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Hierarchical equations of motion approach to hybrid fermionic and bosonic
environments: Matrix product state formulation in twin space

Yaling Ke,1 Raffaele Borrelli,2 and Michael Thoss1, 3
1)Institute of Physics, Albert-Ludwig University Freiburg, Hermann-Herder-Strasse 3, 79104 Freiburg,
Germany
2)DISAFA, Università di Torino, I-10095 Grugliasco, Italy
3)EUCOR Centre for Quantum Science and Quantum Computing, Albert-Ludwig University Freiburg,
Hermann-Herder-Strasse 3, 79104 Freiburg, Germany

We extend the twin-space formulation of the hierarchical equations of motion approach in combination with
the matrix product state representation (introduced in J. Chem. Phys. 150, 234102, [2019]) to nonequilibrium
scenarios where the open quantum system is coupled to a hybrid fermionic and bosonic environment. The key
ideas used in the extension are a reformulation of the hierarchical equations of motion for the auxiliary density
matrices into a time-dependent Schrödinger-like equation for an augmented multi-dimensional wave function
as well as a tensor decomposition into a product of low-rank matrices. The new approach facilitates accurate
simulations of non-equilibrium quantum dynamics in larger and more complex open quantum systems. The
performance of the method is demonstrated for a model of a molecular junction exhibiting current-induced
mode-selective vibrational excitation.

I. INTRODUCTION

Open quantum systems, which are characterized by
exchange of particles or energy with an environment, are
widespread in a variety of physical, chemical, and biolog-
ical processes,1,2 and are relevant to novel technological
developments such as quantum information devices,3,4

nanoscale molecular electronics.5–12 An accurate theoret-
ical description of open quantum systems has been a long-
standing challenge, in particular in cases where the sys-
tem itself represents a strongly-coupled many-body sys-
tem which in turn interacts with multiple environments
of different type. While approximate methods have pro-
vided fundamental insight into non-equilibrium quantum
dynamics in open quantum systems,13–20 it is often cru-
cial to take non-Markovian and non-perturbative effects
into account. To this end, several numerically exact tech-
niques have been developed and applied.21–39 A promis-
ing method in this respect is the hierarchical equations
of motion (HEOM) approach.40

The HEOM approach was originally proposed by Tan-
imura and Kubo to study relaxation dynamics of molecu-
lar systems subjected to a Gaussian bosonic environment
at high-temperature.41,42 Later on, the method was ex-
tended to explore charge transport in quantum dots43–46

and single-molecule junctions.47–49 A variety of advanced
schemes have been put forward towards broadening the
range of applicability, improving the computational ef-
ficiency, and removing numerical issues. For a compre-
hensive review, we refer the reader to Ref. 40 and the
literature therein. Even with these advances, the method
is limited to relatively small model systems, especially
when the coupling to the environment is strong, mainly
due to the factorial or exponential scaling with respect to
the system and effective environmental DoFs. Recently,
Shi and coworkers50–52 as well as Borrelli and Gelin,53,54

have separately suggested that the HEOM approach can
be combined with the matrix product state (MPS) for-
mulation, also called tensor train (TT) approach. The

MPS formulation is an extremely powerful and versatile
tool to study quantum many-body physics, in particu-
lar for one-dimensional systems with low or moderate
entanglements.55,5657–65 MPS has also been applied to
open quantum system dynamics, in particular in connec-
tion with other approaches based on a reduced system dy-
namics description, such as quasi-adiabatic path-integral
approach,66–68 and hierarchy of pure state.69,70 The MPS
representation, as a wave function approach, can be
considered as a special case of the multi-layer multi-
configurational time-dependent Hartree (ML-MCTDH)
method,33,71–75 which has also been applied to a variety
of prototype open quantum systems.76–79

While it has been demonstrated that the combination
of the HEOM approach and tensor train decomposition
is a promising way forward, Borrelli53,54 further pointed
out that it is instrumental to reformulate the reduced
system in twin space, which renders the method more
flexible as it allows for the tensor train decomposition in
the central system DoFs. In this paper, we extend the
work in Ref. 53 further to handle more complex cases,
where the system is in contact with a hybrid fermionic
and bosonic environment. The study of these systems is
usually prohibitively expensive or even impossible by the
conventional HEOM method.

The rest of the paper is organized as follows. We start
with an open quantum system model where the envi-
ronment consists of macroscopic fermionic reservoirs and
bosonic baths, before moving on to introduce the con-
ventional HEOM method in Sec. II. Then, we reformu-
late a hierarchical set of equations for auxiliary density
matrices into a time-dependent Schrödinger-like equation
for an extended wave function, which can then be de-
composed in the MPS format and propagated using a
time-dependent variational principle scheme. We pro-
vide a benchmark example for a simple electronic two-
level model and study the bias-controlled mode-selective
vibrational excitation in an asymmetric molecular junc-
tion in Sec. III, and finally conclude and suggest direc-
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tions for future research in Sec. IV. In all calculations,
we use natural units: h̵ = kB = e = 1.

II. METHOD

In the language of open quantum system theory, the
whole system is divided into the system of interest and
its environment. The Hamiltonian is given by

H =Hs +Henv +Hs−env +Hren, (1)

where Hs and Henv denote the system and environmental
parts, respectively, Hs−env their coupling, and Hren is a
renormalization term.

To be specific, we consider a generic model in a molec-
ular junction setting, where the molecular system is
described by a D-dimensional Hilbert space, consist-
ing of several electronic levels and a set of vibrational
modes. The environment comprises of multiple indepen-
dent fermionic and bosonic reservoirs, Henv = Hf +Hb.
Typically, the molecule is connected to two or three
macroscopic leads, which can be modelled as a mani-
fold of non-interacting electrons and the corresponding
Hamiltonian is given by

Hf =∑
α
∑
k

εαkc
+
αkc

−
αk, (2)

where c+αk (c−αk) denotes the creation (annihilation) op-
erator for an electron in the k-th state of lead α with the
corresponding energy εαk. The lattice motion of the leads
and the solvent DoFs constitute the bosonic baths, which
can be modelled as phonon baths of harmonic oscillators,

Hb =∑
θ

∑
k

ωθka
+
θka

−
θk, (3)

where a†
θk and a−θk are the creation and annihilation op-

erator, respectively, for the k-th phonon mode in bath θ
with the frequency ωθk.

For the sake of simplicity, we assume that the molecu-
lar electronic levels are exclusively coupled to the leads,
while the vibrational modes are coupled to the phonon
baths, and the interaction Hamiltonian reads

Hs−env = ∑
iαk

(νiαkc+αkd−i + ν∗iαkd+i c−αk)+∑
jθk

χjθkxj(a+θk+a−θk).

(4)
Here, νiαk specifies the coupling strength between the i-
th molecular electronic level (with creation and annihila-
tion operators d+i and d−i , respectively) and the k-th state
in lead α. The interaction Hamiltonian also contains a bi-
linear coupling between the j-th vibrational mode (xj is
the position operator) and the k-th phonon mode in bath
θ where χjθk determines the coupling strength. Note that
the method presented below can be readily extended to
more complicated interacting cases.

The renormalization term

Hren =∑
jθ

(∑
k

χ2
jθk

ω2
θk

)x2
j =∑

jθ

Λjθ

2
x2
j (5)

is introduced to counteract the artificial change of the
system potential due to the coupling to the phonon baths.

Furthermore, we assume that initially, at t = 0, the
environments are disentangled from the system and pre-
pared at their own thermal equilibrium with temperature
T (or inverse temperature β = 1/T ). After integrating
out the environmental DoFs, and due to their Gaussian
statistical properties, the influence of the coupling given
above in Eq. (4) on the system dynamics is exclusively
encoded in the thermal equilibrium correlation functions:

Cσiα(t) =
1

2π
∫

∞

−∞
eiσεtΓiα(ε)fσα(ε)dε (6)

and

Wjθ(t) =
1

2π
∫

∞

−∞
e−iωtJjθ(ω)fB(ω)dω. (7)

In the above formulae, σ can be + or −. The Fermi-Dirac
distribution fσα(ε) = 1

eσβ(ε−µα)+1
, denotes the distribution

of electrons/holes (σ = +/−) in lead α with chemical po-
tential µα. The Bose-Einstein distribution function of
phonons is described by fB(ω) = 1

eβω−1
. Γiα(ε) and

Jjθ(ω) are the so-called spectral density functions and
are defined as

Γiα(ε) = 2π∑
k

∣νiαk ∣2δ(ε − εαk), (8)

and

Jjθ(ω) = 2π∑
k

χ2
jθk

ωθk
δ(ω − ωθk). (9)

In this work, we adopt the wide-band approximation of
the leads, i.e.,

Γiα(ε) = ∆2
iα, (10)

where ∆iα is a constant. Additionally, we assume that
the spectral density function of the bosonic baths takes
a Lorentzian form,

Jjθ(ω) = 2λ2
jθ

ωΩθ
ω2 +Ω2

θ

, (11)

with two characteristic parameters, the coupling strength
λjθ and the cut-off frequency Ωθ, resulting in

Λjθ =
1

π
∫

∞

−∞

Jjθ(ω)
ω

dω = 2λ2
jθ. (12)

By employing the Padé pole decomposition scheme of the
Fermi-Dirac and Bose-Einstein distribution functions,
fσα(ε) and fB(ω) (with the pole numbers Pf and Pb, re-
spectively), the correlation function can be expanded as
a sum of exponential functions,80–83 with

Cσiα(t) ≃ πδ(t) +
Pf

∑
p=1

∆2
iαηαpe

−γσαpt (13)
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and

Wjθ(t) ≃
Pb

∑
p=0

λ2
jθηθpe

−γθpt +
∞
∑

p=Pb+1

λ2
jθηθp

γθp
δ(t). (14)

The explicit expressions of the coefficients {η} and ex-
ponents {γ} can be found in the supplementary mate-
rial. We will also employ the Markovian approximation
for high-frequency components from Eq. (14). For suffi-

ciently large γθp, the rapidly decaying exponential terms
are replaced by delta functions. This closure has been
reported to ease the stability and positivity issues of the
HEOM approach at low temperatures.84

By taking advantage of the self-similarity of the ex-
ponential functions with respect to a time-derivative,
one can introduce a group of auxiliary density opera-
tors (ADOs) {ρn,m(t)} and formulate a hierarchical set
of equations of motion,38,43,85–88

dρn,m(t)
dt

= −i [Hs +Hren, ρ
n,m(t)] +

K

∑
k=1

nkγ
σk
αkpk

ρn,m(t) +
L

∑
l=1

mlγθlplρ
n,m(t) (15)

−∑
iασ

∆2
iα

4
[dσ̄i , [dσi , ρn,m(t)](−)∣∣n∣∣+1](−)∣∣n∣∣+1 −∑

jθ

λ2
jθΛθ [xj , [xj , ρn,m(t)]−]−

+i
K

∑
k=1

(−1)∑j<k nj
√

1 − nk∆ikαk (d
σ̄k
ik
ρn+1k,m(t) + (−1)∣∣n∣∣+1ρn+1k,m(t)dσ̄kik )

+i
K

∑
k=1

(−1)∑j<k nj
√
nk∆ikαk (ηαkpkd

σk
ik
ρn−1k,m(t)−(−1)∣∣n∣∣−1ρn−1k,m(t)η∗αkpkd

σk
ik

)

+i
L

∑
l=1

√
ml + 1λjlθl (xjlρ

n,m+1l(t) − ρn,m+1l(t)xjl)

+i
L

∑
l=1

√
mlλjlθl (ηθlplxjlρ

n,m−1l(t) − ρn,m−1l(t)η∗θlplxjl) .

In the HEOM, Eq. (15), we have introduced several
notations. The expression

Λθ =
2

βΩθ
− cot(βΩθ/2) −∑

p=1

ηθp

γθp
(16)

originates from the Markovian approximation.
[A,B](−)n denotes the commutator (anti-commutator)
betwen A and B, when n is an odd (even) number. The
first bold index n in the superscript is given by

n = (n1, n2,⋯, nk,⋯, nK), (17)

where k runs from 1 to K = 2DeNαPf . Here De denotes
the number of molecular electronic levels, Nα the num-
ber of leads, and Pf the number of fermionic Padé poles,
respectively. The elements nk can be either 0 or 1, and
their summation equals to the norm ∣∣n∣∣ = ∑Kk=1 nk. We
can consider nk as the occupation number of a “virtual”
electronic level specified by four indices ik, αk, pk, and
σk. Here, ik ∈ {1,⋯,De} specifies the molecular elec-
tronic DoFs, αk is the lead index, pk ∈ {1,⋯, Pf} is the
index of fermionic Padé poles, and σk ∈ {+,−} is the bi-
nary sign with conjugation value σ̄k = −σk. The notation
n ± 1k is given as

n ± 1k = (n1, n2,⋯,1 − nk,⋯, nK). (18)

The other bold index m accounts for the phonon baths
and is given by

m = (m1,m2,⋯,ml,⋯,mL), (19)

where l runs over 1 to L =DvibNθ(Pb+1), with Dvib, Nθ
and Pb being the number of system vibrational modes,
phonon baths and bosonic Padé poles, respectively. Sim-
ilarly to the electron reservoir index, the index ml ∈
{0,1,⋯} is a non-negative integer number, which can
be interpreted as the occupation number of a “virtual”
bosonic mode specified by three indices: jl, θl, and pl.
Analogously to before, jl ∈ {1,⋯,Dvib} specifies the sys-
tem vibrational mode, θl indicates which phonon bath it
represents, and pl ∈ {0,1,⋯, Pb} is the index of bosonic
Padé poles. An increase or decrease of one vibrational
quantum at the l-th mode corresponds to

m ± 1l = (m1,m2,⋯,ml ± 1,⋯,mL). (20)

The ADO ρn,m (for a given n and m) is normally rep-
resented in Hilbert space as a matrix. However, we will
see that it is useful for the tensor train approach to refor-
mulate it into a ”vector” in twin-space.53,54 This process
is also known as purification in quantum computing.89–91

The twin-space formulation was introduced in thermo-
field theory.92–95 It is obtained by constructing a set of
ancillary states {∣s̃i⟩} in one-to-one correspondence with
the physical states {∣si⟩} for the i-th system DoF. In
other word, the ancillas (the fictitious DoFs) form a copy
of the original system, doubling the size of the system
subspace. Within the twin-space formulation, the sys-
tem subspace is spanned by a new orthogonal complete
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basis set {⊗Di=1 ∣si⟩∣s̃i⟩}. The unit vector in twin space is

∣1⟫ =
D

⊗
i=1
∑
si=s̃i

∣si⟩∣s̃i⟩, (21)

and the auxiliary density matrix,

ρn,m(t) = ∑
s1⋯sD
s̃1⋯s̃D

Cn,m
s1⋯sD s̃1⋯s̃D(t)∣s1⋯sD⟩⟨s̃D⋯s̃1∣, (22)

is transformed into

∣ρn,m(t)⟫ = ∑
s1⋯sD
s̃1⋯s̃D

Cn,m
s1s̃1⋯sD s̃D(t)∣s1⟩⊗∣s̃1⟩⊗⋯⊗∣sD⟩⊗∣s̃D⟩.

(23)
Correspondingly, we introduce two special pairs of super-

operators in twin-space, d̂±i and d̃±i , as well as x̂j and x̃j ,
acting on ∣ρ⟫ as

d̂±i ∣ρ⟫ = d±i ⊗ 1ei ∣ρ⟫ ∶= d±i ρ, (24a)

d̃±i ∣ρ⟫ = 1ei ⊗ d∓i ∣ρ⟫ ∶= ρd∓i , (24b)

x̂j ∣ρ⟫ = xj ⊗ 1vib
j ∣ρ⟫ ∶= xjρ, (24c)

x̃j ∣ρ⟫ = 1vib
j ⊗ xj ∣ρ⟫ ∶= ρxj . (24d)

The super-operators with a hat (“ˆ”) act on the physical
DoFs, while those with a tilde (“˜”) act on ancilla DoFs.

We should point out that the twin-space is not an alias
for the Liouville space for many-body systems. But there
is a one-to-one mapping between the states in the two for-
malisms induced by the identity vector.92 In the Liouville
space, one puts all the physical DoFs in one block and the
ancillas in the other, instead of pairing each physical DoF
with its ancilla in an alternative manner. A visualization
of this explanation and more discussion concerning their
difference are provided in the supplementary material.

As implied above, we can assume that the bold index
n corresponds to a Fock state of fermions. For the single-
level vacuum state ∣0k⟩, the creation operator c<,+k will fill

the state with a fermion, c<,+k ∣0k⟩ = ∣1k⟩. The state ∣n⟩ is

obtained by acting a sequence of creation operators c<,+k

on the vacuum state,

∣n⟩ = ∣n1⋯nk⋯nK⟩ = (c<,+1 )n1⋯(c<,+k )nk⋯(c<,+K )nK ∣ 0⋯0
±
K

⟩.

(25)
Applying the fermion-like creation and annihilation op-
erators c<,+k , c<,−k on the Fock state ∣n⟩ yields

c<,+k ∣n⟩ = (−1)∑j<k nj
√

1 − nk ∣n + 1k⟩, (26a)

c<,−k ∣n⟩ = (−1)∑j<k nj
√
nk ∣n − 1k⟩, (26b)

c<,+k c<,−k ∣n⟩ = nk ∣n⟩. (26c)

It is also necessary to introduce another set of fermion-
like creation and annihilation operators c>,+k , c>,−k , and a
special operator I>, which act on the Fock state ∣n⟩ as

c>,+k ∣n⟩ = (−1)∑j>k nj
√

1 − nk ∣n + 1k⟩, (27a)

c>,−k ∣n⟩ = (−1)∑j>k nj
√
nk ∣n − 1k⟩, (27b)

I>∣n⟩ = (−1)∑
K
j=1 nj ∣n⟩. (27c)

We similarly assume that ∣m⟩ is a Fock state of virtual
bosons, which though does not correspond to any specific
environmental state, and it is generated by

∣m⟩ = ∣m1⋯ml⋯mL⟩ = (b+1)m1⋯(b+l )ml⋯(b+L)mL ∣ 0⋯0
±
L

⟩.

(28)
Here, the bosonic creation b+l and annihilation b−l opera-
tors are introduced, and they are applied upon the state
∣m⟩ to yield

b+l ∣m⟩ =
√
ml + 1∣m + 1l⟩, (29a)

b−l ∣m⟩ =
√
ml∣m − 1l⟩, (29b)

b+l b
−
l ∣m⟩ =ml∣m⟩. (29c)

At this point, the auxiliary density matrices {ρn,m}
can be recast as an augmented M(= 2D + K + L)-
dimensional wave function (from now on the time ar-
gument is omitted):

∣Ψ⟩ = ∣n⟩⊗ ∣ρn,m⟫⊗ ∣m⟩ = ∑
n1⋯nKm1⋯mL
s1s̃1⋯sD s̃D

Cn1⋯nK ,m1⋯mL
s1s̃1⋯sD s̃D ∣n1⋯nK⟩⊗ ∣s1s̃1⋯sD s̃D⟩⊗ ∣m1⋯mL⟩. (30)

It can be interpreted as an extended system where the leads are mapped into K effective virtual electronic levels, and
the phonon baths into L effective fictitious bosonic modes, as schematically shown in Fig. 1 (a). If all these effective
virtual states are unpopulated, it reproduces the reduced system dynamics, corresponding to the reduced density
matrix of the system,

ρs = ∣Ψs⟫ = ∣0⟩⊗ ∣ρ0,0⟫⊗ ∣0⟩ = ∑
s1s̃1⋯sD s̃D

C0⋯0,0⋯0
s1s̃1⋯sD s̃D ∣ 0⋯0

±
K

⟩⊗ ∣s1s̃1⋯sD s̃D⟩⊗ ∣ 0⋯0
±
L

⟩. (31)

We can now rewrite the hierarchical equations of mo- tion in Eq. (15) into a time-dependent Schrödinger-like
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equation for ∣Ψ⟩,

i
d∣Ψ⟩
dt

=H∣Ψ⟩, (32)

where the super-Hamiltonian in this further enlarged
space is written as

H = Ĥs + Ĥren − H̃s − H̃ren − i
K

∑
k=1

γσkαkpkc
<,+
k c<,−k (33)

−i
L

∑
l=1

γθlplb
+
l b

−
l −∑

iασ

∆2
iα

4
(d̂σ̄i − I>d̃σ̄i ) ⋅ (d̂σi − I>d̃σi )

−∑
jθ

λ2
jθΛθ(x̂j − x̃j)2 −

K

∑
k=1

∆ikαk (c
<,−
k d̂σ̄kik − c

>,−
k d̃σ̄kik )

−
K

∑
k=1

∆ikαk (ηαkpkc
<,+
k d̂σkik − η

∗
αkpk

c>,+k d̃σkik )

−
L

∑
l=1

λjlθl (x̂jl − x̃jl) b
−
l −

L

∑
l=1

λjlθl (ηθlpl x̂jl − η
∗
θlpl

x̃jl) b
+
l .

Eq. (32) and Eq. (33) are the main result of this work,
which in combination with the tensor train decomposi-

tion of the wave function ∣Ψ⟩ presented below, is called
the HEOM+TT method.

In general, the vibrational basis set can be infinite.
However, bosonic populations typically decrease in states
with a higher quantum number. It is reasonable, there-
fore, to retain in practice only a finite number of states,
Nvib, for the physical vibrational modes and their ancil-
las, and truncate the bosonic hierarchy to Nh for the vir-
tual environmental phonon modes. Thus, the state vector
∣Ψ⟩ contains 2K+2De ×N2Dvib

vib ×NL
h elements. Despite the

fact that the sparsity of ∣Ψ⟩ and H is very high39,96 and
that one can use specialized algorithms to solve Eq. (32),
it is still intractable to store all nonzero elements once M
is large enough. This is the case for large system size or
low temperature, which prevents the direct application
of the conventional HEOM approach. However, we can
take full advantage of the techniques developed for the
propagation of multi-dimensional wave functions.

One efficient approach is to bring ∣Ψ⟩ into the matrix
product state format,63 which is also called tensor train.
In this method, the time-dependent high-rank coefficient
tensor Cn1⋯nK ,m1⋯mL

s1s̃1⋯sD s̃D is decomposed into a tensor prod-
uct of low-rank matrices, written explicitly as

Cn1⋯nK ,m1⋯mL
s1s̃1⋯sD s̃D = A[1](n1)⋯A[K](nK)A[K+1](s1)⋯A[K+2D](s̃D)A[K+2D+1](m1)⋯A[K+2D+L](mL) (34)

= ∑
r0r1⋯rK+2D+L

A[1](r0, n1, r1)⋯A[K+2D+L](rK+2D+L−1,mL, rK+2D+L).

The graphical representation of the procedure is illus-
trated in Fig. 1 (b). The rank-3 tensors A[i] are called the
cores of the MPS/TT decomposition. For the physical

index ni, A
[i](ni) is an ri−1 × ri complex-valued matrix.

The dimensions ri are called compression ranks or bond
dimensions. Specifically, the first and the last rank are
fixed as r0 = rK+2D+L = 1, such that the matrices multiply
into a scalar. This way, the elements to be kept are vastly
reduced to at most (2K + 4De + 2NvibDvib +NhL)r2

max,
where rmax is the maximum value of the ranks.

Similarly to the MPS/TT description of the wave func-
tion, the super-Hamiltonian H can also be expressed in
the matrix product operator (MPO) format as

H =X[1](n1, n
′
1)⋯X[K](nK , n′K)

X[K+1](s1, s
′
1)⋯X[K+2D](s̃D, s̃′D)

X[K+2D+1](m1,m
′
1)⋯X[K+2D+L](mL,m

′
L)

(35)

where X[i] are rank-4 tensors and obtained by repeatedly
performing a sequence of Kronecker products, standard
MPO addition and single value decomposition (SVD)
truncation with a prescribed accuracy ε to control the
ranks of tensor train matrices, as elaborated in Refs. 54,
63, and 97.

Several methods have been developed to compute the
time evolution of the MPS/TT representation, and we

refer the reader to Ref. 65 for a thorough review. In
this work, we employ the one-site version of the time-
dependent variational principle (TDVP) scheme,98 which
is appealing since it is applicable to arbitrary Hamiltoni-
ans in the MPO format. The method solves the dynam-
ical equations projected onto a manifold MTT , which is
the set of MPS/TT with fixed ranks, using a splitting
scheme over the tensor train cores. The resulting equa-
tion of motion is written formally as

d

dt
∣Ψ(A(t))⟩ = −iPT (A(t))H∣Ψ(A(t))⟩ (36)

where A labels all the cores of the MPS/TT represen-
tation. The notation PT (A(t)) denotes the orthogonal
projection into the tangent space of MTT at ∣Ψ(A(t))⟩.
As such, the solution of Eq. (36) is constrained within
the manifoldMTT , being the best approximation to the
actual wave function. This projection incurs an error, be-
cause the true time evolution of wave function H∣Ψ(t)⟩
can run out of the manifold MTT . The explicit differ-
ential equations and their approximation properties are
analyzed in Refs 98, 99, 100, and 101.

It is worth noting that the HEOM given in Eq. (15),
and, correspondingly, the super-Hamiltonian H, is not
unique. The equation can vary slightly according to
the different definitions of ADOs, while producing the
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FIG. 1. (a) Schematic illustration of mapping the continuum of lead states into a few discrete virtual electronic levels (red
bars), and phonon baths with infinite harmonic oscillators into a finite number of harmonic oscillators (yellow wavy lines),
within the HEOM approach. As an example, we display in the black thick rectangle a system comprising two electronic levels
(green bars) coupled to two leads and two vibrational modes (blue wavy lines), with the latter coupled to its own phonon bath.
For the purpose of illustration, we include only two Padé poles for the spectral decomposition of the Fermi-Dirac/Bose-Einstein
function: De = 2,Dvib = 2,Nα = 2,Nθ = 2, Pf = 2, Pb = 2. This results in a fictitious extended system, where two leads are
mapped into 16 effective virtual electronic levels and two phonon baths into 8 effective damped harmonic oscillators. We have
also included an example occupancy of the discrete environmental states, which then correspond to an auxiliary density matrix
ρn,m with n = (n1,⋯, n16) = (1,1,0,0,0,1,0,1,1,0,0,1,0,0,1,0), and m = (m1,⋯,m8) = (2,1,0,3,0,2,4,1). The notations
below the red bar correspond to the four indices of the virtual electronic levels, (ik, αk, pk, σk), and those below the yellow
wavy lines to the virtual bosonic levels, (jl, θl, pl). (b) Schematic illustration of recasting the above extended system ∣Ψ⟩ as
a rank-M tensor into a one-dimensional architecture and then decomposing it further into tensor train format, which allows a
one-to-one match between the different DoFs (including physical, tilde, and virtual DoFs) and the core tensors. The red and
orange circles appearing at the head and end block of the chain represent the tensors corresponding to the virtual fermionic
states of the leads and virtual bosonic states of the phonon baths, respectively. The green and blue circles correspond to the
system tensors for electronic and vibrational degrees of freedom, respectively, and every site is adjacent to its ancilla. The
vertical dangling legs correspond to the physical index and the connected legs mean the contraction between the tensors.

same reduced system dynamics. We found that, although
in the conventional HEOM approach, different expres-
sions do not lead to significant differences in their nu-
merical performance, in the MPS/TT format, the non-
uniqueness property provides great flexibility in optimiz-
ing the performance of the method. More details on this
aspect and numerical demonstrations can be found in the
supplementary material.

III. RESULTS

A. Electronic Two-level Model

In order to demonstrate the applicability and validity
of the approach in Eq. (32), we start by benchmarking
our results against the conventional HEOM approach for
a simple electronic two-level model. The system Hamil-
tonian is given by

Hs = ε1d+1d−1+ε2d+2d−2+V (d+1d−2+d+2d−1)+Ud+1d−1d+2d−2 , (37)
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which in twin space is represented as

Ĥs = ε1d̂+1 d̂−1 + ε2d̂+2 d̂−2 + V (d̂+1 d̂−2 + d̂+2 d̂−1) +Ud̂+1 d̂−1 d̂+2 d̂−2 ,

(38a)

H̃s = ε1d̃+1 d̃−1 + ε2d̃+2 d̃−2 − V (d̃+1 d̃−2 + d̃+2 d̃−1) +Ud̃+1 d̃−1 d̃+2 d̃−2 ,
(38b)

where ε1 and ε2 are the on-site energies for the two elec-
tronic levels, respectively. V denotes the transfer cou-
pling between two states and U the Coulomb interaction.
The system is coupled to two leads, labeled by L and R.
The coupling strengths of two electronic levels to two
leads are the same with the value Γ. The coupling to the
phonon baths is neglected for the moment.

The reduced system observables, such as the popula-
tion of the first electronic level ⟨n1⟩ and the norm of the
reduced system density matrix tr(ρs), are obtained as
the expectation value (or inner product) of

⟨n1⟩ = ⟨I0∣d̂+1 d̂−1 ∣Ψ(t)⟩, (39)

tr(ρs) = ⟨I0∣Ψ(t)⟩, (40)

with ∣I0⟩ = ∣n = 0⟩⊗ ∣1⟫⊗ ∣m = 0⟩ and the unit vector ∣1⟫
defined in Eq. (21). The current, which is a bath-related
observable, is calculated using the formula

I(t) =
K

∑
k=1

(δαk,L − δαk,R)∆ikαk⟨I1k ∣d̂
σk
ik

∣Ψ(t)⟩, (41)

with ∣I1k⟩ = ∣n = 1k⟩⊗ ∣1⟫⊗ ∣m = 0⟩.
The extended state ∣Ψ⟩ is initialized in the ground

state, i.e. all the electronic levels are unpopulated:

∣Ψ(t = 0)⟩ = ∣ 0⋯0
±
M

⟩. (42)

Within the MPS/TT representation, and for each tensor

A[i], we have the element A[i](0,0,0) = 1 and all other
values are set to zero.

Although the TDVP integrator is known to be a sym-
plectic algorithm that preserves the norm and energy
during the time propagation,102 this is not necessarily
the case in the HEOM+TT approach. On the one hand,
it is due to the fact that the super-Hamiltonian H in
Eq. (32) is non-Hermitian. On the other, the trace of
the reduced density matrix tr(ρs) is not the same as the
norm of the extended wave function ∣Ψ(t)⟩. The devia-
tion of tr(ρs) from unity can therefore serve as a measure
for error analysis.

Fig. 2 displays the time-dependent population of the
first electronic level, norm, and current using the
HEOM+TT approach for different maximal value of
ranks. All the related parameters are given in the cap-
tion. As a reference, the converged results obtained
through the conventional HEOM approach are shown as
black cross marks.

As shown in Fig. 2 (a) for weak molecule-lead coupling,
Γ = 0.01 eV, the norm tr(ρs) is well-preserved with a
small maximal rank rmax = 10, and the population of
the first electronic state ⟨n1⟩ is in an excellent agree-
ment with the numerically exact result obtained with the
conventional HEOM approach using a fourth-tier hier-
archical truncation. For the current, the converged re-
sult is obtained when the maximal rank is increased to
rmax = 16. As expected, for a stronger molecule-lead cou-
pling (which also means a stronger entanglement between
molecule and leads), a larger rank is required. In this
case, accurate population dynamics are obtained with
rmax = 20 for Γ = 0.1 eV and rmax = 30 for Γ = 10 eV.
The current imposes a more stringent demand on the
rank and converged results are obtained with the maxi-
mal rank of tensor train cores rmax = 40 for Γ = 0.1 eV
and Γ = 10 eV.

We should emphasize here that the HEOM+TT
method automatically contains all tiers of the fermionic
hierarchy, which is especially important in cases where
co-tunneling and higher-order processes play a signifi-
cant role, such as for strong molecule-lead coupling or
low applied bias voltage.

In Fig. 2, we present results only for a fixed bias volt-
age and temperature. Results corresponding to other
parameters are provided in the supplementary material.
It turns out that the maximally required rank is rather
insensitive to the value of bias voltage and temperature.
Interestingly, we also found that the maximally allowed
time step for parameter sets in Fig. 2 can be orders of
magnitude larger in the HEOM+TT approach than in
the conventional HEOM approach.

B. Vibrational model of mode-selective vibrational
excitation in molecular junctions

As a second example, we consider a larger system,
which goes beyond the feasibility of the conventional
HEOM method. To this end, we consider a model of
a nanoscale molecular junction, where the system com-
prises two electronic levels and two internal vibrational
modes .103 Specifically, the molecular Hamiltonian reads

Hs =ε1d+1d−1 + ε2d+2d−2 +Ud+1d−1d+2d−2 +
ω1

2
(p2

1 + x2
1)

+ ω2

2
(p2

2 + x2
2) +

g1√
2
x1d

+
1d

−
1 +

g2√
2
x2d

+
2d

−
2 .

(43)

Here, x1/2 and p1/2 are the position and momentum op-
erators for the vibrational modes with frequencies ω1/2.
Each electronic level is coupled exclusively to one vibra-
tional mode with the strength g1/2. Every vibrational
mode is coupled to its own phonon bath with coupling
strength λ1 = λ2 = λ and cutoff frequency Ω1 = Ω2 = Ω
(see Eq. (11)). Besides, every electronic level is coupled
asymmetrically to two leads, one with Γ1L = 100Γ1R = Γ
and the other with Γ2R = 100Γ2L = Γ. The system can
be interpreted as two electronic states being localized
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FIG. 2. Population of the first electronic level and the norm (first row), as well as the current (second row) as a function of
time for three different molecule-lead couplings Γ = ∆2

= 0.01 eV (a), Γ = 0.1 eV (b), and Γ = 10 eV (c) in a simple electronic
two-level model (see Eq. (37)). The parameters of the model are : ε1 = ε2 = −0.5 eV, U = 1 eV, V = 0 eV. The temperature is
T = 0.1 eV and the bias voltage Φ = µL − µR = 0.5 V. We invoke the wide-band approximation, and the number of fermionic
Padé poles is Pf = 6. The results are obtained with the time step size of 0.1 fs. We show the convergence behavior of the
methodology for different maximal ranks of the cores, and as a reference, the numerically exact results obtained through the
conventional HEOM method are shown as cross symbols.

at different parts of the molecule. This localization can
be tuned by attaching electron-withdrawing or -donating
functional side groups at different parts of the molecule,
as suggested in Ref. 103. The model was proposed as a
prototype for achieving mode-selective vibrational exci-
tation in non-equilibrium scenarios by applying a finite
bias voltage, Φ.103 The applied bias voltage drops sym-
metrically on both leads, µL = −µR = Φ/2. Here, we
choose the cutoff frequency of the phonon baths Ω to be
comparable with Γ and the vibrational frequency ω1/2,
which means that the correlation time of the environ-
ment is on the same scale as system electronic and vibra-
tional dynamics. In this so-called intermediate regime,
pertubative methods are known to fail in capturing the
system dynamics,104 and advanced numerical methods
are necessary.

Fig. 3 shows the average vibrational excitation ⟨nvib
1/2⟩

of the two vibrational modes,

⟨nvib
1/2⟩ = tr

⎛
⎜
⎝
ρs(t)

(p2
1/2 + x

2
1/2)

2

⎞
⎟
⎠
= ⟨I0∣

p̂2
1/2 + x̂

2
1/2

2
∣Ψ(t)⟩,

(44)
as a function of time for different bias voltages Φ and
coupling strength to the phonon bath λ. The system is

initialized in the vibrational ground state. In our simu-
lations, the wide-band approximation is invoked. We set
the molecule-lead coupling strength as Γ = 0.1 eV and the
electron-vibrational coupling strength as g1/2 = 0.15 eV.
The two modes have the identical vibrational frequency
of ω1/2 = 0.15 eV. Other parameters are ε1 = 0.65 eV,
ε2 = 0.75 eV, U = 0 eV, T = 0.1 eV, Ω = 0.1 eV.

Convergence of the results with respect to the number
of Padé poles, the size of vibrational basis set, and the
maximal rank, is achieved with Pf = 10, Pb = 5, Nvib =
Nh = 25, and rmax = 100. In this case, the rank of the
augmented wave function is M = 100 and the number
of elements to be stored is reduced from a prohibitively
large value of the order of 1048 for the full tensor down to
a manageable one of roughly 105 in the MPS/TT format.

At zero bias voltage, as shown in Fig. 3 (a), the aver-
age vibrational excitation corresponds mostly to the ther-
mal excitation induced by coupling to the electrodes and
the phonon baths. The average vibrational excitation is
lower for a stronger coupling to the phonon baths, as is
known for the simpler problem of a damped harmonic
oscillator.105 The excitation exhibits little difference be-
tween the two modes, because the vibrational frequencies
are the same, ω1 = ω2.
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FIG. 3. Average vibrational excitation for two vibrational modes (the first shown in the left column and the second in the right
column) in a molecular junction model under three different bias voltages Φ. In each panel, lines in different colors correspond
to different coupling strength λ between the vibrational modes and the phonon baths.

In the non-resonant transport regime, as illustrated in
Fig. 3 (b) for bias voltage Φ = 1 V, the mode-selectivity
of the vibrational excitations is evident. While for the
second vibrational mode no significant difference of ⟨nvib

2 ⟩
at Φ = 0 and Φ = 1 V can be seen, ⟨nvib

1 ⟩ is significantly
enhanced at Φ = 1 V.

In the deep resonant transport regime, e.g. at Φ = 4
V (see Fig. 3 (c)), ⟨nvib

1 ⟩ increases further. In particular,
for vanishing coupling λ, the vibrational dynamics (black
line) showcases a strong and long-lasting oscillating be-
havior, which is an indication of coherent vibrational mo-
tion as the period of oscillations corresponds to the vi-
brational frequency, 2π/ω1/2 = 27.6 fs. Moreover, the

average vibrational excitation ⟨nvib
1 ⟩ is very high (data

not shown). The reason behind this is the lack of dissi-
pation because the electron-hole pair creation processes
are blocked at high bias voltages.106 Once dissipation to
the phonon baths is introduced, the oscillations decay
faster due to dissipation and ⟨nvib

1 ⟩ saturates at a finite
value. Similarly, ⟨nvib

2 ⟩ continues to grow over time when
λ = 0, due to the absence of dissipation. When the dissi-
pation is relatively weak (λ2 = 0.01 eV), a slight increase
of ⟨nvib

2 ⟩ is observed with increasing bias voltage. But
for large λ2 = 0.04 eV, ⟨nvib

2 ⟩ remains basically invariant
for different bias voltages, implying the suppression of
phonon excitations due to the strong dissipation effect.

To elucidate the bias-controlled mode-selectivity, Fig. 4
shows the steady-state average vibrational excitation

⟨nvib
1/2⟩ as well as the populations of two electronic levels

⟨ne1/2⟩ against the bias voltage. An increase is observed

in the bias regime Φ = 0 to 2 V for both ⟨nvib
1 ⟩ and ⟨ne1⟩,

which is followed by a saturation for Φ > 2 V. Revers-
ing the bias polarity, the vibrational populations of the
two modes are inverted, as are the electronic populations.
Moreover, we notice that the mode-selectivity is imme-
diately activated once the applied bias voltage is turned
on.

As discussed in Refs. 103 and 107, the bias-controlled
mode-selectivity and the above observations can be ac-
counted for by the asymmetry of the coupling of the two
electronic levels to the leads and the internal vibrational
modes. In the positive bias direction, electrons tunnel
from the left lead to the molecule and subsequently to
the right lead. The electrons predominantly populate
the first electronic level because of its strong coupling
the left lead and rather weak coupling to the right lead,
which is exactly the opposite for the second electronic
level that is barely occupied. Because the first electronic
level is exclusively coupled to the first vibrational mode,
energy is directed into the first vibrational mode and thus
we observe a high vibrational excitation ⟨nvib

1 ⟩ but quite
small ⟨nvib

2 ⟩. For the same reason, in the negative bias
direction, the second electronic level is populated from
the right lead much faster than it is depopulated to the
left lead, and therefore it is nearly fully occupied as long
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FIG. 4. Voltage-dependent mode-selective vibrational excita-
tion (a) and the respective population of the eletronic levels
(b) in an asymmetric molecular junction model as described
in the main text. The results are obtained by propagating
in time to reach the steady states and then extracting the
plateau values.

as the bias voltage is large enough. In this case, the
excitation in the second vibrational mode is dominant.

It should be emphasized that all higher-order pro-
cesses, which correspond to all higher-order fermionic hi-
erarchical tiers and which are critical in the non-resonant
regime, are incorporated in our approach. As opposed
to the second-order treatment of the molecule-lead cou-
pling which predicts an onset bias of mode-selectively
in the resonant regime,103,107 we found that the mode-
selectivity is pronounced even at low bias voltages.

The above results remain true for a finite Coulomb
interaction U and a larger cutoff frequency Ω. The
relevant results are presented and analyzed in the sup-
plementary material. However, the mechanism of bias-

controlled selective vibrational excitation can be signifi-
cantly more complex and intriguing in cases, where, for
example, the vibrational frequencies are different, the vi-
bronic coupling as well as the coupling to the leads are
very strong, and intra-molecular vibrational energy re-
distribution is involved. A systematic investigation of se-
lective vibrational excitation induced by nonequilibrium
inelastic transport processes, or the selectivity of chem-
ical reactions in realistic systems, is an interesting topic
for future work.

We emphasize that the above model goes beyond the
ability of the conventional HEOM approach. Although
the HEOM method is capable to treat discrete vibra-
tional modes in transport scenarios,47,48 it can exhibit
stability issues if the modes are coupled to bosonic
reservoirs.108 In the HEOM+TT approach used here, this
problem is overcome by increasing Nh without significant
increase of the numerical effort. In the supplementary
material, we demonstrate the numerical performance as
well as the run time of the approach with respect to the
bosonic hierarchy Nh.

IV. CONCLUSION

In this work, we have presented a highly efficient
method for modeling the dynamics of open quantum sys-
tem embedded in a hybrid fermionic and bosonic environ-
ment. The key is to reformulate the numerically exact
HEOM approach for the auxiliary density matrices into
a time-dependent Schrödinger-like equation for an aug-
mented wave function, where the system is represented
in twin space and the manifold of fermionic leads and
phonon baths are mapped into a finite number of discrete
virtual electronic levels and vibrational modes, respec-
tively. To facilitate practical simulations, the augmented
wave function is represented in the MPS/TT formalism
and propagated using the TDVP technique.

We first benchmarked our results for a simple elec-
tronic two-level model against the ones obtained by the
conventional HEOM method, to demonstrate the accu-
racy of the proposed method. Furthermore, to illustrate
the capability of the method for more complex systems
over a broad range of parameters, we studied the mode-
selective vibrational excitation in an asymmetric molecu-
lar junction. Further applications to modelling chemical
reactions in molecular junctions will be the subject of
future work.

We should point out that, although the proposed
method has opened up the possibility for studying a
wider variety of the problems in chemical physics and
beyond, there is still space for further improving the ef-
ficiency of the method. One can apply other advanced
techniques developed both in the context of HEOM and
MPS/TT, respectively. For example, the difficulty of ap-
plying the HEOM approach to very low temperatures,
which requires a large number of poles in the spectrum
decomposition of Fermi-Dirac/Bose-Einstein distribution
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functions, may be overcome by the Fano decomposition
scheme.109 Furthermore, we have arranged all the DoFs
in a one-dimensional chain, which may not be an opti-
mal ordering and structure since there is no direct cou-
pling between neighboring environmental modes. A more
suitable structure of the tensor train would reflect the
natural structure of the super-Hamiltonian for the sys-
tem of concern, which could be achieved by arranging
highly entangled DoFs as close as possible and reduc-
ing the ranks to the smallest.52,110 In addition, since the
entanglement grows as time evolves, techniques that in-
troduce rank adaptivity into the TDVP integration have
been proposed,102,111 which appear promising in practi-
cal applications.
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