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ON THE NODAL SET OF SOLUTIONS TO SOME SUBLINEAR EQUATIONS
WITHOUT HOMOGENEITY

NICOLA SOAVE AND GIORGIO TORTONE

ABSTRACT. We investigate the structure of the nodal set of solutions to an unstable Alt-Phillips type prob-
lem
—Au=X ()P = A (u)?!

where 1 < p < g < 2, Ay > 0, A\_ > 0. The equation is characterized by the sublinear inhomogeneous
character of the right hand-side, which makes it difficult to adapt in a standard way classical tools from
free-boundary problems, such as monotonicity formulas and blow-up arguments. Our main results are: the
local behavior of solutions close to the nodal set; the complete classification of the admissible vanishing
orders, and estimates on the Hausdorff dimension of the singular set, for local minimizers; the existence of
degenerate (not locally minimal) solutions.

Statements and Declarations: The authors have no relevant financial or non-financial interests to disclose.

Data availability: Data sharing not applicable to this article as no datasets were generated or analysed during the
current study.

1. INTRODUCTION

The purpose of this paper is to study the structure of the nodal sets, and the local behavior nearby, of
solutions to the following equations with sublinear nonlinearities, posed in a domain 2 C R", n > 2:

(1.1) —Au= A (u)PP = A_(u)?, where Ay >0and1 <p<q<2,
and
(1.2) —Au= Ay (u")P"!, where \; >0and1 <p< 2.

Both problems are characterized by the asymmetric behavior of the positive and the negative parts,
defined as usual as u* := max{u,0} and v~ := max{—wu,0}. In particular, the inhomogeneity of
the right hand side in equation (1.1) prevents the existence of homogeneous solutions, and destroys
any natural scaling in the equation. This challenging feature arises in different applications related to
the composite membrane problem (see [12, 14, 15, 16, 34] ) as well as in the case of solid combustion
problems with ignition temperature (see [1, 10, 25, 39]). Since tools from free-boundary problems, such
as monotonicity formulas and blow-up arguments, are usually obtained by exploiting the existence of
such natural scaling, our analysis will need several new ingredients.

The motivation for our study comes from some recent results regarding the structure of the nodal sets
of solutions to elliptic sublinear equations. It is well known that solutions to the (super)linear problem

(1.3) —Au = f(x,u) inQ,
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where f is a Caratheodory function satisfying
(1.4) |f(z,t)| < Clt V(z,t) € Q x [-M,M], YM >0,

obey the strong unique continuation principle (see e.g. [6, 21]); in particular, v = 0 in an open subset
w C Qimplies that u = 0 in the whole (2. Moreover, it was proved in [13] that any solution u behaves like
ahomogeneous harmonic polynomial close to each point of its nodal set (see also [11]). As a consequence,
one can shows that the Hausdorff dimension of its singular set S(u) = {u = 0 = |Vu|} is at most n — 2,
and the singular set is actually discrete when n = 2 [13] (the regular part R(u) = {u = 0, Vu # 0}
is obviously a smooth (n — 1)-dimensional hypersurface, by the implicit function theorem). The result
was further generalized and refined in [23], where it is proved the full stratification of the singular set,
even for more general equations in divergence form. Measure estimates on the nodal and singular set
were investigated in [18, 24, 26] and in the more recent papers [17, 28] (see also the references therein).
If the linear growth condition (1.4) is replaced by a sublinear one, namely

(1.5) f(z, )] < CII® Y(a,t) € Qx [-M,M], YM >0,

for some o € [0,1), then even the unique continuation principle fails in general, as it is not difficult
to construct dead-core solutions in dimension n = 1 (and hence in any dimension): for example, if

p € (1,2), then u(z) = cp(t+)ﬁ solves u” = |u[P~2u on R for an appropriate choice of the constant
Cp, and has arbitrarily large nodal (actually singular) set.

However, it was recently observed in [37] that, if in (1.3) one imposes (1.5) and the additional sign-
assumption

0< f(z,s)s forallse (—¢,¢)\ {0}

(for some small €), then the unique continuation principle holds; we refer to [37, Theorem 1.2] for the
precise statement (the proofs in [37] make use of Almgren-type monotonicity formulas; we also refer to
[33] for an alternative approach based on Carleman estimates). As a particular case, solutions to (1.1)
with p, ¢ € [1,2) cannot vanish on an open subset of (2, unless u = 0.

The validity of the unique continuation principle can be considered as the first step in the study of
the geometric structure of the nodal set, and of the local behavior nearby. In [35], it is provided the full
description for solutions to

(1.6) ~Au =X (NP = A_(u")P7! inQ, where Ay > 0,and p € [1,2).

More precisely, the authors characterized the admissible vanishing orders of the solutions, described
the local behavior near the nodal set through a blow-up analysis, derived optimal Hausdorff dimension
estimates on the singular set, and proved the existence and multiplicity of infinitely many homogeneous
solutions with the same degree 2/(2— p) (this implies in particular the non-validity of measure estimates
similar to those obtained in the linear setting).

The analysis in [35] crucially relies on the homogeneity of the problem, and on the fact that both
u' and u~ follow the same behavior (namely p = ¢ and A+ are both positive). It is natural to wonder
what happens if one of these assumptions is removed, destroying the homogeneity and introducing an
asymmetry in the behavior of the positive and negative parts. This consists precisely in considering
(1.1) or (1.2). It will emerge that the behavior of solutions to these equations can be rather different with
respect to those of (1.6). We also anticipate that equations (1.1) and (1.2) are strictly connected, since
homogeneous solutions to (1.2) will appear as blow-up limits of solutions to (1.1) at some nodal points.

Before proceeding with the formal statement of our main results, we conclude this introduction by
mentioning other results related to ours.
Concerning (1.2), we observe that it can be considered as a generalization of problem

(1.7) —Au = Ay X{u>0y in €2, where A; >0,
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which is known in the literature as the unstable obstacle problem, studied in [3, 4, 5, 29]. This corresponds
to the case p = 1 in (1.2). The word unstable comes from the fact that solutions to (1.7) may not be locally
minimal (i.e. stable), and this creates a number of interesting new features with respect to the classical
(stable) obstacle problem, when the — sign in front of the Laplacian is replaced by +: for instance, (1.7)
admits solutions which are degenerate of second order, or solutions of class O for every o € (0, 1),
but not of class C11, see [5]. Our results for (1.2) generalize part of the analysis in [5, 29] in the full range
p € [1,2), with some remarkable differences both in the statements, and in the proofs. Indeed, solutions
to (1.7) are harmonic when negative, while solve the Poisson equation —Awu = A, when positive. This
allows to construct more or less explicit barriers, which are crucially employed to prove, for instance,
the non-degeneracy of minimal solutions [29, Section 3], and the classification of the homogeneous ones
[4, Remark 3.3]. The strategy to treat these issues for general p € (1, 2) will be completely different.

In light of the connection between stable and unstable problems, our results can be seen as an unstable
Alt-Phillips type problem with inhomogeneity. Starting from the seminal papers [2, 32], different groups
of authors addressed, in the stable setting, the minimization problem associated to functionals of type

1
/ (§]Vu\2 + Ap(ut)P + )\_(u_)p) dr, with pe€ (0,2), L >0.
Q

Despite several contributions to the theory, some questions related to the singular set are still open,
highlighting how the presence of a semilinear term complicates the analysis of the free boundary sub-
stantially: see [20] for the case p € (1,2), and [19, 27] for p € (0,1). As far as the unstable case is
concerned (which corresponds to considering — instead of 4 in front of A+ in the functional), in addition
to [35] (p = ¢ € [1,2)) we also mention [36], which concerns the unstable singular case p = q € (0, 1).
Moreover, analogue non-local problems have been recently studied, see e.g. [38]. Both from the stable
and the unstable case, this seems to be the first contribution where positive and negative parts have
different powers.

Finally, regarding generalizations to the unique continuation properties in [33, 37], we mention that
the first result in this direction was obtained in [31] for least energy solutions of a Neumann boundary
value problem; the proof in [31] strongly exploits the minimality. More recently, various results have
been obtained for parabolic sublinear equations [7, 9], and for a class of degenerate sublinear equations

[8].

Main results and organization of the paper. At first we show the existence of non-trivial weak
solutions to (1.1) and (1.2) as minimizers of an associated functional in a space of functions with fixed

traces. Let ) \ N
T = [ (G0 = 2wy - 2
o \2 p

. (u_)q> dz

and, for g € HY(Q), let
A= {ue H(Q): u—ge Hy(Q)}.

Theorem 1.1. Let (2 be a bounded regular domain of R, let Ay > 0, A\_ > 0 (resp. A_ = 0), and suppose
that 1 < p < q < 2. Then there exists a solution to (1.1) (resp. (1.2)) obtained as minimizer of J (-, ) in A.

Once that the existence of weak solutions is established, we analyze their behavior close to the zero
level set {u = 0}. Since the following results are of local nature, we suppose without loss of generality
that 2 = B; where, as usual, we let B,.(xo) denote the ball of center xy and radius  in R™, and, in the
frequent case xg = 0, we often write B, instead of B,.(0), for the sake of brevity. By standard regularity
theory, any weak solution to (1.1) or (1.2) is of class C*(§2) for every a € (0, 1), and even of class C?(£2)
if p > 1. Therefore, it makes sense to consider the point-wise value of u and of its gradient, and to split
the nodal set into the regular part R(u) = {u = 0, |Vu| # 0}, which is a smooth (n — 1)-dimensional
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hypersurface, and the singular set S(u) = {u = 0 = |Vu|}. We introduce now the notion of vanishing
order.

Definition 1.2. Let u € H\ (Q) N CY*(Q), and let 79 € {u = 0}. The vanishing order of u at x is
defined as

1
V(u,xo):sup{,8>0: limsupm/ u2d0<+oo}.
OBr(x0)

r—0t T

The number V(u, zg) € RT U {400} is characterized by the property that

y 1 2 4y — 0 if0 < < V(u,xo)
111 sup m u g = f V
r—ot T OBr(x0) +oo if B > (uny)-

In terms of the vanishing order, the strong unique continuation property (SUCP) consists in the fact
that non-trivial solutions cannot vanish with infinite order at any nodal point. This implies in particular
that non-trivial solutions cannot vanish identically in any open subset of their reference domain, which
is the classical weak unique continuation principle. The validity of the SUCP for solutions to both (1.1)
and (1.2) is essentially known from [33, 35] (apart from some particular cases, discussed in Proposition
2.4 below) and it implies the existence of a finite vanishing order at every nodal point.

In the special case of equation (1.6), it is proved in [35] a much stronger fact: denoting by

2
1.8 = —
(1.8) Tp 5 _ p,
the critical exponent associated to p, and by 3, € N the maximal positive integer strictly smaller than
Vp, that is

L L’YPL lfpr g N
(19) b = {71, -1 ify,eN

(where |-| is the integer part), then
(1.10) usolves (1.6) and g € {u =0} = V(u,z0) €{keN: k< B} U{w},

see [35, Theorem 1.3]. That is, for solutions to (1.6) there are only finitely many admissible vanishing
orders, with a universal bound depeding only on p. This is in contrast to what happens for solutions
to linear or superlinear elliptic problems. For instance, the Laplace equation has solutions with any
(arbitrarily large) integer vanishing order.

By carefully looking at the proof of (1.10), it emerges that both the fact that A\_ > 0 and the symmetry
condition ¢ = p play important roles. Therefore, we wish to understand whether a similar property holds
for solutions to (1.1) and (1.2) or not. In this generality, this remains an open problem. However, we can
provide a full classification for a specific class of solutions, namely local minimizers.

Definition 1.3. We say that u € Hﬁ)C(Q) is a local minimizer of (1.1) or (1.2) if there exists € > 0 such
that

Ju,Q) < J(u+v,Q) Vo€ Hy(Q) with [|v]| 1) <e.
Plainly, the solutions found in Theorem 1.1 are local minimizers.

Theorem 1.4. Let u € HﬂOC(Q) be a non-trivial local minimizer of equation (1.1) or (1.2), and let xg €
{u = 0}. Then

V(u,z0) €{k eN: k<B,}U{y}.
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It is remarkable that, despite the presence of two different exponents p and ¢ in equation (1.1), and
hence also of two different critical exponents 7, and v, (with v, — +o00 as ¢ — 27), we only see
the smaller one v, in the classification of the admissible vanishing orders. Our proof exploits the local
minimality in a crucial way, and proceeds as follows: with a preliminary study, valid for any solution to
(1.1) or (1.2) (not necessarily locally minimal), we show that

V(u,xz0) € {k e N: k< Bp}U [y, +00), Vzg € {u = 0}.
Moreover, if V(u, zg) € {1,..., 3,}, then we have an expansion of type
u(z) = Pxo(x — o) + Pxo(x)a

where P, is a non-trivial homogeneous harmonic polynomial of degree V(u, x¢), and Iy, is a higher-
order remainder which can be conveniently controlled (see Proposition 2.1). This intermediate result
implies that we can focus on those 29 € {u = 0} with vanishing order V(u,z9) > ~, and, to this
purpose, we introduce the following definition.

Definition 1.5. Let u € H} (B;) be a non-trivial solution of (1.1) or (1.2), and let 2o € {u = 0} such
that V(u, zg) > -y,. We say that u is y,-non-degenerate at x if

a1
liminf — sup |u| >0,
r—0t+ 7P B (z0)
and it is y,-degenerate if the lim inf is 0. Moreover, we say that u is a y,-non-degenerate solution if it is
7p-non-degenerate at every nodal point such that V(u, ) > 7.

As a second step in the proof of Theorem 1.4, we show in Proposition 3.1 below that any local mini-
mizer is y,-non-degenerate.

Finally, Theorem 1.4 will be obtained by combining the ~,-non-degeneracy with the following blow-
up alternative (which is valid for every non-trivial solution, not necessarily locally minimal), based on
the study of the monotonicity and oscillation properties of the Weiss-type functional

1 A Ao,
Wﬁ/pg(u,gjo,r) :m/B o) <|Vu|2 —92 ?+(U+)p + _(u )q]) dz
r{Z0

q
Tp / 2
— 5 u dO'.
74n—1—|-2'yp 9B, (z0)

Theorem 1.6. Letu € HL (Bi) be a non-trivial solution of either (1.1), or (1.2), with xg € {u = 0}. If
the vanishing order V(u, xo) > v, = 2/(2 — p), then the following alternative holds:

(i) Either

(1.11) lim sup u?do < 400;

—1+2 /
T 9By (z0)

then W, 2(u, xo,0%) > —oo and, for every sequencer — 07, there exists a subsequence rj, \, 0

such that
u(xo +rpx) 1
77";{” — U in C’log(R"),

forevery o € (0,1), where @ is a y,-homogeneous solution to (1.2), that is
AT =\, (@ )Pt inR™

Moreover

Wy, 2(u,20,07) >0 <<= @=0 <=  uisvy,-degenerate at zo.
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(ii) Or

1
(1.12) lim sup ———— / u? do = +o0;
oo+ T2 9By (z0) ’

then W, 2(u, ©o,0%) < 0 (possibly —o0) andV(u, xo) = p. Moreover, there exists a subsequence
rr \ 0" such that

u(zo + 1)

: 1/2
(T’Z—l faBT.k (o) 42 T )

forevery a € (0, 1), where u is a y,-homogeneous non-trivial harmonic polynomial. This alterna-
tive is possible only if v, € N.

—a inCLY(R™),

Roughly speaking, Theorem 1.6 says that, if the vanishing order V(u, zg) > ~,, then: either u behaves
like a ~y,-homogeneous non-trivial solution of (1.2) close to z( (case (i) with u # 0), and in this case
plainly V(u,xo) = ~p; or u behaves like a y,-homogeneous non-trivial harmonic polymonial close to
x0, and again V(u, xg) = 7, (this case is possible only if 7, € N); or else u is 7,-degenerate at .

Since any local minimizer is y,-non-degenerate (Proposition 3.1), Theorem 1.4 follows rather directly.

Statements similar to Theorem 1.6 already appeared in the literature [12, 29] when treating unstable-
obstacle-type problems, to study the behavior of singular points with respect to quadratic scalings.

Remark 1.7. It is worth to point out that, for solutions to (1.1), where p < g, the Weiss-type functional
W,, 2(u, xg, -) is not necessarily monotone. This fact, related to the inhomogeneity of the problem, is
one of the obstruction towards the complete classification of the vanihsing orders for ,-non-degenerate
solutions.

We had to introduce a correcting additional term to obtain a monotone quantity. In this way, we could
prove that the limit

W-ng(u, Zo, 0+) = Tl_i>%1+ W’Yw?(u? o, T)

does exist (not only up to a subsequence), see Lemma 2.5 below.

Note that we did not prove the uniqueness of the blow-up limit in general. However, the fact that
W, 2(u, 9,0%) > 0 implies that any blow-up limit must vanish, and hence in this case we do have
uniqueness of blow-ups. If W, o(u,xo,0%) < 0, we can instead conclude that any blow-up limit is
non-trivial.

The blow-up alternative is not only useful in the proof of Theorem 1.4, but ensures also the existence
of non-trivial homogeneous blow-up limits at any nodal point, for 7,-non-degenerate solutions. It is
interesting that such blow-up limits only see the smaller power p, since they either solve (1.2), or are
~p-homogeneous harmonic functions, even if we start from a solution of (1.1).

At this point it is natural to investigate existence and properties of ,-homogeneous solutions to (1.2).
This is the content of Section 5, where we obtain a complete classification in dimension n = 2 for any
p € (1,2). The case p = 1 was previously treated in [4, Remark 3.3].

Theorem 1.8. Letp € (1,2). Then the number of the homogeneous solutions, modulo rotations, of equation
(1.2) in R? is the number of the positive integers in the interval (v,,2v,). More precisely, for any k €
(Vs 279p) NN, there exists precisely one ~y,-homogeneous solution with 2k zeros on the unit sphere 0B, up
to rotations.

This is very different to what happens both for linear equations (e.g. the Laplace equation has infin-
itely many homogeneous solutions with arbitrary integer degree), and for the sublinear equation (1.6)
(which admits infinitely many 7,-homogeneous solutions, see [35, Theorem 1.10]). Instead, it is a non-
trivial generalization of what happens for the unstable obstacle problem (1.7), which admits a unique
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2-homogeneous solution, modulo rotations; as shown in [4, Remark 3.3], this solution has exactly 6 ze-
ros on the unit circle. Now notice that (1.7) is precisely (1.2) with p = 1; in such case, 7, = 2, and there
exists precisely one integer k£ = 3 in the interval (7., 27,) = (2,4).

Once that homogeneous solutions in the plane are classified, it is rather standard to infer an optimal
bound on the Hausdorff dimension of the singular set, via the dimension reduction principle.

Theorem 1.9. Let u be either a solution to (1.1), or a solution to (1.2), in  C R". Suppose that u is
yp-non-degenerate. Then the Hausdorff dimension of the singular set S(u) = QN {u = 0 = |Vul} is less
than or equal to n — 2. Moreover, the singular set is discrete in dimension n = 2.

In particular, the thesis holds for local minimizers of (1.1) or (1.2).

Theorems 1.4-1.9 provide a complete description for local minimizers, and, more in general, for 7,-
non-degenerate solutions.

At this point it is natural to investigate the existence of -y,-degenerate solutions. An adaptation of the
strategy in [5, Corollary 4.4] (which concerns the case p = 1, A_ = 0) allows us to prove the existence
of ,-degenerate solutions for both (1.1) and (1.2).

Theorem 1.10. Let A > 0, A_ > 0 (resp. A- = 0), and 1 < p < q < 2. There exists a non-trivial
solution u of (1.1) (resp. (1.2)) in By which is 7y,-degenerate at the origin, that is

lim inf 1 sup |u| = 0.
r—0+t 7P B (0)
The classification of the vanishing orders and the blow-up analysis for these degenerate solutions
remain interesting open problems.
Note that the assumption p < ¢ is crucial in Theorem 1.10, since in [35] it is showed that, when
1 < p = ¢ < 2, then all solutions are ~y,-non-degenerate. This difference enters also in the blow-up
analysis; thus, from this point of view, our analysis of (1.1) is somehow closer to the one carried out in
[29] for the unstable obstacle problem, rather than to the one in [35].

Remark 1.11. Equations (1.1) and (1.2) could be also considered in the singular range, when p € (0, 1)
(and ¢ € (p,2)). While our approach exploits the fact that p > 1 in several steps, it is natural to expect
that for p € (0, 1) a singular perturbation argument may lead to existence of solutions, and may allow to
study the blow-up behavior. This is left as an open problem. See for instance [36] for a similar approach
in the homogeneous case 0 < p = ¢ < 1.

Structure of the paper. In Section 2, we present some results which are essentially known, or can
be obtained by previous contributions with minor changes, and which will be frequently used in the
rest of the paper. Section 3 is devoted to the existence of minimizers for the problem with fixed traces
(Theorem 1.1), and to the 7,-non-degeneracy of local minimizers (Proposition 3.1). The blow-up analysis
is the content of Section 4, which contains the proofs of Theorems 1.4 and 1.6. Section 5 is devoted to
the classification of homogeneous solutions to (1.2) (Theorem 1.8), and to the estimate on the Hausdorff
dimension of the singular set for v,-non-degenerate solutions (Theorem 1.9). Finally, Section 6 contains
the construction of the v,-degenerate solutions (Theorem 1.10).

2. PRELIMINARIES

This section is devoted to some results which will be frequently used throughout the rest of the paper.

At first, we present a preliminary analysis on the local behavior of solutions to (1.1) or (1.2) close to
the nodal set. Recall that V(u, ) denotes the vanishing order, introduced in Definition 1.2, and that Yp
is defined in (1.8).

Proposition 2.1. Suppose that u € H.. (B1) is a non-trivial solution to (1.1) or (1.2). Then, for any
xo € {u =0} andr € (0,1 — |xo|), the following alternative holds:
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(i) either V(u,z¢) € {k € N\ {0}: k < S,} and there exist a non-trivial homogeneous harmonic
polynomial Py, of degree V(u, zo) and a function Iy, such that
(2~1) u(:n) = Pxo (:L' - $0) + Fxo (:L') in Br($0)
with

< _ V(u,z0)+0
{|rz0<x>| < Ol — 29| N

(VT4 ()] < Cla — V)15
for some constants C,§ > 0;
(il) or V(u,xg) > 7y, and for every e > 0 there exists C- > 0 such that

u(e)] < Celw — o ™*
Vu(z)| < Celz — a7

Proof. The proposition is stated and proved in [35, Proposition 2.1] for equations (1.2) and (1.6). The proof
can be repeated almost verbatim also if u solves (1.1); it is sufficient to observe that, if |u(z)| < Clz—zo|*
for some o > 0, then

|Au(z)| < CAp|z — 20| P~V + CA_|z — 20|V < Cmax{Ay, A\_}z — 20|~ D,

whenever |x — z¢| < 1. Thus, the argument used in the proof only “sees" the smaller power p < ¢q. [

in Br (1‘0)

Now, following [35], we introduce a family of Weiss-type functionals depending on two parameters.
Precisely, let u € H[ _(Bj) be a solution to (1.1) or (1.2) and zp € {u = 0},r € (0,1 — |zg|). For
t > 0, we consider the functionals

Dy(u,xg,r) = / | (\Vu]z — tF,\+7,\7(u)) dz,
Br(xzo

H(u,xg,7) = / u?do,
OBr(z0)
A

F)\Jr’)_(u) = F)\i(u) = %(uﬂp + j(u_)q

(2.2)

where

(note that the definition of F,_ slightly differs from the one in [35]; as a result, some of the next formulas
present minor changes). Moreover, we consider the associated 2-parameters Weiss-type functionals

1 v

(23) ny’t(u,xo,'f') = th(U,IEO,T‘) — mH(U,IEO,T)

Remark 2.2. We stress that both the definition of D; and of W, ;, depends also on the coefficients
Ay and A_ appearing in (1.1) or (1.2). In particular, when we scale u, then in general also Ay change
accordingly. Since however Ay are unambiguously determined by u, via the differential equation, we
will not stress this dependence.

Now, by proceeding exactly as in [37, Section 2] and [35, Section 2], we can easily obtain the expression
of the derivatives of D;, H and W, ; with respect to 7, for the whole range of parameters ¢ and .
Proposition 2.3. Let u € H (B1) solve (1.1) or (1.2) in By, and let o € {u = 0},r € (0,1 — |zo)).
Then
d 2 v \? 2—t
dr %t(u’ T0,7) = rn=2+2y /(’)Br(xo) <6Tu - ;u) do+ T2ty /é)Br(xo) Prulu)do

Cnt_2'7(t_p)/ Cnt—2fy(t—Q)/ -
- Ay (uh)Pde — =2 A (u")?dx,
prn—1+2’y By (20) +( ) qrn—1+2’Y By (z0) ( )

where Cp, s = 2n — t(n — 2). In particular,
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(i) ifu solves (1.1), then T — W, o(u, xq,r) is monotone non-decreasing fory > v, = 2/(2 — q);
(ii) if u solves (1.2) then r +— W, 2(u, o, ) is monotone non-decreasing fory > ~, = 2/(2 — p),
and W, 2(u, o, -) is constant forr € (ry,72) if and only if u is -y,-homogeneous in the annulus

BT’2 (xo) \ BT1 (1‘0)

Proof. The expression of the derivative of W, ; can be obtained exactly as in [35, Proposition 2.3]. The
monotonicity properties in points (i) and (ii) of the thesis follows directly, observing that

Cho—272-p) <0 <<= >, and Cho—29(2—-¢q¢) <0 <= 7>,
The case when u solves (1.2) and W, 7 is constant in r can be treated as in [35, Corollary 2.4]. O

As highlighted by [35], the monotonicity formulas associated to the parameters v > ,, and t = 2
or t = p, play a major role in the local analysis of solution to (1.6) close to the nodal points such that
V(u,z9) > p.

For solutions to (1.1), where p < ¢, we only have the monotonicity of W, 2 when v > ~, > .
This is not helpful in studying points with vanishing order in the “intermediate range" [y,,v,4]. This lack
of monotonicity makes the blow-up analysis for problem (1.1) more involved, and is one of the main
obstructions towards a complete classification of vanishing orders for general (possibly v,-degenerate)
solutions. In such case, at the moment we can only show that the SUCP holds.

Proposition 2.4. Let u € H\. (B1) be a non-trivial solution of (1.1) or (1.2) in By. Then the vanishing
order V(u, xg) < 400 for every zg € {u = 0}.

Proof. If u solves (1.1) with 1 < p < ¢ < 2, or (1.2) in the full range p € [1, 2), then the thesis follows
from [33, Theorem 3] or [35, Theorem 1.2], respectively. It remains to study the case when u solves (1.1)
with p = 1, which can be treated exactly as in [35, Theorem 1.2], once that we note that W, o(u, z, )
is monotone non-decreasing whenever v > +,, thanks to Proposition 2.3. (|

In the proof of Theorem 1.6, when dealing with solutions to (1.1), we will exploit the following “partial
monotonicity" result.

Lemma 2.5. Letu € HL _(Bi) be a solution of (1.1), xg € {u = 0}, and suppose that V(u,xo) > 7,

(defined by (1.8)).
(1) IfV(u,x0) > 7p, then for every e € (0,V(u, o) — ~yp) there exists C' > 0 such that

r = W, o(u, zg,7) + Crwa=P)T4  is monotone non-decreasing.
(i) IfV(u, o) = 7p, then for every e € (0,7,(1 — p/q)) there exists C > 0 such that
r = W, o(u, zg,7) + Cr#a=P)=4  is monotone non-decreasing.
In particular, in both cases there exists the limit
W, 2(u, zo, 0") = Tl_i>1%1+ W, 2(u, 2, 7).

Proof. Note that C}, 2 —2v,(2—p) = 0, while C, 2 —27v,(2—q) = 27,(¢ —p) > 0. Thus, by Proposition
2.3, we infer that

dT’ q rn—l+2’¥p

Now, if V(u,zg) > vp, lete € (0,V(u,z9) — 7p), and let § = 7, + e. If instead V(u,zg) = ~p, let
€ € (0,7(1 —p/q)), and let 5 = ~, — €. In both cases, being 5 < V(u, z), by definition of vanishing
order we have that

(2.4) iW%,g(u,azo,r) > —M/ A_(u”)?dex.
By (zo)

H(u,zg,7) < Crn= 1128 Vr <rg:=1-—|zol,
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where C' > 0 is a positive constant independent of r. Therefore,

e L[ en0-3) :
o (u )q dx < 1o / t(n )( 2 H(u,xo,t)2 dt
rn—14+2% B, (z0) =142 [

< ¢ ’ tn—1+qﬁ dt = CT1—2“/p+qﬁ
— pn—1+2y 0 ’

which, combing back to (2.4), gives
d

JW%),Q(U,.%(),T) > _Ort 72wt e <o,
The thesis follows since, in both the cases we are considering, we have that 2 — 27, + g8 > 0 by our
choice of € and 3 (note also that 2 — 2, + ¢ = v,(¢ — p) L eqif B =, L €). O

3. EXISTENCE AND NON-DEGENERACY

We start this section by proving the existence of minimizers for the problem with fixed traces.

Proof of Theorem 1.1. By the Poincaré inequality

(3-1) / uw?dz < Cp </ |Vu|? dz —I—/ u? da) ,
Q ) o9

valid for every u € H'(f2), we have that

J(u,Q)zl/\VuPdw—)\—JrC(/ ]Vu\zdx)Q—)\—_C (/ \Vu]2dx)2—0,
2 Ja p 0 q Q

for some constant C' > 0 depending on the data, but independent of u. Since 1 < p < ¢ < 2, this gives
at once the coercivity of J(-,(2), and the fact that inf 4 J(-,§2) > —oo. Therefore, the existence of a
minimizer follows from the direct method of the calculus of variations (the weak lower semi-continuity
of the functional is a standard consequence of the Sobolev embeddings). (]

Now we turn to the ,-non-degeneracy of local minimizers (recall Definition 1.5).
Proposition 3.1. Letu € HIIOC(Q) be a local minimizer of (1.1) or (1.2). Then u is y,-non-degenerate.

Proof. The proof is inspired by [31, Proposition 3.3]. Suppose by contradiction that there exists ¢ €
{u =0} and ry \, 07" such that

1
(3.2) lim —- sup |u| =0.
k—o00 T B, (z0)

Since p < 2, there exists a non-negative function w € H}(Bj) such that J(w, By) < 0. For every k, we
define
Tp T—X0 :
oy ()
0 in B \ By, (20).

It is plain that [Jwy || 1(q) — 0 as k — oo. Therefore, for sufficiently large k the function u + wy, is an
admissible competitor in the definition of local minimality, whence it follows that

(33) J(u, Br, (20)) < J(u + wg, By (0))-
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Now,
J(u+ w, By (z0)) = J(u, By (20)) + J(wi, By, (20))

+ / Vu - Vwg do + A (g(u) — g(u + wy)) da
B”"k (zo) Brk (z0)

[ () - ) - f) d.
By, (z0)
where f(t) := (¢7)?/p and g(t) := (t~)?/q. By the convexity of f, we have that

[ G-z [ @y uds
By, (z0)

By, (z0)

(for p = 1, this inequality follows directly from the definition of positive part) and hence, using also the
positivity of g, we deduce that

J(u+ w, By (z0)) < J(u, By, (20)) + J(wi, By, (20))

+ / Vu - Vwy da + A (u)?dz
(3-4) By, (z0) 4 J By, (z0)
A+ + -1
+— (um)P — (wi )P 'u) da.
p By, (z0) ( K )

At this point we observe that J (w, By, (o)) = . """ J(w, By), by definition of wy, while, by using the
degeneracy assumption (3.2), we have that

/ Vu - Vwy dz
Bf'k (%0)

< / ‘)\+(u+)p_1wk — )\_(u_)q_lwk‘ dz
Brk(l‘o)

<C ( sup |u[P"t 4+ sup ]u\q_1> TZJW”/ |w| dx
By, (%0) By, (w0) By
—-C (o(r,;”’(p_l)) + O(sz(q—l))) TZMp _ o(rgﬂpp)

as k — oo, where we used the fact that p < ¢. Similarly,
[ e s = o),
By, (z0)

and

< o)l + o(r?) / (w})P~ldz = o(r ™),
Bf'k (w0)

as k — oo. Finally, by collecting the previous estimates in (3.4), coming back to (3.3), and recalling that
J(w, By) < 0, we infer that

J(u7 BTk (‘7:0)) < J(U, BTk (330)) + TZ+WPPJ(QU7 Bl) + O(TZ‘i”YpP)

as k — oo, which gives a contradiction for k sufficiently large. O
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4. BLOW-UP ANALYSIS

In this Section we develop the blow-up analysis of the nodal set close to those points of {u = 0} such
that V(u, zg) > ~,. For the sake of clarity, we split the proof in two different subsection, each of one
treating a different case in Theorem 1.6.

Before proceeding with the proof of Theorem 1.6, we address the issue of the upper semi-continuity
of the vanishing order with respect to the point x. This will be particularly useful in the second case of
the theorem.

Lemma g.1. Let 1 <p <qg <2, A\ >0, >0, with\j, = N\ > 0ask — oo, fori = 1,2. Let
v, € H} .(Bs) be such that

(4.1) —Avg = A (0 )P = Mg p(vy)! in Bs.

Suppose that xy, € Z(vi,) N By with V(vg, x) > 7yp for every k, and that xj, — & and vi, — ¢ weakly in
H} (B3), ask — +oc. Then

Proof. This result can be proved by adapting the proof of [35, Proposition 5.1] in the present setting (this
requires minor changes). However, we present a much simpler proof here (valid also for solutions to

(1.6)).

Suppose at first that p = 1, when 7, = 2. By weak H}. -convergence of {v}} and elliptic regularity
for equation (4.1), we have that v, — ¢ in C%%(Bj3), for every o € (0, 1). In particular, since vy (73) =
0 = |Vug(xg)| (since V(vg, xx) > 2), this implies that also p(§) = 0 = |V(&)].

Now, if at least one between A; and Ay are positive, Proposition 2.1 implies that V(¢,§) € {1} U
[2, +00). However, since both ¢ and its gradient vanish in &, the case V(p, &) = 1 is not possible, and
hence the thesis follows.

If instead A\ = 0 = Ay, then ¢ is a harmonic function vanishing in £ together with its gradient. Since
the admissible vanishing orders of harmonic functions are positive integers, this directly implies that

V(p, &) > 2, as desired.

The case p > 1 is more involved. Recall from [35, Lemma 2.2] that, for any k£ € N, it is possible to
choose 0y, € {O, 2%) such that the sequence

pr==({p+1)
(42 {/Bk = (p—1)Bk-1+2—d

satisfies

(4.3) Br € N forevery k,and fj 7, ask — oo.

Observe also that by weak H}\ -convergence of {v),} and elliptic regularity for equation (4.1), we have
that vy — ¢ in C?%(Bs), for some a € (0,1). Now the idea is to use the same argument in [35,
Proposition 2.1] uniformly along the sequence {vy}.

Since V(vg,xx) > vp > 1, the sequences {\; ;} (¢ = 1,2) are bounded, and {v;} is bounded in
C?%(By), there exists C > 0 independent of k such that

| Avg(@)] < sup{A1p}H vk (@) P~ + sup{Ag g Hog(2)|7
< sup{ A }Clr — ap P~ + sup{ A }Claw — a7

< max {C, 2p_1} |z — ap P!
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for every x € Bj(z}) (where we used the fact that p < ¢). Thus, by [13, Lemma 1.1] there exist harmonic
polynomials P j, of degree |p — 1| 4+ 2 = 2, and functions I'; j, such that

vp(x) = Pz —xp) + Ty () in By(xg),
with
Dy k()| < Chlz — 2P in By (),

for a positive constant C'; > 0 independent of k (indeed, C; depends only on upper bounds on p,
vk llw.0 @By (2x))» Nik and n, and these quantities are all uniformly estimated in k). Now, the case
P, i, # 0 is not possible, since it would give V(vy, z1) < 2 < 7y,. Then vy, = I'y j, for every k, and hence
by the above estimates

| Avg ()| < sup{As g ok (@) P~ + sup{ Az, How ()77
< sup{A i }Cilz — 2| PV o sup{g 1Oy |z — 2| PHDED)
< max {0, 2<P—1><P+1>—62} @ — | (P D )02

for every x € Bj(zy), with (p+ 1)(p — 1) — d2 = B2 — 2 & N. As a consequence, we can apply again
[13, Lemma 1.1]: letting

ag:=[(p—1)(p+1) —da +2,

there exist harmonic polynomials P j, of degree i, functions I'y 1, and a constant Co > 0 independent

of k such that
vp(z) = Py( — xg) + Tk (2) in By (zy),
and
Do k()] < Colx — wklﬁz in By (z).

The case P}, # 0 is possible only if o > 7,. If not, then v, = I'y ;, and we can iterate the previous
argument in the following way: for any k& > 3 such that P,,_; ;, = 0, we let

(4.4) A = [(p— 1)Bm—1 — Om] +2;

then there exist harmonic polynomials P, ; of degree c,, functions I'y, », and constants C,,, > 0
independent of k such that

vgp(x) = Ppp(z — xg) + Ty () in By (xg),
and
Do ()| < C’m|:1:—3:k|ﬁm in By(zy).

Since By, * Vp, and V(vg, k) > yp, we deduce that for any fixed ¢ there exists m € N with v, — e <
B < Vps and
k(@) = [T k(@) < Cmle — k™™ in Bi(xx)

By taking the limit as & — +00, by local uniform convergence we deduce that
[o(@)] < Cmlz =€ in By js(§).

Since € > 0 can be arbitrarily chosen, this implies that V(p,{) > 7, directly from the definition of
vanishing order. O
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4.1. Proof of Theorem 1.6-(i). In this subsection, we focus on the first alternative in Theorem 1.6.
Namely, we suppose that (1.11) holds, and we prove the thesis in point (i) of the theorem.

At first, we introduce some notation. We define the (natural) blow-up family centered at x as the
family of scaled functions

1 Bi —
(4.5) Ugg r(T) = eru(xo +rx) forx € By, = —
where 7, is defined in (1.8); note that
(4.6) Ay, = A (ufy P = PN (ug )T in By,

where we used the fact that 2 — (2 — ¢)v, = (¢ — p)7p. Note that rl@=P)w — 0 asr — 0%, since p < q.
In this setting, recalling also Remark 2.2, the following identity holds for the Weiss-type functionals:

1
W“fp@(“mo,ryovp) ZW/B (|Vuaco,r|2 - 2F)\+,r(q*p)w}\, (uaco,r)) dx
P

(4.7) Tp / 2
- U do
pn—1+2~/p aBp xo,r

=W, 2(u, zo, pr).

In Lemma 2.5 (see also the discussion preceding it), we noticed that for solutions of both (1.1) and
(1.2) there exists the limit W, 2(u, o, 0") at points x with vanishing order V(u, zg) > ,. In the next
lemma, we show that this limit can be —co only if we are in case (ii) of Theorem 1.6.

Lemma 4.2. Let zg € {u = 0} be such that V(u,xq) > . If W, 2(u, x0,0%) = —o0, then necessarily
(1.12) holds, namely
H(u,xo,7)

=142y = too.

lim sup
r—0+

Proof. In terms of the scaled family u;,, , defined in (4.5), we can rephrase (1.12) as follows: there exists
rr — 07 such that

lim uio r, do = +o00.
k—+o0 aB ’

Thus, by contradiction, suppose that W, o(u, zg,0") = —oc and there exists 79, C' > 0 such that

T0o,r

(4.8) / w2 doe<C, Vr<rg:=1- |zo].
0B1

By (4.7), we deduce that

—oo = lim W, o(ts,,0,1)
r—0+

22 o\ rla—p)y
> —Cy, — limsup —+/ (uf )P dz+ 7*713/ (ug, )0 dx | .
r—0+ p Jp " q B

By definition of V(u, zy), for any 5 < V(u, z¢) there exists C' > 0 such that

H(u,zq,r)

—— < Cr® wr < rg.
r
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As a consequence, by choosing pv,/q < 8 < V(u, ) (in such a way that 2 — 27, + ¢/ > 0; note that
this is possible, since V(u, zg) > 7, > pvp/q), we obtain

1
(¢=P)w ~ Y]y = -\2q
r /Bl(uxo,r) Zz 74n—2—i-2'yp /;r(xo)(u ) x
q

< i "
> 7‘”_27"’%“’/0 P <pn_1 (U,!L’O,ﬂ)) o

C "ot
—1+qp 2—2vp+aB
< v, /0 P dp < Cro797 = 0,

which implies that necessarily

lim sup/ (uf, )P do = +oo.
B1

r—07t
Thus, by collecting the LP-norm of . in the definition of W, 2(u, z,7), we also obtain
—oo = lim W, o(u,xq,r
r—0+ 71”2( 0 )
Vu 2dz 9
= lim (uf, )P da fBl | +m0’r| — =)L
r—0% J B, ’ fB1 (umo,,«)p dx p
- 2
_ g)\_r(q—P)’Yp fBl (uwo’r)q dz — f531 Uzo,r do
q fBl (U;Ci_o,r)p dz fBl (ujc_oﬂ“)p dz

fBl ]Vuxo,r\2 dx 2 )

= lim uf )P dx — =Xt +o(1
r0+F Bl( 0, ) ( fBl(u;—é—O,r)pd:E p + ( )

which implies that

Vu 2dz 2
(4.9) lim sup fBl | +ZO’T| € {0, A
r—0+ fBl (uzo,r)P da p
Therefore, if we consider the normalized sequence
Uso,r(7)

vp(x) =

ludorlle sy

)

such that [[v;f[| L»(p,) = 1, by the Poincaré inequality (3.1) we have that

1
lim ||v,||? <(Clm ——— / Vu 2dw+/ w2 do
T_>0+H THHl(Bl) = Do+ ”ujC_Oﬂ“H%p(Bl) < 31‘ xom’ . x0,r
— lim 1 (fBl Vg, |* da faBl uazco,r do ) _
r—0t HU;—O,THiZ?Bl) fBl (U;_oﬁ)p dz f31 (ui_o,r)p dz

where we used that p < 2, and the uniform bounds in (4.8) and (4.9). Thus, on one hand v,, — 0 strongly
in H! (B1). On the other hand, by definition of v, ,we have

1
1= HU;J_ ”Lp(Bl) S ‘Bl ‘ pp HUT’HLZ(Bl)a
which gives a contradiction for r sufficiently small. (]

Now we analyze the degenerate case.
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Lemma 4.3. The following equivalence holds: there exists rj; — 0 such that uy, », — 0 uniformly in By
if and only if u is v,-degenerate at x, that is

1
liminf — sup |u] = 0.
r—0t 7P By (z0)

Proof. The proof follows straightforwardly from the fact that

sup gy r.| = == sup |ul. O
B 0,7k TZP Br'k (o)

Now we proceed with the:

Proof of Theorem 1.6-(i). By Lemma 4.2, we already know that necessarily W, 2(u, 29,07) > —oo, since
(1.11) holds.

Let p > 0 be fixed. In the first part of the proof, we show that {u,,} is bounded in H'(B,). To
this end, we prove several estimates where C' > 0 denotes a positive constant whose value may change
from line to line, and which may depend on p, p, ¢, V(u, ), but is independent of r € (0,7¢/p), with
ro = 1 — |zo|. We will not stress such dependence, for the sake of brevity.

By the almost monotonicity of the Weiss-type functional W, » in Lemma 2.5, there exists C' > 0 such
that

(4'10) W“/p,2(uwo,7‘707p) = W’Yp,Q(u7$07pr) é nyp,2(u,$0,7"0) + C S C

for every r € (0,r0/p). Now, by Holder and Poincaré inequalities

1 + \p 1 2 "
™y (u:co,r) de <C n Uzg,r dz
P JB, P JB,
1 , 1 , p/2
C = Vg, »|*de + T s, Uy, do

1 p/2
C’( n_2/ |Vum07r|2d:n> +C,
p B,

where we also used (1.11). Analogously,

1 1 q/2
= | s, r>qus0<—_2 / rVuxodex) el
P B, P IB,

Recalling the expression of W, 2(tzr,0, p) from (4.7), and using the above estimates and (1.11) into
(4.10), we infer that

p/2
/ ’VUSL‘O,T’Fdw <C+ </ ‘Vuxo,rlzdw> + Crla—p)w (/
B B, B

P

(4.11)

IN

IN

q/2
]VuxMF dx) ,

P

for every » > 0 small. Since 1 < p,q < 2, this estimate, together with (1.11) gives the boundedness of
{tg,r} in H'(B,) for small r.

This argument can be applied to every p > 0; thus, by a diagonal selection, there exists a subsequence
{tzy.r,. } converging weakly in H. (R") to a limit u € HL_(R"); by taking the limit in the equation
of U, », namely (4.6), we deduce that u solves (1.2) on the whole space (notice in particular that the
coeflicient of the negative phase vanishes in the limit):

—Au =X (a")P! inR™
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By elliptic regularity, this gives C’lt’g‘(R") convergence for every o € (0,1) (actually, if p > 1 then we
also have 0120’3 convergence, for some « € (0, 1)).
Now we show that 7 is y,-homogeneous. Recalling the existence of the limit W, 2(u, zo,07) (see

Lemma 2.5), equality (4.7), and using the C’ﬁ;g-convergence, we deduce that
Wo, 2, m0,07) = lim Wiy 5(u, zo, pry)

= kh—>Holo W'yp,2(umo,7“ka 0, /0) = W“/p,2(ﬂ7 0, p)
Since this is valid for every p > 0, Proposition 2.3 implies that 7 is y,-homogeneous in R", as desired.
Finally, we observe that if W, o(u,xo,0%) < 0, then also W, 2(%,0,p) < 0, and hence @ # 0. In
particular, since the limit is the same for every sequence 1, — 07, the fact that W, 2(u, 2, 07) < 0
implies that u # 0 for any blow-up limit.
On the contrary, if W, 2(u, zo,0") > 0, equation (1.2) and the homogeneity of u give

0 < Wy, 2(u, 0,07) = W, 2(u,0,1) = (1 - 2) )\+/ (@")Pdz <0,
b By
whence uT = 0 in By, and hence also in R” by homogeneity. Therefore, % is a non-positive har-
monic function in R", vanishing at 0, and by the maximum principle it follows that @ = 0, whence
W, 2(x0,u,0") = 0. Again, this shows that W, 2(xo,u,0") > 0 implies that any blow-up limit must
vanish. Moreover, as shown in Lemma 4.3, this fact is equivalent to the 7,-degeneracy of u at x. (]

4.2. Proof of Theorem 1.6-(ii). Now we focus on the second alternative in Theorem 1.6. In this case
it is convenient to introduce the normalized blow-up family centered at x( as

- 1
(4.12) Uz r(T) = h—u(xo +rz), where h,:= \/Tn_lH(u,xo,r),
T
once again defined in By . Note that ||t || 12 (9B,) = 1 for every r, and 1, , satisfies
2 2
~ (A 1 oo -1 . By — o
(4'13) _Aux()?r = AJ’_ h2—p (u;_oﬂ‘)p B A_ 2—(1 (ufEO,’f‘)q m onﬂ“ = r ?
T T

where

1 1
742 74n—1—i-2~/p T 742 rn—1+2fyq 7q
2—p ’ 2—q ’
Z-p H(u,xzq,r) i H(u,zo,7)

In this setting, recalling also Remark 2.2, we have

- 1 ~ 9 -
W’Yp,2(uwo,r70’p) = m /Bp <|Vuxo,r| - 2Fh57p)\+’h§fq A (umo,r)> dz
i i

Yp ~9
(4.14) - / uy .do
o 1427, B, zo,”

74n—1—i-2~/p

- Ty .
g, w270 P7)

Proof of Theorem 1.6-(ii). By (1.12), there exists a sequence r; — 07 such that

k—o00

1
(4.15) lim _7/ u? do = +oo.
rp 2 Jo,, (a0)
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Note that the equality (4.14) and the almost monotonicity in Lemma 2.5 imply that
) T:—l+2’yp 9 r;z—l-i—Z'yp vp
Vi de < ——=C+ - | =F——| A ay, . )P dx
/31 ‘ Z‘Oﬂ“k‘ = H(u,xo,rk) P (H(u,wo,rk)> + /31( SCOﬂ“k)

9 74:—14—2% % . )
| =2 A U, d u do.
* g \ H(u,xg,7k) /31 (uxo’m) v /aB1 Hao.ri 7

+
20,7k

(4.16)

By estimating the terms with the L? and L? norms of u
(4.15), we deduce that

exactly as in (4.11), and taking into account
%
[ Witay P <of1) + o) ( / rvam,mrzdx>
B1 Bl

q
2
o(1) < / |vazo,rk|2dw> +
B1

which gives the boundedness of {i, ,} in H'(Bj), since 1 < p < ¢ < 2. Therefore, up to a further
subsequence (still denoted by {r},}) we have that @i, ,,, — % weakly in H!(B;) and strongly in L?(0B;)
by compactness of the trace operator, and moreover u # 0, since ||u|[z2(9p,) = 1. By taking the limit
in equation (4.13), and using again (4.15), we deduce that @ is harmonic in Bj, and hence by elliptic
regularity iy, — @ in C1%(By), for every a € (0, 1).

To prove the homogeneity of @, we observe at first that Lemma 4.1 ensures that V(u, 0) > ~,. Since
@ is harmonic, this implies that D?%(0) = 0 whenever |o| < 3, (recall that 3, is the maximal positive
integer strictly smaller than ,, see (1.9)). Moreover, by taking the limit into (4.16), we deduce that

/ |Va|? dz gfyp/ %% do,
B1 8Bl

and hence the homogeneity of u follows from [40, Lemma 4.2]. (|

4.3. Classification of vanishing orders for local minimizer.

Proof of Theorem 1.4. Let u be a local minimizer of (1.1) or (1.2) in B;. If xyp € {u = 0}, then either
Theorem 1.6-(ii) holds, and in this case V(u, z) = 7, by definition of V(u, (), or Theorem 1.6-(i) holds.
If this latter alternative occurs, then up to a subsequence uz,, — u, where % is a -y,-homogeneous
solution to (1.2). Moreover, by Proposition 3.1, we deduce that « # 0 and this, by definition of wu, ,,
implies that

H(u,xo,r) ~
i, H(ug,,r,0,1) = H(u,0,1) € (0,+00).
By definition of vanishing order, this is again possible only if V(u, zg) = . O

5. HOMOGENEOUS SOLUTIONS IN TWO DIMENSIONS AND THE HAUSDORFF
DIMENSION OF THE SINGULAR SET

In this section we classify the global homogeneous solutions of (1.2) in the two-dimensional case
(Theorem 1.8), and we derive the estimate for the Hausdorff dimension of the singular set for ~,-non-
degenerate solutions of (1.2) and (1.1) (Theorem 1.9).

We start with the proof of Theorem 1.8, which will follow from the combination of two results: at
first, we prove existence of solutions with specific nodal properties (Proposition 5.3), and, afterwards,
we show that there are no other solutions, modulo rotations (Proposition 5.4).



ON THE NODAL SET OF SOLUTIONS TO SOME SUBLINEAR EQUATIONS WITHOUT HOMOGENEITY 19

It is plain that u is a global homogeneous solution to (1.2) in R? if and only if u(r, #) = r77¢(#) and
(p is a solution to

(5.1) - — 71330 = A (¢")P7!  on the unit circle S*

(namely a solution on [0, 27|, with periodic boundary conditions). We start by showing the existence of
a solution to (5.1) in a subinterval with a prescribed number of zeros.

Lemma 5.1. Let k € N be such that k € (7, 27,). There exists a unique (non-trivial) solution to

A A2 — +\p—1
{ (b ’qus )\+(¢ ) n (07Tk) with Tk‘ = 2_71—,

$(0) = 0 = o(T}) k
which changes sign exactly once in (0, T}, ), being negative for 9 close to 0, and satisfies ¢/ (07) = —¢/ (T}, ).

(5-2)

Proof. Since ¢+ and ¢~ solve different ODEs in their supports, we need to distinguish between these two
cases, and classify the possible openings of the sets {¢" > 0} and {¢~ > 0}. For the sake of simplicity
we divide the proof in three steps.

Step 1 - The negative part. Let § € (0, 2) and suppose that

—¢" =2 in(0,0)
(5.3) ¢ <0 ) in (0,@)
¢(0) = 0= ¢(0).

Then, necessarily,

f=0,=— and ¢(0)=—Asin(y,0)
Tp
for some A > 0. Therefore, if ¢ changes sign in (0, 7} ) then

O, <Tp <= k<2,
Step z - The positive part. In the remaining part of (0,7} ) we construct a positive solution to
—¢" =50 = A dP in (6,,Th)
(5-4) ¢ >0 in (6, Ty,
¢(6p) = 0= o(Tk)

by addressing the associated minimization problem. Let

Te (1 2 A
J(0,,1)(¢) = /9 <§(¢’)2 - %%2 - 7*@*)”) dé

be the associated functional defined in H} ([0, Tk]). By Sobolev embeddings, it is clear that .J is weakly
lower semi-continuous and, by applying the Poincaré inequality on (6, T} ), we obtain that

p

1 BN [Ty A (M=) ([T )
J(ep,Tk)(éb)Zg( _A_i> /9,, (@) _?T/g /6,, @)

where A denotes the first eigenvalue of the Dirichlet-Laplacian on (6,, T} ), namely

A=A T
= Ai(0,,T}) = .
1 1( D k‘) (Tk — 9p)2
Since by a direct computation (using 7}, = 27 /k and 6, = 7/~,) we have
12 1
V<A = —>I-— = k>,

Yp ko
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and the latter condition is in force, we deduce that J is bounded from below and coercive in H} ([0, Tk]).
Thus, by the direct method of the calculus of variations there exists a minimizer ¢ which solves the first
equation of (5.4) with the boundary conditions. Since Jig, 1,)(|¢|) < Jig,.1,)(¢), with strict inequality
if < 0 on a subinterval, we have that any minimizer is non-negative; thus, the strict positivity follows
by the maximum principle.

Step 3 - Construction of a sign-changing solution. Let ¢ € H}([0,T}]) be such that

—Asin(vy,0) if[0,0

¢2 (9) if [Hp, Tk]
where A > 0 and ¢» is the solution to (5.4) of Step 2. In order to show that ¢ satisfies (5.2), by the
previous steps we only need to check that it is of class C! in a neighborhood of § = 6,. This is true for

the choice A = ¢5(6) /7, > 0. It remains to show that ¢'(07) = ¢'(T},"). To this end, we note that the
Hamiltonian function

R P R
(5:5) H(¢;¢)—§(¢) +7p¢ +?(¢+)p

is constant along solutions to the first equation of (5.2). Since ¢(6) — 0 asboth & — 0" and 6 — T},
we deduce that [¢/(07)| = |¢/(T}, )|. The sign of ¢ finally implies that ¢/(07) = —¢/(T},).

Step 4 - Uniqueness of the solutlon Suppose by contradiction that there are two solutions ¢;, ¢o with
the desired properties. Note that the Hamiltonian function (5.5) is constant along solutions to (5.2):

1 ; A
(56) SO + 30 + @ O =h Ve[0T
for some h > 0, and actually 4 > 0 unless ¢ = 0. Then ¢; and ¢9 are negative on (0, 6,), and solve
—¢" =g =X (P in (6, T)
(5.7) >0 in (0, Ty)

©(0p) =0, ' (6,) = 2h)"%,

for some h; > 0. Although the sublinear term in the first equation of (5.7) is only Hélder continuous, by
the shape of the Hamiltonian function (5.6) it is easy to check that (5.7) has exactly one solution ¢ (any
level curves of the Hamiltonian does not cross the origin in the phase plane, apart from the equilibrium
point (0, 0) itself). This means that, being ¢; # ¢9, necessarily hy # ha, say h; < hg. On the other
hand, the conservation of the Hamiltonian also gives

M,
d dt
(58)  Tp—0,=2 / d =21 / _ ,
0 \/Qh — et — P 0 \/Qh —2MA? — T*Miptp

where M; > 0 is the maximum value of ¢; in (6, T} ), which satisfies

2
(5.9) %Y”ME Ry

By combining (5.8) and (5.9), we further deduce that
dt

_2/\/ 2(1 — 2) + ”* (1—tp)7

(5.10) Ty — 6, =T(M

which implies that T}, — 6, = T'()M;) is a continuous function, strlctly increasing with respect to ;. But,
by the inverse function theorem, the maximum value M; can be in turn seen as a continuous functions
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M; = M;(h;), strictly increasing with respect to h;. Thus, on one hand
h1 < ho — My < M, — T(Ml) < T(MQ),

but on the other hand T'(M;) = T'(My) = T}, — 6,, since ¢1 and ¢ both solve (5.4). This contradiction
shows that (5.4) has a unique solution and, in turn, the solution constructed at Step 3 is unique. (]

Remark 5.2. From the previous proof, we learned that any connected component of {u < 0}, when u
is any non-trivial y,-homogeneous solution to (1.2), is a cone of opening 6, = m/7,.

Note also that we could obtain a unique solution ¢ in [0, Tj] with #(#) > 0 for 8 close to 0. Thanks to
the condition ¢/(0) = —¢'(T}), and the fact that equation (5.1) is invariant under translations, it is clear
that ¢(0) = #(6, + ).

By extending the previous solution by periodicity on the whole interval [0, 27], we obtain the existence
of a 7y,-homogeneous solution to (1.2) in R2.

Proposition 5.3. Let k € N be such that k € (v, 27,). Then, there exists a non-trivial solution to
—" == (TP inS
with 2k zeros in S*, that is
o(iTy) = 0= (0, + iTy) fori=0,... k.

This solution is unique modulo rotations, in the class of solutions with minimal period 27 / k.
Proof. Let k € N, Ty = 27/k and let ¢ € H{([0,T}y]) be the function constructed in Lemma 5.1,
satisfying ¢/(0%) = ¢/(T}, ). By setting
¢(0) in [0, 7]
o0 — Ty, in [T}, 2T},
P G 7. 213

o0 — (k—1)Ty) in 27 — Ty, 27]

we obtain a solution on the whole interval [0, 2], satisfying 27-periodic conditions at the ends. The
uniqueness follows directly from the uniqueness in Lemma 5.1 (one could also use the function ¢ of
Remark 5.2 instead of ¢. But, since ¢ is a translation of ¢, in the end one would obtain the same solution).

O

Now we show that any 7,-homogeneous solutions to (1.2) in R? must be one of those constructed in
Proposition 5.3.

Proposition 5.4. Let u be a non-trivial y,-homogeneous solution to (1.2). Then u(r, ) = r" (), where
@ is the (2 / k)-periodic extension of the solution of Lemma 5.1 for some k € (7, 27p).

Proof. Since any 7,-homogeneous solution vanishes in 0, by the maximum principle it follows trivially
that ¢ must changes sign on S*.

Now, from the conservation of the Hamiltonian function (5.5) on the interval [0, 27], we deduce that
there exists h > 0 such that

(5.11) ¢'(0) = 2% for every zero point 8 € {¢ = 0},
Consider three consecutive zero points 0 < §y < 6 < 02 < 27 and suppose that {¢ < 0} = (6, 61)

and {¢ > 0} = (61,62). As observed in Remark 5.2, it is necessary that 6; — 6y = 6, with 8, = 7/~,,.
Therefore, by (5.11) we have

2n1/2 .
@) = — 5 sin(v,(0 — o)) in [0o,0h],
p




22 N. SOAVE AND G. TORTONE

and this expression also holds, up to a translation, on any other interval (6;,6;11) where ¢ < 0 and

p(0:i) =0 = (0iy1).
Similarly, on (61, 62) we have

et ()
(5.12) >0 in (61, 62)
p(01) =0,  ¢(61) =22,

and this Cauchy problem has a unique solution (see Step 4 in Lemma 5.1). But then, by (5.11) again, the
function ¢ satisfies (5.12) in any interval (6, 60;41) where ¢ > 0 and ¢(6;) = 0 = ©(6;41).
This means that ¢ is both 27 and (6, + 02 — 61 )-periodic, with 6, 4+ 6, — 6; < 27, whence necessarily

2
(5.13) O, + 02 — 01 = % =: Ty, forsomek €N,

and ¢ changes sign precisely once in [0, T}].

Now, if &k € (7p,72p), then by Proposition 5.3 we know that ¢ must coincide with a 27 /k-periodic
extension of a solution found in Lemma 5.1.

On the other hand, from the condition 7T}, > 6, we immediately deduce that in order to have a T},
periodic solution it is necessary that k < 2+,,.

In order to conclude the proof, we show that another necessary condition for the existence is & > .
Let ¢ be a T-periodic solution to (5.1), and suppose that ¢ > 0 in (01,62). Arguing as in Step 4 of
Lemma 5.1, we obtain that

dt

1
(5.14) Oy — 01 =T(M) := 2/ ,
0 21— 1) + (1 — 1)

where M is the maximum value of ¢ in (61, 62), characterized by
2
A
(5.15) %Z’MZ + 2L MP = h
p

This implies that ; — 63 = T'(M) is a continuous function, strictly increasing with respect to M. Since
M € (0,4+00) and

1
- dt
lim T(M)= lim 2M27p/ S
M—0+ M—0+ 0 2A4 (1—tr)
p
2 (b dt
mnﬂmz—/———zlz%
M—+oo Y Jo VI—t2

we obtain that T'(M) € (0, 6),), for every M > 0. Therefore, by (5.13),

Tpy—0,=0—6=T(M) € (0,0, <= T,<20, <= k>,
which excludes the presence of T}-periodic solution for £ < . (]
Proof of Theorem 1.8. The proof follows directly by combining Propositions 5.3 and 5.4. (]

Once that the classification of the 2-dimensional solutions to (1.2) is settled, thanks to the blow-up
Theorem 1.6 we can easily establish the partial regularity of the singular set for -,-non-degenerate
solutions.

Proof of Theorem 1.9. Thanks to Theorems 1.6 and 1.8, and observing that the singular set of any -,-
homogeneous solution has Hausdorff dimension at most n—2, the thesis follows in a rather standard way
from the Federer dimension reduction principle. We refer the reader to the proofs of [29, Proposition 6.3]
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and [29, Corollary 6.1] for the details (alternatively, it is also possible to adapt the proof of [35, Theorem
1.7]). O

6. CONSTRUCTION OF DEGENERATE SOLUTIONS IN TWO DIMENSIONS

In what follows we construct 7,-degenerate two-dimensional solutions for both equations (1.1) and
(1.2). We focus on the case p > 1. If p = 1 in (1.2), then the same result was proved in [5, Section 4].
The case p = 1 in (1.1) could be treated adapting the argument we are going to explain, but requires a
regularization as in [5], and we preferred to not insist on it for the sake of brevity.

Letk € N,k > 2,and let £y, . .., x_1 be lines through the origin, with ¢; forming an angle ir /k with
the positive x1-axis. Let also Tj : R2? — R2 be the reflection with respect to ¢;, and let us introduce the
space of symmetric functions

C3(By) = {ue C™(B) : u(Tiw) = u(x) inBy, Vi=0,.. k1)
Hévk(E) = {u € Hl(B_l) s u(Tix) =u(x) ae inBy, Vi=0,...,k— 1} )

Lemma 6.1. Let A, > 0,\_ > 0,and1 < p < q < 2. Foreach g € C’;:(E) there exists k € R such
that the problem

~Au= XA (ut)Pt - A_(u)! inB
Uu=g—K on 0B

has a solution u € C’;;V?(B_l),for some~y € (0, 1), such that u(0) = 0.
Proof. For every f € C’gg (By), it is classical that the problem

{—Au =f inB

6.
(6.1) u=g on 084

has a solution v € C’g: (B_l), for instance, one can show the existence of a weak solution by minimizing

the associated energy functional in the space of functions in H ék (B1) with prescribed trace. The exis-
tence of a minimizer can be shown as in the proof of Theorem 1.1. The fact that a minimizer in the space
of symmetric function is a solution to (6.1) follows from the principle of symmetric criticality [30], since
f and g are assumed to be symmetric as well. The regularity theory ensures that any weak solution is
in fact a classical C*7 solution, up to the boundary.

In particular, given any v € C’gf‘ (By), we can consider T'(v) as the symmetric solution to (6.1) with

Fl@) = A ((v(@) —v(0) )P = A_((v(z) —v(0)7)* " € L (By), fory =a(p—1).

Notice that T'(v) € C’;:(B#l) However, by thinking at 7'(v) as a function in C’gf‘(E), we have an

operator T : C’gf (B1) — C’gf(E) which is compact, by Schauder estimates (see e.g. [22, Theorem
6.6]). At this point we aim at applying the Schauder fixed point theorem [22, Theorem 11.3] and, to this
end, we have to check that there exists a positive constant M such that

(6.2) HuHCO,a(B—l) < M foreveryu € Cgf(B_l) satisfying u = 0T (u), with o € [0, 1].
The equation u = 07’ (u) can be rewritten as

{—Au = oy ((u—u(0)T)" " — oA ((u—u(0)7)" inB

6.
(63) u=og on 0B;.
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Thus, the function w := u — og is in H}(B;) and solves
—Aw = oA ((u— u(O))Jr)p_1 —oX_((u— u(O))_)q_1 +0Ag in Bj.
By the De Giorgi-Moser iteration for —Aw = f € LY(B;) with w € H}(B;), we deduce that for any
t>2
HUHLOO(B1) < u - UQHLoo(Bl) + ”gHLOO(Bl)
-1 —\q—1
< ClloAs ((uw—u(0)")P" —ox_((u—u(0))" +0AgllLi(my) + l9ll=(51)

< C (Il ) + 19l -

In turn, since ¢ — 1 < 1, this implies that ||u||z~(p,) < Co, with Cy independent of o; coming back to
(6.3), this gives the desired uniform bound (6.2), via elliptic estimates.

At this point the existence of a fixed point © € Cgf (B;) for T follows from the Schauder fixed point
theorem [22, Theorem 11.3]. The fixed point « is a solution to (6.3) with ¢ = 1 and hence, by regularity
theory, it is of class C*7 for some v > 0. By taking u = @ — %(0), and letting x = (0), the proof is
complete. O

Proposition 6.2. There exists a non-trivial solution u € H'(By) to (1.1) or (1.2) such that 0 € {u = 0}
and

1
liminf — sup |u| =0,
r—0t 7r'P B (z0)

that is u is y,-degenerate at 0.
Proof. Under the notations of Lemma 6.1, let & € N be such that k¥ > 2+,,, and consider
g(rcos®,rsin ) = rk cos(kb).

By Lemma 6.1, there exist a non-trivial u € C’;}j (B1) and € R such that

_ - +yp—1 _ —)a—1
{ Au= Ay (u™) A(u™) in By and  u(0) = 0.

uU=9g—kK on 0By,

The idea is to use now Theorem 1.6 and Proposition 2.1 at 0, to show that u is ,-degenerate at 0. We
divide the proof in three cases.

Case 1. If V(u, 0) < 7, by Proposition 2.1 there exists a non-trivial homogeneous harmonic polyno-
mial Py of degree d = V(u, 0) such that

u(z) = Po(z) + O(ja] V%) in By,

for some 0 > 0 sufficiently small. However, by construction, the polynomial must inherit the symmetries
of u (ie. P € C'F)), which implies that it is homogeneous of degree d = k > 2, in contradiction with
the assumption d = V(u,0) < 7p;
Case 2. If V(u,0) > ~, and
H(u,0,r)

lim sup ————=——= = +0
r—>0+p rn—1+2y +

then, by Theorem 1.6-(ii), there exists a subsequence 7 N\, 0" such that

_ ~ Al

U, — 0 inC o (B),
for every a € (0,1), where 4 is a y,-homogeneous harmonic polynomial. Therefore, the contradiction
follows the same path of Case 1.
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Case 3. If V(u,0) > ~, and
H(u,0,r)

lim su
p 7‘2717

r—0+t

< +o00,

then, by Theorem 1.6-(i), there exists a sequence 7, \, 0" such that

Uy, —> W in Cllo’g‘(]RQ),

for every a € (0, 1), where  is a 7,-homogeneous solution to (1.2) in R?, still symmetric with respect to
any reflection T;. If u # 0, by homogeneity and symmetry, any connected component of {u < 0} must
be a cone of opening smaller than 27 /k. Moreover, 27 /k < 0,, since k > 27p. As observed in Remark
5.2, this is however not possible. We conclude that necessarily @ = 0 which, as stated in Theorem 1.6, is
equivalent to the v,-degeneracy of u at 0. (]

Remark 6.3. It is interesting that the previous proof fails for solutions to (1.6) (1 < p = ¢ < 2,
with A1 > 0). In such case, there are infinitely many ~,-homogeneous solutions, and the connected
components of the positive and the negative parts can be arbitrarily small. We refer to [35, Section
8]. In fact, it is also known that all solutions to (1.6) are non-degenerate [35, Theorem 1.4]. Thus, the
degeneracy is strictly connected to the asymmetric behavior of the positive and the negative parts in the

right hand side of (1.1) and (1.2).
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