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1. Introduction

The TT deformation of classical and quantum field theories in d = 2 space-time dimensions [1,2] has provided remarkable insights
into the topology and geometry of the space of field theories, as well as allowing exact calculations of physical quantities related to
the deformed models. In two dimensions, TT flows are triggered by the operator

TT = % (tr [T)* = tr [T?]) = det[T], 1.1)
where T denotes the two-dimensional stress-energy tensor of the theory. Although the TT operator is irrelevant, it was shown that
the local operator (1.1) is well defined at a quantum level [3], and the flow it generates preserves many of the symmetries of the seed
(i.e., undeformed) theory, including integrability. This last property is a feature of a much larger class of deformations, called double
current deformations [4], and encompassing all the recent two-dimensional generalisations of the TT deformation, such as the JT
[5,6], TTS [71, generalised TT [8-10], and CDD [11-13] deformations. Moreover, many links have been observed with several topics
in theoretical physics, such as string theory [14-17], holography [18-27], random geometries [28], out-of-equilibrium conformal
field theory [29,30], the generalised hydrodynamics (GHD) approach [9,10,31], and quantum gravity [32-38]. In particular, it was
shown that any TT-deformed two-dimensional field theory is dynamically equivalent to its associated seed theory coupled to a
topological theory of gravity [39] which, on the plane, almost looks like Jackiw-Teitelboim gravity [40,41]. In other words, denoting
the seed theory by .S); and the corresponding TT deformed theory by S\1..»> the following equivalence holds:

SM,TzSM+/dZXg/—g (pR—A,), 1.2)

where vacuum energy A, is related to the TT coupling parameter z by 7 « A 1. Notice that equation (1.2) provides a complete,

quantum and non-perturbative definition of the TT deformed theories along the whole flow. In addition, a main motivation for the
current work stems from the observation that in d =2, a TT deformation can be interpreted as a field-dependent local coordinate
transformation that links the original model to its deformed version [39,42].

Generalisations of the TT flow to higher dimensions have been introduced and studied in various works [28,43-48], at least
at the classical level. These investigations, alongside the introduction of the so-called Modified Maxwell (ModMax) theory [49],
and the discovery that both Born-Infeld and ModMax arise from Maxwell theory through a Lagrangian flow involving TT-type
composite fields [46,47,50], have sparked a revival of interest in nonlinear electrodynamics [49,51-53]. Moreover, the fact that
the corresponding deforming operators are constructed solely in terms of invariants built from the stress-energy tensor hints at the
natural connection with General Relativity and modified gravity models, which will be discussed shortly.

Almost in parallel, the study of modified theories of gravity has gained substantial interest in cosmology. In particular, Born-
Infeld-inspired minimal extensions of General Relativity allowed to reproduce non-trivial gravitational dynamics while generating
non-singular cosmologies [54-66]. Such theories, along with the more general Palatini-like theories of gravity, have been shown
to admit dynamically equivalent Einstein-frame representations [67-69], where the gravitational sector resembles the standard one
from General Relativity and the ultraviolet corrections are transferred to the matter content of the theory.

This work investigates generalisations of (1.2) for TT-like flows in space-time dimensions d > 2. To be more precise, denoting by
Si, a modified theory of gravity, depending on some mass scale mg « 1/ \/;, and by Sy, ; a matter action depending on a TT-like
flow parameter 7, we will study explicit examples in d = 4 within the following class of dynamical equivalences:

SG,T+AT + SM,T = SG,T + SM,'H—AI‘ (13)
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In other words, we will provide non-trivial examples where modified gravity theories are coupled to TT-like deformed models,
wherein the gravitational mass scale and the matter flow parameter are exchangeable on-shell, meaning once the equations of
motion for the gravitational degrees of freedom have been enforced.

The remainder of this work is organised as follows. Section 2 reviews and extends recent findings regarding a class of TT-like
deformations, quadratic in the components of the stress-energy tensor. This class of Lagrangian perturbations will play a central role
in our analysis. A significant mathematical simplification arises in d = 4 and in examples that have historically garnered considerable
attention. Section 3 illustrates how these models can be dressed or, in some cases, recovered through a metric transformation. The
specific models that arise include self-dual theories of nonlinear electrodynamics, their Proca-like generalisations with generic inter-
acting potentials, and models that coincide with or resemble those investigated in the context of inflationary cosmology. Section 4
introduces theories of gravity in the Palatini formalism, where the connection and the metric tensor are regarded as independent
dynamical fields. Their dynamically equivalent representations are discussed, and metric deformations as well as modifications of the
matter sectors naturally emerge within this framework. Section 5 provides a general scheme for linking Palatini theories of gravity
with suitably crafted TT-like deformations in arbitrary dimensions. Explicit examples are worked out in four space-time dimensions,
where algebraic simplifications allow for analytic solutions. We show the existence of dualities between Starobinsky gravity and
trace-squared deformations, as well as between Eddington-inspired Born-Infeld gravity and TT-like deformations of Abelian gauge
theories. Section 6 examines stress-tensor flows triggered by arbitrary operators, and their relation to on-shell gravity flows. Ap-
pendix A provides some additional comments regarding the Jordan and Einstein frame representations of f(R) gravity theories.
Finally, Appendix B analyses Modified Eddington-inspired Born-Infeld gravity, a family of Palatini theory that incorporates both
Starobinsky and Eddington-inspired Born-Infeld gravity within a unified framework.

2. TT-like deformations in arbitrary dimensions

We denote as

SM:/ddX\/—_gEM, g i=det [g,,] (2.1)

a generic covariant matter action in d-dimensional space-time, where L), is the associated Lagrangian density, which depends on
and their higher-order
derivatives. The field content of the theory is arbitrary unless otherwise stated. Indices of tensors are lowered and raised using the
metric g,, and its inverse g”, respectively, and repeated indices are summed according to the Einstein notation. In this paper we
focus on the family of deformations proposed in [44], where the following flow equation for the matter sector has been considered:

0SM -
== /ddx,/—g O Sz = Su- (2.2)
The deforming operator in (2.2) is defined as
fab] ._ 1 2 2
o=~ (aw[T]*-bur[12]). abeR.d22, 2.3)

where 7 is the flow parameter, and 7, is a fixed point in correspondence to which the seed matter theory .S, lives. Here T, =

is a d X d dimensional matrix, where T, ,, are the components of the symmetric Hilbert stress-energy tensor

(g”aTr,av)M,ve[O,u.,d—l }

-2 6Sm.

T = \/_—g sghv (2.4)
In two dimensions, since
a1 2 21\ _
o= 2 (wr 1] - tr [12] ) = deulT, 1, 2.5)

we recover the usual definition of TT deformations when setting a = 1, b= 1. It is important to stress that this paper is about classical
field theories and, apart from the special case (2.5), it is not known how to make the composite field (2.3) well-defined at the
quantum level.

2.1. TT-like dressing and the metric approach
In the context of two-dimensional TT deformations, it is known that the undeformed action Sy, with underlying metric tensor

8, is equivalent to the deformed one Sy, over some new background metric h up to a term proportional to the deforming
operator evaluated in the seed theory [70,71]:

{SM[g,,V,tI),] — (T - T()) /dzx\/——gdet [TT(J] }

Equation (2.6) is colloquially known as the TT dressing mechanism: the flow in the space of field theories is balanced by an adiabatic
flow of the background metric, which evolves through z. The associated deformed metric is obtained as [42]

T,Uv?

= SM,T [ht,yv’qjl] . (26)

g=g(h)
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Py = 8y — 2T — 70)€,10€6,, T = (z — 7)* €uaup T, TP, 2.7)

T,uv

The metric approach to two-dimensional deformations makes it possible to trade Lagrangian flows with perturbations of the under-
lying structure of space-time. Given our goal of exploring whether analogous geometric interpretations extend to higher-dimensional
stress-tensor flows, the dressing of bare theories becomes an indispensable mathematical tool.

We should then look for families of stress-tensor deformations that naturally integrate within the framework of geometric flows,
for which one must be able to find the deformed metric 4, ,,, such that the generalised version of the TT dressing holds:

{SM[chp,]—(T—ro /ddx,/ Obafbo]}
g=g(h)

Notice that, as in (2.6), the bare deforming operator appearing in (2.8) is evaluated in the seed theory, defined at 7 = 7. For the
left-hand side of (2.8) to match the right-hand side at 7 = 7, one must have

=Su, |h 2.8)

T,Uv? ]

h (2.9)

roouv = Euv -

Moreover, expanding both sides of (2.8) at first perturbative order in 7, it is straightforward to show that the family of deformed
metric A, ,, must adhere to the constraint [44]

T,1Uv
dh‘r,uv 4 A
T = _E Tr,yv . (210)
Here we introduced the auxiliary tensor
T, i=at, [T ] g —bT, . (2.11)

with the notation tr, referring to traces being taken with respect to the r-dependent metric A Equation (2.10) defines an

T,uv*
adiabatic flow along the trajectory of dynamically equivalent actions associated with the TT-type perturbation. Once on-shell over
the dynamical degrees of freedom of the theory, each “equilibrium” configuration corresponds to a field-dependent modification of
the background metric tensor according to (2.10). Despite the somewhat restrictive choice of admissible operators made in (2.3), it
is, in fact, possible to argue that the dressing mechanism, in the simple form described by (2.8), can be realised if and only if the
deformation is driven by operators that are quadratic functionals of the stress-energy tensor.! The following section aims to examine
whether it is possible — at least in a few special cases ~ to obtain the exact analytic expression for the metric h, ,, associated with

the TT-like dressing mechanism (2.8).
2.2. Exact solutions to the metric flow

Exact solutions for the metric flow (2.10) can be derived algorithmically, as detailed in [44]. The idea is to Taylor expand the
deformed metric 4, ,, around 7 = 7, as

T,Uv
0 h(”)
— To-HV n 0
hT,ﬂV - 2 nl (T - ‘[O) B h(r(])uv = gﬂv (2.12)
n=0 :
The first coefficient h(T ) uv descends trivially from (2.10), yielding
n __ 45
e L @13

On the other hand, relying on the definition of T,
parameter can be computed as

oT 5S,
ot (8t ()
or 507 \ 5h” d S(h=1ymv

where h :=det[h w]- Equation (2.14), together with (2.11), allows us to compute the full variation

T; ., the partial derivative of the stress-energy tensor with respect to the flow

dT‘r,yv 4 ~o &
dr = _E T:M T,av gr Tuv ‘rhr,yv ) (2.15)
where £, and y, are scalar functionals of the stress-energy tensor, respectively defined as
2 da—b 2
L= b-da [T]. =" (atrT [T,]* - brr, [12] ) (2.16)

1 This can be also understood perturbatively from the geometric perspective introduced by J. Cardy in [28], which relies on the Hubbard-Stratonovich transfor-
mation to account for the metric deformation in the TT-deformed partition function. If the deforming operators were not quadratic functionals of the stress-energy
tensor, the fluctuations about the saddle point would not be independent of the stress-energy tensor.
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From equation (2.15), the second coefficient of the Taylor expansion (2.12) is obtained as

2
2 A\ e & 4. » 4
h(m),uv = (E) T;:)YMTT()»“V * d gTOTTOJ‘V + d Aro8uv - (2.17)

The higher order coefficients have been computed recursively in [44], by considering the general expression

UV 7,1V’

n
W =chyy+ Y cTE . Vi1 (2.18)
k=1

Here {c](c") }keq1,...ny are polynomials in the variables ¢, and y, with real coefficients. In this fashion, the computation of each h(r',',)w

can be reduced to the computation of the coefficients {c,(cn) }keq1,...n)» bound by the recurrence relations

()
D __dco O
o T4 T4
4 dc(")
(n+1) _ (n) k (n) (n)
Ck ——Eck_l—d—T—kgrck —(k+1)2’rck+l, 1<k<n-1 (2.19)
(n)
cf,"ﬂ):—ic(") - —dC" —n& c™
d 1 dr rn
) _ _4
T

The recurrence relations (2.19) can be implemented in a Mathematica notebook, with the first n = 100 coefficients of the series
{c,(:') }ke(1,...n) Obtained in less than a minute on a standard machine.

3. Deformed actions from the change of metric

In this section, we will focus our attention on a few notable examples where the metric series expansion exhibits low-order
truncations.

3.1. Trace-squared deformations

Setting b = 0 in (2.3) we obtain trace-squared deformations in arbitrary dimensions, with characteristic flow equation

aSM,‘r a 4 2
- =E/dx —gtr [T,]". 3.1)

It is important to note that a is not an independent parameter, as it can be set to 1 by rescaling the flow parameter as ¢ — 7/a. From
(2.10), the associated flow in the space of metrics is given by

dh, ,, 4a
d:l = _Ftrr[Tr]hr,yv . (3.2)
It is possible to integrate equation (3.2) via the recurrence relations (2.19), which yield>
4
hr,uv = (1 - a(T - T())tr[TrO]> ¢ g,u/ . (3.3)

In other words, trace-squared deformations amount to a field-dependent Weyl rescaling of the background metric. Note that the 4/d
exponent appearing in (3.3) does not stand as an exclusive hallmark of trace-squared deformations, as we will show in the following
section. Ultimately, its presence is due to the 4/d factor in (2.10), and it anticipates the special role played by TT-like deformations
in four space-time dimensions. Once the full form of the deformed metric is known, the TT-like dressing machinery can be put to
work over physically relevant theories: specifically, for a given matter seed theory Sy, its associated deformed theory S\, , can be
computed as

{SM[gW,CDI]—@/ddX —gtr[TTO]z} = Snie [Pe @] (3.4)

g=g(h)

2 It must be noted that equation (3.3) does not stem from analytic computations; nevertheless, its validity has been substantiated through explicit verification across
arbitrary space-time dimensions, extending up to the 100th order in the Taylor expansion.
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with 4, ,, given by (3.3). There are two interesting scenarios® in which the expression (3.3) assumes a particularly simple structure:
namely, d = 4, where the deformation of the metric is linear in 7, and d = 2, where the deformation is quadratic in the flow
parameter.

Trace-squared deformations in d = 4 space-time
As an instructive example, we start by examining the effects of trace-squared deformations on the action that describes a single
interacting boson in d = 4. To this end, we introduce the following action at 7, = 0:

1
Sy (8] = / d'xy/=g 30,006~ V()] . (3.5)
Here V' denotes an arbitrary Lorentz-invariant potential, and for notational convenience, we introduce the symmetric, metric-
independent quantity
Xy = 0,40, (3.6)

whose trace we denote by X =g""X,,. The trace of the stress-energy tensor associated with the seed theory is given by

tr[Tyl = X — 4V, (3.7)

so that, by equation (3.3), the deformed metric is

h 1 —artr[Tol) g,, = (1 —ar (X —4V))g,, . (3.8)

T,V = (
The next step of the TT-like dressing requires inverting equation (3.8), expressing the metric g, as a function of &, ,,. Before we do
that, notice that the kinetic term X appearing in (3.8) implicitly contains the background metric g, , hidden inside the trace over
space-time derivatives. For this reason, we introduce the term

X, o=,V X = (h)"0,¢0,6. (3.9)
which is related to the original kinetic term of the undeformed theory via

X

Xi=——— > 3.10
T l—ar(X —4V) (3.10)

or, explicitly solving (3.10) for X,
_ X, (1+4atV) 3.11)

I+arX,

At this point, we have all the necessary ingredients to dress up the action (3.5) with the trace-squared deformation. First, we subtract
the deforming operator computed at 7 = 7, (in this case, we have fixed 7, = 0):

Sy (g ] - %/dztx “gtr [T0]2=SV (g, 0] = %/d4x\/—_g(X—4V)2, (3.12)

Next, we substitute g = g(h,) in (3.12) as determined by (3.8). Taking into account the transformation rule (3.11), and keeping in
mind that in four space-time dimensions the metric determinant in (3.5) transforms as

VoA N

\/-g= = , (3.13)
(I—artr[Te)? (1 —ar (X —4V))?
we obtain the deformed action
2
SV,T[hT,MV’¢] = {SV [g”wd’] - %/d%{ —gtr [TO] }
g=g(h)
2X, +arX? vV @19
= [ d*xy/-h : L )
XV <4(1 YdarV) 1 +4aTV>

As a final check, notice that the trace of the deformed stress-energy tensor — here computed over the metric structure induced by

h. ,, — is given by

X, -4V

tr, |T,| = ———.
(] 1 +4arV

If we now regard the metric & ,, as fixed, and compute the derivative of (3.14) with respect to 7, we obtain

(3.15)

3 There is, actually, a third possibility: a trace-squared deformed one-dimensional field theory (i.e., a mechanical system evolving in time) is equivalent to a metric
deformation (i.e., a change in the clock of the system) through a Weyl rescaling characterised by a quartic dependency on the energy of the underlying seed theory.
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d 4 4
SVl @] d*xy/-h <1+4mv> /d x\/—h, tr, [T] (3.16)

Since there is no harm in simply relabelling 4, ,, as g, we have shown that the action

2X +arX? 14
Ky ,Pl= [ d*xy/= - 3.17
Vel 9] / e (4(1 +darV) 1+4aTV> (3.17)

satisfies the flow (3.1) in d =4, with (3.5) as the associated seed theory in 7 = 0. Further generalisations in four dimensions can

account for the introduction of multiple scalar fields {¢ I } req..N) I this case, the seed theory
SN (g 1] :/d“x\/ ( 0,10 — V) (3.18)
where implicit summation over the field index I =1,..., N is understood, is deformed by the trace-squared deformation into
1 1\2
SO (g 1] = / dixyg| 2O a0 Y) v | (319)
uv 4(1 + 4arV) 1 +4arV

Analogue procedures can be implemented when the matter Lagrangian exhibits even more intricate structures. For example, consider
the action describing self-interacting scalar fields minimally coupled to Maxwell’s electrodynamics:

1
S8, ®, A, = / d*x\/“g [D#q>(1)”q>)* —V (00*) - ZFWF"V] A (3.20)
Here, F,,, =0, A, — 0,4, is the field strength for the Abelian gauge field A, ® is a complex scalar field, V' is an arbitrary potential,
and the matter-radiation coupling is realised through the introduction of the covariant derivative D,, :=9, —iA,. One can explicitly
check that (3.20) is deformed by the trace-squared perturbation into

2
D,®(D*®)* +ar [D,®D'O)*| -V
Sf[g,,v,<1>,A,,]=/d4x\/—g . 1+4Q:V - 2 En | (3.21)

There is an intuitive reason for this. First, we notice that the stress tensor associated with the kinetic sector of the electromagnetic
theory in (3.20) is traceless in d = 4. Since the deformed theory is constructed from the seed action by recursively incorporating
functionals of the trace, the F, wF# term remains untouched, as it receives no contributions. On the other hand, the kinetic sector of

the scalar field theory matches the one obtained in (3.17), providing that we appropriately rescale ® — ®/ \/5 to replicate the initial
normalisation, and substitute d, — D,, as required by the minimal coupling prescription.

Trace-squared deformations in d =2 space-time
In two space-time dimensions, the metric deformation associated with trace-square deformations is quadratic in 7. Again, we start
by considering a single interacting scalar field as our seed theory at 7, = 0, whose action is given by:

1
Sy g 0] = / dx+/—2 [Ea”d)a”qb -V, (3.22)
The trace of the stress-energy tensor associated with (3.22) is easily computed as

tr[Ty] = -2V . (3.23)

The deformed background metric is then related to the original one by

h 1 —artr[Tol)’ g, = (1 + 2atV YV g, - (3.24)

v = (

Recalling that in d =2 the metric determinants transform under (3.24) as

Vv

iy - , 3.25
1 —artr[Ty] 1+42atV ( )
the action (3.22) is dressed by the trace-squared deformation into
a 2
Sy olhe b = {SV (8,00 ] — 2’ / d®x/=gtr [Ty }
g=g(h) (3.26)

1 %
xy/"h (-X ——),
NV T T 200y

where again X, = ! Vaﬂ¢av¢. Relabelling 4, ,, as g, in (3.26), and regarding g, as fixed, one can verify that the trace-squared
flow (3.1) is satisfied. Note that the kinetic term is unaffected by the deformation: this is analogous to the behaviour of pure Maxwell
theory in d =4 space-time. In d = 2, this phenomenon finds its ultimate origin in the intrinsic property of conformal field theories,
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wherein stress-energy tensors are inherently traceless, without the necessity for improvement procedures. It is also interesting to
observe that, as 7 — oo, the deformed theory (3.26) becomes free.

3.2. Deformations of Abelian gauge theories

Assume that the matrix T, is diagonalisable, i.e., there exists an invertible matrix P and a diagonal matrix D such that T, =
PDP-!. Moreover, assume that T, has 2 (respectively, 1) independent eigenvalues of multiplicity d /2 (respectively, d) if d is even
(respectively, odd), namely

diag (Ay. ... Ay dgseidy) . dE2N+2
—_——
D= 2 times £ times (3.27)
diag (4,...,4), dE€2N+3.
——

d-times

Under the assumption (3.27), fixing a =2/d and b =1 in (2.3), the coefficients of the Taylor expansion (2.12) can be computed as

My (=2
He,, =1 d)"TTW, (3.28)
where we introduced the Pochhammer symbol defined as

_Tx+n)
0 ="reg

At least formally, the deformed metric can be then written as

R = [(g ~(r-7) T, >§] : (3.30)

uv

(3.29)

As anticipated when discussing trace-squared deformations, the four-dimensional scenario assumes yet again a distinctive signif-
icance, as it makes (3.30) linear in 7. In arbitrary space-time dimensions, provided that the theory satisfies (3.27), the dressing
equation (2.8) takes the explicit form

(T - TO) d 2 2 2
{SM[gW,(D,] - /d x\/—g <Etr [T, ] - [ = Sute [Per 1] » 3.31)
g=g(h)
with A, ,, provided by (3.30). It is interesting to notice that, due to the degeneracy properties of the stress-energy tensor (3.27), in
even space-time dimensions one has
2
1(2 2 2 d
z <Etr 1., - [T’OD = Ay = (det[T, 1) " (3.32)

Of course, the same statement holds in odd dimensions, under the identification 4; = A, = A. One naturally ponders which physically
relevant theories adhere to the constraints delineated by (3.27). As it turns out, such theories are more common than one may expect:

« in d =2, the condition (3.27) does not constrain the stress-energy tensor which has, in general, 2 distinct eigenvalues. The family
of stress-tensor flows reduces to

OSm..

> =%/dZX\/—_g<tr [T,)* - tr [Tﬂ):/ddx\/—_g det[T, ], (3.33)

which reproduce the usual TT deformations in two-dimensional spacetime;
* in d =4, as we shall soon discuss, Abelian gauge theories are characterised by the stress tensor degeneracy required by (3.27)
[72], and the TT-like flow reads

OSm.

1 1 2
e 2 / dxy/=g (Fur[T)" - e [12]): (3.34)

In addition, it was recently discovered that in the chiral two-form theories in d = 6, the stress-energy tensor also displays eigenvalue
degeneracy (see comments at the end of section 7 of [73]).

A warm-up: from Maxwell to Maxwell-Born-Infeld

Before we dive into the more general framework of d =4 Abelian gauge theories, it is instructive to analyse what happens when
we take into account the simplest U(1) gauge theory in four space-time dimensions. Namely, we focus on Maxwell’s theory, which
we take as our seed theory in 7, = 0, and whose action is given by
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1
SMax[gy\/’A;t] =_Z /d4XV_gF;4vF”v' (3.35)
We compute the stress-energy tensor associated with (3.35) in its matrix form, which reads
1
T,=F — ~tr [F2]1, 3.36
0 Tk [F*] (3.36)

where 1 denotes the 4 X 4 identity matrix, and we introduced F = (g#* Fav)” e(0...3)"

ric. If we label as {Z,},c(o,.. 3) the eigenvalues of F, since the matrix (3.36) is symmetric, it is always possible to find a matrix P
such that T, = PDP~!, with D given by

Notice that F is, by construction, antisymmet-

D= diog (;ur [F?] = 2,... g [F?] = £2) :=ding (... ) (3.37)

Moreover, since the eigenvalues of any antisymmetric matrix are purely imaginary and come in complex conjugate pairs, we can
take

{fo,f],fz,fS}:{—fl,fl,fz,—fz}. (3.38)

Given that only the square of each £, contributes to the matrix D, we obtain
D =diag (4,41, 45, 4y) - (3.39)

This is enough to ensure that, under the TT-like flow (3.34), Maxwell’s action (3.35) is dressed as
= SMHX,T [h‘r,yv’ Aﬂ] ’ (340)

{SMax[gyva”] + % /d4X —gtr [Tg] }
g=g(h)

where, according to (3.30), we take the deformed metric hwv to be

hT,ﬂV = gyv + TTO,yv . (341)

Notice that the tr [T0]2 term in (3.31) has disappeared from (3.40), since the stress-energy tensor of the seed theory is traceless in
d =4. In addition, it is worth pointing out that we can express equation (3.41) in a more explicit way as follows:

h, =J'gl. J::‘/l—itr [F2]1-iv/7F, (3.42)

where J is a 4 X 4 square matrix with complex entries. The transformation of the metric as written in (3.42) can be easily understood
as a field-dependent local change of coordinates, characterised by the Jacobian matrix J. Consistently with (3.41), we also have,

=TI 14— Lo [P 1= 14T, (3.43)

In line with our previous approach to scalar fields in the context of trace-squared deformations, we need to define new quantities in

the h_ ,, frame. In this case, it suffices to introduce the matrix F, = (h#e FM)‘4 V(0.3 related to the original F via

Fo=(7")FI). (3.44)
Finally, given that

V=h, =det[J]1/-g. (3.45)

one can algebraically manipulate equation (3.40) to obtain an explicit expression for the deformed action:

Swtaxe e Ay = % d*xy/~, ( det [1 + \/ZF,] - 1> . (3.46)

As is customary, one may relabel redundant quantities to yield a more succinct form for the action (3.46): we restore the notation
for a generic background metric g,,,, and set 2z =1/ #?, yielding

Swtaxe (v Al =ﬂ2/d4x\/—_g det [1+%F] —-1}. (3.47)

Here f is simply regarded as a scale parameter. The action (3.47) is the renowned Maxwell-Born-Infeld action, historically introduced
in the 1930s to remove the divergences emerging due to the electron’s self-energy in classical electrodynamics. In this theory, the
maximum attainable value of the electric field is f, ensuring finite self-energy for point charges. Initially shadowed by the advent of
renormalisation, the Born-Infeld theory regained popularity in the mid-80s as the leading term in the low-energy effective action of
the open string theory expanded in powers of derivatives of gauge field strength [74]. It comes without surprise that the dressing
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mechanism (3.40) applied to Maxwell’s thei)ry reproduces the Maxwell-Born-Infeld theory, as it was shown in [46] that (3.47) is
indeed a solution to the four-dimensional TT-like flow (3.34) with Maxwell’s electromagnetism as its seed theory. Nevertheless, the
discovery of the extent to which the dressing mechanism can reach was, from our perspective, quite surprising.

Massive electrodynamics and higher-order self-interactions
Maxwell’s theory (3.35) is the simplest theory of massless vector boson in four dimensions. At the price of breaking gauge
invariance, one can add extra terms to the action, including a Lorentz-invariant potential V:

1 v
S[g,,v,Ay]=/d4x\/—g [—ZFWF” - V(A,AN]|. (3.48)

As an example, the choice V = %mzA «A" reproduces the Proca action, describing a massive spin-1 vector field in d =4 space-
time. The addition of an extra potential term to the Maxwell action has the simple effect of shifting the stress-energy tensor by a
field-dependent quantity:

Ty —Ty— V1. (3.49)

In turn, equation (3.49) produces a homogeneous shift in the eigenvalues of T\, which does not however spoil the degeneracy
discussed in (3.39). This implies that the dressing procedure remains a feasible approach when performing TT-like deformations of
self-interacting theories of electrodynamics. In particular, one can check that the interacting theory (3.48) is deformed into [46]

S8 A, = m / d4x\/—_g<\/det [1 +2e (1= TV)F] - 1> +3 _VTV . (3.50)

It is interesting to observe that the effect of adding interaction terms to (3.35) amounts to a shift in the flow parameter in the kinetic
term of the form

to1(l=-1V). (3.51)

This property is not confined to Maxwell’s theory. Rather, it extends its reach to generic Abelian gauge theories.

Beyond breaking gauge invariance, additional problems arise when introducing actions such as (3.48). These complications are
ultimately related to discontinuous changes in the number of degrees of freedom in the theory when the potential vanishes. The
Stueckelberg mechanism [75] could offer an efficient way to overcome these issues.

Deforming arbitrary Abelian gauge theories

So far, we only focused on Maxwell’s theory. It turns out that the class of physical theories which satisfy the bound provided
by equation (3.27) is much broader, encompassing all four-dimensional Abelian gauge theories. To show this, we turn our attention
towards gauge theories built from the electromagnetic stress-tensor F,,, relying on the results from [72]. According to the Cayley-
Hamilton theorem, every matrix F satisfies its characteristic equation:

3
det[F]1= Z . F". (3.52)
n=0

The coefficients y, are given by

_ (_l)ki-“ i1ki
n=2 1= o Fl™, (3.53)
(K} =1 !
where the sum runs over all sets of non-negative integers k; which satisfy
4
ik, =3-n. (3.54)
i=1
Notice that, as the coefficients y,, depend only on the traces tr [F’] fori=1,...,4, equation (3.52) imposes constraints on the number

of independent trace structures that a 4 X 4 matrix may possess. Specifically, for / > 4, any term proportional to tr [F’ ] can be
expressed in terms of lower traces. Furthermore, owing to the antisymmetry of the Abelian field strength F,,, the trace of any odd
power of its associated matrix F is zero. Consequently, any scalar, gauge-invariant quantity constructed from F),, can be represented
as a linear combination of the two remaining independent traces, namely tr [Fz] and tr [F“]. In particular, given that the Lagrangian
densities Ly, (,, of four-dimensional Abelian gauge theories are by definition gauge-invariant scalars, one has, in full generality:

Ly (8u-4,) = Ly (tr [F?] tr [FY]). (3.55)

The Hilbert stress-energy tensor associated with the family of Lagrangians (3.55) is

10
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0Ly  otr [F)]
TT(),MV = gMVEU(l) - 2n=21,2 W ' W

(3.56)
B 0Ly 6tr [F?] 0Ly otr [F4]
=g, — . —_ .
N T R T
Equation (3.56) can be written in terms of the associated matrices as
T,, =al +a,F* + a,F*, (3.57)

{Andnero...3y = a0+ a 102+ ayli}ero...3) - (3.58)

Similarly as with Maxwell’s theory, since the eigenvalues of any antisymmetric matrix are purely imaginary and come in complex
conjugate pairs, we take

{€0,61.62.63} ={~¢\,81,62,—0,}. (3.59)

Given that only even powers of each #, contribute to the set of eigenvalues of T, , the latter can be put in a diagonal form D by
some similarity transformation, with

D =diag (4,41, 45, 4y) - (3.60)

This tells us that, given any Abelian gauge theory in d = 4 space-time, performing a TT-like deformation driven by the operator

o= % (%tf [T~ e [12]) 3.61)

is equivalent to implementing the dressing mechanism

(’L’ - TO) 1 2
{SU(I)[gMV’AM] T4 /d4x V=8 (Etr [TTO] -u [Tzo]) } = SU(l)-f [thMV’AIl] 4 (3.62)
g=g(h)
with deformed metric
1
hr,uv =& + (T - TO) [Tro,uv - Etr [Tro] gMV] . (3.63)

Given that gauge symmetry remains unbroken along TT-like flows [76], the characteristic degeneracy of the stress-energy tensor
is preserved as we deform the theory. Then we see from (3.32) that if the matter content of a four-dimensional U(1) gauge theory
Sy, complies with equation (3.62), it must also satisfy

= Su(ye [Py Aul - (3.64)

g=g(h)

{S”“”gw’*ﬂ] ~(r-n) [ atxyTE fa 12 }

As an example of non-standard electrodynamics subject to TT-like flows in four dimensions, consider the ModMax Lagrangian
[49], introduced as the unique one-parameter family of Lorentz invariant modifications of Maxwell’s theory preserving both duality
invariance and conformal symmetry:

1 1 . 2
Lvtoamax (8puvs A,) = ~2 coshy F,, F*" + 7 smhy\/ (Fu F1v)" + (emvaP F Fop)?. (3.65)

Here y is a dimensionless real parameter that controls the deformation: when y is set to zero, the Lagrangian (3.65) reduces to the
usual Maxwell theory. When dressed by the TT-like deformation, it is deformed into the Born-Infeld-ModMax theory [50,77].

1 72
EModMax,r(gyv’ Ay) = Z |:\/1 + TEModMax(gywAy) - Z(SuvaﬁFvaaﬂ)z -1]. (3.66)

As discussed before, gauge-breaking self-interactions will simply shift the eigenvalues of T, , preserving their degeneracy, and the
dressing procedure can be implemented also in the presence of non-vanishing potentials. As anticipated, the effects of the additional
potential on the theory’s kinetic term can be seen as a shift of the flow parameter = — 7 (1 — zV'). The interacting term is instead
deformed as in (3.50): V — V /(1 — tV). This behaviour is a typical characteristic of TT-like Abelian gauge theories, and it reproduces
the form of two-dimensional TT-deformed interacting theories [46].

11



T. Morone, S. Negro and R. Tateo Nuclear Physics, Section B 1005 (2024) 116605
4. Palatini gravity

In the past century, considerable exploration has been undertaken into extending general relativity in minimal ways, offering
opportunities to depart from the traditional Einstein-Hilbert framework and tweak gravitational dynamics. Among these efforts,
a particularly promising category is the f(R) Palatini theories [78] and their offshoots, the f(R,,) extensions, also dubbed as
Ricci-based gravity theories [69], which do not require the introduction of additional degrees of freedom compared to standard
Einstein-Hilbert General Relativity. Before plunging into the subtleties of these theories, let us briefly review how in practice the

Palatini formalism works. For this purpose, we focus on the Einstein-Hilbert action*:°:
y 1
Skl [gﬂv,rw] =3 / d’xy/=gtr [R(D)] . (4.1)

Notice that the action (4.1) has a functional dependence from the connection I': this tacitly denotes our commitment to the Palatini
framework. Herein, both the metric and the connection are regarded as independent dynamical fields, and the Ricci curvature tensor
— a a a 1f _1Tarb
RMV - aarvu a\/ray + raﬁrvu rvﬁrau (4.2)
is considered as a functional of the connection only. Here

R=( g”aR(av)) (4.3)

u,vel{0,....d—1}
is the d X d matrix canonically associated with the symmetric part of the Ricci curvature tensor R,,), where indices are as usual
raised and lowered through the action of the metric tensor. The fact that only the symmetric part of R,,, enters the action might
seem inconsequential at present, but its significance will unveil in due course, as it will guarantee the stability of more complicated
theories. Being g, and Fjv two independent objects, the equations of motion for the theory (4.1) are obtained by extremising the
action with respect to both the metric and the connection. The variation of Sgy with respect to g,,, yields

1
R I — EtT[R(F)]g,,V =0, (4.4)
while — disregarding boundary contributions — the variation with respect to I" ﬁv gives us

1
2
Equations (4.4) are nothing more than Einstein’s vacuum field equations, albeit with the Ricci curvature depending upon the Palatini
connection. But there is a catch: equation (4.5) tells us that, when on-shell, I“’lv is the usual Levi-Civita connection from General
Relativity. At least when in vacuum, the dynamics of the Palatini-Einstein-Hilbert action (4.1) is the same as the one described by
General Relativity. In other words, the two theories they are dynamically equivalent. What happens when we add matter to our
theory? For our purpose, it is handy to consider a matter theory Sy = Sy, as being the seed theory associated with some TT-like
flow, as the ones described in the previous sections. Assuming that matter minimally couples with gravity, we write down the full
theory as

rfw = =8" (0,80 + 0,8 — 0a8p) - (4.5)

s [gw,rﬁv,q] = Spxy [gw,rfw] + Sy [g @1 - (4.6)

It is important to underline that in (4.6) we assumed that the connection I" fw does not explicitly enter the matter action .Sy;. This
statement is equivalent to the condition that the theory must have vanishing hypermomentum:

w_ =2 6Sm —

AT e srh

-8 6F;4v

In other words, we are stating that matter fields refrain from direct coupling with the connection. This scenario generally holds for
minimally coupled bosonic and Abelian gauge fields. Nevertheless, complications may emerge in the context of fermionic matter. For
the sake of clarity, unless explicitly stated otherwise, we shall assume that all the matter theories we consider adhere to the condition
(4.7). As for the equations of motion of (4.6), notice that, since Fﬁv plays no role in the matter sector, equation (4.5) is still valid:
the connection for our theory is once again the Levi-Civita one. On the other hand, since g,, takes part in Sy, it is easy to see that
the equations associated with the metric tensor become

4.7)

1
R(;N) - E[r[R]guv = TTMN >

(4.8)

where we finally dropped the explicit Fﬁ , dependence, as a way of indicating that the connection is the metric-compatible one.
Equations (4.8) are, once again, equivalent to those from General Relativity. However, the genuine strength of the Palatini approach
comes to light when we depart from the conventional Einstein-Hilbert action, as we will see shortly.

4 In this paper, we set the reduced Planck mass 877Gy = 1.
5 While the dimension d remains arbitrary, caution is warranted in specific instances. Notably, when d =2 or d = 3, the theory becomes topological, precluding
the possibility of locally coupling matter degrees of freedom to gravity.

12
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4.1. f(R) and Ricci-based gravity theories

One of the most straightforward ways to increase the complexity of the gravity functional is to add higher-order terms to the
action (4.1). For example, one may decide to consider sufficiently well-behaved functionals, which can be then Taylor expanded into

St (g Th) = [ 4'xVE Y, G ROP RO (4.9)

Note that when writing down the action (4.9) we were somehow forced to incorporate at least one dimensional parameter, which
we denoted as k, with the convention that [x] = —2 in mass units, so to ensure that [S; ] = 1. The presence of k sets a mass scale
for the theory. Here the c,,,’s are coefficients which define the theory. While refraining from detailing the specific structure of the
action (4.9), it is understandable to require that its IR limit should converge to the Einstein-Hilbert action:

Sex [g,ml"f,v] = Sgn [g,mew] +0(x). (4.10)

This is easily achieved by setting ¢y, = 0° and ¢,y = c5; = 1/4 (notice that these last two coefficients are associated to identical terms
in (4.9)). When ¢, = 0 for every n # 0, the resulting theory can be Taylor expanded into powers of tr[R] alone, and things get
significantly simpler. These theories are known as f(R) theories, and we will explore them in the following section. When there are
no constraints on the coefficients c,,, — apart from those realising the low energy limit (4.10) — the theories in the class parametrised
by (4.9) are generally known as Ricci-based gravity theories (RBGs for short). It is within the context of RBGs that our restriction to
the symmetric component of R, becomes relevant: as shown in [79], even though the field equations of RBGs are, in general, of
second order, it is necessary to impose projective invariance of the action to get rid of ghost-like dynamical degrees of freedom. A
projective transformation of the connection field of the form

2 2 2
Fyv _)Fy\/ +§M5v ’ (411)
reflects on the Ricci curvature tensor as
R, =R, +0,8,-0.8,. (4.12)
Consequently, the symmetric part of R, remains unaffected, and so does the gravitational action Sg ..

4.1.1. f(R) gravity
In this section, setting c,,, = 0 for every n # 0 in (4.9), we focus on the family of functionals

S [gw,riv] = / d’xy/~g (%tr[R(F)] + Z cmokm_ltr[R(F)]m) . (4.13)

m>2

It turns out that one of the most notable members of this class is also the simplest, non-trivial example of Palatini f(R) gravity in
d =4, known as the Starobinsky model:

Ssiarx [gw,rfw] = / d*x /g (%tr [R(D)] + %tr [R(F)]z) . (4.14)

The action (4.14) will later play a central role in this article, but we will keep the discussion as general as possible for the moment
being. As we did for the Einstein-Hilbert action in the Palatini framework, we add matter sources, minimally coupling the gravity
theory to an arbitrary seed theory in 7 = 7;:

S, [gw,r;v,cpl] =g, [gw,rjw] + Syt [8s 1] - (4.15)

For the sake of notational compactness, from now on we will drop the explicit I' dependency in R,,,. It is then convenient to

introduce a gravitational Lagrangian density £, such that Sg, = [ d*x /=g Lg,,- Since, by assumption, L, should exclusively
depend on g,,, through the trace of the matrix R, we can trade the metric variation of the gravitational Lagrangian with its variation
with respect to tr[R]:

aEG,K _ aEG,K 0II‘[R] _ aEG,x

= = . 4.16
dghv  otr[R] dghv  ou[R] WV (4.16)
Requiring that the variation of Si , with respect to g,, should vanish, we obtain
LG,
ZMR(W) _ﬁG,Kguv=T’ro,)4v' (4~17)

Finally, taking the trace of equation (4.17), we get

6 The ¢, term simply amounts to the addition of a cosmological constant to the model, contributing to its vacuum energy. While our present discussion can be
easily generalised to the case of non-vanishing cosmological constant, we will be ultimately interested in the analysis of asymptotically flat space-time.

13
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0LG
otr[R]

This equation implies that tr[R(I")] can be solved algebraically in terms of tr [TTO], thus leading to tr[R(I")] = f (tr[TTO]), as a function
of the matter content (and possibly of the metric), but not of the independent connection. On the other hand, using

2 tr[R] - dLg, =tr[T,]. (4.18)

- A A
Ry =V ,16Th =V, 6T, (4.19)

where V, denotes the covariant derivative associated to Ffw, the variation of (4.15) with respect to the connection yields

oL,
g Gk v ) —
VA( Eoulr]® ) 0 (4.20)

We can introduce an auxiliary metric tensor &, ,,, defined by its inverse (h7!)"" via

1 —1\HV aEGK'
—\/—h_(h =4/—g———g"", h, :=det |h R 4.21
2 K ( K ) gatr[R]g K [ KsMV] ( )
with (h;l )M “ hy 4, = 8}/ Notice that the new metric h, v 18 symmetric by construction, and it converges to the standard metric g,,,
for sufficiently small values of the coupling k, as one can see from (4.13). The additional 1/2 factor in (4.21) may appear arbitrary
at first glance, yet its significance will become apparent in equation (4.35).

With this definition in mind, we can recast the equations of motion for the connection (4.20) into a far more familiar form:

1,,_
FZV = E (h;(l )Aa (avhx,;m + auhx,av - aah;c,ﬂv> .

Equation (4.22) simply states that the auxiliary metric A, ,, is such that the connection must be 4,-compatible. Moreover, taking
the determinant of both sides of (4.21), and plugging back in the value of 4/—h,., equation (4.21) can be simplified into

(4.22)

2
0LG, \ 72
h =(2 - . 4.23
v < dtr[R]) Buv (4.23)
This tells us that &, ,, and g,, are related by a theory-dependent Weyl rescaling. Relying on the fact that equation (4.18) allows

us to trade traces of R with functionals of the trace of the stress-energy tensor T, , the auxiliary metric and the standard one are
ultimately linked by the matter content of the full theory. Notice that the dimension of space-time plays an important role in defining
the behaviour of the auxiliary metric.

An interesting question arises: what happens in vacuum, when TT(J = 0? From the equations of motion (4.18), we notice that tr[R]
is fixed as a constant as we move throughout spacetime, and so is L . Introducing the auxiliary metric &, ,, simply amounts to
some homogeneous rescaling of g,,,, and the connection becomes g-compatible. In the absence of sources, the dynamics of Palatini
f(R) gravity simplifies to that of General Relativity, albeit with the potential addition of an effective cosmological constant to
accommodate the correct fixed value for the scalar curvature tr[R] [78].

4.1.2. Ricci-based gravity

Despite their increased complexity, generic RBGs share various features with f(R) theories, and the techniques employed for
their study are essentially the same. This time, since L, will depend on some functional of the matrix R, we can trade the metric
variation of the gravitational Lagrangian with its variation with respect to the combination gt*R ), since

LG, LG, 08" Rp) 0LG

= = R sy - 4.24
agyv agpaR(aﬂ) aguv ag”aR(aﬁ) (Bv) ( )

Once the gravity theory has been suitably coupled with matter, the variation of the total action with respect to the metric yields
LG,
25g””73(aﬂ) Ripn = L8 =Tey - (4.25)

As far as the equations of motion for the independent connection are concerned, we can once again introduce an auxiliary metric
tensor A, ,, such that

1 Aa
Ao -1
w=3 (RN (0P + 0P gy = Ol ) - (4.26)
In this case, the compatibility condition (4.26) is realised by defining
l — “INAY aEG,K
SV=he ()" =+/-gg TR 4.27)

Just as for the f(R) case, in vacuum, the field equations of RBGs (4.25) coincide with those of General Relativity [80]. This is
a common feature of metric-affine gravity theories, where modifications to the gravitational sector emerge only in the presence
of matter fields. The universality of this outcome ultimately stems from the covariance of the field equations, which implies that

14
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— in a vacuum - the Ricci tensor must be proportional to the metric. An additional perspective on this broad result arises from
recognising that General Relativity is the unique Lorentz invariant and unitary theory governing a self-interacting, massless spin-2
field, commonly referred to as the graviton. Thus, if by gravity we mean a theory for such a particle, we will inevitably find General
Relativity in vacuum [58].

4.2. The two frames of Palatini gravity
It has been shown [67,69,81] that Ricci-based gravity theories such as (4.6) can be recast into General Relativity, provided we

introduce modified couplings in the matter sector of the full action. To see how this works, we start by focusing on the f(R) case,
and introduce the auxiliary action

3 d

Sk [g,,v,l"yv, H”] /d x4y/— {EGK (tr[H]) + (tr[R] - tr[H]) TP [H] } (4.28)
and we couple it to the same matter content introduced in the previous section:

3. [gw,rw, Hf,cb,] =85, [g”V,F”v,H ] + Syt [80- @] - (4.29)

Importantly, this theory depends on the additional matrix field H, which will prove crucial in establishing a dynamical equivalence
between .S, and the auxiliary action S,.. For f(R) theories, the additional dependence of .S, is entirely summarised within the trace
of H, which can be regarded as a single auxiliary scalar field. Performing the variation of (4.29) with respect to tr[H], we obtain

’Ls  OLgy
x4/~ + (tr[R] — tr[H - . 4.30
str H] / {a o (RI = utHD IUTHT? atr[H]} (4.30)
which, when set to zero, constrains the on-shell value of H to
tr[H*] =tr[R], (4.31)
provided that the second derivative of LG, in (4.30) does not vanish. Plugging (4.31) back into (4.29), we observe that,
S [ Tis (117)1 04| = S, [0 4] (4.32)

i.e., the two actions satisfy the same Euler-Lagrange equations. We notice moreover that the gravitational sector of .S, can be recast
into a more familiar structure by rearranging its terms as follows:

Sex= / ax gtr[R]at [H] / d?x+/~g (cGK M~ [H]> (4.33)

At this point, we introduce yet another auxiliary metric tensor, which we suggestively call 4, ,,, defined by

0LG

1 - —1\HY _ T > v
2 hK (h)( ) - \/_g 6tr[H] g” . (4.34)

The resemblance to (4.21) is not unintentional: once we integrate out the field H, thus ensuring that §K ~ S, the value of h v will
be defined by

l — —1\HY _ aE uv
3 Ve ()" = v/ g (4.35)

This quite elementary observation bears a profound meaning. The dynamical equivalence of §K and S, is manifested on configura-
tions of H satisfying the equations of motion (4.31). Intriguingly, it so happens that these configurations are such that the auxiliary
tensor A, ,, automatically meets the compatibility conditions for the connection. On the other hand, the introduction of A, ,, as a
new metric allows isolating in equation (4.33) the standard Einstein-Hilbert action with respect to 4, ,,, and we can finally rewrite

(4.29) as
s 1
Se=5 ddxy/—hktrK[R]+/ddx\/ <£GK m [H]>+SM 2,0 1]

dIxV/=h, tr [RI+ Syt g sx (8 HE @] -

(4.36)

Here we borrowed the notation introduced in section 2, denoting by tr, traces taken using the auxiliary metric 4, . In the second
line of (4.36) we defined a new matter action Sy, ,,, which incorporates the residual H-dependence of the theory. In principle,
the modified matter action can be rewritten in terms of %, ,, and ®; alone, by solving the definition (4.34) for g,,. This means that
the dynamics of a matter theory Sy minimally coupled to f(R) gravity is equivalent to that of a deformed matter theory Sy 4«
minimally coupled to standard General Relativity. Here we say standard because the connection we are working with is, by definition

of the auxiliary metric tensor, /,.-compatible. Explicitly defining the stress-energy tensor
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-2 5SM, +
TTO+K,;1V = — (437)

\/=h, SCh v’
the equations of motion resulting from the variation of (4.36) with respect to A, ,, can be expressed as:
7a(y\/) [I‘ [R‘]hk = TU+K Hv (438)

As expected, the expression in (4.38) corresponds to the Einstein field equations formulated in terms of the auxiliary metric tensor
h,,,- These results can be generalised for arbitrary RBG theories, by introducing the auxiliary action

~ 0LG
S 5] = ey {2 00+ 1) )

Similarly, we have

02EG aL:G s
Xy/— "R HY) ——— . s 4.40
6H0t / { aHa g (pv) — ) aHMaHa ()HZ ( )

which forces H* = R. When we substitute this result back into (4.39), we obtain the dynamical equivalence

3. [g,w,r ()" ,@,]zs [gw,rw,cb,]‘ (4.41)

Again, we carefully rearrange terms in (4.39), and write down the gravity sector as

~ 9L
SG’K=/ddx,/ g g RW aH /ddx\/ (ﬁGK K). (4.42)

v oMY
As in (4.34), we can introduce the auxiliary metric

0LG

1 - }
SV (1) =y S0 (443

which, to ensure that (4.41) is realised, assumes the familiar form

1 \/— uv \/—g,m G K (4.44)

5g“ﬁ Ry

Noting that the first term in (4.42) represents the Einstein-Hilbert action expressed in terms of the metric 4, ,,, we obtain

~ 1 aaG,

Se=5 d’x R]+/ddx,/ (ﬁGK H[>+SM 2,0 @]

v (4.45)
1
=3 / dIx\/=h, tr [RI+ Syt g4 (80 HE @] -
This tells us that the equations of motion for §K can be written as
1

7e’(yv) - Etrr[R]hK,ﬂv = TTO+K,;4V » (4.46)

with T; ., ,, defined as in (4.37). We shall henceforth designate §K ~ defined in terms of the new metric %, ,, and leading to the

familiar Einstein equations - as the Einstein frame action, while denoting S, — defined by the original metric g,, — as the Palatini
frame action. In f (R) theories, realised when the gravitational Lagrangian L, is a function of tr [R] only, the geometries of the
two frames are conformally related [82]. There is a close analogy between the above discussion and the existence of two frames
in scalar-tensor theories of gravity, which we address in section 5. In the broader framework of RBGs, the connection equation can
still be solved in terms of an auxiliary geometry which, nonetheless, is not conformal in general, but disformal [83]. Recapltulatmg,
the integration of H in S automatically enforces the metric compatibility condition, while simultaneously ensuring S ~S..Asa
consequence, we can write the dynamical equivalence

SG,K [gyv’riv] + SM [gyv’(bl] = SEH [hk,yv] + SM,TO+K [hK,ﬂV’(D[] > (447)

together with the definition of the modified matter theory

oL,
Shrgi [y @1 = {SM [8,00- /] +/d”’xx/—g <£GK g R(awwﬁi{)}
Bv)

and of the auxiliary metric h

s (4.48)
g=g(h)

K,pv
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0LG

V=h ()" = [—ggh* ——— (4.49)

98 Ry

N =

Notice that we dropped the presence of I“’lv in the right-hand side of (4.47), since it is realised as the Levi-Civita connection of the
metric A, uv- More importantly, notice the resemblance between equation (4.48) (on the gravity side) and equation (2.8) (on the
seemingly unrelated TT-like side). There are scenarios, as we shall soon discover, where these equations convey equivalent insights

regarding the underlying physics.
5. TT-like dressing from gravitational reframing

As we noted before, there is an interesting similarity between equation (4.48), characterised by a metric deformation as defined
by (4.49), and the TT-like dressing introduced in (2.8). The Legendre transform of LG, appearing in (4.48) can be expressed as a
function of the Ricci tensor. If we then impose the field equations (4.25), we can write (4.48) in terms of the energy-momentum
tensor T ,, associated with the theory in the Palatini frame. Similarly, also the auxiliary metric A, ,, can be written as a function
of the original metric g,, and the stress tensor of the matter sector. Then, if L, is such that this rewriting produces the desired
TT-like operator and the Einstein frame metric aligns with the corresponding TT-deformed metric, it automatically follows that the
matter action in the Einstein frame is dynamically equivalent to the TT-like deformation of the Palatini frame matter action. As we
will show through specific examples later on, our deliberate choice to have S; , depended on the irrelevant parameter x endows
the latter with the role of a flow parameter = governing the deformation, up to some linear transformation. We have fixed [x] = -2,
so that standard dimensional analysis settles that the correspondence should be established for x o 7 — ¢, where ¢ is some constant.
However, as our ultimate aim is to express (4.48) in terms of the stress tensor of the Palatini frame theory, implementing consistent
gluing conditions requires setting ¢ = 7, so that

KXT—T1. (5.1)
In the end, the specific value of the proportionality constant in (5.1) turns out to be physically irrelevant, as we retain the flexibility
to redefine the deforming parameter 7 at will. Our discussion so far implies that appropriately crafted modified gravity theories can
serve as a source for generating compatible TT-like deformations. Fixing « as in (5.1), and setting (without loss of generality) the
proportionality constant in (5.1) to 1, the dynamical equivalence introduced in (4.47) reads’:

86—z + SM.ry = SEH + SMr > (5.2)
where Sy, is the TT-deformed matter action at the point 7. On the other hand, 7, is arbitrary, so we can promote it to a tunable
parameter on the same standing as 7. Relabelling the parameters in (5.2), we obtain

SG,ry T SM,r—rp = SEH + S\ - (5.3)

This implies that

SG,T—TU + SM,TO = SG,TO + SM,T—TO . (5.4)
For infinitesimal values of 7 — 7, the dynamical equivalences (5.4) induce the on-shell flow

0Sg, 9Sy.
or ot

s (5.5)

where, by assumption, the expression on the right-hand side of equation (5.5) is governed by the TT-like flow associated with the
matter sector. Alternatively, flipping the sign of 7 in the right-hand side of (5.5), we may write
0

. (SGr+Sm_r) =0. (5.6)

On the other hand, regarding 7z and 7, as independent, and relabelling 7 — 7, — 7; and 7, — 7,, we obtain
SG,r] + SM,TZ = SG,TZ + SM,T[ . (5.7)

On-shell, the TT-like flow parameter and the characteristic scale of high-energy gravitational corrections are interchangeable. It is
crucial to notice that, since our analysis is valid on the shell of the gravitational degrees of freedom, and recognising that the equations
of motion of Ricci-based gravity theories exhibit a pronounced dependence on the specific source theory of matter to which they
couple, the resulting stress tensor flow will strongly depend on the chosen matter sector. In the following sections, we will explicitly
craft gravitational theories capable of accommodating the effects of trace-squared deformations, as well as TT-like deformations of
Abelian gauge theories. The analytic results are presented for the d =4 case, even though, in principle, these techniques can be

7 To improve the clarity of the equations, the inherent dependence on 7, in Sy, =S, is explicitly displayed here.
0

17



T. Morone, S. Negro and R. Tateo Nuclear Physics, Section B 1005 (2024) 116605

employed in arbitrary space-time dimensions. However, additional complications arise when extending the previous analysis beyond
the four-dimensional setting. In section 5.1.1, we will explore why matters become more complex.

5.1. Trace-squared deformations from Starobinsky gravity

We begin our analysis by applying the results from section 4 to the Starobinsky model in four dimensions, which we introduced
in (4.14) as a simple prototype for f(R) theories. Its Lagrangian density is given by

Lo = 3 [R] + S [R]?, 5.8)

where, as usual, tr [R] is seen as a function of some independent connection. Metric compatibility for such connection is achieved
as in (4.23), via the introduction of the auxiliary tensor
a[:Star,;c

hey =2 SR S = (1 +«xtr[RD g, - (5.9)

We would now like to express &, ,, as a function of the stress-energy tensor of the matter sources in the model, and we do this by
considering the equations of motion (4.18):

) aESlar,K
otr[R]
Plugging (5.10) back into (5.9), we get

tr[R] - 4Ly, = —tr[R] =tr[T, ]. (5.10)

Py = (1 - Ktr[Tfo]) Sy - (5.11)

On the other hand, from (4.48), we know that the Palatini frame action for some arbitrary matter sector can be written as

0L,
SM,T()+K [hK,Mv’(I)I] = {SM [guv’q)l] +/d4X V8 <£G‘K ~ iRl atl‘[R’f] > }‘
g=g(h)

= {SM (8- ®1] — 5 /d4x —gtr[R]Z} (5.12)
4
g=g(h)
= {SM [guv’cbl] - %/d4x _gtr[TTO]z} 5
g=g(h)
where, going from the second to the third line, we used (5.10). Finally, setting x = a(r — 7)), we find
a(t — 7y)
SM,T [hk,ywq)l] = {SM [gﬂv’q)l] - TO / d4X _gtr[TTO]z} 5 (5.13)
g=g(h)
where the relation between g, and A, ,, is specified by (5.11), yielding, in terms of the new parameter z:
e = (1= 6 = )T 1) g (5.14)

Equation (5.13), together with the metric deformation (5.14), define how the matter sector is modified in the Palatini frame of four-
dimensional Starobinsky gravity. More importantly, they are the same equations describing the trace-squared dressing of arbitrary
matter theories in d = 4. This defines an exact duality between the dynamics of matter gravitating according to the Starobinsky
model, and matter deformed by trace-squared deformations, as shown in equation (5.7):

SStar,r] + SM,TZ = SSlar,rz + SM,T] . (5.15)

Setting 7, = 7 and 7, =0, we see that (5.15) reduces to

Sstar,r +Sm = Sgn + Sme - (5.16)

Matter theories in a Starobinsky-type universe behave as trace-squared deformed theories in the standard Einstein-Hilbert space-
time. With the results from section 2 in mind, it is now intuitive to understand why, in a universe containing traceless matter
- such as, for example, pure Maxwell — Starobinsky gravity has the same effects as General Relativity [84]: the operator driving
the dual stress tensor deformation automatically vanishes. Of course, the same statement holds for any seed matter theory with a
traceless stress-energy tensor, such as the ModMax Lagrangian (3.65). Notice also that the way trace-squared deformations affect
the potential of scalar theories, such as in (3.17), reproduces the typical slow-roll suppression widely used in inflationary models
[85-87]. Infinitesimally, the gravity theory and the deformed matter theory share the same stress-tensor flow, according to (5.5):

aSStarr aSMT a 2
Sy —t[T]. 5.17
ot or 4/ XVTET | e (5.17)
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The Starobinsky/trace-squared duality serves as a very intuitive playground to understand how deformations of the gravity sector
can be seen as deformations of the matter theory. With more complex RBG theories, the computations are more subtle, but the
philosophy remains unchanged.

5.1.1. The dimensionality problem
As described in section 2, trace-squared deformations in arbitrary dimensions correspond to metric deformations of the form

4
Ry = (1 —a(r - To)tr[TT0]> G- (5.18)

Since (5.18) depends solely on the trace of T , it is natural to assume that the associated gravity theory should belong to the f(R)
family. Let us then consider some unspecified gravity Lagrangian L ., and let us see what conditions must be imposed on it such
that the metric deformation (5.18) is realised on-shell. From (4.23), we know that

2

h 2 2w \ T2 5.19
K,/w_< dtr_[R]) Euv - (5.19)

On the other hand, the tr[T,U] term in (5.18) can be replaced with some functional of tr[R] using the equations of motion, so that
(setting for convenience a(r — 7)) = ), one must have

zaﬁc,x ﬁ_l zaEG”‘ R1—dr ‘ 5.20
( atr[R]> _[ _K< aur] " G“)] ' 20

When d =4, the exponents on both sides automatically match: 2/(d —2) =4/d. In arbitrary dimensions, this does not happen, and
equation (5.20) cannot be analytically solved in general. This problem is not confined to f(R) theories, and it is ultimately what
renders it difficult to extend gravity/deformations dualities to generic space-time dimensions.

5.2. Deformed Abelian gauge theories from EiBI gravity

In this section, we consider four-dimensional Eddington-inspired Born-Infeld (EiBI) gravity, a Ricci-based gravity theory that will
soon display profound links with the TT-like deformations of Abelian gauge theories discussed in section 2. The d =4 EiBI action is
given by

Stime [gueTh] = < / d*x { V= det [g,,, + KR (D] - Vg } : (5.21)

Computing the associated auxiliary metric, from (4.27) we obtain

hl(,/w = guv + KR(;W)' (522)

Notice that the determinant of hK’W, defined in (5.22), appears explicitly in the EiBI action (5.21), and this allows us to easily
compute the equations of motion associated with the metric tensor as [58]:

—1\HV
Vi (R =/~ (gﬂv - KT;QV) . (5.23)
We can now write the Palatini frame action for matter sources coupled to (5.21) in d = 4:

SM,T(]+K [hk,/xv’(I)I]
4 « 0LG

=9 Sw (8 @] +/d xy/=¢ | Lg, —&" R(av)W

P/ T g=gmy

1 1 _
= {SM [0 @1 ] + = /d“x [5 —h, (h,cl)wgw —v=h, - \/—_g]}
g=g(h)
- {SM (g0 ®;] + % /d4x [%\/—_g (4wl 1) = v=h - V=g }
\V—-h

={SM [gﬂv,®1]+/d4x\/—_g[% (1— K>—%tr [T,O]]} ,
\/—_g g=g(h)

where, going from the second to the third line, we made use of the equations of motion (5.23). Using again (5.23), and taking the
determinant of both sides, we can eliminate the residual /#, dependency in the last line, obtaining

VT
\/—_g

(5.24)

g=g(h)

= 1/ det [1 - KTTO] . (5.25)
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To pursue further simplifications, we need to give up full generality and introduce specific assumptions concerning the matter sector
of the theory. For the current purposes, it is convenient to assume that the stress-energy tensor of the matter sector satisfies the
degeneracy conditions discussed in (3.27). As pointed out before, such degeneracy is characteristic of Abelian gauge theories in
d =4 (but not necessarily restricted to them). If T, admits only two independent eigenvalues, the following identity holds in the
four-dimensional case:

1- %m [T,O] — 1/ det [1 - KTTO] = —x2y/det [T,O] . (5.26)

The validity of (5.26) is easily checked after diagonalising the stress-energy tensor. Making use of (5.26) in (5.24), we obtain

Steyin [y @] = {SM [8,0- ®; ] —K/d4x\/—_g det [Tm]} . (5.27)

g=g(h)
Finally, under the degeneracy condition (3.27), it is possible to verify that the Einstein frame metric satisfies

1
hr,uv =& +K (Tro,uv - Etr [Tro] g,uv) . (5.28)

In fact,
_1\Ha 1
(h,(l) [gav +K (Tro,av - Etr [Tro] gav)]

1
- (& = #T2) [s0n o (T = 51 [T, | 80 )| (5.29)

V=8 1 /
== (55 - gt [T | 81+ iy faet [T,{Jaﬂ;) = 5.
\% K

As before, all is left to do is identify k = 7 — 7,: the matter action in the Palatini frame matches the TT-like dressing equation (3.64),
and the auxiliary metric (5.28) corresponds to the deformed metric (3.63). This shows that ordinary matter coupled to EiBI gravity
shares the same dynamics of TT-like deformed matter which gravitates in accordance with the laws of General Relativity. In terms
of flows, provided that the matter theory exhibits the desired degeneracy, we have

aSEiBI,T aSM,‘L' 4
3 ~ 3 =/d x4/—g 1/ det [TT]. (5.30)

From the gravity point of view, it was observed in [84] that coupling EiBI with Maxwell’s theory yields identical dynamics to coupling
General Relativity with Born-Infeld electromagnetism. However, when working from a purely gravitational perspective, calculations
get messy when dealing with more complicated matter theories. In the TT-like framework, provided that the theory features the
expected degeneracy, the following dynamical equivalence is always established:

Bl

SEiBLr, T SM,r, = SEBLr, T SM,1, - (5.31)

Choosing 7; = 7 and 7, = 0, we obtain

Sgiprr +Sm =~ Sgn + Swmr - (5.32)

For example, the computations in this section show that any U (1) gauge theory obeys (5.32). It is possible to express both Starobinsky
and EiBI gravity as limiting cases of a single gravity theory: we shall explore this scenario in Appendix B.

6. Perturbative gravity flows

As we discussed in section 4, the explicit four-dimensional correspondences presented in the previous sections originate from a
more general setup in the context of RBGs. A natural question is whether a somehow weaker version of this setup can be extended
to larger families of deformations, regardless of the existence of an exact dressing mechanism. Even if we abandon the idea of the
dressing mechanism, it may still be feasible to study more general deformations related to the stress-energy tensor perturbatively.
The idea is to focus on infinitesimal dualities, extending the family of gravitational on-shell flows introduced in (5.5) to

oSG, OSu.

926 B N
o or /dx 0. (6.1)

where this time the choice of the deforming operator O, is left completely arbitrary. It should be noted here that, despite the obvious
similarity to previous results, the existence of stress tensor flows as (6.1) is a weaker property of field theories when compared to
the class of full analytical dualities explored in previous sections. As a noteworthy example, we consider for the matter sector the
four-dimensional Modified Nambu-Goto action:
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SMNG.< |8 B = % /d4x { \/— det [g,, +urX,, +vrXg,,| - \/——g} , u,VER, (6.2)

where X, =0,¢0,¢, and X simply denotes its trace. Expanding (6.2) for small values of the coupling 7, we obtain

Sxce [g 8] = 3 / d'xy/=g W +40) X +0(), 6.3)

so that (6.2) converges to the free bosonic action provided that u + 4v = 1. We henceforth impose this limit to consistently fix one of
the free parameters of the theory. On the gravitational side, we consider the Modified Eddington-inspired Born-Infeld (MEiBI) action
[88]

SMEBLx [gw,l“;v] = % / d*x { \/— det [gw +axR,,, D)+ ﬁKtr[R]g#V] — \/—_g} R (6.4)

where « and f are real parameters. Again, they are not fully independent, as one can see by expanding (6.4) in powers of x:

1
Swipte [T | = 3 / d'xy/=g (@ +4p) r[R] + Ox) . (6.5)
As we did for (6.2), we fix @ +4 =1 to recover the Einstein-Hilbert action at the leading order. It is now easy to show that, assuming

u=a,
v=_y, (6.6)
aR(”v) + ptr [R] g =—uX,, —vXg,, .

the following on-shell flow is realised:

d
7 (SMEIBI,T + SMNG,—T) ~0. 6.7)

Taking the trace of the last equation in (6.6), and using u + 4v = 1, we obtain
Ry ==X - (6.8)

On the other hand, switching to matrix notation, explicit computation shows that

1
X =2t [To] 1- T, (6.9)

where Tj ,, is the stress-energy tensor associated to the modified Nambu-Goto action in 7 =0, i.e., to the free bosonic action

Sep (20 B =%/d4x\/—_gX. (6.10)

We immediately recognise that (6.8) and (6.9) are nothing more than Einstein’s field equations from four-dimensional General
Relativity, provided that the matter sector is described by (6.10). This tells us that the following dynamical equivalence must be
satisfied:

SmEiBLr T SMNG,—r = SEH + SEB - (6.11)

Notice that, setting v = 0 in (6.2), the matter action reduces to the Nambu-Goto action in the static gauge:

Svor ol =1 [ d4x{ ~det [g, +2X,] - \/_—g} 6.12)

In turn, the dynamical equivalence is realised by fixing f = 0 in the gravitational sector, and the theory reduces to EiBI gravity.
Accordingly, equation (6.11) yields

SeiBLr + SNG,—r 2 SEH + SEB - (6.13)

This last outcome aligns with the findings reported in [68]. As shown in [89], the emergence of Nambu-Goto-like theories as a
response to stress tensor deformations is generally associated with families of operators which are way more intricate than those
explicitly examined in this paper. However, it is interesting that we can generate deformations of classical field theories by coupling
their corresponding Lagrangians to modified theories of gravity, using the concept of Lagrangian flow equation. In this specific case,
since the right-hand side of (6.13) does not depend on 7, the analogue of (6.1) is the on-shell flow

aSG,‘L' aSNG,T

~ = [ d*xy/=gO% 6.14
ot ot _/ XvoEte (6.14)

where the deforming operator (92‘ is defined by [89]
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1 1 1 1 1
o= L - Lo - Lepr] /1 (e ) - Lo ). (6.15)

7. Conclusions

In this paper, we examined explicit examples illustrating the connection between TT-like deformations in dimensions greater than
two and Palatini’s theories of gravity. This correspondence is associated with the dynamical equivalence (1.3) and explored through
the TT-like dressing mechanism discussed in section 2.1 and the on-shell flow equation (5.5). We introduced a broadly applicable
scheme for investigating this connection and confirmed that the equivalence (1.3) arises from a process of reframing within Ricci-
based gravity theories coupled to matter. While we discussed several physically interesting models in d = 4, there are aspects
touched on in this article that merit further investigation. For example, a potential avenue for future research might correspond to
the generalisation of the analysis of U (1) gauge theories presented here to encompass non-Abelian Yang-Mills models and exploring
the Root-TT class of marginal deformations [44,77,90-92]. In this respect, it would be important to understand whether it is possible
to compute the TT deformed metric and Lagrangian associated with non-Abelian gauge theories (possibly coupled to gravity) by
relying on the method of characteristics [48]. Furthermore, it was demonstrated in [93] that integrating a massive graviton leads
to the most general duality-invariant vector interactions in four-dimensional spacetime, with the specific case of Born-Infeld theory
arising from ghost-free de Rham-Gabadadze-Tolley (dRGT) massive gravity [94]. Therefore, another potentially fruitful study might
be conducted based on the similarity between the natural bimetric structure of dRGT gravity and the Einstein-frame representation
of Eddington-inspired Born-Infeld gravity.
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Appendix A. Counting degrees of freedom

For scalar-tensor theories of gravity, in the so-called Jordan frame, matter fields are minimally coupled to the metric. Conversely,
in the Einstein frame, gravity is described by the Einstein-Hilbert term, and matter fields couple to a conformally deformed metric,
with the conformal factor being dependent on some scalar field. In the context of RBGs, a similar scenario unfolds, albeit with a
crucial distinction: there are no additional propagating degrees of freedom [58]. As an illustrative example, we turn our attention
to the class of f (R) theories in four-dimensional space-time. We start by introducing an auxiliary scalar field ¢ — usually called the
dilaton field — defined by

LG,

=2 . Al
PR D

In terms of the dilaton, the conformal rescaling of the metric introduced in equation (4.35) can be written as
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ey =&y - (A.2)
Moreover, notice that equation (4.36) becomes

S = % / d*xy/=g (ptr [R] = V(@) + Sy [8,00- 1] - (A.3)
where we introduced the dilaton potential

V() :=tr [R] -2Lg, . (A.4)
As a simple example, consider the d =4 Starobinsky Lagrangian

Lo =t [R] + S [R]*. @.5)
The associated dilaton potential is then

v =217 (A.6)
If we define the Christoffel symbols of the metric g, as

e;, = %81" (08 1a + 0 8ay — 0u8v ) - (A7)

and introduce the associated scalar curvature

R(g)=g" (0,07, - 0,07, + 02,00, - 07,0/ ), (A.8)
it is possible to rewrite equation (A.3) as [95]

s 1 3

Se=3 / d*xy/~g [¢R(g) - g (0,0 ) ~ V(¢>>] +Sw 8- @s] . @=-3. (A-9)

Hence, the reframed action for f (R) gravity turns out to be equivalent to a Brans-Dicke gravity theory [96] with coupling parameter
w= —%. In the Brans-Dicke theory, the scalar field ¢ is governed by the equation

dv

G+20000+2V($) - p 7 =tr [TTO] , (A.10)

which, using @ = —%, reduces to
dv
Wi -¢Ss =uT,]. A1l
@ -ds - (A11)

Notice that the dynamical field equation (A.10) for the Brans-Dicke scalar degenerates into the algebraic identity (A.11). In particular,
the lack of dynamics for the dilaton field explicitly demonstrates that the change of frame does not introduce any new propagating
degrees of freedom. It is intriguing to observe the notable resemblance between the features of two-dimensional JT gravity [39] and
the emergence of the dilaton field in the Brans-Dicke representations of f (R) theories.

Appendix B. A possible unified framework for EiBI and Starobinsky gravity

In [88], the d = 4 Modified Eddington-inspired Born-Infeld (MEiBI) gravity action was introduced as the most general action
constructed from a rank-two tensor that contains up to first-order terms in curvature:

SyiEiBLe [gw,rfw] - % / dhx { \/ —det [g,, +KP,,(D)] - \/—_g} . (B.1)

Here P, is a rank-2 covariant tensor constructed from the symmetric part of the Ricci tensor R, in the Palatini formalism:

P, 1=aR,,, + ptr [R] & @ PER. (B.2)

The MEIiBI action was briefly introduced in section 6 when discussing generalisations of gravity flows to Nambu-Goto-like matter
Lagrangians. Notice that the action contains a mass scale induced by the dimensional parameter of the theory, given by

_2:

mgt=x. (B.3)

If we insist that in the infrared limit - i.e., for large enough values of mg — the action (B.1) should reduce to General Relativity, the
free parameters a and f are found not to be entirely independent. By expanding the MEiBI action for small values of x, we can see
that
1
SMEiBLx = 3 / d'xy/=g (@ +4p)tr [R]+ O(x) . (B.4)
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Therefore, if we set

a+4p=1, (B.5)

at lower orders, we retrieve the conventional Einstein-Hilbert action. Then, the action (B.1) represents a one-parameter family of
gravity theories, labelled by f € R. It is straightforward to notice that fixing f = 0 — and consequently @ = 1 — the action of MEiBI
gravity reduces to the EiBI action (5.21). Less obviously, by setting « =0 and f = 1/4, we recover the Starobinsky action (4.14). To
see this, notice that the integrand in (B.1) becomes

L {\/—det [0+ Sur [R] 5,0 - \/_—g} - é\/—_g{<1+ “u[r]) - 1}. ®.6)

K

The coefficient of the tr [R]2 term in (B.6) differs by a factor of 1/4 if compared with the action introduced in (4.14), by the full
equivalence can be restored through a rescaling of x. It is fascinating to observe that EiBI gravity and Starobinsky gravity, both
intimately related to TT-like deformations in four-dimensional space-time, can be interpreted as originating from the more general
framework of MEiBI theories. In this appendix, we study the equations of motion associated with (B.1), and we apply the reframing
procedure discussed in section 4. For the sake of full generality, we extend the MEiBI action to arbitrary d dimensional space-time,
and account for the presence of a non-vanishing cosmological constant as follows:

SviEiBLe [gw rjw] = % / dx { \/ —det [g,, +<P,,(D)] - 1y/~¢ } . (B.7)

Expanding, perturbatively, (B.7) for small values of x, we obtain

1 A-1
S =5 [ a'xyz @+ aprriri-2 (41 )] o). B.8)
Therefore, we identify « + df = 1, and we introduce an effective cosmological constant
A=zl B.9)
K

The next step involves incorporating matter into the action, which we do via the minimal coupling prescription:

S [guwriwq)l] = SMEiBL« [g,,wr,'iv] + Sm [g,m‘bz] . (B.10)

Once again, we assume that Fﬁ , does not enter the matter action Sy;. To obtain the equations of motion for (B.10), it is quite
convenient to introduce the tensor

Puv =8 tKP,, . (B.11)

The variation of (B.10) with respect to the metric g, yields the field equations [88]

af

()" (14 xR, 8?) = B (071)" 848" 8" Ripey =1 (Ag‘” - KT;(‘)V) , (B.12)

where (p~')"" denotes the inverse of p,,, and we introduced the ratio

y =, p i=det [pm] . (B.13)

Because the matter sector is assumed to be covariantly coupled to the metric g,, only, the energy-momentum tensor is conserved as
in General Relativity. On the other hand, the variation of (B.10) with respect to the connection I" 2v yields,

Vo VRl ()" 8 (07 s |} =0, (B.14)

where the covariant derivative is defined with respect to the connection Ffw. Equation (B.14) implies the existence of an auxiliary

metric tensor &, ,,, defined by its inverse through

\=h, (h;1>llv = \/—_p [a (p—l)MV +p (p_l)aﬂ gaﬂghv] . h:=det [hw] , (B.15)
such that Fﬁ , is h-compatible, meaning that

1, _1\4
Iﬂ//lv =3 (hxl) ‘ (avh

It is worth noting that, from (B.15), we can calculate

1
V=hy, = \/=p det [aﬁg +6(r )" gaﬂg"”pdv] = f (@ B) D (B.17)
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The dynamical equivalence discussed in section 4 can be achieved through the introduction of the auxiliary functional
< Y 1 d —1\HV
SMEiBI,K guv!hk,yv’ruv] = E d’x \' _hK (hk ) R(HV)

1 1 —1\HV
+ L [t (VR0 g - S22V iy,

where A, ,, is now some independent field. The notational overlap with the previously defined auxiliary metric is, once again, not
accidental since, imposing the equation of motion for 4 and re-expressing the on-shell value h:” , in terms of p,,, via the definition

(B.15), we find

(B.18)

Puy n* =&t pyv . (B.19)

Substituting this result back into (B.18), we obtain

SMEiBLe [gw h,jw, ] = % /ddx { \/— det [g,,, +«P,,(D)] - /l\/——g} , (B.20)

which proves the dynamical equivalence between (6.4) and (B.18). As expected, the first term appearing on the right-hand side of
(B.18) is nothing more than the Einstein-Hilbert action, written in terms of the field A For later convenience, we define the
remaining piece of (B.18) as

1 1 _1\ KV
Sl el = 5 (VT 80 3825V~ @

so that

K,uv*

SME[BIK [gﬂv’ Kyv’r ] SEH [hk yv’F ] + S+/r [gyv’ K}l\/] . (B'22)

Coupling SMEiBL,( with matter produces the full action

SK [gﬂv’h/c,;tv’rf;wq)l] = SMEiBI,K |:guv7hk,yv’rﬁv] + SM [gyv’q)l]
= SEH [hlc,yv’riv] + S+,K [gyv’hk,uv] + SM [guv’q)l] .

We can integrate out g,,,, which is now a purely algebraic field, and substitute its on-shell value g*(h, ) as a function of the auxiliary
metric h This enables the definition of a modified matter sector in terms of i alone as

(B.23)

K,v*® K,V

SM,‘rOer [hk,yv’q)l] = {SM [guw(bl] + S+.K [g”v’hx,yv]})g=g(h) ’ (B'24)

which is non-trivially coupled to the usual action from General Relativity. Notice that, since using the definition (B.15), together
with the constraint (B.5), we have

Vb (B g0, == [a ()" +5 (") gaﬁg’”] "
=y/~pa+dp) (p')" g, (B.25)
=v=p(r")" .

and since

d 2
s B.26
2f(a ﬁ) Vohe= 5=V (B.26)

we can write

Sre=t [ x5y 07" 8~ 452 V- 2vR)

— (B.27)
l/ddx—_g (l (p71>uvg ——d_z—ﬂ]/>
K y \2 L 2 ’
Taking the trace of the field equations (B.12) we obtain
_1\HV —_1\HV aff vo
()" g = (07)" (14 BxR &™) 8y = B (07)" 80p8"78 " Rip) 8100 5.28)

=y(Ag" —kT") g, =7 (/ld - KtI‘[TTO]> ,

and using these results in (B.27) we finally get
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S.c= [aty7 (LD L r, ), (5.29)

2yx

thus the modified matter sector will be determined by
d-2)4r-1 1
{SM [80-®1] + / d’x+/=g (T — 5 [T"’]) } = Snaptr [P @] - (B.30)
g=g(h)
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