%» r>1 (7.2.6)

9 w3

with o = 4m?/q* corresponds to the fermion loop integral in fig. 7.2.1. The effective Cy depends
on ¢? due to the ¢* dependence of the loop function in fig. 7.2.1. In eq. (7.2.5) we have three
quark loop contributions. The contribution proportional to h (¢?, 0) describes a loop containing
light quarks while h (¢?, my) and h (¢?, m.) describe bottom and charm loops, respectively.

The function h (¢, m) is not sufficient for modeling the ¢ dependence of C§T [37,159]. This
is due to the fact that in B decays there is enough energy for the charm quarks in the loop
to go on-shell. In this case the decay proceeds via an intermediate c¢¢ resonance which is not
described adequately by the function h, which misses the non-perturbative dynamics. Instead
it has to be described by a non-perturbative framework. In section 7.3 we will estimate the
resonance contributions from subtracted dispersion relations instead of using the h function
defined above.

But first we turn to the computation of matrix elements of the effective Hamiltonian
eq. (7.2.1). In section 7.2.1 we describe the semileptonic decay of a B meson to a vector meson
V and in section 7.2.2 we describe the semileptonic decay of a B meson to a pseudoscalar
meson P.

721 B — V¢

We cannot analytically compute the hadronic matrix elements of the operators Q; in eq. (7.2.1).
Instead we parametrize them in terms of the seven form factors [41]

(V(k) 37, (1 = 95) b| B(p)) = —ie* (mp +my) Ay (¢*) +i(2p—q), (¢ - ) %
g (€ 0) 22 [Aa () = Ao (6] + pupme™p k7T
4 mp +mv
(7.2.7)

(V (k) [30,a" (1 +75) bl B(D)) =icpupo€”p’k2T1 (¢%) + T (%) [€° (mb — m}) — (¢ - q) (2p — q),.]
2
* q
) () |9~ (2P~ (7.2.8)
where Ay(0) = A3(0), 71(0) = T5(0) and one of the form factors A; 53 is redundant because we
have the relation

_|_ —
As () = T”BTVWVAl () — mBTVmVAZ (). (7.2.9)

In experiments the vector meson V' is not directly observed. Instead it decays and its decay
products are observed. In the cases of interest to us here one actually observes the decay
B — K*(— Kn){*¢~ and By — ¢ (— KTK~)(t{~. Assuming that the vector meson decays
resonantly and has a small width, i.e. I'y < my (corrections to this approximation can be
found in [116]), and after summing over the lepton spins and integrating over the K7 or Kt K~
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invariant mass one finds the fully differential decay width

d‘r B
dg2d cos fpd cos Oy de 32

JP + J§ cos 20, + J§ cos O;) sin® Oy

(
+ (J} 4 JS cos 26, + Jg cos 64) cos? Oy
+ (J3 cos 2¢ + Jy sin 2¢) sin® Oy sin” 6,
+ (Jy cos ¢ + Jg sin @) sin 260y sin 26,
+ (J5 cos ¢ + Jr sin ¢) sin 20y sin 6,. (7.2.10)

For the angles we use the LHCb basis described in detail in Appendix A of [4]. We define 6,
as the angle between the flight direction of the pt (17) in the muon pair rest frame and the
direction of the muon pair in the B (B) rest frame, explicitly

cos 6, =

(M)_«B) _ A(wter) ( (>>7

D+ Du+vp- =D+ —Pp
_ L _
cos by —p<’i v) -ﬁffg, :pl(ji b)) (—pf)) (7.2.11)
for B and B decays, respectively. The angle 6y is defined as the angle between the flight

direction of the kaon in the kaon rest frame and the direction of the vector meson V in the B
(B) rest frame, explicitly

costy = pig ) = ples - ()
(V) (B N7d N
cos By = pg(_) ~p(v ) = Pl - ( pg/)) , (7.2.12)

for the decays of a B meson and of a B meson, respectively. Last but not least we define the
angle ¢ as the angle between the plane spanned by the muon pair and the plane spanned by
the decay products of V', explicitly

cos ¢ = ( ;(ﬁ) v p(B)> , (ﬁgf? y ]3@)( 7))
sing = | (52 x 57 ) x (832 x 27 )) | - 0t (7.2.13)

for the decay of a B meson and

(B ~(B (B ~(B (B
( L—) X pfﬁ-)) X (pg(—) X p7('r+)(K+)>i| 'p(v) (7.2.14)

for a B meson.

This definition of 6, differs from the one in [41], where 6, is defined with respect to the
positive muon in both cases. It is important to keep this in mind because we implement the
angular observables based on [41] but use data from LHCb. We compensate for the different
angular definitions by using the relation 95[41] = 7—0MCP which amounts to a change of the sign
of Jy and J§. A detailed comparison of the LHCb conventions to the conventions commonly

used by theory groups can be found in Appendix C.2 of [152].
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The angular coefficients J; in eq. (7.2.10) can be computed in terms of the seven transversity
amplitudes Aﬁ’fo and A; [183]. In terms of the transversity amplitudes the angular observables
are given by

2
(|A 2P+ L—>R)>+%Re (AEAR 4 AL AR

Je = \AOLP AR “qﬂ (|4 + 2Re (AL AR))

J; = <\A\+}A|+L—>R))
:—52<\AL\ +(L—>R)>
:—62(|A P At + > R)

Jy = EBQ (Re (AFA[") + (L — R))

Js = V28 (Re (AfAY) — (L — R))
Js =25 (Re (AfAl") — (L = R))
J5=0
= V23 (Im (AL Al*) — (L — R))
Jg = %52 (Im (AFAY) + (L = R))
Jo = % (Im (A" AL) + (L = R)) (7.2.15)

where = /1 —2m?2/q¢? and

i ( (e Vi) | 2m
Airr=N <(CHZFC10) mB+mv QbCﬁTI( ))
A 2
Apnn = =NV (i) ( (€575 o m;ﬁ 2, ()

_ N eff m2 —m2 — a2) (m m 2\ AQ(QQ)
Aorr = va\/?<(09 ¥ Cho) (( B v =) (mp+my) Ar (¢) — X )

A
ot (ot - )7 () - ) ) )

mp —my
2N
- ﬁ\/}quo (%), (7.2.16)
q
with A = m% + mi, + ¢* — 2 (mEm3, + mi.q¢* + m%¢*) and the normalization factor
Gra? :
* F& 2 2

where o = ¢2/(4r) is the fine structure constant.
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Now we can define the observables we will use to study the long-distance contributions to
CsT later on. We will need the differential branching ratio

dB(B — V{Ite) 1 dir

= — [ dcosf,dcosbyd

dq¢? ' / CORTIEEOSTY o8 gz5dq2d cos 0,d cos Oyd cos ¢’

where I'p denotes the total B meson decay rate and the CP-averaged angular observables

introduced in [41]
@ _ (@ @) /d(+T)

The CP conjugates J; of the angular coefficients are found by conjugating all the weak phases in
the transversity amplitudes, i.e. the phases of the Wilson coefficients and of the normalization
factor. As Jrgg are CP odd in the SM we have S;g9 = 0, up to corrections of O (V,s/Vis).
Explicitly carrying out the integrations over the angles 6,, 6y, and ¢ in eq. (7.2.10) we find the
¢*-spectrum

(7.2.18)

di’ 3 5 . 1 i .
d_qQZZ(Q‘]l +J1)_Z<2J2+J2)7 (7.2.20)
and due to the normalization of the angular observables this yields the relation
3 1
1@$+Sﬂ—1@$+53=1 (7.2.21)

which renders one of the observables S(1 %) redundant. If the final state leptons are massless,

which is a good approximation for ¢*> > 1GeV?, additionally the relations S = 355 and
S{ = =S¢ hold, reducing the number of independent angular observables from 12 to 8.
In experimental measurements the differential observables are averaged over bins of ¢* as

<dB (B — VM—)> 1 /qm 0 dB (B — VIter)
[a q

- 7.2.29
dq2 r2nin7q!2nax] Qma'x - qmln dq2 ( )

<S’(a)>[q2 G310 - /:?nax dg” <Ji(a) +j§“))//qu S + F) . (7.2.23)
min’{max Ami 9min

min

min

and

To match the LHCb conventions on the names of the observables we will refer to S{ as £}, from
now on because it corresponds to the fraction of longitudinal polarization of the meson V' and
we replace Sj by the forward-backward asymmetry Apg = 25§ of the lepton pair [13].

This concludes the general treatment of B — V ¢/ decays. In section 7.5 we implement the
binned branching ratio and the angular observables { F, Ss, Sy, S5, Arg, S7, Sg, So }, employing a
novel parametrization of the charm loop effects in a fit of the WC Cy. Another possibility would
be to use the optimized observables Pi(/), which suffer from smaller form factor uncertainties.

7.2.2 B — P¢¢

In this case we will focus on the decay BT — KTu*pu~. The hadronic matrix elements
appearing in this decay are commonly parametrized in terms of three form factors as
2

UﬂMF%MB@»=<@+kn—ﬁgéﬁz%)ﬁ%f%+@iémﬁ%h@3
2fr (¢%)

(K (k) [soub] B(p)) = —i (pukv — pvky) e—— (7.2.24)
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The fully differential B — K/¢*/¢~ decay rate is given by [63]

d’T' (B — K(T0)
dg?d cos 6

= a¢ (¢°) + be (¢%) cos b + ¢, (¢*) cos® 0, (7.2.25)

where 0 is the angle between the flight direction of the B meson and and of £~ in the rest frame
of the lepton pair. Carrying out the integral over 6 yields the ¢*-spectrum
dl'(B — K(H07) 2

17 = 20, + Sor. (7.2.26)

The angular coefficients a, and ¢, are given by

A
as = Ng (q2 |Fp|* + TK (|Fal® + |Fv|2)) +dmZm% |Fal” + 2mg (m% — m% + ¢*) Re (FpF})

_NK/\K/B2

T (IEaP + v P), (7.2.27)

Cy =
where A\x = m% +miy +¢* — 2 (M3zq* + Mizq¢* + M M3 ) and the normalization constant N
is given by

|2 Gro?
N = [V Vi 2 =225 /e, (7.2.28)

9753
22momy

The quantities Fpy 4 are constructed from the form factors as

2 2
Fp =—m,Cy <f+ - % (fo— f+))

2my
Fy =Ct — =2
v 9f++mB+mK 7 Jr
Fy=Ciofy. (7.2.29)

Again the values of the branching ratio measured in experiments are averages over ¢?-bins so
we compute

7.2.30
(q12nax - qr2nin) FB ( )

2 2
min 7qmax]

<d15’ (B — KM—)> 1 /Qm 12 A0 (B~ KU
[a

dg? 2 a dg?

Gmin

In section 7.5 we will use this observable to study the ¢?-dependence of C§T from experimental
data. To this end we develop a new treatment of the charm loop contributions in the next
section.

7.3 Long Distance Contributions from cc¢ resonances

As already stated the contribution of intermediate c¢ states cannot be described by perturbation
theory. We proceed with a formulation of the ¢ resonances following [90]. First we modify
our effective Cy and add a new term Yc(;). The label A in parentheses stems from the fact that
in the B — V¢ case this term depends on the polarization of the vector meson V. So we
introduce a new effective Cy

G5 = 5T (%) = Co+ Y () + Y (47) (7:3.1)
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where Y (¢?) is defined by eq. (7.2.5) with the replacement

4 (2 p?
h(g®,m?) = lim h(¢®>,m2)=-(-+3In~ +3i . 7.3.2
(¢*,m2) Jim, (¢°me) =5 (3 + n gt (7.3.2)
This modification is necessary in order to not double count the charm loop contributions. For
B — VUl we denote the form factor proportional to Cy in the transversity amplitude A, as

frvie fi =V, fj=A;and fo = Ajs. In the case of B — P{{ Cy is proportional to f} and
therefore f = f, in this case. Then we express the functions YC(EA) as

Y(—)\) (qz) . 1671'2

Ny, 2
= T (@) e @) (7:3.3)

where [179]

i 4x6iq$ i(A),em T cM1 B
/d (P(k)|T {JM (v). Y €O (0)} [Bp)) (7.3.4)

i=1,2
A
= [(p- )a. — *pJHS (6?) .
with j&™ = _ Q.q7.q. In practice, we are unable to evaluate these expressions from
-],u q=u,d,s,c,b ¢4 Tu

first principles and we estimate them from data using dispersion relations [81,86,110,179,190].
In full generality, we can write a subtracted dispersion relation for H.(q?)
]_677'2 A
AY, () = At (@), (7.3.5)
qq foo (@) qq

with

2 2 [e’e] ()\)
Wy 4~ Im[Hyg' (s)]
A () =" / S P Py

_ g /°°d Pia (5)
=— s 5 ,
™ S0 (8_QO)<S_q2)
The function py4(s) is the spectral density for an intermediate hadronic state with valence
quarks ¢¢ and invariant mass s, and the parameter sq is the energy threshold where the state
can be created on-shell. The parameter ¢3 is the subtraction point that we choose for the
different qq states (g2 < sp).
The leading contribution to py(s) is provided by single-particle intermediate states. We
can describe them as a sum of Breit-Wigner distributions:

(AP & 6D (= @) yres 1 2
At _Z”Vj e (m%/—qg)AVj (@)
Vi . (7.3.7)
my. Ly,
Ares 2 — J J
v (@) mi, —q* —imy, L'y,

(7.3.6)

where the sum runs over all the possible vector states associated with the the qq valence quarks.
The parameters 7, and 9, have to be determined from data. For the charmonium resonances,
which have a high invariant mass, we use dispersion relations subtracted at ¢> = 0, yielding

A),1P N 6D P e
AHGT = Y e A () (7.3.8)
Vi=J/1,1(28),... Vi
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Then we can write eq. (7.3.1) as

e ~ 1672 5O Ty
CVN(P) = Cot ¥ (@) + T D me . (7.3.9)
f()‘) (q ) V']‘:J/'l/},l/)(QS),... ! m‘/} mVJ - q - ZWLV]FV]

7.4 Extraction of the resonance parameters from data

741 B — KV; > K¢te~

For the decay chain BT — KV; — KT{*{~ we can determine the resonance parameters from
the following expression [90]

B(BY = K™V,) xB(V; »ptp) =

2 2
9 G%Oﬂ “/va* ‘2 (mp—mg) 5 1 X N2 ) 2 q2 )
2y ZEY Vb Vs K |5 — =3 (16 )Are_s ‘ L1 a2, (741
AR oy - [k[* 18— 36%| (167°)" | A7 () 7| da (74.1)
where 75 is the BT meson lifetime and |k| = \//\ (mB+,mK+,mVj)/2mB is the modulus of

2
the kaon 3-momentum in the BT meson rest frame. The function ‘A‘{%S (¢®)| , describing the

resonance takes the form of a Breit-Wigner distribution:

(7.4.2)

2

Ates q2 — )
14 ( ) <mvj _ q2> —imVjFVj

After taking the modulus squared of the resonance function we can facilitate the integration
by taking the narrow width approximation

2 12 Vi L0
2 m2 T2 vy
= 5 ng Yo o —— my, L'y, 70 <q2 - m%/J) . (7.4.3)
(¢ —mt,) +mi, T3,

4 ()

Then eq. (7.4.1) yields
6y, B (B* = K*V)) B(V; = )

2 2
T+ Gra® Vo V| ijm\/j)\g/2 (mB+, Mg+, mvj)

s | = , (7.4.4)

where \(a,b,c) = a* + b* + ¢t — 2 (a?b? + a*c? + V*¢?).

Using the the PDG result for the branching ratios, the LHCb results in [17] (we use the
values in the upper right corner of Table 3) and the input values in table B.1.1, we then obtain
the values reported in table B.2.1 for the J/¢ and 1(2s) resonances. The values for the higher
resonances are taken from table 2 of [90].

742 B —>VV; > Vete
B — VYV,

As a first step we determine the B — V /¢ amplitude from the measured values of the transver-
sity amplitudes for By — J/v¢, Bs — 1(2s)¢ and B — J/¢¥K*. We can do this by treating
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the decay as a sequential process B — VV; — V{*{~. The first step of this process is where
the measured non-leptonic amplitudes come in. Once we have expressed the matrix element

(V(k,ev M)V (a, ev, (A7) Q12 [Bo(p)) (7.4.5)

in terms of measured transversity amplitudes we relate it to the full decay and extract the
resonance parameters 77{\/]- and 5‘2 . where V] o are two vector states, characterized by mass m o
and their momentum p; 5 and polarization vector €; 5. Following [119], we have:

(V(k,ev M)V (a, ev,(\))] QP2 [Bo(p)) =

o ) (7.4.6)
6Vu<)\)€Vju(/\j) agﬂ +

"k + i " Flaqs|

mvmvj mvmvj

where the coefficients a, b and ¢ encode the contributions to this decay due to all possible
topologies. We can introduce 3 transversity amplitudes, which are related to the coefficients a,
b and c as

Ay =—za— (2* — 1)b, (7.4.7)
A =+V2a, (7.4.8)
Al =++22-1)ec. (7.4.9)

With this definition, we have that

mBamV7mVj)

A
D(Bs = J/v¢) = ([Aof* + [A)* + | ALF) \/ ( (7.4.10)

167m3,

In order to extract the amplitudes from data, we need to compare the previous expression to
the one used in experimental analysis, where

dL(Bs — J/9)
dt

and for each amplitude we have:

= N(|Ao(t)]> + |A (H)]> + |AL (D)), (7.4.11)

1 1
|AL(1)]* = |Ak(0)]2e <t {ak cosh <§Afst) + by, sinh (ﬁAFst)

(7.4.12)
+cp cos(Amyt) + dy sin(Amst)l ,
and the coefficients are

ap=a) =a; =1, (7.4.13)

A : s
bo— by — —by — — 2. (5, my, s ) | o8 d,. (7.4.14)

1+ ’)\ (mB,mv,mVj) ’2

]- - |)\ (mB7mV7mV') ’2

= p— p— J 9 7.4-15
Co=¢C| =cCL 1+ n (mB,mmej) E ( )

A ) | sin o,
do = dy = —dy — — 2P (M v, my) |sing (7.4.16)

1+ |>\ (mB,mV,mVj) |2 '
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In order to find the constant N, we integrate eq. (7.4.11), in the approximation AT’y = 0,
Amg =0 and A = 1, obtaining:

Nvy, =T% x B(B = VVj). (7.4.17)

Using the data in [44,227], we have for example Ny j/, = 2.03x 1072 GeV>. In order to extract
the amplitudes A;, we integrate eq. (7.4.11). Using the results in [42,228] we find:

|A; (B, — ¢J /) |2 =2.13 x 1073 4,(0)|*GeV?,
|A; (B, — ¢10(25)) |> =1.46 x 10713 A;(0)*GeV?,
|A; (B — K*J/y) |> =2.46 x 1073 4;(0)]*GeV?,
|A; (B — K*(25)) | =1.61 x 107"%4;(0)|*GeV?. (7.4.18)

The amplitudes A; are in principle complex valued numbers. They are usually parametrized
as '
= |Asle™™, (7.4.19)

where historically 0o = 0. From [12], we extract for the decay By, — J/1¢:

| Ag|* =0.5241 £ 0.0034 £ 0.0067, & =3.261019700%

7.4.20
|AL | =0.2504 & 0.0049 £ 0.0036, &, =3.08791 4+ 0.06, ( )

where the phases are expressed in radians and the value of A can be extracted from the
relation: |Ag|* 4 |A)[* + |AL|* = 1. For the decay B — J/¢K* we use [6] and extract

| Ap|* =0.227 4+ 0.004 £ 0.011, o = —2.94£0.02%0.03, (7.4.21)
|AL|* =0.201 4-0.004 = 0.008, &, =2.94+0.0240.02. o
Last but not least we use [15] for the decay B — 1(2s)¢ and extract
|AL|* =0.26470922 4 0.002, 6, =3.291043 4 0.04, (7.4.22)

|A)* =0.422 4+ 0.014 £0.003, & =3.671313 +0.03.

The amplitudes for the decay B — K*1(2s) have not been measured so in the following we
estimate them from SU(3)p relations.

Estimation of the Polarization Amplitudes for B — 1 (2s)K*

In order to estimate the transversity amplitudes for the decay B — ¥ (2s)K* we build the
ratios A; (B — (2s)¢) JA; (B — J/v¥¢) for i € {0, L, ||} and assume the corresponding ratios
in the B — K™ case are the same. We find the ratios

Ao (Bs — ¥(28)p)|

‘ Ao (Bs = JJ0d) | 0.897 £ 0.017,

Al (Bs — ¢(2S)¢) o 5L (BS — ¢(25)¢) B

’ AL (B, = JJud) | 1.03 £0.33, 5L (B, Jbe) 1.08 £0.14, (7.4.23)
A|| (BS — ¢(2S)¢) o 5” (Bs — ¢(25)¢) B

‘ A (Bs = J/ve) | 1.18:£0.32 5 (B Tjvd) 1.13 £ 0.07.
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From them we compute
|Ag (B — 1(25)K*)|* = 0.461 £ 0.021,
|AL (B = (2s)K*)° =0.21+0.13, 0, (B —¢(25)K*) =32+0.4, (7.4.24)
|A) (B = 0(25)K")[* =032+ 017,  §; (B — ¥(2s)K*) = —1.06 + 0.07.

As a quick sanity check we add the squared amplitudes and find

[Ag (B = 1(28)K*) > + |AL (B — (28)K*)|* + | A (B — 1(25)K*)|* = 0.99 +0.22 (7.4.25)

which is compatible with 1, so the relation: |Aq|?+|A)|*+|AL|* = 1 is satisfied by the estimated
amplitudes.

B VV; —» Viete-

At this point we have the transversity amplitudes and an expression of the B — V;V matrix
element in terms of them. The next step is to relate this expression to the matrix element of
the effective Hamiltonian eq. (7.2.1) in terms of CS™*,

M (B = VIte)

Gro . o , . » mp+m
ﬁvtbv;scgﬁ’)\ (q2) <Z (—Ev#()‘) (mB + mv) +qu (5\/()\) : Q) %) Ay (qz)

’09 -

2mv

. * *,V o 2V q2
— i (600 ) 25 A0 () + ot OO0 Vi)

mpg + my

) . (7.4.26)

Next we write the matrix element for the sequential decay via a resonance V; as

M (B = VNV (A) = V) =D M(B = VOV (\) M (V;(A) = £407)

Aj
(7.4.27)
where M (B — V(A)V; ()))) is given by writing eq. (7.4.6) in the form
M(B = VOOV; ) = €5, (\)ef, , ) M (7.428)
and 20 f
M (Vi (A) = £507) = ey, (\)) eV, TPL. (7.4.29)

2_ 2 _
q* —my, imy, 'y,

Details on the charmonium decay constant fy, can be found in appendix B.4. For evaluating
the sum over the polarization A; of the vector resonance we use the completeness relation

- 409
D et M) v (N) = —gup + 5 (7.4.30)
Aj Vj
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obtaining

> M(B=VV)IM(V; =707 =

Ay _er(n) + (N ¢ N af vy (pv-a)d
V2 v x?2—1 mymy, mvm?",j

2€fv )
2
V
A p 0
i 0 (pV q q by )

q> —mi —imy, Ty,

2 — mvmv mvmvj

- el (Npv.ads| (7l (7.4.31)
2 (l‘ — 1>mvmv

By equating eq. (7.4.26) and eq. (7.4.31) for A = (0, ||, L) (details on the polarization vectors

in the Vj} rest frame can be found in appendix B.3) we can now extract the parameters 77y and

63, finding

0 iy v,
e i = A
77V] 8\/ 27TOZGFV;[)V;:mBmijV] 0
|| v, A
4.32
77\/ 2\/7rozGFthV;§(mB —i—mv)mVjFVj I (7 3 )
1 6L fv,(mp +my)
T]Ve ] = -
! 2v/ WO(/\GF‘/%b‘/t:mv] ij

The phases in eq. (7.4.32) are composed of three contributions. There are the phases of the
transversity amplitudes, given in eq. (7.4.20), the phase of (V;;)_l, shown in table B.1.1, and
an overall phase between the short and long distance amplitudes measured in [17], for which
we use the upper right corner of table 3.

7.5 Fit

In this section we perform multiple fits of the Wilson coefficient Cy using the available exper-
imental data on the differential branching ratios B(B*™ — KT¢*(~) and B (B® — K%(T(7),
as well as on the set of angular observables defined in the end of section 7.2.1 in the case of
B® — K%¢*¢~. We use the input parameters reported in table B.1.2.

In the theory predictions we implement C¢® as defined in eq. (7.3.1) and perform fits

to its constant part we called Cy, assuming a different value ngi) in each ¢*bin i. If our
implementation of the ¢¢ resonances does a good job at modeling the ¢>-dependence of Cé’\)

the fit should yield a flat distribution of Céi) across all bins.
The best-fit results are calculated by minimizing the x? defined as follows for a generic

observable O and N bins:
2 () STy ,—-1=
X ({C’g }i:1 N) = V7, (7.5.1)

-----

where

XTi = <Omeasured>i - <Otheory>z' ) (752)

110



(O); is the observable O averaged over the bin i and V' is the matrix of theoretical and exper-
imental covariances between the bins:

V= ‘/theory + V;zxp- (753)

In principle also Vipeory depends on Cy, but we neglect the higher-order terms in Cy by evaluating
it at the SM value.
Let us denote by 2. the minimum value of the full x? <Cél), o ,CéN)>. We profile the

full 2 with respect to each coefficient Céi), obtaining N one-dimensional profiles x? (Céi)).

The uncertainty for each coefficient Céi) is then extracted from the interval in which
¢ () = N

the upper (lower) uncertainty being given by the distance between the best fit point and the
upper (lower) end of this interval.

<1, (7.5.4)

751 B— K

We implement the differential branching ratio defined in eq. (7.2.30) for the decay Bt —
K*p*p~. For the form factors we employ the recent HPQCD results [207]. On the experimental
side the differential branching ratio has been measured by the LHCb collaboration [7].

In fig. 7.5.1 the theory prediction we find after adding the c¢ resonances is shown. Let us

6
| 5¢
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+i r
1 I
n i
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S 1f

0

0

Figure 7.5.1: Theory prediction for the differential B¥ — KT¢*¢~ branching ratio including
the c¢ resonances. The dashed lines indicate the squared resonance masses.

now turn to the covariance matrix. It is composed of 4 terms:

V= VFF + Vn,5 + Vstat + Vsyst (755)

theory theory exp exp
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where the theory covariances are split up into a term coming from the uncertainties on the
form factors and one from the uncertainties of the resonance parameters and the experimental
ones are split into systematic and statistical contributions. The parametric uncertainties of the
numerical inputs in table B.1.2 are neglected.

For any observable O given in terms of parameters p; with given covariances cov(u) we
propagate the theory covariances according to the master formula

00 00
(Vtheory>l-j - <8_Mk> . COV(,u)kl <8—m> h (756)
v J

The form factors are supplied in the form of a series expansion in terms of

V=V~ (7.5.7)
Vis— @+ Vi —to

where t,. = (mp +mK)2, t_ = (mp —mK)2 and ty = ¢, (1 — /1 —t,/t+>. In order to

find Vije,,, We therefore evaluate the derivatives of the branching ratio with respect to the
coefficients in this z-expansion and plug them into eq. (7.5.6) together with the covariance
matrix supplied in [207].

For finding the covariances originating in the uncertainties of the resonance parameters 7y,
and dy, we assume that they are uncorrelated. Then their covariance matrix is diagonal and
contains their squared standard deviations. We evaluate the derivatives of the branching ratio
with respect to the resonance parameters and use eq. (7.5.6) to find V;ﬁfory’ In figs. B.5.1
and B.5.2 the theory covariances can be found. As the covariance matrices have 72 rows and
columns we show them as matrix plots.

The statistical and systematical uncertainties can be found in [7]. We treat the statistical
ones as uncorrelated and assume the systematical ones to be fully correlated, finding the

covariances using the relation

z

(V‘es)g’pSt>ij = 0i03, (758)

where o0; is the squared standard deviation of the value measured in bin ¢. Finally we have
performed fits in 3 different ranges of ¢>. First we considered the whole ¢? range from 0.1 GeV?
to 22 GeV2. In this range we want to compare different formulations of the charm-loop con-
tributions. To this end performed fits for 3 scenarios:

(i) with C§T defined as in eq. (7.2.4)
(i) with CST defined in eq. (7.3.9)
(i) with eq. (7.3.9) with Y (¢?) replaced by Y (¢?).

The result of these fits are presented in fig. 7.5.2. As one can see scenario (ii) shows the
smallest residual ¢? dependence. This is why in the following we will consider this scenario for
a ¢* independent determination of Cy in the regions below and above the narrow resonances.

The result of a ¢ independent fit in the low-¢® range from from 1.1 GeV? to 8 GeV? is
shown in fig. 7.5.3. The result in the high-¢? range from 15 GeV? to 22 GeV? is shown in
fig. 7.5.4.
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Figure 7.5.2: Results of the fits for BT — K+~ in the whole ¢? range. The blue dots cor-
respond to scenario (i), that is purely perturbative contributions, while the red and yellow dots
correspond the the scenarios (ii) and (iii) respectively, which take into account the resonance
contributions. The horizontal black line corresponds to the SM value of C.
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Figure 7.5.3: Results of the fits for B¥ — KTuTu~ in the low-¢? range. The black line
corresponds to the result of the fit assuming a constant shift in Cy and the grey band shows
its uncertainty. The red line shows the SM value of Cg.
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Figure 7.5.4: Results of the fits for BY — K*u*pu~ in the high-¢? range. The black line
corresponds to the result of the fit assuming a constant shift in Cy and the grey band shows
its uncertainty. The red line shows the SM value of Cg.
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7.5.2 B — K*

For the decay B® — K%uTu~ we implement the branching ratio defined in eq. (7.2.22) and
additionally the set of angular observables defined in the end of section 7.2.1, which are defined
in eq. (7.2.23). We use the form factors computed in [69]. The differential branching ratio has
been measured in [16] and the angular observables were measured in [21].

The theory prediction for the differential branching ratio including the ¢¢ resonances can
be seen in fig. 7.5.5. Due to lack of data on the decays B — K*V; with V; above the 1(2s)
resonance only the first two ¢¢ resonances are implemented in this case. The treatment of the

145 ) - i
—~ 12 | | .
3 i | | ]
2 10 ! \ 1
<lwo 8f 1 | ]
T’U L | | il
Bl o | | ]
<l 4 | | i
) L [ [ ]
- 27 | | ]
us \ 5 o ]
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q2

Figure 7.5.5: Theory prediction for the differential B — K%/¢*¢~ branching ratio including
the c¢ resonances. The dashed lines indicate the squared resonance masses.

theory covariances is exactly as described in the previous section. As we consider 9 observables
here, which are all measured in 8 bins of ¢?, the full covariance matrix is a 72 x 72 matrix.
Again we treat the statistical uncertainties as uncorrelated. For the systematic uncertainties
we assume

COITr (<Ok>17 <Ol>]) = (Skla (759)

where O; € {B, Fy, S3, S4, S5, Arp, S7, S, So} and (-); denotes the average over the ¢*-bin 7. In
other words we assume that the systematic uncertainties of a given observable are fully corre-
lated between different bins but that they are independent from the uncertainties of different
variables. So far the covariance matrix would be block diagonal. This is not case because
the angular observables extracted by LHCb are correlated within a given bin, which induces
nonzero off-block-diagonal entries in V. The full covariance matrix is too lengthy to write down
explicitly but in fig. B.5.6 a plot of the size of its elements can be found.

As we saw in eq. (7.3.9) the long distance contributions from ¢¢ resonances depend on A,
the polarization of the K*. Now we write the effective Cy in the theory expressions as

CMT () = C2 + Y () + Y2 (¢) (7.5.10)
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and extract Cy for each polarization \. This way we can see if the effective Cy receives helicity
dependent contributions beyond the ones from the resonances.

Again the fit is performed in ranges of ¢2, the full one [0.1,19] GeV?, the low-¢® range
[1.1,8] GeV? and the high-¢? range [12.5, 19] GeV? separately for each helicity. The results are
shown in figs. 7.5.6 to 7.5.8.
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BY - K*utu~

Figure 7.5.6: Fit results for B® — K%y~ in the full ¢* range. The blue dots correspond
to C’J,', the yellow dots correspond to Cy and the red dots correspond to C, respectively. The
black horizontal line indicates the SM value of Cy.
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Figure 7.5.7: Fit results for B® — K%u* ™ in the low-¢? range. The blue dots correspond
to CJ)', the yellow dots correspond to Cy- and the red dots correspond to C§, respectively. The
black horizontal line indicates the SM value of Cy.
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Figure 7.5.8: Fit results for B — K%u ™ in the high-¢? range. The blue dots correspond
to Cg, the yellow dots correspond to Cy- and the red dots correspond to Cy, respectively. The
black horizontal line indicates the SM value of Cy.

7.6 Discussion

In order to assess how compatible the results of a given fit are with their average value we
consider the squared deviations from their weighted average,

N = )
X° = Co=Gy (7.6.1)

i <5ngi)>2 |

where N denotes the number of bins in a given fit, C’éi) + 5C'éi) denotes the value of Cy in the
t-th bin and

N

Zf\f 1i 20@)

Cy+0Cy = (i) + N; 7.6.2

o800 =~ > (7.6.2)
i (5051'))2 i <(509>

is their weighted average. For the fits performed in fig. 7.5.2 we find for the different scenarios

(i) x%/(16) = 2.51 and Cy = 2.51 +0.15
(ii) x%/(16) = 1.15 and Cy = 2.63 + 0.14
(iii) x2/(16) = 1.52 and Cy = 2.75 +0.13

where we scaled the uncertainties by a factor of 1/x2/(IN — 1). As anticipated the ¢*-dependence
of the effective Cy is best modeled in scenario (ii). In the following we study this scenario more
closely.

The results for scenario (ii) in the low and high-¢® regions for both B — K and B — K*
(separated into different helicities) are reported in table 7.6.1. As can be seen in all cases we
obtain a good x?, the only exception being Cg,l (B — K*) at low ¢*. The eight independent
determinations of Cy thus obtained are also shown in fig. 7.6.1. Here the error of Cgl,l (B — K*)
is rescaled according to the PDG procedure.
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We stress that these should be treated as independent determinations of Cy coming from
different kinematical regions and different hadronic amplitudes. The overall consistency of these
eight independent determinations, and their difference from the SM value provide a significant
indication of short-distance contributions to Cy that is not accounted for in the present SM
analysis.

low ¢> high ¢
X A x/(n—=1) Co X*/(n—1) Co
K 0.2 2.31 % 0.35 087  223+031
K| 3.2 15+04 0.01 28+0.4
K* 1| o024 2.040.4 0.36  3.20+0.32
K* 0 0.58 2.440.4 0.28 3.040.4

Table 7.6.1: Summary of the averaged fit results for the decays B — Xpu*u~.

LOW(f Highf
IEEERE R

Figure 7.6.1: Averaged fit results. The black dots correspond to Co(B — K) and the blue,
yellow and red dots correspond to Cg(B — K*) in the ordering (||, L,0). The dashed error
band shows the uncertainty scaled by a factor of y/x?/(IN — 1) in the case where x?/(N—1) > 1
(see table 7.6.1). The black horizontal line indicates the SM value of Cy.

7.7 Conclusion

We have studied the long distance hadronic contributions to the effective Wilson coefficient Cly
in BT — K*ptp~ and B — K% decays. The effects of c¢ resonances in the contributions of
the operators Q; ¢ were estimated via dispersion relations and using data from non-leptonic
B — J/v¢, B — ¥(2s)¢ and B — J/¢pK* decays. Additionally the polarization amplitudes
for B — 1(2s)K* were estimated from SU(3)r relations.

We implemented an effective Wilson coefficient C¢T including effects from the c¢ resonances
J/1,1(2s),(3770),1(4040), 4 (4160), 10(4450) for the B — K decay and including the reso-
nances J/¢ and ¢(2s) for the B — K* decay.

Using this effective Cy we have computed the differential branching ratios for both decay
modes and a set of angular observables for B — K*, which were then employed in different fits
to experimental data.
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In the fits we extracted the ¢* dependence of C¢f in low and high regions of the squared
lepton pair mass. In the low-¢? region our results indicate that the resonances model its ¢*-
dependence well and we find consistent results across both decay modes. In the high-¢* region
we find consistent results within a given decay mode. The values extracted from B — K* are
a bit higher than the ones extracted from B — K, however. In part this might be due to the
missing contributions of the resonances above 1(2s) in the theory predictions for the B — K*
observables.

Overall the consistency of the eight independent determinations of Cg shown in fig. 7.6.1
provide a significant indication for a missing short-distance contribution in the present descrip-
tion of b — sll amplitudes.
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Chapter 8

Conclusions

The decays of B mesons exhibit several intriguing discrepancies between SM expectation and
measured data, but also between different determinations of the same constant of nature.

In this thesis we presented 3 studies. The first two were concerned with inclusive b — cfv
decays in which the hadronic part of the final state is not resolved and the third one was
concerned with hadronic long-distance contributions in exclusive b — suu decays.

The studies of inclusive B decays were motivated by a long standing 30 tension between the
inclusive and the exclusive determination of the CKM matrix element V. This discrepancy
calls for a careful check of the established framework based on the heavy quark expansion.

In chapter 5 we performed such a check by using lattice QCD simulations as a virtual lab-
oratory. Inclusive observables were computed by two lattice collaborations at an unphysically
low b quark mass and systematically compared to an OPE computation for the first time. As
this is an exploratory study there are multiple issues to be addressed in future work. First of
all the continuum and infinite-volume limits were not performed in the lattice computations.
In order to take these limits the calculations have to be performed at different values of the
lattice spacing and different physical volumes. This task goes beyond the exploratory nature of
this study. Secondly the calculation should be performed at the physical value of the b quark
mass. At a higher b quark mass the OPE converges more quickly, reducing the associated
uncertainties and additionally a direct comparison of lattice results to experimental data be-
comes possible at the physical m;. Despite these issues in general we found a good agreement
between the lattice and OPE results and showed the possibility of determining OPE matrix
matrix elements from lattice data.

In light of a recent determination of V;, from ¢? moments we also studied the impact of order
q?/m3; effects on inclusive observables. These effects were expected to be small, as m?/m¥, ~
0.006. In principle they could however receive enhancements in the phase space integration,
especially if the phase space is constrained by a lower cut. We explicitly computed the ¢*/m3;,
corrections in chapter 6 and studied their dependence on lower cuts, finding that they are
smaller than the current experimental uncertainties. Compared to the current theoretical
precision, which goes up to three loops, they can be sizeable however.

The last work presented in this thesis dealt with the discrepancies between the SM pre-
dictions for the branching ratios of B — K® uu, the angular observables in B — K*uu and
their respective measured values. We implemented these observables, employing a dispersive
formulation of the c¢¢ resonances, in chapter 7. After determining the resonance parameters
from measurements of non-leptonic B decays we were able to determine the value of the Wilson
coefficient Cy from the decay channels B — K and B — K™, keeping the different helicities
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separate, in two regions of ¢?. The consistency of the eight independent determinations of Cy
we obtained in this way is a clear indication of a missing short-distance contribution in the
present SM analysis of b — sf¢ decays.

In summary we have seen that the decays of B mesons remain a fascinating and active area
of fundamental research. On one hand, the ongoing studies of inclusive B decays on the lattice
might bring us closer to a resolution of the V, puzzle soon. This would drastically improve
many NP physics searches, in which the leading uncertainty is V.. On the other hand, the
presence of unknown short-distance effects in b — sé¢ decays points towards physics beyond
the SM in B decays.
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Appendix A

Inclusive decays of B Mesons

A.1 Triple Differential Decay Rate for B — X v,

The general expression for the differential decay rate of a particle A to final states f is given
by [209]

ar = — (H < )w (ma— )P @06 (pa-Ypr). (ALY

2my ; (277)3 2Ef

We consider semileptonic B decays with the effective Hamiltonian

Gp _ -
Ling = —Hine = _E‘/cb (@Y (1= 5) b) (4" (1 = 5) 1)
Gy
= —E‘/ijq“w]éi. (A12)
Then the matrix element for the inclusive process is given by
_ — G —
M (B = Xlvy) = (Xolvy |[Hine| B) = 72%13 (X A |Jy,.(0)J}'(0)| B). (A.1.3)

The interaction is local because we integrated out the W-boson. Then we can write the
differential decay rate as

B 1 dBp, 1 Bpy 1 — 2
ar=>" % e <<27T)3 2Eg) <<2ﬂ)3 2Ey> M (B = X.tw,)]

X lepton
spins

x (2)" 6* (pp — (pe + pr + px)) (A.1.4)

where
_ G2 -
IM (B = Xm,)|” = 5 Vanl* (Xem | 3,,(0)77 (0)| B)

_GI% 2/BlJ I XN X B wt
= 5 Veol? (B| ]| Xe) (Xe |00 B) (01

m> (7, J7]0) . (A.1.5)
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As the hadronic and leptonic parts of the amplitude do not interfere they can be separated
from each other and computed individually. To this end we define a leptonic tensor

L’“’:%Z<O

lepton
spins

Ji

ARl (A.1.6)

describing the leptonic part of the interaction and a hadronic tensor

1

W =
" oMy

> (27)%6 (ps — (pe + po+ px)) (B TS| Xe) (Xe | gl B) (A.1.7)

(&

containing the non—perturbative hadronic dynamics. In terms of these objects we can write
the differential decay rate as

dBp, 1 d?py 1
dl' = 87GE Vi | 0 W, L. A8
TG [Vl <(27r)3 28, ) \@r)p2E, ) " (A.1.8)
For massless leptons the leptonic tensor evaluates to
LM = pipY + pipl — g" e - po + 16" P pyapv s (A.1.9)
0123

with the convention € = —¢€p123 = 1. The hadronic tensor cannot be copmuted from first
principles. It is computed in the context of the heavy quark expansion (HQE) using the
heavy quark effective theory (HQET). By employing the optical theorem the hadronic tensor
is connected to the forward scattering amplitude

Ty = —— / Q26 (BT [Jyu(), Iy (0] B (A.1.10)
2Mp
as 1
— SImT, = W (A.1.11)
i

Let us now perform the phase space integration for the triple differential rate. The triple
differential rate is obtained by differentiating the total decay rate

dPp, 1 d3py 1
= G Ve / : W L A1.12
= 87GE | V| ( 2E€) <(27r)32Ey> p ( )
and given by
dr
dQQdEng
d*py dBpy 1
- Ey—1p)) 6 (Ey — p 2 _ 2
‘M‘/ 2W32Ee/<2w>32Ey5( ¢ = ;)0 (By = p5) (4" = (pe +pw))
dgm 6 (B ) 8 (Bv — 1) 6 (¢ — (o0 + o)) (A.1.13)
27T 3 4EgE 4 v v %

As the integrand is symmetric we change to spherical coordinates d?p,; = | 17475\2 d |pez| d cosOppdpe s
and choose the three momentum py to be aligned with the z—direction. Then

/dcos Opdgpdp, = 2 - 21 - 27 = 872, (A.1.14)
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For the phase space of the triple differential rate above this yields

d3p£ d3p§ 1 B ) 2 2
- / (2m)? / @y 1E,E," B~ P 0 (B = s 9 (¢ = (pe +pv)")

0 o0 ! 872
=/ © 5|” d | O (Ips|) 7w d *,,/d -
el am [ o mhlaPanl [ dcosd o

x 8 (Eq — |p4]) 6 (Ey — [5]) 6 (6% — 2EoEy + 2| [] cos 0)

_ @@ (E) © (Ey) /_11 d cos 9 <0059 - (1 N 25&))
_ 4(217T)4@(EZ)G(EV) / X

—00

_ 4(21@4@ (Er)© (Ey)© (2 - gEiE) © <2quE)

= ﬁ@ (4E:Ey — ¢°) © (¢°) © (Ee) © (Ey) -

dcosfO (cosf +1)© (1 — cosh)§ (cosé’— <1

By plugging this result into the triple differential rate we obtain

d3r 1 2 ) ,
APdE,dE,  4(2r) M| © (4E:E; — %) © (¢7) © (E) © (E)
87'1'G2 H/Cb|2 ”
= Jam Vel B — ¢°) 6 (¢°) © (E) © (Er)
which becomes
&°r Gy Vi |?

dg2d¢°dE,  8x3 W L0 (4Ee (q0 — Ey) — q2) © (QQ) O (Er) O (q — Er)

after changing variables from Fy to ¢°.

A.2 Computation of the leptonic tensor

We use the following identities

Y5 =75
% =1
G =

2
B 2EgE,,)>

(A.1.15)

(A.1.16)

(A.1.17)



{757} =0

174 G v
o ="

2
O'Ly = Y000
1B = 41 (A.2.1)
First we evaluate the spin sums and obtain
Lep = Tr ((pg + mg> (arT + brTys) p, (@i — b;:,%r’)) . (A.2.2)

Then we compute this quantity for the cases I'() € {1,~*, o"}.
.I'=I"=1

Ly =Tr ((jiﬁg + mz) (as + bps) p, (as + b;%))
= 2 (0 + %) e (A2

2. =1, TV =~F
Ly =Tr ((pg + me) (avy" +bav"ys) p,, (ayy” + bjgfyg,fy”))
=2 (lay[* + [bal®) (BVD5 + Pl — pe - pug™) + 4iRe (avb}) € Ppyap,p  (A24)

3. T=0"\ IV =0o°"

Lyrrgor =Tt ((pe + mg) (aTa“”\ + bTSO’”\%) P, (a*TapT — b}5750p7'))
= (lar|” + |br|?) Tr (péa“)‘pya’”> + 2Re (arby, ) Tr (peO'HA’)/SpVUp‘r) (A.2.5)
Using eqs. (A.3.2) and (A.3.3) we can evaluate the traces and find
Lo =4 (lar* + ) (979" = 9 6) pe - s
+9" (pewl +0ipy) — 9 (PEpl + 0ip))
— 9" (v} +pipy) + 9 (fp] + pipy) )
— 4iRe (arbi,) ((07e™ = pPe™™) pra — (Poe™ = ppe™ ) pra)  (A.2.6)
4 T =1, 1 =~
Ly =Tr ((pe + 77’Lg> (as + bpys) p, (ayy" — b*M%u))
= 2 (asav-tbppy ) MP (A.2.7)
5. =1, IV =o
Ligue = Tr <<p£ + mg> (as + bp’yg,)pu (a:}gﬂp _ 5}5750‘”))
= 2i (asah, + bpb%. ) (oY — pips) — 2 (asbh, + bpat) peapy,se®™ (A.2.8)
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6. [ =4 IV = o

L,wgm\ =Tr ((zﬁé + mg> (avfy” + ba’V“%)py (a:’i,o-'f)\ . bfrs,ySO_n)\))
= 2my (i (aval + babL,) (9" ps — g""pp) — (avby, + baah) Pua€™?)  (A.2.9)

By replacing p, = g — p, we arrive at the following expressions for the leptonic tensors

L1,1 =2 (|CLS|2 + |bP|2) (q2 - m?)
Ly = 2 (Jav[” + [bal”) (=9 (¢ — m7) — 4wy +4(pfa” + ("))
+ 4iRe (avbj&) Euyaﬁp&aqﬂ

Loy = (laz]? + [br,|%) ( (979" = g g™) (m} + ¢°)
+4 (pf (009" = Pig*p) +v0 (Drg™ — PI9""))
+20" (a” +0a”) — 297 (Pfa” + Pq")
— 29" (0q" +17q") + 29" Pid + piq") )
— 4iRe (arby, ) ( (Pre™™® — preX™® + e — ppe™ ) pra

+ (qren)\pa _ qpen)n—a) Do + (p?EApTa o p?EHPTa) Qa)

Ly = 2my (asay, + bpby) (¢" — py)
Loywy = L

el

Ly orx = 2i (asa’ + bpb,) (p?q” —piqt) —2 (asb’y, + bpat) Py 03
Loxxg = LYy
Lo geor = 2my (z (avah +baby,) (6"°p) — ¢"'0F + 9" ¢° — ¢"°¢")
+ (avbi, + badk) (9 pea = g, )
Lowr o = L7y 1 (A.2.10)

A.3 Traces of products of Dirac y—matrices

One can easily show that any trace of a product of an odd number of v—matrices vanishes by
multiplying the string of y—matrices by v2 = 1 and using the cyclicity of the trace.

For N € N being an even number we can rewrite the trace of a product of N y—matrices as a
sum of traces of products of (N — 2) y—matrices. By writing the trace as

1
Tr (49 -+ ) = 5Tr ({11, y#2 gV (A.3.1)

and commuting v** in the second term of the anticommutator to the left we find

N N
Tr (y#1 - 4Y) = Z(—l)kg’““’“Tr H,yuz _ (A.3.2)
h= it



If the string of y—matrices is multiplied by 75 we get an additional minus sign from commuting
the v#1 and ~5 and obtain

N N
Tr (’Y’“ X -7‘”"75) = Z(—l)k_lg‘““’“Tr Hv“l 5. (A.3.3)
k=2 1=2
I£k

In particular this leads to

Tr (,yao_ﬁ)\,yf),yﬁa,pﬂ-) — 44 (gaﬁen)\pﬂ- . ganeﬂApT 4 go&\e,@np’r
o gozpeﬁn)\’r + gOéTE,BH)\p) (A34)

A.4 Properties of the Dirac d—function

The determination of the derivatives of the Dirac —function by partial integration is straight-
forward:

| 505 = @ - [ areie = - aa

o0 —00

/ T f(2)0"(2) = / T f(2)6(2) = f(2) (A.4.2)

[e.e] —00

/ T f(z)%é(z) = (—=1)"f™(0). (A.4.3)

[e.e]

A.5 Hadronic Matrix Elements
Following [203] heavy quarks can be represented by a spinor (v, s) which satisfies
Pup(v,s) = up(v, s) (A.5.1)

while the cloud of light degrees of freedom in total transforms like an antiquark with spin—%
and as such can be represented by a spinor v; which satisfies

v(v, 8)p = —i(v, 5). (A.5.2)

The ground state hadron can then be represented by the composite object v = wu,v; which
under a connected Lorentz—transformation transforms as

¥ — D (A) D™ (A) (A5.3)

where

D (A) = exp (—%wuya“y> (A5.4)

is the spinor representation of A. While heavy—quark—spin transformations only act on the
heavy quark:

w— D <A> " (A.5.5)
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The composite object 1 is a linear combination of physical meson states. In the meson rest
frame they can be identified as

11440
Pi=0) =~ il
1

V5

2
. 1 144"
V(UZO,E):E 5

When we change to a moving frame of reference with velocity v in the above expressions the ~°
matrix is replaced by 9. In order to study hadronic matrix elements the meson wave function

/. (A5.6)

v e war
which has the useful property
P M@)P. = u VIOE - f M) (A5.8)
and its conjugate
M(v) = 3 M(v)
=% (=) H+0¢%70
_ ot ;r 4 (A.5.9)

are introduced. The last two equalities are true in the pseudoscalar case. The hadronic matrix
element of a current h,'h,, where h, and h! are heavy quark fields, is then given by

<M/('U’) 7. Th,| M(v)> = —¢(w, p)Tr {ﬂ’(v’)PM (v)} . (A.5.10)

Now we are ready to compute the matrix elements we need for our purposes. First we have to
find the HQET currents corresponding to the currents by*v"b and by*~"~sb. As the relation
between the b—quark spinor in the full theory and its counterpart in HQET is given by

b(x) = e PB® (1 + Dy + - ) b, (A.5.11)

2mb
at leading order the transition to HQET is obtained by the replacement
Yy (745) b — by v " (v5) by (A.5.12)

Then finding the LO expression for their hadronic matrix elements is straightforward. Using
the standard relativistic normalization they are given by

(B [bbo Lrplty (—75)>

B) = —¢(w, p)mpTr (75 5 5

=mp (v-v' +1)&(w, p), (A.5.13)
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(B ‘Evbv’ B) = —¢(w, p)mpTr (’751 ; ¢’Y5# (—75))
—0, (A.5.14)
(B[b,y"y"bo| B) = =&(x, p)mpTr {751 J; Vo] JQF / (—75)}
= &(w, w)mp (V' - v+ 1) g" — v'0™ + v"0'™") (A.5.15)
and
(B [boy"y" 50| B) = —&(w, u)ympTx {75 #v“v”%# (—%)}

= —i&(w, p)mpe” ol (A.5.16)

where ¢ is the Isgur—Wise function.
In the following we need the forward scattering amplitude. In this case v = v' and the
above expressions at LO simplify to

(B || B) = 2ms
(B|fsb| B) = 0
(B ‘Z_)’y“b‘ B) = 2p, = 2mpv*
<§ ’57“%1)‘ E> =0
<§ ‘l_w“y”b‘ §> =2mpgg"”
(B [byy"v"5b| B) = 0. (A.5.17)

A.6 Structure Functions

A6.1 T,
The time-ordered product of interest here is given by
— / d4xe—iq~wT{J;(x)Js(0)}. (A.6.1)
At lowest order in ag and 1/my its the forward scattering amplitude is given by
Tt = game (o = o) (sl + [dol") (B [32°8] B) + 2Re csde) (B 30| B)
2$;u ((les|* = |dp|?) (B [b] B) + 2ilm (csdp) (B [bysb| B))
= 5o (v — ) (lsl? + |dnP) (B |10 B)
st (Jes* = |dpl?) (BB B)
= ﬁ (Pho — o) (es|® + 1dp[*) 205

+ = (Jesf* = |dpP)

1 m,
= (|CS|2 + |dP|2) (mp —q-v) + o (|Cs|2 - |dP|2) : (A.6.2)
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Then the structure function ¢ is

1
=17 ((les* + |dp]?) (my — g - v) + (les|” — |dp]?) me) - (A.6.3)
A..6.2 Tﬂyn ,-),)\
Here we are interested in the time—ordered product
s = —i / dve T {7 2) 7(0)} (A.6.4)

In the OPE we find that its matrix element between B-meson states at leading order corre-
sponds to

Ty = (pzbn;B(i)_a (B (e — din®)1*4*7" (ev + dan”) 0| B)

* szu (Bb(ci — dir”) 7"y (ev + dar”) b B)
= S (s — o (B[] )
U ) (B
- LR g g — ), (B [1r°0| B)

_ievdi +dacy) uas (myv — q),, (B |bysb| B)

2mpu
me 2 2\ /T %)
—|d B |bv*~+"b| B A6.5
+ 3y (lovl” = 1dal’) (B by*yb| B) (4.6.5)
where we used
YAy = ghUy” + gt — gy — i P (A.6.6)

and the fact that the matrix elements containing one ~° matrix vanish by parity. Plugging in
the result matrix element from the previous section then yields

T&Z{/ = (|CV|2 + |dA|2) 2mpvto” — ¢'o” — ¢Pot — (my — v - q) g

QZm B

(|cV| — |da| ) m Re (eydy )e“”aﬁvacjﬁ

1
u
Mme
+
U
1
- (|CV|2 + |d 4l ) [2mpvtv” — mp (V*§” + v7§")]
1
+ " [(\Cvﬁ —|dal®) me — (lev]” + |dal?) (my — mpo - Q)] ¢

ZimB

Re (cydy) € Puads (A.6.7)

u
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from which we obtain

=% (el +1daP) =0 0) = (el = s m]

. 2mb

ty === (lev[* +|dal’)
2
ty = ZRe (cyd’,)
u
t4 - O
m
ts = _71’ (lev* + |dal®) . (A.6.8)

These results agree with the ones given in [83]

A.6.3 Ta-nk’o.p‘r
TN = / dtre T {1 (@) 777 (0)} (A6.9)

At lowest order in Aqep/mp and o

T = / dre o (B|1 {12 ()77 (0} B)

- % (B|(cp — dpy®) ba"™y*0?b (cr + dryy°) | B)
- %( (CTC; +dr, d;g) <§ |[;a">‘fyaap7b‘ §>

+2Re (erds, ) (B [bo™0""5°b| B) )
[(lerl? + [dn,|*) (my = mpv - @) + (ler| = |dn|*) me] (979" = g 9™)
% (lerl? + 1dz, ) [2my (02079™ = 0076 + %07 g — 7 )
+mp (g™ (7 +070Y) - g7 (0 + 070
— g (T AT + g (0 + ) )|
+ %Re (crdsy,) [my (7€ — Peme — gremre g e o,
T (P97 — o) o+ (P — M) 1) }

2m,
T Im (erdy,) €T (A.6.10)
u

Where we used eq. (A.6.6) again and in the last line we used the Schouten identity

Opv€arp + Opa€orpy + Ous€rpva + Opr€paps + Opp€apr = 0 (A.6.11)

132



to rewrite the structure in the last line in a simpler form. From the above expression we can

read off the leading order expressions for the structure functions
te =0
1 2 2 2 2
tr = = [(ler[" + [dn[*) (my — v @) + (Jer]” = |dn ") mc]

2m
t8 = Tb (|CT|2 + |dT5|2)

tg == 0

tio = —% (|CT|2 + |de|2)
2

tll = —%Re (CTd;%)

tlg = %Re (CTd;ws)
tlg = %Re (CTd;ws)

t14:0

A.6o4 Tl,'yl-"

Th, = —i / d*re=" T {Jg(x)Ja(O)}

At lowest order in Aqep/mp and ag:

7ty = B0 (B (e - dy?) by (v +dr”)| B)
+£$u§u%_@fﬁwmw+¢wm§>
= % ( (csev — dpda) (B |by*y*0| B)
+ (csda — dpey) (B |[by*y'y°b| B) )
S ((ckev + dpda) (B o8| B)

AH@@+@wﬂ§mwM§»

1 ~ * *
= ((csey — dpda) (mpvt — mpd”) + (csey + dpda) mevt)

m,
tie = f (dpdy — cscy)
1
tr = — ((esciy — dpdy) my + (esciy + dpd}y) me)
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A.6-5 Tl,o-nA

TSy = —i / d've” T L Tl(2)15(0) | (A.6.16)
At lowest order in Aqep/mp and ag:
o (p a T .o K -
5 B 16 bty 7D
+2mu<B‘( )bUHAb(CT+dT’7)‘B>
= % ( (cser + dpdry) (B ‘Efyaa’“b| B)

+ (csdry + dper) (B [y o™ °b| §>>

me

((cScT — dpdz,) (B [bo™*b| B)

2mpu

+ (g, — dper) (B [bo™7)| B>)

(P — ), . N
= (#c5er + ) (B (579" = g") [ B)

— (csdry, + dper) <§ ’56”“’\’3’be| §>>

Me

(i (cter = dpdr) (B b (v"+* = 2*v") b| B)

+ i (csdr, — dper) (B|b (v — %) 7°b| B) )

dmpu

Py =D (/) . o o ok
= (1 cser + i) (57} = )

— (csdry, + dper) ea“"gng) <§ ‘I_ryﬁb| §>

me . =T/ x -
o (e — i) (B (7" )/ B)
= (pl;n;Z)a <’L (CZ'CT + d}dT5) (gmpAB ga)\p%)

— (csdry + dper) €amnPB,n>

+ % (cser — dpdry) (9% — ¢™)
= 28 (i (cer + dpda) (v°4" = 0*0) = (o, + dper) € yia)
(A.6.17)
Then the structure functions tq9, t1g3 are given by
tig = —% (cscp + dpdy,)
tig = =" (esds, +dpcy) (A.6.18)
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A.6-6 T’y”,a‘""

Do

(pb

A
TH Y =
VT 2m Bu

+

2mu

_ (pb Q)a
2mpu

(Bl(e
(Bl(e

7 = =i [ atwe e {12 0))

At lowest order in Aqep/mp and ag:

—d* 75) (_)’}/‘u”}/aOﬁ)\b (CT

+dn,7°)| B)

5) byHo b (cT +dpy )| B>

((c’{/cT — diydr) (B |by*y*"b| B)

+ (¢ydr, — diyer) (B |[by*y* 0™ y°b| §>>

2mpu

<(CVCT + diydry) (B |y b| B)

+ (¢pdpy + diyer) (B ’57“0“’\’y5b| B) )

i
== (cier — dydry) [mb (U“g)‘“ ’\g”“) +
7; % * K R,
. (crer + diydn) me (v g’\“ )‘g “)

1 >k * K. o
+ " (¢l dry, — dyer) [(mb mpv - q) € A

1
— (cydry + dyer) mee

imB %
+ " (cier —
e
= (e
u vV UTs

mpg
— 2Berd
U (CV 15 —

Z * *
" [(cyer — dydry)

n)\;wcva

my
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— (cyer + diydry) me (v

A KL

mp (g™ — §"g

Vo +mp (v”e’\“o‘[’)

KA _

A K
g 2

vg

AR AL

)

(A.6.19)

)]

VB 4 e “’\0‘6) Qo ’05:|

dadr,) (09" = d"™")
— diyor) my — (G dry + dher) me) €,
dcr) €2 G, (A.6.20)
oo =+ [(eveh — dad,) my — (cvcy + dad,) m]
o = =" (ever — dady,)
tyy =0
tys =0
toy = i [(cvdy, — dact) my — (cvdy, + dact) me]
tas = = (dacy — evdy,) (A.6.21)



Therefore at the leading order the structure functions are given by

1

b=+ ((lesl” + dp|*) (my — g - v) + (les” = |dp|*) me)
1

b= N {<|Cv|2 + |dA|2) (my —v-q) — (|CV|2 - |dA|2) mc}
2

tr = = (lev |’ + |dal?)

ty = %Re (cydy)
u

t4 == 0

ts = —— (lev]® + |dal?)

t6 - 0

1
tr = = [(lerl +1dn,|*) (my = v- ) + (x| ~ |dzs ) m]

2m
ts = Tb (lex|” + ldz, |*)

tg — 0

tio = —% (|CT|2 + |dT5’2>
2

t1; = —%RG (CTdist)

t1g = %Re (CTd*Ts)

ti3 = %Re (CTd*Ts)

t14 — 0
2m, «
ti5 = " Im (CTde)
my

tig = " (dpdy — cscyy)

1
tir = — ((escl — dpdy) my + (escf, +dpdy) m)

t1g = —% (CSC} + dpd;s)
t19 = —% (Csd/}(—v5 + dPC})

1
b0 = > [(eve = dady) mn — (eves + dad) m]

my

to1 = —7 (CVC} - dAd;“s)
tzg - 0
t23 - 0

tag = — [(evdy, — dac) my — (evd, + dacy) me]

m
t25 = ?b (dAC; - Cvd;%) (A622)
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A.7 Double Differential Decay Rate Including General
NP

In order to present the double differential decay rate in a concise form we define y = 2E,,
pe = mji/my, p. = mZ/m; and new Wilson coefficients as cy, , = ¢y F da, cs, , = cs F dp,

¢r = 2cp = —2dg,. Additionally we only consider left-handed neutrinos. Thus we set
1
ay = as = ar = —bA = —bp = —bT5 = 5 (A?l)

Thanks to the Dirac delta function we can directly integrate the triple differential decay rate
found from eq. (4.2.15) over the neutrino energy, obtaining
¢PT GL|Val*m]
dg2dy ~ 192x3

{12’CVL|2 (y_pl _qA2) (1 "‘Cf _pc_y)

+12ev, [*y (14 pe = pe — y)
+24Re (CVLC’{}R) VPe (pg — qu)
+3 (|es, |* + [esp*) (6 = po) (1= G+ pe)
+12Re (CSLCER) VPe ((}2 — pg)
+48 [er* (pe (3pc + ¢* — 4y) — pe (36° — 4y + 1)

+4y (" +1) — ¢ (¢ + 3) — 4y°)
+12 (Re (¢s, ¢y, ) + Re (cspciy,)) vVoepe (L + ¢ — pe — y)
+12 (Re (¢cs,¢7,,) + Re (cspct, ) voe (L + pe — pe — )
+24Re (cs,7) (pe (@ +1) + ¢ (@ — 2y + 1) — pe (e + 62))
+144Re (cv, E1) \/Pepe (pc +y—q¢*— 1)

+144Re (v, &) /or (1 + pe — pe — ) } (A.7.2)

A.8 Currently available corrections

In table A.8.1 we list the currently available corrections and where to find them. Note that
in different references different input values for the quark masses, HQE matrix elements, the
strong coupling constant and the kinematic cut are used so these numbers can not be directly
compared to each other. Nonetheless, their respective orders of magnitude are informative and
having them all collected in one place might be useful to someone who is not yet familiar with
the HQE.

The values in the first two columns, i.e. the corrections of O (Ajcp/m;) and O (Adcp/m3)
are computed from the triple differential decay rates given in [83] and [156] respectively.

The O (AéCD /mi) and O (A3QCD /mi}) corrections to the central moments of ¢* are computed
from the expressions of the ancillary file supplied with [123] using the default input values given
in table 6.3.1 with a cut of ¢2,, = 3GeV?. While for the O (Ad,cp/my) the results of the results
of the fit including all 1/m} parameters in [68] are used for the input parameters and a cut of
geut = 3GeV? is applied.

137



%e0°0 | [e61] %le— | [e61] %ga— | [La1] %ie— - - [c61] %87 - %91 %UiL— | pe1E— | D
%t 0— | [e61] %ee— | [e61] %ge— | [La1] %6'T— - - [e61] %89~ - %81 %o 18— | %eee— | FTD
%r0'0 | [26T] %86~ | [¢61] %La— | [Lg1] %1 1— - - [¢6T] %8¢ - %V %G G~ Uy HI— | CD
%900 | [261] %8 1— | [e61] %L0— | [L21] %S 0— - - [e6T] %71 - %9°0 %h— %P e— (D)
%% 0— - el %sLvs— | [2a1] %0002— | [071] %set | [071] %020g | [071] %T9LT | [961] (%009)0 | [961] (%0009)0 | %e S¥¥ee— | %S €e99— £y
%700 [rel %er1— [2e1] %1e | [ov1] %be— | [oF1] %58 | [0¥1)] %66 | [961] (%09)0 | [961] (%001)0 | %829— %88 &y
%10°0— - [vel %90 Let] %eo0 | [ovt) %90 | [ovi] %o 1— | lovt] %e1 | [961] (%1-)0 | [961] (%2—)Q %G %I8T— (X
%€0°0 [7e] %q1— [L21] %1 071] %9— | [ov1] %1e | lov1] %e— | [961] (%01)0 | [961] %(0e—)O %161 9%GGT— €
%E0°0— - [ve] %a— (221] %200 | [0v1) %90— | [o¥1) %L1 | [oF1] %50— | [961) (%1)O [961] (%2)0 %G TT— %L6 i
%100 - [7el %<0 [221] %z 0— | [ov1] %10— | [0%1] %¥T0 | [0v1] %z 0— | [961] %(sz0)0 | [961] (%S0)0 %I T— %S0~ 1
%P0 - el %eo | [9a1] %e00— | [9z1] %8 1— | [67) %a1— | [9z1] %L'8— | [961] (%¢0)0 | [961] (%1)O %6~ %p— d

, . &?& [9z1] [67] [67] . . ﬁm: _mg TP/ IP

T a5ty 0 a5y "0 £ P 0% "o e Gioa aey a5y

‘poo

oIB AOY) 7 Y& POJRN[BAD SWAYDS SN O} Ul POUYSP SSeUl WLIRYD pue A9DT = "I/ JO JOInd © Y31 SUIOYDS DIJOUL] U3 UL SON[A 9DUSIJOI

9T} SUOI}ID1I0D DATIYRIPRI 9T} U "S90UIoJol 9A1309dsal o) UT punoj o ued siojewrered yndur oY ], "SUOIINJLIJUOD S[R[IBAY 1’8"V 9[qR],

138



A.9 Contributions from the ground states

Among the complete set of states inserted in eq. (5.2.4), we consider the contribution of the
lowest-lying states, which are the S-wave states, i.e. D and D* mesons. (Here and in the
following, we omit the subscript s for brevity.) The corresponding matrix elements can be
parametrized by the form factors as

(DOW)IVFIBW)) = he(w)(v+ ) +h_(w)(v—2)"

(D*(v', e)|[V¥|B(v)) = —hv(w)e"”’”vyvpea , (A.9.2)
(D*(v,e)|A*[B(v)) = —iha,(w)(1+w)e™
+i [, (W)0" 4+ ha, (W)™ € - v, (A.9.3)

where €* denotes the polarization vector of the vector D* meson. We use the HQET definition
of the meson states, so that the kinematics is parametrized by the velocities v and v’ (with
p=mpv and p' = mp=v') and w = v -v'. In the rest frame of the B meson ¢/ = —q/mp).
From a separate calculation of the B — D®) from factors on the lattice with the same
setup as we use for the inclusive decays, we numerically obtain the form factors of the form

hy(w) =P + P (w — 1) + P (w - 1) (A.9.4)
after fitting the lattice data. The fit is shown in fig. A.9.1, and the numerical coefficients cg?),
cg?, cg() are listed in table A.9.1.

Now, we insert the parametrizations given in egs. (A.9.1), (A.9.2), and (A.9.3) into eq. (5.2.4)

and perform the w integral, which merely picks the ground state through d(po — g0 — Epe)) =
d(w — Epwm). For X = 212:0 XU we obtain

¢

TV —
4mDED

((mp +mp)hy — (mp —mp)h_) (A.9.5)

for the D meson contribution, which corresponds to the partial decay rate

rB—D _ GylVa|® /dqQM ) q’(mp +mp)* [h+ __ Mg _mDh r

&3 3 dmpEp mp -+ mp -
G|V |Pm 2 1—r 7
ol B —1)3/23(1 2 _ _ A9,
e /dw(w P (= T | L (A96)
X‘ cg?) cgp cg?)
+ [ 1.0082(26) —1.40(12) 1.0(1.2)
— | —0.057(11) —0.01(17)
Ay | 0.9143(34) —1.17(15) 0.4(1.6)
Ay | —0.354(75)  0.5(1.2)
As | 0.999(75) —1.0(1.2)
V| 1.243(13) —1.78(20)

Table A.9.1: Numerical coefficients cg? to parametrize the form factors of B — D (X = +
and —) and B — D* (A;, Ay, A3 and V) decays. A polynomial expansion of the form

hx(w) = cg?) + cg) (w—1)+ cg?) (w — 1)? is introduced.
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Figure A.9.1: Form factors computed from three-point functions.

where w = v - v = \/1+q*/m% = Ep/mp. The last line is a well-known formula for the
B — D/lv decay rate.

The vector meson D* contributes in three channels: AAj, AA,, VV,. The contributions
are

_ 1
L p——— {(W — Ep)Ep-ha(1+w)
mD*ED*
2
+q2 (hA1<1 + ’LU) — hA2 — ULE hA3> :| R (A97)
mpx
_ 1+ w)?
XM = [(mp —mp+)? = 2mp(Ep- — mp-)] %h,%u ; (A.9.8)
2
S q
XVVJ_ — [(mB — mD*>2 _ 2mB(ED* — mD*)i| mh% . (A99)

Adding them together, we obtain

. G2 |Vp|? 1+ w)? 2
rB-D* _ 7| Vool /dq2M{(q§—q2) {( ) 2+ q K2,

871'3 3 2w QmD*ED*
1
+— (mB — ED*)ED*hAl(l + 'LU)
4mD*ED*
m 2
+q2 (hAl(l + w) — hyo — = hAg) :| } , (A910)
mp=

where r = mp«/mpg and Ep- = mp-w = mprw, while ¢> = m%. (w? — 1) = m4r?(w? — 1), and
@ —q? = (mp—mp:)?—2mp(Ep- —mp) = mp[(1 —r)2 = 2r(w —2)]. Eq. (A.9.10) can then

140



be rewritten as

2 2,45
. %/dw (w® = D)2 (1 = r)?(w + 1)?|ha
U
r?2 — 2rw + 1 w—1 w—1 ?
P Oty -1 B PRy A9.11
x{ e { +w+1R1}+{ + 5 R2)} } , (A.9.11)

with Ry = hy/ha; and Ry = (hag + rhaz)/h a1, which confirms a well-known formula.

From this analysis, the contributions of the S-wave ground states, D and D*, to the inte-
grands XVVI XVVL XAAL and X441 can be identified.

The contribution of the VA and AV insertions vanishes for the total decay rate as well as
for the hadronic mass moments, but it is non-zero for the lepton energy moments. In the SM
the contribution of the AV interference from the ground state B — D* to the first leptonic
moment can be written as

q2

X =~ (g~ B~ ] 5T

(1 + w)hyha - (A.9.12)

A.10 Cut dependence

In figs. A.10.1 to A.10.3 we present the dependencies of the moments on the phase space cuts
applied in experiments.
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Figure A.10.1: Cut dependence of the first lepton energy moment
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Figure A.10.2: Cut dependence of the first hadronic mass moment
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Figure A.10.3: Cut dependence of the first leptonic invariant mass moment
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Appendix B

Exclusive Decays of B Mesons

B.1 Summary of input values

Gr (1.1663787 = 0.0000006) x 10 ° GeV 2
a 1/133.48
Vo Vo (41.0 £ 0.5) x 1073

ma, 5.36688 & 0.00014 GeV

mp 5.27966 & 0.00014 GeV

mp+ 5.27934 4 0.00012 GeV

mg 1.019461 + 0.000016 GeV

M 0.89555 & 0.0002 GeV

0.493677 £ 0.000016 GeV

Mg+
Tp+ (2.489 4 0.006) x 10'? GeV™*
M/ 3.096900 =+ 0.000006 GeV
My (25) 3.6861 + 0.00006 GeV
I 0.0000926 4 0.0000017 GeV
Ty(2s) 0.000294 + 0.000008 GeV
B(B* = J/yK™*) (1.020 £ 0.019) x 1073
B(J/¢p — ptu) (5.961 +0.033) x 1072

Table B.1.1: Experimental inputs for the determination of the constants 7)}\ and 5}
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(—0.041233 — 0.00056) e

1.2719 £ 0.0078 GeV

4.209 4 0.021 GeV
1.68 £+ 0.2GeV
4.87 £+ 0.2GeV

0.106 GeV
133

0.04185 + 0.00093
—0.294 + 0.009
1.017 £ 0.001

—0.0059 + 0.0002
—0.087 = 0.001

0.0004+

—0.2957 £ 0.0005

—0.1630 = 0.0006
4.114 +£0.014
Co(m) + Y (¢?)
—4.193 + 0.033

(4.018 % 0.010) x 1013

(4.333 + 0.011) x 1013
mg/ls(ub)

i(1.056£0.032) 1%

(0.999112 + 0.000024)

Table B.1.2: Input parameters

B.2 Summary of the resonance parameters

V nv oy
J/ 32.31+0.6 —1.50 £ 0.05
@0(28) 7.124+0.32 2.08 £0.11
$(3770) | (1L3£0.1) x 1072 | —2.89 % 0.19
$(4040) | (4.8 £0.8) x 1073 | —2.69 = 0.52
b(4160) | (1540.1) x 1072 | =213+ 0.33
W(4415) | (11£0.2) x 1072 | —2.43 4 0.43

Table B.2.1: Resonance amplitudes and phases for BT — KT putu~
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% Polarization Ny 3%
L 26.6+1.1 | 1.46 +0.06
J/ I 123£0.5 | —4.42£0.06
longitudinal | 13.94+0.5 | —1.48+0.05
L 3.0+0.9 3.2+04
) (2s) | 1.11£0.30 | —3.32 £ 0.22
longitudinal | 1.14 £0.06 | 2.10+£0.11

Table B.2.2: Resonance amplitudes and phases for B — K*u*pu~

Vv Polarization Ny %
1 278 £1.3 1.59 +£0.16
J /1 I 11.0+0.6 | 1.74+0.16
longitudinal | 10.74+0.5 | —1.48 +0.05
1 3.2+1.0 54+04
1 (2s) | 1.02+0.28 | 5.74+0.19
longitudinal | 0.90 +0.05 | 2.10+0.11

Table B.2.3: Resonance amplitudes and phases for Bg — ¢u™u~

B.3 The Vj rest frame

In the J/v rest frame, we have pj, = (my/y,0,0,0), while in the B rest frame pjy =
(Ejp,0,0,—p), where E;/y, and p are defined by the kinematics of the process. We can hence

define a Lorentz transformation along the Z axis as

Dy = Apyp s

where the parameter of the Lorentz transformation are

We can use these findings to boost the polarization vectors in the J/1 rest frame. We find:

) =

1
€r/p(+1) :E(O,—I—l,—i,O), €s(+1) =

€7/4(L) =(0,0,0,1),

gj/¢(_1> (07—17

1
V2

_ia())?

Eyp

My

€p(—1) =

My

VA

Sl sl

For completeness, we also report the momenta of the ¢

Py = —

2

2mj/¢m¢’
(Oa _1a

0,0,

2 2 2

2mJ/¢m¢
_i7 0) )

(m?,/w +m3 —my
2mj/¢
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We define 3-momenta in bold characters. We further define a unit vector p = (0,0, —1). In
the notation of [120], we get

2 2 2
=L oL CMp =My = My

F — B.3.7
J/w€g 2mJ/¢m¢ ( )
é*ﬁw el =2, (B.3.8)

We then redefine the amplitudes as

N mL—m2,, —m?
Ay =Ag % 4| 16‘F3 b 5 w9 (B.3.10)
TMp mJ/¢m¢

VA

A =4 x (-2) 6 (B.3.11)
VA

AJ_ —AJ_ X (22) m (B312)

B.4 Charmonium decay

The electromagnetic decay V' — eTe™ probes the matrix element of the electromagnetic current.
We parametrize it as

(VD) 3w 01V () ]38 10) = 2 (")t (p) (B4.1)

Then the decay matrix element is given by

M (V(p, k) = et (@) (a2)) = (V(p, k) 3 01V (p, )18 ]0) (Ol Tem,ule™ (@)™ (2) [0l em ule* (1)e™ (a2))
= fv(p*)et (p, k) (—ie)u(g) yuu(a), (B.4.2)

from which we obtain the spin-averaged matrix element

% Z ‘M (V(I% k) — €+(Q1)€7(Q2)) ‘2 = —€2fv Zs‘é*&%Tr PV (1 - 5) GV (1 - ’75)}

!
k,s,s
v

P'p
= R 0) ( ) T [ (= +7) g (1= )
my,
647
= Taemf\/(m%/')m%/’ (B.4.3)
where we neglected the electron mass and set p> = m? in the last line. The differential
V(p) — et (q1)e  (q2) decay rate is then given by

L(V—ete) = 3972 / Z IM|? ﬁdQ

4
= gaemf‘%(m%,)mv (B.4.4)
We can therefore extract fy(m?) from the experimental measurement of B(V — £7(7),
4 em
BV — ¢+-) = J0enS v(my)my. (B.4.5)
3y

which yields fys) = (4.87£0.07) x 107% and f;/, = (1.36 £0.02) x 1072
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B.5 Covariance Matrices

7.4

5.6

3.7

0.1

Figure B.5.1: Theory covariances for BT — K*u" ™ from the form factors.

Figure B.5.2: Theory covariances for Bt — K p*pu~ from the resonance parameters.
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Figure B.5.4: Theory covariances for B® — K% u* = from the form factors.
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Figure B.5.5:
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Theory covariances for B — K% %~ from the resonance parameters.
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Figure B.5.6: Full covariances matrix for B® — K% utpu~.
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